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6&07�,2': I=X><� NW; WNW<RQRX7><W=X9F jRQ; RI=77R>F IN76RIN7=XNQ I<;RQ=W?F RQRX7><97N7=X
8<7RW7=NQ ;=97>=BC7=<WF B<CW;N>T�JNQCR 8><BQRI�

�� �8-735Q9-038� Yf=F BC= O;MB Q=E <=A;<=MS BC= LM= ;G< ID<=:>GH DQ <=f>A=M E>BC
A;BCD<=M P;M=< DG @=:< =I>BB=FM C;M M>HG>@A;GB:N >GAF=;M=< >G f;ALLI I>AFD� ;G< G;GD�
=:=ABFDG>AM& KLAC =I>BB=FMS ;M ; FL:=S C;f= ; MI;:: F;<>LM DQ ALFf;BLF= ;B BC= ;O=gS EC>AC
<>e=FM PN M=f=F;: DF<=FM DQ I;HG>BL<= >G ADIO;F>MDG E>BC DBC=F H=DI=BF>A O;F;I=B=FM DQ
BC= =I>MM>DG MNMB=I& `L= BD MLAC ;<f;GB;H=M C>HC PF>HCBG=MM ;G< :DE ODE=F ADGMLI=FS
BC= @=:< A;BCD<=M ;F= E><=:N LM=< >G I>AFDMADONS :>BCDHF;OCNS I>AFDE;f= ;IO:>@=FMS ;G<
X�F;N H=G=F;BDFM n,p4o& bD >GAF=;M= BC= :>Q= ANA:= DQ @=:< A;BCD<=MS BC= =I>BB=F AD;B>GHM
;F= MBL<>=< LM>GH f;F>DLM I;B=F>;:MS >GA:L<>GH <>=:=ABF>AM n)pUo& bD >GAF=;M= BC= =I>MM>DG
ALFF=GB >G BC=M= MNMB=IMS MD�A;::=< P:;<=�:>?= @=:< A;BCD<=M ;F= LM=<S EC>AC C;f= ; ILAC
:;FH=F =I>MM>DG ;F=; ADIO;F=< BD M>GH:= =I>BB=FM n,-o&

bC>M EDF? >M <=fDB=< BD BC= BED�<>I=GM>DG;: <>D<= =I>MM>DG MNMB=I E>BC ; P:;<=�:>?=
@=:< A;BCD<= I;BC=I;B>A;: ID<=:>GH >G ; OD:;F ADDF<>G;B= MNMB=I (r, ϕ) Rh>HLF=T& bC=

N© gC� `PCPIELMIJ gCVCP pRHWPIEHCU+ ?.?/
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U�.-,&� �X6RIN7=X >R8>R9RW7N7=<W <U 76R ;=<;R jRQ; RI=99=<W 9T97RI

=I>BB=F�M BDO >M ; A>FA:= E>BC ; <>=:=ABF>A AD;B>GH& bC= ;GD<= >M ; A>FA:= AD;g>;: BD BC=
=I>BB=F BDO&

�� \.-*+:.-09.1 :35+1� bC= OFDP:=I O;F;I=B=FMu r = R1 (ϕ ∈ [−π, π]) i =I>B�
B=F�M BDO MLFQ;A=v r = R3 (ϕ ∈ [ϕ0, π − ϕ0]) i ;GD<= MLFQ;A=v r = R3 (ϕ ∈ [−ϕ0, ϕ0]) i
=I>BB=F QDLG<;B>DG MLFQ;A=v r = R2 (ϕ ∈ [−π, π]) i PDLG<;FN P=BE==G BED <>=:=ABF>AM
E>BC BC= <>=:=ABF>A O=FI>BB>f>B>=M ε1 ;G< ε2v V1 i =I>BB=F�M BDO PDLG<;FN ADG<>B>DGv
∂U(r, ϕ)

∂r

∣∣∣
r=R3

= Q i =I>BB=F QDLG<;B>DG PDLG<;FN ADG<>B>DGv V2 i ;GD<= PDLG<;FN

ADG<>B>DG&
bC= =:=ABFDMB;B>A ODB=GB>;: <>MBF>PLB>DG U(r, ϕ) >M ; MD:LB>DG DQ BC= ^;O:;A=�M =mL;B>DG

QDF BC= PDLG<;FN�f;:L= OFDP:=Iu

1

r

∂

∂r

(
r
∂U

∂r

)
+

1

r2
∂2U

∂ϕ2
= 0 R,T

;G< PDLG<;FN ADG<>B>DGM⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

U(R1, ϕ) = V1, ϕ ∈ [−π, π] ,
U(R3, ϕ) = V2, ϕ ∈ [ϕ0, π − ϕ0] ,

∂U(r, ϕ)

∂r

∣∣∣
r=R3

= Q, ϕ ∈ [−ϕ0, ϕ0] ,

ε1
∂U(r, ϕ)

∂r

∣∣∣
r=R2−0

= ε2
∂U(r, ϕ)

∂r

∣∣∣
r=R2+0

, ϕ ∈ [−π, π] .

R0T

`L= BD BC= Q;AB BC;B BC= ODB=GB>;: <>MBF>PLB>DG QLGAB>DG U(r, ϕ) QDF BC= =GB>F= F=H>DG
Rr ∈ [R1, R3] , ϕ ∈ [−π, π]T >M MNII=BF>A E>BC F=MO=AB BD O:;G=M ϕ = 0 ;G< ϕ = πS BC=
OFDP:=I R,TS R0T A;G P= MD:f=< QDF Rr ∈ [R1, R3] , ϕ ∈ [0, π]T&

(� =31Q-038 34 -*+ P73/1+:�bD MD:f= BC= PDLG<;FN�f;:L= OFDP:=I R,TS R0T BC= <>D<=
MNMB=I >GB=FG;: ;F=; Rr ∈ [R1, R3] , ϕ ∈ [0, π]T A;G P= <>f><= >GBD QD::DE>GH MLP<DI;>GMu
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#�& i (r ∈ [R1, R2] , ϕ ∈ [0, ϕ0])v
#�& i (r ∈ [R2, R3] , ϕ ∈ [0, ϕ0])v
#(& i (r ∈ [R1, R2] , ϕ ∈ [ϕ0, π])v
#H& i (r ∈ [R2, R3] , ϕ ∈ [ϕ0, π])&

bC=G

U(r, ϕ) =

⎧⎪⎪⎨⎪⎪⎩
U1(r, ϕ), r ∈ [R1, R2] , ϕ ∈ [0, ϕ0] ,
U2(r, ϕ), r ∈ [R2, R3] , ϕ ∈ [0, ϕ0] ,
U3(r, ϕ), r ∈ [R1, R2] , ϕ ∈ [ϕ0, π] ,
U4(r, ϕ), r ∈ [R2, R3] , ϕ ∈ [ϕ0, π] .

R4T

^=B V1(r) = QR3
ε2
ε1

ln (r/R1) + V1,

V2(r) = QR3

(
ln (r/R2) +

ε2
ε1

ln (R2/R1)

)
+ V1,

V3(r) =
ε2
ε1

(V2 − V1) ln (r/R1)
ε2
ε1

ln (R2/R1) + ln (R3/R2)
+ V1,

V4(r) =
(V2 − V1) ln (r/R3)

ε2
ε1

ln (R2/R1) + ln (R3/R2)
+ V2.

R)T

bC= QLGAB>DGM V1(r)S V2(r)S V3(r)S V4(r) R)T DP=N BC= ^;O:;A=�M =mL;B>DG ;G< BC= PDLG<;FN
ADG<>B>DGM R0T QDF #0&�BC MLP<DI;>G ;AADF<>GH:N&

bC= ODB=GB>;: <>MBF>PLB>DG R4T Ui(r, ϕ) Ri = ,S 0S 4S )T E>BC BC= f;F>;P:= M=O;F;B>DG
I=BCD< A;G P= F=OF=M=GB=< QDF #0&�BC MLP<DI;>G >G BC= QDFI n,,S ,0ou

U1(r, ϕ) = V1(r) +

∞∑
n=1

ane
−λn(ϕ0−ϕ) 1 + e−2λnϕ

1 + e−2λnϕ0
sin (λn ln (r/R1)) +

+

∞∑
m=0

cm (r/R2)
μm

1− (r/R1)
−2μm

1− (R1/R2)
2μm

cos(μmϕ),

R6T

U2(r, ϕ) = V2(r) +

∞∑
k=0

bke
−νk(ϕ0−ϕ) 1 + e−2νkϕ

1 + e−2νkϕ0
sin (νk ln (r/R2)) +

+

∞∑
m=0

cm (r/R2)
−μm

1 + (r/R3)
2μm

1 + (R2/R3)
2μm

cos(μmϕ),

RJT

U3(r, ϕ)=V3(r) +

∞∑
n=1

⎛⎜⎝an +
2(−1)n

λn

ε2
ε1

⎛⎜⎝ T2 − T1
ε2
ε1

ln (R2/R1) + ln (R3/R2)
−QR3

⎞⎟⎠
⎞⎟⎠×

× e−λn(ϕ−ϕ0)
1 + e−2λn(π−ϕ)

1 + e−2λn(π−ϕ0)
sin (λn ln (r/R1)) +

+

∞∑
p=0

dp (r/R2)
ηp

1− (r/R1)
−2ηp

1− (R1/R2)
2ηp

cos(ηp(π − ϕ)),

R1T
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U4(r, ϕ) = V4(r) +

∞∑
t=1

gt e
−ξt(ϕ−ϕ0)

1 + e−2ξt(π−ϕ)

1 + e−2ξt(π−ϕ0)
sin (ξt ln (r/R2)) +

+

∞∑
p=0

dp (r/R2)
−ηp

1− (r/R3)
2ηp

1− (R2/R3)
2ηp

cos(ηp(π − ϕ)),

RqT

EC=F=

λn =
π n

ln (R2/R1)
, μm =

(2m+ 1)π

2ϕ0
, νk =

(2k + 1)π

2 ln (R3/R2)
,

ηp =
(2p+ 1)π

2(π − ϕ0)
, ξt =

π t

ln (R3/R2)
.

RUT

bC= QLGAB>DGM R6TpRUT Ui(r, ϕ) Ri = ,S 0S 4S )T ;M BC= ODB=GB>;: <>MBF>PLB>DG R4T U(r, ϕ)S
EF>BB=G >G BC= QDFI DQ M=F>=M >G =>H=GQLGAB>DGMS M;B>M@=M PDLG<;FN ADG<>B>DGM R0T DG BC=
A;BCD<= ;G< ;GD<= MLFQ;A=M& bC=M= QDFIL:;M OFDf><= BC= G=gB ODB=GB>;: <>MBF>PLB>DG ADGB>�
GL>BN ADG<>B>DGMu

U1(R2, ϕ) = U2(R2, ϕ), ϕ ∈ [0, ϕ0] ;

U1(r, ϕ0) = U3(r, ϕ0), r ∈ [R1, R2] ;

U3(R2, ϕ) = U4(R2, ϕ), ϕ ∈ [ϕ0, π] ;

U2(r, ϕ0) = U4(r, ϕ0), r ∈ [R2, R3] .

bD A;:AL:;B= BC= LG?GDEG AD=�A>=GBM anS bkS cmS dpS gt BC= ;<<>B>DG;: ODB=GB>;: <>M�
BF>PLB>DG ADGB>GL>BN ADG<>B>DGM A;G P= LM=<u

U2(r, ϕ0) = U4(r, ϕ0), r ∈ [R2, R3] ,

ε1
∂U1(r, ϕ)

∂r

∣∣∣∣∣
r=R2

= ε2
∂U2(r, ϕ)

∂r

∣∣∣∣∣
r=R2

, ϕ ∈ [0, ϕ0] ,

∂U1(r, ϕ)

∂ϕ

∣∣∣∣∣
ϕ=ϕ0

=
∂U3(r, ϕ)

∂ϕ

∣∣∣∣∣
ϕ=ϕ0

, r ∈ [R1, R2] ,

ε1
∂U3(r, ϕ)

∂r

∣∣∣∣∣
r=R2

= ε2
∂U4(r, ϕ)

∂r

∣∣∣∣∣
r=R2

, ϕ ∈ [ϕ0, π] ,

∂U2(r, ϕ)

∂ϕ

∣∣∣∣∣
ϕ=ϕ0

=
∂U4(r, ϕ)

∂r

∣∣∣∣∣
ϕ=ϕ0

, r ∈ [R2, R3] .

R,-T
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bC= ADGB>GL>BN ADG<>B>DGM R,-T ;G< BC= =>H=GQLGAB>DGM MNMB=IM DFBCDHDG;:>BN :=;< BD BC=
:>G=;F ;:H=PF;>A =mL;B>DGM MNMB=I E>BC F=MO=AB BD LG?GDEGM AD=�A>=GBM anS bkS cmS dpS gtu

bk
1

2
ln (R3/R2)− (−1)k

∞∑
t=1

gt
(−1)t ξt
ν2k − ξ2t

=

=
1

νk

(
ε2
ε1

ln (R2/R1) +
1

νk
(−1)k

) (
V2 − V1

ε2
ε1

ln (R2/R1) + ln (R3/R2)
−QR3

)
,

R,,T

(−1)m
∞∑

n=1

an
(−1)n λn
λ2n + μ2

m

− (−1)m
ε2
ε1

∞∑
k=0

bk
νk

ν2k + μ2
m

+

+ cm
ϕ0

2

(
coth (μm (R2/R1)) +

ε2
ε1

coth (μm (R3/R2))

)
= 0,

R,0T

an
1

2
ln (R2/R1) ( th (λnϕ0) + th (λn(π − ϕ0))) + (−1)n

∞∑
m=0

cm
(−1)m μm

λ2n + μ2
m

+

+ (−1)n
∞∑
p=0

dp
(−1)p ηp
λ2n + η2p

= − th (λn(π − ϕ0))×

× 2(−1)n

λn

ε2
ε1

⎛⎜⎝ T2 − T1
ε2
ε1

ln (R2/R1) + ln (R3/R2)
−QR3

⎞⎟⎠ ,

R,4T

(−1)p
∞∑
n=1

an
(−1)n λn
λ2n + η2p

+ dp
π − ϕ0

2

(
coth (ηp (R2/R1)) +

ε2
ε1

coth (ηp (R3/R2))

)
−

− (−1)p
ε2
ε1

∞∑
t=1

gt
ξt

ξ2t + η2p
= −2 (−1)p

∞∑
n=1

1

λ2n + η2p
×

× ε2
ε1

⎛⎜⎝ T2 − T1
ε2
ε1

ln (R2/R1) + ln (R3/R2)
−QR3

⎞⎟⎠ ,

R,)T

−
∞∑

m=0

cm
μm

μ2
m + ν2k

+ bk
1

2
ln (R3/R2) th (νk ϕ0) +

+
∞∑
p=0

dp
(−1)pηp
νk

(
ηp

η2p + ν2k

(−1)k

sh (ηp (ln (R3/R2)))
− νk
η2p + ν2k

)
+

+ (−1)k
∞∑
t=1

gt
ξt
νk

(−1)t ξt
(ν2k − ξ2t )

th (ξt (π − ϕ0)) = 0.

R,6T

H� �3891Q,038� bC>M ;FB>A:= OF=M=GBM BC= F=ML:BM DQ I;BC=I;B>A;: ID<=:>GH BC= BED�
<>I=GM>DG;: <>D<= =I>MM>DG MNMB=I E>BC ; P:;<=�:>?= @=:< A;BCD<= MNMB=I& bC= =I>BB=F BDO
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C;M ; <>=:=ABF>A AD;B>GH& bD MD:f= BC= PDLG<;FN OFDP:=I R,TS R0T BC= f;F>;P:= M=O;F;B>DG
I=BCD< >G OD:;F ADDF<>G;B=M E;M LM=<& bC= =:=ABFDMB;B>A ODB=GB>;: <>MBF>PLB>DG >M OF=M=GB=<
>G B=FIM DQ =>H=GQLGAB>DGM R4TpRUTS ;G< BC= <=@G>B>DG DQ LG?GDEG AD=�A>=GBM >G ODB=GB>;:
=gO;GM>DGM >M F=<LA=< BD MD:f>GH ; :>G=;F ;:H=PF;>A =mL;B>DGM MNMB=I R,,TpR,6T& \:: BC=
H=DI=BF>A <>I=GM>DGM DQ BC= MNMB=I ;G< BC= f;:L=M DQ BC= ODB=GB>;:M DG BC= =:=ABFD<=M ;F=
BC= O;F;I=B=FM DQ BC= OFDP:=I&

����������

�� ĜILPE [� �� [PRPmHRJ CBP ]VHRECIPV] CBPGIU GS fPcF VRF CBPI]Vc PcPNCIGR P]HEEHGR� N"F-I, -�
�FF�-� *'C,-I,+ ?.?.+ WGc� �/A+ DD� /K12001�

?� [MJBGGLMI ��+ =cGIH a� a�+ OZHRmVRFP O� =� gNVRRHRJ VRGFP fPcF P]HEEHGR ]HNIGENGDU GS V EHRJcP
gH P]HCCPI� P"A!��� "? %�IAAH @I-��I� �� N�I'�"�"BC V+ ?.??+ WGc� 0.+ HEE� 0+ RG� .0?K./�

/� gVRZVIVR Y� ��+ YMIHVR ��+ gMRFVIVWPc ~�+ THR =�	d�+ eVPRPR Y� �HV]GRF	JGcF RVRGBULIHFE X VR
PRBVRNPF NVCBGFP ]VCPIHVc SGI fPcF PcPNCIGR P]HCCPI VDDcHNVCHGRE� P"A!��� "? *'C,-I, \j �FF�-� *'C,-I,+
?.?�+ WGc� A0+ HEE� A+ RG� .A/..?�

0� ~PIRVCEZHH ��+ `VWcGW b� _IPVCHRJ JIVDBPRP VRF JIVDBHCP NGVCHRJE GR ]PCVc fPcF PcPNCIGR P]HCCPIE
CG H]DIGWP CBPHI NBVIVNCPIHECHNE� P"A!��� "? *'C,-I,j 6"�?�!��I� @�!-�,+ ?.?.+ WGc� �@�1+ HEE� �+ RG� .�??0A�

A� Oc gGMF O�+ Oc ~MuVHR [� d�+ �GMEV �� g� _G]DGEHCP ]PCVccHN RVRGP]HCCPIE NGVCPF mHCB V cVUPI
GS HREMcVCGI NGWPIPF LU OM cVUPI� P"! �� P"A!��� "? *'C,-I,+ ?.?.+ WGc� �/+ HEE� /+ DD� ?A/2?@?�

@� gG]HREZHH ��+ {M]VIPWV {�+ {VIVFVPW y� `IGCPNCHWP NGVCHRJE SGI CHD fPcF P]HCCPIE GDPIVCHRJ VC
BHJB WGcCVJPE� fED| Dzth $�>�!��>-"��� V��>-I 6"�?�!��I� "� �>"H-I .�C�! \�F",->-"�
 V�.\ fED| t
*!"I�� -�B,+ ?.�1+ RG� 1KK@A0.+ DD� @@2@1�

1� gG]HREZHH �� ��+ {M]VIPWV {� O�+ {VIVFVPW y� �̀+ [MZVWHCEHRV O� O�+ �HWVIJH\GW �� y�+ gCPDVRG	
WV O� d� ORRMcVI ]McCH	CHD fPcF P]HCCPIE mHCB ]PCVc	SMccPIPRP DIGCPNCHWP NGVCHRJE� N�I'�-I�� *'C,-I,+ ?.��+
WGc� @0+ HEE� ?+ DD� ?1.2?1/�

K� gG]HREZHH �� ��+ gP\GRGW b� y�+ {VIVFVPW g� �̀+ bFGWHNBPW g� d� �McCHcVUPI fPcF P]HCCPIE ]VFP
GS NGRCVNCHRJ BVSRHM] VRF DcVCHRM] RVRGcVUPIE� N�I'�-I�� *'C,-I,+ ?.��+ WGc� @0+ HEE� �+ DD� ��@2�?.�

�� bHRGJIVFGWV y� ��+ yJGIGW d� b� yrPNC GS FHPcPNCIHNE GR CBP fPcF P]HEEHGR NBVIVNCPIHEIHNE HR CBP
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