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ABSTRACT

The present thesis is devoted to Navier-Stokes equations theory. We de-
scribe a way to study local regularity of a weak solution to the classical
Navier-Stokes equations. Namely, we examine a certain modification of
duality method developed by G. Seregin, which in turn leads to the ob-
taining the Liouville-type theorem. We show the limits of applicability of
the duality method setting the right-hand side of the dual problem to zero
and take non-zero initial data. In this case, we prove the results that are
exactly the same as those in the paper of M. Schonbeck and G. Seregin.
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1. INTRODUCTION

1.1. Problem statement and main results. Let X be a Banach space, p € [1,+00)
and t; € R,t; € RU {400} such that ¢t; < to. By Lp(t1,t2; X) we denote the Banach
space of all Banach-valued measurable functions u : [t1,t3] — X such that

to
4l 1y = [ Tt e <
t1

Also, denote by L (t1,t2; X) the Banach space of all Banach-valued measurable functions
uw : [t1,te] — X such that

[l Lo (t1,82:%) = €ss sup{|lu(t)|lx | ¢ € (t1,12)} < +o0.
For simplicity of notation we omit the spatial variable of function by matching them as
u(-,t) = u(t) € Ly(t1,t2; X), ae. in (t1,t2),1 < p < +o0.

Let © be a hypercube in R™, and || is the volume of €, i.e., its Lebesgue measure.
Denote by BMO(R?) the Banach space of all locally integrable functions whose mean
oscillation is bounded, namely, the following norm if finite:

1
I fll Baroms) = sup /!f(m) — [fla| dz < +o0,
ackn |9 )

where [f]q = ﬁfﬂ f(z)dz.

One of the open problems of local regularity of weak solutions to the
Navier-Stokes equations is as follows. Consider so-called suitable weak solution
w € Loo(—1,0; La(B-(0)))NLa(—1,0; W3 (B,(0))) and g € Ls(Q) to the classical Navier-
Stokes system ’

ow—Aw+ (w-V)w+Vg=0, divw=0
in the unit parabolic space-time ball @ = [—1,0] x B,(0) C R x R™. Here, B,(x) stands
for the ball in R™ of radius r centred at the point z € R™. For a definition of suitable
weak solutions, we refer to the paper [I]. Let us assume that function w satisfies the
additional restriction:

|w(z,t)| < V(x,t) € Q, (1.1)

c
2] + v/t
for some constant ¢ > 0. In that case we say that w has a singularity of type L.

The question is to understand whether or not the origin z = (z,t) = (0,0) € R**! is
a regular point of w, i.e., there exists § > 0 such that w is essentially bounded in the
parabolic ball Q(8) = [—d2,0] x Bs(0).

In this thesis we consider only the case of a three-dimensional space R", so n = 3.
Denote Q; = R3 x (0,+00). We say that the functions u and p are a mild bounded
ancient solution of the backward Navier-Stokes equations, if

u € COO(Q+) N LOO<Q+)7 pe COO(Q-‘F) N LOO(07 —+00; BMO(RS))a
and these functions v and p obey following equations
-0 — A . =0
sy o O T Aur e VR =0y g
divu =0

In [10], it has been shown that if the origin z = 0 is a singular point of w, then there
exists the non-trivial mild bounded ancient solution u and p such that |u(0,0)| = 1 and

ul <1in Q. (1.2)



Since v is a smooth function let us fix such constant M > 0 that

[l Lo (@) + VUl (@u) < M- (1.3)

If w has type I singularity satisfying (1.1)) then the mild bounded ancient solution u
corresponding to w also satisfies the condition (|1.4)):
c

Je, >0 |u(z,t)| < ———, V(x,t) € . 1.4
|u(z, t))| EE (#,1) € Q+ (1.4)

The duality method has been first developed and exploited by G. Seregin in [7]. This
method allows to prove Liouville type theorems not only for scalar equations, but also
for systems. Soon after that M. Schonbeck and G. Seregin considered the application of
this method to the above-mentioned problem, see e.g., [5]. In particular, the following
dual problem, namely, the Stokes system with a drift u, has been considered:

0w —Av— (u-V)v+Vg=—divF, dive=0, (1.5)

in Q4 and v(x,0) = 0 for all z € R3. It has been supposed that a tensor-valued field
F e CgO(R?’) is smooth and compactly supported in Q. In addition, it has been assumed
that F' is skew symmetric and therefore

divdiv ' = 0.
The following identity takes place:
—/Vu : Fdxdt = /u~diVFd:Udt: —TlirJrrl u(z,T) - v(z,T)dz. (1.6)
—> 00
Q+ Q+ R3

If the solution v to the dual problem has a certain decay, the limit on the right hand side
vanishes. This means that the skew symmetric part of Vu vanishes in (0. Then one can
easily show that v must be a function of time only. Since w is a divergence free field, u
is a bounded harmonic function. But also w is a bounded mild ancient solution to the
Navier-Stokes equation and thus must be a constant. However, the condition means
that w is identically equal to zero. Thus, if we had a statement about the decay of v, we
would immediately obtain a Liouville-type statement.

Therefore, since we know that |u(0,0)| = 1, this finally would prove that z = 0 is not
a singular point of w and it, in turns, says that the origin is a regular point of w. So, the
problem of local regularity of weak solutions to the Navier-Stokes equations stated in the
beginning is solved under the additional assumption: u has a singularity of type I.

In this paper, our main goal is to investigate the limits of applicability of the duality
method developed by G. Seregin. We examine a certain modification of duality method
letting F' = 0 but taking non-zero initial data, and prove results similar to those of M.
Schonbeck and G. Seregin in [5] and [8]. The following theorems are results of the thesis.

Theorem 1.1. Let u and p be a mild bounded ancient solution of the Navier-Stokes
equations N'S. Let a € C§°(R3), diva = 0. Then there are unique v and g, such that

v e C®(Q4) N Looo(Q1), Vv € La(Q4),
q€C™(Q4)N La(Qy),

and they are solutions of the Stokes system
v —Av+ (u-V)o+Vqg=0
(Su) : dive =0 in Q.
V=0 = a



Here Ls oo (Q+) denotes the following Banach space Lo (0, +00; Lo(R?)) and for given
function h on Q4 and A C R, let h|4 denote the restriction of & to a subset R3 x A C Q.
In case when instead of A we have for a € R the following notion ¢ = a, we denote
hli=a = h(+,a) and for given function f on R we denote f|;—, = f(a).

Let X be a Banach space and Z C R. Denote by C(Z; X) the Banach space of all
Banach-valued continuous functions u : Z — X such that

lullox) = supfllu(®)l[x [t € I} < +oo.

The most important statement in the case we are considering is the fact that for
any T > 0 the solution v of the Stokes system S, belongs to the Banach space
C([0,T); L1(R?)). That is, for any ¢ > 0 we have |[o(t)]|, gs) < +00. This statement
comes from the following theorem.

Theorem 1.2. Let u and p be a mild bounded ancient solution of the Navier-Stokes
equations N'S. Let a € C§°(R3) and diva = 0. Then for any 7' > 0 there is unique
smooth solution v of the Stokes system S, such that

v € C([0,T]; Lo (R®) N L1 (R?)).

The duality method in this case gives the following theorem.

Theorem 1.3. Let u and p be a mild bounded ancient solution of the Navier-Stokes
equations N'S and the singularity of type I takes place. Let a € C§°(R3), diva = 0, and
let v be a solution of the Stokes system &,,. Then for any T" > 0 we have

/u(‘,O) -ada::/u(-,T)-v(-,T) dx. (1.7)
R3 R3
Theorem 1.4. Let v be a solution of the Stokes system S, and u and p be a mild bounded
ancient solution of the Navier-Stokes equations N'S and for ¢, > 0 the singularity of type
I takes place. Then there is a constant g > 0 such that if ¢, < g, the following is valid:

/u(-,t) cv(,t)dr — 0 as t — +o0.
R3
Our main result is the following Liouville-type theorem.

Theorem 1.5. Let u and p be a mild bounded ancient solution of the Navier-Stokes
equations NS and for ¢, > 0 the singularity of type I takes place. Then there is a
constant g9 > 0 such that if ¢, < &g, the following is valid:

u(z,0) =0, Vz € R3,

The last Theorem contradicts to the fact that |u(0,0)] = 1. So, it is a proof of the
statement that the origin z = 0 is a regular point of the weak solution w. Thus, in this
scenario we solve the problem of local regularity of weak solutions to the Navier-Stokes
equations stated above.

In fact, using the last Theorem it is possible to obtain a more precise mode of the
Liouville-type theorem, i.e., there is a constant £y > 0 such that if ¢, < €g, the following
is valid:

u(z,t) =0, V(z,t) € Q4.
In 2002, L. Escuriazo, G. Seregin, V. Sverak [2] proved backward uniqueness under certain
assumptions, namely, that u = 0 on a half-space R [0, 1], with R = {z € R" : 2, > 0},
see Chapter 5 for details. This is a rather complicated statement, which implies, in
particular, u = 0 on Q4. We discuss this further in Section .
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1.2. Known result. In 2018, M. Schonbek and G. Seregin [5] proved that if we have
the decay assumption ((1.4) on the drift u of the Stokes system ((1.5)), then for any integer
m 2= 0 the decay estimates for the solution v are valid:
3
In™(t+e)’

4

HU('7t)HL1(R3) < c(m,c*,F) > 07

and ( )
c(m, cx,
(s D)l £y msy < (4 o)’ t=>0.
Since for the mild bounded ancient solution u of the Navier-Stokes equations the singu-
larity of type I holds, one can easily get that

Cx

ot <=, Vt>0.
[, Ol Lo (r?) 7

Therefore, for instance, it is possible to obtain the following estimate:

/U(w,t)'v(x,t) dar| < ()| oy 00 D)2 ey < e £1, (1.8)
R3
where cp = ¢,-¢(0, ¢k, F). Unfortunately, the above estimate does not allow us to conclude
the Liouville-type theorem, since the function ¢'/* is an increasing function. Moreover,
no matter how we try to estimate the integral from above, the available estimates for the
function v always yield an estimate by the function ¢*/4 as above.
However, M. Schonbek and G. Seregin obtained a result directly asserting the vanishing
of the right hand side limit in the (1.6) for sufficiently small constant ¢, > 0, namely,
there is € > 0 such that if ¢, < &, then

/u(:c,t) -v(x,t)dx — 0 as t — +00. (1.9)

R3

1.3. Plan of the proof. In this section, we describe the structure of the present thesis.
In Section 2] we prove an auxiliary statement that we use next. In Section [3] we start with
preliminaries and show the existence of the smooth mild solution of the Stokes system S,
with drift « using classical technique, consequently, obtaining the Theorem

Then, in Section E| we prove some auxiliary estimates on the L, norm of v and v.
This is the most crucial estimates in the thesis, that shows that our results are similar
to those obtained by M. Schonbeck and G. Seregin. For the Liouville-type theorem the
most important section is Section [5] since we prove the Theorem namely, the mild
solution v is a smooth function with finite C([0, T]; L1(R?)) norm.

The Theorem [I.3] in Section [6] shows that the duality method in the case we are con-
sidering works in a generally similar way.

In particular, let us to show here how it works in case of smooth u and v with compact
support in Q7. Note that, for the sake of economy of space, we will sometimes omit the
time variable t of functions. Thus, for instance, the notation u(¢) will be replaced by wu.
Also, for positive T denote Q7 = R3 x (0, 7). Clearly, integration by parts gives us

/ (u 0w + v o) dx dt = / (u(Av — (u-V)v = Vq) +v(—Au+ (u- V)u+ Vp)) de dt =
Qr Qr

:/(—Vu-Vv—u-(u-V)v—i—q'divu—i—VU'Vu%-v'(u-V)u—p‘divv) dx dt =0,
Qr



since,

/u (u-V)vde = /uiujvm dx
R3 R3
= /vi(uiuj),j dx
R3

= —/viu@juj dx—/viuiuj,j dzx

R3 R3
1
— _2/0.V|u’2dm—/viuidivud:c
R3 R3
1 . 2
= 5 dive - |ul“de = 0
R3
and
/v-(u-V)udaj = /Uiujui,j du

R3 R3

= —/’U,Z'(Uiu]'),j dx

R3
= —/uivi,juj dx—/uivium dx
R3 R3
= —/u-(u-V)vdaz—/uimdivudm = 0.
R3 R3
On the other hand we get
T
/(u@tv—i—v@tu) dmdt—//8t(uv)dtd:n—/(u(-,T)-v(-,T)—u(-,O)-v(-,O)) da.
Qr R3 0 R3

Hence we obtain:

/u(~,0) cadr = /u(-,T) co(,T) de.
R3 R3
In the end, Section [7] shows that the result of M. Schonbeck and G. Seregin shown
in Subsection holds, namely, the Theorem Finally, in Section [§] we prove the
Liouville-type Theorem which is the main result of the present thesis, and discuss
the precise mode of Liouville-type theorem.



2. INTEGRAL IDENTITIES

In this subsection we prove some auxiliary lemmas on the convective terms. Note that
for any vectors a,b € R we denote a ® b as n x n matrix such that (a ®b);; = a;b;. Also,
the symbol : denotes the scalar product of matrices, that is, for any matrices A, B € R"*"
we have A: B = A”Bw

Lemma 2.1. Let v € W} (R3) and u € C*®°(R?) N Lo (R?) such that divu = 0. Then

/U®U:Vvd;v:().
R3

Proof. Take ¢ = & (%), where £ € C3°(R?) is such that supp& C Bap(0), 0 < {(z) <1
for all x € R3, ¢ = 1 in Bg(0), and, moreover,

C
IV¢(2)| < T VT R3.

Consider the following integral and then integrating by parts gives us
/(v ®u:Vvdr = /Cviujvi,j dx
= —/(C’U@"LL]')J’Ui dx
= —/ijiuj«vi dx—/(vmu]mi dz
—/C’UZ-Q divudz
2 1 2
= —/C,jviujdx—2/CU-V|v dx
1
= —/VC-u(v'v)dx—i—2/(\1}]2divudm’

1
+2/VC - |v|* da.
Hence, we get the identity

1
/Cv@u:Vvda::—Q/VC-U|U|2dx. (2.1)
By Holder inequality we obtain that

C
/Vg-u\fu]Qda: < g lull o) - 1117, &s)-
RS

Whence, taking the limit R — +oc in the identity (2.1) we get the required identity,
since since ((z) =& (%) — £(0) =1 as R — +oo. O
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3. THE STOKES PROBLEM WITH A DRIFT

3.1. Existence of unique weak solution. Let H denote the closure of all smooth
free-divergent functions with compact support with respect to the Ly (R?) norm, so

H = closp,msy{f € Ce°(R?) | div f = 0}.
Moreover, let H' denote the following Banach space:

Let the bilinear form

[f,ng/Vf:ngx, f.9 € CF(R?)
RS

be a scalar product on the Banach space H L which is the closure of cge (R?) with respect
to the norm || f|| ;1 = \/[f, f], so in other words,
H' = clos ., {f € CS(R3) | div f = 0}.

The following theorem is the key in proving the existence of the solution of the Stokes
system S,,, and its proof basically repeats the technique of O. A. Ladyzhenskaya in book [4]
(see Chapter 4 and Chapter 6). We give a detailed proof of the following Theorem in
view of the specificity of our problem.

Theorem 3.1. Given T > 0. Let v and p be a mild bounded ancient solution of the
Navier-Stokes equations N'S. Let a € C§°(R3), diva = 0. Then there is unique v,
such that

v € Lo oo (Qr) N La(0,T; HY), v(0) = a,
and this function satisfies
/(v-(")erVv Vn—v®u: Vn) dz dt = /a~77(-,0)dx, (3.1)
Qr R3
for any n € C§°(R? x [0, 7)) such that divn = 0. Moreover, the following estimate is met:
1002, o @) T IVl Ly (r) < 2llall Ly -

Proof. Let {¢p}ren € H! be a sequence such that it is an orthonormal basis in H and
its linear span is a complete set in H', i.e.,

clos zispan {¢y }ren = H'.

For simplicity we denote the scalar product in Lo(IR3) as follows:

(i, fo) = /fl'f2 iz,

We claim that for any N € N there are unique set of functions {C{'}&_, € W3 (0,T)
such that
N
oM ) =Y G Wer(@), oY e Wy (Qr).
k=1
and, moreover, for any k = 1,..., N we have the following identity

(DN (1), o) + (VN (1), Vior) — (v (t) @ u(t), Vior) = 0, (3.2)
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and the initial condition vV (z,0) = a™¥(x), a.e. in R? is valid, where a” is the partial
sum of the Fourier series of a, namely,
N
() = (a, on)pn(@).
k=1
Indeed, the last statement is valid, since these functions {C’,JCV }szl are the solutions of the
following linear ordinary differential equations:
d N - N N
%Ck (t) = jzl(%' ®u(t), Vor)C;' (t) — MOy (1) F—1. N
G (0) = (a, or)

Multiplying each of the equations (3.2) by the corresponding function C’,fjv and summing
them we get

@™ (), 0™ (£) + [V (O, oy — (0N () @ u(®), VoV (1)) = 0. (3.3)

The last term equals zero by Lemma [2.1 '
Whence, by the Strong Continuity Theorem and definition of H' we have

1d N 2 N 2

5 10" Oz, + 0" @3 = 0. (3.4)
Clearly, ||o™ (t)”lzq1 > 0, so one can omit this term, and integration of the identity above
gives us that for any ¢ > 0 we get

2 2
[N Ol gy < Nl Ly < lallzqes)
and then
HUNHLQ,OQ(QT) = ess SUP{HUN(t)HLQ(W) |0 <t< T} < ”CLHLQ(Rs) .

Moreover, from (3.4)) one can derive
T

2 2
P A GG X
0

1 2 2
= 5 (113, = 1V D)0

L2
) ||a”L2(R3)'

N

Therefore, clearly,
HUNHLZOO(QT) + HUNHLQ(O,T;Hl) <2 Ha”Lz(R3) )

Hence, there is v € Lo o (Q71) N L2(0, T} H') such that for the sequence {vN} C WQLI(QT)
we have the following weak and weak-* convergences correspondingly:

oV B vin Ly(0,T; HY), o 25 vin Ly o (Qr),
from which we obtain the energy inequality:
1o, —ory + 1980 = 100y 0 + 1000y < 2 Nl s,
Since embedding Lo (0, T'; L2(R3)) < La(Q7) is continuous, the latter implies
v € Lyoo(Qr) N La(0,T; H).
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Furthermore, by multiplying for each k identities by arbitrary functions & that
belong to the space
{h € W3(0,T) : hle=r = 0},
and, consequently, integrating new obtained identities, we get
T T

/((VUN(t),Vwk) — (N () @ u(t), Ver)) & (t) dt = _/(atUN(t)a(Pk)fk(t) dt
0 0
Integration by parts of the right-hand side of the identity above gives

T T
Jea weoama = [ao 50000
0 0

= (WMD), ¢r) &(T) — (a", 1) & (0)

whence we obtain
T

T
/ (Vo (1), Vi) — (0™ (8) @ u(t), Vior)) &(t) dt— / (0™ (), r)E4 (1) dt = (a, p1)Ex(0).
0

0

This yields that for any n™(z,t) = > & (t)er(z), where &, € {h € W3 (0,T) : hlj=7 = 0}
k=1

foreach m € Nand k= 1,...,m, we have
/(—UN-E)tnm + VoV v — N @u: Vnm> dx dt = /aN-nm(-,O) dx.
Qr R3

+oo

Obviously, the sequence {n™(z,t)}
closW21,1(QT) {n e C&ER? % [0,T)) : divy =0}

=, is dense in

with respect to the W21 1 (Q7) norm. From the continuity of the trace operator, we obtain
n™(0) — n(0) as m — +oo. Then we go to the limit in the equation above, when N
tends to +o0, then when m tends to 4+o0, and, finally, get

/(—U-@tn—i-Vv:Vn—v@u:Vn)dacdt:/a-n(-,O)d:U. (3.5)
Qr R3

To sum up, energy inequality entails the uniqueness of the function v. Suppose there
are two different weak solutions v; and vs, then

o1 = v2llp, _(@p) + IV(01 = v2)ll 1y 0,y <O

which, in turn, means that v; — vo = 0 identically in Q. (Il
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3.2. Smoothness of solutions to the Stokes problem. Assume that F' belongs to
some functional class in which the singular integral is bounded. The pressure field pp,
which is associated with F', is defined by

1
pr(x,t) = —gtrace F(z,t)+ %in% / V2 (x —vy) : F(y,t)dy,
—
R3\Bs (x)
where

E(x) z € R3.

- 4r|x|’
Note that for each s € (1,+00) and for any t € (0, +00) the following estimate holds:
[pr (Ol L @sy < es[F (DL, rs) -
Note that the function v, that is the solution of the integral identity (3.1)) obtained in
Theorem is, in fact, the weak solution of the following Cauchy problem:
v —Av+ (u-V)v+Vg=0
(Su) : divo =0
V=0 = a
in the sense of distributions in 7. Similarly to the Proposition 1.1 from M. Schonbeck
and G. Seregin’s paper (see proof in Appendix A in [5]) we can get the following result.

Proposition 3.2. There exists a unique solution v to Stokes system S, with properties:
OF Vi € Ly (Q4)
for integer k,¢ > 0 except k+1 =0,
Of Vg € Ly(Qy)
for integer k, ¢ > 0, and, moreover,

VE Lyoo(Q4), q€ L2oo(Q4).

Combining the Proposition above and estimates of solutions to the Stokes prob-
lem with lower order terms on Holder spaces that were obtained by V. A. Solonnikov
in [12] (see Theorem 9.1), we get the further smoothness of v in a standard way by
taking derivatives of a solution with respect to the spatial and time variable, and thus
establish that

ve C(Qs).
Also, for any T' > 0 by Sobolev Embedding Theorem for each integer d > § = %, we have
that the following embedding is continuous:

W5(Qr) = C(Qr).
This implies that for certain constant ¢ > 0 we obtain

10l L (@r) < cllvlwgqr):

Hence, we get that the smooth solution v of the Stokes problem S, belongs to Lo, (Q71)
for any T > 0, and there is a unique smooth pressure field ¢ € Lg o (Q+), which is
associated with v ® u, and the equations of the Stokes system S, are identities in the
pointwise sense in Q. Also, since singular integral above is an operator from L (R?)
onto BMO(R?), then the pressure field

q € Loo(0, +00; BMO(R?))

and [lqllz, _(0,) < cullall,gs) for some constant ¢, > 0 depending only on w.
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3.3. Solution of the Stokes problem as a mild solution. Define the function
1 || 2
[(x,t) = e it (x,t) € Q+.
(4rt)2
Note that I' is a fundamental solution of the heat equation and for any ¢t > 0 we have

TG 0Ly ey = 1.
The Ozin’s tensor is a fundamental solution to the Stokes problem, for example, see
formulas (39) and (40) in [12]. The Ozin’s tensor (K;;) is defined with the help of the
standard heat kernel in the following way:

9P

K. -7 .
ij(x,1) (x,t)d;5 + D0,

(z,1),
where

Ad(z,t) =T'(x,1), O(z,t) = /8(x —y)T'(y,t)dy.
R3

The tensor K = (Kjj;) is obtained from Ozin’s tensor by
0K
().

T
Theorem 3.3. Let u and p be a mild bounded ancient solution of the Navier-Stokes
equations N'S. Let a € C§°(R3) and diva = 0. Then the smooth solution v of the
Stokes system S, is a mild solution, that is, for any ¢ = 1,...,3 and ¢ > 0 we have

Kijk(a:, t) =

vi(z,t) = /P(a: —y,t)a;(y)dy — //Kmk(x —y,t —T)vj(y, T)uk(y, t)dydt.  (3.6)
R3 0 R3

The proof of this Theorem is written in [9], see formulas (1.4)-(1.7). In short, by
previous Subsection we have that the smooth function

v € Loo(Qr), VYT >0,
is the solution to the Cauchy problem for the Stokes system
Ov—Av+Vg=divF
(Su) : dive =0 in Qr,
V=0 = a
where F' = —v ® u. Therefore, the solution of the Cauchy problem for the Stokes system
Sy is given with the help of the Ozin’s tensor by formula (3.6)). Indeed, since the solution

of the Cauchy problem for the heat equation is represented by the fundamental solution I,
one can get that

OF;
[ #iite =t =0 G @ dy = [ Ko — gt = ) Eal)
R3 R3

From which we obtain the required Theorem.
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4. UPPER BOUNDS

In 1964, the following estimates have been obtained by V. A. Solonnikov, see [11]: for
any integer ¢, m > 0 there is a constant Cp,, > 0 such that for any (z,t) € Q4 we have

Cf,m

|0FV K (2, 1)] < U
t " (|x\2—|—t)%+7“

and, as a consequence,
CE m

IN"K, (2,
| t ]k)( )| (|$|2+t)2+ +¢°

So, obviously, for k = Cp g we have

| Kiji(2,t)| < V(z,t) € Qy.

R
(Jz* +1)*

Lemma 4.1. For any p > 1 there is a constant k£, > 0 depending only on p such that
for any ¢t > 0 we have

3-ap
HK("t>|’Lp(R3) Shpt 2.

Proof. Note that for any ¢t > 0 we have
KP KP

< , e R3.
SR ro S e e "

| Kiji (2, 1) |7 <

Make the following substitution of variables: x = y+/¢. Then the Jacobian

VvVt o 0
0 Vvt 0
0 0 Vvt

I\J\C&

Jr—y(y) = det

)

Therefore

IO, @) = / Kojule, D da

<
? [ v
p/ ts dy
= K —_—_—mm
2P(y* +1)
R3
— RPt32P / dy
y* +1
R3
< (Rt

1/
where k), = K ( ng 7 +1> : < +o00. Obviously, the required result follows from the
upper bound above. O

As a consequence one can show the following fact.

Lemma 4.2. Given T > 0. The tensor K belongs to the space Li(Q7) and, moreover,
there is a constant ¢y > 0 such that

1K, gy < o VT.
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Proof. By Lemma [£.1] above we get

T
IKlan = [ KOl d
0
T

N

kl/tl/th = VT,

0

where cg = 2 k1 is an absolute constant. O

Furthermore, acting analogically, one can find the the upper bound on the norm of
the mild bounded ancient solution u of the Navier-Stokes equations N'S that satisfies the
condition . In that case we also shall say that u has a singularity of type I, that is,
for certain ¢, > 0 we have the following estimate:

($7t) € Q+'

The following statements will be proved under the assumption that the mild bounded
ancient solution u of the Navier-Stokes equations NS has a type I singularity.

Lemma 4.3. Let p > 3. Then for any ¢ > 0 the function u(-,t) belongs to the space
L,(R3) and there is a constant C,, > 0 such that

3-p
[u(®)|L,®sy < Cpt 2, t>0,
where

1

dy P
Cp=|cs / < 4-o00.

v ( , <y|+1>p>
Rd

Moreover, for any t > 0
[u) || oo (m3) < cx 12,

Proof. Clearly, substituting as before z = y\/t we get

Ol oy = [ lutatpPds
R3

dx
<ef CERGE

R3
(Iyl +1)p
R3
= (Op)p tB%pv
and here, similarly, the integral ng, qyri%)p < +00. Remark that if p = 3, then C), = 400,

since the integral [g, (Jy| + 1)~ dy diverges.

It remains to show that |lu(t)||L_(rs) < cx t=1/2. The singularity of type I obviously
entails the latter. O
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Proposition 4.4. Let g <p<2andae€ C’(‘]’O(RS), diva = 0. Then for any ¢ > 0 the
strong solution v of the Stokes system &, is such that v(-,¢) belongs to the space L,(R?),
and, moreover, there is a constant C}, > 0 depending only on p such that

. 6-3p
vz, ®3) < llallz,gs) +Cpt .
Proof. Consider the function

t

ﬁ(w,t)——//K(x—y,t—T):[v®u]( 7) dy dr,

0 R3

so by Theorem [3.3] we have that

v(z,t) = v(x,t) + /F(x —y,t)aly) dy.

R3

Then by Holder inequality for p > 1 such that % +

1 =1, Fubini’s theorem, Lemma
and Lemma we obtain

p

t P
600 = [|] [K@=vt-1): woundydr| do
R3 '0 R3
t . . p
s ///IK<x—y,t—T>|v'+p-|[v®u]<ym)\dyd¢ dz
R3 "0 R3
t 1
o v
< /(//!K(w—y,t—f)\p’dych) :
R3 0 R3
¢ 5P
<//!K(x—y,t—f)lp-![v®u](y,7)lpdyd7> ds
0 R3
b t
— 1K) [ [ [ 1K=yt =l oo ul )P dyr ds
R3 0 R3
= ]KHLth //]K:c t—17)] da:/]v@u y,7)|P dydr
0 R3
t
< aktT [¢-n7 [ oo uenpaydr
0 R3

Then by Holder inequality for parameter % > 1, since

—
I3
[\]
|
i

t=5+—5 =1L
7 2

SITSIE
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by Lemma [£.3] we get

JAERLe
J

for 2 > 3, where ¢

Thus, we obtain

2—p

Py < </|v<ym>12dy> (/\u (v udy)
R3

= u(r )HL2 rey VI, sy

< elp)7 o2 *H o, on

— )T

)’
(p) = (C%)p. Hence, here we have g <p<2

RS

t
1B, gsy < cokat' / 1/2/|v® Iy, 7) [P dy dr
0
t

where é(p) = co k1 c(p

t
i
0

6—5
/t—T 127 pdT

) ||| Lo.o(Qy)- Now, consider the integral above and calculate it:

t
—5p
:/t—T2 4d7’
0

1
= / —7') Y2 g
0
_ t84 B 10—5p’1 ‘
4 2
Here B(a,b) = 01 29711 — 2)’"1dz is Beta function for two real arguments a,b > 0.

In our case it means
parameters p that p

that all calculations above are correct if and only if we choose such
< % = 2. Hence, clearly, we get

~ ~ p=1 8-5p 10—5p 1
[50)2 gy < 0) 1" 175 B< . ,2>_

Whence we obtain the required inequality:

- 6-3p
Hv<t)HLp(R3) < HaHLp(RB) +Cpt

since for any ¢ > 0 we have ||['(-,)[|1, ®s) = 1, where

10— 5p 1\\"?
Cp= N1 C e (co’fl'B( 7 2)) =

and the parameter p is such that g <p<2. O
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5. PIKARD’S METHOD

5.1. Pikard’s method for the solutions of the Cauchy problem.

Proposition 5.1. Given T > 0. Let u and p be a bounded ancient solution of the
Navier-Stokes equations. Suppose that

CoM\/T<5<1.

Then for any a € L1(R?), diva = 0, the mild solution v of the problem S, belongs to the
Banach space C([0,T]; L1(R3?)).

Proof. Let t € [0,T]. Define the Pikard’s iterations on the interval [0, 7] in the following
way:

vk‘H(:U,t) :/F(:U—y,t)a(y)dy—//K(:v—y,t—T) : [vk®u](y,7)dyd7'
R3 0 R3

and v%(z,t) = a(z). Then, applying Fubini’s theorem and Holder inequality we get

/t//|K(x_y7t_7')"|[(vk—Uk1)®u](y,7')|dydg;d7-

R () = o* ()] pymey <
0 RS RS
t
_ //\K(x',t_T)} d:c'/|[(vk—vk_1)®u](y,7)|dyd7'
0 R?’ RB
< MKl swp 1108 =0 @y, 7)ldy
Tel0,t] J
R3
< Klzy@o Iullp g sup 0¥ (7) = v* 1 (T)lI 1 (m3),

T€[0,t]
therefore by Lemma and taking supremum for ¢ € [0, 7] it means that we have

15 = *lloqorines)) < o VT llullz@p 10" = 0" Hlegoryo, @)

Since [[ul|z (@) < M and co MTY? <5, we get

105 = ¥l ooz ey < 8 IVY = 0" om0 m2))-

Hence, repeating this estimate iteratively, we obtain

105 — ¥l ooz ®ey) < 0F v = alloqornivs))-

Thus, the sequence {v¥}ey is a fundamental Cauchy sequence in C([0, T); L1(R?)) and
in that Banach space

vp — v € C([0,T]; L1(R?)) as k — 400,

where the limit v is such that

v(x,t):/F(x—y,t)a(y)dy—//K(x—y,t—r) v @ul(y, ) dy dr.
0 R3

R3
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5.2. Extension of the solutions obtained by Pikard’s method.

Theorem 5.2. Let v and p be a bounded ancient solution of the Navier-Stokes equations.
Let a € C§°(R?) and diva = 0. Then for any T > 0 there is unique smooth solution v of
the Stokes system S, such that

v € C([0,T]; Lo (R*) N L1 (R?)).
Moreover, this solution v is a classical solution, smooth solution, mild solution, and the

energy estimate holds:

vl oo a@sy T 1Vl yp) < 2 llall sy -

5 2
SERY

Here T, is the length of the time interval obtained by the Pikard’s method in Proposition
Remark that T, does not depend on the initial data a. We know that on [0, 7] there
is a unique mild solution

Proof. Fix the following constant

v € C([0,T.]; L1 (R)).
Consider the function
a' = (-, T)) € L1(R?)
as new initial data. Then on the interval [T}, 2T,] there also exists a unique mild solution
v € O([Tx, 2T.); L1 (R?)).

We also call it as v since it is an extension of the vljy 7, on the [T}, 27.]. Then again,
consider the function

a? = v(-,2T.) € Li(R?)
as new initial data and extend this solution on the interval [27%, 37| and etc.

For the finite number steps of these algorithm we extend solution v on the interval [0, T']
for any T' > 0, and, finally, it proves that the mild solution v of the problem &, belongs
to the Banach space C([0,T]; L1(R3)). Taking into account results of the Subsection
we obtain the required Theorem. (I

Note that in the proof we do not use the type I singularity of .
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6. DUALITY METHOD

Theorem 6.1. Let u and p be a mild bounded ancient solution of the Navier-Stokes
equations N'S and the singularity of type I takes place. Let a € C§°(R3), diva = 0, and
let v be a solution of the Stokes system &,,. Then for any 7" > 0 we have

/u(-,()).adx - /u(-,T)-v(-,T) dz. (6.1)
R3 R3

Proof. Pick ¢ € C’(‘)’O(R?’) and multiply equations S, by (u in the sense of the scalar
product in Le(R3). So, since divu = 0, for any t > 0 we get

(COw,u) + (CVv,Vu) + (Vo,u V) + ((u- V)v,Cu) — (q,u- V() = 0.
On the other hand, multiplying 'S equations by (v, since divv = 0, we get
_(Catuv U) + (Cvuv V’U) + (VU, v VC) + ((u ’ V)u, CU) - (pv v - VC) =0.

Now we subtract from the first equation the second equation, then according to the rules
for differentiating an integral that depends on a parameter we obtain:

d
7 (Cult), v(t) + (ujvze — vjn, C) + (Cug, v jur — ur, o) — (quj — pvj, () = 0. (6.2)
Clearly, since we have
(u-v,AQ) = —(uvjk + vitjk, Ck)
we get that
(ujvje = Vit Cp) = —(u - v, AQ) — 2(u;kvj, Cr)-
Also, since we know that divu = 0, we get
(Cuys vk juk + ukvk) = (Cujtig, vg;) + (Cujvk, ug,;)
= —(Cjujug,vg) — (Cdivu,u - v)
—(Qujug,j, vi) + (Cujvg, uk,j)
= _(VC “Uu,v - U)
Thus, equation (6.2) turns into

S0, 0(0)) = (a0, A0) + 2z Ca) + (VE 0,0+ w) + (qu — po, V).

Integrate the latter by ¢ € (0,7"), hence we get the crucial identity:

/Cu(T)m(T)dw—/Cu(O)-v(O)dx—

= /(21} VuV¢+u-vA(+ V(- u(u-v)+ (qu —pv) - V() dx dt. (6.3)
Qr

Take ¢ = (g, where (r(z) = 5(%), and ¢ € C§°(R?) is such that supp& C Bag(0),
0<&(x) <1forall z € R3¢ =1in Br(0), and, moreover,

C
IVCr(z)| < =, rVQCR(:c>|<@, Vi € R3.

= Q
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Then by Holder inequality and by condition ((1.3) we obtain

T
C
/|UVUVCR|d:xdt < R/Hv(t) Vu(t)]| ., gz
Qr 0
T
C
< g vl 2, m3) V)| 1o 3y dt
0
T
C
< EHUHC([O,T};Ll(R?’)) [Vu) o s dt
0
CMT
< g lvlleqo,m;z, (r3))-

Analogically we get

CMT
/|U'UACR’d2Udt < R2 HU”C([O,T};L1(R3))
Qr

and
CM?*T

/ Veh - ulu-v)|dedt < T r—
Qr

Note that conditions (1.2)) and ((1.4)) imply that there is M, > 0 such that
1
lu(z, )| < M, min{l, Il} , xzeR:telo1].
x

So, Lemma and the latter yield that u € Lo (0,T; Ls(R3)) = L oo(Q7) for any s > 3.
Therefore we get that the pressure field p associated with u ® u belongs to the space
Ly o (Q7), since by Holder inequality for any ¢ > 0 we have ||p(t)||%2(R3) <c ||u(t)H‘i4(R3).
Hence, we obtain

T
C
[ o0 Vealdwde < 5 [ 1) zages) 10Ol
Qr 0

cr
< f Hp||L2,oo(QT) ||UHL2,<><>(QT)'

Since u € L5 oo(Qr) and v € Ly o (Q7), then v ® u € L%O’OO(QT), because

Il @ ul(O)llz 1 @) < ||u10/7(t)||L%(R3) ”Uloﬁ(t)HL%(R?’) = [[u(®)ll s @s) [0 Lo m3)-

Then, obviously, the pressure field g associated with v®@u belongs to the space Lio . (Q7),
7 b
because we have

a2y @) < elllv@ulB)z 4 r2).

10

Hence, since v € Lo _(Qr), by Holder inequality with parameters - and % we analog-
3 b

ically obtain

CcT
[ o Vealdede < S Ny _on el _an
Qr
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Thus, taking the limit R — +oo in the identity (6.3]) we finally obtain

/u(O)-ada:: /u(T) -v(T) dz,

R3 R3
since Cr(z) = £ (%) — £(0) =1 as R — +o0. O

7. DECREASING IN TIME FOR SUFFICIENTLY SMALL SINGULARITY

Theorem 7.1. Let v be a solution of the Stokes system S, and u and p be a mild bounded
ancient solution of the Navier-Stokes equations N'S and for ¢, > 0 the singularity of type
I takes place. There is a constant €9 > 0 such that if ¢, < g, then the following is valid:

t_liinoo u(-,t) -v(-,t)dx =0.
R3
Proof. Consider the function
t
i) == [ [K@-yt-n: oy
0 R3
so by Theorem we have that

o) = wt) + [ T~ yut)aly) dy
R3
Therefore, by Fubini’s theorem, Lemma [£.1] and Lemma [£.3] we obtain

t

15y @) < / / K(«! t — 7| da’ / o ® ul(y,7)| dy dr
0R3 R3
t
< cm/a—T>—1/2/r[v®u1<y,7>|dydf
0 R3
t
< ok / (t = 7)Y 2 o)l gy N0 gy dr
0
t
< cokics / (r(t = 7)Y o (Pl ey dr
0
< cokrem [vllegogn, vs)) -

¢
Therefore, since [(7(t —7))~/2dr = 7 for any t > 0, we get for ¢ = co ky 7 that
0

vl oo @3y < e lleqo.ry;r,mey) + ol ms) -
Further, if 1 — cc, > 0 then this entails that for any 0 < t < T we have

1
o), msy < T ce lall, msy = ca- (7.1)
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Finally, by Holder inequality and also Lemma [.3] we get

Cx C
/U(t) ~v(t) de| < lu@)ll L @sy 10O, @s) < % —0
R3
as t — 4o00. And, furthermore, since 1 — cc, > 0, there is an upper bound on c,, namely,
1 1
Cr < — = = £0.
C ™ Co k‘l

Note that if we have 1 — ce, < 0, then upper bound (|7.1)) turns into

1
v, @sy = 0> T ce lall, ms)

and it is absolutely unhelpful. Therefore, the condition that c, < g¢ is vital in this proof.

8. PROOF OF THE MAIN RESULT. CONCLUDING REMARKS

8.1. Proof of the Liouville-type theorem. Recall that we want to prove that for mild
bounded ancient solution u and p of the Navier-Stokes equations N'S such that for ¢, > 0
the singularity of type I takes place there is a constant 9 > 0 such that if ¢, < &g, then

u(z,0) =0, Vz € R3,
Proof. By Theorem [6.1] and Theorem [7| we obtain

/u(O) cade = lim [ u(t)-v(t)de =0

t——+o0
R3 R3
for any a € C§° (R?) such that diva = 0. This yields that Helmholtz-Leray decomposition
implies u(0) € L2(R3) and that there is ¢ € W3 (R?) such that u(0) = Vi almost
everywhere in R3. Since divu = 0, therefore u(0) € H, and, also, by Helmholtz-Leray
decomposition we have

/U(O)'Udl':(], Vn € H.

R3
Thereby, by Dubois-Reymond Lemma we immediately get that «(0) = 0 in R? and the
Theorem is proved. O

Note that to prove the regularity of the weak solution w in the origin z = 0 it is
sufficient to know that
u(z,0) =0, VzeR3
since these fact already contradicts to the statement that |u(0,0)| = 1.

However, our goal is to show that the Liouville-type theorem holds. Since we are
interested only in the possibility of obtaining a Liouville-type theorem by applying the
duality method to our special case, therefore, as we mentioned in Subsection [L.1] using
backward uniqueness theorem proved in the paper of L. Escuriazo, G. Seregin, V. Sverak
(see [2]) one can prove that

u(z,t) =0, Y(x,t)e Q.

More about Liouville-type theorems could be found in the G. Seregin’s book (see e.g.,
Chapter 6.4 and Appendix A.3 in [6]) and the paper of G. Koch, N. Nadirashvili, G.
Seregin and V. Sverak, [3].
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8.2. Concluding remarks. In this section, we describe how the Theorem could be
proved for any constant c, > 0, that is, without assuming that ¢, < gg for some g9 > 0.
Unfortunately, we show that this theorem can not be proved under such assumptions.
What is interesting here is that we come to exactly the same estimate as M. Schonbeck
and G. Seregin came to in paper [5]. Moreover, we come to some conclusions about the
duality method.

Let p,q > 1 be such that % + % = 1. Applying Holder inequality by Proposition

and Lemma for p € (g, 2) and g > 3 we get
[u-vyds] < @), o),

3-g . 6-3p
< Oyt m @w%mq+Qﬁ@)

6—3p

3=q P e
= Gy HCLHLP(R3)t 20 +CCptza "o,

6 3
572

Since g = ]%, we have ¢ € (3,6) and therefore p € (

3—q
— <0
2q ’

). Obviously,

3—
which entails that £ 2 — 0 as ¢ tends to 400. However, regarding the second summand

term index in the estimate we obtained above, we have

3— 6-3p 33— 6-3p 2Bp—3— 6-3p 1
g, 6-3p p-1 6-3p _ 20p p)+6-3p _

2q 4p ey 4p 4p

Hence, while ¢ tends to 400 we obtain

/u(t) ~o(t) de| — Cqépt% — +00.

R3
These result is similar to one obtained by M. Schonbeck and G. Seregin, namely, the
estimate (see Subsection .

This allows us to conclude that the duality method is applicable under different as-
sumptions and is indeed a method rather than a special case of solving the problem of
local regularity of a weak solution of the Navier-Stokes equations. As we mentioned in
Section|1.1] our main goal is to investigate the limits of applicability of the duality method
developed by G. Seregin. We examined a modification fo duality method expecting that
we could obtain results similar to those obtained by M. Schonbeck and G. Seregin in [5].
Since all of our results, both positive and negative, are exactly the same as those of M.
Schonbeck and G. Seregin, we finally conclude that the duality method requires the search
for further applications in the theory of the Navier-Stokes equations.



26

ACKNOWLEDGEMENT

I am grateful to Professor Timofey Shilkin for constant attention to this work, various
helpful suggestions and discussions.

REFERENCES

[1] L. Caffarelli, R. Kohn, and L. Nirenberg. Partial regularity of suitable weak solutions
of the Navier-Stokes equations. Comm. Pure Appl. Math., 35(6):771-831, 1982.

[2] L. Escuriazo, G. Seregin, and V. Sverdk. Lj «-solutions of Navier-Stokes equations
and backward uniqueness. Uspekhi Mat. Nauk, 58(2(350)):3-44, 2003.

[3] G. Koch, N. Nadirashvili, G. Seregin, and V. Sverdk. Liouville theorems for the
Navier-Stokes equations and applications. Acta Math., 203(1):83-105, 2009.

[4] O. A. Ladyzenskaja. Matematicheskie wvoprosy dinamiki vyazkoi mneszhi-
maemoizhidkosti. 1zdat. “Nauka”, Moscow, supplemented edition, 1970.

[5] M. Schonbek and G. Seregin. Time decay for solutions to the Stokes equations with
drift. Commun. Contemp. Math., 20(3):1750046, 19, 2018.

[6] G. Seregin. Lecture notes on regularity theory for the Navier-Stokes equations. World
Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2015.

[7] G. Seregin. Liouville theorem for 2D Navier-Stokes equations in a half space. J.
Math. Sci. (N.Y.), 210(6):849-856, 2015.

[8] G. Seregin. Duality approach to the regularity problems for the Navier-Stokes equa-
tions. Turkish Journal of Mathematics, 47(3):898-909, 2023.

[9] G. Seregin and T. N. Shilkin. Liouville-type theorems for the Navier-Stokes equa-
tions. Uspekhi Mat. Nauk, 73(4(442)):103-170, 2018.

[10] G. Seregin and V. Sverdk. On type I singularities of the local axi-symmetric solutions
of the Navier-Stokes equations. Comm. Partial Differential Equations, 34(1-3):171—
201, 2009.

[11] V. A. Solonnikov. Estimates for solutions of a non-stationary linearized system of
Navier-Stokes equations. Trudy Mat. Inst. Steklov., 70:213-317, 1964.

[12] V. A. Solonnikov. Estimates of the solutions of the nonstationary Navier-Stokes
system. Zap. Naucn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 38:153—
231, 1973.

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE OF SPBSU
LINE 14TH (VASILYEVSKY ISLAND), 29,
ST. PETERSBURG 199178, RUSSIA

E-mail: pkulikov239@gmail.com



	1. Introduction
	1.1. Problem statement and main results
	1.2. Known result
	1.3. Plan of the proof

	2. Integral identities
	3. The Stokes problem with a drift
	3.1. Existence of unique weak solution
	3.2. Smoothness of solutions to the Stokes problem
	3.3. Solution of the Stokes problem as a mild solution

	4. Upper bounds
	5. Pikard's method
	5.1. Pikard's method for the solutions of the Cauchy problem
	5.2. Extension of the solutions obtained by Pikard's method

	6. Duality method
	7. Decreasing in time for sufficiently small singularity
	8. Proof of the main result. Concluding remarks
	8.1. Proof of the Liouville-type theorem.
	8.2. Concluding remarks

	References

