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;TWNI=X9 <U W<7 <WR 7>NtRX7<>TF BC7 NW RW9RIBQR <U W<WQ=WRN> 7>NtRX7<>=R9 <U 76R 9T97RI� S6R
X<W9=;R>R; RW9RIBQR <U 7>NtRX7<>=R9 X<JR>9 76R RW7=>R N>RN <U 76R RW?=WRR>=W? ?N8 BR7YRRW 76R
8QN7U<>I NW; 76R ?C=;R >N=Q9� )W 76=9 N>RN 76R IN?WR7=X U<>XR9 8><J=;R 6=?6QT W<WQ=WRN> RVRX79
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�� �8-735Q9-038� bC= <=f=:DOI=GB DQ GDG:>G=;F ADGBFD::=F <=M>HG QDF GDG:>G=;F MNM�
B=IM >M ; F=:=f;GB OFDP:=I QDF f;F>DLM BC=DF=B>A;: ;G< OF;AB>A;: MBL<>=M& bC= O;O=F <=�
f=:DOM ; O;F;I=BF>A DOB>I>Z;B>DG ;OOFD;AC BC;B =gB=G<M BC= A;O;P>:>B>=M DQ =g>MB>GH BDD:M
;G< I=BCD<M QDF BC= F=HL:;BDFM ADGMBFLAB>GH& ]F=f>DLM:NS BC>M ;OOFD;AC C;M P==G MLAA=MM�
QL::N LM=< >G MD:f>GH OFDP:=IM DQ ;G;:NM>M ;G< MNGBC=M>M DQ MB;P>:>Z>GH F=HL:;BDFM QDF O:;MI;
MC;O= ;G< ALFF=GB >G BD?;I;?M n,S 0o& 'G BC;B F=M=;FAC=M BC= :>G=;F MNMB=IM C;f= P==G

N© gC� `PCPIELMIJ gCVCP pRHWPIEHCU+ ?.?/

BCCDE7>>FGH�GIJ>�.�?�@/K>��1.�>EDLM�.�?.?/��.� ,-U



>Gf=MB>H;B=<& \ f;F>=BN DQ =g;IO:=M DQ DP�=ABM A;G P= ADf=F=< PN O;F;I=BF>A DOB>I>Z;B>DG
n4S )o& 'B MCDL:< P= GDB=< BC;B BC= DOB>I>Z;B>DG ;OOFD;AC P;M=< DG BC= LM= DQ ;G =GM=IP:=
DQ BF;�=ABDF>=M ;G< BC= mL;:>BN QLGAB>DG;: MO=A>@=< DG BC=M= BF;�=ABDF>=M >M E><=:N LM=< >G
MD:f>GH DBC=F OFDP:=IM& 'G O;FB>AL:;FS BC=M= ;F= OFDP:=IM DQ =:=ABFD<NG;I>AM n6p1o ;G<
>I;H= OFDA=MM>GH >G BC= F=ADGMBFLAB>DG DQ BC= f=:DA>BN @=:< nqp,-o&

a;HG=B>A :=f>B;B>DG DF a;H:=f >M ; ID<=FG B=ACGD:DHN BC;B LM=M <>F=AB=< LOE;F<M
I;HG=B>A QDFA=M BD P;:;GA= BC= <DI>G;GB <DEGE;F< QDFA= DQ HF;f>BN& 'B E;M ;OO:>=< BD ;
E><= F;GH= DQ @=:<M >G MA>=GA= ;G< B=ACGD:DHN MB;FB>GH E>BC C;GH>GH ; MI;:: :;PDF;BDFN�
MA;:= DP�=AB ;G< @G>MC>GH E>BC :;FH=�MA;:= BF;GMODFB;B>DG ;OO:>A;B>DGM :>?= a;H:=f f=C>A:=M
ML>B=< BD A;FFN CLH= E=>HCBM ;B MO==<M LO BD M=f=F;: CLG<F=< ?>:DI=B=FM O=F CDLF&

bC=F= ;F= BED ADIIDG MLMO=GM>DG MNMB=I <=M>HGM E><=:N LM=< QDF a;H:=f f=C>A:=
;OO:>A;B>DGM& bC= @FMB DG= >M G;I=< ;G =:=ABFD<NG;I>A MLMO=GM>DG R_`KT MNMB=I ;G< LM=M
BC= F=OL:M>f= QDFA= AF=;B=< PN I;HG=BM IDf>GH F=:;B>f= BD =:=ABF>A;: ADG<LABDFM& bC= DBC=F
DG= >M G;I=< ;G =:=ABFDI;HG=B>A MLMO=GM>DG R_aKT MNMB=I ;G< LM=M BC= QDFA= DQ ;BBF;AB>DG
P=BE==G I;HG=BM ;G< Q=FFDI;HG=B>A I;B=F>;:M& bC= HF;f>BN QDFA= >M P;:;GA=< <>e=F=GB:N >G
BC=M= A;M=M <L= BD BC= f;F>DLM G;BLF= DQ I;HG=B>A QDFA=M& bC= _`K QDFA= G;BLF= P;M=M DG
BC= ;>F H;OS BC= MO==< DQ BC= f=C>A:=S BC= =:=ABFDADG<LAB>f>BN DQ BC= I;B=F>;: >G BC= BF;A?
;G< BC= MDLFA= DQ BC= I;HG=B>A @=:<& bC=F=QDF= :=f>B;B>DG C;M O:;A= ;M :DGH ;M f=C>A:= IDf=M
;B M>HG>@A;GB MO==< R=& H& 'G<LABF;A? n,,oT&

YOODM>GH BD _`K MNMB=IMS BC= _aK QDFA= F=:>=M DG:N LODG BC= ;>F H;O P=BE==G BC=
BF;A? ;G< BC= I;HG=B ;G< BC= I;HG=B>A @=:< f;:L= AF=;B=< PN BC= =:=ABFDI;HG=B& bC>M
MNMB=I >M A;O;P:= DQ OFDf><>GH :=f>B;B>DG PDBC >G MB;B>A ADG<>B>DGM ;G< >G BC= IDB>DG R=& H&
bF;GMF;O>< n,0oT&

c;GH>GH QF;I= DQ BC= FD::>GH MBDA? ;PDf= BC= BF;A? E>BC _aK Q;A=M >GC=F=GB >GMB;P>:>BN&
'B B;?=M =g;AB P;:;GA= P=BE==G I;HG=B>A ;BBF;AB>DG QDFA=M ;G< BC= QDFA= DQ HF;f>BN QDF ;G ;>F
H;O P=BE==G BF;A? MBFLABLF= ;G< BC= I;HG=B BD =g>MB& cDE=f=FS E>BC ; MI;:: <=f>;B>DG DQ
BC= ;>F H;O M>Z=S BC= ;BBF;AB>f= QDFA= P=BE==G BC= MCDFB�A>FAL>B=< BF;A? AD>: ;G< BC= DGPD;F<
I;HG=B>A MNMB=I F>M=M DF E=;?=GM ;AADF<>GH:N& bC=F=QDF= BC= DP�=AB =>BC=F HF>OM DF Q;::M&
bC= M>GH:= E;N BD OFDf><= MB;P:= :=f>B;B>DGS >G BC= _aK A;M=S >M ;LBDI;B>A ;AB>f= ADGBFD:
PN ;<�LMB>GH BC= ALFF=GB MLOO:>=< BD ;G =:=ABFDI;HG=B�M E>G<>GHM >G F=MODGM= BD M>HG;:M
BC;B ;F= Q=< P;A? BD BC= I;HG=B�M ODE=F MLOO:N QFDI ; M=GMDF BC;B ADGM>MB=GB:N F=;<M BC=
;>F H;O&

bC= I=GB>DG=< Q=;BLF=M I;?= OFDf><>GH MB;P>:>BN BD ; a;H:=f MNMB=I BD P= ; <>�AL:B
GDG:>G=;F ADGBFD: B;M?& `>e=F=GB I=BCD<M C;f= N=B P==G OFDODM=< BD ADGBFD: I;HG=B>A
:=f>B;B>DG& ]F>I;F>:NS ; :>G=;F>Z=< ID<=: ;PDLB ; GDI>G;: DO=F;B>GH OD>GBS BC;B >M ; mL>B=
ADIIDG B=ACG>mL=& 'B E;M <=IDGMBF;B=< >G :DBM DQ F=;:>MB>A ;OO:>A;B>DGM n0o& cDE=f=FS >G
DLF A;M= C>HC GDG:>G=;F>BN DQ a;H:=f MNMB=IM I;?=M BC= F=HL:;BDF O=FQDFI;GA= <=HF;<=
ME>QB:N E>BC F>M>GH <=f>;B>DGM QFDI BC= GDI>G;: DO=F;B>GH OD>GB&

lDG:>G=;F B=ACG>mL=M C;f= P==G LM=< PN MDI= ;LBCDFM BD <=M>HG MB;P>:>Z>GH ADGBFD:
:;EM& lDG=BC=:=MMS >G IDMB MBL<>=M I=BCD<M ;F= <=M>HG=< =>BC=F QDF MI;:: :=f>B;B>GH DP�=ABM
n,4o DF QDF >G;OOFDOF>;B= ID<=:M >G F=MO=AB DQ OCNM>AM ;G< I;HG=B>A Q=;BLF=M DQ BC= MNMB=I&
bC=F= ;F= I;F?;P:= OFDODM=< I=BCD<M DQ GDG:>G=;F ADGBFD: QDF MB;P>:>Z>GH :=f>B;B>GH DP�=ABM
MLAC ;M GDG:>G=;F ID<=: OF=<>AB>f= ADGBFD: n,)S ,6oS P;A?MB=OO>GH�B=ACG>mL= n,Jo Q==<P;A?
:>G=;F>Z;B>DG n,4S ,1oS ;G< M:><>GH ID<= ADGBFD: MBF;B=H>=M n,qS ,Uo&

bC= F=ML:BM DQ BC>M EDF? =gB=G<M BC= F=M=;FAC >G n0-o& 'G O;O=F n0-o BC= ADGBFD: :;E
C;M ; OD:NGDI>;: QDFI& bD ;AC>=f= MLAC ; OD:NGDI>;: QDFI BC= MB;P:= I;G>QD:< I=BCD<
E;M LM=<& bC= ;LBCDFM ;OO:>=< BC= ;G;:NM>M DQ BC= <NG;I>AM DQ ; GDG:>G=;F =GM=IP:= DQ
BF;�=ABDF>=MS PLB >B E;M DG:N BD ADIO;F= mL;:>B;B>f= ;G< mL;GB>B;B>f= AC;F;AB=F>MB>AMS ;G<
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=GM=IP:= DOB>I>Z;B>DG C;M GDB P==G ;OO:>=< N=B& bC= GDf=:BN DQ BC= ALFF=GB EDF? >M BC;B BC=
QLGAB>DG;: AF>B=F>DG >M >Gf=MB>H;B=< ;G;:NB>A;::N ;G< ; f;F>;B>DG DQ BC= QLGAB>DG;: AF>B=F>DG PN
O;F;I=B=FM >M DPB;>G=<& bC= OD:NGDI>;: ADGBFD: :;E >M DOB>I>Z=< BD I>G>I>Z= BC= >GB=HF;:
QLGAB>DG;: AF>B=F>DGS EC>AC =f;:L;B=M BC= <NG;I>AM mL;:>BN DQ GDB BC= DG= BF;�=ABDFNS PLB
;G =GM=IP:= DQ GDG:>G=;F O=FBLFP=< BF;�=ABDF>=M DQ BC= MNMB=I& bC= ADGM><=F=< =GM=IP:=
DQ BF;�=ABDF>=M ADf=FM BC= =GB>F= ;F=; DQ BC= =GH>G==F>GH H;O P=BE==G BC= O:;BQDFI ;G< BC=
HL><= F;>:M& bC= OF=M=GB=< ;G;:NB>A;: =gOF=MM>DGM DQ BC= f;F>;B>DG DQ BC= QLGAB>DG;: AF>B=F>DG
PN O;F;I=B=FM ;::DE BD >IO:=I=GB f;F>DLM HF;<>=GB ;G< <>F=AB=< DOB>I>Z;B>DG I=BCD<M& \M
; F=ML:B DQ ADIOLB;B>DG;: DOB>I>Z;B>DG DQ BF;�=ABDF>=M =GM=IP:=S ; A:;MM DQ ];F=BD�DOB>I;:
OD:NGDI>;: F=HL:;BDFM >M ADGMBFLAB=< QDF ADGM><=F=< ADGBFD: DP�=AB& 'G BC= OF=M=GB=< M=BS
=;AC ];F=BD�DOB>I;: OD>GB ADFF=MODG<M BD ; MO=A>@A ADGBFD::=F ;G< >Gf=MB>H;B=< QLGAB>DG;:
AF>B=F>; EC>AC =f;:L;B=M BC= =GB>F= =GM=IP:= DQ O=FBLFP=< GDG:>G=;F BF;�=ABDF>=M&

bED f=FB>A;: AFDMM�M=AB>DGM DQ BC= ADGM><=F=< a;H:=f O:;BQDFI ;F= MCDEG PN h>HLF= ,&
�Kd l''_h\ OFDODM=< n0,o MLMO=GM>DG <=M>HG DQ BC= DP�=AB BC;B ADGB;>GM BC= MD�A;::=<
F=Q=F=GA= I;HG=BMS EC>AC A;G P= I;<= DG BC= P;M>M DQ O=FI;G=GB ;G<�DF MLO=FADG<LAB>GH
I;HG=BMS >G ;<<>B>DG BD ADGf=GB>DG;: =:=ABFDI;HG=BM& bC= I;>G :>QB>GH QDFA= G=A=MM;FN QDF
:=f>B;B>DG >M AF=;B=< PN F=Q=F=GA= I;HG=BM EC>:= =:=ABFDI;HG=BM I;>GB;>G BC= F=mL>F=< f;:L=
DQ BC= ;>F H;O i O=FQDFI MB;P>:>Z>GH QLGAB>DG& bC= F=;: =gO=F>I=GBM f;:><;B=< OFDODM=<
ADGMBFLAB>DG ;G< ;::DE=< BD I=;MLF= BC= <=O=G<=GA= P=BE==G I;HG=B QDFA=M ;G< BC= ;>F
H;O& �Kd l''_h\ OFDODM=M ;G;:DH>A;: ;OOFD;AC >G BC= ;GDBC=F ;F=; DQ ;OO:>A;B>DG ;M
E=:: n0,o&

U�.-,& <� LR>7=XNQ 9RX7=<W9 <U 76R 
N?QRJ 8QN7U<>I Y=76 N X<IB=WR; 9C98RW9=<W9

� X EHFP WHPmn ( X SIGRC WHPm7 D X MDDPI PcPNCIG]VJRPCn f X cGmPI PcPNCIG]VJRPCn g X DPI]VRPRC

]VJRPCn z X SPIIG]VJRPCHN JMHFPmVUn z1+ z2 X WPICHNVc DGEHCHGRE GS NG]LHRPF EMEDPREHGREn

F��� X PcPNCIG]VJRPCHN SGINP GS CBP MDDPI ]VJRPCn F��� X PcPNCIG]VJRPCHN SGINP GS CBP cGmPI ]VJRPCn

F�� X ]VJRPCHN SGINP GS CBP DPI]VRPRC ]VJRPCn Fg X JIVWHCU SGINP�

bC= O;O=F >M DFH;G>Z=< ;M QD::DEM& K=AB>DG 0 <=MAF>P=M ; OCNM>A;: ID<=: DQ BC= F=;:
:=f>B;B>GH O:;BQDFI ;G< >GBFD<LA=M >BM MB;B=�MO;A= F=OF=M=GB;B>DG >G <=f>;B>DGM E>BC BC=
;MMLIOB>DG BC;B BC= O:;BQDFI IDf=M DG:N >G ; M>GH:= O:;G=& bCLMS >BM ODM>B>DG >G MO;A= >M
<=@G=< PN BC= DeM=B DQ f=FB>A;: z ADDF<>G;B= ;G< FD:: ;GH:=& 'G K=AB>DG 4 BC= OFDP:=I DQ
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O;F;I=BF>A DOB>I>Z;B>DG DQ GDG:>G=;F BF;�=ABDF>=M =GM=IP:= >M MD:f=<& _MM=GB>;: ;G;:NB>A;:
=gOF=MM>DGM ;F= OF=M=GB=<& K=AB>DG ) OF=M=GBM BC= ADIOLB;B>DG;: F=ML:BM DQ DOB>I>Z;B>DG DQ
GDG:>G=;F BF;�=ABDF>=M =GM=IP:=S >GA:L<=M ; ADIO;F;B>f= A;M=S ;G< >::LMBF;B=M BC= G=E A:;MM
DQ DOB>I>Z=< OD:NGDI>;: ADGBFD::=FM&

�� \.<1+> P1.-437: 528.:09, :35+1� bC= ID<=: DQ <NG;I>AM DQ BC= DP�=AB DG
BC= h>HLF= , E;M OFDODM=< ;G< <=MAF>P=< >G n00S 04o& 'G BC=M= O;O=FM BC= I;MM m n?Ho
;G< E><BC w nIo DQ BC= O:;BQDFI ;F= MO=A>@=<& bC= f=FB>A;: ODM>B>DG AC;F;AB=F>MB>AM DQ BC=
=:=ABFDI;HG=B>A MLMO=GM>DGM ;F= z1 nIo ;G< z2 nIo& bC= QDFA=M OFDf><=< PN BED =:=ABFDI;H�
G=B>A MLMO=GM>DGM <=O=G< DG BC= MLOO:>=< ADGBFD: M>HG;: u = (u1, u2)

∗ ∈ R
2 F=MO=AB>f=:NS

BC= MNIPD: ∗ >M :;P=:>GH BC= I;BF>g BF;GMODM= DO=F;B>DG&
bC= ADGM><=F=< a;H:=f O:;BQDFI <NG;I>AM >M <=MAF>P=< PN >BM MB;B= MO;A= f=ABDF x ∈ R

4

ADGM>MB>GH DQ _L:=F ;GH:= θ nF;<o ;G< f=FB>A;: ODM>B>DG DQ BC= O:;BQDFI A=GB=F zc nIoS ;GHL:;F
f=:DA>BN p = θ̇ nF;<�Mo ;G< f=FB>A;: f=:DA>BN vc = żc nI�MoS

x = (x1, x2, x3, x4)
∗ = (θ, zc, p, vc)

∗.

bC= <NG;I>AM ID<=: DQ BC= DP�=AB >G <=f>;B>DGM A;G P= EF>BB=G >G H=G=F;: QDFI PN BC=
MNMB=I

ẋ = f(x) + g(x)u,

y = D(x)
R,T

E>BC >G>B>;: ADG<>B>DG
x(0) = x0. R0T

'G QDFIL:;M R,TS R0T x0 >M BC= >G>B>;: <=f>;B>DGS u = (u1, u2)
∗ ∈ R

2 >M BC= ADGBFD: f=ABDFS
y = (z1, z2)

∗ ∈ R
2 >M BC= DLBOLB f=ABDF DQ DPM=Ff;B>DG =mL;B>DGM E>BC D(x) <=@G=< PN

D(x) =

(
zc +

w tan θ
2

zc − w tan θ
2

)
,

I;BF>g g(x) C;M BC= QDFI

g(x) =

⎛⎜⎜⎜⎝
0 0
0 0

Fem(zc+
w tan θ

2 )

2mw −Fem(zc−w tan θ
2 )

2mw
Fem(zc+

w tan θ
2 )

2m

Fem(zc−w tan θ
2 )

2m

⎞⎟⎟⎟⎠ ,

f=ABDF QLGAB>DG f(x) >M <=GDB=< PN

f(x) =

⎛⎜⎜⎜⎝
p
vc

Fpm(zc+
w tan θ

2 )−Fpm(zc−w tan θ
2 )

2mw
Fpm(zc+

w tan θ
2 )+Fpm(zc−w tan θ

2 )

2m

⎞⎟⎟⎟⎠ ,

EC=F= Fpm >M BC= O=FI;G=GB I;HG=B QDFA=S ;G< Fem >M BC= ADIODG=GB DQ =:=ABFDI;HG=B
QDFA= EC>AC ;F= <=F>f=< >G n0)S 06o >G BC= QDFI

F/-(z) =
k1

(z2 + k2z + k3)
2 ,

F0-(z) =
p1

(z2 + p2z + p3)
2 ,
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;G< AD=�A>=GBM pjS j = 1, 3S kiS i = 1, 3 E=F= P;M=< DG BC= B=ACG>A;: <DALI=GB;B>DGM >G
n0)o ;G< n0Jo& �=ABDF QLGAB>DGM f(x)S g(x)S D(x) ;F= <=@G=< ;G< ADGB>GLDLM Df=F BC= =GB>F=
ID<=:>GH >GB=Ff;: [0, Tend] ;G< MIDDBC =GDLHC& bC= =G< OD>GB Tend nMo >M MO=A>@=< PN BC=
=GH>G==F>GH F=mL>F=I=GBM ;M BC= B>I= DQ Q;<>GH DQ ;:: BF;GM>B>DG OFDA=MM=M >G BC= MNMB=I R,T&

�= :DD? QDF BC= MB;P>:>Z>GH ADGBFD: :;E BC;B OFDf><=M MB;P>:>BN QDF BC= MNMB=I R,T ;G<
C;M OD:NGDI>;: QDFI

u = fupoly
(x) ≡

(
f
(1)
upoly (x1, x2, x3, x4)

f
(2)
upoly (x1, x2, x3, x4)

)

E>BC OD:NGDI>;:M f
(1)
upoly , f

(2)
upoly &

(� h.7.:+-709 3P-0:0g.-038 34 +8,+:/1+ 34 838108+.7 -7.i+9-370+,� bD OFDf><=
MB;P>:>BN DQ BC= MNMB=I R,TS R0T E= O;F;I=B=F>Z= BC= <=M>HG=< OD:NGDI>;: ADGBFD: :;E

u = fupoly
(x) =

(
f
(1)
upoly(x1, x2, x3, x4)

f
(2)
upoly(x1, x2, x3, x4)

)
, R4T

;G< OD:NGDI>;: QLGAB>DGM A;G P= <=GDB=< ;M

f (i)
upoly

(x1, x2, x3, x4) =
∑

c(i)m1,m2,m3,m4
xm1
1 xm2

2 xm3
3 xm4

4 ,

i = 1, 2,

m1,m2,m3,m4 � 0,

m1 +m2 +m3 +m4 � 3,

GLIP=FM {m1,m2,m3,m4} ∈M S ;G<M >M ; M=B DQ ;:: ODMM>P:= ADIP>G;B>DGM DQ IDGDI>;:M

<=HF==MS c
(i)
m1,m2,m3,m4 ∈ R

1 ;F= AD=�A>=GB DQ B=FI E>BC >G<=g (m1,m2,m3,m4) DQ i
12

OD:NGDI>;:S i = 1, 2& bC;B M=B DQ AD=�A>=GBM {c(i)m1,m2,m3,m4}S (m1,m2,m3,m4) ∈ M S i =
1, 2S ;F= B;?=G ;M f;FN>GH O;F;I=B=FM&

bC=G ADGM><=F QDF MNMB=I R,TS R0T MDI= M=B DQ >G>B>;: <=f>;B>DGM {x(j)0 }S j = 1, N S EC=F=
N >M ; GLIP=F DQ =GM=IP:= BF;�=ABDF>=M EC>AC >M O=FBLFP=< PN BC>M >G>B>;: M=B& KNMB=I R,T
A;G P= F=OF=M=GB=< >G BC= QDFI

ẋ = F (x) ≡ f(x) + g(x)fupoly
(x),

y = D(x),
R)T

E>BC >G>B>;: ADG<>B>DGM

x(0) = {x(j)0 }Nj=1. R6T

bC=G MD:LB>DGM DQ R)T ADIODM= ;G =GM=IP:= DQ BF;�=ABDF>=M {x(j)(t)}S EC=F= x(j) ≡
x(j)(t, x

(j)
0 )S j = 1, N &

�= >GBFD<LA= ;G >GB=HF;: mL;:>BN AF>B=F>; DG BC= BF;�=ABDF>=M DQ BC= =GM=IP:=u

Jens =

Tend∫
0

1

N

N∑
j=1

(y(j)
∗
Qy(j) + u(j)

∗
Ru(j))dt, RJT

y(j) = y(j)(t, x(j))(t)S u(j) = u(j)(t, x(j))(t)S Q ;G< R ;F= E=>HCB I;BF>A=M& ^=B LM >GBFD<LA=
BC= QLGAB>DG ϕ(x(t)) ;M

ϕ(x(j)(t)) ≡ D∗(x(j)(t))QD(x(j)(t)) + f∗
upoly

(x(j)(t))Rfupoly
(x(j)(t)). R1T
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bCLMS BC= QLGAB>DG;: >GB=HF;: AF>B=F>DG RJT A;G P= F=OF=M=GB=< >G BC= QDFI

Jens =

Tend∫
0

1

N

N∑
j=1

ϕ(x(j)(t))dt. RqT

'G DF<=F BD I>G>I>Z= Jens −→ min E= ;F= ADGM><=F>GH BC= M=B DQ OD:NGDI>;: AD=�A>=GBM
{cm1,m2,m3,m4} ;M f;F>=< O;F;I=B=FMS BCLM Jens = Jens({cm1,m2,m3,m4})&

'G BC= PDD?M nJS 1S 01o >B >M OF=M=GB=< ; B=ACG>mL= BD DPB;>G>GH BC= F=OF=M=GB;B>DG
DQ BC= @FMB f;F>;B>DG QDF BC= >GB=HF;: QLGAB>DG;: AF>B=F>;& hD::DE>GH BC>M B=ACG>mL=S E= HDB
; f;F>;B>DG DQ QLGAB>DG;: RJT PN BC= O;F;I=B=FM EC=G AD=�A>=GB cm1,m2,m3,m4 >M >GAF=�
I=GB=< PN MDI= Δc ;M cm1,m2,m3,m4 + Δc& �= <=GDB= ΔcF (x

(j)(t), {cm1,m2,m3,m4}) ;M
ΔcF (x

(j)(t), {cm1,m2,m3,m4}) ≡ F (x(j)(t), cm1,m2,m3,m4 + Δc) − F (x(j)(t), cm1,m2,m3,m4),
;G< Δcϕ(x

(j)(t), {cm1,m2,m3,m4})S Δcfupoly
(x(j)(t), {cm1,m2,m3,m4}) ;F= <=GDB=< ;G;:DH>�

A;::N& bC=G BC= f;F>;B>DG DQ QLGAB>DG;: R4T PN BC= O;F;I=B=F A;G P= F=OF=M=GB=< >G BC=
QDFI

δJens({cm1,m2,m3,m4},Δc) =
Tend∫
0

1

N

N∑
j=1

(
−ψ(j)∗(t, x(j)(t)) ×

×ΔcF (x
(j)(t), {cm1,m2,m3,m4}) + Δcϕ(x

(j)(t), {cm1,m2,m3,m4})
)
dt,

RUT

EC=F=

ΔcF (x
(j)(t), {cm1,m2,m3,m4}) = g(x(j)(t))×Δcfupoly

(x(j)(t), {cm1,m2,m3,m4}),
Δcϕ(x

(j)(t), {cm1,m2,m3,m4}) = Δcf
∗
upoly

(x(j)(t)) · R ·Δcfupoly
(x(j)(t)),

R,-T

;G< ψ(j)(t) ;F= MD:LB>DGM DQ BC= ADG�LH;B= <>e=F=GB>;: MNMB=I EC>AC ;F= F=OF=M=GB=< DG BC=
=GM=IP:= DQ BF;�=ABDF>=M ;M

ψ̇(j) = −∂F
∂x

(x(j)(t))ψ(j) +
∂ϕ

∂x
(x(j)(t)), R,,T

E>BC B=FI>G;: ADG<>B>DG
ψ(j)∗(Tend) = 0.

b;?>GH >GBD ;AADLGB BC= F>HCB O;FB DQ MNMB=I R)TS >B >M ODMM>P:= BD F=OF=M=GB

∂F (x)

∂x
(x(j)(t)) =

∂f(x)

∂x
(x(j)(t)) +

∂g(x)

∂x
fupoly

(x(j)(t)) +

+ g(x(j)(t))
∂fupoly

(x)

∂x
(x(j)(t))

R,0T

;G<

∂ϕ

∂x
(x(j)(t)) =

1

N

N∑
j=1

(2D∗(x(j)(t))Q
∂D(x)

∂x
(x(j)(t)) +

+ 2f∗
upoly

(x(j)(t))R
∂fupoly

(x)

∂x
(x(j)(t)).

R,4T
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dDGM><=F>GH BC;B BC= F>HCB O;FBM DQ BC= ;PDf= =gOF=MM>DGM R1TpR,4T I=B BC= ;:: G=A=MM;FN
ADG<>B>DGM nJS 01oS BCLMS E= C;f= ; F=OF=M=GB;B>DG QDF BC= AF>B=F>; HF;<>=GBu

∂Jens({cm1,m2,m3,m4})
∂cm1,m2,m3,m4

=

Tend∫
0

N∑
j=1

(
−ψ(j)∗(x(j)(t))

∂F

∂cm1,m2,m3,m4

(x(j)(t)) +

+
∂ϕ

∂cm1,m2,m3,m4

(x(j)(t))

)
dt.

R,)T

bC>M F=OF=M=GB;B>DG R,)T ;::DEM DG= BD ;OO:N f;F>DLM ADIOLB;B>DG;: DOB>I>Z;B>DG
I=BCD<MS >GA:L<>GH HF;<>=GB DOB>I>Z;B>DG ;G< DBC=F <>F=AB=< DOB>I>Z;B>DG I=BCD<M&

H� jQ:+709.1 3P-0:0g.-038 7+,Q1-,� ^=B {x(j)0 }Nj=1 P= ; M=B DQ >G>B>;: <=f>;B>DGM >G

R6T QDF BC= =GM=IP:= DQ N MNMB=I�M BF;�=ABDF>=M {x(j)(t)}S EC=F= x(j) ≡ x(j)(t, x
(j)
0 )& bC=

=GM=IP:= >M M>IL:;B=< ;M ; F=MODGM= DQ GDG:>G=;F MNMB=I R)T A:DM=< E>BC R4T BD BC= M=B R6T
DQ >G>B>;: <=f>;B>DGM QFDI BC= :gO+B+F'++OE K&3+4+&,& 'B M==IM >GB=F=MB>GH BD ADIO;F= BC=
=GM=IP:=M E>BC BC= M;I= >G>B>;: ADG<>B>DGM QDF f;F>DLM OD:NGDI>;: ADGBFD: :;EM& bC= >G>B>;:
;OOFDg>I;B>DG QDF BC= DOB>I>Z;B>DG OFDA=MM A;G P= DPB;>G=< E>BC f;F>DLM E;NM& bC=M= A;G
P= f;F>DLM F;G<DI M=;FAC I=BCD<MS QDF =g;IO:= nqoS DF >B A;G P= BC= OD:NGDI>;:M DPB;>G=<
LM>GH BC= ;OOFD;AC OF=M=GB=< >G n0-S 0qoS ;M E=:: ;M MDI= DBC=F GDG:>G=;F I=BCD<M&

bC= M=B DQ >G>B>;: <=f>;B>DGM >M LG>QDFI:N <>MBF>PLB=< >G MLAC ; E;N BC;B BC= <=f>;B>DGM
DQ ;>F H;OM >G BC= DLBOLB f=ABDF y Q;:: >G BC= F;GH= ±4 IIu |yji (0)| � 0.004 IS i = 1, 2, j =
1, N, N = 20& bC= =G< DQ BC= M>IL:;B>DG >GB=Ff;: Tend = 0.250 M&

�= ADIO;F= BC= A:DM=< ADGBFD: MNMB=I O=FQDFI;GA= ;AADF<>GH BD BC= mL;:>BN AF>B=F>;
RJT QDFIL:;B=< QDF BC= =GM=IP:= DQ BF;GM>=GB OFDA=MM=M O=FBLFP=< PN >G>B>;: <=f>;B>DGM R6T
QFDI BC= :gO+B+F'+OE K&3+4+&,u

J/34 =

Tend∫
0

1

N

N∑
j=1

⎛⎜⎝y(j)∗Qy(j)︸ ︷︷ ︸
56678569

+ u(j)
∗
Qu(j)︸ ︷︷ ︸

/3/8:9 6;414

⎞⎟⎠ dt, R,6T

EC=F= ;AADF<>GH BD R)TS y(j) ≡ y(j)(t, x
(j)
0 ) ≡ D(x(j)(t, x

(j)
0 ))S Q ;G< R ;F= BC= E=>HCB

I;BF>A=M&
]F;AB>A;::NS LG<=FPF;A=< B=FIM >G R,6T A;G P= >GB=FOF=B=< ;M ; GLI=F>A;: =MB>I;B>DG

DQ BC= F=HL:;BDF ;AALF;AN Jac ;G< =G=FHN ADMBM Jec DQ =GB>F= =GM=IP:=& bCLMS Jens = Jac +
Jec& ]FDODM=< DOB>I>Z;B>DG ;OOFD;AC ;::DEM BC= ;G =GH>G==F BD ADGMBFLAB ;G< ACDDM= BC=
ADGBFD::=FM ECDM= BF;�=ABDFN =GM=IP:=M ;F= ];F=BD�DOB>I;: >G B=FIM DQ ;AALF;AN ADMB Jac
;G< =G=FHN ADMB Jec& bD @G< BC= OD>GBM DQ MLAC ; M=B DQ ];F=BDS BC= F=M=;FAC=F A;G f;FN BC=
E=>HCB AD=�A>=GBM >G R,6T&

lDB=S BC;B >GB=F=MB>GH F=ML:BM E=F= DPB;>G=< >G n0-o ;G< ; GLI=F>A;: =f;:L;B>DG DQ BC=
=GM=IP:= DQ GDG:>G=;F BF;�=ABDF>=M E;M A;FF>=< DLB& 9LB QDF BC= M;I= >G>B>;: <;B;S BC=M=
F=ML:BM ;F= :DA;B=< ;PDf= BC= ];F=BD ALFf= DQ DOB>I>Z=< ADGBFD::=FM >G BC= ALFF=GB EDF?&
bC>M A;M= >M F=OF=M=GB=< >G h>HLF= 0 ;M ; I&EK-'-4+(: I-3:&

h>HLF=M 4 ;G< ) >::LMBF;B= BC= F=ML:BM DQ ; GLI=F>A;: M>IL:;B>DG E>BC DOB>I>Z=< F=HL�
:;BDF BD MB;P>:>Z= BC= O:;BQDFI FD:: IDB>DG& \:MDS BC= M>IL:;B>DG DQ BC= <NG;I>AM DQ ALFF=GB
f;:L=M >G BC= AD>:M DQ =:=ABFDI;HG=BM C;M ; OF;AB>A;: >GB=F=MB <LF>GH BC= OFDA=MM DQ MB;P>:>Z;�

B>DG& bC= <NG;I>AM DQ BC=M= f;:L=M I
(j)
coils1

(t)S I
(j)
coils2

(t) n�o C;M ; ADIO:=g <=O=G<=GA= DG BC=

f=FB>A;: ODM>B>DG ;G< MLOO:>=< ADGBFD: f;:L=M (I
(j)
coils1

(t), I
(j)
coils2

(t))∗ = Vcoils(z
(j)(t), u(j)(t))
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U�.-,& =� L=9CNQ=_N7=<W <U 76R ON>R7<�<87=INQ 9R7 <U 8<QTW<I=NQ X<W7><QQR>9

U�.-,& >� GW9RIBQR <U 76R JR>7=XNQ 8<9=7=<W 7>NtRX7<>=R9 z
(j)
1 , z

(j)
2

U<> B<76 9C98RW9=<W9 Y=76 <87=I=_R; X<W7><QQR>

;G< >::LMBF;B=< DG BC= h>HLF= )S EC=F= BC= QDFI DQ QLGAB>DG Vcoils(z
(j)(t), u(j)(t)) <=F>f=<

>G n0)S 06o&
bCLMS QDF ADGM><=F=< DP�=AB >B E;M F=A=>f=< ; G=E A:;MM DQ MB;P>:>Z>GH ];F=BD�DOB>I;:

OD:NGDI>;: ADGBFD::=FM&
J� �3891Q,038� bC= O;F;I=BF>A DOB>I>Z;B>DG DQ BF;�=ABDF>=M =GM=IP:= >M ;OO:>=< BD

BC= <=M>HG ;G< DOB>I>Z;B>DG DQ BC= OD:NGDI>;: ADGBFD: :;EM R4T BD MB;P>:>Z= BC= a;H:=f
GDG:>G=;F Q==<P;A? ADGBFD: MNMB=I R)T& bC= ;<f;GB;H= DQ BC= OF=M=GB=< GDG:>G=;F ;OOFD;AC
>M BC;B BC= I>G>I>Z=< >GB=HF;: QLGAB>DG;: AF>B=F>; RJT =f;:L;B=M BC= <NG;I>AM mL;:>BN DQ GDB

,,J � %��&� �
"�
� 
!&�9�)��, 6�� 6��&��� ��8(!6��&����� ?.?/� �� ��� ���� �



U�.-,& ?� S>NtRX7<>=R9 RW9RIBQR <U RQRX7><IN?WR7 X<=Q XC>>RW79 I
(j)
coils1

, I
(j)
coils2

U<> B<76 9C98RW9=<W9 Y=76 <87=I=_R; X<W7><QQR>

BC= DG= BF;�=ABDFNS PLB ;G =GM=IP:= DQ GDG:>G=;F O=FBLFP=< BF;�=ABDF>=M& bC>M =GM=IP:= DQ
BF;�=ABDF>=M ;F= O=FBLFP=< PN >G>B>;: <>MBLFP;GA=M R6TS EC>AC ;F= <>MBF>PLB=< E>BC>G =GB>F=
=GH>G==F>GH H;O P=BE==G O:;BQDFI ;G< BC= HL><= F;>:M& ]F=M=GB=< DOB>I>Z;B>DG ;OOFD;AC
P;M=< DG BC= ADGM><=F;B>DG BC= =GB>F= =GM=IP:= DQ O=FBLFP=< BF;�=ABDF>=M ;M E=:: ;M BC=
;G;:NB>A;: F=OF=M=GB;B>DG DQ BC= @FMB f;F>;B>DG DQ QLGAB>DG;: AF>B=F>; R,)T ;::DE=< BD H=B ;
G=E ];F=BD DOB>I;: M=B DQ OD:NGDI>;: ADGBFD::=FM&

����������

�� aWEUVRRHZGW �� O�+ qVWVFEZHU g� b� aDCH]H\VCHGR VDDIGVNB CG CBP EURCBPEHE GS DcVE]V ECVLHcH\VCHGR
EUECP] HR CGZV]VZ HCPI� *!"(��H, "? �>"H-I @I-��I� �� N�I'�"�"BC+ ?.�K+ WGc� ��@+ RG� 0+ DD� �.?2�.A�

?� aWEUVRRHZGW �� O�+ qVWVFEZHU g� b� `VIPCG	GDCH]Vc NBGHNP GS NGRCIGccPI FH]PREHGR SGI DcVE]V
ECVLHcH\VCHGR EUECP]� $J�6K*�F�!,8�.-��+ ?.�K+ WGc� A�+ RG� /?+ DD� �1A2�1K�

/� qVWVFEZHU g� b�+ gBVIGWVCGWV �� =]DIGWP]PRC GS uMVFIGNGDCPI NG]]VRF DPISGI]VRNP EUECP]�
$�>�!��>-"��� 6"�?�!��I� "� M@>�(-�->C �� 6"�>!"� *!"I�,,�,O -� H�H"!C "? %� $� &A("#� @6* t *!"K
I�� -�B,� gC� `PCPIELMIJ+ ?.�A+ DD� @.�2@�.�

0� qVWVFEZHU g� b�+ TPDHZBHR {� �URV]HNE NBVIVNCPIHECHNE GDCH]H\VCHGR SGI CBP pOb PREP]LcP GS
]GCHGRE� 6"HHA�-I�>-"�, -� 6"HFA>�! �� $�?"!H�>-"� @I-��I�+ ?.?.+ ��0. __=g+ DD� �1A2�K@�

A� aWEUVRRHZGW O� �� pDIVWcPRHP DIGJIV]]RH] H WG\]MNBPRRH]H FWHJPRHUV]H t_GRCIGc GS DIGJIV]
VRF FHECMILPF ]GCHGREv� %�,>�-) "? @�-�> *�>�!,(A!B 9�-#�!,->C� @�!-�, DE� �FF�-� G�>'�H�>-I,�
6"HFA>�! @I-��I�� 6"�>!"� *!"I�,,�,+ ?..@+ HEE� 0+ DD� ���2�?A� w=R [MEEHVRx

@� aWEUVRRHZGW �� O� G" ��-!"#��-� - "F>-H-7�>I-C�  -��H-)- FAI')"# 7�!C�B���-F' I'�,>-I
tG" ��-�B �� "F>-H-7�>-"� "? I'�!B� F�!>-I�� (��H  C��H-I,v� TPRHRJIVF+ TPRHRJIVF pRHWPIEHCU `MLc�+
���.+ /�? D� w=R [MEEHVRx

1� aWEUVRRHZGW �� O� G�>�H�>-I'�,)-� H�>'" - AF!�#���-C� FAI')�H- tG�>'�H�>-I�� H�>'" , "?
(��H I"�>!"� v� TPRHRJIVF+ TPRHRJIVF pRHWPIEHCU `MLc�+ ��K.+ ??K D� w=R [MEEHVRx

K� aWEUVRRHZGW �� O�+ bcVFH]HIGWV T� b�+ [MLCEGWV =� ��+ [MLVRHZ O� b�+ `GRG]VIPW b� O�
�GFHfNHIGWVRRHH JPRPCHNBPEZHH VcJGIHC] DGHEZV JcGLVcRGJG PZECIP]M]V W EGNBPCVRHH % RVDIVWcPRRH]H
]PCBGFV]H t�GFHfPF JPRPCHN VcJGIHCB] GS JcGLVc P|CIP]M] EPVINB HR NG]LHRVCHGR mHCB FHIPNCHGRVc
]PCBGFEv� N'� VA���>-� "? $!)A>,) @>�>� 9�-#�!,->C� @�!-�, G�>'�H�>-I,+ ?.??+ WGc� /�+ DD� �12//�
BCCDE7>>FGH�GIJ>�.�?@A�@>���1	1@1.�?.??�/���1 w=R [MEEHVRx

�� YGCHRV y� ��+ aWEUVRRHZGW �� O�+ ycH\VIGWV �� aDCH]H\VCHGR VDDIGVNB CG CBP WPcGNHCU fPcF
FPCPI]HRHRJ DIGLcP]� 6C(�!��>-I, �� *'C,-I,+ ?.??+ WGc� ��+ RG� /+ DD� �/�2�/A�
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�.� YGCHRV y� ��+ aWEUVRRHZGW �� O� aDCH]H\VCHGR ]PCBGF GS CBP WPcGNHCU fPcF FPCPI]HRVCHGR SGI
CG]GJIVDBHN H]VJPE� @>�(-�->C �� 6"�>!"� *!"I�,,�,� @F!-�B�! U�>A!� x.�I>A!� U">�, -� 6"�>!"� �� 
$�?"!H�>-"� @I-��I�, X *!"I�� -�B,y+ ?.??+ DD� 1?/21?��

��� `GEC [� ^�+ [UMCGW �� �� {BP =RFMNCIVNZ7 V EH]DcPI VDDIGVNB CG ]VJRPCHN cPWHCVCHGR� $QQQ
N!��,� �FF�-� @AF�!I"� AI>-#->C+ ?...+ WGc� �.+ RG� �+ DD� �.�2�.0�
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