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@7A</>BC12D/= =9=1/0q E.<;. 7>/ 0//1 <6 5>7;1<;/q ?:1 <1 <= 7 T/6/>78 0/1.23 763 <=
:=/3 E<1. 0<62> ;.76T/= <6 21./> 251<078 ;261>28 5>2?8/0= o+z,p� \6 1./ d>=1 ;7=/q ;261>28
3/1/>0<6/= 1./ <6<1<78 ;263<1<26 24 1./ =9=1/0q <6 1./ =/;263 ;7=/q ;261>28 3/1/>0<6/= 1./
3/6=<19 24 /i1/>678 42>;/= 24 7;1<26= 26 1./ =9=1/0{ <6 ?21. ;7=/=q 1./ 5.9=<;78 5>2?8/0 <=
12 2?17<6 7 T<A/6 A/;12> A/82;<19 d/83 71 7 T<A/6 d678 52<61 <6 1<0/�

�� Q)52319*2,15 91- 4,14)7*5� \6 `:;8<3/76 =57;/ Rn n � 2q ;26=<3/> 1./ ?2:63/3
3207<6 �q ;26=<=1<6T 24 =:?3207<6= �l vl ∈ IN = {1, 2, ..., N}wq 57<>E<=/ ;266/;1/3 ?9M q
1 � M � N − 1q 1./ 62378 587;/= ωj vj ∈ IM = {1, 2, ...,M}wu � = �̂⋃ ω̂q E./>/
�̂ =

N⋃
l=1

� lq ω̂ =
M⋃
j=1

ωj 763 � l

⋂ � l′ = Ø vl �= l
′
wq ω j

⋂
ω j′ = Ø vj �= j

′
wq � l

⋂
ω j = Ø�

C:;. 7 3207<6 E<88 ?/ ;788/3 6/1E2>DF8<D/ o"q  yp� -./ =:?3207<6= � l <6 1./ 62378 587;/=
.7A/ ;20026 ?2:637></= <6 1./ 42>0 24 73e2<6<6T =:>47;/=� �2> di/3 j ∈ IM 1./ 62378
587;/ ωj <= 3/1/>0<6/3 ?9 7 =/1 24 1./ 73e2<6<6T =:?3207<6=� @70/89q /7;. di/3 1./ 62378
587;/ ωj (j ∈ IM ) <= 73e2<6/3 ?9 mj 1./ 3207<6= �lι q lι ∈ IN (j) =

{
l1, l2, ..., lmj

} ⊂ IN q
ι = 1,mjq <1= 57>1= 24 1./ ?2:637></= ∂�lι E.<;. 7>/ 3/=<T671/3 1.>2:T. Sj ι ⊂ ∂�lι

v0/7=Sj ι > 0wq ι = 1,mjq <6 733<1<26 Sj = Sj 1 =
mj⋃
ι=2

Sj ι� -.:=q 1./ 62378 587;/ ωj <= 1./

?>76;. 82;:= 24 1./ 3207<6 � 763 <= ;.7>7;1/><f/3 ?9 1./ =:>47;/ Sj � -./ ?2:637>9 ∂� 24

1./ 3207<6 � <= 3/d6/3 ?9 1./ >71<2 ∂� =
N⋃
l=1

∂�l\
M⋃
j=1

Sj � `A/>9E./>/ ?/82E E/ ;26=<3/>

1./ 73e2<6<6T =:>47;/= Sj s =0221.q =:?3207<6= �l B =17>F=.75/3 >/871<A/ 12 =20/ ?788q <1=
2E6 42> /7;. �l�

@21/ 1.71 1./ 3207<6 � <= =1>:;1:>/3 ?9 76782T9 E<1. 1./ T/20/1><; T>75.F1>// o"p�
`7;. =:?3207<6 �l 71 7 57>1<;:87> 62378 587;/ 079 ?/ 73e2<6 12 26/ 2> >71./> 21./>
=:?3207<6=q E.<8/ .7A<6T 26/ 2> 02>/ 73e2<6<6T =:>47;/= v42> 7 T>75.q 76782T:/= 24 62378
587;/= 7>/ 623/= 24 ;26e:T71<26 E<1. 21./> /3T/=w� @21/ 78=2 1.71 769 =:?3207<6 24 3207<6
� ;76 .7A/ 7 6/1E2>DF8<D/ =1>:;1:>/ E<1. <1= 2E6 6:0?/> 24 62378 587;/=�

�:>1./>q 1./ <==:/= 24 42>071<26 763 76789=<= 24 7 071./071<;78 023/8 24 1>76=52>17F
1<26 24 A<=;2:= 8<n:<3= 1.>2:T. ;2058/i89 =1>:;1:>/3 ;7>></>=q E.<;. <6 1./ 7558<;71<26= 7>/
3<~/>/61 195/= 24 5<5/8<6/ 6/1E2>D=q 7>/ ;26=<3/>/3�

�2> 4:6;1<26= Y (x, t) = {y1(x, t), y2(x, t), ..., yn(x, t)}q x, t ∈ �T = � × (0, T ) vx =
{x1, x2, ..., xn}q T <∞w ;26=<3/> 1./ =9=1/0

∂Y
∂t − νΔY +

n∑
i=1

Yi
∂Y
∂xi

= f − gradp, v w

divY = 0

(
n∑

i=1

∂Y
∂xi

= 0

)
. vHw

S/1/>0<6/ 1./ ;263<1<26= 42> 73e2<6<6T 1./ =:?3207<6= 24 1./ 3207<6 � ?9 1./ >71<2=

Y (x, t)|x∈Sj ι⊂∂� l1
= Y (x, t)|x∈Sj ι⊂∂� lι

, ι = 2,mj, v!w

∫
Sj

∂Y (x,t)
∂nj

ds+
mj∑
ι=2

∫
Sj ι

∂Y (x,t)
∂nj ι

ds = 0, v+w

26 1./ =:>47;/= Sj q Sj ι vι = 1,mjw 24 788 62378 587;/ ωj q j = 1,M q 763 71 t ∈ (0, T )� b/>/
A/;12>= nj 763 nj ι 7>/ /i1/>678 62>078= 12 Sj 763 Sj ιq >/=5/;1<A/89q ι = 1,mjq j = 1,M �
\6<1<78 763 ?2:637>9 ;263<1<26= 7>/ 3/1/>0<6/3 ?9 1./ >/871<26=

Y (x, t)|t=0 = Y0(x), x ∈ �, vNw
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Y (x, t)|x∈∂� = 0. vGw

-./ >/871<26= v wzvGw 3/d6/ 1./ <6<1<78 ?2:637>9 A78:/ 5>2?8/0 >/871<A/ 12 1./ 4:6;F
1<26= Y (x, t)q p(x, t) v./>/<6741/> 1./ 3<~/>/61<78 =9=1/0 v wzvGww <6 7 ;82=/3 6/1E2>DF8<D/
3207<6 �T v�T = (�⋃ ∂�)× [0, T ]w�

\6 7558</3 n:/=1<26= 24 071./071<;78 023/8<6T 24 1./ 5>2;/==/= 24 1>76=52>171<26 24
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7 ;7>></> 24 .93>7:8<; h2E v0:81<5.7=/ 0/3<:0w� -./ 4:6;1<26 Y (x, t) ;.7>7;1/><f/= 1./
A/;12> 24 h2E =5//3 <6 �T q /n:71<26= v wq vHw 3/d6/ 1./ @7A</>BC12D/= /A28:1<267>9
=9=1/0q E.<;. =<0:871/= 1./ h2E 24 7 8<n:<3 E<1. A<=;2=<19 ν > 0 26 1./ ;7>></> �q 1./
>71<2= v!wq v+w 3/1/>0<6/ 1./ 87E 24 h2E 24 h:<3 h2E= 71 1./ 587;/= 24 ?>76;.<6T 24 1./
;7>></> �q p(x, t) <= 5>/==:>/�

F)89/H �� \1 =.2:83 ?/ 621/3 1.71 26/ ;2:83 :=/ 21./> 73e2<6<6T ;263<1<26=q 42>
/i7058/q

Y |S−
j
= Y |S+

j
,

mj∑
ι=2

∂Y (x)

∂n−
j ι

|S−
j ι

+
mj∑
ι=2

Y (x)

∂n+
j ι

|S+
j ι

= 0,

S−
j q S+

j 763 S−
j ιq S

+
j ι 7>/ 26/F=<3/3 =:>47;/= 42> Sj q Sj ιq 763 n

−
j ιq n

+
j ι 7>/ 1./<> ;2>>/=5263<6T

62>078= o  p� -./ ;.2<;/ 24 >/5>/=/6171<26 24 1./ ;263<1<26= 24 73e2<6<6T <= 71 1./ 3<=52=78 24
1./ >/=/7>;./> 763 <= 3/1/>0<6/3 3/5/63<6T 26 1./ 5:>=:<1 5:>52=/=� ] 671:>78 >/n:<>/0/61
1.71 0:=1 ?/ =71<=d/3 <= 1./ >/n:<>/0/61 24 =28A7?<8<19 24 1./ 2?17<6/3 5>2?8/0q 7= E/88
7= 1./ 5>/=/>A71<26 24 1./ 1./2>/0 24 :6<n:/6/==q <4 1./ 8711/> ;2>>/=5263= 12 1./ =5<><1 24
7558</3 >/=/7>;.�
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1./ 3<~/>/61<78 =9=1/0 v wzvGw <= ?7=/3 26 1./ =1:39 24 1./ 3<~/>/61<78F3<~/>/6;/ =9=1/0
24 1./ 42>0

1
τ [Y (k)− Y (k − 1)]− νΔY (k)+

+
n∑

i=1

Yi(k)
∂Y (k)
∂xi

= fτ (k)− gradp(k),
vLw

divY (k) = 0, k = 1, 2, ...,K, y(0) = Y0(x), v,w

Y (k)|x∈∂� = 0, k = 1, 2, ...,K, v"w

E./>/ 1./ 42882E<6T 62171<26= 7>/ :=/3u τ = T/K <= 1./ =1/5 24 3<A<3<6T 1./ =/T0/61 [0, T ]
E<1. 1./ 321= kτ vk = 1, 2, ...,K−1w{ Y (k) := Y (x; k)q Y (k)t :=

1
τ [Y (k)−Y (k−1)]q fτ (k) :=

fτ (x; k) =
1
τ

kτ∫
(k−1)

f(x, t)dt 763 pτ (k) := pτ (x; k) =
1
τ

kτ∫
(k−1)

p(x, t)dt vk = 1, 2, ...,Kw�

_/1 3/621/ 1.>2:T. L2(�)n 1./ =57;/ 24 1./ >/78 _/?/=T:/ 0/7=:>7?8/ A/;12>F4:6;1<26
u(x) = {u1(x, t), u2(x, t), ..., un(x, t)}q x = (x1, x2, ..., xn) ∈ Rn� -./ =;787> 5>23:;1 763
1./ 62>0 <6 L2(�)n 7>/ 3/d6/3 ?9 1./ /n:71<26= (u, v) =

∫
�
u(x)v(x)dx 763 ‖u‖ =

√
(u, u)q

>/=5/;1<A/89 v./>/
∫
�
φ(x)dx =

N∑
l=1

∫
�l

φ(x)dxw� @/i1q 8/1 D(�)n <= 1./ =57;/ 24 <6d6<1/89

3<~/>/61<7?8/ 4:6;1<26= E<1. ;2057;1 ;7>></> <6 � 763 D(�)n = {φ : φ ∈ D(�)n, divφ =
0}� C57;/ H(�) <= 3/d6/3 ?9 1./ ;82=:>/ D(�)n <6 L2(�)nq 763 =57;/ H1(�) ;26=<=1= 24
4:6;1<26= φ(x) ∈ H(�) .7A<6T T/6/>78<f/3 3/><A71<A/= ∂φ

∂x ∈ L2(�)n� -./ =;787> 5>23:;1

 G+ � %��&� �
"�
� 
!&�3�)��, 4�� 4��&��� ��C(!4��&����� E.E/� �� ��� ���� E



763 1./ 62>0 <6 H1(�) 7>/ 3/d6/3 ?9 1./ /n:71<26= (μ, ρ)1 = (μ, ρ) +
(

∂μ
∂x ,

∂ρ
∂x

)
763

‖φ‖1 =
(
‖φ‖2 + ‖∂φ

∂x‖2
)1/2

q >/=5/;1<A/89� -2 3/=;><?/ 1./ =171/ =57;/ 24 1./ 3<~/>/61<78F

3<~/>/6;/ =9=1/0 vLwzv"w E/ <61>23:;/ =57;/ V 1
0 (�) 7= 7 ;82=:>/ <6 =57;/ H1(�) 24 7 =/1

24 /8/0/61= φ ∈ D(�)n =71<=49<6T 1./ ;263<1<26=
∫
Sj

∂φ(x)
∂nj

ds+
mj∑
ι=2

∫
Sj ι

φ(x)
∂nj ι

ds = 0.

-./ 76789=<= 24 1./ 3<~/>/61<78F3<~/>/6;/ =9=1/0 vLwzv"w <= 5>/;/3/3 ?9 ;26=<3/>71<26

24 1E2 3<~/>/61<78 42>0= ρ(u, v) =
n∑

i,j=1

∫
�

∂uj

∂xi

∂vj
∂xi

dxq ρ̃(u, v, ω) =
n∑

i,k=1

∫
�
uk

∂vi
∂xk

ωidx, 8<6/7>

42> /7;. 24 1./<> di/3 /8/0/61= u, v 763 ω� -./ /61/>/3 42>0= 7>/ 3/d6/3 26 1./ 4:6;1<26=
uq v 763 ωq 42> E.<;. <61/T>78=

∫
�

∂uj

∂xi

∂vj
∂xi

dx 763
∫
�
uk

∂vi
∂xk

ωidx ;26A/>T/�

�:>1./> 3<=;:==<26 E<88 >/n:<>/ 1./ 42882E<6T =171/0/61= v=// 78=2 o!q 5� ,,pw�
R)889 �� P�� d�e��� $��� f��S ρ(u, v) �K V� $� :�:K �L u
 v � V 1

0 (�)×V 1
0 (�)
 $��

d�e��� $��� f��S ρ̃(u, v, ω) �K V� $� :�:K �L u
 v
 ω � L4(�)n × V 1
0 (�)× L4(�)n�

R)889 �� g�� ����$���L u
 ω �f KQ�V� V 1
0 (�) $���� ��� �h:���$��K u

 w ρ̃(u, u, ω) = −ρ̃(u, ω, u)q
Hw ρ̃(u, ω, ω) = 0q
!w ρ̃(ω, ω, ω) = 0�
R)889 �� Rf $�� K�h:� V�K {um}m�1
 {vm}m�1 i����L V� #��&� � L2(�)n $� u � d

v
 $�� $�� K�h:� V� {umvm}m�1 i����L V� #��&�K � L2(�)n $� uv�
-./ 42882E<6T 755>27;. 42> 76789f<6T 1./ E/7D =28A7?<8<19 24 1./ =9=1/0 v wzvGw <=

?7=/3 26 1./ ;26=1>:;1<26 24 7 5><2>< /=1<071/= 24 1./ =28:1<26= 24 1./ 3<~/>/61<78F3<~/>/6;/
=9=1/0 vLwzv"w 763 :=/ 24 1./ k78/>D<6 0/1.23q E.<;. 7==:0/ 822D 42> 4:6;1<26= Y (k) ∈
V 1
0 (�)q k = 1, 2, ...,Kq <6 1./ 42>0 24 /i576=<26= 26 7 =5/;<78 ?7=<= 24 =57;/ V 1

0 (�) B

=9=1/0 24 T/6/>78<f/3 /<T/64:6;1<26= 24 1./ 25/>712> ΔY =
n∑

i=1

∂2Y
∂x2

i
� C:;. 7 =9=1/0 42>0=

1./ ?7=<= <6 1./ =57;/= V 1
0 (�) 763 L2(�)n v5>224 =<0<87> 12 >/5>/=/61/3 <6 1./ E2>D o Hq

5� "Gpw�
F)89/H �� c76 ?/ >/587;/3 1./ ?2:637>9 ;263<1<26 vGw E<1. 7 02>/ T/6/>78 ∂U

∂� +

σU |∂� = 0q E./>/ 1./ ;26=1761 σ <= ./> 42> /7;. =:?3207<6 �l ⊂ �q ∂U
∂� <= 1./ 3/><A71<A/

24 62>078 1 12 1./ =:>47;/ ∂�� -./ =5/;1>78 5>2?8/0 <6 1.<= ;7=/ <= ;26=<3/>/3 <6 1./ =57;/
V 1(�)q 1./ /8/0/61= 24 E.<;. 3<~/> 4>20 1./ /8/0/61= V 1

0 (�) ?9 1./ 7?=/6;/ 42> 1./0 24
1./ ;263<1<26 24 /n:78<19 12 f/>2 26 1./ ?2:637>9 ∂�q 1./ <61/T>78 <3/61<19 17D/= 1./ 42>0

ν
n∑

i=1

(
∂U
∂xi

, ∂η
∂xi

)
+ σ(U, η)∂� = λ(U, η) ∀η(x) ∈ V 1

0 (�), ./>/ (·, ·)∂� <= =;787> 5>23:;1 26

∂�� -./ 5>25/>1</= 24 =5/;1>78 ;.7>7;1/><=1<;= >/07<6 <6A7><7?8/�
_/1 := 1:>6 12 1./ <==:/ 24 ;26=1>:;1<6T 7 5><2>< /=1<071/= 24 1./ E/7D =28:1<26 24 1./

3<~/>/61<78F3<~/>/6;/ =9=1/0 vLwzv"w�
_/1 1./ <6<1<78 3717 24 Y0(x)q f(x, t) 24 1./ 3<~/>/61<78 =9=1/0 v wzvGw =71<=49 1./

;263<1<26= 24 Y0(x) ∈ V 1
0 (�)q f(x, t) ∈ L2,1(�T )

n v1./ =57;/ L2,1(�T )
n ;26=<=1= 24 788

/8/0/61= u ∈ L1(�T )
n E<1. 7 d6<1/ 62>0 ‖u‖2,1 =

T∫
0

(
∫
�
u(x, t)2dx)1/2dt� -./ 8711/> 0/76=

1.71 42> 1./ 3<~/>/61<78F3<~/>/6;/ =9=1/0 vLwzv"w 1./ 2><T<678 3717 Y0(x)q fτ (k) 7>/ 1./
/8/0/61= 24 V 1

0 (�)q L2(�)nq >/=5/;1<A/89�
Q)012*2,1 �� -./ =/1 24 4:6;1<26= {Y (k) ∈ V 1

0 (�), k = 1, 2, ...,K} 42> E.<;. Y (k)
=71<=d/= 1./ >71<2

(Y (k)t, η) + νρ(Y (k), η) + ρ̃(Y (k), Y (k), η) = (fτ (k), η), Y (0) = Y0(x), v yw

� %��&� �
"�
� 
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42> di/3 k vk = 1, 2, ...,K − 1w 763 7>?<1>7>9 4:6;1<26 η(x) ∈ V 1
0 (�) <= ;788/3 1./ E/7D

=28:1<26 24 1./ 3<~/>/61<78F3<~/>/6;/ =9=1/0 vLwzv"w�
-7D<6T <612 7;;2:61 ?7=<= 5>25/>19 24 1./ =/1 24 T/6/>78<f/3 /<T/64:6;1<26= {Ui(x)}i�1

<6 =57;/ V 1
0 (�)q 12 3/1/>0<6/ 1./ 755>2i<071<26= Ym(k) =

m∑
i=1

gki,mUi(x) 24 1./ 4:6;1<26=

Y (k)q k = 1, 2, ...,Kq 24 1./ E/7D =28:1<26 24 1./ 3<~/>/61<78F3<~/>/6;/ =9=1/0 vLwzv"w
;26=<3/> 1./ =9=1/0

(Ym(k)t, Ui) + νρ(Ym(k), Ui) + ρ̃(Ym(k), Ym(k), Ui) =
= (fτ (k), Ui), i = 1, 2, ...,m, k = 1, 2, ...,K,

v  w

Ym(0) = Y0m(x), v Hw

E./>/ Y0m(x) =
m∑
i=1

g0imUi(x) vg0im <= ;26=1wq Y0m(x) → Y0(x) <6 62>0 H1(�)�
�<>=1q E/ T/1 7 5><2>< /=1<071/= 24 1./ 62>0= 24 4:6;1<26= Y (k)q k = 1, 2, ...,Kq 1.>2:T.

1./ 62>0= 24 1./ <6<1<78 3717 Y0(x)q fτ (k)�
K+),/)8 �� j�� Y0(x) ∈ V 1

0 (�)q fτ (k) ∈ L2(�)n vk = 1, 2, ...,Kw f�� Ym(k)

k = 1, 2, ...,K
 �f $�� KLK$�S v  w �VV:�

1) ‖Ym(k)‖ � ‖Ym(0)‖+ 2‖fτ (k)‖
′

2,1,

2) ‖Ym(k)‖2 + 2τν
k∑

k′=1

‖∂Ym(k
′
)

∂x ‖2 � C
(
‖Y0‖2 + (‖fτ (k)‖

′

2,1)
2
)
,

i�$� � V� K$� $ C � d�Q� d� $ �f τ q ‖fτ (k)‖
′

2,1 = τ
k∑

k′=1

‖fτ (k′
)‖, k = 1,K�

^ > 2 2 4� �>20 1./ >71<2 Y (k − 1) = Y (k) − τY (k)t 42882E= 2τ(Y (k), Y (k)t) =
Y 2(k) + τ2Y (k)2t − Y 2(k− 1)� a:81<589 1./ >71<2= v  wq v Hw ?9 2τgki,m 763 =:0 ?9 i 4>20
1 12 mq E/ T/1

Y 2
m(k)− Y 2

m(k − 1) + τ2Y 2
m(k)t + 2τνρ(Ym(k), Ym(k)) =

= 2τ(fτ (k), Ym(k)), k = 1, 2, ...,K,

17D<6T <612 7;;2:61 ρ(Ym(k), Ym(k), Ym(k)) = 0 v8/007 Hq =171/0/61 !wq E./>/ 1./
<6/n:78<1</=

‖Ym(k)‖2 − ‖Ym(k − 1)‖2 + τ2‖Ym(k)t‖2 + 2τν‖∂Ym(k)
∂x ‖2 �

� 2τ‖fτ (k)‖‖Ym(k)‖, k = 1, 2, ...,K,
v !w

763 1./<> 2?A<2:= ;26=/n:/6;/=

‖Ym(k)‖2 − ‖Ym(k − 1)‖2 � 2τ‖fτ (k)‖‖Ym(k)‖, k = 1, 2, ...,K, v +w

;20/ 4>20�
_/1 ‖Ym(k)‖ + ‖Ym(k − 1)‖ > 0� -7D<6T <612 7;;2:61 ‖Ym(k)‖

‖Ym(k)‖+‖Ym(k−1)‖ � 1 763
3<A<3<6T 1./ >71<2 v +w ?9 ‖Ym(k)‖+ ‖Ym(k − 1)‖q E/ ;20/ 12 <6/n:78<1</=

‖Ym(k)‖ − ‖Ym(k − 1)‖ � 2τ‖fτ (k)‖, k = 1, 2, ...,K. v Nw

\4 ‖Ym(k)‖+‖Ym(k−1)‖ = 0q 1./6 4>20 1./ >71<2 v +w 42882E= 0 � 2τ‖fτ (k)‖ ‖Ym(k)‖
763 ‖Ym(k)‖2 − ‖Ym(k − 1)‖2 � 2τ‖fτ (k)‖ ‖Ym(k)‖, k = 1, 2, ...,Kq E/ ;20/ 7T7<6 12
v Nw�
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C:00<6T :5 1./ <6/n:78<1</= v Nw ?9 k
′
4>20 1 12 kq E/ d67889 T/1 1./ d>=1 /=1<071/

<6 1./ =171/0/61= 24 1./ 1./2>/0u

‖Ym(k)‖ � ‖Ym(0)‖+ 2
k∑

k′=1

τ‖fτ (′)‖ =

= ‖Y0‖+ 2‖fτ (k)‖
′

2,1, k = 1, 2, ...,K,

v Gw

E./>/ ‖fτ (k)‖′
2,1 =

k∑
k′=1

τ‖fτ (k′
)‖ v‖ · ‖′

2,1 <= �=/0<F3<=;>/1/� 76782T:/ 62>0 ‖ · ‖2,1 24 1./

=57;/ L2,1(�T )
nw�

C:00<6T :5 1./ <6/n:78<1</= v !w ?9 k
′
4>20 1 12 k 763 :=<6T /=1<071/= v Gwq E/ ;20/

12 1./ =/;263 /=1<071/ <6 1./ =171/0/61= 24 1./ 1./2>/0u

‖Ym(k)‖2 + 2τν
k∑

k′=1

‖∂Ym(k
′
)

∂x ‖2 � ‖Ym(k)‖2 +

+ τ2
k∑

k′=1

‖Ym(k)t‖2 + 2τν
k∑

k′=1

‖∂Ym(k
′
)

∂x ‖2 �

� C
(
‖Y0‖2 + (‖fτ (k)‖′

2,1)
2
)
, k = 1, 2, ...,K,

v Lw

E./>/ 1./ ;26=1761 C 3/5/63= 26 νq T 763 621 3/5/63 26 τ �
F)89/H �� -./ 7 5><2>< /=1<071/= 5>/=/61/3 ?9 1./ =171/0/61= 24 1./2>/0  v=//

v Gwq v Lww 7>/ 1./ ?7=<= 42> 2?17<6<6T 1./ ;263<1<26= 42> 1./ =28A7?<8<19 24 1./ 3<~/>/61<78
=9=1/0 v wzvGw�

_/1 02A/ 26 12 1./ 76789=<= 24 1./ 3<~/>/61<78 =9=1/0 v wzvGw 763q 7?2A/ 788q <61>23:;/
1./ 6/;/==7>9 4:6;1<2678 =57;/=� S/621/ 1.>2:T. W 1,0(�T ) 7 =57;/ E.2=/ /8/0/61= u(x, t)
12T/1./> E<1. 1./<> T/6/>78<f/3 3/><A71<A/= ∂u(x,t)

∂x ?/826T 12 L2(�T )
nq ‖u‖W 1,0(�T ) =(

‖u‖2 + ‖∂u
∂x‖2
)1/2

. _/1 4:>1./> W 1(�T ) <= 7 =57;/ E.2=/ /8/0/61= 12T/1./> E<1. 1./<>

3/><A71<A/= ∂u(x,t)
∂x q ∂u(x,t)

∂t ?/826T 12 L2(�T )
nq ‖u‖W 1(�T ) =

(
‖u‖2 + ‖∂u

∂t ‖2 + ‖∂u
∂x‖2
)1/2

.

-./ =57;/=W 1,0(�T ) 763W 1(�T ) .7A/ 1./ 42882E<6T T/6/>78 5>25/>1</=u  w 1./<> /8/0/61=
7>/ ;261<6:2:= <6 1./ 62>0 L2(�)n{ Hw 1>7;/= 24 1./<> /8/0/61= 26 =/;1<26= �T ?9 5876/=
t = t0 v./>/ t0 <= 7 7>?<1>7>9 6:0?/> 24 <61/>A78= (0, T )w 7>/ /8/0/61= 24 L2(�)n� @/i1q
E/ <61>23:;/ 1E2 =/1= Ω1(�T ) ⊂ W 1,0(�T )q Ω2(�T ) ⊂ W 1(�T ) =2 1.71 1./<> /8/0/61=
:63/> di/3 t ∈ (0, T ) ?/826T 12 V 1

0 (�)� -./ ;82=:>/ Ω1(�T )q Ω2(�T ) <6 1./ ;2>>/=5263<6T
=57;/=W 1,0(�T )qW 1(�T ) 3/621/ ?9W

1,0
0 (�T )qW 1

0(�T )� �>20 E.71 .7= ?//6 =7<3 42882E=
u(x, t)|∂� = 0q <4 u(x, t) ∈ W 1,0

0 (�T ) 2> u(x, t) ∈ W 1
0(�T )� ]= 7?2A/q E/ 17D/ 1.71

Y0(x) ∈ V 1
0 (�)q f(x, t) ∈ L2,1(�T )

n�
Q)012*2,1 �� ] =/1

{Y (x, t), p(x, t) : Y (x, t) ∈W 1,0
0 (�T ), p(x, t) ∈ C(�T )}

<= ;788/3 7 E/7D =28:1<26 24 7 3<~/>/61<78 =9=1/0 v wzvGwq <4 Y (x, t) =71<=d/= 1./ >/871<26

− ∫
�T

Y (x, τ)∂η(x,τ)∂τ dxdτ + ν
T∫
0

ρ(Y, η)dτ +
T∫
0

ρ̃(Y, Y, η)dτ =

=
∫
�
Y0(x)η(x, 0)dx +

∫
�T

f(x, τ)η(x, τ)dxdτ
v ,w

42> 76 7>?<1>7>9 4:6;1<26 η(x, t) ∈ W 1
0(�T )q η(x, T ) = 0�
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F)89/H #� �9 A<>1:/ 24 3/d6<1<26 H 42> 7 4:6;1<26 p(x, t) <1 <= 6/;/==7>9 1.71 1./
>/871<26 (gradp(x, t), η(x, τ)) = 0 71 769 η(x, t) 4>20 W 1

0(�T )� -./ 8711/> <= 52==<?8/q 42>
/i7058/q E./6 p(x, t) <1 ?/826T= 12 1./ ;87== C(�T )� @21/ 78=2 1.71 <6 0769 7558<;71<26
5>2?8/0= 24 ;261<6::0 1>76=52>1q 1./ 4:6;1<26 p(x, t) >/4/>= 12 1./ <65:1 3717q 1./>/42>/
<1= /i<=1/6;/ 621 3/5/63 26 1./ /i<=1/6;/ 24 1./ 4:6;1<26 Y (x, t) ∈ W 1,0

0 (�T )�
@/i1q 1./ n:/=1<26 24 1./ E/7D =28A7?<8<19 24 1./ 3<~/>/61<78 =9=1/0 v wzvGw <=

;26=<3/>/3 o !p v=// 78=2 o Hq 5�  ,"pw�
K+),/)8 �� P�� f:�O��S� $ �f $�� V� d�$�� K Y0(x) ∈ V 1

0 (�)
 f(x, t) ∈ L2,1(�T )
n

&:��� $�� � i��� K��#�����$L �f $�� � �$��� ��: d��L #��:� Q�����S v wzvGw�
^ > 2 2 4� �7=/3 26 1./ =28:1<26 {Y (k) ∈ V 1

0 (�), k = 1, 2, ...,K} 24 1./ 3<~/>/61<78F
3<~/>/6;/ =9=1/0 vLwzv"w q E/ <61>23:;/ 7 4:6;1<26 YK(x, t) 24 1./ 42>0 YK(x, t) = Y (k)q
t ∈ ((k − 1)τ, kτ ]q k = 1, 2, ...,Kq YK(x, 0) = Y0(x) v5</;/E<=/ ;26=1761 <61/>52871<26=
?9 7 1<0/ A7><7?8/ t 42> Y (k)w� �/826T<6T uK(x, t) 12 =57;/ W 1,0

0 (�T ) <= 2?A<2:=� �2> 1./
4:6;1<26 uK(x, t) 1./ /=1<071/= 24 1./2>/0  7>/ A78<3 v<6/n:78<1</= v Gw 763 v Lww 763q
;26=/n:/6189q 1./ <6/n:78<19

‖YK‖+ ‖∂YK

∂x ‖ � C∗ v "w

<= ;2>>/;1 42> <1q 7 ;26=1761 C∗ > 0 <63/5/63/61 24 τ � ] =<0<87> >/5>/=/6171<26 1.>2:T.
f(x; k)q k = 1, 2, ...,Kq .7= 1./ 4:6;1<26 fK(x, t)u fK(x, t) = f(x; k)q t ∈ ((k − 1)τ, kτ ]q
k = 1, 2, ...,K� _/1 K → ∞ vτ → 0wq 1./6 <1 42882E= 4>20 <6/n:78<19 v "w 1.71 4>20 1./
=/n:/6;/ {YK(x, t)} ;76 ?/ 3<=1<6T:<=. 7 =:?=/n:/6;/ {ỸK(x, t)} 1.71 E/7D ;26A/>T/ 12 1./
/8/0/61 Y (x, t) ∈ W 1,0

0 (�T )� _/1 := =.2E 1.71 Y (x, t) <= 1./ E/7D =28:1<26 24 1./ 3<~/>/61<78
=9=1/0 v wzvGw� -2 32 1.<=q E/ E<88 /=17?8<=. 1.71 Y (x, t) =71<=d/= 1./ <3/61<19 v ,w 24
3/d6<1<26 H 42> 769 η(x, t) ∈ C1(�T+τ )

nq E.<;. =71<=d/= 1./ ;263<1<26= 42> 73e2<6<6T v!wq
v+w :63/> 769 t ∈ (0, T ) 763 42> E.<;. 1./ ;263<1<26= 7>/ 0/1 η|∂�T = 0q η|t∈[T,T+τ ] = 0�
�:6;1<26= η(k) 7>/ 3/d6/3 ?9 η(x, t) :=<6T 1./ /n:78= η(k) = η(x, kτ)q k = 1, 2, ...,Kq E.<8/
η(k)t′ =

1
τ [η(k+1)−η(k)] v3<~/>/6;/ >/871<26= η(k)t′ q η(k)t = 1

τ [η(k)−η(k−1)] 7>/ 1./ ><T.1
763 8/41 755>2i<071<26= ∂η

∂t t = kτ q >/=5/;1<A/89w� ]= 42> YK(x, t)q ?9 4:6;1<26= η(k) 7>/

42>0/3 5</;/E<=/ ;261<6:2:= ?9 1./ 1<0/ A7><7?8/ t 1./ 755>2i<071<26= ηK(x, t)q ∂ηK(x,t)
∂x 24

1./ 4:6;1<26= η(x, t)q ∂η(x,t)
∂x q ∂η(x,t)

∂t � @21/ 1.71 ηK(x, t)q ∂ηK(x,t)
∂x q ∂ηK(x,t)

∂t /A/689 ;26A/>T/

26 �T 12 η(x, t)q ∂η(x,t)
∂x q ∂η(x,t)

∂t 71 K → ∞q >/=5/;1<A/89{ ηK(x, t) = 0q t ∈ [T, T + τ ]�
\6 1./ <61/T>78 <3/61<19 v +w 1./ 4:6;1<26 η(x) =:?=1<1:1/ 42> τη(x) = τη(x; k) 763 =:0

<1 26 k 4>20 1 12 N q E/ T/1

−τ
N∑

k=1

∫
�
Y (k)η(k)tdxdt −

∫
�
Y0η(k)dx + ν

N∑
k=1

τρ(Y (k), η(k)) +

+
N∑

k=1

τ ρ̃(Y (k), Y (k), η(k)) =
N∑

k=1

τ
∫
�
fτ (k)η(k)),

vHyw

17D<6T <612 7;;2:61 1./ >71<2=

τ
N∑

k=1

Y (k)tη(k) = −τ
N∑

k=1

Y (k)η(k)t − Y (0)η(k), η(N) = η(N + 1) = 0.

�>20 1./ >/871<26= vHyw <1 42882E= 3<>/;189

− ∫
�T

YK(x, t)ηK(x, t)tdxdt−
∫
�
Y0(x, t)η(x, τ)dx + ν

T∫
0

ρ(YK , ηK)d+

+
T∫
0

ρ̃(YK , YK , ηK)dt =
∫
�T

fK(x, t)ηK (x, t)dxdt.

vH w

 G, � %��&� �
"�
� 
!&�3�)��, 4�� 4��&��� ��C(!4��&����� E.E/� �� ��� ���� E



^7==<6T <6 vH w 12 8<0<1 ?9 1./ =:?=/n:/6;/ {YK(x, t)} 763 17D<6T <612 7;;2:61 1./
=171/0/61 24 8/007 !q E/ T/1 1./ <3/61<19 v ,w 24 1./ 3/d6<1<26 H 24 1./ E/7D =28:1<26 24
1./ 3<~/>/61<78 =9=1/0 v wzvGw� -./ 1./2>/0 <= 5>2A/6�

�2> 1./ A/;12>F4:6;1<26 Y (x, t) = {y1(x, t), y2(x, t), ..., yn(x, t)}q x, t ∈ �T q ;76 ;26=<F
3/> 7 8<6/7><f/3 @7A</>BC12D/= =9=1/0q E./>/ /n:71<26 v w <=

∂Y
∂t − νΔY + gradp = f. vHHw

-./ =9=1/0= vHHwq vHwzv+w 763 <1= ;2>>/=5263<6T <6<1<78 ?2:637>9 A78:/ 5>2?8/0 vHHwq
vHwzvGw <6 1./ .93>239670<; 1./2>9 24 1>76=4/> 5>2;/==/= 3/1/>0<6/= 1./ 071./071<;78
023/8 24 1./ 870<67> h2E 24 7 A<=;2:= h:<3 2A/> 7 6/1E2>D ;7>></> 1.71 <= 3/=;><?/3 ?9 1./
3207<6 �T �

]88 1./ 7?2A/ ;26;/51=q 3/d6<1<26= 763 =171/0/61= 7>/ ;2058/1/89 5>/=/>A/3q <1 <=

6/;/==7>9 2689 <6 1./ >71<2= vLwq v yw 763 v ,w 12 >/02A/ 1./ /i5>/==<26
n∑

i=1

Yi
∂Y
∂xi

763 1./

42>0 ρ(Y, Y, η) v=171/0/61= 24 8/007=  z! 42> 1./ 42>0 ρ(Y, Y, η) 7>/ 621 :=/3w�
#� K+) 8)*+,- ,. 7)19:*< .=14*2,15 21 *+) 919:<525 ,. ,7*289: 4,1*/,:

7/,I:)85� _/1m= 3/621/ 1.>2:T. U 1./ b<8?/>1 =57;/ 24 ;261>28 υq 1./6 W 1,0
0 (�T ) <= 1./

=57;/ 24 =171/ Y (υ) 24 1./ @7A</>BC12D/= =9=1/0� \6 733<1<26 U = L2(�)n 2> U = L2(�T )
n

763 1./>/42>/ υ := υ(x) ∈ L2(�)n 2> υ := υ(x, t) ∈ L2(�T )
n 42> 1./ 5>2?8/0 24 251<078

=17>1<6T 2> 3<=1><?:1/3 ;261>28q >/=5/;1<A/89�
g?=/>A71<26 24 1./ =171/ Y (υ) 24 1./ =9=1/0 <= ;7>></3 2:1 71 1./ d678 52<61 <6 1<0/

v21./> 195/= 24 2?=/>A71<26= 7>/ 52==<?8/w� g6 7 ;82=/3 ;26A/i =:?=/1 U∂ ⊂ U 1./ >/n:<><6T
0<6<0<f71<26 4:6;1<2678

J(υ) =
∫
�
(Y (υ)(x, T )− z0(x))

2
dx+ (Nυ, υ)U, vH!w

E./>/ z0(x) <= T<A/6 4:6;1<26 24 =57;/ L2(�)nq N : U → U <= 7 8<6/7> ;261<6:2:= b/>0<1/
25/>712>q (Nυ, υ)U � ς‖υ‖2

U
vς > 0 <= di/3 ;26=1761w�

-./ 5>2?8/0 24 251<078 =17>1<6T v3<=1><?:1/3w ;261>28 24 1./ @7A</>BC12D/= =9=1/0
<6 =57;/ W 1,0

0 (�T ) <= 12 d63 inf
υ∈U∂

J(υ)q 1./ /8/0/61 u ∈ U∂ <= 1./ 251<078 ;261>28 24 1./

@7A</>BC12D/= =9=1/0q E.<;. <= ;26=<3/>/3 D62E<6T89 v7 5><2><w 12 /i<=1u inf
υ∈U∂

J(υ) =

J(u)�
_/1m= 3/621/ 1.>2:T. Y 1./ =/1 24 /8/0/61= Y (x, t) ∈ W 1,0

0 (�T ) =:;. 1.71

− ∫
�
Y0(x)η(x, 0)dx − ∫

�T

Y (x, t)∂η(x,t)∂t dxdt+ ν
T∫
0

ρ(Y, η)dt+
T∫
0

ρ̃(Y, Y, η)dt =

=
∫
�T

F (x, t)η(x, t)dxdt +
∫
�T

ω(x, t)η(x, t)dxdt, ω(x, t) ∈ L2, 1(�T ),

42> 769 η(x, t) ∈ W 1
0(�T )q η(x, T ) = 0� �2> 1./ /8/0/61= Y E/ <61>23:;/ 1./ 62>0

‖Y ‖
Y
=
(
‖Y ‖2W 1,0

0 (�T ) + ‖ω‖2L2, 1(�T ) + ‖Y (· , 0)‖2L2(�)

)1/2
,

1.:=
Y�
{
Y : Y ∈W 1,0

0 (�T ), ω ∈ L2, 1(�T ), Y (x, t)|t=0 ∈ L2(�)
}
.

-./ =171/ 24 1./ =9=1/0 v wzv+w <= 3/1/>0<6/3 ?9 1./ <6<1<78 ?2:637>9 A78:/ 5>2?8/0
v wzvGwq 02>/2A/> <6 1./ ;7=/ 24 =17>1<6T ;261>28q 1./ ;261>28 /~/;1 υ(x) 3/1/>0<6/= 1./

� %��&� �
"�
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<6<1<78 ;263<1<26 vNwq <� /� Y0(x) := υ(x)q 763 <6 1./ ;7=/ 24 3<=1><?:1/3 ;261>28q 1./ ;261>28
/~/;1 υ(x, t) 3/1/>0<6/= 1./ ><T.1 =<3/ 24 /n:71<26 v wu F (x, t) := υ(x, t)�

��� �����	
 ��	���
� ��
���
� -./ <6<1<78 ;263<1<26 vNw 24 1./ =9=1/0 v wzvGw <=
>/587;/3 ?9

Y (x, t)|t=0 = υ(x), x ∈ �, vH+w

1.:=q 1./ =171/ Y (υ) 24 1./ @7A</>BC12D/= =9=1/0 <= ;.7>7;1/><f/3 ?9 1./ <6<1<78 ?2:637>9
A78:/ 5>2?8/0 v wzv+wq vH+wq vGw 763 U = L2(�)n�

_/1 ε = (ε1, ε2, εq) > 0q q = 1, 2q 763 T>761<6T vH!w 3/d6/ 26 Y× U 1./ 4:6;1<2678

Jε(Y, υ) =
∫
�
(Y (x, T )− z0(x))

2
dx+ (Nυ, υ)U +

+ 1
ε1

‖ω − F‖2L2, 1(�T ) +
1
ε2

∫
�
(Y (x , 0)− υ(x))

2
dx,

vHNw

670/3 <6 1./ 8<1/>71:>/ 5/67819 4:6;1<26 o!q 5� !"Np� a:81<58</>= 1/ε1q 1/ε2 ;.7>7;1/><f/
d6/= <4 1./ >71<2= v w 763 vNw 7>/ 621 =71<=d/3�

c26=<3/> 76 7:i<8<7>9 5>2?8/0 E<1. 7 57>70/1/> ε = (ε1, ε2) v470<89 24 5>2?8/0=w
24 d63<6T inf

Y ∈Y, υ∈U∂

Jε(Y, υ) 26 Y×Uq 755>2i<071<6T 1./ =/7>;. 5>2?8/0 inf
υ∈U∂

J(υ) 763

7==:0/ 1.71 1./>/ /i<=1= 7 57<> {Yε, υε} 42> E.<;. inf
Y ∈Y, υ∈U∂

Jε(Y, υ) = J◦
ε �

K+),/)8 �� N d�� $�� �KK:SQ$�� $��$ $�� K��:$�� {Yε, uε} $� $�� Q�����S �f
O d� & inf

Y ∈Y, υ∈U∂

Jε(Y, υ) d��K �k�K$
 $���K Q��V�

J◦
ε → J(u), vHGw

υε → u in the norm space U, vHLw

Yε → Y (u) in the norm ‖ · ‖
Y

vH,w

�$ ε = (ε1, ε2) → 0�
^ > 2 2 4� ]= 0/61<26/3 7?2A/q 1./ /8/0/61 u ∈ U∂ <= 1./ 251<078 ;261>28 24 1./

@7A</>BC12D/= =9=1/0q 1.71 0/76= inf
υ∈U∂

J(υ) = J(u) = J◦ 763 42> 1./ =171/ Y (u) v=28A<6T

1./ <6<1<78 ?2:637>9 A78:/ 5>2?8/0 v wzv+wq vH+w 763 vGw 71 υ(x) = u(x)w 1./ >/871<26= v wq
vH+w 763 vGw 7>/ =71<=d/3� �>20 1./ 8711/> 763 1./ >/5>/=/6171<26 vHNw 24 1./ 4:6;1<2678
Jε(Y, υ) 42882E= <6/n:78<19

Jε(Yε, uε) � Jε(Y (u), u) = J(u) = J◦. vH"w

�>20 1./ /=1<071/ vH"w 42882E= 1./ ?2:63/36/== Jε(Yε, uε) 42> 1./ 7>?<1>7>9 ε = (ε1, ε2)
763q :=<6T 1./ /i5>/==<26 vHNwq E/ ;20/ 12 <6/n:78<1</=

Jε(Yε, uε) � ς‖uε‖2U,

Jε(Yε, uε) � 1
ε1

‖ωε − F‖2L2, 1(�T ) +
1
ε2

∫
� (Yε(x , 0)− uε(x))

2
dx,

24 E.<;. 42882E=
‖uε‖U � C, v!yw

‖ωε − F‖L2, 1(�T ) � C
√
ε1, v! w

‖Yε(· , 0)− uε‖L2(�) � C
√
ε2, v!Hw
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E./>/ 1./ ;26=1761 C 3/5/63= 26 1./ A78:/ J◦� �>20 1./ >71<2= v!ywzv!Hw <1 42882E=
1.71 E<1. ε → 0 7 =/1 24 4:6;1<26= uε(x) ?2:63/3 <6 U = L2(�)nq 7 =/1 24 4:6;1<26=
ωε(x, t) − F (x, t) <= ?2:63/3 <6 L2, 1(�T )

nq 7 =/1 24 4:6;1<26= Yε(x , 0) <= ?2:63/3 <6
L2(�)nq <1 0/76= 7 =/1 24 4:6;1<26= Yε(x , t) <= ?2:63/3 <6 W 1,0

0 (�T ) 763 Y� \1 42882E= 1.71
4>20 7 =/n:/6;/ {Yε(x , t), uε(x)} ;76 ?/ /i1>7;1/3 7 =:?=/n:/6;/ v8/1m= 8/7A/ 1./ =70/
62171<26 {Yε(x , t), uε(x)} 42> <1w 42> E.<;. Yε(x , t) → Ỹ E/7D89 ;26A/>T/= <6 W 1,0

0 (�T )
763 uε(x) → ũ E/7D89 ;26A/>T/= <6 U = L2(�)n vũ ∈ U∂w� -.:=q 57==7T/ 12 1./ 8<0<1
?9 =:?=/n:/6;/ 8/73= 12 1./ >/871<26= ω̃(x, t) − F (x, t) = 0q Ỹ (· , 0) = ũq E.<;. 0/76=
Ỹ (x, t) = Ỹ (x, t; ũ)�

�>20 1./ >71<2 vHNw 42882E=

Jε(Yε, υε) �
∫
�
(Yε(x, T )− z0(x))

2 dx+ (Nυε, υε)U, v!!w

02>/2A/> Yε(x, T ) E/7D89 ;26A/>T/= <6 L2(�)n 12 Ỹ (x, T )q 763 1./6 4>20 <6/n:78<19 v!!w

42882E= <6/n:78<19 lim Jε(Yε, υε) �
∫
�

(
Ỹ (x, T )− z0(x)

)2
dx+ (Nũ, ũ)U 2> lim Jε(Yε, υε) �

J(ũ)� -./ 8711/>q 12T/1./> E<1. 1./ >/871<26 vH"w 0/76= 1.71 ũ = u 763 1./ ;2>>/;16/== 24
1./ =171/0/61 vHGw 24 1./ 1./2>/0q ./6;/ 1./ =171/0/61= vHLwq vH,wq <= A78<3 <6 1./ =/6=/
24 E/7D ;26A/>T/6;/�

_/1 := =.2E 1./ A78<3<19 24 1./ =171/0/61= vHLwq vH,w <6 1./ >/8/A761 62>0=q 1.71 <=q <6
1./ =/6=/ 24 =1>26T ;26A/>T/6;/� _/1m= 5>/=/61 1./ 4:6;1<2678 Jε(Yε, υε) <6 1./ 42>0

Jε(Yε, υε) = θε + ϑε − 2
∫
�
Yε(x, T ) z0(x)dx +

∫
�
z20(x)dx,

./>/ θε =
∫
� Y

2
ε (x, T ) dx+(Nuε, uε)U, ϑε =

1
ε1

‖ωε − F‖2L2, 1(�T )+
1
ε2

‖Yε(·, 0)− uε‖2L2(�)�
�9 A<>1:/ 24

Jε(Yε, υε) → J◦ = J(u) = θ − 2
∫
�
Y (x, T ) z0(x)dx +

∫
�
z20(x)dx,

E./>/ θ =
∫
� Y

2(x, T ;u) dx+(Nu, u)U, <1 =.2:83 ?/ θε +ϑε → θ. b/6;/q T<A/6 lim θε � θq
E/ T/1 ϑε → 0q E.71 0/76= υε → u <6 1./ 62>0 24 =57;/ Uq 763 θε → θq E.<;. 0/76=
Yε → Y (u) <6 1./ 62>0 ‖ · ‖

Y
u 1./ A78<3<19 24 1./ =171/0/61= vHLwq vH,w <= /=17?8<=./3q 1./

1./2>/0 <= 5>2A/3�
F)89/H %� �>20 1./ >/7=26<6T <1 42882E= 1.71 1./ /=1<071/= v!ywzv!Hw 7>/ A78<3 42>

76 7>?<1>7><89 =0788 ;26=1761 C 763 42> =:l;</6189 =0788 ε1q ε2�
��� �����	
 ����������� ��
���
� -./ 0/1.23 24 5/67819 4:6;1<26= 42> 1./ 76789=<=

24 1./ 5>2?8/0 24 251<078 3<=1><?:1/3 ;261>28 24 1./ @7A</>BC12D/= =9=1/0 v wzv+w <1
>/07<6= <6A7><7?8/q 1./ /n:71<26 v wq 1./ ;261>28 =57;/ Uq 1./ =57;/ <= =8<T.189 ;.76T/3
763 4:6;1<2678<19 Jε(Y, υ)� -./ /n:71<26 v wq 1./ ;261>28 =57;/q 763 1./ =57;/ 7>/ =8<T.189
023<d/3� @70/89q /n:71<26 v w <= >/587;/3 ?9

∂Y
∂t − νΔY +

n∑
i=1

Yi
∂Y
∂xi

+ grad p = v(x, t), v!+w

U = L2(�T )
nq υ(x, t) ∈ Uq 4:6;1<2678 Jε(Y, υ) 17D/ 1./ 42>0

Jε(Y, υ) =
∫
�
(Y (x, T )− z0(x))

2
dx+ (Nυ, υ)U +

+ 1
ε1

‖ω − υ‖2L2, 1(�T ) +
1
ε2

∫
� (Y (x , 0)− υ(x))2 dx,

� %��&� �
"�
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1./ =171/ Y (υ) ∈ W 1,0
0 (�T ) 24 1./ @7A</>BC12D/= =9=1/0 <= 3/1/>0<6/3 ?9 1./ =9=1/0=

vNwq v!+w� �:>1./> >/7=26<6T 7802=1 A/>?71<0 >/5/71= 1./ 7?2A/�
%� K+) 8)*+,- ,. 7)19:*< .=14*2,15 .,/ *+) :21)9/2G)- L9M2)/NO*,H)5

5<5*)8� \6 1./ 5>/A<2:= ;7=/q E./6 1./ 6268<6/7> @7A</>BC12D/= =9=1/0 E7= ;26=<3/>/3q
1./ 76789=<= 24 251<078 ;261>28 E7= 8<0<1/3 12 2?17<6<6T 1./ 6/;/==7>9 ;263<1<26= 42> 7
0<6<0:0 24 4:6;1<2678 v1./ 5/67819 4:6;1<26w :63/> 1./ =:552=<1<26 24 1./ /i<=1/6;/ 24
251<078 ;261>28� -./ ;7=/ 24 1./ 8<6/7><f/3 @7A</>BC12D/= =9=1/0 ?9 47A2>7?8/ 12 1./
2?17<6<6T 24 1./ 6/;/==7>9 763 =:l;</61 ;263<1<26=q =<6;/ 733<1<2678 5>25/>1</= 24 1./
8<6/7><f/3 =9=1/0 7>/ :=/3 7826T 1.<= E79q <1 <= 52==<?8/ 12 5>2A/ 1./ /i<=1/6;/ 24 7 :6<n:/
251<078 ;261>28� �/ =.2E 1.<= 26 1./ /i7058/ 24 =17>1<6T ;261>28�

�2> 7 8<6/7><f/3 @7A</>BC12D/= =9=1/0 vHwzv+wq vHHw 1./ =171/ 24 E.<;. <= 3/d6/3 7=
7 E/7D =28:1<26 <6 1./ =57;/ W 1,0

0 (�T ) 24 1./ =9=1/0

∂Y
∂t − νΔY + gradp = F (x, t) v!Nw

E<1. 1./ ;263<1<26 vH+w vυ(x) ∈ U = L2(�)n <= ;261>28 /~/;1wq 1./ 5>2?8/0 24 251<078
=17>1<6T ;261>28 <= ;26=<3/>/3�

�2> 1.<= ;7=/q 1./ =171/0/61= 24 C/;1<26 ! >/07<6 A78<3q E<1. 1./ 2689 3<~/>/6;/ 1.71

1./9 32 621 ;2617<6 1./ /i5>/==<26
n∑

i=1

Yi
∂Y
∂xi

763 <1= 42>0 ρ̃(Y, Y, η)� -./ <61>23:;/3 7?2A/

4:6;1<2678 J(υ)q 7:i<8<7>9 =57;/ Y 763 4:6;1<2678 Jε(Y, υ) 7>/ 78=2 5>/=/>A/3q E./>/ 1./

/i5>/==<26
n∑

i=1

Yi
∂Y
∂xi

763 <1= 42>0 ρ̃(Y, Y, η) 7>/ 78=2 7?=/61� ] /==/61<78 3<~/>/6;/ 4>20 1./

5>/A<2:= ;26=<3/>71<26 <= 1./ 52==<?<8<19 12 /=17?8<=. 1./ :6<n:/6/== 24 1./ =28:1<26 24 1./
251<078 =17>1<6T ;261>28 5>2?8/0 v5>2?8/0 inf

υ∈U∂

J(υ)w 763 1./ :6<n:/6/== 24 1./ 7:i<8<7>9

5>2?8/0 E<1. 1./ 57>70/1/> ε = (ε1, ε2) =/7>;. 42> inf
Y ∈Y, υ∈U∂

Jε(Y, υ)q 755>2i<071<6T

5>2?8/0 inf
υ∈U∂

J(υ)�

-./ :6<n:/6/== 24 1./ =28:1<26 24 1./ 5>2?8/0 inf
υ∈U∂

J(υ) <= 7 ;26=/n:/6;/ 24 1./

42882E<6T =171/0/61=q =<0<87> 12 1.2=/ 5>2A/6 <6 1./ E2>D o +p�
K+),/)8 #� P�� �Q���$�� �f $�� $�� K�$�� f��S V� $��� υ(x) ∈ U = L2(�)n $�

Y (υ) ∈W 1,0
0 (�T ) V� $� :�:K�

K+),/)8 %� P�� Q�����S �f �Q$�S�� K$��$� & V� $��� ��K � : �h:� K��:$�� �
-./ 5>224 24 1./ =171/0/61 24 1./2>/0 + :=/= 1./ 8<6/7><19 24 1./ 25/>712> 24 1./

5>2?8/0 v!Nwq vH+w 763 1./ 7 5><2>< /=1<071/= T<A/6 <6 1./2>/0  � -./ =171/0/61 24
1./2>/0 H <= ?7=/3 26 1./ 5>25/>19 24 ;2/>;<A<19 24 1./ .202T/6/2:= 57>1 24 1./ =/;263
3/T>// 24 1./ n:73>71<; 42>0 24 1./ 4:6;1<2678 Jε(Y, υ) 763 1./ =171/0/61 24 1./2>/0 +�

-./ :6<n:/6/== 24 1./ 7:i<8<7>9 5>2?8/0 inf
Y ∈Y, υ∈U∂

Jε(Y, υ) <= /=17?8<=./3 ?9 1./

42882E<6T =171/0/61�
K+),/)8 C� P�� Q�����S inf

Y ∈Y, υ∈U∂

Jε(Y, υ) ��K � : �h:� K��:$�� �

^ > 2 2 4� �2> 1./ 4:6;1<2678 Jε(Y, υ)
(
7?=/61 1./ /i5>/==<26

n∑
i=1

Yi
∂Y
∂xi

)
q ;26=<3/> 1./

57>1 ;2617<6<6T 1./ =/;263 3/T>//=u

qε(Y, υ) =
∫
�
Y 2(x, T )dx+ (Nυ, υ)U + 1

ε1
‖ω − F‖2L2, 1(�T ) +

1
ε2

∫
�
Y 2(x, 0)dx.

@21/ 1.71
qε(Y, υ) � C

(
‖Y ‖2

Y
+ ‖υ‖2

U

)
. v!Gw
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\63//3q T<A/6 1./ <6/n:78<19 (Nυ, υ)U � ς‖υ‖2
U
vς > 0wq E/ ;20/ 12 <6/n:78<19

qε(Y, υ) � (ς + 1
ε2
) ‖υ‖2

U
+
∫
�
Y 2(x, T )dx + 1

ε2

∫
�
Y 2(x, 0)dx+

+ 1
ε1
‖ω‖2L2, 1(�T ) − 2

ε2
‖υ‖

U
‖Y (· , 0)‖L2,(�) ,

4>20 E.<;. E/ T/1 <6/n:78<19 v!Gw E<1. 7 ;26=1761 Cq 3/5/63/61 26 ε1, ε2� -./ 5>224
;2058/1/ E<1. 1./ =171/0/61 24 1./ 1./2>/0  � o Nq 5�  !p�

P/5/71<6T 1./ >/7=26<6T T<A/6 <6 1./ 5>224 24 1./2>/0 !q E/ ;20/ 12 1./ ;26;8:=<26u
 w 1./>/ <= 7 :6<n:/ =28:1<26 12 1./ 5>2?8/0 24 251<078 ;261>28{ Hw 7 6/;/==7>9 763
=:l;</61 ;263<1<26 42> 1./ /i<=1/6;/ 24 251<078 ;261>28 <= 1./ 5>/=/6;/ 24 7 =/n:/6;/
24 57<>= {Yε, υε} , 42> E.<;. E<1. /7;. =:l;</6189 =0788 ε = (ε1, ε2) 57<> {Yε, υε} <1
>/78<f/= inf

Y ∈Y, υ∈U∂

Jε(Y, υ)� -.<= =/n:/6;/ ;2617<6= 7 =:?=/n:/6;/ 1.71 E/7D ;26A/>T/ 12

1./ 251<078 57<> {Y (x , t), u(x)} v1./ =28A<6T 24 1./ 5>2?8/0 24 d63<6T inf
υ∈U∂

J(υ)w�

C� S,14:=52,1� -./ 755>27;. 5>/=/61/3 <6 1./ 575/> /i587<6 26 1./ /i7058/ 24
1./ 5>2?8/0= 24 251<078 ;261>28 24 1./ @7A</>BC12D/= /A28:1<267>9 =9=1/0 E<1. 7 =571<78
A7><7?8/ ;.76T<6T <6 7 6/1E2>DF8<D/ 3207<6� -./ 5/67819 4:6;1<26 0/1.23 :=/3 <6 1.<= ;7=/
<= 7 47<>89 T/6/>78 0/1.23� \1 ;76 78=2 ?/ :=/3 vE<1. 0<62> 023<d;71<26=w 12 76789f/ 1./
251<078 ;261>28 5>2?8/0= 24 =171<267>9 @7A</>BC12D/= =9=1/0= v8<6/7> 763 8<6/7><f/3w� -./
/~/;1<A/6/== 24 1.<= 0/1.23 /==/61<7889 <6;>/7=/ <6 ;266/;1<26 E<1. 1./ 6//3= 24 ;205:1<6T
17=D= 24 7558</3 671:>/ o Gz ,p� @21/ 71 1./ =70/ 1<0/ 1.71 1./ 0/1.23 24 1./ 5/67819
4:6;1<26= ;76 ?/ /~/;1<A/89 7558</3 12 1./ 6:0/><;78 =28:1<26 24 1./ 251<0<f71<26 5>2?8/0
<6 A7><2:= 7>/7= 24 671:>78 =;</6;/ v=//q 42> /i7058/q E2>D o "pw�

����������
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