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Ââåäåíèå

Ñîöèàëüíûå ñåòè óæå ìíîãèå ãîäû ïðèòÿãèâàþò ê ñåáå âíèìàíèå. Ñ

ïîÿâëåíèåì â Âåá-ïðîñòðàíñòâå ïåðâûõ ñîöèàëüíûõ ñåòåé ñòàëî ëåã÷å ïî-

ëó÷àòü èíôîðìàöèþ î êðóãå îáùåíèÿ, è ýòî ïðèâëåêëî èññëåäîâàòåëåé.

Ñòîëêíîâåíèå ðàçíûõ ìíåíèé è ñî âðåìåíåì äîñòèãíóòûé êîíñåíñóñ ÿâëÿ-

åòñÿ âàæíûì ïðåäìåòîì èññëåäîâàíèé, âåäü çíàíèå ïðèíöèïîâ äîñòèæåíèÿ

êîíñåíñóñà ïîçâîëÿåò âëèÿòü íà ðåçóëüòàò, íàïðèìåð, âëîæåíèåì ðåñóðñîâ

â ðåêëàìó.

Îáçîð ëèòåðàòóðû

Ïåðâàÿ ðàáîòà î äèíàìèêå ìíåíèé èññëåäîâàëà âîïðîñ î äîñòèæèìî-

ñòè êîíñåíñóñà. Â ðàáîòå Äå Ãðîòà [1] ïðåäñòàâëåíà ìîäåëü äèíàìèêè, ãäå

êàæäûé ó÷àñòíèê ìåíÿåò ñâîå ìíåíèå, âçâåøèâàÿ ìíåíèÿ êàæäîãî ñâÿçàí-

íîãî ñ íèì àãåíòà ñåòè è ñâîå ñîáñòâåííîå. Ïîçäíåå ýòà ìîäåëü óñîâåðøåí-

ñòâîâàëàñü. Ñòîèò âûäåëèòü ñëåäóþùèå ìîäåðíèçàöèè:

� Ìîäåëü Ôðèåäêèíà-Äæîíñåíà [2], ãäå êàæäîìó àãåíòó áûë äîáàâëåí

ïàðàìåòð âîñïðèèì÷èâîñòè ê ÷óæîìó ìíåíèþ.

� Ìîäåëü Õåãñåëüìàííà-Êðàóçà [3], â êîòîðîé ïîÿâëÿåòñÿ ïîðîã äîâå-

ðèÿ, ó÷àñòíèêè ó÷èòûâàþò òîëüêî òåõ, ÷üè ìíåíèÿ îòëè÷àþòñÿ îò

ñîáñòâåííîãî íå áîëåå ÷åì íà ýòîò ïîðîã.

� Ìîäåëü ñ äâóìÿ öåíòðàìè âëèÿíèÿ [4, 5].

Ýòè ìîäåëè îïèñûâàþò ñàìî âçàèìîäåéñòâèå â ñåòè, íî íå èññëåäóþò âîç-

ìîæíîñòü âëèÿíèÿ íà íåå. Çà ïîñëåäíèå íåñêîëüêî ëåò áûëî ïðåäñòàâëåíî

ìíîæåñòâî ðàáîò ñ èññëåäîâàíèåì äèíàìèêè ìíåíèé êàê çàäà÷ óïðàâëåíèÿ

[6, 7, 8, 9, 10], ñ îäíèì öåíòðîì, ñïîñîáíûì âîçäåéñòâîâàòü íà íåêîòîðûõ

àãåíòîâ ñåòè, ñ öåëüþ äîñòèæåíèÿ îïðåäåëåííîãî ñðåäíåãî ìíåíèÿ â ñåòè.

Òàê æå èññëåäóþòñÿ òåîðåòèêî èãðîâûå ìîäåëè [6, 11] è òåîðåòèêî èãðîâûå

êîîïåðàöèîííûå ìîäåëè [12]. Èññëåäóåòñÿ è âîïðîñ ðàçáèåíèÿ óçëîâ, äëÿ

óïðîùåíèÿ èññëåäîâàíèÿ áîëüøèõ ñåòåé [13, 14].
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Ïîñòàíîâêà çàäà÷è

Îñíîâíîé çàäà÷åé íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñîçäàíèå àëãîðèòìà

÷èñëåííîãî ðåøåíèÿ çàäà÷è óïðàâëåíèÿ ìíåíèÿìè àãåíòîâ, ïðåäñòàâëåí-

íîé â [7] ñ èñïîëüçîâàíèåì ïîäõîäà ïðåîáðàçîâàíèÿ ñåòåâîé ñòðóêòóðû òà-

êîé ìîäåëè, êîòîðûé áûë ïðåäñòàâëåí â ñòàòüÿõ [15, 16] è â äèïëîìíîé

ðàáîòå [17]. Äëÿ ðåàëèçàöèè ýòîé öåëè áûë ïðåäëîæåí àëãîðèòì, è ðåøåíà

çàäà÷à ýêñïåðèìåíòàëüíîé ïðîâåðêè ýòàïîâ ðàáîòû ýòîãî àëãîðèòìà äëÿ

îïðåäåëåííûõ âèäîâ ãðàôîâ.
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Ãëàâà 1. Ìîäåëü

1.1 Îïèñàíèå ìîäåëè

Çà îñíîâó âçÿòà ìîäåëü, ïðåäëîæåííàÿ â [7]. Èññëåäóåòñÿ äèíàìèêà

ìíåíèé îáùåñòâà ñ äèñêðåòíûì áåñêîíå÷íûì âðåìåíåì. Îáùåñòâî ðàññìàò-

ðèâàåòñÿ êàê ïàðà (N, g), ãäå N � êîíå÷íîå ìíîæåñòâî àãåíòîâ îáùåñòâà,

è g � ãðàô, êîòîðûé îòðàæàåò ñîöèàëüíûå âçàèìîñâÿçè. Ãðàô g = (N,E)

îïðåäåëÿåòñÿ êàê N � ìíîæåñòâî âåðøèí, E � ìíîæåñòâî ðåáåð. Ñóùåñòâó-

åò íåçàâèñèìûé ÷ëåí îáùåñòâà, âëèÿþùèé íà ìíåíèå íåêîòîðûõ àãåíòîâ,

êîòîðîãî íàçûâàþò èãðîêîì. Äèíàìèêó ìíåíèé îïðåäåëÿþò óðàâíåíèÿ:

xi(t+ 1) = xi(t) + ai

(
xi(t) +

∑
j∈Si

xj(t)

|Si|+ 1
− xi(t)

)
+ ui(t), i ∈ N, (1)

ãäå xi(t) ∈ R1 � ìíåíèå àãåíòà i â ìîìåíò âðåìåíè t, ai ∈ R+ � êîýôôèöèåíò

âîñïðèèì÷èâîñòè ê ÷óæîìó ìíåíèþ êàæäîãî àãåíòà îáùåñòâà, Si = {j :

(i, j) ∈ E} � ìíîæåñòâî ñîñåäåé àãåíòà i â ãðàôå g, ui ∈ U ⊂ (−∞,∞) �

óïðàâëåíèå èãðîêà íà àãåíòà i.

Çàäà÷à èãðîêà ñîñòîèò â ïîääåðæàíèè ìíåíèÿ àãåíòîâ îáùåñòâà íà

çàäàííîì óðîâíå x, çàòðà÷èâàÿ ïðè ýòîì ìèíèìóì ðåñóðñîâ íà êîíòðîëü

ìíåíèåì. Äëÿ ýòîé çàäà÷è ôóíêöèîíàë îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

J(u) =
∞∑
t=0

δt
n∑

i=1

[
(xi(t)− x)2 + γu2i (t)

]
,

ãäå δ ∈ (0; 1) � êîýôôèöèåíò äèñêîíòèðîâàíèÿ, γ > 0 � öåíà åäèíèöû

êîíòðîëÿ.

Â âåêòîðíîì âèäå ýòè ôîðìóëû ïðåäñòàâèìû ñëåäóþùèì îáðàçîì:

x(t+ 1) = Ax(t) +Bu(t), (2)
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ãäå x(t) = (x1(t), x2(t), . . . , xn(t))
′ ∈ Rn, è

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . .

an1 an2 . . . ann

 , B =


b1

b2

. . .

bn

 ,

ãäå bi ∈ {0, 1} ∀i ∈ {1, 2, . . . , n} îïðåäåëÿåò àãåíòîâ, ïîäâåðæåííûõ âëèÿ-

íèþ èãðîêà è

aij =


1−

|Si|ai
|Si|+ 1

i = j,

ai

|Si|+ 1
j ∈ Si,

0 j /∈ {Si ∪ i}.

Ôóíêöèîíàë â âåêòîðíîì âèäå ïðåäñòàâèì ñëåäóþùèì îáðàçîì

J(u) =
∞∑
t=0

δt
[
x′(t)Qx(t) + qx(t) + nx2 + γu2(t)

]
, (3)

ãäå Q = In � åäèíè÷íàÿ ìàòðèöà ðàçìåðà n è q = (−2x,−2x, . . . ,−2x).

1.2 Ìîäåðíèçàöèÿ ìîäåëè

Â ñòàòüÿõ [15, 16] è äèïëîìíîé ðàáîòå [17] ìíîþ áûëà ïðåäëîæåíà

ìîäåðíèçàöèÿ ïðåäñòàâëåííîé âûøå ìîäåëè. Â íåé ðàññìîòðèì äèíàìèêó

ìíåíèé, îïðåäåëÿåìóþ óðàâíåíèÿìè 1, íî ó êàæäîãî àãåíòà â ôóíêöèîíàëå

áóäåò ó÷òåíà "öåííîñòü" ñëåäóþùèì îáðàçîì

J(u) =
∞∑
t=0

δt
n∑

i=1

[
qi(xi(t)− x)2 + γu2i (t)

]
,

ãäå qi ∈ R+ � öåííîñòü àãåíòà i. È â âåêòîðíîì âèäå äëÿ óðàâíåíèé 2

J(u) =
∞∑
t=0

δt

[
x′(t)Qx(t) + qx(t) +

n∑
i=1

qix
2 + γu2(t)

]
, (4)

7



ãäå q = (−2q1x,−2q2x, . . . ,−2qnx) è

Q =


q1 0 . . . 0

0 q2 . . . 0

. . . . . . . . . . . .

0 0 . . . qn

 .

Ãëàâà 2. Òåîðåòè÷åñêèå àñïåêòû èññëåäîâàíèÿ

Â ýòîé ãëàâå îïèñàíà èñïîëüçóåìàÿ òåîðèÿ. Ñíà÷àëà áóäóò îïèñàíû

óòâåðæäåíèÿ, êîòîðûå èñïîëüçóþòñÿ â ðàáîòå è áûëè ïîëó÷åíû èç èñòî÷íè-

êîâ, à çàòåì äîïîëíèòåëüíûå óòâåðæäåíèÿ, êîòîðûå áûëè ñôîðìóëèðîâàíû

â ðàìêàõ ðàáîòû íàä ïðîåêòîì.

2.1 Óòâåðæäåíèÿ, ïîëó÷åííûå èç èñòî÷íèêîâ

Â ýòîì ðàçäåëå îïèñàíû íåîáõîäèìûå äëÿ ýòîé ðàáîòû óòâåðæäåíèÿ,

êîòîðûå áûëè ïîëó÷åíû ìíîé è äðóãèìè àâòîðàìè ðàíåå.

2.1.1 Ðåøåíèå çàäà÷è óïðàâëåíèÿ äëÿ ìîäåëè äèíàìèêè ìíåíèé

áåç öåííîñòè

Â ñòàòüå [7] å¼ àâòîðàìè áûëî ïðåäëîæåíî ðåøåíèå çàäà÷è äëÿ áàçî-

âîé ìîäåëè ñ óïðàâëåíèåì â êëàññå ïîçèöèîííûõ ñòðàòåãèé.

Óòâåðæäåíèå 2.1. Îïòèìàëüíîå óïðàâëåíèå â çàäà÷å ìèíèìèçàöèè 3 ñ

äèíàìèêîé ñîñòîÿíèÿ 2 îïðåäåëÿåòñÿ óïðàâëåíèåì âèäà

u(t, x(t)) = cx(t) + c0,

c0 = −1

2
δkB(γ + δB′KB)−1,

c = −(γ + δB′KB)−1δB′KA,

è ðåøåíèåì ñèñòåìû óðàâíåíèé

K = Q+ γc′c+ δ(A+Bc)′K(A+Bc), (5)
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k = q + 2γcc0 + δk(A+Bc) + 2δc0B
′K(A+Bc), (6)

k0 = nx2 + γc20 + δc0kB + δc20(B)′KB + δk0. (7)

Â äîêàçàòåëüñòâå ýòîãî óòâåðæäåíèÿ ïðèìåíÿëñÿ ìåòîä äèíàìè÷åñêî-

ãî ïðîãðàììèðîâàíèÿ. Áûëè ñîñòàâëåíû óðàâíåíèÿ Áåëëìàíà, â ïðåäïîëî-

æåíèè îïðåäåëåííîãî âèäà óïðàâëåíèÿ.

2.1.2 Ýêâèâàëåíòíûå ïðåîáðàçîâàíèÿ äëÿ ìîäåëè äèíàìèêè ìíå-

íèé ñ öåííîñòüþ

Â ñòàòüÿõ [15, 16] è â äèïëîìíîé ðàáîòå [17], ìíîþ óæå áûëè ñôîð-

ìóëèðîâàíû íåêîòîðûå óòâåðæäåíèÿ, êîòîðûå ïîçâîëÿþò óìåíüøàòü ðàç-

ìåðíîñòü çàäà÷è óïðàâëåíèÿ äëÿ íåêîòîðûõ âèäîâ ãðàôîâ. Â ýòîì ðàçäåëå

ÿ îïèøó ïîëó÷åííûå ðàíåå ðåçóëüòàòû.

Äëÿ ýòîé ðàáîòû ÿ ðàññìîòðþ îäèí âèä ïðåîáðàçîâàíèÿ, îïèñàííûé

ìíîé ðàíåå. Äëÿ åãî îáîçíà÷åíèÿ òðåáóåòñÿ îïðåäåëåíèå ìîäåëåé ñîîòâåò-

ñòâóþùèõ äâóì âèäàì ãðàôîâ: ãðàô-çâåçäà è ãðàô "2 àãåíòà".

Ãðàô-çâåçäà õàðàêòåðèçóåòñÿ òåì, ÷òî âñå ñâÿçè â íåì èñõîäÿò èç

îäíîãî àãåíòà, áóäåì íàçûâàòü åãî öåíòð. Óïðàâëåíèå ïðîèçâîäèòñÿ òîëüêî

íà öåíòð. Èçîëèðîâàííûõ àãåíòîâ íåò. Ïðèìåð òàêîãî ãðàôà ïðåäñòàâëåí íà

ðèñ. 1. Íà ýòîì ãðàôå äèíàìèêà ìíåíèé áóäåò îïðåäåëÿòüñÿ óðàâíåíèÿìè:

x̃i(t+ 1) =


x̃1(t) + ã1

(∑n
j=1 x̃j(t)

n
− x̃1(t)

)
+ u(t), i = 1,

x̃i(t) + ãi

(
x̃i(t) + x̃1(t)

2
− x̃i(t)

)
, i ̸= 1.

(8)

Èëè â âåêòîðíîì âèäå

x̃(t+ 1) = Ãx̃(t) + B̃u(t),
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ãäå

Ã =


1− ã1(n−1)

n
ã1
n

ã1
n . . . ã1

n
ã2
2 1− ã2

2 0 . . . 0

. . . . . . . . . . . . . . .
ãn
2 0 0 . . . 1− ãn

2

 , B =


1

0

. . .

0

 .

Ðèñ. 1: Èçîáðàæåíèå ãðàôà-çâåçäû ïðè n = 8

Ãðàô "2 àãåíòà" ÿâëÿåòñÿ äâóìÿ ñâÿçàííûìè âåðøèíàìè. Óïðàâëåíèå

ïðîèçâîäèòñÿ íà îäíó èç âåðøèí, êàê èçîáðàæåíî íà ðèñ. 2. Äèíàìèêà

ìíåíèé íà ãðàôå îïðåäåëÿåòñÿ óðàâíåíèÿìè:

x̂i(t+ 1) =


x̂1(t) + â1

(
x̂1(t) + x̂2(t)

2
− x̂1(t)

)
+ u(t), i = 1,

x̂2(t) + â2

(
x̂1(t) + x̂2(t)

2
− x̂2(t)

)
, i = 2.

(9)

Èëè â âåêòîðíîì âèäå

x̂(t+ 1) = Âx̂(t) + B̂u(t),

ãäå

Ã =

(
1− â1

2
â1
2

â2
2 1− â2

2

)
, B =

(
1

0

)
.
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Â ðàáîòàõ [15, 17] ìíîé áûëè ñôîðìóëèðîâàíû è äîêàçàíû ñëåäóþùèå

Ðèñ. 2: Èçîáðàæåíèå ãðàôà "2 àãåíòà"

óòâåðæäåíèÿ.

Óòâåðæäåíèå 2.2. Äëÿ ìîäåëè äèíàìèêè, îïðåäåëÿåìîé óðàâíåíèÿìè 8,

ïðè ã2 = ã3 = . . . = ãn è x̃2(0) = x̃3(0) = . . . = x̃n(0) è ìîäåëè, çàäàâàåìîé

óðàâíåíèÿìè 9, ïðè îäèíàêîâîì óïðàâëåíèè è ïðè ñîîòíîøåíèè êîíñòàíò

â2 = ã2, â1 = ã1
2(n−1)

n è x̂1(0) = x̃1(0), x̂2(0) = x̃2(0) áóäóò âûïîëíÿòñÿ

ðàâåíñòâà:

x̂1(t) = x̃1(t), x̂2(t) = x̃2(t) = x̃3(t) = · · · = x̃n(t) ∀t.

Ðèñ. 3: Èëëþñòðàöèÿ ïðåîáðàçîâàíèÿ èç óòâåðæäåíèÿ 2.2.

Óòâåðæäåíèå 2.3. Ïðè óñëîâèÿõ, îïèñàííûõ â Óòâåðæäåíèè 2.2, çàäà÷è,

îïðåäåëÿåìûå ôóíêöèîíàëàìè

J̃(u) =
∞∑
t=0

δt
n∑

i=1

[
q̃i(x̃i(t)− x)2 + γu2i (t)

]
,

Ĵ(u) =
∞∑
t=0

δt
2∑

i=1

[
q̂i(x̂i(t)− x)2 + γu2i (t)

]
,

11



äëÿ ìîäåëåé, îïðåäåëÿåìûõ ãðàôîì-çâåçäîé è ãðàôîì "2 àãåíòà" ñîîòâåò-

ñòâåííî, ÿâëÿþòñÿ ýêâèâàëåíòíûìè ïðè q̂1 = q̃1, q̂2 =
∑n

i=2 q̃i.

2.2 Óòâåðæäåíèÿ, ïîëó÷åííûå äëÿ èññëåäîâàíèÿ

Â ýòîì ðàçäåëå îïèñàíû íîâûå óòâåðæäåíèÿ, êîòîðûå áûëè ïîëó÷åíû

ñïåöèàëüíî äëÿ ýòîé ðàáîòû.

2.2.1 Ðåøåíèå çàäà÷è óïðàâëåíèÿ äëÿ ìîäåëè äèíàìèêè ìíåíèé

ñ öåííîñòüþ

Â ýòîì ðàçäåëå ïî àíàëîãèè ñ äîêàçàòåëüñòâîì èç [7] áóäåò ïîëó÷åíà

ñèñòåìà óðàâíåíèé, êîòîðóþ òðåáóåòñÿ ðåøèòü äëÿ íàõîæäåíèÿ ðåøåíèÿ â

êëàññå ïîçèöèîííûõ ñòðàòåãèé çàäà÷è ìîäåðíèçèðîâàííîé ìîäåëè, îïðåäå-

ëÿåìîé ñèñòåìîé 2 è ôóíêöèîíàëîì 4.

Èñïîëüçóåòñÿ ìåòîä äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ. Óðàâíåíèå Áåëë-

ìàíà äëÿ çàäà÷è ìèíèìèçàöèè èìååò âèä:

V (t, x) = min
u(t)∈U

[x′(t)Qx(t) + qx(t) + qsx
2 + γu2(t) + δV (t+ 1, x(t+ 1))]

(10)

ãäå qs =
∑n

i=1 qi. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ Áåëëìàíà, ñâÿçàííàÿ ñ çà-

äà÷åé ìèíèìèçàöèè 4, îïðåäåëÿåòñÿ êàê

V (t, x(t)) = x′(t)Kx(t) + kx(t) + k0, (11)

ãäå

K =


k11, k12, . . . k1n

k21, k22, . . . k2n

. . . . . . . . . . . .

kn1, kn2, . . . knn

 , k = (k1, k2, . . . , kn),

ïðè ýòîì kij = kji, i ̸= j. Òàêæå ïðåäïîëàãàåòñÿ, ÷òî èñïîëüçóåòñÿ ïîçèöè-
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îííîå óïðàâëåíèå âèäà

u(t, x(t)) = cx(t) + c0, (12)

ãäå c = (c1, c2, . . . , cn) ∈ Rn, c0 ∈ R1.

Ïîäñòàâèì ñíà÷àëà 11 â 10, à çàòåì ïîäñòàâèì 2, ïîëó÷èì

V (t, x) = min
u(t)∈U

[x′(t)Qx(t) + qx(t) + qsx
2 + γu2(t)+

+δx′(t+ 1)Kx(t+ 1) + δkx(t+ 1) + δk0] =

= min
u(t)∈U

[x′(t)Qx(t) + qx(t) + qsx
2 + γu2(t)+

+δ(Ax(t) +Bu(t))′K(Ax(t) +Bu(t)) + δk(Ax(t) +Bu(t)) + δk0]. (13)

Íàéäåì ìèíèìóì â ïðàâîé ÷àñòè, ïîëó÷èì óðàâíåíèå

2γu(t) + 2δB′KBu(t) + δkB + δB′KAx(t) + δ(Ax(t))′KBu(t) = 0.

Òàê êàê K ′ = K, òî B′KAx(t) = ((Ax(t))′KB)′. È òàê êàê B′KAx(t) ýòî

÷èñëî, òî B′KAx(t) = (Ax(t))′KB. À çíà÷èò

u∗(t) = −(γ + δB′KB)−1δ

[
1

2
kB +B′KAx(t)

]
.

Ñîîòâåòñòâåííî

c0 = −1

2
δkB(γ + δB′KB)−1, (14)

c = −(γ + δB′KB)−1δB′KA. (15)

×òîáû íàéòè çíà÷åíèÿ K è k ïîäñòàâèì u∗(t) â 13, ïîëó÷èì

x′(t)Kx(t) + kx(t) + k0 = x′(t)Qx(t) + qx(t) + qsx
2 + γ(cx(t) + c0)

2+

+δ[(A+Bc)x(t) +Bc0]
′K[(A+Bc)x(t) +Bc0]+

+δk[(A+Bc)x(t) +Bc0] + δk0.

Òîãäà çíà÷åíèÿ K, k è k0 ìîãóò áûòü íàéäåíû êàê ðåøåíèå ñëåäóþùåé
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ñèñòåìû

K = Q+ γc′c+ δ(A+Bc)′K(A+Bc), (16)

k = q + 2γcc0 + δk(A+Bc) + 2δc0B
′K(A+Bc), (17)

k0 = qsx
2 + γc20 + δc0kB + δc20(B)′KB + δk0. (18)

Óòâåðæäåíèå 2.4. Îïòèìàëüíîå óïðàâëåíèå â çàäà÷å ìèíèìèçàöèè 4 ñ

äèíàìèêîé ñîñòîÿíèÿ 2 îïðåäåëÿåòñÿ ñèñòåìîé 12, 14, 15 è ðåøåíèåì

ñèñòåìû óðàâíåíèé 16, 17, 18.

2.2.2 Ýêâèâàëåíòíûå ïðåîáðàçîâàíèÿ äëÿ ðàçëè÷íûõ íà÷àëüíûõ

ñîñòîÿíèé

Â ýòîì ðàçäåëå óòî÷íÿåòñÿ óòâåðæäåíèå 2.3 äëÿ îïðåäåëåííîãî âèäà

ãðàôîâ, è ñ âèäîì óïðàâëåíèÿ, îïèñàííîãî â óòâåðæäåíèè 2.4. Ñëåäñòâèå

ÿâëÿåòñÿ àíàëîãîì óòâåðæäåíèÿ 2.3, ñ âîçìîæíîñòüþ èñïîëüçîâàíèÿ ïðè

ðàçëè÷íûõ íà÷àëüíûõ ñîñòîÿíèÿõ.

Ñëåäñòâèå 2.1. Ðàññìîòðèì ìîäåëè äèíàìèêè ìíåíèé, îïðåäåëÿåìîé óðàâ-

íåíèÿìè 8, ïðè ã2 = ã3 = . . . = ãn è ìîäåëü, çàäàâàåìóþ óðàâíåíèÿìè

9. Ïðè îäèíàêîâîì óïðàâëåíèè è ïðè ñîîòíîøåíèè êîíñòàíò â2 = ã2,

â1 = ã1
2(n−1)

n ðåøåíèå çàäà÷, îïðåäåëÿåìûõ ôóíêöèîíàëàìè

J̃(u) =
∞∑
t=0

δt
n∑

i=1

[
(x̃i(t)− x)2 + γu2i (t)

]
,

Ĵ(u) =
∞∑
t=0

δt
2∑

i=1

[
q̂i(x̂i(t)− x)2 + γu2i (t)

]
,

äëÿ ìîäåëåé, îïðåäåëÿåìûõ ãðàôîì-çâåçäîé è ãðàôîì "2 àãåíòà" ñîîòâåò-

ñòâåííî, ýêâèâàëåíòíû, ïðè ñîîòíîøåíèè q̂1 = 1, q̂2 = n− 1, â ïðåäïîëî-

æåíèè, ÷òî óïðàâëåíèå èìååò âèä

u(t, x(t)) = cx(t) + c0. (19)
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Ïðè ýòîì óïðàâëåíèÿ ðàâíû, êîãäà çíà÷åíèÿ c è c0ñîîòíîñÿòñÿ ñëåäóþ-

ùèì îáðàçîì c̃0 = ĉ0, c̃1 = ĉ1, ĉ2 =
∑n

i=2 c̃i

Äîêàçàòåëüñòâî. Íàõîæäåíèå çíà÷åíèé c0, c â ïðåäïîëîæåíèè âèäà óïðàâ-

ëåíèÿ 19 íå çàâèñèò îò x(t). Ñëåäîâàòåëüíî ìîäåëü, ñîîòâåòñòâóþùóþ ãðàôó-

çâåçäå ñ ðàçíûìè íà÷àëüíûìè ñîñòîÿíèÿìè, äëÿ ïîèñêà çíà÷åíèé c0, c ìîæ-

íî ñâåñòè ê ìîäåëè, ñîîòâåòñòâóþùåé ãðàôó-çâåçäå ñ îäèíàêîâûìè íà÷àëü-

íûìè ñîñòîÿíèÿìè, áåç èçìåíåíèé ýòèõ çíà÷åíèé. Ê ìîäåëè òàêîãî âèäà

ïðèìåíèìû óòâåðæäåíèÿ 2.2, 2.3, ÷òî ïîçâîëÿåò ãîâîðèòü î ðàâåíñòâå ñî-

ñòîÿíèé äëÿ íåöåíòðàëüíûõ àãåíòîâ x̂2(t) = x̃i(t) ∀i ∈ 2, 3, . . . , n ∀t. Ïðè

ðàâåíñòâå ýòèõ ñîñòîÿíèé ĉx(t)+ ĉ0 = c̃x(t)+ c̃0 òîëüêî åñëè c̃0 = ĉ0, c̃1 = ĉ1,

ĉ2 =
∑n

i=2 c̃i

2.2.3 Ñîîòíîøåíèå ðåøåíèé K, k, k0, c, c0

Äëÿ äàëüíåéøåé ðàáîòû ñ ïðåîáðàçîâàíèåì ìîäåëåé òðåáóåòñÿ íå

òîëüêî ñîîòíîøåíèå çíà÷åíèé c è c0, êîòîðîå áûëî ïîêàçàíî â ïðåäûäó-

ùåì ðàçäåëå, íî è ñîîòíîøåíèÿ ñîîòâåòñòâóþùèõ çíà÷åíèé K, k, k0 ìåæäó

ìîäåëÿìè.

Óòâåðæäåíèå 2.5. Åñëè äëÿ ìîäåëè, ñîîòâåòñòâóþùåé ãðàôó "2-àãåíòà"

ñ åäèíè÷íûìè âåñàìè, ñóùåñòâóåò ðåøåíèå

K =

(
k11 k12

k12 k22

)
, k =

(
k1

k2

)
, c =

(
c1

c2

)
, k0, c0

òî äëÿ ìîäåëè, ñîîòâåòñòâóþùåé ãðàô-çâåçäå, ïðè ñîîòíîøåíèè ïàðà-
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ìåòðîâ, îïèñàííîì â óòâåðæäåíèÿõ 2.2, 2.3, çíà÷åíèÿ

K̃ =



k11 k12
1

n−1 k12
1

n−1 . . . k12
1

n−1

k12
1

n−1 k22
1

(n−1)2 k22
1

(n−1)2 . . . k22
1

(n−1)2

k12
1

n−1 k22
1

(n−1)2 k22
1

(n−1)2 . . . k22
1

(n−1)2

. . . . . . . . . . . . . . .

k12
1

n−1 k22
1

(n−1)2 k22
1

(n−1)2 . . . k22
1

(n−1)2


, k̃ =


k1

k2
1

n−1

. . .

k2
1

n−1


,

c̃ =


c1

c2
1

n−1

. . .

c2
1

n−1


, k̃0 = k0, c̃0 = c0

òàêæå áóäóò ÿâëÿòüñÿ ðåøåíèÿìè ñèñòåìû, çà èñêëþ÷åíèåì óðàâíåíèé

îïðåäåëÿþùèõ kii ∀i ∈ 2, 3, . . . , n.

Äîêàçàòåëüñòâî. Ñîîòíîøåíèå çíà÷åíèé c è c0 äëÿ ðàçíûõ ìîäåëåé áûëî

óæå äîêàçàíî âûøå. Äàëåå áóäåò ïîêàçàíî, ÷òî åñëè K, k, k0 ÿâëÿåòñÿ

ðåøåíèåì, òî è K̃, k̃, k̃0 ÿâëÿåòñÿ ðåøåíèåì ñîîòâåòñòâóþùåé çàäà÷è, çà

èñêäþ÷åíèåì óðàâíåíèé, îïðåäåëÿþùèõ kii ∀i ∈ 2, 3, . . . , n.

Ðàñïèøåì ñèñòåìó äëÿ ìîäåëè, ñîîòâåòñòâóþùåé ãðàôó-çâåçäå.

K̃ = Q̃+ γc̃′c̃+ δ(Ã+ B̃c̃)′K(Ã+ B̃c̃), (20)

k̃ = q̃ + 2γc̃c̃0 + δk̃(Ã+ B̃c̃) + 2δc̃0B̃
′K̃(Ã+ B̃c̃), (21)

k̃0 = nx2 + γc̃20 + δc̃0k̃B̃ + δc̃20B̃
′K̃B̃ + δk̃0. (22)

Ñíà÷àëà ïðîâåðèì, ÷òî ïðè òàêèõ ñîîòíîøåíèÿõ K, k, k0 áóäóò âûïîëíÿòü-

ñÿ ñîîòíîøåíèÿ c, c0. Ñíà÷àëà ðàñïèøåì c0.

c̃0 = − δk̃1

2(γ + δk̃11)
= − δk1

2(γ + δk11)
= c0
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Ðàñïèøåì ïîäðîáíåå c. Íà÷íåì ñ c1.

c̃1 = −
δ
(
ã11k̃11 +

∑n
j=2 ãj1k̃1j

)
γ + δk̃11

= −
δ
(
â11k11 +

∑n
j=2 â21

k12
n−1

)
γ + δk11

=

= −δ (â11k11 + â21k12)

γ + δk11
= c1

Çàòåì ci i ̸= 1

c̃i = −
δ
(
ã1ik̃11 + ãiik̃1i

)
γ + δk̃11

= −
δ
(
k11

â12
n−1 + â22

k12
n−1

)
γ + δk11

=
ci

n− 1

Ñîîòíîøåíèå ïîäòâåðæäåíî. Ðàñïèøåì ïîäðîáíåå 22.

k̃0 = nx2 + γc̃20 + δc̃0k̃1 + δc̃20k̃11 + δk̃0 =

= 2x2 + γc20 + δc0k1 + δc20k11 + δk0 = k0.

Ðàñïèøåì 21 ñíà÷àëà äëÿ ïåðâîãî ýëåìåíòà âåêòîðà

k̃1 = −2x+ 2γc̃1c̃0 + δ(k̃1(ã11 + c̃1) + k̃2ã21 + · · ·+ k̃nãn1)+

+2δc̃0(k̃11(ã11 + c̃1) + k̃12ã21 + · · ·+ k̃1nãn1) =

= −2x+ 2γc1c0 + δ(k1(1−
(n− 1)ã1

n
+ c1) +

n∑
i=2

k2
ãi

(n− 1)2
)+

+2δc0(k11(1−
(n− 1)ã1

n
+ c1) +

n∑
i=2

k12
ãi

(n− 1)2
) =

= −2x+ 2γc1c0 + δ(k1(1−
â1
2
+ c1) + k2

â2
2

n∑
i=2

1

(n− 1)
+

+2δc0(k11(1−
â1
2
+ c1) + k12

â2
2

n∑
i=2

1

(n− 1)
) =

= −2x+ 2γc1c0 + δ(k1(â11 + c1) + k2â21)+

+2δc0(k11(â11 + c1) + k12â21) = k1.
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Çàòåì äëÿ i-ãî ýëåìåíòà ∀i ∈ {2, 3, . . . , n}

k̃i = −2x+ 2γc̃ic̃0 + δ(k̃1(ã1i + c̃i) + k̃2ã2i + · · ·+ k̃nãni)+

+2δc̃0(k̃11(ã1i + c̃i) + k̃12ã2i + · · ·+ k̃1nãni) =

= −2x(n− 1)
1

n− 1
+ 2γ

1

n− 1
c2c0 + δ(k1(

ã1
n

+
1

n− 1
c2)+

+k2
1

n− 1
(1− ãi

2
)) + 2δc0(k11(

ã1
n

+
1

n− 1
c2) + k12

1

n− 1
(1− ãi

2
)) =

= −2x(n− 1)
1

n− 1
+ 2γ

1

n− 1
c2c0 + δ(k1(

â1
2

1

n− 1
+

1

n− 1
c2)+

+k2
1

n− 1
(1− âi

2
)) + 2δc0(k11(

ã1
n

+
1

n− 1
c2) + k12

1

n− 1
(1− âi

2
)) =

1

n− 1
ki.

È ïîäðîáíåå ðàññìîòðèì 20. áóäåò ðàññìîòðåíî 3 âèäà âûðàæåíèé. Ñíà÷àëà

ýëåìåíò k11

k̃11 = 1 + γc̃21 + δ(ã11 + c̃1)

(
(ã11 + c̃1)k̃11 +

n∑
j=2

ãj1k̃1j

)
+

+δ
n∑

i=2

(
ã11(ã11 + c̃1)k̃1i +

n∑
j=2

ãj1k̃ij

)
=

= 1 + γc21 + δ(1− (n− 1)ã1
n

+ c̃1)

(
(1− (n− 1)ã1

n
+ c1)k11 +

k12
n− 1

n∑
j=2

ãj
2

)
+

+δ

n∑
i=2

(
(1− (n− 1)ã1

n
)(1− (n− 1)ã1

n
+ c̃1)

k12
n− 1

+
n∑

j=2

ãj
2
k̃ij

)
=

= 1 + γc21 + δ(1− â1
2
+ c̃1)

(
(1− â1

2
+ c1)k11 +

k12
n− 1

â2

n∑
j=2

1

2
+

)

+δ

n∑
i=2

(
(1− â1

2
)(1− â1

2
+ c̃1)

k12
n− 1

+
â2
2

n∑
j=2

k̃ij

)
=

= 1 + γc21 + δ(â11 + c1) ((â11 + c1)k11 + â21k12)+

+δ (â11(â11 + c1)k12 + â21k22) = k11.

Ïîòîì ýëåìåíòû k1i, ki1 ∀i ∈ {2, 3, . . . , n}. Îáðàòèì âíèìàíèå, ÷òî âñå ìàò-

ðèöû â âûðàæåíèè, âêëþ÷àÿ ñàìó ìàòðèöó K, ÿâëÿþòñÿ ñèììåòðè÷íûìè,
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ïîýòîìó íå óìàëÿÿ îáùíîñòè áóäåì ðàññìàòðèâàòü òîëüêî k1i

k̃1i = 0 + γc̃1c̃i + δ(c̃i + ã1i)

(
(ã11 + c̃1)k11 +

n∑
j=2

ãj1k̃j1

)
+

+δã11

(
(ã11 + c̃1)k1i +

n∑
j=2

ãjik̃ji

)
=

= γ
c1c2
n− 1

+ δ

(
c2

n− 1
+

ã1
n

)(
k11(c1 + 1− ã1(n− 1)

n
) +

â2
2(n− 1)

n∑
j=2

k12

)
+

+δ(1− â2
2
)

(
k12

n− 1
(c1 + 1− ã1(n− 1)

n
) + k12

â2
2(n− 1)

)
=

= γ
c1c2
n− 1

+ δ

(
c2

n− 1
+

â1
2(n− 1)

)(
k11(c1 + 1− â1

2
) +

â2
2
k12

)
+

+δ(1− â2
2
)

(
k12

n− 1
(c1 + 1− â1

2
) + k12

â2
2(n− 1)

)
=

=
1

n− 1

(
γc1c2 + δ(ci + â12) ((â11 + c1)k11 + â21k21)+

+δâ11

(
(â11 + c1)k12 + ã22k̃22

) )
=

k12
n− 1

.

Ïîòîì ýëåìåíòû kij i ̸= j, êîòîðûå íå ïîäõîäÿò ïîä ïðåäûäóùèå ñëó÷àè.

kij = 0 + γc̃ic̃j + δ(ã1j + c̃j)((ã1i + c̃i)k̃11 + ãiik̃i1)+

+δãjj((ã1i + c̃i)k̃1j + ãiik̃ij) =

= γ
c2c2

(n− 1)2
+

+δ

(
ã1
n

+
c2

n− 1

)(
(
ã1
n

+
c2

n− 1
)k11 + ((1− â2

2
)
k12

n− 1
)

)
+

+δ(1− â

2
)

(
(
ã1
n

+
c2

n− 1
)
k12

n− 1
+ ((1− â2

2
)

k22
(n− 1)2

)

)
=
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= γ
c22

(n− 1)2
+

+δ

(
â1

2(n− 1)
+

c2
n− 1

)(
(

â1
2(n− 1)

+
c2

n− 1
)k11 + ((1− â2

2
)
k12

n− 1
)

)
+

+δ(1− â2
2
)

(
(

â1
2(n− 1)

+
c2

n− 1
)
k12

n− 1
+ ((1− â2

2
)

k22
(n− 1)2

)

)
=

=
1

(n− 1)2
(
γc22 + δ(â12 + c2)((â12 + c2)k11 + â22k12)+

+δâ22((â12 + c2)k12 + â22k22)
)
=

k22
(n− 1)2

Äîêàçàíî, ÷òî âñå ñîîòíîøåíèÿ óäîâëåòâîðÿþò çàÿâëåííûì óðàâíåíèÿì.

Ãëàâà 3. Àëãîðèòì ïðåîáðàçîâàíèÿ ñåòåâîé ñòðóêòóðû

1. Ïðåîáðàçîâàòü ìîäåëü ê âèäó, ê êîòîðîìó ìîæíî ïðèìåíèòü ìåòîä

óìåíüøåíèÿ ðàçìåðíîñòè ãðàôà.

2. Ïðèìåíèòü ýêâèâàëåíòíîå ïðåîáðàçîâàíèå ê ãðàôó ìåíüøåé ðàçìåð-

íîñòè, ñëåäóÿ óòâåðæäåíèÿì 2.2, 2.3.

3. Íà ïîëó÷èâøåìñÿ ãðàôå íàõîäèòü ðåøåíèå ñèñòåìû, îïèñàííîé â óòâåð-

æäåíèè 2.4 ñèìâîëüíûìè ìåòîäàìè (Mathematica). Ñðåäè êîðíåé âû-

áðàòü òîò, ãäå ìàòðèöà K ïîëîæèòåëüíî îïðåäåëåííàÿ.

4. Âçÿâ äëÿ íà÷àëüíîé òî÷êè ðåøåíèå, ïîëó÷åííîå â ïóíêòå 3, ïðîâåñòè

÷èñëåííîå ðåøåíèå òîé æå ñèñòåìû (Python).

5. ×èñëåííî ïîëó÷èòü ðåøåíèå ýêâèâàëåíòíîé çàäà÷è áîëüøåé ðàçìåð-

íîñòè, èñïîëüçóÿ óòâåðæäåíèå 2.5 è ñëåäñòâèå 2.1 (Python).

6. Âçÿâ äëÿ íà÷àëüíîé òî÷êè ðåøåíèå, ïîëó÷åííîå â 5 ïóíêòå àëãîðèò-

ìà, ïðîâåñòè ÷èñëåííîå ðåøåíèå ñèñòåìû, îïèñàííîé â óòâåðæäåíèè

2.1, ñîîòâåòñòâóþùåé ãðàôó, äî ïðåîáðàçîâàíèÿ â 1 ïóíêòå àëãîðèò-

ìà.
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Äàëüíåéøåå èññëåäîâàíèå íàïðàâëåíî íà ïîèñê ïðàâèëà, ïî êîòîðîìó

ìîæíî âûïîëíÿòü 1 ïóíêò àëãîðèòìà.

Ãëàâà 4. Ýêñïåðèìåíòàëüíàÿ ÷àñòü èññëåäîâàíèÿ

4.1 Ýêñïåðèìåíò �1 Ñîîòíîøåíèå ðåøåíèé K, k, k0

Â ýòîì ýêñïåðèìåíòå èññëåäóåòñÿ âîçìîæíîñòü ïðåîáðàçîâàíèÿ ðåøå-

íèÿ, ïîëó÷åííîãî ðåøåíèåì çàäà÷è, ñîîòâåòñòâóþùåé ãðàôó "2 àãåíòà" ê

ðåøåíèþ çàäà÷è, ñîîòâåòñòâóþùåé ãðàô-çâåçäå.

4.1.1 Öåëü ýêñïåðèìåíòà

Ïîêàçàòü, ÷òî, åñëè äëÿ ìîäåëè, ñîîòâåòñòâóþùåé ãðàôó "2-àãåíòà",

ñóùåñòâóåò ðåøåíèå

K =

(
k11 k12

k12 k22

)
, k =

(
k1

k2

)
, k0

òàêîå, ÷òî ìàòðèöàK ïîëîæèòåëüíî îïðåäåëåííàÿ, òî äëÿ ìîäåëè, ñîîòâåò-

ñòâóþùåé ãðàô-çâåçäå, ïðè ñîîòíîøåíèè ïàðàìåòðîâ, îïèñàííîì â óòâåð-

æäåíèÿõ 2.2 2.3 çíà÷åíèÿ

K̃ =



k11 k12
1

n−1 k12
1

n−1 . . . k12
1

n−1

k12
1

n−1 k22
1

(n−1)2 k22
1

(n−1)2 . . . k22
1

(n−1)2

k12
1

n−1 k22
1

(n−1)2 k22
1

(n−1)2 . . . k22
1

(n−1)2

. . . . . . . . . . . . . . .

k12
1

n−1 k22
1

(n−1)2 k22
1

(n−1)2 . . . k22
1

(n−1)2


, k̃ =


k1

k2
1

n−1

. . .

k2
1

n−1


, k̃0 = k0,

(23)

ìîãóò ÿâëÿòüñÿ íà÷àëüíûìè äëÿ èñïîëüçîâàíèÿ ÷èñëåííîãî ìåòîäà Íüþ-

òîíà. Ìåòîä áóäåò ñõîäèòñÿ è ïîëó÷åííàÿ ìàòðèöà K̃ áóäåò ïîëîæèòåëüíî

îïðåäåëåííîé. Ïîëó÷åííûå óïðàâëåíèÿ â ýòèõ äâóõ çàäà÷àõ ïðè ýòîì áóäóò

ðàâíû.
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4.1.2 Òåîðåòè÷åñêèå îáîñíîâàíèÿ

Â óòâåðæäåíèè 2.5 ïîêàçàíî, ÷òî ïðè òàêîì ñîîòíîøåíèè çíà÷åíèé

çíà÷èòåëüíàÿ ÷àñòü óðàâíåíèé âûïîëíÿåòñÿ, ÷òî ÿâëÿåòñÿ ïðåäïîñûëêîé

ê èñïîëüçîâàíèþ èìåííî òàêîãî ñîîòíîøåíèÿ â êà÷åñòâå íà÷àëüíîé òî÷êè

àëãîðèòìà.

Â ñëåäñòâèè 2.1 ïîêàçàíî, ÷òî äëÿ ðàâåíñòâà óïðàâëåíèé, êîòîðîå ñëå-

äóåò èç ïðåîáðàçîâàíèÿ ïî óòâåðæäåíèÿì 2.2, 2.3 òðåáóåòñÿ îïðåäåëåííîå

ñîîòíîøåíèå çíà÷åíèé c è c0, êîòîðîå è áóäåò èñïîëüçîâàíî â êà÷åñòâå ïðî-

âåðêè ðåçóëüòàòà ýêñïåðèìåíòà, ïîñêîëüêó ýòîò øàã àëãîðèòìà ïðåäïîëàãà-

åò, ÷òî ïîëó÷åííîå ðåøåíèå áîëüøåé çàäà÷è áóäåò ñîîòíîñèòñÿ ñ ðåøåíèåì

ìåíüøåé çàäà÷è.

4.1.3 Îïèñàíèå ýêñïåðèìåíòà

Äëÿ ïðîâåäåíèÿ ýêñïåðèìåíòà ãåíåðèðîâàëèñü ðàçëè÷íûå íàáîðû ïà-

ðàìåòðîâ äëÿ çàäà÷è. Áðàëèñü âñå çíà÷åíèÿ ïàðàìåòðîâ â çàäàííûõ ãðàíè-

öàõ ñ îïðåäåëåííûì ìàëûì øàãîì. Äëÿ êàæäîãî íàáîðà ïàðàìåòðîâ âû-

ïîëíÿëèñü ñëåäóþùèå øàãè.

� Ðåøèòü çàäà÷ó ñîîòâåòñòâóþùåé ãðàôó "2 àãåíòà".

� Ñîïîñòàâèòü ïàðàìåòðû çàäà÷è äëÿ ãðàô-çâåçäû â ñîîòíîøåíèè óêà-

çàííîì â óòâåðæäåíèè 2.2.

� Ïðèìåíèòü ìåòîä Íüþòîíà äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé, îïèñàí-

íûõ â óòâåðæäåíèè 2.4, ñîîòâåòñòâóþùåé ãðàô-çâåçäå, âûáðàâ íà-

÷àëüíóþ òî÷êó ïî ôîðìóëå 23.

� Îáðàáîòàòü ïîëó÷åííûå ðåøåíèÿ. Ïðîâåðèòü ïîëîæèòåëüíóþ îïðåäå-

ëåííîñòü ìàòðèö Ê. Ïðîâåðèòü êîððåêòíîñòü ñîîòíîøåíèÿ çíà÷åíèé

c0 è c.

4.1.4 Ðåàëèçàöèÿ ýêñïåðèìåíòà

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ çàäà÷è, ñîîòâåòñòâóþùåé ãðàôó "2 àãåíòà"

áûëè íàïèñàíû ïðîãðàììû íà Wolfram language Ïðèëîæåíèå 1 è íà Python
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Ïðèëîæåíèå 2. Ïðîãðàììà íà Wolfram language ðåøàåò ñèñòåìó óðàâíåíèé,

îïèñàííóþ â óòâåðæäåíèè 2.4 ñèìâîëüíûìè ìåòîäàìè, è ñðåäè ïîëó÷åííûõ

ðåøåíèé âûáèðàåò ðåøåíèå ñ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé K,

ïîëó÷åííûå ðåøåíèÿ çàïèñûâàþòñÿ â ôàéëû. Ïðîãðàììà íà Python ðåøàåò

÷èñëåííûì ìåòîäîì Íüþòîíà òó æå ñèñòåìó, íà÷èíàÿ ñ ïîëó÷åííîãî ïåðâîé

ïðîãðàììîé ðåøåíèÿ, äëÿ äîñòèæåíèÿ áîëüøåé òî÷íîñòè, è çàïèñûâàåò

ïîëó÷åííûé ðåçóëüòàò.

Äëÿ ðåøåíèÿ çàäà÷è, ñîîòâåòñòâóþùåé ãðàô-çâåçäå, ìåòîäîì Íüþòî-

íà íàïèñàí êîä íà Python Ïðèëîæåíèå 3, â íåì çà íà÷àëüíóþ òî÷êó äëÿ

àëãîðèòìà áåðåòñÿ ðåøåíèå èç ïðåäûäóùåé ïðîãðàììû, ïðåîáðàçîâàííîå

ïî ôîðìóëå 23.

×òîáû îáðàáîòàòü ïîëó÷åííûå ðåçóëüòàòû áûë íàïèñàí êîä íà Python

Ïðèëîæåíèå 4, â êîòîðîì ïðîâåðÿëèñü ïîëîæèòåëüíàÿ îïðåäåëåííîñòü ìàò-

ðèöû K, è êîððåêòíîñòü ñîîòíîøåíèé çíà÷åíèé c0 è c. Îòñëåæèâàëèñü íà-

ðóøåíèÿ ýòèõ óñëîâèé è ïîäñ÷èòûâàëîñü êîëè÷åñòâî íàðóøåíèé.

4.1.5 Ðåçóëüòàòû ýêñïåðèìåíòà

Â õîäå ðåàëèçàöèè ýêñïåðèìåíòà áûëî ñãåíåðèðîâàíî áîëåå 400000

êîìáèíàöèé ïàðàìåòðîâ äëÿ ðàçìåðíîñòåé ãðàôà-çâåçäû îò 3 âåðøèí äî 9.

Âñå ðåçóëüòàòû ýêñïåðèìåíòà ïîêàçàëè âîçìîæíîñòü èñïîëüçîâàíèÿ ïðåä-

ëîæåííîãî ïîäõîäà, ïîñêîëüêó âî âñåõ ñëó÷àÿõ âûïîëíÿëèñü îòñëåæèâà-

åìûå óñëîâèÿ. Çíà÷åíèÿ â ðåøàåìîé ñèñòåìå óðàâíåíèé ïðè ïîäñòàíîâêå

ïîëó÷åííûõ ðåøåíèé áëèçêè ê ðàâíûì è ïîëó÷åííàÿ ìàòðèöà K ïîëîæè-

òåëüíî îïðåäåëåííàÿ.

4.2 Ýêñïåðèìåíò �2 èçìåíåíèå ïàðàìåòðîâ íà ãðàôå

ìàëîãî ðàçìåðà

Â ýòîì ýêñïåðèìåíòå èññëåäóåòñÿ âîçìîæíîñòü ïðåîáðàçîâàíèÿ ðåøå-

íèÿ çàäà÷è, ñîîòâåòñòâóþùåé ãðàô-çâåçäå ñ îäèíàêîâûìè ïàðàìåòðàìè a â

íåöåíòðàëüíûõ àãåíòàõ, ê çàäà÷å, ñîîòâåòñòâóþùåé ãðàô-çâåçäå ñ ðàçëè÷-

íûìè ïàðàìåòðàìè a â ñëó÷àå òðåõ àãåíòîâ â ñåòè.

23



4.2.1 Öåëü ýêñïåðèìåíòà

Èññëåäîâàòü ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ a äëÿ ìîäåëè, ñîîòâåò-

ñòâóþùåé ãðàô-çâåçäå ñ òðåìÿ àãåíòàìè ñ íå ñîâïàäàþùèìè ïàðàìåòðàìè a

â íåöåíòðàëüíûõ àãåíòàõ, äîïóñòèìî èñïîëüçîâàíèå ðåøåíèÿK, k, k0 ñèñòå-

ìû óðàâíåíèé 5, 6, 7, ïîëó÷åííîãî ïðè ðåøåíèè çàäà÷è ñîîòâåòñòâóþùåé

ãðàô-çâåçäå ñ òðåìÿ àãåíòàìè ñ ñîâïàäàþùèìè ïàðàìåòðàìè a â íåöåí-

òðàëüíûõ àãåíòàõ.

4.2.2 Îïèñàíèå ýêñïåðèìåíòà

Äëÿ ïðîâåäåíèÿ ýêñïåðèìåíòà áûëè âçÿòû ðåçóëüòàòû 1 ýêñïåðèìåí-

òà. Ýòè ðåçóëüòàòû ÿâëÿþòñÿ íàáîðîì ðåøåíèé çàäà÷è, ñîîòâåòñòâóþùåé

ãðàô-çâåçäå ñ îäèíàêîâûìè ïàðàìåòðàìè â íåöåíòðàëüíûõ ýëåìåíòàõ, äëÿ

ðàçëè÷íûõ íàáîðîâ ïàðàìåòðîâ. Áûëè ñãåíåðèðîâàíû íàáîðû ïàðàìåòðîâ

a äëÿ íåöåíòðàëüíûõ ýëåìåíòîâ, ÿâëÿþùèåñÿ ïåðåáîðîì âñåõ íàáîðîâ çíà-

÷åíèé îò 0 äî 1 ñ îïðåäåëåííûì ìàëûì øàãîì. Êàæäîå ðåøåíèå èñïîëü-

çîâàëîñü êàê íà÷àëüíîå çíà÷åíèå äëÿ àëãîðèòìà Íüþòîíà äëÿ çàäà÷è, â

êîòîðîé áûëè èçìåíåíû òîëüêî ïàðàìåòðû íåöåíòðàëüíûõ ýëåìåíòîâ. Ïîä-

ñ÷èòûâàëèñü óñïåøíûå çàïóñêè àëãîðèòìà.

4.2.3 Ðåàëèçàöèÿ ýêñïåðèìåíòà

Äëÿ ðåàëèçàöèè ýêñïåðèìåíòà áûë íàïèñàí êîä íà Python Ïðèëî-

æåíèå 5. Ïðîãðàììà îáðàáàòûâàåò ïîëó÷åííûå â 1 ýêñïåðèìåíòå ðåøåíèÿ

äëÿ ãðàôîâ ñ 3-ìÿ âåðøèíàìè. Äëÿ äâóõ íåöåíòðàëüíûõ ýëåìåíòîâ ãåíå-

ðèðóþòñÿ ðàçëè÷íûå íàáîðû çíà÷åíèé ïàðàìåòðîâ ñ çàäàííûì ìàëûì øà-

ãîì. Îñòàëüíûå ïàðàìåòðû ñîõðàíÿþòñÿ. Êàæäîå ðåøåíèå èñïîëüçóåòñÿ

êàê íà÷àëüíîå çíà÷åíèå äëÿ àëãîðèòìà Íüþòîíà äëÿ èçìåíåííîé çàäà÷è.

Óñïåøíûå çàïóñêè ïîäñ÷èòûâàëèñü ïî ñëåäóþùèì êðèòåðèÿì: â ïîëó÷åí-

íîì ðåøåíèè ìàòðèöà K ïîëîæèòåëüíî îïðåäåëåííàÿ, ïðè ïîäñòàíîâêå â

óðàâíåíèÿ ïîëó÷åííîå ðåøåíèå, çíà÷åíèÿ áëèçêè ê ðàâíûì.
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4.2.4 Ðåçóëüòàòû ýêñïåðèìåíòà

Ýêñïåðèìåíò áûë ïðîâåäåí äëÿ áîëåå 60000 íàáîðîâ ðåøåíèé è 50

íàáîðîâ ïàðàìåòðîâ a. Â ðåçóëüòàòå ýêñïåðèìåíòà âñå íàáîðû ðåøåíèé ïî-

êàçàëè, ÷òî ðåçóëüòàòû ïîäõîäÿò â êà÷åñòâå íà÷àëüíîãî çíà÷åíèÿ äëÿ ìåòî-

äà Íüþòîíà äëÿ ëþáûõ íàáîðîâ ïàðàìåòðîâ a ïðè óñëîâèè, ÷òî ai ∈ (0, 1)

∀i ∈ 2, 3, . . . , n. Âñå ðåøåíèÿ ïîêàçàëè, ÷òî çíà÷åíèÿ â ðåøàåìîé ñèñòå-

ìå óðàâíåíèé ïðè ïîäñòàíîâêå ïîëó÷åííûõ ðåøåíèé áëèçêè ê ðàâíûì, è

ïîëó÷åííàÿ ìàòðèöà K ïîëîæèòåëüíî îïðåäåëåííàÿ. Òàêèì îáðàçîì â êà-

÷åñòâå ïåðâîãî äåéñòâèÿ àëãîðèòìà äîïóñòèìî ïðåîáðàçîâàòü ïàðàìåòðû â

íåöåíòðàëüíûõ ýëåìåíòàõ ê ëþáûì ïàðàìåòðàì â ðàìêàõ îãðàíè÷åíèÿ.

4.3 Ýêñïåðèìåíò �3 èçìåíåíèå ïàðàìåòðîâ íà ãðàôå

áîëüøåãî ðàçìåðà

Ïîñêîëüêó ñëó÷àé ñ äâóìÿ íåöåíòðàëüíûìè àãåíòàìè îãðàíè÷åí òåì,

÷òî â íåì íåâîçìîæíà ñèòóàöèÿ, ÷òî áîëüøèíñòâî àãåíòîâ çíà÷èòåëüíî îò-

ëè÷àåòñÿ îò ìåíüøèíñòâà, ïîýòîìó ýòîò ýêñïåðèìåíò ïîâòîðÿåò ýêñïåðè-

ìåíò 2, íî èññëåäóåòñÿ ãðàô ñ òðåìÿ íåöåíòðàëüíûìè àãåíòàìè.

4.3.1 Öåëü ýêñïåðèìåíòà

Èññëåäîâàòü ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ a äëÿ ìîäåëè, ñîîò-

âåòñòâóþùåé ãðàô-çâåçäå ñ ÷åòûðüìÿ àãåíòàìè ñ íå ñîâïàäàþùèìè ïàðà-

ìåòðàìè a â íåöåíòðàëüíûõ àãåíòàõ, äîïóñòèìî èñïîëüçîâàíèå ðåøåíèÿ

K, k, k0 ñèñòåìû óðàâíåíèé 5, 6, 7, ïîëó÷åííîãî ïðè ðåøåíèè çàäà÷è ñîîò-

âåòñòâóþùåé ãðàô-çâåçäå ñ ÷åòûðüìÿ àãåíòàìè ñ ñîâïàäàþùèìè ïàðàìåò-

ðàìè a â íåöåíòðàëüíûõ àãåíòàõ.

4.3.2 Îïèñàíèå ýêñïåðèìåíòà

4.3.3 Ðåàëèçàöèÿ ýêñïåðèìåíòà

Äëÿ ðåàëèçàöèè ýêñïåðèìåíòà áûë íàïèñàí êîä íà Python Ïðèëîæå-

íèå 6, êîòîðûé àíàëîãè÷åí êîäó èç 2 ýêñïåðèìåíòà, íî ãåíåðèðóåò çíà÷åíèÿ

óæå äëÿ
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4.3.4 Ðåçóëüòàòû ýêñïåðèìåíòà

Ýêñïåðèìåíò áûë ïðîâåäåí äëÿ áîëåå 60000 íàáîðîâ ðåøåíèé è 150

íàáîðîâ ïàðàìåòðîâ a. Â ðåçóëüòàòå ýêñïåðèìåíòà âñå íàáîðû ðåøåíèé ïî-

êàçàëè, ÷òî ðåçóëüòàòû ïîäõîäÿò â êà÷åñòâå íà÷àëüíîãî çíà÷åíèÿ äëÿ ìåòî-

äà Íüþòîíà äëÿ ëþáûõ íàáîðîâ ïàðàìåòðîâ a ïðè óñëîâèè, ÷òî ai ∈ (0, 1)

∀i ∈ 2, 3, . . . , n. Âñå ðåøåíèÿ ïîêàçàëè, ÷òî çíà÷åíèÿ â ðåøàåìîé ñèñòåìå

óðàâíåíèé ïðè ïîäñòàíîâêå ïîëó÷åííûõ ðåøåíèé áëèçêè ê ðàâíûì, è ïî-

ëó÷åííàÿ ìàòðèöà K ïîëîæèòåëüíî îïðåäåëåííàÿ. Ðåçóëüòàò àíàëîãè÷åí

ðåçóëüòàòó 2 ýêñïåðèìåíòà. Òàêèì îáðàçîì, â êà÷åñòâå ïåðâîãî äåéñòâèÿ

àëãîðèòìà, äîïóñòèìî ïðåîáðàçîâàòü ïàðàìåòðû â íåöåíòðàëüíûõ ýëåìåí-

òàõ ê ëþáûì ïàðàìåòðàì â ðàìêàõ îãðàíè÷åíèÿ.

Çàêëþ÷åíèå

Ïðåäëîæåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ ìîäåëè äèíàìèêè ìíåíèé

ñ óïðàâëåíèåì ñ èñïîëüçîâàíèåì ïîäõîäà ïðåîáðàçîâàíèÿ ñåòåâîé ñòðóêòó-

ðû. Ýêñïåðèìåíòàëüíî ïðîâåðåí àëãîðèòì äëÿ ìîäåëåé ñîîòâåòñòâóþùèõ

ãðàô-çâåçäàì.
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ÏÐÈËÎÆÅÍÈÅ �1

ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];ClearAll[Evaluate[Context[] <> �*�]];

tries = Import[�..\\Python\\2_agents_param\\List_of_Tries.txt�, �Table�];tries = Import[�..\\Python\\2_agents_param\\List_of_Tries.txt�, �Table�];tries = Import[�..\\Python\\2_agents_param\\List_of_Tries.txt�, �Table�];

Triesn = tries[[1]][[1]];Triesn = tries[[1]][[1]];Triesn = tries[[1]][[1]];

Triesdelta = tries[[2]][[1]];Triesdelta = tries[[2]][[1]];Triesdelta = tries[[2]][[1]];

Triesgamma = tries[[3]][[1]];Triesgamma = tries[[3]][[1]];Triesgamma = tries[[3]][[1]];

Triesxhat = tries[[4]][[1]];Triesxhat = tries[[4]][[1]];Triesxhat = tries[[4]][[1]];

Triesa = tries[[5]][[1]];Triesa = tries[[5]][[1]];Triesa = tries[[5]][[1]];

ag = 2;ag = 2;ag = 2;

B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];B:=PadRight[{1}, ag];

A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];A:=ToExpression[Import[�A_Mathematica\\A_2_agents.txt�, �Text�]];

Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];Q:=DiagonalMatrix[q0];

q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;q:=− 2 ∗ q0 ∗ xHat;

q0:={1, n− 1};q0:={1, n− 1};q0:={1, n− 1};q0:={1, n− 1};q0:={1, n− 1};q0:={1, n− 1};q0:={1, n− 1};q0:={1, n− 1};q0:={1, n− 1};

k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];k:=Table[ToExpression[k <> ToString[i]], {i, 1, ag}];

K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],K:=Table[If[i<=j,ToExpression[StringJoin[k,ToString[i],ToString[j]]],

ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];ToExpression[StringJoin[k,ToString[j],ToString[i]]]], {i, ag}, {j, ag}];

k0:=k0;k0:=k0;k0:=k0;k0:=k0;k0:=k0;k0:=k0;k0:=k0;k0:=k0;k0:=k0;

c0:=− (0.5 ∗ d ∗ k.B)/(gamma+ d ∗B.K.B);c0:=− (0.5 ∗ d ∗ k.B)/(gamma+ d ∗B.K.B);c0:=− (0.5 ∗ d ∗ k.B)/(gamma+ d ∗B.K.B);

c:=− d ∗B.K.A/(gamma+ d ∗B.K.B);c:=− d ∗B.K.A/(gamma+ d ∗B.K.B);c:=− d ∗B.K.A/(gamma+ d ∗B.K.B);

eq1:=k0− Total[q0] ∗ xHat∧2− gamma ∗ c0∧2− d ∗ k.B ∗ c0− d ∗ (B ∗ c0).K.B ∗ c0− d ∗ k0==0;eq1:=k0− Total[q0] ∗ xHat∧2− gamma ∗ c0∧2− d ∗ k.B ∗ c0− d ∗ (B ∗ c0).K.B ∗ c0− d ∗ k0==0;eq1:=k0− Total[q0] ∗ xHat∧2− gamma ∗ c0∧2− d ∗ k.B ∗ c0− d ∗ (B ∗ c0).K.B ∗ c0− d ∗ k0==0;

eq2:=K −Q− gamma ∗ c.c− d ∗ Transpose[A+B.c].K.(A+B.c)==0;eq2:=K −Q− gamma ∗ c.c− d ∗ Transpose[A+B.c].K.(A+B.c)==0;eq2:=K −Q− gamma ∗ c.c− d ∗ Transpose[A+B.c].K.(A+B.c)==0;

eq3:=k − q − 2 ∗ gamma ∗ c ∗ c0− d ∗ k.(A+B.c)− 2 ∗ d ∗ c0 ∗ Transpose[(A+B.c)].K.B==0;eq3:=k − q − 2 ∗ gamma ∗ c ∗ c0− d ∗ k.(A+B.c)− 2 ∗ d ∗ c0 ∗ Transpose[(A+B.c)].K.B==0;eq3:=k − q − 2 ∗ gamma ∗ c ∗ c0− d ∗ k.(A+B.c)− 2 ∗ d ∗ c0 ∗ Transpose[(A+B.c)].K.B==0;
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aaa === {{{0, 0};aaa === {{{0, 0};aaa === {{{0, 0};

For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,For[n = 3, n < Triesn, n++,

For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,For[xHat = −Triesxhat/10, xHat<=0, xHat+=1/10,

For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,For[d = 1/Triesdelta, d < 1, d+=1/Triesdelta,

For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,For[gamma = 1/10, gamma < Triesgamma/10, gamma+=1/10,

For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,For[a1 = 1/10, a1 < Triesa/10, a1+=1/10,

a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;a[[1]] = a1 ∗ 2 ∗ (n− 1)/n;

For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,For[a[[2]] = 1/10, a[[2]] < Triesa/10, a[[2]]+=1/10,

sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];sols = Solve[Join[eq1, eq2, eq3],Flatten[{k0,Flatten[k],Flatten[K]}]];

For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,For[i = 1, i < Length[sols], i++,

If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];If[PositiveDe�niteMatrixQ[K/.sols[[i]]],Kopt:=Evaluate[K/.sols[[i]]];

kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];kopt:=Evaluate[k/.sols[[i]]];

k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];k0opt:=Evaluate[k0/.sols[[i]]];

Break[];Break[];Break[];Break[];Break[];Break[];Break[];Break[];Break[];

];];];];];];];];];

];];];];];];];];];

�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,�lename = ToString[StringForm[� 1\\2ag_res̀1̀_̀2̀_̀3̀_̀4̀_̀5̀_̀6̀.txt�,

ToString[n],ToString[n],ToString[n],ToString[n],ToString[n],ToString[n],ToString[n],ToString[n],ToString[n],

ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],ToString@NumberForm[N [d], {In�nity, 1}],

ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],ToString@NumberForm[N [gamma], {In�nity, 1}],

ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],ToString@NumberForm[N [xHat], {In�nity, 1}],

ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],ToString@NumberForm[N [a1], {In�nity, 1}],
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ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];ToString@NumberForm[N [a[[2]]], {In�nity, 1}]]];

Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];Put[Kopt, kopt, k0opt, �lename];

]]]]]]]]]

]]]]]]]]]

]]]]]]]]]

]]]]]]]]]

]]]]]]]]]

]]]]]]]]]
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ÏÐÈËÎÆÅÍÈÅ �2

import numpy as np

import mul t i p ro c e s s i ng

from s c ipy . opt imize import f s o l v e

def f_so lve (N, Q, q , de l ta , gamma, x_hat , A, B, K_Math,

k_Math , k_0_Math , f i l ename ) :

def f_c_0(k , K) :

return =0.5 * de l t a * np . matmul (k , B) * (gamma +

de l t a * np . matmul (np . matmul (np . t ranspose (B) , K

) , B) ) ** =1

def f_c (K) :

return =de l t a * np . matmul (np . matmul (np . t ranspose (

B) , K) , A) / (

gamma + de l t a * np . matmul (np . matmul (np .

t ranspose (B) , K) , B) )

def f_K( c , K) :

return Q + gamma * np . matmul (np . t ranspose ( c ) , c )

+ de l t a * np . matmul (

np . matmul (np . t ranspose (A + np . matmul (B, c ) ) ,

K) , (A + np . matmul (B, c ) ) )

def f_k ( c , c_0 , k , K) :

return q + 2 * gamma * c * c_0 + de l t a * np .

matmul (k , (A + np . matmul (B, c ) ) ) + 2 * de l t a *

c_0 * np . matmul (

np . matmul (np . t ranspose (B) , K) , (A + np . matmul

(B, c ) ) )
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def f_k_0(c_0 , k , K, k_0) :

return N * x_hat ** 2 + gamma * c_0 ** 2 + de l t a

* c_0 * np . matmul (k , B) + de l t a * c_0 ** 2 *

np . matmul (

np . matmul (np . t ranspose (B) , K) ,

B) + de l t a * k_0

def F( a l l_ in ) :

v_K = al l_ in [ : 2 * 2 ] . reshape (2 , 2)

v_k = a l l_ in [ 2 * 2 :2 * 2 + 2 ]

v_k_0 = a l l_ in [ 2 * 2 + 2 ]

v_c_0 = f_c_0(v_k , v_K)

v_c = f_c (v_K)

diff_K = f_K(v_c , v_K) = v_K

di f f_k = f_k (v_c , v_c_0 , v_k , v_K) = v_k

diff_k_0 = f_k_0(v_c_0 , v_k , v_K, v_k_0) = v_k_0

a l l_ in = np . concatenate ( ( diff_K . f l a t t e n ( ) , d i f f_k

. f l a t t e n ( ) , diff_k_0 . f l a t t e n ( ) ) )

return a l l_ in

KKK = np . concatenate ( (K_Math. f l a t t e n ( ) , k_Math , [

k_0_Math ] ) )

s o l = f s o l v e (F , KKK)

res_K = so l [ : 2 * 2 ] . reshape (2 , 2)

res_k = s o l [ 2 * 2 :2 * 2 + 2 ]

res_k_0 = s o l [ 2 * 2 + 2 ]

res_c = f_c ( res_K)

res_c_0 = f_c_0( res_k , res_K)
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with open( "2_agents_sols \\" + f i l ename , 'w ' ) as f i l ew

:

print ( res_K , f i l e=f i l ew )

print ( i s_po s i t i v e_de f i n i t e ( res_K) , f i l e=f i l ew )

print ( res_c , f i l e=f i l ew )

print ( res_c_0 , f i l e=f i l ew )

print ( res_k , f i l e=f i l ew )

print ( res_k_0 , f i l e=f i l ew )

return s o l

def i s_po s i t i v e_de f i n i t e ( matrix ) :

e i genva lue s , _ = np . l i n a l g . e i g ( matrix )

return np . a l l ( e i g enva lu e s > 0)

def f l oat_range ( s ta r t , stop , s tep ) :

while s t a r t < stop :

y i e l d s t a r t

s t a r t += step

def reading_Kkk ( fi le_name ) :

with open( " . . \ \ f i les_Mathematica \\Exp_1\\" +

file_name ) as f i l e :

data_Math = f i l e . r e a d l i n e s ( )

data_K = ' '

for i in data_Math [ : = 2 ] :

data_K += i

data_K = data_K . r ep l a c e ( ' { ' , ' [ ' )

data_K = data_K . r ep l a c e ( ' } ' , ' ] ' )

K = np . array ( eval (data_K) )

k = np . array ( [ f loat (num) for num in data_Math
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[ =2 ] [ 1 : =2 ] . s p l i t ( " ,  " ) ] )

k_0 = f loat (data_Math [=1])

return K, k , k_0

i f __name__ == '__main__ ' :

with open( "2_agents_param\\ List_of_Tries . txt " , ' r ' )

as f i l e :

Tries_n = int ( f i l e . r e a d l i n e ( ) )

Tr ies_de l ta = int ( f i l e . r e a d l i n e ( ) )

Tries_gamma = int ( f i l e . r e a d l i n e ( ) )

Tries_x_hat = int ( f i l e . r e a d l i n e ( ) )

Tries_a = int ( f i l e . r e a d l i n e ( ) )

a = [ 0 , 0 ]

with open( ' 2_agents_param\\A_2_agents . txt ' , ' r ' ) as

f i l e :

a r ray_str ing = f i l e . r e a d l i n e ( )

B = np . z e r o s ( ( 2 , 1) )

B[ 0 , 0 ] = 1

datase t = [ ]

args_set = [ ]

args_set2 = [ ]

f i l e_count = 0

l a s t_ f i l e = ' '

for n in range (3 , Tries_n , 1) :

print ( f "{n} s t a r t  make datase t " )

q0 = np . array ( [ 1 . 0 , n = 1 . 0 ] )

Q = np . diag ( q0 )

for x_hat in f l oat_range (= Tries_x_hat / 10 , 0 +

1 / 10 , 1 / 10) :

q = =2 * q0 * x_hat

for de l t a in f l oat_range (0 + 1 / Tries_delta ,

1 , 1 / Tr ies_de l ta ) :
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for gamma in f l oat_range (0 + 1 / 10 ,

Tries_gamma / 10 , 1 / 10) :

for a0 in f l oat_range (0 + 1 / 10 ,

Tries_a / 10 , 1 / 10) :

a [ 0 ] = a0 * 2 * (n = 1) / n

for a [ 1 ] in f l oat_range (0 + 1 /

10 , Tries_a / 10 , 1 / 10) :

datase t . append ( [ n , de l ta ,

gamma, x_hat , a ] )

A = np . array (

[ [ 1 = 1 * a [ 0 ] / 2 , a [ 0 ]

/ 2 ] ,

[ a [ 1 ] / 2 , 1 = a [ 1 ] /

2 ] ] ) # np . array ( e va l

( array_str ing ) )

f i l ename = f "2ag_res{n}_{

round ( de l ta ,  1) }_{round (

gamma,  1) }_{round (x_hat ,  

1) }_{round ( a0 ,  1) }_{round (

a [ 1 ] ,  1) } . txt "

try :

K_Math, k_Math , k_0_Math

= reading_Kkk ( f i l ename

)

except :

continue

l a s t _ f i l e = f i l ename

f i l e_count += 1

args_set . append ( ( n , Q, q ,

de l ta , gamma, x_hat , A, B,

K_Math, k_Math , k_0_Math ,

f i l ename ) )

print ( " da ta s e t s  ready" )
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print ( f i l e_count , l a s t_ f i l e )

num_processes = mu l t i p ro c e s s i ng . cpu_count ( )

pool = mu l t i p ro c e s s i ng . Pool ( p r o c e s s e s=num_processes )

r e s u l t s = pool . starmap ( f_solve , args_set )

pool . c l o s e ( )

pool . j o i n ( )

37



ÏÐÈËÎÆÅÍÈÅ �3

import numpy as np

import mul t i p ro c e s s i ng

from s c ipy . opt imize import f s o l v e

def f_so lve (N, Q, q , de l ta , gamma, x_hat , A, B, K_Math,

k_Math , k_0_Math , f i l ename ) :

def f_c_0(k , K) :

return =0.5 * de l t a * np . matmul (k , B) * (gamma +

de l t a * np . matmul (np . matmul (np . t ranspose (B) , K

) , B) ) ** =1

def f_c (K) :

return =de l t a * np . matmul (np . matmul (np . t ranspose (

B) , K) , A) / (

gamma + de l t a * np . matmul (np . matmul (np .

t ranspose (B) , K) , B) )

def f_K( c , K) :

return Q + gamma * np . matmul (np . t ranspose ( c ) , c )

+ de l t a * np . matmul (

np . matmul (np . t ranspose (A + np . matmul (B, c ) ) ,

K) , (A + np . matmul (B, c ) ) )

def f_k ( c , c_0 , k , K) :

return q + 2 * gamma * c * c_0 + de l t a * np .

matmul (k , (A + np . matmul (B, c ) ) ) + 2 * de l t a *

c_0 * np . matmul (

np . matmul (np . t ranspose (B) , K) , (A + np . matmul

(B, c ) ) )
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def f_k_0(c_0 , k , K, k_0) :

return N * x_hat ** 2 + gamma * c_0 ** 2 + de l t a

* c_0 * np . matmul (k , B) + de l t a * c_0 ** 2 *

np . matmul (

np . matmul (np . t ranspose (B) , K) ,

B) + de l t a * k_0

def F( a l l_ in ) :

v_K = al l_ in [ :N * N] . reshape (N, N)

v_k = a l l_ in [N * N:N * N + N]

v_k_0 = a l l_ in [N * N + N]

v_c_0 = f_c_0(v_k , v_K)

v_c = f_c (v_K)

diff_K = f_K(v_c , v_K) = v_K

di f f_k = f_k (v_c , v_c_0 , v_k , v_K) = v_k

diff_k_0 = f_k_0(v_c_0 , v_k , v_K, v_k_0) = v_k_0

a l l_ in = np . concatenate ( ( diff_K . f l a t t e n ( ) , d i f f_k

. f l a t t e n ( ) , diff_k_0 . f l a t t e n ( ) ) )

return a l l_ in

KKK = np . concatenate ( (K_Math. f l a t t e n ( ) , k_Math , [

k_0_Math ] ) )

s o l = f s o l v e (F , KKK)

res_K = so l [ :N * N] . reshape (N, N)

res_k = s o l [N * N:N * N + N]

res_k_0 = s o l [N * N + N]

res_c = f_c ( res_K)

res_c_0 = f_c_0( res_k , res_K)
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with open( "n=s t a r_so l s \\" + f i l ename , 'w ' ) as f i l ew :

print ( res_K , f i l e=f i l ew )

print ( i s_po s i t i v e_de f i n i t e ( res_K) , f i l e=f i l ew )

print ( res_c , f i l e=f i l ew )

print ( res_c_0 , f i l e=f i l ew )

print ( res_k , f i l e=f i l ew )

print ( res_k_0 , f i l e=f i l ew )

return s o l

def i s_po s i t i v e_de f i n i t e ( matrix ) :

e i genva lue s , _ = np . l i n a l g . e i g ( matrix )

return np . a l l ( e i g enva lu e s > 0)

def f l oat_range ( s ta r t , stop , s tep ) :

while s t a r t < stop :

y i e l d s t a r t

s t a r t += step

def reading_Kkk ( fi le_name ) :

with open( "2_agents_sols \\" + fi le_name ) as f i l e :

data_Math = f i l e . r e a d l i n e s ( )

data_K = [ ]

data_K . append ( [ f loat (num) for num in data_Math

[ 0 ] [ 2 : = 2 ] . s p l i t ( ) ] )

data_K . append ( [ f loat (num) for num in data_Math

[ 1 ] [ 2 : = 3 ] . s p l i t ( ) ] )

K = np . array (data_K)

k = np . array ( [ f loat (num) for num in data_Math

[ =2 ] [ 1 : =2 ] . s p l i t ( ) ] )

k_0 = f loat (data_Math [=1])

40



return K, k , k_0

i f __name__ == '__main__ ' :

with open( "2_agents_param\\ List_of_Tries . txt " , ' r ' )

as f i l e :

Tries_n = int ( f i l e . r e a d l i n e ( ) )

Tr ies_de l ta = int ( f i l e . r e a d l i n e ( ) )

Tries_gamma = int ( f i l e . r e a d l i n e ( ) )

Tries_x_hat = int ( f i l e . r e a d l i n e ( ) )

Tries_a = int ( f i l e . r e a d l i n e ( ) )

with open( ' 2_agents_param\\A_2_agents . txt ' , ' r ' ) as

f i l e :

a r ray_str ing = f i l e . r e a d l i n e ( )

datase t = [ ]

args_set2 = [ ]

f i l e_count = 0

l a s t_ f i l e = ' '

for n in range (3 , Tries_n , 1) :

with open( f 'n=star_param\\A_{n}_star . txt ' , ' r ' )

as f i l e :

a r ray_str ing = f i l e . r e a d l i n e ( )

args_set = [ ]

B = np . z e r o s ( ( n , 1) )

B[ 0 , 0 ] = 1

q0 = np . ones (n)

Q = np . diag ( q0 )

a = np . z e r o s (n)

for x_hat in f l oat_range (= Tries_x_hat / 10 , 0 +

1 / 10 , 1 / 10) :
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q = =2 * q0 * x_hat

for de l t a in f l oat_range (0 + 1 / Tries_delta ,

1 , 1 / Tr ies_de l ta ) :

for gamma in f l oat_range (0 + 1 / 10 ,

Tries_gamma / 10 , 1 / 10) :

for a [ 0 ] in f l oat_range (0 + 1 / 10 ,

Tries_a / 10 , 1 / 10) :

for a1 in f l oat_range (0 + 1 / 10 ,

Tries_a / 10 , 1 / 10) :

a [ 1 : ] = a1

A = np . z e r o s ( ( n , n) )

np . f i l l_d i a g o n a l (A, 1 = a1 /

2)

A[ 0 , 0 ] = 1 = (n = 1) * a [ 0 ]

/ n

A[ 0 , 1 : ] = a [ 0 ] / n

A[ 1 : , 0 ] = a1 / 2

f i l ename = f "2ag_res{n}_{

round ( de l ta ,  1) }_{round (

gamma,  1) }_{round (x_hat ,  

1) }_{round ( a [ 0 ] ,  1) }_{

round ( a [ 1 ] ,  1) } . txt "

try :

K_2ag_sol , k_2ag_sol ,

k_0_2ag_sol =

reading_Kkk ( f i l ename )

except :

continue

l a s t _ f i l e = f i l ename

f i l e_count += 1
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K_nstar_start = np . z e r o s ( ( n ,

n) )

K_nstar_start [ 0 , 0 ] =

K_2ag_sol [ 0 , 0 ]

K_nstar_start [ 1 : , 0 ] =

K_2ag_sol [ 1 , 0 ] / (n = 1)

K_nstar_start [ 0 , 1 : ] =

K_2ag_sol [ 0 , 1 ] / (n = 1)

K_nstar_start [ 1 : , 1 : ] =

K_2ag_sol [ 1 , 1 ] / (n = 1)

/ (n = 1)

k_nstar_start = np . z e r o s (n)

k_nstar_start [ 0 ] = k_2ag_sol

[ 0 ]

k_nstar_start [ 1 : ] = k_2ag_sol

[ 1 ] / n

k_0_nstar_start = k_0_2ag_sol

args_set . append (

(n , Q, q , de l ta , gamma,

x_hat , A, B,

K_nstar_start ,

k_nstar_start ,

k_0_nstar_start ,

f i l ename ) )

print ( f " da ta s e t s  f o r  {n} ready" )

print ( f i l e_count , l a s t_ f i l e )

num_processes = mu l t i p ro c e s s i ng . cpu_count ( )

pool = mu l t i p ro c e s s i ng . Pool ( p r o c e s s e s=

num_processes )

r e s u l t s = pool . starmap ( f_solve , args_set )
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pool . c l o s e ( )

pool . j o i n ( )

print ( f " s o l v i n g  {n} ready" )
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import numpy as np

import os

import re

from tqdm import tqdm

def r e a d i n g_Kb k k ( fi le_name ) :

with open( f i le_name ) as f i l e :

data_Math = f i l e . read ( )

data_Math = re . sub ( r ' \ s+] ' , ' ] ' , data_Math)

data_Math = re . sub ( r ' \ [ \ s+' , ' [ ' , data_Math)

start_K = data_Math . f i nd ( ' [ [ ' ) + 2

fin_K = data_Math . f i nd ( ' ] ] ' )

s tart_c = data_Math . f i nd ( ' [ [ ' , fin_K) + 2

fin_c = data_Math . f i nd ( ' ] ] ' , s tart_c )

start_c_0 = data_Math . f i nd ( ' [ [ ' , f in_c ) + 2

fin_c_0 = data_Math . f i nd ( ' ] ] ' , start_c_0 )

start_k = data_Math . f i nd ( ' [ ' , fin_c_0 ) + 1

fin_k = data_Math . f i nd ( ' ] ' , start_k )

start_k_0 = fin_k + 2

start_b = fin_K + 3

fin_b = start_c

rows = data_Math [ start_K : fin_K ] . s p l i t ( ' ] \ n [ ' )

data_K = [ ]

for i in rows :

data_K . append ( [ f loat (num) for num in re . s p l i t ( r '

[ \ s \n]+ ' , i ) ] )

K = np . array (data_K)
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k = np . array ( [ f loat (num) for num in re . s p l i t ( r ' [ \ s \n

]+ ' , data_Math [ start_k : fin_k ] ) ] )

c = np . array ( [ f loat (num) for num in re . s p l i t ( r ' [ \ s \n

]+ ' , data_Math [ start_c : f in_c ] ) ] )

k_0 = f loat (data_Math [ start_k_0 : ] )

c_0 = f loat (data_Math [ start_c_0 : fin_c_0 ] )

b = "True" in data_Math [ start_b : fin_b ]

return K, b , c , c_0 , k , k_0

count_correct = 0

count_1m = 0

count_2m = 0

count_3m = 0

count_4m = 0

count_5m = 0

count_1b = 0

count_2b = 0

count_3b = 0

count_4b = 0

count_5b = 0

for i in tqdm( os . l i s t d i r ( "n=s t a r_so l s \\" ) ) :

i f i == ' 2ag_res3_0 . 1_0. 1_=0.1_0. 1_0 . 5 . txt ' :

print ( ' ' )

try :

K_star , b_star , c_star , c_0_star , k_star ,

k_0_star = r e a d i n g_Kb k k ( "n=s t a r_so l s \\" +

i )

K_2ag , b_2ag , c_2ag , c_0_2ag , k_2ag , k_0_2ag =
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r e a d i n g_Kb k k ( "2_agents_sols \\" + i )

except :

continue

b1 = np . i s c l o s e ( c_star [ 0 ] = c_2ag [ 0 ] , 0 , a t o l=1e=07)

b2 = np . i s c l o s e ( c_0_star = c_0_2ag , 0 , a t o l=1e=07)

b3 = np . i s c l o s e (sum( c_star [ 1 : ] ) = c_2ag [ 1 ] , 0 , a t o l=1

e=07)

b4 = b_star

b5 = b_2ag

bs = int ( b1 ) + b2 + b3 + b4 + b5

count_1b += not b1

count_2b += not b2

i f not b2 :

print ( i )

count_3b += not b3

count_4b += not b4

count_5b += not b5

i f bs == 5 :

count_correct += 1

e l i f bs == 4 :

count_1m += 1

e l i f bs == 3 :

count_2m += 1

e l i f bs == 2 :

count_3m += 1

e l i f bs == 1 :

count_4m += 1

else :

count_5m += 1

print ( "Without mistakes : " , count_correct )

print ( "1 mistake : " , count_1m)

print ( "2 mistakes : " , count_2m)

print ( "3 mistakes : " , count_3m)
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print ( "4 mistakes : " , count_4m)

print ( "5 mistakes : " , count_5m)

print ( "==============================" )

print ( "Types o f  e r r o r s  that  were found" )

print ( "c_0 do not match : " , count_2b )

print ( "c_1 do not match : " , count_1b )

print ( "c do not c o r r e l a t e : " , count_3b )

print ( "matrix  K f o r  2ag i s  not p o s i t i v e  d e f i n i t e : " ,

count_4b )

print ( "matrix  K f o r  n=s t a r  i s  not p o s i t i v e  d e f i n i t e : " ,

count_5b )
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import numpy as np

import glob

import re

import i t e r t o o l s

from s c ipy . opt imize import f s o l v e

import matp lo t l i b . pyplot as p l t

from tqdm import tqdm

def f_so lve (N, Q, q , de l ta , gamma, x_hat , A, B, K_Math,

k_Math , k_0_Math , f i l ename ) :

def f_c_0(k , K) :

return =0.5 * de l t a * np . matmul (k , B) * (gamma +

de l t a * np . matmul (np . matmul (np . t ranspose (B) , K

) , B) ) ** =1

def f_c (K) :

return =de l t a * np . matmul (np . matmul (np . t ranspose (

B) , K) , A) / (

gamma + de l t a * np . matmul (np . matmul (np .

t ranspose (B) , K) , B) )

def f_K( c , K) :

return Q + gamma * np . matmul (np . t ranspose ( c ) , c )

+ de l t a * np . matmul (

np . matmul (np . t ranspose (A + np . matmul (B, c ) ) ,

K) , (A + np . matmul (B, c ) ) )

def f_k ( c , c_0 , k , K) :

return q + 2 * gamma * c * c_0 + de l t a * np .

matmul (k , (A + np . matmul (B, c ) ) ) + 2 * de l t a *
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c_0 * np . matmul (

np . matmul (np . t ranspose (B) , K) , (A + np . matmul

(B, c ) ) )

def f_k_0(c_0 , k , K, k_0) :

return N * x_hat ** 2 + gamma * c_0 ** 2 + de l t a

* c_0 * np . matmul (k , B) + de l t a * c_0 ** 2 *

np . matmul (

np . matmul (np . t ranspose (B) , K) ,

B) + de l t a * k_0

def F( a l l_ in ) :

v_K = al l_ in [ :N * N] . reshape (N, N)

v_k = a l l_ in [N * N:N * N + N]

v_k_0 = a l l_ in [N * N + N]

v_c_0 = f_c_0(v_k , v_K)

v_c = f_c (v_K)

diff_K = f_K(v_c , v_K) = v_K

di f f_k = f_k (v_c , v_c_0 , v_k , v_K) = v_k

diff_k_0 = f_k_0(v_c_0 , v_k , v_K, v_k_0) = v_k_0

a l l_ in = np . concatenate ( ( diff_K . f l a t t e n ( ) , d i f f_k

. f l a t t e n ( ) , diff_k_0 . f l a t t e n ( ) ) )

return a l l_ in

KKK = np . concatenate ( (K_Math. f l a t t e n ( ) , k_Math , [

k_0_Math ] ) )

s o l = f s o l v e (F , KKK)

return s o l

50



def f_c_0_check (k , K) :

return =0.5 * de l t a * np . matmul (k , B) * (gamma +

de l t a * np . matmul (np . matmul (np . t ranspose (B) , K) , B

) ) ** =1

def f_c_check (K) :

return =de l t a * np . matmul (np . matmul (np . t ranspose (B) ,

K) , A) / (

gamma + de l t a * np . matmul (np . matmul (np .

t ranspose (B) , K) , B) )

def f_K_check ( c , K) :

return Q + gamma * np . matmul (np . t ranspose ( c ) , c ) +

de l t a * np . matmul (

np . matmul (np . t ranspose (A + np . matmul (B, c ) ) , K) ,

(A + np . matmul (B, c ) ) )

def f_k_check ( c , c_0 , k , K) :

return q + 2 * gamma * c * c_0 + de l t a * np . matmul (k ,

(A + np . matmul (B, c ) ) ) + 2 * de l t a * c_0 * np .

matmul (

np . matmul (np . t ranspose (B) , K) , (A + np . matmul (B,

c ) ) )

def f_k_0_check (c_0 , k , K, k_0) :

return n * x_hat ** 2 + gamma * c_0 ** 2 + de l t a *

c_0 * np . matmul (k , B) + de l t a * c_0 ** 2 * np .

matmul (

np . matmul (np . t ranspose (B) , K) ,
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B) + de l t a * k_0

def F_check ( a l l_ in ) :

v_K = al l_ in [ : n * n ] . reshape (n , n)

v_k = a l l_ in [ n * n : n * n + n ]

v_k_0 = a l l_ in [ n * n + n ]

v_c_0 = f_c_0_check (v_k , v_K)

v_c = f_c_check (v_K)

diff_K = f_K_check (v_c , v_K) = v_K

di f f_k = f_k_check (v_c , v_c_0 , v_k , v_K) = v_k

diff_k_0 = f_k_0_check (v_c_0 , v_k , v_K, v_k_0) =

v_k_0

a l l_ in = np . concatenate ( ( diff_K . f l a t t e n ( ) , d i f f_k .

f l a t t e n ( ) , diff_k_0 . f l a t t e n ( ) ) )

return a l l_ in

def i s_po s i t i v e_de f i n i t e ( matrix ) :

e i genva lue s , _ = np . l i n a l g . e i g ( matrix )

return np . a l l ( e i g enva lu e s > 0)

def f l oat_range ( s ta r t , stop , s tep ) :

while s t a r t < stop :

y i e l d s t a r t

s t a r t += step

def r e a d i n g_Kb k k ( fi le_name ) :

with open( f i le_name ) as f i l e :
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data_Math = f i l e . read ( )

data_Math = re . sub ( r ' \ s+] ' , ' ] ' , data_Math)

data_Math = re . sub ( r ' \ [ \ s+' , ' [ ' , data_Math)

start_K = data_Math . f i nd ( ' [ [ ' ) + 2

fin_K = data_Math . f i nd ( ' ] ] ' )

s tart_c = data_Math . f i nd ( ' [ [ ' , fin_K) + 2

fin_c = data_Math . f i nd ( ' ] ] ' , s tart_c )

start_c_0 = data_Math . f i nd ( ' [ [ ' , f in_c ) + 2

fin_c_0 = data_Math . f i nd ( ' ] ] ' , start_c_0 )

start_k = data_Math . f i nd ( ' [ ' , fin_c_0 ) + 1

fin_k = data_Math . f i nd ( ' ] ' , start_k )

start_k_0 = fin_k + 2

start_b = fin_K + 3

fin_b = start_c

rows = data_Math [ start_K : fin_K ] . s p l i t ( ' ] \ n [ ' )

data_K = [ ]

for i in rows :

data_K . append ( [ f loat (num) for num in re . s p l i t ( r '

[ \ s \n]+ ' , i ) ] )

K = np . array (data_K)

k = np . array ( [ f loat (num) for num in re . s p l i t ( r ' [ \ s \n

]+ ' , data_Math [ start_k : fin_k ] ) ] )

c = np . array ( [ f loat (num) for num in re . s p l i t ( r ' [ \ s \n

]+ ' , data_Math [ start_c : f in_c ] ) ] )

k_0 = f loat (data_Math [ start_k_0 : ] )

c_0 = f loat (data_Math [ start_c_0 : fin_c_0 ] )

b = bool (data_Math [ start_b : fin_b ] )
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return K, b , c , c_0 , k , k_0

def read_params ( f i l ename ) :

i f f i l ename [=16] != '= ' :

d e l t a = f loat ( f i l ename [=23:=20])

gamma = f loat ( f i l ename [=19:=16])

x_hat = f loat ( f i l ename [=15:=12])

a0 = f loat ( f i l ename [=11:=8])

a1 = f loat ( f i l ename [=7:=4])

else :

d e l t a = f loat ( f i l ename [=24:=21])

gamma = f loat ( f i l ename [=20:=17])

x_hat = f loat ( f i l ename [=16:=12])

a0 = f loat ( f i l ename [=11:=8])

a1 = f loat ( f i l ename [=7:=4])

return de l ta , gamma, x_hat , a0 , a1

count_progs = 0

t = 10

Cou = np . z e r o s ( ( t , t ) )

n = 3

for f i l ename in tqdm( glob . g lob ( ' . / n=s t a r_so l s /2 ag_res3* ' )

) :

count_progs+=1

a = np . z e r o s (n)

de l ta , gamma, x_hat , a [ 0 ] , a [ 1 : ] = read_params (

f i l ename )

K_simple , _, _, _, k_simple , k_0_simple =

r e a d i n g_Kb k k ( f i l ename )

B = np . z e r o s ( ( n , 1) )
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B[ 0 , 0 ] = 1

q0 = np . ones (n)

Q = np . diag ( q0 )

q = =2 * q0 * x_hat

A = np . z e r o s ( ( n , n) )

A[ 0 , 0 ] = 1 = (n = 1) * a [ 0 ] / n

A[ 0 , 1 : ] = a [ 0 ] / n

for a1 , a2 in i t e r t o o l s . product (range (1 , t+1) , range

(1 , t+1) ) :

A[ 1 , 1 ] = 1 = a1 / 2 / 10

A[ 1 , 0 ] = a1 / 2 / 10

A[ 2 , 2 ] = 1 = a2 / 2 / 10

A[ 2 , 0 ] = a2 / 2 / 10

s o l = f_so lve (n , Q, q , de l ta , gamma, x_hat , A, B,

K_simple , k_simple , k_0_simple ,

f i l ename )

res_K = so l [ : n * n ] . reshape (n , n)

Cou [ a1 = 1 , a2 = 1 ] += int ( i s_po s i t i v e_de f i n i t e (

res_K) and a l l (

np . i s c l o s e (F_check ( s o l ) , np . z e r o s (n * (n + 1)

+ 1) ) ) )

print ( count_progs )

p l t . imshow(Cou , cmap=' gray ' )

p l t . g r i d ( c o l o r=' red ' , l i n ew id th=1)

x_labe l s = np . arange (0 , 11 , 1)

y_labe l s = np . arange (0 , 11 , 1)

p l t . x t i c k s (np . arange (=0.5 , 10 , 1) , x_labe ls )

p l t . y t i c k s (np . arange (=0.5 , 10 , 1) , y_labe ls )

p l t . c o l o rba r ( )

p l t . show ( )
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import numpy as np

import mul t i p ro c e s s i ng

import glob

import re

import i t e r t o o l s

from s c ipy . opt imize import f s o l v e

import matp lo t l i b . pyplot as p l t

from tqdm import tqdm

def f_so lve (N, Q, q , de l ta , gamma, x_hat , A, B, K_Math,

k_Math , k_0_Math , f i l ename ) :

def f_c_0(k , K) :

return =0.5 * de l t a * np . matmul (k , B) * (gamma +

de l t a * np . matmul (np . matmul (np . t ranspose (B) , K

) , B) ) ** =1

def f_c (K) :

return =de l t a * np . matmul (np . matmul (np . t ranspose (

B) , K) , A) / (

gamma + de l t a * np . matmul (np . matmul (np .

t ranspose (B) , K) , B) )

def f_K( c , K) :

return Q + gamma * np . matmul (np . t ranspose ( c ) , c )

+ de l t a * np . matmul (

np . matmul (np . t ranspose (A + np . matmul (B, c ) ) ,

K) , (A + np . matmul (B, c ) ) )

def f_k ( c , c_0 , k , K) :

return q + 2 * gamma * c * c_0 + de l t a * np .
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matmul (k , (A + np . matmul (B, c ) ) ) + 2 * de l t a *

c_0 * np . matmul (

np . matmul (np . t ranspose (B) , K) , (A + np . matmul

(B, c ) ) )

def f_k_0(c_0 , k , K, k_0) :

return N * x_hat ** 2 + gamma * c_0 ** 2 + de l t a

* c_0 * np . matmul (k , B) + de l t a * c_0 ** 2 *

np . matmul (

np . matmul (np . t ranspose (B) , K) ,

B) + de l t a * k_0

def F( a l l_ in ) :

v_K = al l_ in [ :N * N] . reshape (N, N)

v_k = a l l_ in [N * N:N * N + N]

v_k_0 = a l l_ in [N * N + N]

v_c_0 = f_c_0(v_k , v_K)

v_c = f_c (v_K)

diff_K = f_K(v_c , v_K) = v_K

di f f_k = f_k (v_c , v_c_0 , v_k , v_K) = v_k

diff_k_0 = f_k_0(v_c_0 , v_k , v_K, v_k_0) = v_k_0

a l l_ in = np . concatenate ( ( diff_K . f l a t t e n ( ) , d i f f_k

. f l a t t e n ( ) , diff_k_0 . f l a t t e n ( ) ) )

return a l l_ in

KKK = np . concatenate ( (K_Math. f l a t t e n ( ) , k_Math , [

k_0_Math ] ) )

s o l = f s o l v e (F , KKK)

return s o l
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def f_c_0_check (k , K) :

return =0.5 * de l t a * np . matmul (k , B) * (gamma +

de l t a * np . matmul (np . matmul (np . t ranspose (B) , K) , B

) ) ** =1

def f_c_check (K) :

return =de l t a * np . matmul (np . matmul (np . t ranspose (B) ,

K) , A) / (

gamma + de l t a * np . matmul (np . matmul (np .

t ranspose (B) , K) , B) )

def f_K_check ( c , K) :

return Q + gamma * np . matmul (np . t ranspose ( c ) , c ) +

de l t a * np . matmul (

np . matmul (np . t ranspose (A + np . matmul (B, c ) ) , K) ,

(A + np . matmul (B, c ) ) )

def f_k_check ( c , c_0 , k , K) :

return q + 2 * gamma * c * c_0 + de l t a * np . matmul (k ,

(A + np . matmul (B, c ) ) ) + 2 * de l t a * c_0 * np .

matmul (

np . matmul (np . t ranspose (B) , K) , (A + np . matmul (B,

c ) ) )

def f_k_0_check (c_0 , k , K, k_0) :

return n * x_hat ** 2 + gamma * c_0 ** 2 + de l t a *

c_0 * np . matmul (k , B) + de l t a * c_0 ** 2 * np .

matmul (

58



np . matmul (np . t ranspose (B) , K) ,

B) + de l t a * k_0

def F_check ( a l l_ in ) :

v_K = al l_ in [ : n * n ] . reshape (n , n)

v_k = a l l_ in [ n * n : n * n + n ]

v_k_0 = a l l_ in [ n * n + n ]

v_c_0 = f_c_0_check (v_k , v_K)

v_c = f_c_check (v_K)

diff_K = f_K_check (v_c , v_K) = v_K

di f f_k = f_k_check (v_c , v_c_0 , v_k , v_K) = v_k

diff_k_0 = f_k_0_check (v_c_0 , v_k , v_K, v_k_0) =

v_k_0

a l l_ in = np . concatenate ( ( diff_K . f l a t t e n ( ) , d i f f_k .

f l a t t e n ( ) , diff_k_0 . f l a t t e n ( ) ) )

return a l l_ in

def i s_po s i t i v e_de f i n i t e ( matrix ) :

e i genva lue s , _ = np . l i n a l g . e i g ( matrix )

return np . a l l ( e i g enva lu e s > 0)

def f l oat_range ( s ta r t , stop , s tep ) :

while s t a r t < stop :

y i e l d s t a r t

s t a r t += step

def r e a d i n g_Kb k k ( fi le_name ) :
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with open( f i le_name ) as f i l e :

data_Math = f i l e . read ( )

data_Math = re . sub ( r ' \ s+] ' , ' ] ' , data_Math)

data_Math = re . sub ( r ' \ [ \ s+' , ' [ ' , data_Math)

start_K = data_Math . f i nd ( ' [ [ ' ) + 2

fin_K = data_Math . f i nd ( ' ] ] ' )

s tart_c = data_Math . f i nd ( ' [ [ ' , fin_K) + 2

fin_c = data_Math . f i nd ( ' ] ] ' , s tart_c )

start_c_0 = data_Math . f i nd ( ' [ [ ' , f in_c ) + 2

fin_c_0 = data_Math . f i nd ( ' ] ] ' , start_c_0 )

start_k = data_Math . f i nd ( ' [ ' , fin_c_0 ) + 1

fin_k = data_Math . f i nd ( ' ] ' , start_k )

start_k_0 = fin_k + 2

start_b = fin_K + 3

fin_b = start_c

rows = data_Math [ start_K : fin_K ] . s p l i t ( ' ] \ n [ ' )

data_K = [ ]

for i in rows :

data_K . append ( [ f loat (num) for num in re . s p l i t ( r '

[ \ s \n]+ ' , i ) ] )

K = np . array (data_K)

k = np . array ( [ f loat (num) for num in re . s p l i t ( r ' [ \ s \n

]+ ' , data_Math [ start_k : fin_k ] ) ] )

c = np . array ( [ f loat (num) for num in re . s p l i t ( r ' [ \ s \n

]+ ' , data_Math [ start_c : f in_c ] ) ] )

k_0 = f loat (data_Math [ start_k_0 : ] )

c_0 = f loat (data_Math [ start_c_0 : fin_c_0 ] )

b = bool (data_Math [ start_b : fin_b ] )
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return K, b , c , c_0 , k , k_0

def read_params ( f i l ename ) :

i f f i l ename [=16] != '= ' :

d e l t a = f loat ( f i l ename [=23:=20])

gamma = f loat ( f i l ename [=19:=16])

x_hat = f loat ( f i l ename [=15:=12])

a0 = f loat ( f i l ename [=11:=8])

a1 = f loat ( f i l ename [=7:=4])

else :

d e l t a = f loat ( f i l ename [=24:=21])

gamma = f loat ( f i l ename [=20:=17])

x_hat = f loat ( f i l ename [=16:=12])

a0 = f loat ( f i l ename [=11:=8])

a1 = f loat ( f i l ename [=7:=4])

return de l ta , gamma, x_hat , a0 , a1

count_progs = 0

t = 10

Cou = np . z e r o s ( ( t , t , t ) )

n = 4

for f i l ename in tqdm( glob . g lob ( ' . / n=s t a r_so l s /2 ag_res4* ' )

) :

i f count_progs == 5 :

break

count_progs += 1

a = np . z e r o s (n)

de l ta , gamma, x_hat , a [ 0 ] , a [ 1 : ] = read_params (

f i l ename )

K_simple , _, _, _, k_simple , k_0_simple =
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r e a d i n g_Kb k k ( f i l ename )

B = np . z e r o s ( ( n , 1) )

B[ 0 , 0 ] = 1

q0 = np . ones (n)

Q = np . diag ( q0 )

q = =2 * q0 * x_hat

A = np . z e r o s ( ( n , n) )

A[ 0 , 0 ] = 1 = (n = 1) * a [ 0 ] / n

A[ 0 , 1 : ] = a [ 0 ] / n

for a1 , a2 , a3 in i t e r t o o l s . product (range (1 , t + 1) ,

range (1 , t + 1) , range (1 , t + 1) ) :

A[ 1 , 1 ] = 1 = a1 / 2 / 10

A[ 1 , 0 ] = a1 / 2 / 10

A[ 2 , 2 ] = 1 = a2 / 2 / 10

A[ 2 , 0 ] = a2 / 2 / 10

A[ 3 , 3 ] = 1 = a3 / 2 / 10

A[ 3 , 0 ] = a3 / 2 / 10

s o l = f_so lve (n , Q, q , de l ta , gamma, x_hat , A, B,

K_simple , k_simple , k_0_simple ,

f i l ename )

res_K = so l [ : n * n ] . reshape (n , n)

Cou [ a1 = 1 , a2 = 1 , a3 = 1 ] += int (

i s_po s i t i v e_de f i n i t e ( res_K) and a l l (

np . i s c l o s e (F_check ( s o l ) , np . z e r o s (n * (n + 1)

+ 1) ) ) )

print ( count_progs )

f i g , axes = p l t . subp lo t s (10 , 1 , f i g s i z e =(6 , 20) )

for i in range (10) :

axes [ i ] . imshow (Cou [ : , : , i ] , cmap=' gray ' )

p l t . show ( )
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