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�� P1*/,-=4*2,1� -./ 3/A/8250/61 24 67A<T71<26 78T2><1.0= <= 26/ 24 1./ D/9 7>/7=
<6 023/>6 =;</61<d; >/=/7>;.q E.<;. <= 021<A71/3 ?9 1./ 7;1<A/ 3/A/8250/61 24 :60766/3
A/.<;8/=� \6 2>3/> 42> 7:126202:= =9=1/0=q =:;. 7= :60766/3 7/><78 A/.<;8/=q ;7>= 2> >2?21=q
12 02A/ <63/5/63/6189q <1 <= 6/;/==7>9 12 5>2A<3/ 1./0 E<1. 1./ 7?<8<19 12 67A<T71/ <6 =57;/
o p� -.<= 0/76= 1.71 1./9 0:=1 ?/ 7?8/ 12 3/1/>0<6/ 1./<> 82;71<26q 1./ 82;71<26 24 1./
17>T/1 763 2?17<6 /62:T. <642>071<26 7?2:1 1./ /6A<>260/61 42> >2:1/ 58766<6T oHp�

-./>/ 7>/ =/A/>78 755>27;./= 12 1./ 67A<T71<26 24 02?<8/ >2?21=� j=:7889 1./>/ 7>/
H 195/= 24 67A<T71<26u T82?78 58766<6T 763 82;78 58766<6T� C20/1<0/= >/7;1<A/ 67A<T71<26
<= 3/d6/3 =/57>71/89� k82?78 67A<T71<26 <= ;.7>7;1/><f/3 ?9 1./ 5>/=/6;/ 24 ;2058/1/ <6F
42>071<26 4>20 1./ >2?21 7?2:1 1./ 075 24 1./ 7>/7q 1>7l; >:8/=q 7= E/88 7= 52==<?8/
>2:1/= 763 ;200:6<;71<26 E<1. 2>?<1<6T =71/88<1/=� -.<= 195/ 24 67A<T71<26 :=:7889 .7= 7
.<T. ;205:171<2678 ;2058/i<19 763 T<A/= 5>/3<;17?8/ >/=:81=� k82?78 58766<6T <= :=/3 <6
:60766/3 A/.<;8/=� -./ 075 24 1./ 7>/7 <= 5>/8273/3 <612 1./ A/.<;8/m= 0/02>9q 763 1./
=/6=2>= 3/1/;1 1./ ;:>>/61 =<1:71<26 o!zNp�

_2;78 58766<6T 3<~/>= 4>20 T82?78 58766<6T <6 1.71 621 788 <642>071<26 7?2:1 1./
/6A<>260/61 <= 7A7<87?8/� \6 =:;. ;7=/=q 1./ >2?21 2689 D62E= E.71 <1 E7= 7?8/ 12 3/1/;1
:=<6T 1./ =/6=2>=� C<0:8176/2:= _2;78<f71<26 763 a755<6T vC_]aw oGz,p 78T2><1.0= 7>/
?7=/3 26 82;78 58766<6T� -./ >2?21 02A/= 1.>2:T. 76 <6<1<7889 :6D62E6 7>/7q 763 075=
1./ 2?e/;1= /6;2:61/>/3� -./>/ 7>/ 0769 A7></1</= 24 C_]a 3/5/63<6T 26 =/6=2>= vA<=:78
o"pq 8<37> o ypw 2> 26 1./ =:?e/;1 7>/7 v:63/>E71/> o  pw� P/7;1<A/ 67A<T71<26 3<~/>= 4>20
21./> 195/= <6 1./ =0788 702:61 24 0/02>9 7A7<87?8/ 12 1./ >2?21 763 1./ E/7D ;757?<8<1</=
24 <1= =/6=2>=� -./ >2?21 71 1./ <6<1<78 020/61 24 1<0/ D62E= 2689 <1= =2:>;/ 763 17>T/1�
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g6/ 24 1./ 02=1 525:87> >/7;1<A/ 67A<T71<26 78T2><1.0= E<1. 5>2A/6 ;26A/>T/6;/ 7>/ ?:T
78T2><1.0= o Hq  !p� -./=/ 78T2><1.0= :=/ A7><2:= 0/1><;= 12 /A78:71/ 1./<> 5/>42>076;/�
b2E/A/>q 626/ 24 1./0 :=/ 1./ 6:0?/> 24 1:>6= v2> 8<6D= 24 1./ 571.w 17D/6 ?9 1./ >2?21
7= 7 5/>42>076;/ 0/1><;� -.<= 7>1<;8/ 5>/=/61= 78T2><1.0= 1.71 7>/ 3/=<T6/3 12 0<6<0<f/
1./ 6:0?/> 24 8<6D= <612 E.<;. 1./ >2?21m= 571. 4>20 1./ =2:>;/ 12 1./ 17>T/1 <= 3<A<3/3�

C:;. 7 0/1><; E<88 ?/ :=/4:8 E./6 ?:<83<6T >2:1/= <6 7 42>/=1 7>/7� �2> /i7058/q 1./>/
<= 7 42>/=1 >2?21 E.2=/ 5:>52=/ <= 12 58761 1>//= 2> ;7>>9 2:1 42>/=1>9 E2>D o +p� �./6
;7>>9<6T 2:1 E2>D 26 4/88<6T 42>/=1=q 52>17T/= 7>/ 87<3� b2E/A/>q =<6;/ 4/88<6T <= ;7>></3 2:1
?9 ./7A9 /n:<50/61q 763 =20/ 1<0/q :5 12 =/A/>78 9/7>=q 079 /875=/ ?/1E//6 1>// 4/88<6T
763 58761<6Tq E/ 7==:0/ 1.71 1./ 42>/=1 >2?21 E<88 02A/ <6 1./ 7?=/6;/ 24 >273=� j=:7889q
1./ ;263<1<26= 42> 5/>42>0<6T E2>D <6 7 ;:11<6T 7>/7 7>/ 3/1/>0<6/3 ?9 1./ 195/ 24 =2<8 <6
1./ 7>/7� ]= 7 >:8/q =2<8 195/= 7>/ ;87==<d/3 <612 42:> ;71/T2></= o Nq  Gp� -./ 5/>0<==<?8/
3:>71<26 24 42>/=1>9 E2>D 3/5/63= 26 1./ ;71/T2>9 24 =2<8� -./ T/6/>78 5><6;<58/ <= =<058/u
1./ .7>3/> 1./ =2<8q 1./ 826T/> 1./ E2>D ;76 ?/ ;7>></3 2:1�

S:><6T 1./ 57==7T/ 24 07;.<6/>9q 1./ 125 4/>1<8/ =2<8 879/> <= ?>2D/6� `=5/;<7889 3:><6T
5/><23= 24 .<T. .:0<3<19 763 =2<8 />2=<26 v42> =2<8= 24 1./ =/;263 763 1.<>3 ;71/T2></=w�
C/A/>/ 3707T/ 2;;:>= <6 587;/= E./>/ 42>/=1>9 07;.<6/= 1:>6� \1 <= 6/;/==7>9 12 0<6<0<f/
1./ 6:0?/> 24 1:>6= 3:><6T 1./ 02A/0/61 24 42>/=1>9 07;.<6/= 763 7 42>/=1 >2?21 <6 2>3/>
12 0<6<0<f/ 1./ 3/1><0/6178 /~/;1 26 1./ 4/>1<8/ =2<8 879/>� ]1 1./ =70/ 1<0/q 7 195<;78
;:11<6T 7>/7 ;2617<6= 0769 2?=17;8/= 1.71 6//3 12 ?/ 7A2<3/3� -./ 02=1 ;20026 24 1./=/
7>/ 4788/6 1>//=q =1:05= 763 <057==7?8/ 587;/=q =:;. 7= =E705=�

-./=/ 47;12>= 7;1:78<f/ 1./ 17=D 24 3/A/825<6T 7 >/7;1<A/ 67A<T71<26 78T2><1.0 E<1.
0<6<0<f71<26 24 1./ 6:0?/> 24 1:>6=� -./ 7>1<;8/ .7= 1./ 42882E<6T =1>:;1:>/� �:>1./> 1./
071./071<;78 023/8 24 1./ 5>2?8/0 ?/<6T =28A/3 763 42>078<f/= 1./ ;26;/51= :=/3 <6 1./
=:?e/;1 7>/7 <= 3/=;><?/3� -./6 76 78T2><1.0 42> =/7>;.<6T 42> 7 17>T/1 52<61 <6 76 :6D62E6
1/>>7<6 <= 5>/=/61/3q 7= E/88 7= 76 7:i<8<7>9 78T2><1.0 42> 3/1/>0<6<6T 021<26 A/;12>= <6 7
;288<=<26 E<1. 2?=17;8/=� ]41/> 1.71 1./ >/=:81= 24 1./ 78T2><1.0= <= 5>/=/61/3�

�� (9*+)89*249: 8,-):� _/1m= =/1 1./ =;/6/ 7826T E.<;. 1./ >2?21 023/8 02A/=
v./>/<6741/> >/4/>>/3 12 7= 1./ >2?21w 7= 7 5289T26 P � ] 5289T26 <= 7 57>1 24 1./ 5876/
?2:63/3 ?9 7 ;82=/3 52898<6/ E<1.2:1 =/84F<61/>=/;1<26=� -./ 5289T26 079 ;2617<6 =20/
>/=1><;1/3 7>/7= v2?=17;8/=w� -./ =/1 24 2?=17;8/= E<88 ?/ 3/621/3 7= O = {o1, o2, . . . , oP }�
`7;. 2?=17;8/ <= 7 5289T26� ] 8<6D <= 7 57>1 24 7 =1>7<T.1 8<6/ ?2:63/3 ?9 1E2 52<61=� -./
2?=17;8/= 32 621 12:;. /7;. 21./>� -.<= 0/76= 1.71 42> 769 oa, ob ∈ O, a �= b, oa ∩ ob = Ø�
-./ =/1 24 788 52<61= 1.71 ?/826T 12 2?=17;8/= E<88 ?/ 3/621/3 7= O = ∪POp�

-./ 52=<1<26 24 1./ >2?21 R E<88 ?/ =/1 7= pr = (xr, yr, θr)q E./>/ xrq yr 7>/ 1./
;22>3<671/= 24 1./ 52<61 E./>/ 1./ >2?21 <= 82;71/3q θr <= 1./ 2></6171<26 24 1./ >2?21
v<6 3/T>//=w >/871<A/ 12 1./ 17>T/1� ]1 1./ 020/61 24 <6<1<78<f71<26 24 1./ =28:1<26 12 1./
5>2?8/0q R <= 71 1./ 52<61 ps = (xs, ys, 0) ∈ P q E./>/ 0 0/76= 1.71 1./ >2?21 <= 3<>/;1/3
12 1./ 17>T/1� -./ 17>T/1 pt = (xt, yt, 0) ∈ P <= 1./ 52<61 E./>/ 1./ >2?21 6//3= 12 T/1 12�
]1 /7;. 020/61 24 1<0/q 7 =/T0/61 (pr, pt) <= ?:<81 ?/1E//6 1./ ;:>>/61 82;71<26 24 1./
>2?21 763 1./ 17>T/1� θr <= 3/d6/3 7= 1./ 76T8/ 1./ >2?21 0:=1 1:>6 12 ?/ 3<>/;1/3 71 1./
17>T/1�

\6<1<7889q 1./ >2?21 .7= 62 <642>071<26 7?2:1 1./ 075 P � -./ >2?21 .7= =20/ A<=<?<8<19
7>/7 V <6 1./ 42>0 24 7 ;<>;8/ 24 >73<:= v� �/ 3/d6/ 1./ ;:>>/61 A<=<?<8<19 7>/7 V (pr) 7=
7 =/1 24 52<61= 24 1./ 5289T26 P =:;. 1.71 1./ 3<=176;/ ?/1E//6 1./0 763 1./ >2?21 <=
8/== 1.76 2> /n:78 12 v 763 1./ =/T0/61 ?/1E//6 1.<= 52<61 763 1./ 52<61 E./>/ 1./ >2?21
<= 82;71/3 32/= 621 <61/>=/;1 E<1. 769 24 1./ 2?=17;8/=� �2>07889q 1.<= 3/d6<1<26 822D= 8<D/
1.<=u V (pr) = {p ∈ P : d(p, pr) � v � (p, pr) ∩ O = Ø}� �:>1./>q E/ E<88 E><1/ 7?2:1 1.<=
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7>/7 1.71 1./ >2?21 �=//=� <1� �9 4>// =57;/ <6 7 T<A/6 3<>/;1<26 E/ 0/76 1./ 7?=/6;/ 24
2?=17;8/= 26 1./ 1>7e/;12>9 24 02A/0/61 <6 1.<= 3<>/;1<26� \4 4>// =57;/ <6 1./ 3<>/;1<26 24
02A/0/61 <= 621 8/== 1.76 vq 1./6 1./ >2?21 1></= 12 02A/ 1./ 3<=176;/ v + δq E./>/ δ <=
=20/ A/>9 =0788 6:0?/>�

-./ 12178 571. 1>7A/8/3 ?9 1./ >2?21 ;76 ?/ >/5>/=/61/3 7= 7 =/1 24 8<6D= L =
{l1, l2, . . . , ln}q E./>/ 1./ <63/i <= 1./ 6:0?/> 24 1./ 8<6D <6 1./ 2>3/> 24 5><2><19� `7;. 8<6D
li ;76 ?/ >/5>/=/61/3 7= 7 57>1 24 7 =1>7<T.1 8<6/ ?2:63/3 ?9 7 57<> 24 52<61= (pi1, pi2)q
E./>/ pi1 7>/ 1./ ;22>3<671/= 24 1./ ?/T<66<6T 24 1./ 8<6Dq pi2 7>/ 1./ ;22>3<671/= 24 1./
/63 24 1./ 8<6D� @/<T.?2><6T 8<6D= 32 621 8</ 26 1./ =70/ =1>7<T.1 8<6/� ]1 52<61= 1.71
?/826T =<0:8176/2:=89 12 1E2 73e7;/61 8<6D=q 1./ >2?21 1:>6=�

_/1 W ?/ 1./ =/1 24 788 571.= L 4>20 1./ =2:>;/ ps 12 1./ 17>T/1 ptq 788 8<6D= 24 E.<;.
8</ <6=<3/ 1./ 5289T26 P 763 .7A/ 62 <61/>=/;1<26= E<1. 2?=17;8/= 4>20 1./ =/1 O� �/
;26=<3/> 1./ 571. Li ?/11/> 1.76 1./ 571. Lj <4 |Li| < |Lj|q E./>/ |Li| 3/621/= 1./ 6:0?/>
24 8<6D= <6 1./ 571. Li� -./ 571. ;2617<6<6T 1./ 0<6<0:0 6:0?/> 24 8<6D= E<88 ?/ 3/621/3
7= L∗q 1.71 <=q 42> 769 Li 4>20 W =:;. 1.71 |L∗| � |Li|� -.:=q 1./ 42>078 =171/0/61 24 1./
5>2?8/0 <= >/3:;/3 12 =28A<6T 1./ 251<0<f71<26 5>2?8/0u

d63 7 571. L 4>20 W =:;. 1.71 |L| → min�

�� f)=/25*24 9:3,/2*+8 .,/ 5,:M213 *+) 7/,I:)8 ,. 01-213 9 79*+ J2*+ 9
82128=8 1=8I)/ ,. *=/15� -2 =28A/ 1./ 5>2?8/0q E/ E<88 5:1 42>E7>3 1./ 7==:051<26
1.71 1./ >2?21 <= 7?8/ 621 2689 12 =// =20/ =57;/ E<1.<6 7 >73<:= v 4>20 <1=/84q ?:1 78=2 12
075 1./ 1/>>7<6 v2?=17;8/ ?2:637></=wq 7= E/88 7= 12 /=1<071/ 1./ 3<=176;/ 12 1./ A<=<?8/
2?e/;1� �9 0755<6T E/ E<88 :63/>=1763 1./ 7?<8<19 24 1./ >2?21 12 075 1./ 7>/7 <6 E.<;. <1
.7= 78>/739 ?//6� b2E/A/>q :68<D/ C_]a 78T2><1.0=q 1./ >2?21 32/= 621 075 /A/>91.<6T
<1 =//=q ?:1 2689 1./ ?2:637></= 24 1./ 2?=17;8/= 1.71 1./ ;:>>/61 3<>/;1<26 >/=1= 7T7<6=1�

]6 7>; ?/1E//6 1E2 52<61= 26 7 ;<>;8/ 24 >73<:= v E<88 ?/ 3/621/3 7=
�
p1p2� -./ =/1 24 ;28F

8<=<26 52<61= E<1. 76 2?=17;8/ E<88 ?/ 3/621/3 7= H = {h1, h2, . . . }q E./>/ hi = (xi, yi, Oi)�
�>20 /7;. 52<61 hiq 1./ >2?21 ;76 02A/ <6 1E2 3<>/;1<26= 7826T 1./ 2?=17;8/= αi1 763 αi2�
-./ =/1 24 3<>/;1<26= E<88 ?/ 3/621/3 7= 1./ =/1 24 A/;12>= α = {α11, α12, α21, α22, . . . }q
E./>/ 1./ d>=1 <63/i <= 1./ <63/i 24 1./ ;2>>/=5263<6T ;288<=<26 52<61 4>20 H q 1./ =/;263
<63/i <= 1./ 6:0?/><6T 24 1./ 3<>/;1<26 >/871<A/ 12 1./ ;2>>/=5263<6T ;288<=<26 52<61q 763
1./ A78:/ <1=/84 α = �p1p2q E./>/ p1 <= 1./ 52<61 71 E.<;. 1./ 3<>/;1<26 24 02A/0/61 <=
3/1/>0<6/3q p2 <= 1./ 52<61 12 E.<;. 1.<= 3<>/;1<26 8/73=� \6 1./ 4:1:>/q :63/> α E/ E<88
0/76 7 A/;12>q <6 1./ ;7=/q E./6 1./ 3<>/;1<26 <= 3/1/>0<6/3q 763 7 =/T0/61q <6 1./ ;7=/q
E./6 E/ 7>/ 178D<6T 7?2:1 7 =/1 24 52<61= 763 <1= <61/>=/;1<26 E<1. 21./> 2?e/;1=� _/1 :=
3/=;><?/ 1./ 42>071<26 24 A/;12>= <6 02>/ 3/17<8�

�./6 76 <61/>=/;1<26 2;;:>= ?/1E//6 1./ ;:>>/61 1>7e/;12>9 763 =20/ 2?=17;8/
Ocur, hnew <= 733/3 12 H � -./ >2?21 =125= 71 52<61 pr =:;. 1.71u d(pr, hnew) = v/2� S<F
>/;1<26= 24 021<26 4>20 1./ ;288<=<26 52<61 7>/ 42:63 :=<6T 1./ ./85/> 78T2><1.0 3/=;><?/3
?/82E� �2> 3/d6<1/6/==q E/ E<88 7==:0/ 1.71 E/ 3/1/>0<6/ 1./ 3<>/;1<26 αi1� -2 3/1/>0<6/
αi2q =<0<87> 7;1<26= 7>/ 5/>42>0/3 E<1. 7 3/A<71<26 12 1./ ><T.1 4>20 1./ ;288<=<26 52<61�

#� g:3,/2*+8 .,/ -)*)/821213 *+) -2/)4*2,1 ,. 8,M)8)1* ./,8 *+) 4,::252,1
7,21*�

O*)7 h� p1 = pr� \1 <= 6/;/==7>9 12 3/1/>0<6/ p2� �/ =/1 1./ 52<61 p0 26 1./ ;<>;8/ 24
>73<:= v 7= 7 52<61 89<6T 26 1./ ;:>>/61 1>7e/;12>9 24 1./ >2?21� C/1 1./ 3/A<71<26 A78:/ ε
v<6 3/T>//=w�

O*)7 �� �<63 1./ 52<61 pf 1 6/7>/=1 12 1./ 8/41 v?9 1./ 76T8/ 24 >2171<26w 12 p0 =:;.
1.71 (pr, pf 1) ∪O = Ø � d(pr, pf1) = v�
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O*)7 �� S/A<71/ 4>20 pf1 ?9 ε 12 1./ 8/41 7826T 7 ;<>;8/ E<1. ;/61/> pr 24 >73<:= v�
_/1 := 3/621/ 1./ 2?17<6/3 52<61 ?9 pf 2� \4 (pr, pf 2)∩O = Ø 1./6 p2 = pf 2q 1./ /63� `8=/
T2 12 C1/5 !�

O*)7 �� �<63 pf 3 4>20
�

pf 1pf 2 =:;. 1.71 (pr, pf 3) ∩ O = Ø � d(pf 3, pf 1) → maxq
p2 = pf 3q 1./ /63� -./ =/1 24 52==<?8/ 3<>/;1<26= <= 42>0/3 ?7=/3 26 1./ 5>/=/6;/ 24
2?=17;8/= 7>2:63 1./ >2?21� \4 1./>/ <= 4>// =57;/ 7>2:63 1./ >2?21 42> 360◦ 763 1./ ;:>>/61
3<>/;1<26 <= 621 =/1q 1./6 1./>/ <= 2689 26/ 3<>/;1<26u 12 1./ 17>T/1� @/E 3<>/;1<26= 755/7>
71 1./ 020/61 E./6 1./ ;:>>/61 1>7e/;12>9 24 02A/0/61 <61/>=/;1= E<1. =20/ 2?=17;8/ 71
7 3<=176;/ 24 62 02>/ 1.76 v 4>20 1./ >2?21� g1./> 2?=17;8/= 32 621 T/6/>71/ ;288<=<26
52<61= <4 1./ ;:>>/61 1>7e/;12>9 32/= 621 <61/>=/;1 E<1. 1./0� -.<= =<1:71<26 <= <88:=1>71/3
<6 �<T:>/  �

P*/.#' �� _R4R;W:UM4:9U 9S 8:;RV4:9U6 9S W9NRWRU4 \3RU M V9PP:6:9U 59:U4 M55RM;6

] =<1:71<26 <= 52==<?8/ E./6 1./ >2?21q 02A<6T 7826T 26/ 3<>/;1<26q 78=2 �=//=� 7621./>
v1.<= <= 52==<?8/ E./6 1./ 3<>/;1<26= 24 1E2 ;288<=<26 52<61= 24 3<~/>/61 2?=17;8/= 7>/ <6 1./
A<=<?<8<19 f26/ 24 >73<:= vw� �2>07889 V (pr)∩αij �= Ø � V (pr)∩αmk �= Ø, αij �= αmkq 1./
3<>/;1<26 αij ;2>>/=5263= 12 1./ ;288<=<26 52<61 hi 763 1./ 3<>/;1<26 αmk ;2>>/=5263= 12
1./ ;288<=<26 52<61 hm� \6 1.<= ;7=/q <1 57==/= =<0:8176/2:=89 <6 1E2 3<>/;1<26= <4 1./ 76T8/
?/1E//6 αij 763 αmk <= 7;:1/ 763 1./>/ /i<=1= V (pr1) =:;. 1.71 hm ∈ V (pr1) 763 V (pr2)
=:;. 1.71 hi ∈ V (pr2) 26 1./ ;:>>/61 1>7e/;12>9� -.<= =<1:71<26 <= =.2E6 <6 �<T:>/ H�

\6 1./ ;7=/ E./6 26/ 24 1./ 2?=17;8/= Ocur <= 2:1 24 A<=<?<8<19 7>/7 V (pr) ∩Ocur = Øq
1./ 87=1 <61/>=/;1<26 52<61 Hnew <= 733/3 12 H � �2>07889 hnew = V (pr)∩Ocur� -./ ;:>>/61
3<>/;1<26 ;2>>/=5263<6T 12 hcur <= 07>D/3 /i582>/3�

�/ E<88 ;788 7 3/73 /63 7 =<1:71<26 E./6 1./ >2?21 >76 <612 76 2?=17;8/ 763 1./
2689 7A7<87?8/ 3<>/;1<26 24 02A/0/61 <= E./>/ 1./ >2?21 ;70/ 4>20 12 1./ ;:>>/61 52<61�
\4 1./ >2?21 02A/3 7826T 1E2 3<>/;1<26= =<0:8176/2:=89 763 >/7;./3 7 3/73 /63q 1./6
?21. 3<>/;1<26= 7>/ >/02A/3 4>20 1./ =/1 A� �./6 1./ >2?21 .7= ;.2=/6 =20/ 3<>/;1<26 24
02A/0/61 αcurq ?7=/3 26 1./ ;288<=<26 52<61 hcurq 1.<= 3<>/;1<26 <= >/02A/3 4>20 1./ =/1 A�

%� f)=/25*24 9:3,/2*+8 .,/ 01-213 9 *9/3)* 21 9 89G) J2*+ 821282G213 *+)
1=8I)/ ,. /,I,* *=/15�

O*)7 h� -./ 57>70/1/>= 24 1./ 78T2><1.0 7>/ 3/1/>0<6/3q =:;. 7= 1./ =2:>;/ psq 1./
17>T/1 ptq 1./ >73<:= 24 1./ =;25/ vq 763 1./ 5289T26 075 P � -./ =/1 24 ;288<=<26 52<61=
H = Ø 763 1./ =/1 24 3<>/;1<26= A = Ø 7>/ <6<1<78<f/3�

� %��&� �
"�� 
!&�3�)��, 4�� 4��&��� ��C(!4��&����� E.E/� �� ��� ���� E HGL



P*/.#' �� 
9NRWRU4 MP9U< 4\9 8:;RV4:9U6 JS;9W 8:kR;RU4 V9PP:6:9U 59:U46K 6:W?P4MUR9?6PQ

O*)7 �� -./ ;:>>/61 =/T0/61 (pr, pt) 763 1./ ;:>>/61 =;25/ V (pr) 7>/ <6<1<78<f/3� \4
(pr, pt) ∩ V (pr) ∩ O = Øq 1./ >2?21 02A/= 7826T (pr, pt) :61<8 <1 >/7;./= 1./ 17>T/1 2> 76
2?=17;8/ <= /6;2:61/>/3 <6 1./ >2?21m= 571.� \4 pr = pt 1./6 /63� \4 (pr, pt)∩V (pr)∩O �= Ø
1./6 T2 12 C1/5 H�

O*)7 �� \4 hcur ∈ H q 1./6 αcurq E.<;. 8/73= 12 hcur 763 ;2>>/=5263= 12 hcurq <=
>/02A/3 4>20 Aq /8=/ hcur <= 733/3 12 H � -./ =/1 24 3<>/;1<26= 24 A <= 78=2 ;2058/1/3� \4
αcur ;2>>/=5263<6T 12 hcur = Ø 1./6 T2 12 C1/5 N� `8=/ αcur = αcur1 gP αcur = αcur2�

O*)7 �� -./ >2?21 02A/= <6 1./ ;.2=/6 3<>/;1<26 7826T 1./ 2?=17;8/ :61<8 (pr, pt) ∩
V (pr) ∩Ocur �= Ø gP hnew 2;;:>= <6 1./ 3<>/;1<26 24 02A/0/61� \4 pt ∈ V (pr)q 1./6 1:>6
12 1./ 17>T/1 763 >/7;. <1� -./ /63� \4 (pr, pt) ∩ V (pr) ∩ Ocur = Ø 1./6 T2 12 C1/5 +� \4
hnew �= Ø 1./6 T2 12 C1/5 H�

O*)7 #� -./ 87=1 <61/>=/;1<26 52<61 (pr, pt) 763 Ocur 1.71 1./ >2?21 .7= =//6 <= di/3
763 hnew <= =12>/3u (pr, pt) ∩ V (pr) ∩ Ocur = hnew� \1 ;./;D= <4 1./ 17>T/1 <= <6=<3/ Ocur�
@/i1q 1./ >2?21 1>7A/8= =20/ =.2>1 3<=176;/ v42> /i7058/q v/10w 7826T 1./ =70/ 1>7e/;12>9�
\4 (pr, pt) ∩ V (pr) ∩O = Øq 1./6 T2 12 C1/5  q /8=/ 1./ >2?21 di/= 1./ ;288<=<26 52<61 E<1.
1./ 2?=17;8/ 26 1./ E79 12 1./ 17>T/1 7= hnewq T2 12 C1/5 H�

O*)7 %� \4 A = Ø 1./6 1./ /63 v1./ 5>2?8/0 .7= 62 =28:1<26wq /8=/ 1./ >2?21 ;.22=/=
1./ 6/7>/=1 v?9 1./ 6:0?/> 24 1:>6=w ;288<=<26 52<61 hi 1.71 .7= 71 8/7=1 26/ :6/i582>/3
3<>/;1<26 (d(pr, hi)) → min � αi1, αi2 ∩ A �= Ø 763 02A/= 12E7>3= <1� -./ 02A/0/61 <=
;7>></3 2:1 7826T 1./ 78>/739 /i582>/3 7>/7q =2 42> <1 92: ;76 :=/ 1./ 78T2><1.0 42> d63<6T
1./ 0<6<0:0 571. ?9 1./ 6:0?/> 24 8<6D= 26 1./ 5289T26 o Lp� k2 12 C1/5 !� -./ /63�

C� S,1M)/3)14) ,. *+) 9:3,/2*+8�
O*9*)8)1*� P�� Q�����S �f O d� & � Q�$� i�$� � S� �S:S  :S��� �f $:� K ��K  �

K��:$�� �e
 � $�� ��&���$�S f�� O d� & � &��� � � S�T� i�$� S� �S�T� & $��  :S���
�f ����$ $:� K
 $���� V�S�K � S�S� $ i�� �$ %$�Q s $�� K�$ �f d���V$�� K �f S�#�S� $
A = Ø � d $�� K�$ �f V����K�� Q�� $K H �= Ø�

^ > 2 2 4� L)4)552*<� _/1 1./ 5>2?8/0 24 d63<6T 7 571. E<1. 7 0<6<0:0 6:0?/> 24
1:>6= .7A/ 62 =28:1<26� _/1 := =.2E 1.71 1./ 5>/=/61/3 T278 =/7>;. 78T2><1.0 E<88 8/73 12
1./ =171/ E./6 A = Ø 763 H �= Ø�

_/1 := 7==:0/ 1.71 1./>/ <= 26/ 2?=17;8/ O1 ?/1E//6 1./ =2:>;/ 763 1./ 2?=17;8/�

HG, � %��&� �
"�� 
!&�3�)��, 4�� 4��&��� ��C(!4��&����� E.E/� �� ��� ���� E



-./6 1./ >2?21q .7A<6T >/7;./3 1./ ;288<=<26 52<61 h1q H = {h1}, A = {α11, α12}q ;.22=/=
26/ 24 1./ 3<>/;1<26=� a2A<6T 7826T 1./ ;.2=/6 3<>/;1<26q 1./ >2?21 075= 1./ 7>/7� -.:=q
E./6 (pr, pt) ∩ V (pr) ∩ O1 �= Øq 76 2?=17;8/ 075 E<88 755/7> 26 =20/ =/T0/61� C<6;/
hnew = V (pr)∩O1 <= di/3 7= 7 ;288<=<26 52<61q 1./>/ E<88 ?/ ;288<=<26 52<61= 71 1./ /63= 24
1./ =1:3</3 =/T0/61 O1�

�/ 7==:0/ 1.71 42> /7;. <1/>71<26 24 1./ 78T2><1.0q 1./ >2?21 075= 7 57>1 24 1./
2?=17;8/ 62 8/== 1.76 εq E./>/ ε <= =20/ =0788 626Ff/>2 52=<1<A/ 6:0?/>� -./>/42>/q /7;.
1<0/ 02A<6T 7826T 1./ =/8/;1/3 3<>/;1<26 4>20 1./ ;288<=<26 52<61q 1./ >2?21 8/7>6= 7 6/E
7>/7 24 1./ 2?=17;8/ 763 di/= 1./ ;288<=<26 52<61= 71 1./ /63= 24 1.<= 7>/7� -.<= <058</=
1./ d6<1/6/== 24 1./ 78T2><1.0� C<6;/ 1./ 78T2><1.0 =/7>;./= 42> 7 17>T/1 7= 826T 7= 1./>/
<= 71 8/7=1 26/ 3<>/;1<26q 763 D62E<6T 1.71 1./ 5/><0/1/> 24 1./ 2?=17;8/= <= d6<1/q 1./
?2:637></= 24 7 T<A/6 2?=17;8/ E<88 ?/ ;2058/1/89 /i582>/3 <6 7 d6<1/ 6:0?/> 24 <1/>71<26=
PO1/εq E./>/ PO1 <= 1./ 5/><0/1/> 24 1./ 2?=17;8/�

-./>/ 7>/ 1E2 52==<?8/ ;7=/=� \6 1./ d>=1 ;7=/q 1./>/ <= 26/ (pr, pt) 1.71 32/= 621
<61/>=/;1 E<1. 76 2?=17;8/q 1./6 1./ T278 E<88 ?/ 7;.</A/3� \6 1.<= ;7=/q 71 1./ 1<0/ 24
=/11<6T 1./ 87=1 3<>/;1<26q A �= Ø� \6 1./ =/;263 ;7=/q 1./ 17>T/1 <= <6=<3/ 1./ 2?=17;8/q
1./>/42>/q <1 <= :6>/7;.7?8/� -./ =70/ >/7=26<6T ;76 ?/ /i1/63/3 12 769 d6<1/ 6:0?/>
24 2?=17;8/=� -./ 12178 6:0?/> 24 <1/>71<26= 42> E.<;. 7 ;2058/1/ 2?=17;8/ 075 E<88 ?/
2?17<6/3u (

∑
o Po)/ε v1./ =:0 24 1./ 5/><0/1/>= 24 788 2?=17;8/= 3<A<3/3 ?9 εw� ]= 7 >/=:81q

/<1./> 1./ 17>T/1 <= <6=<3/ =20/ 24 1./ 2?=17;8/= v1.:= A = Ø 763 H �= Øwq 2> 1./>/ <= 26/
(pr, pt) 1.71 32/= 621 <61/>=/;1 E<1. 769 24 1./ 2?=17;8/=�

O=e42)14<� _/1 := 5>2A/ 1./ =:l;</6;9 24 1./ ;263<1<26= ?9 ;261>73<;1<26� _/1 A =
Ø, H �= Ø 763 1./ =28:1<26 /i<=1=� -.<= 0/76= 1.71 1./>/ <= =20/ D<63 24 2?=17;8/ O′ =:;.
1.71 1./ >2?21q 7;1<6T 7;;2>3<6T 12 1./ 78T2><1.0q ?:<81 <1= ;2058/1/ 075� �9 ;263<1<26q
1./ 17>T/1 52<61 32/= 621 8</ <6=<3/ 1.<= 2?=17;8/� -./>/42>/q 1./>/ <= =20/ 52<61 p 89<6T
26 1./ ?2:637>9 24 O′ =:;. 1.71 1./ =/T0/61 (p, pt) ∩ O′ = p� C<6;/ E./6 02A<6Tq 1./
3<>/;1<26 24 02A/0/61 24 1./ <61/>=/;1<26 24 1./ A/;12> (pr, pt) E<1. 2?=17;8/= <= ;./;D/3q
E./6 0755<6T 1.<= 52<61q 1./ >2?21 E<88 ;.76T/ 3<>/;1<26 763 ?/T<6 12 02A/ 12E7>3= 1./
17>T/1� �:>1./>q /<1./> 1./ T278 E<88 ?/ >/7;./3q 2> 7 ;288<=<26 E<88 2;;:> E<1. 7621./>
2?=17;8/ Oiq 71 1./ ?2:637>9 24 E.<;. 1./>/ <= 78=2 p =:;. 1.71 (p, pt) ∩ Oi = p� \6 A</E
24 1./ d6<1/6/== 24 1./ 6:0?/> 24 2?=17;8/=q =226/> 2> 871/> 1./>/ E<88 ?/ 7 3<>/;1<26 1.71
E<88 8/73 12 1./ T278� �/ 7>><A/ 71 7 ;261>73<;1<26 E<1. 1./ 47;1 1.71 A = Ø�

D� S+)4H213 2. *+) *9/3)* 25 2152-) 91 ,I5*94:)� \6 2>3/> 12 ;./;D <4 1./ 17>T/1
<= <6=<3/ 1./ ;:>>/61 2?=17;8/q <1 <= 6/;/==7>9 12 ;87==<49 1./ ;288<=<26 52<61= 7;;2>3<6T 12
1./<> ;2>>/=5263/6;/ 12 7 57>1<;:87> 2?=17;8/� -2 32 1.<=q E/ <61>23:;/ 1./ =/1 24 2?=17;8/=
3/1/;1/3 ?9 1./ >2?21 Of = {of 1, of 2, . . . }� �2> /7;. 3/1/;1/3 2?=17;8/q 7 =/1 24 ;288<=<26
52<61= Hf cur <= 42>0/3 4>20 1./ =/1 H � `7;. ;288<=<26 52<61 h ;2>>/=5263= 12 =20/ 2?=17;8/
Of cur 4>20 Of q 763 1./ 2689 26/� S/621/ 1./ d>=1 52<61 24 ;288<=<26 E<1. Of cur 7= h0cur�
-./ >/07<6<6T ;288<=<26 52<61= {h} ?/826T<6T 12 Of cur 7>/ 6:0?/>/3 7;;2>3<6T 12 1./
3<=176;/ v<6 8<6D=w 4>20 h0� ]41/> hcur <= 733/3 12 Hf curq 7 ;./;D <= 073/ 12 =// <4 1./
17>T/1 <= <6=<3/ 1./ ;:>>/61 2?=17;8/� -./ =/1 24 52<61= ?/826T<6T 12 1./ ;:>>/61 2?=17;8/
42>0 7 ;82=/3 52898<6/ vPo : {hli, hli+1} ∈ Of cur � {hrj , hrj+1} ∈ Of curq E./>/ l 763
r 7>/ 1./ 8/41 763 ><T.1 3<>/;1<26= 4>20 h0w� -./ 87=1 ;288<=<26 52<61= 26 1./ 8/41 763 26
1./ ><T.1 7>/ <61/>;266/;1/3 (hli, hrj) : hli+1, hrj+1 32/= 621 /i<=1� \4 26/ 24 1./ ?>76;./=
<= 0<==<6Tq 1./6 1./ ;266/;1<26 <= 073/ E<1. h0� -./ 17>T/1 <= :67117<67?8/ :63/> 1E2
;263<1<26=� �<>=1q 1./ 17>T/1 0:=1 ?/826T 12 1./ >/=:81<6T 5289T26 (pt 24 Po)� C/;26389q
788 52<61= 24 Po 47;/= 0:=1 ?/ /i582>/3 v0755/3w /7>8</>� \4 1./ ;263<1<26= 7>/ 0/1q 1./
78T2><1.0 1/>0<671/= 3:/ 12 1./ <052==<?<8<19 24 7;.</A<6T 1./ 17>T/1� \4 pt <= 621 4>20 Poq

� %��&� �
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1./6 <1 ;76621 ?/ =7<3 1.71 1./ 17>T/1 <= :67117<67?8/� \4 pt <= 4>20 Poq ?:1 621 788 47;/=
24 Po 7>/ 0755/3q 1./6 <1 <= 52==<?8/ 1.71 pt <= 621 4>20 Ocur� -.<= =<1:71<26 <= =.2E6 <6
�<T:>/ !q ��

P*/.#' L� lMP6R 596:4:NR J�K MU8 UR<M4:NR J�K ;R6?P4 9S V3RVb:U< :S 43R 4M;<R4 59:U4

:6 :U6:8R 43R 9>64MVPR

P14,87:)*)1)55� ]1 1./ =70/ 1<0/q 7 =<1:71<26 079 7><=/ E./6 1./ 17>T/1 <= <6=<3/
76 2?=17;8/q ?:1 1./ 5>2;/3:>/ 3/=;><?/3 7?2A/ 32/= 621 >/;2T6<f/ <1 7= =:;.� ]6 /i7058/
<= =.2E6 <6 �<T:>/ !q �� -./>/42>/q <1 <= 1./ 7?=/6;/ 24 3<>/;1<26= 42> >/=/7>;. 1.71 <= ;.2=/6
7= 7 >/8<7?8/ ;><1/><26 42> 1./ 7?=/6;/ 24 7 =28:1<26 12 1./ 5>2?8/0�

C/57>71/89q <1 <= E2>1. ;26=<3/><6T 1./ ;7=/ E./6q 4>20 1./ 52<61 24 A</E 24 T/2F
0/1>9q 26/ 2?=17;8/ E7= ;87==<d/3 7= =/A/>78� ]6 /i7058/ 24 =:;. 7 =<1:71<26 <= =.2E6
<6 �<T:>/ +� \6 1.<= ;7=/q 1./ ;./;D <= ;7>></3 2:1 =/57>71/89 42> /7;. 2?=17;8/ 4>20
Of � \6 7 =<1:71<26 E./>/ 2?=17;8/= 7>/ ;20?<6/3 v1./ 3<>/;1<26 24 26/ 2?=17;8/ <= 25F
52=<1/ 12 1./ 21./>wq 1./ ;26=1>:;1<26 24 1./ ;20?<6/3 5289T26 <= 5/>42>0/3 7= 428F
82E=� ]==:0/ 1.71 1./ 78T2><1.0 <6<1<7889 ;87==<d/3 0/>T/3 2?=17;8/= 763 ;288<=<26 52<61
=/1= 7= Of 1 763 1./ ;2>>/=5263<6T Hf 1 : {hf10, hf 1l1 , hf 1l2 , . . . , hf1r1 , hf1r2 , . . . }q Of 2
763 1./ ;2>>/=5263<6T Hf 2 : {hf20, hf2l1 , hf 2l2 , . . . , hf2r1 , hf2r2 , . . .}� �2> 3/d6<1/6/==q
8/1m= 7==:0/ 1.71 1./ 2?=17;8/= 0/>T/ 26 1./ =/T0/61 (hf 1lend , hf 2rend)� -./6 Of1+f2 :
{hf1rend , hf 1rend−1

, . . . , hf 1r1 , hf 10, hf 1l1 , . . . , hf1lend , hf 2rend , hf 2rend−1
, . . . , hf 2r1 , hf 20,

hf 2l1 , . . . , hf 2lend}�

P*/.#' Q� [3R WM;b h1 j 43R T;64 9>64MVPR@ 43R WM;b h2 j 43R 6RV9U8

J43R ;9>94 :8RU4:TR6 43R 9>64MVPR M6 4\9 8:kR;RU4 9UR6K
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E� iY7)/28)1*5� -./ 571. L∗ ;76 ?/ 42:63 ?9 75589<6Tq 42> /i7058/q 1./ 78T2><1.0
42> d63<6T 1./ 0<6<0:0 571. <6 1/>0= 24 1./ 6:0?/> 24 8<6D= o Lp� b2E/A/>q 1./ 5289F
T26 075 0:=1 ?/ D62E6 42> 1.<=� \6 5>7;1<;/q 1.<= <= 621 78E79= 52==<?8/� -./ 78T2><1.0
3/=;><?/3 7?2A/ <= 7558</3 5>/;<=/89 <6 =:;. 7 =<1:71<26 E./6 1./ 075 <= 621 D62E6� b2EF
/A/>q 12 0/7=:>/ 1./ /l;</6;9 24 1./ 78T2><1.0q E./6 ;263:;1<6T /i5/><0/61=q E/ E<88
;2057>/ 1./ 571. L∗ 2?17<6/3 :=<6T 1./ 78T2><1.0 o Lp 763 1./ >/=:81 L# 2?17<6/3 :=<6T
2:> 78T2><1.0�

�2> 1./ /i5/><0/61=q 2?e/;1= E/>/ T/6/>71/3 1.71 .7A/ 7 =<0<87> =.75/ 12 1./ >/78
26/= 42:63 <6 1./ 42>/=1 7>/7� P/78 2?e/;1= 1.71 ;76 ?/ 2?=17;8/=u 7 =1:05q 7 4788/6 1>//q 7
=E705 2> 769 21./> <057==7?8/ 1/>>7<6� -./ 023/8 24 7 =1:05 <= 7 ;<>;8/ 24 =0788 >73<:=q
1./ 023/8 24 7 =E705 <= 7 h71 dT:>/ 24 7>?<1>7>9 =.75/q 1./ 023/8 24 7 4788/6 1>// <= 7
>/;176T8/ E<1. 7 =0788 8/6T1. 763 7 87>T/ E<31.� C;./071<;7889q 1./ 2?=17;8/= 7>/ =.2E6 <6
�<T:>/ N�

P*/.#' R� [Q5:VMP 9>64MVPR6 :U 43R V?44:U< M;RM

� j SMPPRU 4;RR� � j 64?W5� 4 j 6\MW5�

] 5/>42>076;/ 0/1><; E7= 78=2 ;78;:871/3 42> /7;. /i5/><0/61� ]= 7 0/1><;q E/ :=/3
1./ 3/A<71<26 24 1./ 2?17<6/3 571. 8/6T1. 4>20 1./ 251<078 26/ e = (|L#| − |L∗|)/(|L∗|)�
-./ A78:/= 24 e 8</ ?/1E//6 0 763 ∞� \6 733<1<26q 4>/n:/6;9 .<=12T>70= 24 1./ 0/1><; e
E/>/ ;26=1>:;1/3� -./ .<=12T>70 42> /i5/><0/61 @  <= =.2E6 <6 �<T:>/ G�

-./ >/=:81= 24 1./ /i5/><0/61= 7>/ 5>/=/61/3 <6 -7?8/�

K��$'� ��� ��� �� �;����&���� �� <�=��( � ���' �� � ���>(��

?��' � &���& & � &@�� �� ���A�

oOiVRL oOiVRL PN ]T\wI oOiVRL oOiVRL kgRL[UR XRST[\
RtHR	 hFR\ [HH]^T\U PN |VIG[M]R PN \OiVRL \OiVRL XRST[\
LTiR\G GFR iT\	]T\w	H[GF PVIG[M]RI G^HR ][O\MFRI PN ]RUI PN FPHI e
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