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This paper presents an electrostatic multipole system’s mathematical modeling. The multipole
system consists of an even number of equiform electrodes of an infinite length. The shape of each
electrode can be arbitrary. The constant potential is equal in absolute value and sign-changing
at neighboring electrodes. To calculate the potential distribution, each real electrode is changed
by a virtual electrode whose surface coincides with an equipotential surface. The variable
separation method is used to solve the boundary-value problem in plane polar coordinates.
The electrostatic potential distribution is calculated in an analytic form over the entire region
of the system. Refs 11. Figs 5.
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B nmanHO! cTarbe IpenCcTaBIEHO MaTEMAaTHIECKOE MOJEJIMPOBAHME JABYMEPHON 3JIEKTPOCTATH-
“eCKON MyJIBTHIIONBHON CHCTEMBI. MyJIbTUIIONBHYIO CUCTEMY O0pa3yeT YeTHOE UUCIIO SJIEKTPO-
0B OECKOHEYHO! JJIMHBI ¢ OAHUM u TeM ke npoduneM. Popma npoduiis 3JIeKTPoga MOXKET
OBITH NpOU3BOJILHON. Ha KarXIplil M3 9JIeKTPONOB HOJAH MOTEHIINAJ, OJUHAKOBBII IO MOIYJIIIO
JJIs BCEX 3JIEMEHTOB CUCTEMbI M MMEIOIIHI TPOTUBOMOJIOXKHBIA 3HAK HA COCEIHUX JIEMEHTAX.
st Toro 4To6bl HAWTH pacIpelesieHre IIOTEHINAIa, KayK bl PeabHbIA 9JIEKTPO 3aMEHSIET-
Csl BUPTYaJIbHBIM, TIOBEPXHOCTH KOTOPOTrO COBIAIAET C ONPEIECICHHON SKBUIIOTEHIIMAIBLHOMN IMOo-
BEPXHOCTBIO. [IjIsl pellieHnsi TpaHuYHONM 3a/1a49i IIPUMEHSIETCS METO/I Pa3/Ie/IeHUsl [TE€PEMEHHBIX
B [IOJIIPHBIX KOOPAUHATAX. MyJIbTUIIONbHBIE SJIEKTPOHHO-OIITUYIECKUE CUCTEMbI IITUPOKO UCIIOJb-
3yIOTCS B 9JIEKTPOHHO-BAKYyyMHBIX TPUOOpax, HAIPUMED, JJIs KOPPEKIuu cPepuuecKoil u xpo-
MaTUYeCKOl abeppaliui HU3KOBOJBTHOIO PACTPOBOIO 3JIEKTPOHHOIO MUKPOCKOIIA, YJIyUIIEeHUs
pa3pelieHus HU3KOBOJIBTHOIO CKAHUPYIONIEro JIEKTPOHHOIO MHUKPOCKONA, /i (hOKYCUPOBKU
¥ TPAHCIOPTUPOBKU IIyYKOB 3apPsiXKEHHBIX 4YacTHIl. PacnpejesieHne 3JIeKTPOCTATUYECKOTO II0-
TEHIMAJIA HAWIEHO B aHAJUTUIECKON popMe BO BCeil 06JIaCTH MCCIELyeMOM CUCTEMbI, YTO M03-
BOJISIET PEIlaTh 3a/a9d ONTUMUIAINHN [IPU KOHCTPYHUPOBAHUU IPUOOPOB JIEKTPOHHOM OIITUKH.
Bubauorp. 11 nazs. Ui 5.

Karouesvie ca068a: MyJIBTUIIONbHAS CHCTEMA, SJIEKTPOHHO-OIITUYIECKAsI CHCTEMA, PACIIPeesie-
HUe IIOTEHI[HaIa, JIEKTPOCTATUIeCKUil IoTeHnua, ypasHenue Jlamnnaca, ypasuenue Ilyaccona.
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Introduction. Multipole electron-optical systems as the multipole correction-lens
systems can be used for the third order spherical and chromatic aberration correction of the
electron microscope objective lens, for the charged beam transport etc., [1-5]. The electro-
static multipole elements can be of the various shapes.

In this paper an electrostatic multipole system mathematical model of 2K elements
electrodes with sign-changing potentials at neighboring electrodes is described. It can be
determined planes of antisymmetry o = kn/K, k = 0, K — 1 in polar coordinates (r, a).
The radius of the systems area is r = Ry. Thus the sector 0 < a < 7/K, 0 < r < Ry is
sufficient to solve the problem.

To calculate the potential distribution, each real electrode is changed by a virtual
electrode whose surface coincides with an equipotential surface, so that the effect of the
electrode on the electrostatic potential distribution is simulated as the effect of a N charged
lines [6, 7]. Each charged line with the charge density 7;,; is located at (Rj, ;) (j = 1, M,
i; = 1, N;). Figure 1 shows the schematic representation of the multipole system sector,
where ag = /K.

Qy
‘.‘T.r\;,
“Tiji__.--\%i;
_—‘.‘——‘
————— e oT1j -
0 R, Rj Ry R,

Fig. 1. Schematic representation of the multipole system sector

The problem parameters are: Ry — the radius of the sector; « = 0 and a = 7/ K — the
planes of antisymmetry and the sector boundaries with respect to a variable a; (R;, o;;) —

the coordinate position of the charged line (j = 1, M, i; = 1, N;); 7;,; — the line charge

M
density; N = M > N; — the number of the charged lines.
j=1
Mathematical model. The electrostatic potential distribution U(r,a) in the area
(0 <r < Ry, 0< ag=m/K) satisfies the Laplace equation and the boundary conditions

190 ([ 0U 1 02U p(r,a)

ror (TE) 2002 ey (1)
U(r,0) =0, 0<r<Ro,
U(r,ap) =0, 0<r< Ry, (2)

U(Rp,a) =0, 0<a< ap.

Each charged line with the coordinate position (Rj,a;;) and linear charge density
7;,; generates the space charge distribution p;,;(r, ) in the small volume |r — R;| < 0,
|o — ;| < e so that

(3)

o(r,0) = pi;j =const, |r—R;j|<¢é and |a—ay| <k,
0, lr—Rj| >0 or |a—a;|>e,
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and
Ti].j = lim O4pRj5€. (4)

—0,e—

The solution of the boundary — value problem. The variable separation method
in polar coordinates is used to solve the boundary-value problem (1)—(4) [7-11].

The potential distribution U(r, o) as the solution of Poisson equation (1) with the
homogeneous boundary conditions (2) with respect to a variable « can be presented as
the expansion:

i=1 &o

U(r,a) = . va(r) sin (@> . (5)
The orthogonality conditions of the eigenfunctions sin <m>
b nmwo mno 2 =
O/Sin<ao>sin<a0)da:{&o/’ Z;Z: (6)
allow to express the unknown functions v, (r) in terms of the function U (r, a):

on(r) = O% ZU(T, o) sin (%) da. (7)

Then the Poisson’s equation (1) can be multiplied by sin (nwra /) and integrated
from 0 to ap and after some transformations the following equation can be obtained:

@o @o

2
/3 U(r,a) da+l/aU(T7 a) sin (TN 4o —
or? T or Qg
0 0

2 90 7
-2 (2 Jueiwsn (22 da= -2 [oapsin () da.
0 0

Making use of (7) the equation (8) can be written as

i)+ 2 = 5 (22 et = o0

Qo

2 f
o(r) = R /p(r7 a) sin (%) da.
0

Formulae (2), (5), (6) lead to the boundary conditions for the functions v, (r):

v,(0) =0, w,(Ro)=0. (10)

The method of variation of constants is used to solve the second-order differential
equation (9) and the solution can be written as

Vn(r) = Cp /0 4 0y =T/ 0 4
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n nmw/a —
o2y (Z) O—-(ﬁ) 12 gy an. (11)

2nm n T
0

The integration constants C ,, Ca., (11) are determined using the conditions (10):

Ro nw/ag nw/ag
_ 20 pnm/ag Bo (
0

Con = 0.

Using the function p;;; (3) in the right-hand side of the Poisson equation (1), the
integration constants C; ,, (12) can be calculated as

M Nj
1 — nmwo ;
Cion =— R, n/ao E E 4p;; €0 sin ( T ]) X

ne a
0 j=1i;=1 0

Then, making use of (4), (11), (13), the solution of ordinary differential equation (9) is

5.7 SIn —
TJJ 8 ap RO

j=1i;=1

/a0 o\ nmfao
) &)

L3 B () () ()R o

j=kt1i;=1
Ry <7 < Rpqa.

Thus, the potential distribution U(r, «) (5), (14) is calculated in analytic form.

Numerical results. The values of the parameters are taken in relation to respective
maximum values to calculate the potential distribution.

The following parameters are used: M =1, Ry = 0.5, Rg = 1.0, ap = /4, g9 = 1.0.

Figure 2 presents the equipotential lines of the potential distribution in the entire
area of the multipole system sector for N =1, ay = 7/8, 71 = 9785.

Figure 3 shows the equipotential lines of the potential distribution in the entire area
of the multipole system sector for N = 4, oy, = kn /16 (k = 1,4), 11 = 4, 79 = 63, 173 = 59,
T4 — 92.

Figure 4 presents the equipotential lines of the potential distribution in the entire
area of the multipole system sector for N = 8, o, = km/44 (k = 1,8), 71 = 16, 7 = 27,
T3 = 23, T4 = 30, T — 33, Te — 41, T7 = 50, T8 — 67

Figure 5 presents the equipotential lines of the potential distribution in the entire
area of the multipole system sector for N = 18, oy = km/76 (k =1,18), 71 = 10, 72 = 6,
T3 = 12, Ty = 8, T5 = 11, T6 — 12, T = 11, T8 = 14, T9 = 14, T10 = 15, 11 = 18, T12 = 18,
T13 — 21, T14 — 25, T15 — 27, T16 — 35, 17 — 42, 718 — 59.

1
Un(T) - nmeo
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Fig. 2. The equipotential lines of the potential distribution for N =1
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Fig. 8. The equipotential lines of the potential distribution for N = 4
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Fig. 4. The equipotential lines of the potential distribution for N = 8
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Fig. 5. The equipotential lines of the potential distribution for N = 18

Conclusion. In this article a multipole system mathematical modeling is presented.
The multipole system consists of even number equiform electrostatic electrodes. The
constant potential is equal in absolute value and sign-changing at neighboring elements.
The effect of the electrode on the electrostatic potential distribution is simulated as the
effect of the charged lines. Thus, each real electrode is changed by a virtual electrode
whose surface coincides with an equipotential surface to find the potential distribution.
The variable separation method is used to solve the boundary-value problem for Poisson
equation in plane polar coordinates. The electrostatic potential distribution function
is calculated as series (5), (14) in an analytic form. In this way the distribution of
the potentials for the whole region of the considered multipole systems is obtained. In
accordance with the analytical resulting formulae the equipotential lines for a different
number of charged lines are represented by the diagrams. Any of the equipotentials can
be regarded as the electrode surface. Numerical calculations show the multipole system
mathematical model adequacy. The presented technique and formulae for the electrostatic
potential distribution can be used for the electrodes with a complex-shaped surface
modeling.
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