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There are three important aspects which must be taken into account
when the problem of stability of long-range cooperative agreements is in-
vestigated: time-consistency (dynamic stability) of the cooperative agree-
ments, strategic stability and irrational behavior proofness. Time-
consistency (TC) involves the property that, as the cooperation develops
cooperating partners are guided by the same optimality principle at each
instant of time and hence do not possess incentives to deviate from the
previously adopted cooperative behavior. Strategic stability (SS) means
that the agreement is to be developed in such a manner that at least indi-
vidual deviations from the cooperation by each partner will not give any
advantage to the deviator. This means that the outcome of cooperative
agreement must be attained in some Nash equilibrium, which will guaran-
tee the strategic support of the cooperation. Ilrrational behavior proofness
(IBP) must be also taken in account since not always one can be sure that
the partners will behave rational on a long time interval for which the co-
operative agreement is valid. The partners involved in the cooperation
must be sure that even in the worst case scenario they will not loose com-
pared with non cooperative behavior. The mathematical tool based on pay-
off distribution procedures (PDP) or imputation distribution procedures
(IDP) 1s developed to deal with the above mentioned aspects of coopera-
tion. These mathematical tools have been applied to construct stable joint
venture. Executive Summary is available at pp. 50
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BBEJAEHUE

Koonepanus npencrapisger coO0i 0JHY U3 OCHOBHBIX (hOpM yesoBeye-
ckoro noseaeHus. [1o3ToMy 110 MHOTMM NPAKTUYECKUM ITPUYMHAM BaXKHO,
9YTOOBI Takasi Koomneparus ObUla yCTOWYMBOM Ha BCEM BPEMEHHOM IpOMe-
KyTKe ee peanuszanuu. IMEOT MECTO TPU BAKHBIX YCJIOBHUS TAKOW YCTOM-
YUBOCTH TMPU PACCMOTPEHUH MPOOJIEMBbI YCTOMUYUBOCTH JJIUTEIBHBIX KOO-
NEepPaTUBHBIX COTJIAIICHUM.

1. Cocmoamenvhocms 60 6pemeHuU (OuUHAMUYECKAs YCMOUYUBOCHb)
KOoOnepamueHulx co2nauienui. BpeMeHHast COCTOSITENbHOCTh MPEICTABIISAET
coOOl CBOMCTBO KOOIIEPATMBHOI'O COTJIALIEHUs, KOTAa Cileays Koomepa-
TUBHOM TPAEKTOPUHM YYACTHUKH COTJIAIICHUS MPHUAECPKUBAIOTCS OJHOTO U
TOT'O K€ MPUHIHUIIA ONTUMAIBLHOCTU B KOKJIbIA TEKYIIUHA MOMEHT BPEMEHH,
4YTO U B OCHOBHOM HUTIpe, a MOAITOMY HE UMEIOT OOBbEKTUBHBIX MOTHUBOB OT-
KJIOHSITHCA OT paHee BBIOPAHHOT'O KOOIIEPATUBHOIO MOBE/ICHHUS.

2. Cmpamezuueckas ycmouuugocms. lIpeanonoxum, 4To Koorepa-
TUBHOE COIJIAIICHHE PEAIN3YETCS BJIOJIb KOOIEPATUBHON TPACKTOPHH, IIPH
TOM HUKAaKO€ WHIMBUAYAJIBHOE OTKIOHEHHE OT KOONEpAMH KaXXI0ro
YYACTHUKA HE IPUHOCUT BBITOJIbI OTKJIOHUBUIEMYCSI YYaCTHUKY. DTO O3Ha-
YaeT, 4YTO UCXOJ TAaKOr0 KOOIIEPAaTUBHOTO COTJIALIEHUS TOJKEH TOCTUTaTh-
Csl IPU HEKOTOPOM paBHOBecuHu mo Hoamry, kotopoe um OyaeT rapaHTupo-
BaTh CTPATErMYECKYIO MOANEPKKY TaKOW KOOIIEPALINH.

3. 3awuma om uppayuonaibHo20 nogedeHus. IT0 CBOUCTBO Koolepa-
MU JIOJDKHO paccMaTpHUBAaThCA, TTOCKOJIBKY HET YBEPEHHOCTH B TOM, YTO
BCE YYaCTHUKH KOONepalnuu OyAyT BECTH palMOHAIBHO HA BCEM IMPOJIOJ-
AKUTEIBHOM MTPOMEXKYTKE peain3allii KOOIIEPAaTUBHOIO COrjalleHus. Yya-
CTHUKHU KOOIEpalMK JOJIKHBI ObITh YBEPEHBI B TOM, YTO Ja)XX€ B CIydyae
peanu3anuy HauxXy/alIero clueHapus (Hanpumep, aHHYyJIMPOBaHUS KOOIepa-
TUBHOT'O COTJIAIIEHUs) UX BBIUTPHINI OyAE€T HE MEHbIIE, YeEM MPU HEKOO-
NIEPAaTUBHOM ITOBE/ICHUHU.

B pabote pa3BuT MaTeMaTUYeCKUl MHCTPYMEHTApUW, OCHOBAHHBIN Ha
OpPUMEHEHUHU Tpoleaypsl pacnpeaenenus Beivrpeima (IIPB) wim mpore-
nypsl pacupenaenenus aenexa (I1PJ]) npumMeHUTebHO K aHOHCUPOBAHHBIM
BBIIIE aclieKTam Koorepauuu. Kpome Toro, odmue uaen yCTOMYHMBOCTH
peaan30BaHbl JUIsl YACTHBIX CIy4YaeB MOJEIEH COBMECTHOTO IPEANPUATHS
KaK JUIsl JETEPMUHUPOBAHHOM, TaK U CTOXaCTHYECKOM TUHAMUKH.

[IpeaBapuTenbHble pe3yJbTaThl MPOAEIAHHON PadOTHl JOKIAAbIBAIUCH
Ha CJIEAYIOIINX MEXIYHAPOAHBIX HAYYHBIX KOH(EpEHUIUSIX:

1. 2008 - 14-p1ii MEXAYHAPOIHBIN JJATHHOAMEPUKAHCKUIN KOHIPECC MO
uccinenoBanuto oneparui, 9-12 cenrtsaops, Kapraxena, KomymoOus. Jlok-
nan: Mopaenu ycroitunBoi koonepanuu (copmectHo ¢ [TetpocsiHom JILA.)



2. 2008 - 13-p1i1 MEXKIYHAPOAHBIA CHUMIIO3UYM [0 TUHAMUYECKUM WT-
paMm u nipwioxenusMm, 30 utons — 03 uronsa, Bpoiyias, ITonpma. Jlokman:
KonruecTBeHHOE MOJICTMPOBAHUE COBMECTHOIO MPEANPUATHS B YCIOBUSIX
HeonpeaeneHHocTu (coBmectHO ¢ Konmadytuneim H.B.)

3. 2008 - Mexnaynapoanas koupepenuus «luddepenunanbasie ypas-
HEHUs W Tomojorus», nocesameHHas 100-nmeturo co gua poxaeHus JI.C.
[Tontpsiruna, 17-22 utonsi, MI'Y, Mockga. Jlokian: KomuuecTBeHHOE MO-
NEIUPOBAHUE JTUHAMHYECKH YCTOWYHMBOIO COBMECTHOI'O MNPEANPHUATUS B
YCJIOBHSIX MOJTHOM M HEMOJIHOM nHpOpMaIuu

4. 2007 — 8-oui mexayHapoiHbld cumnosnym MPAK mno BbUHCIH-
TeIbHOUN 3KOHOMUKE, 9-11 okTs10psa, CtamOyin, Typuus. Hoknan: «Konuye-
CTBEHHOE MOJICJIUPOBAHUE JIUHAMHYECKA YCTOMUMBON KoOOMeparuu Mpu
CO3/IJaHUH COBMECTHOTO TipeAnpusitus» (coBmectHo ¢ Komabytunsim H.B.)

0.1. Ciryvyaii HenmpepbIBHOIO BPEMEHHU
Paccmorpum nuddepennmansayro urpy n- an I(z,T —t) ¢ NPEANUCaH-

HOU NPOJOJKUATENBHOCTHIO U HE3aBUCUMBIMU JIBUKCHUAMU HA BPEMEHHOM
IPOMEXYTKE [t ,T]|. Y paBHEHHUS IBMKECHUS UMEIOT BU:

& =f(z,u), v €U CR,z =(x,...,x, )ER", [ =(f,....f, )ER"
z(t)=a ,i=1...n. (0.1.1)

[Ipeanonaraercsi, yto cuctema auddepennuanbubix ypaBHeruit (0.1.1)
YAOBIIETBOPSIET BCEM HEOOXOJHUMBIM YCJIOBHUSIM CYIIECTBOBAHHUS, €IUHCT-
BEHHOCTU U MPOJOJIKUMOCTH pEelIeHus IS J000T0 n- Habopa U3MepHu-
MBIX YIPABIECHUN w (t),...,u (t).

BBIMIpBIIT HTPOKA i OMPEASSIETCs CIIeIYOINUM 00pa3oM:
H (2, T —t;u,(),. f h(z,;0(7))dT

rne  h(z;z) TPEACTaBIIET COOOM  HENpEphIBHYXO  (QYHKLIUIO H
o(r) ={z(7),...,z (1)} pemenne cucremsl (0.1.1) mpm nomycrtumom mpo-
rpaMMHOM  yNOpaBJI€HUM  wu (t),...,u () W  HAYAJIbHBIX  YCIIOBHIX
a(t,) ={z,(t,),,z (t)} ={z/,....a)} = x,.

[Ipeamnonoxum, 4To CyIeCTBYET n - HA0Op MPOrPAaMMHBIX YIIPaBICHUN
u(t) = (u,(t),...,u (t)) ¥ TpaGKTOPHUA Z(t), t € [t ,T]| TAKHE, YTO



=3 Hi(xO,T—tO;Ul(t),...,En(t)):ZJ; h(z,;25(r))dr.  (0.1.2)

Tpaexropuro z(t) = (z,(t),...,z,(t)), yaosaersopsoomyo (0.1.2), 6ynem Ha-
3bIBATh «ONTUMAJIbHON KOOIIEPATUBHOU TPACKTOPUEI.

O06o3HauuM yepe3 N = {1,...,n} - MHOXKECTBO UI'POKOB M ONpEJCIUM B
urpe I'(z,T —t,) - KIACCHYECKHMM 00OPa30M XapaKTEPUCTHYECKYIO (DyHK-

IIUKO:
n T _
Vi, T =t;N) =3 [ h(a;7(0)dr
i=1 0
V(z,, T —t;2)=0
V($()’ T - to; S) = Val FS.N\S (xo’ T— to) (0 1 3)
rae ValT,, (x,,T—t) 00O3HA4YaeT 3HAUYEHHE AHTATOHHCTUYECKOW HIPHI

MEXIY KOAIHUIUeW S, NEUCTBYIONIEH Kak WUrpok 1, m koamuuuendn N\ S,
NEUCTBYIOLIEH KaK UTPOK 2, P 3TOM BBIUTPHIII UTPOKA S PABEH:

ZHz(me —tu,()su (0).

ieS
Omnpenenum Takxe L(z,T —t) Kak aenex B urpe I'(z, T —t) [Neumann,
Morgenstern, 1947]:

L(z,, T —t) = {oz = (a0 ) i, > Vi, T —t;{i}), Zai =V(z,, T — tO;N)}» (0.1.4)

1EN

0.2. Perynsipusoannas urpa I’ (z,, T —t))

Jig Kaxzaoro genexa a e L(z, T —t,) ONPEACINM HEKOOIIEPATUBHYIO UIDY
I (z,T —t,), KOTOpas OTIMYaeTCsA OT UIPhl I'(z,,T —t ) TOJBKO BBIMIPHIIIA-

0’ 0’
MH BJIOJIb OIITUMAJIbHON KOOIIEPATUBHOM TPAEKTOPHH Z(T), T € [t,,T].
ITycts o € L(z,, T —t,). Onpenenum npoueaypy pacnpeneiaeHus aenexa

(ITPMT) [Petrosjan, 1993] kak dynkuuro B(r) = (B,(7),....8, (1)), 7 €[t,,T], Ta-
KYIO 4TO

a, = fﬁi(’r)dT . (0.2.1)

t(i



Omnpenenum wepe3 H'(z,, T —t;u(),...,u () (YHKIUIO BBIMIPHINA B UIPE
L (z,,T—t,) ¥4epe3 z(r) COOTBETCTBYIONLIYIO TpaeKTopHIo. Toraa

HZ (1} T— 07 1() '7“,1,('» H<$ T— 07 1() '7“,1,('))9

€CJIM HE CYIIECTBYET TAKOIO ¢ € (t,,T], YT0 z(1) =Z(r) A 7 € (t,,t]. IlycTh

07

t =sup{t': a(r) =z(r),7 €[t,t']} m t > ¢ . Torma

H (@, T = t50,(),n () = ﬂ B.(r)dr + H (F(1),T — t;,(),..u () =
= ["8.(r + [ (@0):a(r))dr

B yactHOoM ciyuae, korna z(t) = z(7),7 €[t,,T] (€CIM z(7) MpeaACTaBIsiCT

07
co00li ONTUMATEHYIO KOOTIEPATUBHYIO TPASKTOPHIO B CMBICIIE ypaBHEHUS
(0.1.2)) umeem

H(z,,T —t,;7 () f B(r

ITo onpeneneHno QyHKIMH BBIUTPHIA B UIpe I (z,,7 —t,) MOIYy4UM,

0’
YTO BJOJIb ONTUMAIBHOW KOONEPATUBHOM TPACKTOPUU ITU BBIMTPHILIN
paBHBI KOMIIOHCHTaM JIeJIeKa a = (a,...,q, ).

Paccmorpum Tekymme noasirpel [Neumann, Morgenstern, 1947] —
[(z(t),T —t) BOOJb Z(t) WU TEKyLIME MHOXECTBa Helexen L(z(t),T —t).
[lycth aft) € L(z(t),T —t). [lpennonoxum, 4to a(t) MOXET ObITh BbIOpaH
Kak qudepeHuupyemas 1o ¢, ¢ € [t,, 7] QyHKuus.

Onpenenenne 0.2.1. epa T (z,,T —t ) Hasbieaemcs pe2ynapusayuen uzpbl

D(z,,T —t,) (- pecyaapusayus), ecau I[IP/] 3 onpedensemcs maxum obpa-

= j; Tﬁ] (1)dT

B.(t) = —a/(t). (0.2.2)

30M, 4mo

U

N3 (0.2.2) nonydyaem

10



o, = f t@_(T)dT + (), (0.2.3)

rne a=(a,a,...,a )€ Lz, T—t), A aft) = (ot),a,(t),...,a (t) € L(@(t),T —1).
IIpennonoxum Teneps, 4to M(z,, T —t,) C L(z,T —t,) TPEACTABIAET COOOM

HEKOTOPBIM MPUHIIMIT ONTUMAJIBHOCTH I KOOTNIEPATUBHON BEPCUU HUIPHI
Lz, T —t,), a M(z(t),T —t) C L(z(t),T —t) - TOT K€ MPUHIUN ONTUMAJIbHO-
CTH, HO OIPENEJIEHHBIN 1JId NOAbIrp ['(Z(t),T —t) C HAYAJIbHBIMHU YCIIOBUSI-
MU Ha ONTUMAJIbHOM TpaeKTOpuH. B KauecTBe M MOXXET ObITh BEIOPAHO c -
sanpo, HM - pemienue, Bekrop llemnu, SAapo u apyrue mpuHUMMBI ONTH-
MaJIbHOCTH, HCIIOJIb3yEeMbl€ B KOOINEpaTUBHOM Teopuu wurp. Ecau
o€ Mz, T—t) A of)e Mz(t), T —t), To ycnosue (0.2.3) naer Ham Bpe-
MEHHYIO COCTOSITEJIbHOCTh BBIOPAHHOTO Jejieka «, WM BBIOPAHHOTO
MpPUHIINNA ONTUMAIIBHOCTH. B Takom ciydae OyJieM rOBOPUTH, UTO UMEET
MECTO BpPEeMEHHAs COCMOSMENbHOCMb (OUHAMUYECKAs YCMOUYUBOCHIb)
8blOPAHHO20 KOONEPAMUBHO2O0 COSNAULEHUSL.

PaccmotpuM Temeps mpoOaemMy cmpamezuyeckol yCcmouuueocmu Koo-
MEepAaTUBHBIX corjiameHuii. OCHOBBIBASICh HAa MPOLEAYPE paCHpEaCTICHUS
nenexa (3, ynosierBopsitoiieit (0.2.2), MOXXHO J0Ka3aTh CIEIYIONIYIO OC-
HOBHYI0 TeopeMy. [TomHOe 10Ka3aTenbCTBO 3TOTO PE3YJIbTaTa MOKHO Hal-
1 B [Petrosyan, Zenkevich, 2009].

0

0’

Teopema 0.2.1. B pezynapuszosannou uepe T (z,,T —t,)011 Kaxic0020 ¢ > 0

cywecmeyem  ¢- pasnogecue no Howy [Nash, 1951] c eviuepviuwamu

= (0., sy ).

YcaoBust 3amuThl OT WPPAMOHAIBHOTO TOBeAeHUs. [Ipemmonoxum
Ternephb, YTO B HEKOTOPHIA MOMEHT BPEMEHU HUPPAIMOHAIBHOE MOBEICHHE
UTrpoKa (WU TPYMIBI UTPOKOB) MPUBOJIUT K pacmagy OOJBIION KOAIHIINH,
a TEM CaMbIM U MPEKPAIICHUIO IEHCTBUS KOOIIEPATHBHOTO CoTJjalieHus. B
ITOM CITydae yciogue 3auumsl Om UppayuoHaivbHo2o nosedenus [Yeung,
2007] TpedyeT, uTOOBI BHIMOJHSIIOCH CJIEAYIOIIEE HEPABEHCTBO:

Viw,T =t (i) < ' (7 + V@), T —t:4i}), ie N, (0.2.4)

Ecmu TIPJ B(t) MoxeT ObITH BhIOpaHa TakK, YTO YJOBJIETBOPSIOTCA U

YCJIOBHUE BPEMEHHOM COCTOSITEILHOCTU M YCJIOBHE 3alIUTHI OT UPpPaLHO-
HaJLHOTO TIOBE/IeHUS (YCJIIOBUE CTPATETHYECKON YCTOMUMBOCTH CIEIYET U3
BPEMEHHOM COCTOSTEILHOCTH B COOTBETCTBUHU ¢ Teopemou 0.2.1), Torma
KOOIIEpAaTHMBHOE COIJIAIIEHHE O BBIOOpE Aeneka a = (o ,q,,...,a ) OyAeM Ha-

3bIBaTh yCH/ZOL?’iMGbZM KoonepamueHsvlM COcJIAULEHUEM.

11



N3 (0.2.4) Mbl UMeeM, YTO COOTBETCTBYIOIEE KOOMEPATHUBHOE COIJIa-
wenne 11 1P 6(r) = (8,(7),8,(7),...,3 (7)) IOIKHO YIOBIETBOPSTEL yCIIO-

BHIO:
ﬁi(T)z—%V(f(T),T—T;{i}), i=1,...,n. (0.2.5)

Hpyrumu ciioBaMu, JJisi YCTOMYMBOTO COIJIAIIIEHHS BCE TPHU YCJIOBHUS YC-
TOWYHUBOCTHU JOJKHBI BBITIOJMHATHCS. Ha mpakTuke — 3TO HE BCerjga UMEHHO
Tak. OHAKO MOCHEAYIONIEE UCCIECIOBAHUE MTOKA3BIBAET, YTO B HEKOTOPBIX
CIy4asix MOCTPOEHUE YCTOWYMBBIX COTJIAIICHWN BO3MOXHO. JlaHHOE€ TmOo-
JI0OKEHHUE MBI MPOWLTFOCTPUPYEM I CITy4as MOJICIIMPOBAHUS YCTOMYMBO-
rO COTJIAIIEHHUS O CO3JJaHUU COBMECTHOTO MPEATIPUATHS.
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1. IMTHAMMYECKAS JTETEPMUHUPOBAHHASA MOJE/Ib
YCTOUYUBOI'O COBMECTHOI'O ITPEAIIPUATUA

Jlns Hadama Mbl pacCMOTPUM JAETCPMUHUPOBAHHBIA CITy4ald COBMECTHOTO
MPEINPUSITHUA.

1.1. MoaeJsib COBMECTHOIO TEXHOJIOTMYECKOI0 Pa3BUTHS

Mpg1 paccMmatpuBaeM ciydaid, Kkorja Tpu (Gpupmbl 0ObeIUHSIOTCS B COBME-
CTHO€ TIPEANPUSITHE C IEJIbI0 MAKCUMH3AIUU COBMECTHON mpuObuin. O0b-
€IUHECHUE MPOUCXOJUT HA 3apaHEE COIVIACOBAHHOM BPEMEHHOM MEPUOIE
[t,, T], B xOHIIE KOTOpOTO TeXHOTOTMM DUPMBI TUKBUAUPYIOTCS, W TPES-

npusitue pacpopmuponsiBaeTcs. [IpuObuib GUpPMBI [ Ha 3TOM HMHTEpBaJe
omnpenensiercs Gopmyoin

TP (501 = 1, () explor(s — 1, )1ds + expl—r(T - 1,1 [x. (T
ieN={123] (1.1.1)

rae P;, ¢, U ¢; — NOJOXUTEIbHBIE KOHCTAHThI, ¥ — KOHCTaHTa, ONpeae-
JIAIOLIAs pa3Mep TUCKOHTA;

x.(s)e RT - YPOBEHb TEXHOJIOTUM KOMIIAHUU [ B MOMEHT S, KOTOPBIM MBI

OyJieM Ha3bIBaTh COCTOSTHUEM UTPOKaA I;
u.(s) € R — NHBECTULIMU B TEXHOJIOTUYECKOE PA3BUTHUE, 3Ty BEJIUUUHY MBI

OyJZieM Ha3bIBaTh YNPABICHUEM UTPOKa I;

1
Plx, (s)]é — YHCTasl OneparoHHasi MpUObLIbL KOMITAHUH [ TIPU TEXHOJIO-
TUYECKOM YPOBHE X.(5);
c;u;(s) — CTOUMOCTb UHBECTULINM;

| )
q; [xl. (T )]A — JUKBUAAIIMOHHASI CTOMMOCTH TE€XHOJIOTUU KOMIIAHUU [ B
MoMeHT 7.
CoctosiHue nTUHAMHUKH (DUPMBI I XapaKTePU3yeTCs Pa3BUTUEM €€ TEXHOJIO-
', KOTOPOE MPOTEKaeT cormacHo auddepeHImaIb-HOMY YPaBHCHHUIO
) |
x;(s)=q; [”i(S)xi (S)]A —ox; ()

(1.1.2),
x;(ty)=x{,ie N={123}

1
rae o, |u,(s)x, (s)]é — npubaBKa B TEXHOJOTUH, MOJTYUYEHHas MPU pa3Mepe
WUHBECTUPOBAHUS U, (s), O — IAPAMETP yCTapEBaHUSI TEXHOJIOTHUH.

[Ipennonoxum, 4To HECKOIBLKO (GUPM OOBETUHSIIOTCS JJIsI MAKCUMU3ALIUU
COBMECTHOM MPUOBLTH. 32 CYET CBOMX MApTHEPOB (hHUPMa-YUaCTHHK MOXKET
MOJIYYUTh JIONOJIHUTEIIbHBIE BO3MOKHOCTH B PA3BUTHH, KOTOPHIC OHA HE
MorJIa OblI MMOJYYUTh B OJMHOUYKY. [103TOMY TMHAMUKa pa3BUTHS TEXHOJIO-
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ru pupM u3Mensiercs. B ciaydae, korja Bce Tpu pupMbl 00BEAUMHSIOTCS B
COBMECTHOE MPEANpPUATHE, pa3BUTUE GUPMBI | IPUHUMAET BUJT

x;(8)=q; [ul. ($)x; (S)]% + bj[.j’i][xj (8)x; (s)]l/2 + b,Ek’i][xk ($)x; (S)]l/2 —ox;(s),

x,(t)=x), i,jkeN={123},i#j#k (1.1.3),
rie bj[.f iy b,Ek’i] — TIOJIOKUTENIbHBIE KOHCTAHTHL. B "acTHOCTH, b][.j’i] npe-
crapasgeT >QQEKT nepeaaun TEXHOIOTUHU s (PUPMBI i, OCYILIECTBIISEMBII

¢upmoit j. IIpuObuIb COBMECTHOTO MNPEANPUSATHS ONPEEISAETCS CYMMOU
npuoObLIEH BXOJALINX B HEro

Ti[f;[xi O —cu <s)}exp[— PG5 =t + Zexif- (T~ [ (1)

f, i=1

ieN=1{223} (1.1.4)

1.2 Bpiurpoliin KoaJuIuu
BrirpeimeM koanuimu K < N = {1,2,3} B HalleM ciydae sBJIs€TCS €€ NpH-

ObLIb, KOTOpasi ompeJessieTcss CyMMON npuObuie ee ydacTHHKOB. B mo-
MEHT ¢y OHa PUHUMAET BU]I:

iz [B[x,- ()12 —ciul-(sﬂexp[—r(s ~t))ds

1
+ S expl-r(T ~to)lg,[x (D] (1.2.1)
[Ipu 5TOM pa3BUTHE YPOBHS TEXHOJIOTHH y (DUPM-YYACTHHKOB MPOTEKAET
110 3aKOHY

%(5) =, fuy ()%, ()2 + TV e ()%, ()] % = 8, (),
jek, j#i
xl.(to):x?, ieNKcN (1.2.2)

Jl1s mpocTOTHI 0003HAaUCHMH, MBI ipeacTaBuM (1.2.2) B Buze:

X ()= {5 = X xe (ug (s)] xe ) =xp  (1.2.3),

TAe u, ©CTb MHOXKECTBO d1IeMeHTOB {u} ., f"[t,x,,u,] — 910 Bexrop-

ieK ?
cronbet, coaepxamuii f,* [¢,x,,u,| nua ie K.
Jlns obecreyenns MaKCUMAJIbHOIO BBIMIPhIIIA KOATULIUU K , MBI JOJKHBI
PacCMOTPETh 3aJady ONTHMAILHOIO YIPaBICHUS w[K ;to,x?{], KOTOPO€

makcumuzupyer (1.2.1) npu ycnosum (1.2.2).
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Pemenne manHo# 3amaun Obuto omucano JILA. IlerpocsHom u JI. SAnrom
[Yeung, Petrosjan, 2006]) ¢ ucmnogbp30BaHMEM METOAUKH JTUHAMUYECKOTO
nporpaMmupoBanus. [[is 3Toro um Obljia BBEJeHA B pacCMOTpeHUEe (DyHK-
uus bemimana, 1 10Ka3aHa CleAyroias TeopeMa

Teopema 1.2.1. ( [Yeung, Petrosjan, 2006])
MHOeCTBO ONTHMAJIPHBIX YMIPaBICHUN {uz (t)} TaeT MHOXXECTBO OITH-

MaJIbHBIX PELICHU 3a7aun ZD'[K ;to,x,O(], €CIIM CYIECTBYET HENPEPHIBHO
middepenumpyemas  dyukums WK (1,x):[t), TIx IT,.x R™ - R, sB-
JNAIOIAsACS pellleHueM ypaBHeHHs bevana:

{Zg"[r,xi,ui]exp[— I, r(y)dy]

— "% (1, x ) = max
u jek

+ ZWX(.ZO)K (tz-xK )ﬁK [ta-xK 9ui ]} 9
iek

WO k) = Sexol- [ vl (),

ieK
i ! :
rne g'[t,x,,u, |exp|- J;() r(y)dy | — MTHOBEHHas! IPUOBLITb UTPOKA i B MOMEHT

t, JAUCKOHTHUPOBAHHAA Ha I[aHHBIﬁ MOMCHT.

3ameuanue 1.2.1.
DyHKIHUS (K (t,x; ) ompenensier MaKCUMAJIbHBIM BBIMTPHII KOATUIIUH

K Ha BpemenHoM npomexytke |, T}, t, <t<T
Paccmorpum 3anauy w[K ST, Xg ], KOTOpas HAQUMHACTCSI B MOMCHT 7 € [tO,T]

B HAYAJIbHOM COCTOSIHUH X ;. VICTIONIB3Ysl TEOpeMY, MOYHO TTOKa3aTh, YTO:
t
eprT r(y)dy}/V(T)K t,x ) =W, xL), t,<t<t<T

(@t x ) =uPF (t,xh), ty <T<t<T

B namem ciydae ypaBHeHue beiiMaHa IpUHUMAET CIEYIOIMNA BUL:
(t)K ty _
o VVt ’ (t s Xk ) -

maX{Z[P,-X,% (0) = cou (O] exp[—r(t — 1)1+ LW (1, x50) ¥ [t x)c ue ]}

”k ieK iceK
W KT, xp )= Y expl—r(T — t4)lg, (x,(T));
ieK
[l ugl=%; KN (1.2.4)

[TocKoJbKY, BO-TIEPBBIX, YPOBEHb TEXHOJOTHH (DUPMBI [ yBEITUYHUBACT JO-
X011, Tak Kak g'[s,x,(s),u;(s)] u q'(x;(T)) TOJOKHUTEILHO ONMPEIETEHBI OT
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x;(s), 1 BO-BTOPBIX, (PUpPMa-y4aCTHUK MOXKET MOJYUUTh HOBBIE HABBIKU U

TEXHOJIOTHH OT APYroi GUPMBI B KOUIHUIIMH, TO B OOJIBIIMHCTBE CIydacB
UMEET MECTO CynepadoumuHoCmsy, TO €CTh

WO, xi ) 2w O (o, xD)+ WO (r,xk,,), LcKCN,
rae K | L ectb oTHOCHUTENbHOE nomonHeHue L B K.

1.3 TeopeTnueckoe 000CHOBaHME PellIEHUSA

CrnenyeT paccMOTpeETh TpH BapuaHTa (OPMUPOBAHUS KOAIHULIUU.
Ecnu kaxknas u3 ¢pupMm aecTByeT He3aBUCUMO, ypaBHeHnue (1.2.4) npunu-
MaeT BU/I:

—W e x) =
ma {[B-x%(r)—cl-u,-<r)]exp[—r(r—to>]+W;’O”(r,xf)fl-[r,xf U ]}

u.
1

wONT, x][) = exp[-(T —t,)lg, (x,(T))
filt,xi,ugl=%; ieN (1.3.1)

HpOBGI[H MaKCHUMMH3alluK0, UMCCM:
2

u, = 4(0[—")2[Wx(_t°)i (t,x,)explr(t — to)]]2 x,, g i e N =1{1,2,3} (1.3.2)
C; ’

3ameHss u; B ypaBHeHuH (1.2.5), umeem:
— W (2, x,) =

l

pyl2 e B al (to)i 5 _
iXi exp[ r(t to)] 4 w. (z,x;)] exp [’”(f to)]xi
C. i

1

2
2L )] explrte =)l =W x v e N = 123) (133)
¢, '

B urore, pemast JaHHOE ypaBHEHHE, I10Ty4aeM:
w0, x) = 4P O)x? + C () expl= (e —1,)], i i e N = {123} (1.3.4)
rae
A1) = [ - ngﬁ}m -P,

% [ of

l6c, = ’
Al.{i}(T) =g, ,Ci{i}(T) —0 (1.3.5)
IlepBoe ypaBHeHHe OJ04HO-peKypcuBHON cucreme (1.3.5) nuneitHoe
mudepeHnrabHOEe YpaBHEHHUE MEPBOTO MOPSIKa OTHOCHUTEIHHO Al.{"}(t),

¢y =rcl o)

KOTOPOE MOKET OBITh PEIICHO HE3aBUCHUMO C ITOMOIIBIO CTAHIAPTHOU TEX-
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Huku. [loacraHoBka perieHus Al.{i}(t) BO BTOpoe ypaBHeHue (1.3.5) maet
auHeHoe auddepeHnaIbHOE YpaBHEHUE OTHOCHUTEIBHO Ci{i}(t). Peme-

HHE Cl.{i}(t) MOXXET OBITh TOJYYE€HO, UCIOJIb3YS CTaHAAPTHYIO TEXHUKY.
SIBHOE pellIeHHE 3/IeCh HE MPUBEJICHO B CUITY TPOMO3IKOCTH 3aIHCH.

Boee Toro, kKak ykaszaHo B 3amedanuu 1.2.1, ans 7 €[t,, T:

(1) = [ 0 + CF 0 expl e =)

s ie N ={1,2,3} (1.3.6)
Ucxons uz popmyn (1.3.4) u (1.3.6), MbI MOKEM MOTYUUTD:

WO x) e =

48 @)+ @]l @)+ V)

mns ie N ={1,23};

1

W) e =S AN @O ie K e {123) (1.3.7).
I/IHBCCTI/IHI/IOHHBIG CTpaTeFHI/I JJIsA I/II‘pOKOB HpI/IHI/IMaIOT BHU/.
2
ity - i N S
ul(t) = AV, ieil,2,3 1.3.8
o) 16((/})2[,0] 1,23} (13.8)

JIMHAMUKA COCTOSHHMS KaKaoH (UpMBI HAa BpeMEHHOM WHTepBane [f,,T]

UMeEET BU:
2

%,(5) = 2 4 (9)x, ()7 = 8, (s) ,
4c;
x,(t,)=x), ieN={,23 (1.3.9),

Pemwiast 311 ypaBHEHUSI, MbI IIOJTy4aeM TPACKTOPUHU, ONTUMAIIbHBIC ISl UH-
JTUBUTyaIbHOTO Pa3BUTHS PUPM.

B coBmecTHOM npennpusituu GUPMbI TIEUCTBYIOT COBMECTHO, YTOOBI MaK-
cumuzupoBath (1.1.4) npu ycnoBuu (1.1.3). B s3Tom ciiyuae ypaBHEHUE
bennMana npuHUMaeT BUI:

- VVt(tO){LZ,s}(t: xl s X2 s X3) =

3
max {Z [Pl.xg/2 - ciui]exp [-r(t - 19)]

i-1
3 . . . . ,
+ z Wx(l_f)’ (t,xl.)[Oti(ul.xi)”2 + bj[.f”][xjxi]l/2 + b,Ek”][xkxi ]1/2 — Ox;, ]}
i-1

3
W(tO){l’2’3}(T, xl’x2’x3) = Zexp[— V(T _t())]qi [xi ]1/2 ’

i=1
s i, j, ke N={1,23}, i#j#k (1.3.10)
HpOBCI[}I MAaKCHUMU3AIHNIO, ITOJTYydaCM:
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u; = 4( ) [ W23y explr(—10)]] %, i e 12,3) (1.3.11)
[Toncrasnss (1.3.11) B (1.3.10), monydaem:

- VVt(tO){l,z,3}(t9 xl o x2 b x3) -

S [Px!7? exp[- #(1 - 1)]
i=1

2
_OZ Al [Wx(_’<)){1’2’3}(t,)c1 , Xy, X5 )]2 explr(t - fo)]}
c :

i

+ZW(IO)123 (t XI,XZ,X3)|: C [W(t0)123 (t xlsz,x?’)] exp[}"(t ZO ]

i=1

+bj[.j’i] X;X; /2 +19,[€]""][)c,€)cl.]l/2 —@ci]

3
w237y xg) = S exple 1T - 1), [, ]

i=1
s i, j ke N={1,23}, i#j#k (1.3.12)
Pemas (1.3.12), HOJIyqaeM
W(t"){l’z’3}(t,xl,x2,x3):[ 1,2,3} (t) 11/2_'_14123 (t) 1/2

AP (x4 C{1’2’3}(t)]exp [+~ 1,)] (13.13),
rae A3 (1), A2 (1), 412 (6) m ¢ (1) yroBerBopsiror
4023} =(r+éjA.{l’2’3}u>— i R g TR

1 2 4 2 L

i,j,keN={123}, i#j=k
. 3 ol
C{1’2’3}(t) _ rC{1’2’3}(t) B Za_l[Ai{l,z,s}(t)]z ,

l

ATy =g C 123(T) 0 (1.3.14)

N3 popmysi (1.3.13) momyyaem:

WO iy e = A0 @)+ AR )
+ /'13{1,2,3}(2_)()6;*)1/2 + C{1’2’3}(2')]

=2 @) )

+A{1’2’3}(z')(x7*)1/2 +C{1’2’3}(2')];

W ) e = %Ai“’”(n(xf*)-”z, ie K c{1,2,3} (1.3.15).

I/IHBCCTI/II_[I/IOHHBIG CTparerun B COBMCCTHOM IIPCAIIPHUATUN MOTYT OBITH
ITIOJIYYCHBI B BUJIC!:

18



123 _ i2 23 P _
V) = T 4ol e N=11,23) (1.3.16)

JlnHaMuKa TpPaeKTOPHIl COCTOSIHUNM COBMECTHOTO IIPOM3BOJICTBA Ha Bpe-
MEHHOM HUHTEpBAJIE [f), 1] UMeeT BUA:

2
%, (s) = j‘—l‘AP’Z’”(s)x,- ()2 +bUx ()x, ()" + B, (5)x, ()] = 6, (5)
C

i

x,(t)=x), i,j,keN={123},i#j#k (1.3.17),
Pemas nonydeHnyro cuctemy nuddepeHuaibHbIX ypaBHEHUH, MOTydaeM
ONTHUMAaJIbHBIA BEKTOP KOOIIEPATUBHBIX TPACKTOPUN UTPOKOB.

B ciyuae, korga ase u3 Tpex GupM GOpMUpPYIOT Koanuuuo{i, j}c {1,2,3},
YTOOBI MAaKCUMH3UPOBATh COBMECTHBIN J10X0/I, ypaBHeHHe bemnMana mpu-
HUMAET BU/I:

—WE (4 x) =

max{zmx% (1) = eyt O1explr(t 1)1+ SIS 1,6 £ Tt xl 1}
b Pt

WS (T, x) = ZKexp[—r(T — t)]g; (x,(T));

fK[t,xz,u2]=;c€K; KcN; |K|=2 (1.3.18)

Crnenys caeaHHOMY BBIIIE aHAJIU3Y, MbI IIOJy4aeM CIEeAyIOIUe (PYyHKIUH:
2

u; = 4(“—")[W<’0 e yexplrt—to)f x, i je 23}, i=j  (13.19)
WO @ xx ) = [45 0x! 2 + 45 (0)x2 + 8 0)expl- (e~ 1,)]

2 j}cN {123} i# (1.3.20),
rIe A (t) 4! ./} (t) cl (t) YIAOBJIETBOPSIIOT

Ch [i./]
AT (1) = [r ng () -

ijeN:{123} i#j

J{i,/’}(l«) _

2

Tty = rCtil (1) - 3 2 [ ol

i= 11
1, (T):qi7 " (T):O (1321)
OnrumainbsHble cTpaTerny GUpM IPUHUMAIOT BHUI:
2
ul™ () = 16(;’ . (4, iefijle N=023) (13.22)
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[locne mojacTaHOBKM yMpaBlieHWM B ypaBHeHHs: cocTostHME (1.2.2), mo-

CJICIHUC ITPUHUMAXOT BUI
2

¥, () = j‘—"Ai{f’f}<s>xi ()2 + 6l (5)x, ()] = 8, (s,
C;

x,(ty)=x, i,jeN={123},i#j (1.3.23)

1.4. Bexrop e B JHHAMHYECKOM CJIy4ae
Mp1 npenmnonaraem, 4to (GUPMBI JENSIT COBMECTHYIO MPUOBLIb B COOTBET-
cTBUM ¢ BekTopoMm lllenmnu.
st Toro 4to0Bhl MAaKCUMHU3UPOBATH JOXOJ COBMECTHOTO MPEANPHUSTUS
dbupmbl OyayT MCIOJIB30BaTh BekTOp ympaBienuit (1.3.16) Ha uHTEpBae
[t,, T], momyuas u3 ypaprenus (1.3.23) cOOTBETCTBYIOLINE ONTUMANIBHbIE
TpaeKTOpUU. B MOMEHT #) U B COCTOSIHUM X, (PUPMBI 1OrOBAPUBAIOTCSI, YTO
noJist joxoaa hupMsel i OyaeT:
Y )= T (k —1)!('n —k)!
KcN n.

ieN (1.4.1)
Opnako BekTop Lllemnn noiKeH MOAAEpKUBATHCS HA BCEM MPOU3BOJICTBA
[t,, T]. B yacTHOCTH, B MOMEHT BpeMeHH 7 € [f,, T'] U COCTOSHUM X, TOJK-

t K 0 ty)K\i 0
[W(O) (tOJxK)_W(O) l(toaxK\i)]a

HO BBIIIOJIHATBHCA .
o k—)(n—k)!
V( ) (T,XN) _ Z ( ) ( )

KcN I’l'

[W(T)K (7, x5 ) — w (KN (7, x5, )] (1.4.2)

(7)n

OTMETHM, YTO v(’)(r,x,i,*):[v(’)l(r,xf\f),...,v (r,x]@*)], KaK yKa3aHo B

(1.4.2), ynoBieTBOpsieT OCHOBHBIM CBOMCTBaM JiejexKa:
n
7)i T* T)N T*
ZV( )I(TJxN ) = W( ) (TJxN ’
i=1
vl (r,x))2 WD (r,xY) ieN,relt,,T]. (1.4.3).
k
Iepsas wacts B (1.4.3) ropopur o ToM, uto v\ (r,x}) ymoBIeTBOpSET
CBOMCTBY onTUMaibHOCTH 10 Ilapero Ha BceM mHTEpBasie Urpbl. Bropas
*
4acTh MUIIIOCTPHPYET, uTo v\ (7,x} ) rapaHTUpPyeT UHIMBHIyalbHYIO pa-
[IMOHAIHHOCTH Ha BCEM MHTEPBAJIC UTPHI.
Ecnu ycnosue (1.4.3) BbINOIHEHO, MPUHIIUIT ONTUMAIBHOCTH — pacipeie-
JIeHUE J0X0/1a B COOTBETCTBUM ¢ BekTopoM lllerim — cyiiecTByeT B Kax-
JBIA MOMEHT Ha BCEM MPOTSHKCHUH WTPHI BIOJb ONTHMAIBLHON TPACKTO-
puu, BbIOpaHHOW M3HauYanbHO. ClieI0BAaTEIbHO, COCTOATEIBHOCTh BO Bpe-
MEHU UMEET MECTO, U HH OJHA W3 (PUPM HE UMEeeT MPUINH MOKUHYThH CO-
BMECTHOE mpeanpustue. Takum oOpa3oM, TUHAMUYECKUI TPUHITUIT Jee-

*a, npuBeAeHHbIN B (1.4.2) TMHAMUYECKN YCTOMYUB WA COCTOSATENIEH BO
BPEMCEHU.
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B namewm cnydae gons moxonaa i-il GUpMBI B COOTBETCTBHU C BEKTOPOM
[lerum mpuHUMAaET BU:

. 1 - N, i
V) = )+ (O e ) - )+

%(W(’){i’k}(r, e WOk (g, x" )) 4 %(W(f){i,j,k}(rj Xf )~ WO (7, X{Tj,k}))

i,j,keN= {1,2,3} Te [to, T] (1.4.3)

1.5 IIpoueaypa pacnpeaeneHus aejiexa

Jlist Toro 9To0s1 peasin3oBaTh BekTop Lllerm, mpeacTaBineHHbI B TIPEIbI-
IyIIeM MYyHKTE, HEOOXOJAUMO B KaXKJIbIi MOMEHT KOMIIEHCUPOBATh Iepe-
XOJIHbIE M3MEHEHHUs, 4To0bl BekTop lllemnu mojaep>kuBajicss Ha BCEM HH-
TepBaje urpbl. MiHade ropops, HEOOXOAMMO B KaxIblii MOMEHT Iepepac-
MpeaesaTh MOTYUYeHHYI0 COBMECTHYIO MPHUOBLIb. JIJIsl 3TOr0 KOMIOHEHTHI
BekTopa [llemin npeacTaBiasitoTCs B CACIYIONIEM BU/IE:

oY (o x)) = ¥ (k=D!(n—-k)! [W(tO)K (t,x%) _ WK (t07x1(){\i)]:

KcN I’l'

:_L:Bi (s) expl— J:) r(y)dyds +

+ eXp{— Ir(y)dy}q" (x; (1)) (1.5.1)

tO
3neck B;(s) — miatex, mnoxydaemblii GUPMOM i B MOMEHT § TOCTE Tepe-

pacrpeiesIieHrs] COBMECTHOM MTHOBEHHOM MPHUOBLIH.
Bosee Toro, st ie N u t €t,,T]

v(’O)i(t,x;) =
T S r ; %
[ B (S)eXp[— J, r()dy s + eXp{— [ r(y)dy}q (x; (T) (1.5.2)
)
— A0XO0I UI'POKa I OT KooIncpannuu Ha BpCMCHHOM HHTCPBAJIC [f, T], rac x]t\,*

— COCTOSIHME UIPbl B MOMEHT ¢ € [,,T].

(1)t

k
Heobxomumoe yciaoBue, 49ToObI v\ (2,x});) YIOBIETBOPSIO YCIOBHIO

(1.5.2):

T
v (g, xy ) = v (l‘,xx)exp{— Jr(ndy :l
fy
feN. refT] (1.5.3)

(%)

HyxHo HaWtu Takoe B,(s), Opd KOTOPOM v (t,x;)YI[OBHeTBOpﬂCT

(1.5.1)-(1.5.3).
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OTMGTI/IM, YTO B KaXJbIi MOMECHT MMPOUCXOOUT TOJIBKO IICPCpaCIIpCacic-

HHC HpI/I6BIJII/I, IMO3TOMY CYMMad A0XOA0OB HUI'POKOB OCTACTCA HGPI3M€HHOI>1,
T.C.

3 B,(5) = XIPx 2(5) ()] 5 €. T] (1.5.4)

JlaHHBIN TUHAMUYECKUI aHau3 ObUT TOAPOOHO pacCMOTpPeH B kHure [Ye-

ung, Petrosjan, 2006]. B ob6miem cityuae mpuObLIb, MOJydacMas UTPOKOM i
B MOMEHT 7 € [t,,T], paBHa:

B.(7) =
3 G o,

K K\i
e <r,xz>\t:fJ—lW§§> (rxf)

] [ (T)K\Z(T’xlr(\i)tzr]

A e Y @) (159,

IMockonbky wacTHas npomssomnas W % (z,xg)mo x;, rie j¢ K yxomwr,

MBI MOeM Tepenucats (1.5.5) Goree TaKOHUIHO:
B.(7) =

3 GoD =Ry,

KcN

K N *
+Z[Wx(” (T,xlz)‘tzf}f [r x5 ulON (7, xh )]

jeklb
he 2 [W(T)K\’ (T, x5 L’ [T x5 uON (r,x} ]}:
- (k—1)! (” k)! {[W(r)K(z_, o), ] [ (K (7 57 )
e i) s )|
—lW;f;)K\’ (7, x| TlfK\l [r x5 uON (7, x5, ] (1.5.6)

rie  fy [Z' x5 u N (7, x )] €CTb  BEKTOp-CTOJOEl,  COAepsKaIuii
N[T,xN O (r,xk )] s ieK.

B Hamewm ciydae pyHkuus B, (7) UMeeT BUA:

B.(7)=

(=1)- ( 7 @x) )+ @) Y [ x))+

1
6

]

] [Wt(r)K\i (T, Xg)

-]

(W(T)”(rx 1) - W(T)’(rx)+W(T)”(rx”) f [rxN, (T)N (z,xy )]

W")” (T, x( ) ) e, x5 uf " (z,xy, N W (2, x5)- f 2. xy w7, )])
1

6(W(T) (szk) W(f)k(rx)+W(T)’k(Txlk)f [TxNa (T)N (TXN)]
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W(” (e, X)L [T XU (T,va*)]—Wx(,f)k(faxlf)'fk [T xiuloN (T,va*)])
1

E(Wt(”{“”‘}(r,x;)—Vfo>{f”‘}<r,x(,-,k}>+W;f>{f’f'”‘}<r,x;>-f,-N[r,x;, u§™ (2.

F WO i) ) e Y (@) |+ W;”{’*f’”(r,x;)-ka[r,x;, OV (2, x5
WO @ xi) Y r f @xOO @) £ e Y m])}

Bekrop B,(s), NMOMy4EeHHBIM W3 MPOLEAYPHI pacCIpeleseHus] J0X01a, ra-
paHTUPYET peamrn3yeMOCTh Aejexka corjacHo BekTopy lllemnm Ha Bcem
IIPOTSKEHUU MIpbl. TakuM 00pa3oM, MTHOBEHHBIC BBILIATHI B, (7,x) ) WI-

pOKy i€ N o0ecrneunBalOT JUHAMUYECKYIO YCTOMYHMBOCTH COBMECTHOTO
IpEeANPUSTHUS.

1.6. Pe3yabTaThl KOJIMYECTBEHHOI0 MOIEJIMPOBAHMS

[ToaTBEpAMM MOJTYyYEHHBbIE MAaTEMATHUUYECKUE BBIBOJABI pPe3ysibTaTaMu 4YHC-
JICHHBIX PacyeToB.

JIns Hauana pacCMOTPUM CUMMETPUYHBIN Cydail, KOT/ia Bce 3 KOMITAaHUU
UMEIOT OJMHAKOBBIE TTapaMEeTpPHI.

Bce BBIUMCIHUTENBHBIE MOPOLIECCHI MPOBOJUIUCH B MPOrPAMMHON Cpee
MAPLE.

[lycts

tp = 0 — HaYaJbHBI MOMEHT UTPBHL.

T =20 — KOHEYHBII MOMEHT HIPHI.

r = 0.2 — pa3Mep IUCKOHTA.

0 = 0.05 — ypoBeHb ycTapeBaHUs TEXHOJOTUH.

c; = 0.5, ¢c; =0.5, ¢c; = 0.5 — KOHCTaHTBI, ONPEAECTAIONIAE UHBECTUIIUOH-
HBII BKJIaJ] UITPOKOB B TEXHOJIOTUYECKOE Pa3BUTHE.

q; = 0.1, g, = 0.1, g; = 0.1 — KOHCTAHTHI, ONPEACTAOIINE JTUKBHIAIIAOH-
HYIO CTOUMOCTh TeXHonomﬁ WUTPOKOB HA MOMEHT KOHIIA UTPHI.

P, =0.1, P, =0.1, P; = 0.1 — KOHCTaHTbI, ONPEACIISIONINE YUCTYIO ONepa-
UOHHYIO TPUOBLIL UTPOKOB.

o;=0.3, a; = 0.3, a; = 0.3 — KOHCTaHTHI, ONIPELIAIONINE MPHUOABKY B TEX-
HOJIOTUU UTPOKOB.

pir1 = pBI = pll2l — pBA — 31 — p1231 — 0 1 — komcranTel, MpeacTaBsIO-
e coooi 3¢ dEKTH epeaun TEXHOJIOTHNA MEXTY KOMIIaHUSIMHU.
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['paduku AMHAMHUKY COCTOSIHUI UTPOKOB, ACHCTBYIOITUX MHIUBUAYAJIBHO,
BBITJISIIAT TaK:

1-s1 KOMMIaHus 2-51 KOMIaHUs 3-51 KOMITAHHS

0.1 0.11 0.1
0.108 0.108 0.108
0.106 X 0.106 X5 0.106 X3
0104 0.104 0.104
0.102 a.102 0102

0.14 . ————— . 0.14 . e r 0.1+
0 ] m 15 A0 0 o m 15 20 0 5 m 15 20

Kak MbI BUIMM pAa3BUTUE BCEX KOMIIAHUM OJIMHAKOBO.
B coBMECTHOM NpeanpusiTUU Pa3BUTUS YPOBHEHW TEXHOJIOTHM KOMITAHUU
BO BPEMEHHU TaK)Xe paBHBI MEKTY COOOil:

1-9 KoMIaHusa 2-51 KOMITAaHUS 3-s1 KOMITaHUSI
X
: 4] X2 4 3
4
3 3 3
5 21 2
1 1 1
H 5' 1i:| 1:5 Ei] ] 5 10 15 20 ] 5 10 15 20
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['paduiky mpuOBLIN KOMITAHHUI BO BpEMEHU TpeICTaBlIeHbl HUXKEe. OHU
TaK)K€ OJMHAKOBBI KaK ISl UHAUBUIYAJIBHOIO CITy4as,

0.032 002

0.032

0.0315 0.0315 0.03145

0.031 0.031 0.031

0.0305 0.0305 0.0305

0.03 0.03 0.03
TR TS My, O

TaK 1 JJIs1 COBMCCTHOI'O IIPCAIIPHUATHA

1-9 xoMITaHHA 2-5 KOMITaHHUS 3-9 KOMIIaHUS
02 02 0.2
Q.18 018 0.18
0.16 016 0.16
0.14 0.14 0.14
012 012 012
0.1 0.1 0.1
0.08 0.08 0.08
0.0& 0.0& 0.0&
0.04 0.04 0.04
o 5 10 15 20 o5 10 15 20 o5 10 15 20

JIJ1st CAMMETPUYHOTO CITydasi IPUOBLIL B COOTBETCTBUHU ¢ BekTopoM lllemn-
M TOJKHA PACTIPEACTIATHCA MEXKAY UTPOKaMU OJIMHAKOBO, CJIEIOBATEIb-
HO, 37IECh MBI HE JIOJDKHBI HAOMIOAATh TIepepacipeaeieHus goxoaa. ['pa-
buku pyHKUMA B(f) 3TO MTOATBEPKAAIOT:
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1-s1 KoMmauHus 2-51 KOMITAaHUS 3-s1 KOMIAHUA

0.2 B, 0.2 B, 0.2 B
0.18 0.18 0.1g 3
0.16 0.16 016
0.14 0.14 014
012 012 012
0.1 0.1 0.1
0.0g 0.0g 0.0a
0.06 0.06 005
0.04 0.04 004
TR TR b R R D E T TR TR

[IpoBeprM KOPPEKTHOCTh HAIIMX BBIYKUCIECHUN U yOEeIUMCsl, YTO NpUObLIb,
NOJIyYeHHAasl Ka)KJJ0i KOMIIaHUEH JI0 nepepacipeiesieHus], paBHa NpUObUIH
3TOM K€ KOMITAaHUH T0cIie nepepactpeaeneHus. O603HauuM uepes

1
Pr,(1) = PLx, (0] * — (1 (16.1)
MpUOBLIL KOMIIAHUU I B MOMEHT ¢ JI0 TIepepacipe/ieICHUS] BBIMTPBIIICH.

B nanHOM mpumMmepe He MPOUCXOAUT IepepachpenesieHus npuosuid. Pas-
JUYME B IOCIEIHUX IU(pax — NOTPEIIHOCTb BIYUCICHUH.

Hawm cnemyer taxxke npoBeputh nounepxkanue Bekropa lllennu Ha Bcem
WHTEpBaJe CYUIECTBOBAHMS COBMECTHOTO MPEAIPUSITHUS, T.€. Mbl JOJKHBI
MIPOBEPUTH BBHIMIOJIHEHUSI PABCHCTBA:

PO (1 5 ) = ! B,(s)exp[~ (s — 1) s + expl- (T — )}, [x, (1)) 2 (1.6.2)

ieN,te [tO,T]

Tak kak mpaBast yacTb paBeHCTBa (1.6.2) 3aBUCHUT TOJIBKO OT MOMEHTA £,
o0o3HauuM ee yepe3 Ob;(7). KomnonenTsl BekTopa llemnnu ais npocToTs
0003HaUYMM uepe3 vi(1).

Pe3ynbTaThl BBIUHUCICHUN MTPEICTABICHBI B IPUI0KEHUU 2. PABEHCTBO BbI-
HOJIHSETCS, XOTS MOTPEIIHOCTU BBIYUCICHUN 371eCh 00Jiee CYLIECTBEHHBI.
Takum 00pa3om, B CHMMETpUYHOM citydae BekTop lllennu Oyaer auHamu-
YECKU YCTOUYUB.
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Paccmotpum acummMeTpuuHbii citydyaid. CHavaia u3MEHUM napametp P.
ITycts Teneps P; = 0.1, P, = 0.2, P; = 0.05. [locMOTpuM, KaK U3MEHUTCS
JUHAMHUKA COCTOSIHUM WTPOKOB M MX BBIMTPHINIK. Huke mpencTtaBieHbI
rpad¥Ku JTUHAMUKHA COCTOSIHUM UTPOKOB JIJIsi BCEX BO3MOKHBIX KOATUIIUI
B UI'PE:

WNupuBuyanbHOE pa3BUTHE CoBMecTHOE pa3BUTHE

0.2
0.18 X2
0.16

0.14

0.12 X;

0.1

0.08 X3

=
iy |
-
=
—
iy |
]
=

OGbenunenne 1 u 2 O6benuHenue 3 u 2 OO6benunenue 1 u 3
0.6 x> 0.8
_ 0.7- X2 0.5
] ] X
06 087 0.4] !
] 0.5 X3 ] X3
D"l' xl Dl'l' |:|3'
: ] X
] |:|.3'_ 0 2_'
0.2 X3 0.2 :
] ] XJ
|:|1 ] e — I:I1_ T TT T T TT T
TE W % & 0 5 w5 m 05 10D

Hanee npencrasieHsl rpaduku MPUOBLTA KOMIAHUN HA MPOTSXKEHUU UTPHI
JJIS1 BCEX BO3MOYKHBIX KOATUIIMIM:
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NunuBuayanbHast npuObUIH CoBMecTHas NpUObLIL

Ers 0.4 Fr:
0.08 ]
0.o07 0.3
0.06 ]
0.05 02 Pl"
0.04 Pry :
0.03 0.1
] Pr
0.02 Prs . — 3
o 5 10 15 20 0 10 15 20
Oo0bennuenue 1 u 2 O0bpeauuenne 3 u 2 O0bnennuenne 1 u 3
0.187 0.181 b
0.164 Pr; 0.16 oo 77
0,147 0.143 Pr; 0073
IIII.:E? 0.123 0061
14 0.1 : ry
] 3 0.054
0.08 Prr—" 0089 .
0.06 3 0.064 Pr3 [ oo Pr3
] 3 Pr; 0.037
0.04 Pr 0.04 .
' 3 1 0,024
0.024 0.02 B
o &5 10 15 20 o &5 10 15 20 o 5 10 15 20

Hwxe npencrapnensl rpadku MpUObLIIEH KOMIIAHUNA B COBMECTHOM TIpe/-
npusTUU 0€3 U MocIie nepepacnpeaesieHus NPpUObLIN:

Be3 nepepacnpenenenus C nepepacnpeienennemM

] B;
0.4 Pr; 041
03] 0.3

] Pl"] ] B]
0.2 0.2

0T s T TR TR h

Kak Mbl BUIUM, B JaHHOM CJIy4ae UMEET MECTO MepepacinpeiesicHue J0X0-
JIOB OT KOOIEpalru. DTO HAOJIIOAAETCA B Pa3IMUHble MOMEHTHI BPEMEHHU.
Nmeetr MecTo paznuuue B BEIMUYMHAX, HO CyMMa JIOXOJIOB OCTAETCSl HEU3-
MEHHOM 3a BBIUETOM MOTPEUIHOCTU BhIUMCICHUS. VTak, B JTaHHOM ciydae
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MIPOUCXOIUT TEPEPACIPENCICHUS TOXO0I0B KOMIIAHUM, U CTPOUTCS HOBOE
pelieHue, KOTOpoe SABIISIETCS TUHAMUYECKH YCTOMYMBBIM. AHAIU3 KOJIMYE-
CTBEHHBIX JAHHBIX TAKXKE MOATBEPKIAET BBIIIOJIHEHUE CBOMCTB CTPATEIHU-
YECKOW YCTOWYMBOCTHU U 3aLUTHI OT UPPALMOHAIBHOTO TOBEAEHUS. TaKkum
oOpa3omMm, aHanmM3 PE3yabTATOB KOJMYECTBEHHOTO MOJICIUPOBAHMS IIOJ-
TBEPXKIAET KOPPEKTHOCTh U3JIOKECHHBIX BBIIIE TEOPETUUYECKUX PE3YJIbTA-
TOB.
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2. CTOXACTHYECKASI MOJIEJIb YCTOMYHUBOI'O
COBMECTHOI'O IPEAITPUATHUA

Tenepp pacCMOTPUM MOJIENIb COBMECTHOI'O MPEANIPUATUS IIPUA CTOXACTHYE-
CKOM JUHAMUKE.

2.1. O000meHHBI BUHEPOBCKHUI MPOLIECC

W3BecTHO, 4TO MEpeMEHHbBIC, KOTOPhIE C TCYCHHEM BPEMEHU MEHSIOT CBOE
3HAYCHHUE CIIy9allHBIM O00pa30M, CIEAYIOT CTOXAaCTHYECKOMY IIPOIIeCCy.
CroxacTHYeCKHe MPOIECChl MOTYT OBITh KIIACCH(PHUIIMPOBAHBI KaK MPOIIEC-
CBI C JUCKPETHBIM M HEIPEPHIBHBIM BPEMCHEM.

O06001eHHbIl Tpoliecc Bunepa nmeer BU/I:

dx = adt +bdz, (2.1.1)
r7ie @ U b — KOHCTaHThI, a BEJIMYMHA dz paBHA:

dz = Odt

rjae 6- caydaiiHas BEJIMYMHA, TOJYHHSIONIASICS 3aKOHY HOPMaJIbHOTO pac-
IpeICICHMS.

CnaraeMoe adt TIpeArnonaraet, 4To CpeIHUN OKUIAEMBIA TEMIT POCTa Be-
JUYMHBI X B €IUHHUILy BpEMEHHU ecTh d . be3 BToporo ciaraeMoro B Ipa-
BOM yactu, nporecc (2.1.1) umeert Bu

dx = adt
1501051
X=x,+at,

rae x, — 3HadeHue x npu ¢ =0. Ha BpeMeHHOM uHTEpBasIe MINMHBI T, X

yBeluuuBaeTcs Ha Benuuuny a7 . Cnaraemoe bdz B mpaBoi yactu (2.1.1)
MMEET CMBICI IIyMa B Pa3BUTHUU JAHHOTO Ipolecca. ITa HEONPEAEIICH-
HOCTb OIUCHIBAETCS MpoleccoM BruHepa u XapakTepusyeTcsl BEIMUUHON b .
B Manbie mpoMexXyTKU BpeMEHU Af U3MEHEHUE 3HAUE€HUs X, Ax, U3 CBOU-
ctBa 1 u (1.2) umeet BuU:

Ax = aAt +bOJAL, (2.1.2)
rae 6, Kak W Tpexne, CiaydaiiHas BeIWYMHA, TOTYUHSIONIASCS 3aKOHY
HOPMaJIBHOTO pacipe/IeIeHHUS.

VYpaBuenue (2.1.2) onuceiBaeT 0000IIEHHBIN TTporiecc BuHepa B auCcKpeT-
HOM clIydJae.

Heo6xoauMo 3aMeTuTh, 4TO COCTOSIHMS 0000IIeHHOro mpoiecca Bunepa
OpU MOJIOKHUTEIIBHOM X, B OyAylleM MOTYT NPUHHMATh OTPUIIATEIbHBIC

3HAYCHUSL.
JlanpHeuee pa3sBUTHE HAEH Ipoliecca BuHeEpa mpUBOAUT K MOPOLECCY
Hto, B kKOTOpOM KOIDOUIIMEHTHI a U b SBIAIOTCS (DYHKIUSIMU MEPEMEH-
HOW X W BPEMEHH ¢ :

dx = a(x,t)dt +b(x,t)dz (2.1.3)
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M3BeCTHO, YTO TaKOM MPOLECC ONMUCHIBAET MHOTUE Pu3ndeckue (OpoyHOB-
CKO€ JBMYKEHUE YACTHUILbl MOJ JAEUCTBUEM CUJIbl TSDKECTH) M SKOHOMHYE-
CKH€ 3aKOHBI (POpMUPOBAHUS 1IEH HA AKIUHU, YPOBEHb HHQIISUN).

B nuckperHom ciyyae mnporecc MTo, MokeT ObITh MPEACTaBIEH CIEAYIO-
UM 00pa3oM:

Ax = a(x,1)dt + b(x,1)0~ At . (2.1.4)
B npuBeneHHol Huxke Mozaenu OyaeT NpUMEHATbca ypaBHeHue (2.1.3), a

Ml €ro allllpOKCUMAllMU IIpU YUCJICHHOM MOJACIIMPOBAHHHN IIPUMCHACTCA
(2.1.4).

2.2. CroxacTuyeckass MoJieJib COBMECTHOIO IIpeANpPUsITUS

MpbI BHOBb paccMaTpuBaeM ciiy4ai, Koraa Tpu GupMbl 00ObEIUHSIOTCS Ha
HEKOTOpBIH MHTEpPBAT BPEMEHHU |f,, 7] B COBMECTHOE MPEANPHATHE C Iie-

JBI0 MAaKCUMH3alMA COBMECTHOM npuOsuid. Ho B manHOM ciydae B pa3Bu-
TUU (PUPM MOSBIISIETCS HEONPEACIEHHOCTh, XapakTepu3yeMas CIy4daiHbIM
npotieccoM. [TpuobLIb i-if GupMbI Ha 3TOM MHTEpBalle onpenensercs Ghop-
MYJIOU

T

E ] [P,-[x,- ()1 -, (s)} expl—(s — 1,)1ds + exp[—r(T — 1,)]q, Lx, (T)]

tO
ie N=1{123} (2.2.1)
Bce mapameTpbl aHAJOTMYHBI TEM, YTO OIHMCAHBI B ACTCPMHUHHUPOBAHHOM
MOJIEJIN. 3/1eCh:

P;, ¢;, m g; — OJIOKUTENIbHBIE KOHCTAHTBI, ¥ — KOHCTAHTA, ONPEACIISIONIas
pa3Mep JUCKOHTA,

x,(s)c R" — ypOBEHb TEXHOJIOTHI KOMIIAHWH { B MOMEHT §, KOTOPBIA MBI
OyJZ1eM Ha3bIBaTh COCTOSIHUEM UT'POKa I

u,(s) C R"— MHBECTHIIMU B TEXHOJIOTUICCKOE PA3BUTHUE, ITY BEIIMYUHY MBI
OyzZeM Ha3bIBaTh YIPABICHUEM UIPOKA i}

1
Plx, (s)]é — YHCTas omnepalnroHHasl MPUObLIL KOMITAHWU I TIPU TEXHOJIO-
THYECKOM YPOBHE X;(s);
c;u;(s) — CTOMMOCTb MHBECTHUILINH,

1 .
q.[x; (T)]A — JIUKBUJAIUOHHAs CTOMMOCTb TE€XHOJIOTMU KOMIIAHUU [ B MO-

MeHT T.
Pa3BuTtue TexHonoruu i-i GUPMbI MPOTEKAET COracHO auddepeHnanb-
HOMY ypaBHeHUI0 HTo:

() = |t [, )5, (9)) 2 = 8, () s + 0,3, (), ()

(2.2.2),
x;(t)=x{,ie N={123}
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1
rIe «; [ui(S)xi (s)]é — npubaBKa B TEXHOJIOTHH, TOJyYCHHAs! TIPU pa3Mepe
UHBECTUPOBAHUS u,(s), O — mapaMmeTp ycrapeBaHus TexHoioruu. [locnen-

HEE CJIaraéMo€e B IIPaBOM YacTU MPEJCTABISAET COOOM HEONPENEICHHOCTh B
Pa3BUTHUH, TaK Ha3bIBAEMBIN «OCIIBIM IIyM:

dz,(s) = 6;~/ds — cTaHAAPTHBIA BUHEPOBCKHUI IIpOLIECC, TAe §, — ciydanHas
BEJIMYMHA, MOJYMHSIOIAICA 3aKOHY CTaHAAPTHOTO HOPMAJIBHOI'O paclpe-
JE€IICHUA, a O, - [OJIOKUTEIbHAS KOHCTAHTA, ONPEACIISAIONas CPEAHIO Be-

JMYMHY ITyMa.
Eciu Heckonmbko GupM OOBEAMHSIOTCS JUIsI MAKCUMM3AIIUH COBMECTHOM
npuObLIH, (GUpPMa-yIaCTHUK MOXKET MOJYYUTh JOTOJHUTEIBLHBIE BO3MOX-
HOCTH B pa3BuTuu. COOTBETCTBEHHO [MHAMHKA DPA3BUTHS TEXHOJIOTHUU
¢bupm m3mensiercs. B cimydae, koraa Bce Tpu GuUPMbI 00BETUHSIOTCS B CO-
BMECTHOE MPEANPUITHE, pa3BUTHE (PUPMBI | TPUHUMAET BU]T

dx;(5) = & [u: ()%, ()} + BV (), ()] 2 + B[ e, (), ()] % = G, (s)
+0,x;(8)dz;(s)

X (6)=x", i jkeN={l23\,i% )%k (2.2.3),
rae bj[.j Iy 1 — nonoxurensuble KoHCTaHTEL, MpeacTaBISIOUIE YBPEKT

nepeaadn TeXHOJIOTHH 11t GupMmel i, oT hupM j u k. [locnegnee cinaraemoe
B MIPaBOM YaCTH TaKXe, KaK M B MHANBUIYAIBHOM CITydae «OCNbIA ITyM».
[IpuObUTE COBMECTHOTO MPEANPUSITHS OMPENETACTCI MaTeMaTUYECKUM
OXKHMJIaHMEM  OT  CyMMbl  MpuUOBUIEH  BXOIAIIUX B HETO

IZ[ [x;(s)] /—ciui(s)}exp[—r(s—to)]ds

t, 1
S A
+;exp[— (T —t)Jg; [x,(T)] }

ieN={,23] (2.2.4)

2.3. BoIMrpbin KOAJIHINHA B CTOXACTHYECKOM CJIydae

Hpe,Z[HOJ'IaPaCMaH l'IpI/I6BIJ'II> koanuuuu K OIIPCACIIACTCA MaKCHUMM3aluen
MAaTEMATHUYCCKOI'O OXKUAaHUA:

} 2 |:Pi [x; (S)]% —cu; (s)} exp[—r(s —t,)]ds
+ Y expl- (T —ty)Jg;[x; (T)]%}, 2.3.1)

ieK
[Ipu 3TOM:
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dx;(s) = [ai [ul.(s)xl. (s)]% + ij[.j’i][xj (s)x; (S)]'/2 — Ox; (S):|dS

jekK , j#i
+ 0;x;(8)dz;(s),

1

x(t)=x", ieKc N={1,2,3} (2.3.2)
J{ns mpocToThl 3anucu nepenuiiem (2.3.2) B BUIE:
dy (5) = f 5[5, () uil”™ (5, ()]s + 0 xg (8)dz (5), (2.3.3)

Bech dxy (s) = {dx; ()}, » dzy () =1{dz, ()}
£ = {5 =
{ai e, ()%, ()] 2+ X0V, (5)x, ()] 2 = &, <s>}
jek,j#i ek
OrXp(s)= {O'l.xi(s)}l.eK
O06o03HaunM 3a F[K ;to,xo] CTOXACTUYECKYIO TPOoOJieMy ONTHMAIbHOTO

yrnpasienus (2.3.1)-(2.3.3). Peuienue gaHHO#M 3a/1auu Takxke ObLIO OMuUca-
HO B [Yeung, Petrosjan, 2006]. Ero Teopema, chopmynrpoBaHHas s Je-
TEPMUHUPOBAHHOTO CiIydas, Oblla IPUMEHEHA UM JJIsl PEIICHUS JaHHOU
3amayn. OHa 3BYyYHT TaK:

Teopema 2.3.1.
o *
MHO0XECTBO ONTUMAJIBHBIX YIPABICHUM {u K (t)} AT MHOKECTBO OMNTH-

MAJIbHBIX pEIICHUI 3a/1auu F[K;to,x,o(], €CITH CYIIECTBYET HEMPEPhIBHO
mddepenmpyemas dynxums W@ (¢,x): |1y, T]x 1T, R™ — R, siBistio-

asAcs peleHueM ypasHenus bemnmana:

1 m
DK h 1)K _
_m(t) (taxK)_E ZQKg(t,XK)W;hxz (L,xg) =

he=1

max{ >g’ [t, XU, ]exp[— J'; r(y)dy]
Ug jek 0

+ ZWx(th)K(taxK)ij [taxKauj]}n

jek

W(to)K (T:XK) = ZGXPI__ J;Zwr(y)dy}]j(xj)’

jek
i t .
rne g'[t,x,,u, lexp —L r(y)dy| — MrHOBeHHast IPUOBLTH UTPOKA i B MOMEHT

{, TNICKOHTUPOBAaHHAs HA JAHHBIA MOMEHT. Q. (f,X; ) - MaTpPULA C DJIEMEH-
TaMu o,x;(s), i€ K< N, nexalmuMu Ha JUarOHAJIM U C HYJIsIMH HE Ha
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HEMH. Q?f(t,x,{) — 3TO DJIEMEHT B CTPOKE /i M B CTOJOLE ( MaTpHIIBI
Qp(t,xg).

Oynkuus WK (1, x k), KaK ¥ B IPEABIAYIIEM CIIy4ae, ONPEAEIAeT MaKCH-
MaJbHBIA BBIUTPHIIT  KOAIMIIMM K Ha BPEMEHHOM IPOMEXYTKE
[t,T], t,<t<T

PaccmoTpuM 3anauy F[K ;T,xf(], KOTOpas HAYMHAETCS B MOMEHT 7 € [t,,T ]

B HAYAJIBHOM COCTOSIHUU X . VICTIOJIB3Ysl TEOpEMY, MOKHO MOKa3aTh, YTO:

expl_[tr( y)dy}/V(T)K(t X)) =wOK@ X)), t,<r<t<T

uP* (1) =uPF (4, xh), t, <T<t<T
TaK)Ke, KaK U B JETEPMUHUPOBAHHOM Ci1y4ae, BO-IIEPBLIX, YPOBEHb TEXHO-
noruu (pUPMEI | YBEIMYHUBAET JOXOJ, TaK Kak g'[s,x;(s),u,(s)] u ¢’ (x,(T))
MOJIOKUTENBHO OMNpEAeNieHbl OT X; (f), U BO-BTOPBIX, (PUpMa-ydaCTHUK

MOXET MOJIYYUTh HOBBIC HABBIKK M TEXHOJOTHH OT JApYyrou (pupmsl B KOa-
JUIUH, TIOATOMY B OOJIBIIMHCTBE CIy9aeB MMEET MECTO CyNepaaIuTHB-
HOCTb, TO €CTh

W(T)K (T,X[T() > W(T)L (T,XZ) + W(r)K\L (T, xjr{\L )’ LK - N,
rane K | L ectb oTHOCHUTENbHOE nomonHenue L B K.

B manHoM ciyuae ypaBHeHHe bennmana mpuHUMaeT BU:

A (A 202 T (1) =

zeK
max{z[zz-xi% (0) = cu; (D]expl—r(t = 1)1+ X W% (6, x10) £, [, uie ]}
”k ieK ieK
W OK(T, xg) = Zexp[—r(T —ty)1q (x,(T)); (2.3.4)

ieK

x; ()= + L £V T (), (500 (9D)1ds + [} 0,05, (9)]dtz, (),
ieN
Kak v B 1eTepMHUHUPOBAHHOM CITy4ae, HaM CJIEAYET pacCMOTPETh 3 BapH-

anTa GOpMHUPOBAHUS KOATHUITUH.
st onHOM upMbl ypaBHeHue (2.3.4) npuHUMAET BUJL:

_Wt(t(])i(t»xi)_%VK(;O‘)Z.(LXJG,-ZX? _
max {[I)i'xil/z - Ci“i]eXp [_ r(t— to)]"‘ Wx(ir)i(taxi)[ai(uixi)l/z - §xi]}a
W NT, x,) = exp- r(T —t,)]g;[x,]"?, ans i € 1,2,3} (2.3.5)

N3 sToro YPaBHCHUS MMOJYYIACTCS OIITUMAJIBHOC YIIPABJICHUC!
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u, = [W(t Y (t,x,)explr(t —t,) ]] x;, s i€ {1,2,3} (2.3.6)
4(0 )?

3ameHss u, B ypaBHeHUHU bennMana, nMeeM:

- VVt(tO)l (ts xi) _5 Wx(i?)l (ts xi )O-zlez =

o2
Px!exp[-r(t—1t,)]- 4[ [W;tn)i(t’xi)]z exp [r(t —1,) Jx,

¢

2
# 2 ) f explro— o)l = (1 e 1.2.3) (2.3.7),
B urore, pemas nojsrydeHHOE ypaBHEHUE, UMEEM:
W 1, = [ 0+ o) Jexpl (e —1,)], mn i < 12.3) (2.3.8)
rae

. 25 .
ANy =\ r+ 2o+ 2 4l ) -
i () £r+8+2j,()

2
¢ = [ Bl

ATy =¢g,.CF (T) =0 (2.3.9)
[lepBoe ypaBHeHue B cucteme (2.3.9) — kak U B NEPBOM cllydae, JIMHEHHOe

muddepeHnnaIbHOE YpaBHEHHUE TEPBOTO MOPsJIKA OTHOCUTEIBLHO Al.{i}(t),
KOTOpOE PELIAECTCS HE3aBUCUMO C IIOMOILBIO CTaHAAPTHOU TeXHUKU. I1os-
CTAHOBKAa PEIICHUS Al.{i}(t) BO BTOpo€ ypaBHeHue (2.3.9) maer nuHeiiHOE

muddepeHaibHOe YpaBHEHUE OTHOCHUTEIHHO Ci{i}(t), KOTOpPOE 3aTeM
JIETKO peliaercs. SIBHOe pelieHre 371eCh He MPUBEICHO B CHUITY TPOMO3IKO-
CTH 3aIKCH.

Jlerko noyty4urs:

WO (e, x,) = |48 (Ox!? + o) Jexpl- r(e - )] (2.3.10)
mns i e {1,2,3}
ONTUMAJILHOE YIPaBJICHHE TSI OJHON (PUPMBI IPUHUMAET BHI:
2
a
u.(t)=——— t ieil,2,3 2.3.11
,<)16()[(>] 12,3} (23.11)

CoOTBETCTBEHHO ypaBHEHUE (2.3.2) NPUHUMAET BU/I:
2
d (5) = | T4 (5)x,(9)'% =, (5) ds + 07, () (),
x(t)=x", ieKc N={,23} (2.3.12)

Pemrast (2.3.12), mosyyaem onTUMaJIbHbIE TPACKTOPUU JJISI WHIUBUITY Th-
HOTO CITyYasl.
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Ecnu tpu ¢upmbel 00pa3yloT COBMECTHOE NPEANPHUATHE, TO YpaBHEHUE

benamana IMPUHUMACT BUI:

3

(1){1.2.3 1 (1,){1.2.3 2.2 _

_Wt " }(t9x17x27x3)+_szixi{ }(t7x19x29x3)0i X, =
i=1

3
max {z [Pl.xl.l/2 - Cl-u,-]eXP [-r(—1)]
U =

3
+2Wx(_r)i(t’xi)|:ai(uixi 1/2 +b[ ][x . ]1/2+b[k,][xk ]1/2 Sr. ]}
i=1

3
WUO){I’2’3}(T: Xy, X,X3) = ZGXP[_ r(T _to)]‘]i [xi ]1/2 )
i=1
s i, j ke N={1,23}, i#j#k
HpOBeﬂﬂ MaKCUMHU3ALUIO, ITOJIYydaCM:
2

u, = 4(0[i) [W(t D230y xl,xz,x3)exp[r(t—t0)]] x;, i €{,2,3}
[Toncrasisis (2.3.14) B (2.3.13), nonyyaem:

|
)41.2.3 1,){1,2,3 22
— w23 xyxs) + _Wx(fx,){ Wt,x,,x,,%5)0 2 x,

2
i[P,-xS” exlr(i— )]

_ °X,
4c,

l

+ZWU)123 (t, xl,xz,x3){

[W(t .23} (¢, xl,xz,x3)] exp[r(tto)]}

i=l1 l

+b£-j’i][xjxi 1/2 +b/£k’i][xkxi ]1/2 _&i]

3
W(to){1>2’3}(T’ X, Xy, %) = > expl—r(T —t,)]g;[x, ]

i=1
s i, jke N={1,23}, i#j#k
Pemras (2 31), monyuaem:
W(z)123 @, xl,xz,x3)—[ 1,2,3) (t)xll/z +A {1,2,3 (t)xl/z
+ AP (a2 4 o2 (t)]exp [ r(t —1)]

rae A3 (0), A2 (1), 412 (6) m ¢ (1) ynoBrerBopsiror
[i./] [i.k]

Ai{1,2,3}(t):(r+%+gj 123(0 b 123(0 b {1’2’3}(t)_})l>

i,j,keN:{1,2,3}, i#j#k
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(2.3.14)

(2.3.15)
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123(t)—rC123(t) Zl [A123(t)]

ATy =g, ,cM(T) = o (2.3.17)
IlepBbie Tpu ypaBHEHHUsA B OJ0YHO-peKypcuBHOU cucteme (2.3.17) obpa-
3YIOT CUCTEMY TpeX JIMHEHHBIX Au(depeHIINaTbHBIX YpaBHEHUI, KOTOpast
pelnraercs sSBHO.

[TocTaHOBKA PEIICHUS {Ai{1’2’3}(t)} BO BTOpoe ypasHenue (2.3.17) naer nu-

HelHoe AuddepeHnnanbHOe ypaBHEHUE OTHOCUTENBHO C 1234 7).

OnTuMaibHBIC HWHBCCTHLIMOHHBIC CTPATCIrMy B COBMCCTHOM IIPCAIIPHUATHH

MOI'yT OBITH IMOJIYYCHBI B BUJC!
2

123 — i 123 2 1
)= 6 [ (t)] e {1,2,3} (2.3.18)

JIlnHaMuKa TPAaeKTOpPUK COCTOSIHUKA COBMECTHOTO MPOM3BOJICTBA HA BpeE-
MEHHOM MHTepBane [t,, | umeeT Bu;

2
dx,(s) = %Ai{l’2’3}(s)xi (s)"2 + bEj’i][x (5)x, ()]

i D

+ b5 [x, (5)x, ()] = 8¢, (s) s + ox, (5)dz, (s)

x,(t)=x), i,jkeN={123},i#j#k (2.3.19)
Pemras moiydeHHOe ypaBHEHHE, MOJTydaeM ONTHMAJIbHBIE KOOTICPATHBHBIC
TPacKTOPHH.

Ecnu xe nBe u3 Tpex pupM pemaroT co3/1aTh KOATUMLHUIO IJI MaKCUMU3a-
MM COBMECTHOM NpHOBUIM, TO AJii HUX ypaBHeHHe (2.3.4) mpuHHUMAeET
BU/I:

=W () - 202 W () =

2%
max{zuzx% (1)~ cauy(Oexplr(t ~1,)]+ WK (r,x;mﬁz,x;,u;]}

w ek i
W (T, xi ) = X expl—r(T = t4)]q, (x,(T));
KcN-= {1,2,3};IEI<\K\ =2 (2.3.20)
CJIGI[YH CI[eJIaHHOMy BBIIIE aHAJIM3Y, MbI MMOJy4aeM CIeAyronre QyHKINN:
u, = 4( ) [W(t)” (t,x;,x, Yexp[r(t —t,) ]] X, i,je{l,23), i#j (2.3.21)

WO x) = [0 0! + 4 0+ € o) Jexpl re 1)
{z,]}c {1,2,3}, =7 (2.3.22),
rae A }(t),AJ{.i’j ') m C}(#) ynosnersopsior
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o« (. . 2 i [Z’J] ]

i, jeN={,23}, i#j

CU0 = rC 0= 4 o)

i=1 16Ci
Ai{i,j}(T) =g ,C{i’j}(T) —0 (2.3.23)
Cuctema (2.3.23) pemraercsi CTaHIapTHBIMU METOAaMU. MOKHO MOJTyYHUTh:
w ([O){i’j}(t, Xy X;)= (W(T){i’j}(t, X;5 X)) €Xp [_ r(z - fo)] (2.3.24)

i,/ c{,23), i#j
OnTumanbHBIE HWHBCCTHLMOHHBIC CTPATCIUM AJId KOAJIMIUHKU JIBYX HUI'POKOB
IIPUHUMAKOT BU/I:

2
(04

iy =24 nf, ek <123} |K|=2 (2.3.25)
16(c;)

JInHaMuKa TPAaeKTOPUM COCTOSIHUM KOAQJIWIMKW HA BPEMEHHOM HWHTEPBAJIC

[to, T] HMEET BUI:

a,’

dx;(s) = {4 Ai{1’2’3}(s)xi (s)l/2 + bj[.j’i][xj (s)x; (S)]l/2

— O, (S):|dS +0,x,;(s)dz;(s)

x(ty)=x!, i,jeKcN={23}i#/, |K|=2 (2.3.26)
OTCIOI[a HOJIyanOTCSI OIITUMAJIBHBIC TpaeKTopI/IH IJIs1  KOAJIMIIUU ABYX
bupm.

2.4. Bexrop llleniu B CTOXaCTUYECKOM CJIydae

Kak u B 1eTepMHUHHPOBAHHOM ClTy4yae, UTPOKU OYyAYT JACIUTH COBMECTHYIO
IpUOBLIL B COOTBETCTBUU ¢ BekTopoM [llemmn

Jlist Toro 4to0Bl MAaKCHMHU3MPOBATH JOXOJ COBMECTHOTO MPEATPHUSTHS
¢bupmbl OyayT MCIOJIB30BaTh BEKTOp ympaBienuit (2.3.18) Ha uHTEpBalie
[t,, T], monmygas u3 (2.3.19) cooTBeTCTBYIOIME ONTHMATbHBIE TPACKTOPUH

* T
{xN(t)}[:t . B MOMEHT #) ¥ cOCTOSHHMH Xy (UPMBI JOTOBAPMBAIOTCS, YTO
noJig 1oxoaa GupMel i OyaeT:

Dig, 0 (k—l)!(n—k)![ DK 0 DK\ 0 ]
v )l(thxN): 2 l W (thxK)_W(t) (tosxg)

KcN

ieN 2.4.1).
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JUis AMHAMUYECKOW YCTOMYMBOCTH HEOOXOAMMO IOJAEPKUBATH BEKTOP
Hlerum Ha BceM NMPOTSKEHUH COBMECTHOTO MPOMU3BOJICTBA, T.€. IS JIF000-
ro MOMeHTa 7 € [t,,T] Z0MKHO BHIMOTHATBCS YCIOBHE:

- k—DW(n-k)! :
Vg = 3 EEREER o oy R g )] (2.4.2)
KcN n!

Kaxk u panbme, v (z,x5) = [v(’)l (7, x5, V" (r,x]’\,*)] YJIOBJIETBOPSIET OC-
HOBHBIM CBOMCTBAaM JiejierKa:

7 H * 3k

SV, xy) =W ON (7, x},

i=1

v, x> W D (r,x5) ieN,relt,,T] (2.4.3).

Iepsas wacth B (2.4.2) ropopur o ToM, uto v\ (7,x%) ynoBIeTBOpSET

CBOMCTBY ontumManbHOCTH 1O IlapeTo Ha Bcem mHTEpBasie Urpnl. Bropas
4acTh WITIOCTPUpYET, uTo v'7(7,x%) rapaHTUpyeT MHAMBUAYaIbLHYIO Pa-
IMOHANILHOCTh Ha BCEM HWHTEpBasie Urpbl. [Ipu BBIMOTHEHHH YCIOBUU
(2.4.1)-(2.4.3) npuHIUIT ONTUMAJIBHOCTH — pacnpeacieHUe J10X0Ja B CO-
OTBETCTBHHU C BeKTOpoM lllernim — cyiiecTByeT B KaK/blii MOMEHT Ha BCEM
NOPOTSKEHUU WIPHI BJIOJIb ONTUMAJIBHON TPaeKTOpPUH, BHIOPAHHON H3Ha-
YaJlbHO, U, CJEAO0BATEIbHO, OH YCTONYMB Ha MPOTSHKEHHMH COBMECTHOIO
IIPOU3BOJICTBA.

B namem ciydae oxugaemas 1o 10xo1a GpupMbl OyaeT:

W) = e O ) W )

%(W(T){i’k} (Z—a x{Ti,k}) - W(T)k (Ta ‘xl: ))+ %(W(T){i’j’k}(ra X{Ti,j,k}) - W(T){j,k}(z-a x{rj,k}))

i,j,ke N={1,2,3} relt,, T] (2.4.4)

2.5. IIpoueaypa pacnpeaejeHus 1e1€:Ka B CTOXAaCTHYECKOM CJIydae
Kak u st 1eTepMUHUPOBAHHOTO Cliydasi B JaHHOW MOJICIH HEOOXOIMMO
KOMIICHCHUPOBATDH IICPCXOJHBIC UBMCHCHHUA B 10X0AaX (prM, qTO6I)I BCKTODP
e MNOAACPKUBAJICA HA BCEM IPOTAKCHUU COBMCCTHOI'O ITPOU3BOACT-
Ba. ]_—[JUI 9TOI'0 KOMIIOHCHTBI BCKTOPA [lerm MpCaACTABIIAIOTCA B CIACAYIO-
[IEM BUJIE:

v(to)i (tosx](i/) _ z (k_

KcN

D!(n—k)! '
POy 0K oy =5 1 ) )=
n

T T
=E, IBi(S)exp —Ir(y)dy ds
t

0 tO

N

T

+q' (x; (1)) exp| — [ r(y)dy

Ly

Xy (ty) =Xy , 2.5.1)
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3nech, Kak U B IPEIbIAYIIEM ciaydae, B,(s) — IUaTex, noixydaembiid Gup-
MOIi i B MOMEHT s € [t,,T ] mocie nepepacnpeieneHus J0X0a.

Bonee Toro, qnsg i€ N u t€lt,,T]:

v (¢ ,xjv*) =

T

T S i % *
E A B ool [ Oyl +4' (5 (T) exp{— I r(y)dy}\x]v O=xy (252)
fy
— JIOXOJ UTPOKA i OT KOOMEepally Ha BpeMEHHOM UHTepsane [¢, T], rae x\
— COCTOAHHUC I/IFpLI B MOMCHT f € [t() ,T]

Yrobsl v (¢,x!) ynosaeTopso 2.5.2, HEOOXOAUMO:

T
VO (1, xi) = v (1, x}y) eXp{— Ir(y)dy}
tO
ieN, telt,,T]uxi Xl (2.5.3)

(4)i

HyxHo HaiiTu Takoe B,(s), mpu kotopoM v (¢ x')ynosiersopser

(2.5.1)-(2.5.3).
OTMGTI/IM, YyTO B Ka}K,Z[BII\/'I MOMCHT IIPOUCXOJHUT TOJIBKO IICPCPACIPCACIIC-
HHUC HpI/I6BIJII/I, IMO9TOMY CYMMa HJOXOJ0B UI'POKOB HOJIKHA OCTABATHLCA HC-
HBMCHHOﬁ, HO TaK KaK 3€Chb MBI HMCEM JI€j1a CO CHY‘I&?IHBIMH BCIIMYMHA-
MU, TO CYMMBI J0X040B I0JIKHBI COBIIAJ1AaTh B CpeI[HeM, T.C.

E, {23: B, (s)} =FE, {i[lﬁ.xi% (s)—c;u; (s)]}, selty.T] (2.54)

B o6ueM ciyuae OpuObLIb, MOTydaeMas MIPOKOM i B MOMEHT 7 € [t,,T],

paBHa:
B.(7r)=

-z e (RS I AR
G J—lWS;)“(r,xz\»,:TJ)xf e Y )

+% > Q¥ ()i (@,

h,¢=1

.
]} (2.5.5)

ITockomnbKy 4acTHas mpoussogHas W X (z,x2 )mo x ;> e j¢ K yxonwr,

_ Z QK\Z )W(T)K\l
2 5=

MBI MOKEM Tiepenucats (2.5.5) 6osee TaKOHUYHO:
B.(7r)=

-y (k- l)lq(n k)'{[W(T)K ’xlz)‘t:T]_[m(r)K\i(T’xIr(\i)‘t:T]

KcN
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D] ALY S I RS T C ]

jek

- ¥ O gl ,Jf o35 (x5

heK\i

+— z Q" (r,x )[W(T)K
tr]} (2.5.6)

2 hra

rne  fo [r x5 uON (r,x )] €CTh  BEKTOP-CTOJIOCI,  COJep KAl
A [r,xN N (7, x5 )] s i€k,

Jlis nanHOTO MpuMepa PyHKIUS B;(7) TpUHUMAET BUI:

_ Z QK\Z(T X )W(T)K\l
2 5=

B(r) =
1 7 5 * * * 1 7
(-1 '(E(thl (2. x))+ W (@, x0)- fY [Tava O (7, x) )]+EO',-2 (X)W (T,x,-r)}'

1 .
E[th{w}(ﬂx{; )— W“)’ (7, X; )+W(”” (7, x” ) f [Z' xN , (’)N (7,xy )]

+W;jz>{i,j}(fjx{ri’j}).f [r X u (r)N*(Z_ X )]—W(m(faxr')'fN[T,xl’v*,umN*(f,x;*)]
+;0' (x/ ) W(T)” (z, x )+ o; (x ) W(’)” (z, x )——O' (x ) W(T)’(r X; )j

1 )y T T T 7))y T T
E(Wt( W 2, )W (@) + WO @ )  fV rx l) @)]

WO @t - [ Y (x| WO x D) - £ e (1)

+;a(x)W<” (e, )+;ak<xk) W x, )—%ak(xk) W“)’f(r,x;)]

XXk XX

1 T, J T I T T, J T T

E[W,( ) e x )W ] )+ W0 ) e )
+Wx(_:){i’j’k}(79x;v)'ﬂ]v [Tva U v (7,xy )]"'W(T)” 4 (z,xy)- fk [T ‘xN > (T)N (z,xy )]
—Wx(j”{j”‘}(r,xi,)-ij[T,xN, ON (¢ x)]- WO (@ x)- f [r,xN, ON (1, M)

+;0 (x]) W(T)”k(r XN)-I-;O' (x ) WX(T) ’k(r XN)+;O' (x/ ) W Dok (r,xy)

XXy

1 r 1 N7 T
-2 [ WK (7, x5, 4 )—50 i () W)kai{”k}(fax{j,k}))j

Bekrop B;(r), IOIMy4YEeHHBIM M3 NMPOLENYPHl PACHpPENEIICHUs N0X0Ja, Ia-

PaHTUPYET PeaIrn3yeMOCTh Aejexa corjacHo BekTopy lllemm Ha Bcem
sk

NPOTSKEHUH UTphbl. TakuM 00pa3oM, MTHOBEHHbIE BHITLIATHL B, (7,X, ) UI-

pOKy i€ N o0ecrneuyrnBalOT JUHAMUYECKYIO) YCTOWYHMBOCTH COBMECTHOTO
IPEANPUATHSL.
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2.6. Pe3yJILTaTbI KOJINYCCTBCHHOI'0O MOACJIUPOBAHUSA

[ToaTBep MM HAIIM BBIBOJbI YHUCICHHBIMU ITPUMEPAMHU.

Jlst Toro 4ToOBl 3HATH MpEJIoaraeMoe HalpaBJCHUE Pa3BUTUS QUPM,
3aaIuM T€ K€ MapaMeTpbl, YTO U B JETEPMUHUPOBAHHOM CITy4ae.

JIns Hayana pacCMOTPUM CHMMETPUYHBIN CIy4dail, KOTJa BCE 3 KOMITAHUU
UMEIOT OJJMHAKOBBIE TTapaMETPHI.

ITycrs:

tp = 0 — HaYaJIbHBI MOMEHT UTPBHI;

T = 20 — KOHEUHBII MOMEHT HUIPHI (MIEPUO/]T CYIIIECTBOBAHUSI COBMECTHOTO
IpEeANPUSTUS);

r = (0.2 — pa3Mep JTUCKOHTA;

0 = 0.05 — mapameTp ycTapeBaHUs TEXHOJIOTH;

c; = 0.5, ¢c; =0.5, ¢c; = 0.5 — mapameTpbl THBECTUIIMOHHOTO BKJIaJa UTPO-
KOB B TEXHOJIOTUYECKOE PA3BUTHE;

q: = 0.1, g2 = 0.1, g; = 0.1 — mapameTpsl TMKBUIALHNOHHOW CTOMMOCTH
TEXHOJIOTUM UTPOKOB HA MOMEHT OKOHYAaHUS MPOIECCa;

P;=0.1, P, =0.1, P; = 0.1 — KOHCTaHTBI, ONIPEICIAONINE YUCTYIO Olepa-
[IUOHHYIO TPUOBLIIL UTPOKOB;

o;=0.3, a;=0.3, a3 = 0.3 — KOHCTaHTHI, ONIPEACIAIONINE TPUOABKY B TEX-
HOJIOTUH UTPOKOB;

piF1 = plP = plt2l = pIT = plIT — p1231 — 01— papamerpsi, xapaxrepu-
3ytonue 3G EeKThl nepeaadyr TEXHOJIOTUM MEX]y YYaCTHHUKAMH COBMECT-
HOT'O MPENPUSITHUS;

o, =0, =0, =0.05 - napaMeTpbl BOJATUIBHOCTH TEXHOJOTHMYECKOTO pa3-
BUTHSL.

['padyikn w3MeHEHHs] COCTOSIHMM W MPUOBUICH HWTPOKOB, IEUCTBYIOIIUX
WHJIUBUAYAJIbHO, MPU YKA3aHHBIX MapaMeTpax UMEIOT BU/L;

CocTosiHNS KOMIIAHU I IpudbLIM KOMIAHM
KOMIIAHHUS

0.034
0.033
0.032
0.031

0.03
0.029
0.028
0.027

0.12

0.1

0.1

0.09
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Kak Mbl BUAMM pa3BUTHE BCEX KOMIAHWII HEOJUHAKOBO BCJEICTBHE CITy-
YalHBIX OTKIOHEHUH.

[Ipn 00BEeAMHEHUN B COBMECTHOE MPEANPUSITUE TPACKTOPUU TEXHOJIOTHI
KOMITAaHUM ¥ TpaduKky npuObUIed KOMIOAHUN Kak (YHKUIMU BPEMEHHU IpU-
OJMU3UTETHEHO OJMHAKOBBI:

TexHonOrnM KOMIaHui [pUGbUTH KOMITAHMIA

X

JIJ1s1 CHMMETPHYHOTO CTydasi MPUOBLUIL B COOTBETCTBUHU ¢ BekTopoMm Illen-
JIY JIOJDKHA PACIIPEACNIATHCS MEKIy UTPOKaMH OJMHAKOBO. [loaTOMYy 3/1€Ch
MBI HE HaOJIIOAaeM mepepacipeaesieHus Joxo[a npu koomnepanun. ['padu-
k1 QyHKIUN B(f) 9TO MOATBEPKIAIOT:

IpubeLIb 10 NIEpepacnpeeeHus [TpuOBLTE TTOCITIEe TIepepacpeIeIICHUs

Pe3ynbTaThl KOMMYECTBEHHOTO MOJEIUPOBAHUS MOATBEPKAAIOT KOPPEKT-
HOCTh HAIlIMX BBIYMCICHHUHN. B 4acTHOCTH, HETPYIHO YOEAUTHCS, YTO TIPU-
ObLIb, MOJIyYEHHAs KaKJOW KOMIAHUEH [0 TepepacrpeereHus, paBHa
NpUOBLUIN 3TOM K€ KOMIIAHUM T0CJie nepepacnpeaeneHus. O003HaunM:

1
Pr,(t) = P[x, (t)]é —c,u;(t) — npuObLIb I-i KOMIAHUU B MOMEHT ¢ J0 mepe-
pacmpenenenus. HecMOTpss HA CUMMETPUYHOCTh MPUMEPA 3HAYECHUS PU-

ObLICH HCOAMHAKOBLI, HO IICPCPACIIPCIACIICHUA l'IpI/I6I:IJ'II/I HC IMPOUCXOIUNT.
Paznuuue nMeeT mecto u3-3a CﬂyqaﬁHOCTH JOXO0O0B.
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BBenem B Ha citydat acummerputo. MismMenum mapamertp P.

ITycts Teneps P; = 0.1, P, = 0.2, P; = 0.05. [locMOTpuM, KaK U3MEHUTCS

JUHaMHKa COCTOSIHUH HUI'POKOB U UX BBIMI'PLIIIIHA.

Hwxe npencraieHsl rpadvkid AUHAMUKHA COCTOSIHUNM WTPOKOB JJISI BCEX

BO3MOXHBIX KO&HI/IHI/Iﬁ B UI'PC:

I/IHI[I/IBI/II[yaJ'IBHOG Pa3sBUTHC

CoBMecTHOE Pa3sBUTHC

“«x
£ 2
0.18 X2 \
016 4
X
014 31
0.12 5 - X
2] 3
0.1 X
0.08 1]
0.06 X3
m 15 20 0 510 15 20
lu?2 2u3 Lu3
" X2 0.7
0.8 08 X2 0.6
] ] 0.5
0.6 0.6 ] ¥
- Xy : 0.4 1 X3
0.41 0.4 X3 03]
' ' 0.2
0.2 02{ X ] X
T T T '.X':j-)| -M. |:I'1_-'""""I""l"'-
0 5 10 15 20 O & 10 15 20 o5 10 15

Kak BumHO U3 rpaukoB, 3/1eCh UMEET MECTO CHIIBHOE KOJIeOaHue COCTOS-
HMI, U3-3a2 Yero HaOJII01al0TCs 00Jiee CUIbHBIC OTKIOHECHUS BEJIMYMH.
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Janee npencrasieHsl rpaduku MPUOBLTA KOMIAHUN HA NPOTSXKEHUU UTPHI

JIJISL BCEX BO3MOKHBIX KOAJIMIIUM:

NunuBuayanpHas MpUOBLTH

0.0
0.07 Pry
0.06
0.05
0.04 Pry
0.03
0.02 Prs
0.01 F——
o 5 10 15 20
lu?2
0.2 Pr; .
' 0.16
0.159 0.14
] 0.12
0.1 Pry 0.1
0.08
0.05 g-gi
] Pr3 .
0.02

o & 10 15 20

CoBMecTHas NpuObLIb
0.4 Pr;
0.3

0.2 Pry

D.1://_/PLr

2u3 1u3l
oogl  Pr
Pl"g
0.06+
1 Pryg
0.04- Prs
Pr Prs :
0.024
£ 10 15 20 o &5 10 15 20

Hwxe npencraBnens! rpadyku MpuObLUICH KOMIIAHUNA B COBMECTHOM TIpe/-
IIPUSATUH JI0 U TI0CIIE IEPEPACTIPEACIICHUS:

Jlo mepepacmpenenetus

0.4
Pl”g
0.3
] P
0.2 ’
.11
Pr3

ITocne nepepacnpeaeneHus

0.4 B,
0.3
0.2

0.1
://E;‘
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Kak Mbl BUAMM, B JaHHOM CIIy4ya€ MMEET MECTO IepepaclpeleieHue Ha
HayaJbHBIX CTAJIUSIX, KOTOPOE 3aTEM MOCTENEHHO rymuTrcs. meer mecTto
paznunMe B BEJIWYMHAX, HO CyMMa JOXOJOB OCTaeTCs MPUOIU3UTEIHLHO
Hen3sMeHHOW. ClenoBaTeNbHO, MOCTPOEHHOE PELIEHUE COXPaHsAET JHUHA-
MHUYECKYH) YCTOMYHUBOCTb.
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SAKVIIOYEHHUE

Ha ocHOoBe paHee mpOBEAECHHBIX MCCIECAOBAHUM ITOKA3aHO, YTO OC-
HOBHBIE KOOIEPATUBHbBIC MPUHIMIBI ONTUMAIHLHOCTH HE 00JaJar0T CBOM-
CTBOM JIMHAMHYECKON YCTOMYMBOCTH (BPEMEHHON COCTOSATEIHLHOCTH), TPE-
OYIOIIMM COXPAaHEHHS CBOMCTBA ONTUMAIBHOCTUA HA MPOMEKYTKE €ro pea-
JY3alyy BAOJIb ONTUMAIIBHON TpaekTopuu. Hamu npemioxken meton pery-
nsipusanuu (ITP]1), ocHOBaHHBIN HA BBEJACHUM HOBOT'O YIPABJICHUS HA OI-
TAMaJIbHON TPAaeKTOpHH. Pe3ynbTaToOM NMPUMEHEHHUsI HTOTO METONA B KOH-
KPETHOW 3ajadye JIMHAMUYECKOM KOOIIEpAallMU SIBJSIETCS IOCTPOCHHE
yOpaBieHUsT B BUAC (PYHKIIMU CHEIMAIBHBIX BBHIIIAT, PEATM3yeMOTO Ha
ONTUMAIBHOW TpaekTopuu. TakuM 00pa3oM, MbI MOJYyYaeM JABYXITAITHYIO
3a/1ady: TPUHATUS KOOMEPATUBHOIO PEIICHUS B paMKaX BBIOPAHHOTO
MPUHLNNA ONTUMAIBHOCTH Y MOCTPOCHHUE YNPABJIEHHUS ISl JAHHOTO KOO-
IIEpaTUBHOTO pemenus Ha ocHoBe npuMmeHenus [IP1. Koonepatusnoe pe-
LIEHNE, MOJYYEHHOE B PE3YJbTATE PEUICHUS 3TOW JBYXATAHOM 3a1auH,
Oynet o0magaTh CBOMCTBOM JUHAMUYECKOW YCTOMYHBOCTH.

B gacTtHOM cilyyae mccnenoBaHa MOJENb JUHAMHYECKOM KOOIeEpa-
LIMU IIPY CO3JAHUHA COBMECTHOTO npeanpusatus. [lomydeHo TeopeTnyeckoe
peLICHNE 3a7a4U U IIPOBEICHO KOJIUYECTBEHHOE MOJIECIIMPOBAHUE HA OCHO-
B€ pa3pabOTaHHOTO MAaTEMaTHYECKOro OOecredyeHus: Kak il ciiydas Je-
TEPMUHUPOBAHHOW, TAK U CTOXAaCTUYECKOU NUHAMUKU. BiusHue ciryvan-
HBIX ITPOLIECCOB HA PAa3BUTHE KOMIIAHUK B COBMECTHOM NPEANPUATAN OIU-
CaHO C MOMOIIBK MHOTOMEPHOIO CTOXAacTHYecKoro mnpouecca Mro. B pe-
3yJIbTaTe KOJIMYECTBEHHOTO MOACIMPOBAHUS TIOJIYYEHO, YTO IIPU OJUHAKO-
BbIX 3HAUCHMSIX MapaMeTpOB M Ha4YaJIbHBIX JAHHBIX OXKHUAaeMas MPUObLIH
ONpPENEIAETCA C MOMOIIBI0 TUHAMHUYECKOro Bekropa lllerum, koTopsiil B
CUMMETPUYHOM CJIy4ae SIBJISICTCS YCTOMUYUBBIM PELICHUEM KOOIEPATUBHOM
urpsl. [Ipy paznuyHbIX 3HAYEHUSAX MMAPAMETPOB YCTOMYMBOCTH BEKTOpPA
[lennn Hapyuiaercsi, 1 HaOJIOAAETCSl HEMPEPHIBHOE IepepacipeiesieHue
COBMECTHOM MpuObUIH. B 3TOM cilyyae CTpOUTCSI HOBOE PEIICHUE Ha OCHO-
Be [IP]I, obGnanaromiee BceMu TpeOyEeMbIMU CBOWCTBAMH YCTOMYMBOCTH.
JlanmpHenIee uccienoBaHue MPEANOJIAracTcsa NPOBOAUTh B HAIPABICHUH
Pa3BUTHS METOJOJIOTUN YCTOMYUBBIX JOJTOCPOYHBIX COIVIALIEHUH C LIEJIBIO
IIPUMEHEHUS €€ ISl aHAJIN3a CTPATETNYECKUX aJIbSIHCOB.

47



JIMTEPATYPA

1. I'mxman U.U., Ckopoxox A.B. (1963) Beenenue B TeOpHIO CITy4aliHBIX
IPOLIECCOB, BTOPOE U3AaHHUE.

2. Ierpocsu JILA.(1977). YcroituuBble pemeHus nuddepeHInaaIbHbIX UIp
CO MHOTMMHM y4acTHHKaMu. BectHuk JleHmHrpaackoro Ynusepcurera, 19,
c. 46-52

3. Hetpocsn JLLA., JanunoB H.H.(1982). Koonepatususie nuddepenim-
aJIbHBIC UT'PBI U UX NpUiIokeHus. M3aarenscTtBo TOMCKOro YHUBEPCUTETA,
Tomck

4. Haurie A. (1976). Springer. A note on nonzero-sum differenrial games
with bargaining solutions. In Journal of Optimization Theoryand Application,
18-p 31-39

5. Kidland F.E. and Prescott E.C.(1977) Rules rather than decisions the
inconsistency of optimal plans. In Journal of Political Economy, 1977, vol. 85 —
p. 473-490

6. Kuhn, H.W. (1953), Extensive games and the problem of imputation, in
“Contributions to the Theory of Games II” (eds. H.W. Kuhn and A.W. Tucker),
Princeton, Princeton University Press, 193-216.

7. Nash, J.F. (1951), Non-cooperative games, Ann. Mathematics, 54 286—
295.

8. Neumann, J. and Morgenstern, O. (1947) “Theory of Games and Eco-
nomic Behavior”, Princeton.

9. Petrosjan, L. “Differential Games of Pursuit”, (1993) World Scientific,
Singapore,.

10. Petrosyan L.A.(1993). Differential Games of Pursuit — World Scien-
tific, Singapore

11. Petrosyan L.A.(2003). Bargaining in Dynamic Games. In: Petrosyan
L., Yeung D.W.K. (ed) ICM Millenium Lectures on Games— Springer — Verlag,
Berlin, p.139-143.

12. Petrosjan, L.A., Zaccour G. (2003). Time-consistent Shapley value al-
location of pollution cost reduction. Journal of economic dynamics and control,
27 (3), 381-398

13. Petrosjan L.A., Zenkevich N.A. (1996). Game Theory. World Scien-
tific Publishing Co. Pte. Ltd.: Singapore

14. Petrosyan L.A., Zenkevich N.A. (2007). Time-consistency of coopera-
tive solutions in management. In: “Contributions to game theory and
management”, GSOM, St. Petersburg University Publ., , p. 233-252

15. Petrosjan L.A., Zenkevich N.A. (2009). Stable cooperation. JIMO (in
print)

16. Shapley, L.S., A Value for n-Person Games, in “Contributions to the
Theory of Games” (eds. H.W. Kuhn and A.W. Tucker), Princeton, Princeton
University Press, (1953), 307-315.

48



17. Tolwinski B., Haurie A., Leitmann G.(1986). Cooperative equilibria in
differential games. Journal of Mathematical Analysis and Applications, 119. — p.
182-202

18. Yeung, D.W.K., An irrational-behavior-proofness condition in coop-
erative differential games, Int. J. of Game Theory Rew, 9 (2007), 256-273.

19. Yeung D.W.K. and Petrosyan L.A.(2001). Proportional time-
consistent solution in differential games. In: Yanovskaya E.B. (ed) International
Conference on Logic, Game Theory and Social Choice, Saint-Petersburg State
University, p. 254-256

20. Yeung D.W.K., Petrosjan L.A. (2006) Cooperative Stochastic Differ-
ential Games. Springer

21. Zenkevich N.A., Kolabutin N.V. (2007). Quantitative Modeling of
Dynamic Stable Joint Venture. In: Preprint Volume of the 11th IFAC Sympo-
sium «Computational Economics and Financial and Industrial Systems », IFAC,
Dogus University of Istanbul, Turkey, p. 68-74.

49



EXECUTIVE SUMMARY

Introduction

Formulation of optimal behaviors for players is a fundamental ele-
ment in the theory of cooperative games. The players' behaviors satisfying
some specific optimality principles constitute a solution of the game. In
other words, the solution of a cooperative game is generated by a set of op-
timality principles (for instance, the Shapley value [Shapley, 1953], the
von Neumann Morgenstern solution [Neumann, Morgenstern, 1944] and
the Nash bargaining solution [Nash, 1953]). For dynamic games, an addi-
tional stringent condition on their solutions is required: the specific opti-
mality principle must remain optimal at any instant of time throughout the
game along the optimal state trajectory chosen at the outset. This condition
1s known as dynamic stability or time consistency. Assume that at the start
of the game the players adopt an optimality principle (which includes the
consent to maximize the joint payoff and an agreed upon payoff distribu-
tion principle). When the game proceeds along the "optimal" trajectory, the
state of the game changes and the optimality principle may not be feasible
or remain optimal to all players. Then, some of the players will have an in-
centive to deviate from the initially chosen trajectory. If this happens, in-
stability arises. In particular, the dynamic stability of a solution of a coop-
erative differential game is the property that, when the game proceeds
along an "optimal" trajectory, at each instant of time the players are guided
by the same optimality principles, and yet do not have any ground for de-
viation from the previously adopted "optimal" behavior throughout the
game. The question of dynamic stability in differential games has been rig-
orously explored in the past three decades (detailed analysis of the problem
see [Petrosyan, Zenkevich, 2007]). A. Haurie raised the problem of insta-
bility when the Nash bargaining solution is extended to differential games
[Haurie, 1976]. Leon Petrosjan [Petrosjan, 1977] formalized the notion of
dynamic stability (time consistency) in solutions of differential games.
Kydland and Prescott (Nobel Prize 2004) found time inconsistency of op-
timal plans [Kydland, Prescott, 1977]. In [Petrosjan, Danilov, 1982] intro-
duced the notion of "imputation distribution procedure" for cooperative so-
lution. In [Tolwinski et al., 1986] investigated cooperative equilibria in dif-
ferential games in which memory-dependent strategies and threats are in-
troduced to maintain the agreed-upon control path. L. Petrosjan in [Petros-
jan, 1993] and [Petrosjan, Zenkevich, 1996] presented a detailed analysis
of dynamic stability in cooperative differential games, in which the method
of regularization was introduced to construct time-consistent solutions.
Yeung and Petrosjan designed time-consistent solutions in differential
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games and characterized the conditions that the allocation-distribution pro-
cedure must satisfy [Yeung, Petrosjan, 2001]. L. Petrosjan employed the
regularization method to construct time-consistent bargaining procedures
[Petrosjan, 2003]. Petrosjan and Zaccour presented time-consistent
Shapley value allocation in a differential game of pollution cost reduction
[Petrosjan, Zaccour, 2003].

There are three important aspects which must be taken into account
when the problem of stability of long-range cooperative agreements is in-
vestigated: time-consistency (dynamic stability) of the cooperative agree-
ments, strategic stability and irrational behavior proofness. Time-
consistency (TC) involves the property that, as the cooperation develops
cooperating partners are guided by the same optimality principle at each
instant of time and hence do not possess incentives to deviate from the
previously adopted cooperative behavior. Strategic stability (SS) means
that the agreement is to be developed in such a manner that at least indi-
vidual deviations from the cooperation by each partner will not give any
advantage to the deviator. This means that the outcome of cooperative
agreement must be attained in some Nash equilibrium, which will guaran-
tee the strategic support of the cooperation. Irrational behavior proofness
(IBP) must be also taken in account since not always one can be sure that
the partners will behave rational on a long time interval for which the co-
operative agreement is valid. The partners involved in the cooperation
must be sure that even in the worst case scenario they will not loose com-
pared with non cooperative behavior. The mathematical tool based on pay-
off distribution procedures (PDP) or imputation distribution procedures
(IDP) is developed to deal with the above mentioned aspects of coopera-
tion. These mathematical tools have been applied to construct stable joint
venture.

Joint venture model

Consider a dynamic joint venture in which there are »n firms. The
state dynamics of the i” firm is characterized by the set of vector-valued
differential equations:

X.(s)= £, x.(5),u,(s)], x,(t,) =x/, i e N,

where x e€X,cR™ denotes the state variables of player i,
u, eU' < compR"" is the control vector of firm i. The state of firm i in-

cludes its capital stock, level of technology, special skills and productive
resources. The objective of firm i is:
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[ 2'sx,(s).u,(5)]exp {— | r(y)dy}ds + exp{— | r(y)dy}q%x,.(m :

) fo fo

where exp{—jr(y)dy} is the discount factor, g'[s,x,(s),u,(s)] the instanta-
neous profit, and ¢'(x,(T)) the terminal payment. In particular,
g'[s,x,(s),u,(s)] and ¢'(x,(T)) are positively related to the level of technol-
ogy X,.

Consider a joint venture consisting of a subset of companies K — N.
There are k& firms in the subset K. The participating firms can gain core
skills and technology that would be very difficult for them to obtain on
their own, and hence the state dynamics of firm i in the coalition K be-
comes

x(s)=f* [s,xK(s),u,.(s)], x(t)=x',ieK

where x, (s) is the concatenation of the vectors x,(s) for je K. In particu-

lar, of* [s,xl.,uK]/ ou; >0, for j=i.Thus positive effects on the state of firm
i could be derived from the technology of other firms within the coalition.
Again, without much loss of generalization, the effect of x, on
£ [s.x¢,u;] remains the same for all possible coalitions K containing
firms i and ;.

At time ¢, the profit to the joint venture K becomes:

[ e'[s.x,()u, (s)]exp{—fr(y)dy}ds + Zexp{— | r(y)dy}f(xjm)

ty Jjek jek

) fo

To compute the profit of the joint venture K we have to consider the
optimal control problem @[K;t,,x, ].
For notational convenience, we express dynamics as:

).CK (S) = fK [S,XK(S),MK (S)] > xK(to) = x10< )

where u, is the set of u, for u,, jeK; fK[t,xK,uK] 1S a column vector
containing /" [£,x,,u, | for jeK.

Using Bellman's technique of dynamic programming the solution
of the problem @[K;t,,x,] can be characterized as follows. Follows to the

dynamic programming approach, it is possible to describe the solution at
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(fo) K.

the following form. Denote ;"™ (¢,x,) firm’s j optimal control (in terms

of maximizing the coalition K payoff).
In the case when all the » firms are in the joint venture, that is
K = N, the optimal control is

w0 (5,0 ()) = [ (5,50 (W™ (5,5, () oo A0 (5, (5)) |

The dynamics of the optimal state trajectory of the grand coalition
can be obtained as:

5,(9)= £} [ 5,5, ()0 (5,0 (9)) |, %, () = X7, j €N,
which can also be expressed as
S (8) = ] 8.2, ()0 (5,2, (9)) |5 xy(5) = X3

Let x]*\,(t)z[xl* (1), x;‘(t),...,x:(t)} denote the solution of the above
equation. The optimal trajectories {xj*v(t)}:t characterizes the states of the

participating firms within the venture period. We use x’ to denote the
value of x’(¢) at time ¢ €[z,,T].

Consider the above joint venture involving n firms. The member
firms would maximize their joint profit and share their cooperative profits
according to the Shapley value (1953). The problem of profit sharing is in-
escapable in virtually every joint venture. The Shapley value is one of the
most commonly used sharing mechanism in static cooperation games with
transferable payoffs. Besides being individually rational and group ra-
tional, the Shapley value is also unique. Specifically, the Shapley value
gives an imputation rule for sharing the cooperative profit among the
members in a coalition as:

O = Z (k- l)n(n k) [V(K) v(K\z)] ieN,

KcN

where K \i is the relative complement of i in K, w(K) is the profit of coa-
lition K, and [v(K)—v(K \i)] is the marginal contribution of firm i to the

coalition K .
To maximize the joint venture’s profits the firms would adopt the

T . .
control vector { CONT (2, x4 }H over the time [#,,7] interval, and the corre-

53



sponding optimal state trajectory {x]*v(t)}:t would result. At time ¢, with

the state x, the firms agree that firm i ’s share of profits be:

| —1){(n—k)! ~
R e LR AR

Kon n!

However, the Shapley value has to be maintained throughout the
venture horizon [7,,T]. In particular, at time z [z,,T| with the state being

x the following imputation principle has to be maintained:

!
(f)’(z-x ) Z(k 1) n-— k) [W(r)K(T’xIr:)_W(r)K\i(z_’xZ\i):',

KcN
where ie N and 7 €[¢,.T].

Note that v\7(7,x[) = [v”“(r,x;*),v(”z(r,x]’v*),...,v(’)”(r,va*)J satisfies

the basic properties of an imputation vector. Moreover, the solution opti-
mality principle - sharing profits according to the Shapley value - is in ef-
fect at any instant of time throughout the game along the optimal state tra-
jectory chosen at the outset. Hence time consistency is satisfied and no
firms would have any incentive to depart the joint venture. Therefore this
dynamic imputation principle is dynamically stable or time-consistent.

Transitory compensation or imputation distribution procedure (IDP)

Now profit distribution mechanism will be developed to compensate
transitory changes so that the Shapley value principle could be maintained
throughout the venture horizon. First, an imputation distribution procedure
(similar to those in [Petrosyan, Zaccour, 2003] and [Yeung, Petrosyan,
2004]) must be now formulated so that the imputation scheme in condition
(8) can be realized. Let B,(¢) denote the payment received by firm ie N at

time ¢ €[z, T dictated by v*”(z,,xy) . In particular,

V(tO)i(t():x](il) _ Z (k_l)'(n—k)'

KN n!

[Wuo)K( K) W(zo)K\z( K\l)]_

=5 (s)exp{— Jr) dy}ds +4'(x(T) exp{— J r(y)dy].

Ty ) fo

The following formula describes the rule B,(r) for distribution
Shapley value in the time, providing time consistency of Shapley value.
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B(r)=
-y EEER sy T )L

KcN

|:W(T)K(t X )|t r:|f1< |:2' xN ’l//;(r)N(T,X]TV*):'
_|:VVX(1T;\2K\Z (T 'xK\l) |t Ti|fK\z [T XN 9l//1(;\)zN(T,x;/*):|} >

where [r xiw O (r, x]’v*)] is a column vector containing

A [r xiw N (r, xN)] iek.

The vector B(zr) serves as a form equilibrating transitory compensa-

tion that guarantees the realization of the Shapley value imputation
throughout the game horizon. Note that the instantaneous profit B,(zr) of-

fered to Player i at time 7z is conditional upon the current state x;; and cur-
rent time 7. One can elect to express B,(r) as B,(z,x, ). Hence an instan-

taneous payment B,(z,x), ) to player i € N yields a dynamically stable solu-
tion to the joint venture.

Stable joint venture agreement

As an example of stable cooperative agreement we consider the case
when there are 2 or 3 companies involved in joint venture and share their
joint profit according to the dynamic Shapley value. Through knowledge
diffusion participating firms can gain core skills and technology that would
be very difficult for them to obtain on their own. The evolution of the
technology level of company under joint venture is known. The profit of
the joint venture is the sum of the participating firms' profits. The member
firms would maximize their joint profit and share their cooperative profits
according to the Shapley value. Applying the method of regularization for
dynamic cooperation problem, we constructed the control in the form of
special payments, paid at each time instant on the optimal trajectory. The
stable cooperative agreement is obtained for the joint venture dynamic
model.

The main investigated model i1s following. Suppose, for example,
that 3 companies involved in joint venture and share their joint profit ac-
cording to the dynamic Shapley value. Let planning period is [z,,7]. Com-

pany i profit is
J| Pl o) [exol-r(s = t)ds +expl-r(T = 1,)]a, [x()] .

)

where ie N; P, ¢, and ¢, are positive constants, » is the discount rate,

1
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x,(t)e R" 1s the level of technology of company i at time ¢, and u,(#) e R”
is its physical investment in technological advancement. The term

P[x, (t)]% reflects the net operating revenue of company i at technology

level x,(¢) and cu, is the cost of investment, ql.[xl.(T)]% gives the salvage

value of company i's technology at time 7.
The evolution of the technology level of company i follows the dy-
namics:

£ =| @ [050)]* =556 | 50 = € X, 1) =T e X,

where «, [u[(s)x[(s)]% is the addition to the technology brought about by
u.(s) amount of physical investment, and ¢ is the rate of obsolescence.

Consider the case when all these three firms agree to form a joint
venture and share their joint profit according to the dynamic Shapley.
Through knowledge diffusion participating firms can gain core skills and
technology that would be very difficult for them to obtain on their own.
The evolution of the technology level of company i under joint venture
becomes:

x(s) = [al. [11,(5)x,(5)] 2 + BV x,(9)x, (s)]% o [, ()2, ()] 2 - 5xl.(s)}

x(t,)=x"'eX, fori#j#k,

where bE.j 1 and b,Ek’i] are non-negative constants. In particular,

L. 1
bj[.’ d [x (s, (s)]é represents the technology transfer effect under joint ven-

ture on firm i brought about by firm j's technology.

The profit of the joint venture is the sum of the participating firms'
profits:

Ti[ )] —Cju,(S)}eXp[—r(s—to)]ds

+Zexp[—r(T—t0)]qj [xj(T)}% .

Giving up technical calculation, we have
1,23 (0){1.2.3} —
fl.{ }|:T XX, X W, (Z' XX, X, )]—

=Z‘—f2 A" (@)(x” )% +5 X ]% e E ]% —ox" .
(&

i
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Denoting [?ﬁ Xy X3 ] by xi, 5, we can write

1,23 r* (){1,2,3 (0){1,2,3 r* _

f{i,j} }|:T’x{1,23}7wz v }(T x{123}) V; { }(Tﬂx{1,2,3}):|_
1,2,3 r* (0){1,2.3 -

fi{ }|:T’x{l,2,3}’l//i { }(T’x{l,z,S}

1,2,3 (7){1,2,3 T*
£ }[T g P (e )}

for i, je{1,2,3} and i # j,

123 o (01,23 (0f1.2.3 ({123 _
f{i,2,3}}|:79x{1,2,3}a‘//1 { }(T x{1z3})aW2 { }( {123}) Vs { }(T x{123}):|_

123 [ (t){1,2,3 T
fl{ ! {123}5‘//1 { }(T’x{1,2,3})

123 (0{1.2.3 o
= fz{ } a{ }a‘/’z{ }(T’x{1,2,3})

1,2,3 (r){1,2,3
f3{ }Tx{lzs}a‘/’s{ }(Tx{lzs})

After analytical transformation we have
: oo I
O (e )= A A0 ()
: Voo
A () C“’“}(n} -
1 1
—{Aﬁ"“} (o) (xf" )4 + A4 () (x5 )A +

1
+A3{1,2,3}(Z_)(x3f*)4+C{1,2,3}(T):|

W (1)

t=1

_ [;ﬁ"’” @) + A (@)(x7) 2+ ) (r)} -
| A @) A7)+ o,

fori=j.
W ()| =[ A + Mo |- [l + i),
for i €{1,2,3}.
O (1) :%A,.K(T)(xf*)%,

forieK c {1,2,3}.
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Note that coefficients A4, C, are the solutions of linear differential

equation system. The explicit solution is not stated here because of its
lengthy expressions.
Using above equations we can obtain the form for B,(r). A payment

B/(r) offered to player i e{1,2,3} at time 7 e[z,,T]| will lead to the realiza-

tion of the dynamic Shapley value. Hence a dynamic stable solution to the
joint venture will result. Quantitative results also show that the solution
will be stable (SS and IBP properties are also satisfied).

Quantitative example

Consider (as an example) a partial case of the model for 2 players
with parameters [Zenkevich, Kolabutin, 2007]:

F=02,6=0.01,¢ =02,¢,=02P =01P =0.1,¢, =0.5,¢, =0.5,
b, =03,b,=03,a,=03,a,=0.1,¢ =0,T =20, x,(0) = 0.6, x,(0) = 0.6

Than trajectories of individual behavior and profits is (increasing function
— firm 1, decreasing function — firm 2):

0,75
0,71 0,084
0,653 0,08
0,61 ]
] 0,076
0,551 ]
I- T 17 17 17T 11T 117 17 17T 17T 17 1717 1T 71T |:--:|J|:-:|72|: |||||||||||||||||||||
0 g 10 15 20 0 5 10 15 20

Firm’s trajectories and profits under cooperation in joint venture after tran-
sitory compensation:

: 53
4000§ 4;
30005 32
20005 2;
1000] E
T =TT T
0 5 10 15 20 0 5 10 15 20
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