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Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà ðàçâèòèþ ìåòîäà ðåãóëÿðèçàöèè Ñ.À. Ëî-
ìîâà íà ñèíãóëÿðíî âîçìóùåííûå çàäà÷è ïðè íàëè÷èè ñïåêòðàëüíûõ îñî-
áåííîñòåé ó ïðåäåëüíîãî îïåðàòîðà. Â ÷àñòíîñòè, ñòðîèòñÿ ðåãóëÿðèçîâàííîå
àñèìïòîòè÷åñêîå ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé íåîäíîðîäíîé çàäà÷è Êî-
øè, âîçíèêàþùåé ïðè êâàçèêëàññè÷åêîì ïåðåõîäå â óðàâíåíèè Øðåäèíãåðà
â êîîðäèíàòíîì ïðåäñòàâëåíèè. Âûáðàííûé â ðàáîòå ïðîôèëü ïîòåíöèàëü-
íîé ýíåðãèè ïðèâîäèò ê îñîáåííîñòè â ñïåêòðå ïðåäåëüíîãî îïåðàòîðà â âèäå
¾ñèëüíîé¿ òî÷êè ïîâîðîòà. Îïèðàÿñü íà èäåè àñèìïòîòè÷åñêîãî èíòåãðèðî-
âàíèÿ çàäà÷ ñ íåñòàáèëüíûì ñïåêòðîì Ñ.À. Ëîìîâà è À.Ã. Åëèñååâà, óêàçàíî
êàêèì îáðàçîì è èç êàêèõ ñîîáðàæåíèé ñëåäóåò ââîäèòü ðåãóëÿðèçèðóþùèå
ôóíêöèè è äîïîëíèòåëüíûå ðåãóëÿðèçèðóþùèå îïåðàòîðû, ïîäðîáíî îïèñàí
ôîðìàëèçì ìåòîäà ðåãóëÿðèçàöèè äëÿ óêàçàííîãî âèäà îñîáåííîñòè, ïðîâå-
äåíî îáîñíîâàíèå ýòîãî àëãîðèòìà è ïîñòðîåíî àñèìïòîòè÷åñêîé ðåøåíèå ëþ-
áîãî ïîðÿäêà ïî ìàëîìó ïàðàìåòðó.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíî âîçìóùåííàÿ çàäà÷à Êîøè, àñèìïòîòè÷åñêîå
ðåøåíèå, ìåòîä ðåãóëÿðèçàöèè, òî÷êà ïîâîðîòà.
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Ââåäåíèå.

Ñèíãóëÿðíî âîçìóùåííûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ è èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íàðóøåííûìè óñëîâèÿìè ñòàáèëüíîñòè
ñïåêòðà ïðåäåëüíîãî îïåðàòîðà óæå äàâíî õîðîøî èçâåñòíû ñïåöèàëèñòàì
â ìàòåìàòè÷åñêîé è òåîðåòè÷åñêîé ôèçèêå. Îñîáûé èíòåðåñ ñðåäè òàêèõ çà-
äà÷ âûçûâàþò òå, â êîòîðûõ ñïåêòðàëüíûå îñîáåííîñòè âûðàæåíû â âèäå òî-
÷å÷íîé íåñòàáèëüíîñòè (ñì., íàïðèìåð, [1]�[3]). Â ðàáîòàõ ïîñâÿùåííûõ ñèí-
ãóëÿðíî âîçìóùåííûì çàäà÷àì íåêîòîðàÿ ÷àñòü îñîáåííîñòåé òàêîãî âèäà
íàçâàíà òî÷êàìè ïîâîðîòà è ïðîâåäåíà èõ êëàññèôèêàöèÿ:

1) ïðîñòàÿ òî÷êà ïîâîðîòà � ñîáñòâåííûå çíà÷åíèÿ ïðåäåëüíîãî îïåðà-
òîðà èçîëèðîâàíû äðóã îò äðóãà è îäíî ñîáñòâåííîå çíà÷åíèå â îòäåëüíûõ
òî÷êàõ îáðàùàåòñÿ â íóëü (ñì.[2], [4], [5]);

2) ñëàáàÿ òî÷êà ïîâîðîòà � õîòÿ áû ïàðà ñîáñòâåííûõ çíà÷åíèé ïåðå-
ñåêàþòñÿ â îòäåëüíûõ òî÷êàõ, íî ïðè ýòîì ïðåäåëüíûé îïåðàòîð ñîõðàíÿåò
äèàãîíàëüíóþ ñòðóêòóðó âïëîòü äî òî÷åê ïåðåñå÷åíèÿ, à áàçèñ èç ñîáñòâåí-
íûõ âåêòîðîâ ñîõðàíÿåò ãëàäêîñòü (ñì. [6], [7]);

3) ñèëüíàÿ òî÷êà ïîâîðîòà � õîòÿ áû ïàðà ñîáñòâåííûõ çíà÷åíèé ïåðåñå-
êàþòñÿ â îòäåëüíûõ òî÷êàõ, íî ïðè ýòîì ïðåäåëüíûé îïåðàòîð ìåíÿåò äèàãî-
íàëüíóþ ñòðóêòóðó íà æîðäàíîâó â òî÷êàõ ïåðåñå÷åíèÿ,à áàçèñ ñîáñòâåííûõ
âåêòîðîâ òåðÿåò ãëàäêîñòü (ñì. [8]).

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåñòàöèîíàðíîå è íåîäíîðîäíîå
óðàâíåíèå Øðåäèíãåðà ñ ãàìèëüòîíèàíîì Ĥ(p, x) = p̂2 + x̂, êîòîðîå ïðè êâà-
çèêëàññè÷åñêîì ïåðåõîäå ïîðîæäàåò ñèíãóëÿðíî âîçìóùåííóþ çàäà÷ó Êîøè
ñ ¾ñèëüíîé¿ òî÷êîé ïîâîðîòà. Îòìåòèì, ÷òî çàäà÷à äëÿ îäíîðîäíîãî è ñòàöèî-
íàðíîãî óðàâíåíèÿ ñ òàêèì ïðîôèëåì ïîòåíöèàëüíîé ýíåðãèè ÿâëÿåòñÿ îäíîé
èç íåìíîãèõ òî÷íî ðåøàåìûõ ïðîáëåì êâàíòîâîé ìåõàíèêè (ñì.[9], �24).

Êðàòêî îáîçíà÷èì çäåñü ñóòü êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ â êâàíòî-
âîé ìåõàíèêå. Îñíîâíîå óðàâíåíèå òåîðèè � óðàâíåíèå Øðåäèíãåðà � ïðè
çàïèñè â êîîðäèíàòíîì ïðåäñòàâëåíèè ÿâëÿåòñÿ óðàâíåíèåì â ÷àñòíûõ ïðî-
èçâîäíûõ âòîðîãî ïîðÿäêà ïî êîîðäèíàòàì è ïåðâîãî ïîðÿäêà ïî âðåìåíè è
ñîäåðæèò ïîñòîÿííóþ Ïëàíêà ~. Òî÷íûå ðåøåíèÿ ýòîãî óðàâíåíèÿ óäà¼òñÿ
îòûñêàòü òîëüêî äëÿ íåáîëüøîãî ÷èñëà ïðîñòåéøèõ ñëó÷àåâ, ðåàëüíûå çà-
äà÷è çíà÷èòåëüíî ñëîæíåå è òî÷íûõ ðåøåíèé ïîëó÷èòü äëÿ íèõ íå óäà¼òñÿ.
Îäíàêî äëÿ øèðîêîãî ñïåêòðà çàäà÷ ìîæåò îêàçàòüñÿ ïðàâèëüíûì ñ÷èòàòü
~ ìàëîé âåëè÷èíîé è ïûòàòüñÿ èñêàòü ïðèáëèæåííûå (ïî ìàëîìó ~) ðåøå-
íèÿ (ñì.[9], Ãë. 7). Ñòðîãî ãîâîðÿ, ïîñòîÿííàÿ Ïëàíêà ~ ÿâëÿåòñÿ ðàçìåðíîé
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âåëè÷èíîé è èìååò âïîëíå êîíêðåòíîå çíà÷åíèå, è óòâåðæäåíèå î ìàëîñòè
~ ñëåäóåò ïîíèìàòü â òîì ñìûñëå, ÷òî âñåãäà ìîæíî âûäåëèòü áåçðàçìåð-
íóþ êîìáèíàöèþ ïàðàìåòðîâ, ñîäåðæàùóþ ~ â êàêîé-òî ñòåïåíè, ìàëóþ ïî
ñðàâíåíèþ ñ äðóãèìè áåçðàçìåðíûìè ïàðàìåòðàìè, íå ñîäåðæàùèìè ~.

Ïðè îïèñàííîì âûøå êâàçèêëàññè÷êîì ïåðåõîäå âîçíèêàþò ðàçëè÷íîãî
ðîäà ñèíãóëÿðíî âîçìóùåííûå çàäà÷è äëÿ óðàâíåíèÿ Øð¼äèíãåðà, â òîì ÷èñ-
ëå çàäà÷è ñ òî÷êàìè ïîâîðîòà. Ïåðâûå ñóùåñòâåííûå ðåçóëüòàòû àñèìïòîòè-
÷åñêîãî èíòåãðèðîâàíèÿ çàäà÷ ñ êëàññè÷åñêèìè òî÷êàìè ïîâîðîòà (â íàøåé
êëàññèôèêàöèè îíè îòíîñÿòñÿ ê òðåòüåìó òèïó) áûëè ïîëó÷åíû â ãîäû ñîçäà-
íèÿ êâàíòîâîé ìåõàíèêè (Ã. Âåíòöåëü, Õ. Êðàìåðñ, Ë. Áðèëëþýí, 1926 ãîä)
� ìåòîä ÂÊÁ. Â äàëüíåéøåì áóðíîå ðàçâèòèå ïîëó÷èë ìåòîä êàíîíè÷åñêîãî
îïåðàòîðà Â.Ï. Ìàñëîâà è åãî ðàçëè÷íûå ìîäèôèêàöèè , óäàëîñü îáîáùèòü
ïðèìåíÿåìûå ïîäõîäû íà äðóãèå ñèíãóëÿðíî âîçìóùåííûå çàäà÷è, à íå òîëü-
êî êâàíòîìåõàíè÷åñêèå (ñì., íàïðèìåð,[10]�[14]).

Â íàñòîÿùåé ñòàòüå ðàçâèâàåòñÿ äðóãîé îáùåèçâåñòíûé ïîäõîä ê ðåøå-
íèþ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ � ìåòîä ðåãóëÿðèçàöèè Ñ.À. Ëîìîâà. Â
óñëîâèÿõ ñòàáèëüíîãî ñïåêòðà ïðåäåëüíîãî îïåðàòîðà ìåòîä ðåãóëÿðèçàöèè
õîðîøî ðàçðàáîòàí è óñïåøíî ïðèìåíÿåòñÿ [15]. Äëÿ ñèíãóëÿðíî âîçìóùåí-
íûõ çàäà÷ ñ íåñòàáèëüíûì ñïåêòðîì çàêîí÷åííîé ìàòåìàòè÷åñêîé òåîðèè äî
ñèõ ïîð íåò, õîòÿ ñ îáùåìàòåìàòè÷åñêèõ ïîçèöèé èõ ñòàëè èçó÷àòü ïîðÿäêà
50 ëåò íàçàä. Ïîñòðîåíèå ðåãóëÿðèçîâàííîé àñèìïòîòèêè ðåøåíèÿ îäíîé èç
òàêèõ çàäà÷, à èìåííî çàäà÷è ñî ñïåêòðàëüíîé îñîáåííîñòüþ â âèäå ñèëüíîé
òî÷êè ïîâîðîòà, ÿâëÿåòñÿ îñíîâíîé öåëüþ äàííîé ðàáîòû. Âî ìíîãîì íàøè
èññëåäîâàíèÿ ïî àñèìòîòè÷åñêîìó èíòåãðèðîâàíèþ çàäà÷è Êîøè äëÿ íåñòà-
öèîíàðíîãî è íåîäíîðîäíîãî óðàâíåíèÿ Øðåäèíãåðà ñ îáîçíà÷åííûì âûøå
ãàìèëüòîíèàíîì ïðè ~ → 0 ïðåäñòàâëÿþò ñîáîé ðàçâèòèå èäåé ðàáîòû [8],
ãäå ðàññìîòðåíà çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ñèëüíîé òî÷-
êîé ïîâîðîòà. Â äàëüíåéøåì âåçäå â ðàáîòå áóäåì èñïîëüçîâàòü îáîçíà÷åíèå
ε âìåñòî ~, ÷òî ÿâëÿåòñÿ áîëåå åñòåñòâåííûì â òåîðèè ñèíãóëÿðíûõ âîçìóùå-
íèé.

2. Ïîñòàíîâêà çàäà÷è.

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ íåñòàöèîíàðíîãî óðàâíåíèÿ Øðåäèíãåðà
(ε ≡ ~) ñ íåîäíîðîäíîñòüþ h(x, t)

iε
∂u

∂t
+ ε2

∂2u

∂x2
− x · u = h(x, t), u(x, 0) = u0(x), (1)
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ãäå âûïîëíåíû óñëîâèÿ:

1) h(x, t) ∈ C∞(R× [ 0, T ]);

2) u0(x) ∈ C∞(R);

3) h(x, t) è u0(x) âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè àáñîëþòíî èí-
òåãðèðóåìû íà R;

4) ε � ìàëûé ïàðàìåòð, ò.å. çàäà÷à èçó÷àåòñÿ ïðè ε→ 0.

Äëÿ íàãëÿäíîãî ïðåäñòàâëåíèÿ î âèäå îñîáåííîñòè â ïîñòàâëåííîé çàäà÷å
ñëåäóåò ïåðåéòè ê ìàòðè÷íîé ôîðìå çàïèñè:

ε
∂

∂x

(
u

υ

)
=

(
0 1

x 0

)
·

(
u

υ

)
+ ε

(
0 0
∂
∂t 0

)
·

(
u

υ

)
−

(
0

h

)
,

çäåñü ââåäåíà çàìåíà ε · ∂u/∂x = υ. Òîãäà ìàòðèöà ïðåäåëüíîãî îïåðàòîðà
èìååò âèä:

A(x) =

(
0 1

x 0

)
. (2)

Òåïåðü ëåãêî çàìåòèòü, ÷òî ìàòðèöà (2) äèàãàíîëèçèðóåìà è èìååò ãëàäêèé
áàçèñ èç ñîáñòâåííûõ âåêòîðîâ ïðè x 6= 0, à â òî÷êå ïåðåñå÷åíèÿ ñîáñòâåííûõ
çíà÷åíèé (ò.å ïðè x = 0) ñîîòâåòñòâóþùèé åé ïðåäåëüíûé îïåðàòîð ìåíÿåò
äèàãîíàëüíóþ ñòðóêòóðó íà æîðäàíîâó è áàçèñ èç ñîáñòâåííûõ âåêòîðîâ òå-
ðÿåò ãëàäêîñòü ïî x. Ñîãëàñíî óêàçàííîé âî ââåäåíèè êëàññèôèêàöèè, òàêàÿ
ñïåêòðàëüíàÿ îñîáåííîñòü ïðåäñòàâëÿåò ñîáîé ñèëüíóþ òî÷êó ïîâîðîòà.

Â îáùåì ñëó÷àå ðåãóëÿðèçèðóþùèå ôóíêöèè íåîáõîäèìî ñòðîèòü, îïè-
ðàÿñü íà êàíîíè÷åñêóþ ôîðìó ïðåäåëüíîãî îïåðàòîðà A(x) (ñì.,íàïðèìåð,
ðàáîòó [16]) è ñîîòâåòñâóþùèé áàçèñ èç ñîáñòâåííûõ âåêòîðîâ, íî â ïðåäëî-
æåííîé çàäà÷å îïåðàòîð óæå èìååò êàíîíè÷åñêóþ ôîðìó è â ñîîòâåòñâóþùèõ
ïîñòðîåíèÿõ íåò íåîáõîäèìîñòè. Áîëåå òîãî, íåîáõîäèìî ïðîèçâåñòè ðåãóëÿ-
ðèçàöèþ ïðàâîé ÷àñòè h(x, t) , ò.ê. îïåðàòîð A(x) â òî÷êå x = 0 íåîáðàòèì.

3. Ôîðìàëèçì ìåòîäà ðåãóëÿðèçàöèè.

Ðåãóëÿðèçèðóþùóþ ôóíêöèþ çàäà÷è (1) áóäåì èñêàòü â ñòàíäàðòíîé
ôîðìå e−iϕ(x,t)/ε, äëÿ ðåøåíèé ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé òàêèå ñèí-
ãóëÿðíîñòè áûëè âûäåëåíû åù¼ Æ. Ëèóâèëëåì â [17]. Èòàê, îñóùåñòâëÿÿ
ïîäñòàíîâêó u(x, t) = υ(x, t) · e−iϕ(x,t)/ε â ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâ-
íåíèå çàäà÷è (1) è ñîáèðàÿ ñëàãàåìûå ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì:(

∂ϕ

∂t
−
(∂ϕ
∂x

)2
− x

)
υ + iε

(
∂υ

∂t
− ∂2ϕ

∂x2
· υ − 2 · ∂ϕ

∂x
· ∂υ
∂x

)
+ ε2

∂2υ

∂x2
= 0. (3)
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Àíàëèç ïîñëåäíåãî âûðàæåíèÿ ïîçâîëÿåò óòâåðæäàòü, ÷òî äëÿ ïîèñêà
υ(x, t) â âèäå ðåãóëÿðíîãî ðÿäà ïî ε íóæíî â êà÷åñòâå ϕ(x, t) âçÿòü ðåøå-
íèå ñëåäóþùåé çàäà÷è:

∂ϕ

∂t
−
(∂ϕ
∂x

)2
= x, ϕ(x, 0) = 0. (4)

Âûáîð íà÷àëüíîãî óñëîâèÿ äëÿ ϕ(x, t) îáóñëîâëåí æåëàíèåì òîãî, ÷òîáû â
äàëüíåéøåì â íà÷àëüíîå óñëîâèå äëÿ υ(x, t) íå âîøëà ñèíãóëÿðíàÿ çàâèñè-
ìîñòü îò ε è îíî íàñëåäîâàëî íà÷àëüíîå óñëîâèå çàäà÷è (1).

Çàäà÷à (4) ïðåäñòàâëÿåò ñîáîé çàäà÷ó äëÿ íåëèíåéíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, ðåøàòü êîòîðóþ
áóäåì ìåòîäîì õàðàêòåðèñòèê (ñì. [18], Ãë. 5, �4, ñ. 268�272). Îáîçíà÷èâ
p = ∂ϕ/∂t è q = ∂ϕ/∂x, ïîëó÷èì ñëåäóþùóþ õàðàêòåðèñòè÷åñêóþ ñèñòå-
ìó äëÿ óðàâíåíèÿ çàäà÷è (4):

dt

1
=

dx

−2q
=
dp

0
=
dq

1
=

dϕ

p− 2q2
= dr,

Í.Ó.: t = 0, x = s, ϕ = 0, q = 0, p = s.
(5)

Íà÷àëüíûå óñëîâèÿ â ïîñëåäíåé ñèñòåìå ïîëó÷åíû ïàðàìåòðèçàöèåé (s � ïà-
ðàìåòð) íà÷àëüíîãî óñëîâèÿ çàäà÷è (4).

Èíòåãðèðóÿ ñèñòåìó (5), ïîëó÷àåì èñêîìóþ ïîâåðõíîñòü â ïàðàìåòðè÷å-
ñêîì âèäå:

t = r, x = −r2 + s, ϕ = sr − 2

3
r3.

Òîãäà îêîí÷àòåëüíî äëÿ ôóíêöèè ϕ(x, t) â ÿâíîì âèäå èìååì:

ϕ(x, t) = t ·

(
x+

t2

3

)
. (6)

Äîïîëíèòåëüíûé ðåãóëÿðèçèðóþùèé ñèíãóëÿðíûé îïåðàòîð, ñâÿçàííûé ñ
òî÷å÷íîé íåîáðàòèìîñòüþ ïðåäåëüíîãî îïåðàòîðà A(x), ñòðîèòñÿ ñ ïîìîùüþ
ôóíäàìåíòàëüíîãî ðåøåíèÿ çàäà÷è (1), êîòîðîå ìîæíî ïîëó÷èòü ñ ïîìîùüþ
èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ôóðüå äëÿ îäíîðîäíîãî óðàâíåíèÿ ñ äåëüòà-
ôóíêöèåé â íà÷àëüíîì óñëîâèè (ñì. Ïðèëîæåíèå). Âûïèøåì çäåñü òîëüêî
îêîí÷àòåëüíûé ðåçóëüòàò:

Φ(x, ξ, t) =
1− i

2
√

2πεt
exp

(
− it

ε

(
ξ +

t2

3

)
+ i

(
t2 − (x− ξ)

)2
4εt

)
. (7)
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Çàìåíÿÿ t íà t − τ è èíòåãðèðóÿ (7) ïî ïåðåìåííîé ξ, ïîëó÷èì òîò ñàìûé
äîïîëíèòåëüíûé ðåãóëÿðèçèðóþùèé îïåðàòîð σ(x, t, ε)(·), îñíîâíàÿ çàäà÷à
êîòîðîãî � âëîæèòü ïðàâóþ ÷àñòü óðàâíåíèÿ çàäà÷è (1) â îáðàç ïðåäåëüíîãî
îïåðàòîðà. Óêàçàííûé îïåðàòîð èìååò âèä:

σ(x, t, ε)(·) =

t∫
0

dτ(·) exp
(
− iϕ(x, t− τ)

ε

)
,

ãäå ôóíêöèÿ ϕ(x, t) îïðåäåëåíà â (6). Ïðè ýòîì äåéñòâèå ýòîãî îïåðàòîðà íà
ôóíêöèþ f(t) çàïèøåòñÿ êàê ñâåðòêà:

σ(f(t)) = f(t) ∗ exp
(
− it

ε
·
(
x+

t2

3

))
.

À îñíîâíûì ñâîéñòâîì, êîòîðîå óñòàíàâëèâàåòñÿ íåïîñðåäñòâåííîé ïîäñòà-
íîâêîé, ÿâëÿåòñÿ ñëåäóþùåå:

Lεσ(f(t)) = iεf(t), ãäå Lε ≡ iε
∂

∂t
+ ε2

∂2

∂x2
− x. (8)

Òàêèì îáðàçîì, ðåãóëÿðèçèðóþùàÿ ôóíêöèÿ e−iϕ/ε è äîïîëíèòåëüíûé ðå-
ãóëÿðèçèðóþùèé îïåðàòîð σ(x, t, ε)(·) ïîñòðîåíû è òåïåðü ìû âïðàâå ðàññ÷è-
òûâàòü, ÷òî îñòàâøóþñÿ ÷àñòü ðåøåíèÿ ìîæíî èñêàòü â âèäå còåïåííûõ ðÿ-
äîâ ïî ε. Âèä, â êîòîðîì áóäåì èñêàòü ðåøåíèå èñõîäíîé çàäà÷è, ïîÿñíÿåò
ïîñëåäíþþ ôðàçó:

u(x, t, ε) = e−iϕ(x,t)/ε
∞∑
k=0

υk(x, t) · εk +
∞∑

k=−1

σ(zk(t)) · εk +
∞∑
k=0

ωk(x, t) · εk, (9)

çäåñü íà÷àëî ñóììèðîâàíèÿ ñ k = −1 âî âòîðîì ðÿäå îáóñëîâëåíî ñâîéñòâîì
(8) è íåîáõîäèìîñòüþ ðåãóëÿðèçàöèè ïðàâîé ÷àñòè h(x, t) çàäà÷è (1) íà íóëå-
âîì øàãå ïî ε.

Ó÷èòûâàÿ ñîîòíîøåíèÿ (3) è (8), ïîäñòàâèì (9) â çàäà÷ó (1). Ïðè ýòîì
ïîëó÷èì:

e−iϕ/ε

(
i
∞∑
k=0

υ̇kε
k+1 +

∞∑
k=0

υ′′kε
k+2 − 2it

∞∑
k=0

υ′kε
k+1

)
+ i

∞∑
k=0

zk−1 · εk+

+i
∞∑
k=0

ω̇k · εk+1 +
∞∑
k=0

ω′′k · εk+2 − x
∞∑
k=0

ωk · εk = h(x, t),

∞∑
k=0

υk(x, 0) · εk +
∞∑
k=0

ωk(x, 0) · εk = u0(x),

(10)
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çäåñü υk = υk(x, t), ωk = ωk(x, t), à zk = zk(t), òî÷êîé îáîçíà÷åíà ÷àñòíàÿ
ïðîèçâîäíàÿ ïî âðåìåíè, øòðèõîì � ÷àñòíàÿ ïðîèçâîäíàÿ ïî êîîðäèíàòå.

Âûäåëèâ â (10) ãðóïïû ñëàãàåìûõ ïðè ðàçëè÷íûõ ðåãóëÿðèçèðóþùèõ
ôóíêöèÿõ, ïðèõîäèì ê ñåðèè èòåðàöèîííûõ çàäà÷:

izk−1(t) + iω̇k−1(x, t) + ω′′k−2(x, t)− x · ωk(x, t) = δk0 · h(x, t),

iυ̇k(x, t) + υ′′k−1(x, t)− 2itυ′k(x, t) = 0,

υk(x, 0) + ωk(x, 0) = δk0 · u0(x), k = 0,∞.
(11)

Îòìåòèì, ÷òî ïðè îòðèöàòåëüíûõ èíäåêñàõ ó ôóíêöèé υk(x, t) è ωk(x, t) èõ
íåîáõîäèìî ñ÷èòàòü ðàâíûìè íóëþ (ýòèõ ñëàãàåìûõ ïðîñòî íåò â ðÿäå (9)).

Äëÿ íà÷àëà ðàññìîòðèì èòåðàöèîííóþ çàäà÷ó íà íóëåâîì øàãå (ò.å. ïðè
k = 0 â (11)): 

iz−1(t)− x · ω0(x, t) = h(x, t),

iυ̇0(x, t)− 2itυ′0(x, t) = 0,

υ0(x, 0) + ω0(x, 0) = u0(x).

(12)

Äëÿ ðàçðåøèìîñòè ïåðâîãî óðàâíåíèÿ èç ñèñòåìû (12) äîñòàòî÷íî ïîëîæèòü

z−1(t) ≡ −ih(0, t). (13)

Òîãäà äëÿ ω0(x, t) ïîëó÷èì ãëàäêîå ðåøåíèå:

ω0(x, t) =
h(x, t)− h(0, t)

−x
, (14)

÷òî â ñâîþ î÷åðåäü ïðèâîäèò ê çàäà÷å Êîøè äëÿ îïðåäåëåíèÿ ôóíêöèè
υ0(x, t):

∂υ0
∂t
− 2t · ∂υ0

∂x
= 0, υ0(x, 0) =

h(x, 0)− h(0, 0)

x
+ u0(x).

Ïîñëåäíÿÿ çàäà÷à ëåãêî ðåøàåòñÿ îáû÷íûìè ìåòîäàìè èíòåãðèðîâàíèÿ ëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî-
ðÿäêà:

υ0(x, t) = u0(x+ t2) +
h(x+ t2, 0)− h(0, 0)

x+ t2
. (15)

Çäåñü îòìåòèì, ÷òî ôóíêöèÿ z0(t) íà íóëåâîì øàãå íå îïðåäåëÿåòñÿ, íàéòè
å¼ óäàñòüñÿ íà ñëåäóþùåì èòåðàöèîííîì øàãå. Ýòîò ôàêò íå ïîçâîëÿåò íàì
ïîêà âûïèñàòü ãëàâíûé ÷ëåí àñèìïòîòèêè.

https://doi.org/10.21638/11701/spbu35.2023.107 Ýëåêòðîííûé æóðíàë: http://di�journal.spbu.ru/ 116



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2023

Ïåðåõîäèì òåïåðü ê çàäà÷å ñ k = 1 â (11):
iz0(t) + iω̇0(x, t)− x · ω1(x, t) = 0,

iυ̇1(x, t) + υ′′0(x, t)− 2itυ′1(x, t) = 0,

υ1(x, 0) + ωk(x, 0) = 0.

(16)

Ïîäñòàâëÿÿ ω0(x, t) èç (14) â ïåðâîå óðàâíåíèå ýòîé ñèñòåìû, óáåæäàåìñÿ,
÷òî äëÿ åãî ðàçðåøèìîñòè íóæíî ïîëîæèòü

z0(t) ≡ −ih1(0, t), ãäå h1(x, t) = i
∂

∂t

(
h(x, t)− h(0, t)

x

)
(17)

Òîãäà àíàëîãè÷íî ïðåäûäóùåìó èòåðàöèîííîìó øàãó äëÿ ω1(x, t) òàêæå ïî-
ëó÷èì ãëàäêîå ðåøåíèå

ω1(x, t) =
h1(x, t)− h1(0, t)

−x
,

à äëÿ υ1(x, t) èç (16) � çàäà÷ó Êîøè äëÿ êâàçèëèíåéíîãî íåîäíîðîäíîãî óðàâ-
íåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà:

∂υ1
∂t
− 2t · ∂υ1

∂x
= f1(x+ t2), υ1(x, 0) =

h1(x, 0)− h1(0, 0)

x
,

çäåñü ââåäåíî îáîçíà÷åíèå:

f1(x+ t2) ≡ i · υ′′0(x, t) = i
∂2

∂x2

(
u0(x+ t2) +

h(x+ t2, 0)− h(0, 0)

x+ t2

)
.

Âûïèøåì çäåñü òîëüêî îêîí÷àòåëüíîå ðåøåíèå ïîñëåäíåé çàäà÷è, îïóñêàÿ
ïîäðîáíîñòè:

υ1(x, t) = t · f1(x+ t2) +
h1(x+ t2, 0)− h1(0, 0)

x+ t2

Åù¼ ðàç îáðàòèì âíèìàíèå ÷èòàòåëÿ íà òî, ÷òî ïîëíîñòüþ îïðåäåëèòü âñå
ñëàãàåìûå ïåðåä ε1 â ðÿäå (9) óäàñòüñÿ òîëüêî íà ñëåäóþùåì èòåðàöèîííîì
øàãå � îñòàëîñü íàéòè z1(t). Ïîñëåäíåå ìîæíî ñäåëàòü, ðàññìîòðåâ óñëîâèÿ
ðàçðåøèìîñòè ïåðâîãî óðàâíåíèÿ â ñèñòåìå (11) ïðè k = 2. Â ðåçóëüòàòå
áóäåì èìåòü:

z1(t) ≡ −ih2(0, t),

ãäå h2(x, t) = i
∂

∂t

(
h1(x, t)− h1(0, t)

x

)
+

∂2

∂x2

(
h(x, t)− h(0, t)

x

)
,
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à ôóíêöèÿ h1(x, t) îïðåäåëåíà â (17).

Ïðîäîëæàÿ ïî àíàëîãèè îïèñàííûé ïðîöåññ äëÿ k = 2, 3, . . . â (11), ìîæíî
íàéòè âñå ÷ëåíû ðÿäà (9). Â êîíöå äàííîãî ðàçäåëà, îïèðàÿñü íà (13), (14),
(15) è (17), âûïèøåì ãëàâíûé ÷ëåí àñèìïòîòèêè:

uãë.(x, t, ε) = e−iϕ(x,t)/ε · υ0(x, t) +
1

ε

t∫
0

dτ · e−iϕ(x,t−τ)/ε · z−1(τ)+

+

t∫
0

dτ · e−iϕ(x,t−τ)/ε · z0(τ) + ω0(x, t) =

= exp
(
− it(x+ t2/3)

ε

)
·

(
u0(x+ t2) +

h(x+ t2, 0)− h(0, 0)

x+ t2

)
−

− i
ε

t∫
0

dτ · exp
(
− i

(t− τ)
(
x+ (t− τ)2/3

)
ε

)
· h(0, τ)−

−i
t∫

0

dτ · exp
(
− i

(t− τ)
(
x+ (t− τ)2/3

)
ε

)
· ∂
∂τ

(
h(x, τ)− h(0, τ)

x

)∣∣∣∣∣
x=0

−

−h(x, t)− h(0, t)

x
.

4. Îöåíêà îñòàòî÷íîãî ÷ëåíà.

Ïóñòü ÷ëåíû ðÿäà (9) îïðåäåëåíû â ðåçóëüòàòå ðåøåíèÿ èòåðàöèîííûõ
çàäà÷ (11) äëÿ 0 6 k 6 n+ 1. Çàïèøåì ñîîòíîøåíèå äëÿ îñòàòêà:

u(x, t, ε) = e−iϕ(x,t)/ε
n∑
k=0

υk(x, t) · εk +
n∑

k=−1

σ(zk(t)) · εk+

+
n∑
k=0

ωk(x, t) · εk + εn+1 ·Rn(x, t, ε).

(18)

Ïîäñòàâèì (18) â çàäà÷ó (1). Ó÷èòûâàÿ ðåøåíèÿ èòåðàöèîííûõ çàäà÷ è ñî-
êðàùàÿ íà εn+1, äëÿ îñòàòî÷íîãî ÷ëåíà ïîëó÷èì çàäà÷ó: iε

∂Rn

∂t
+ ε2

∂2Rn

∂x2
− x ·Rn = −H(x, t, ε),

Rn(x, 0, ε) = 0,
(19)
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ãäå H(x, t, ε) = e−iϕ(x,t)/ε · υ′′n(x, t) · ε + x · ωn+1(x, t) + ε · ω′′n(x, t). Èñïîëüçóÿ
ôóíäàìåíòàëüíîå ðåøåíèå (7), äëÿ Rn(x, t, ε) â (19) ïîëó÷èì:

Rn = − 1− i
2iε
√

2πε

t∫
0

dτ√
t− τ

∞∫
−∞

dξ · e
− i(t−τ)ε

(
ξ+(t−τ)2/3

)
+i

(
x−ξ−(t−τ)2

)2
4ε(t−τ) ·H(ξ, τ, ε).

Âûäåëèâ âî âíóòðåííåì èíòåãðàëå ïîëíûé êâàäðàò â ïîêàçàòåëå ýêñïîíåíòû,
ñäåëàåì çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ ξ íà:

y =
ξ − x+ (t− τ)

2
√
ε(t− τ)

− i
√

(t− τ)3

ε
.

Òîãäà ïîñëåäíåå âûðàæåíèå äëÿ îñòàòî÷íîãî ÷ëåíà ïåðåïèøåòñÿ â âèäå:

Rn =
i+ 1

ε
√

2π

t∫
0

dτ · e−i
(t−τ)
ε (x−(t−τ))

∞∫
−∞

dy · eiy2 ·H(y, τ, ε).

Òåïåðü, ó÷èòûâàÿ óñëîâèÿ 1), 2) è 3) â ïîñòàíîâêå çàäà÷è (1) è òîò ôàêò, ÷òî
èòåðàöèîííûå çàäà÷è ðåøåíû âïëîòü äî øàãà k = n + 1, ëåãêî ïîñòðîèòü
îöåíêó ïî ìîäóëþ äëÿ îñòàòêà:

|Rn| =
1

ε
√
π

t∫
0

dτ ·
∞∫

−∞

dy ·
∣∣∣H(y, τ, ε)

∣∣∣ 6 T ·M
ε ·
√
π

=
C

ε
äëÿ (x, t) ∈ (R× [ 0, T ]).

Îñòàëîñü ïðåäñòàâèòü îñòàòî÷íûé ÷ëåí â âèäå:

Rn = un+1 + ε ·Rn+1,

Òîãäà îêîí÷àòåëüíî ïîëó÷èì

|Rn| 6 |un+1|+ ε · C
ε
6 C.

Òåì ñàìûì äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Îá îöåíêå îñòàòêà (àñèìòîòè÷åñêàÿ ñõîäèìîñòü).

Ïóñòü äàíà çàäà÷à Êîøè (1) è âûïîëíåíû óñëîâèÿ 1) ÷ 4). Òîãäà âåðíà
îöåíêà ∥∥∥∥∥u(x, t, ε)− e−iϕ(x,t)/ε

n∑
k=0

υk(x, t) · εk −
n∑

k=−1

σ(zk(t)) · εk−

−
n∑
k=0

ωk(x, t) · εk
∥∥∥∥∥
C(R×[ 0,T ])

6 C · εn+1,
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ãäå C > 0 � êîíñòàíòà, íå çàâèñÿùàÿ îò ε, à υk(x, t), zk(t), ωk(x, t) ïîëó÷åíû
èç ðåøåíèÿ èòåðàöèîííûõ çàäà÷ ïðè 0 6 k 6 n+ 1.

5. Çàêëþ÷åíèå.

Ïðè âûïîëíåíèè óñëîâèé ñòàáèëüíîñòè ñïåêòðà ïðåäåëüíîãî îïåðàòîðà, êàê
óæå áûëî îòìå÷åíî âî ââåäåíèå, ìåòîä ðåãóëÿðèçàöèè Ñ.À. Ëîìîâà äàåò äî-
ñòàòî÷íî ïðîñòîé ðåöåïò ïîèñêà ðåãóëÿðèçèðóþùèõ ôóíêöèé. Â ñëó÷àå ñïåê-
òðàëüíûõ îñîáåííîñòåé ó ïðåäåëüíîãî îïåðàòîðà ïîñòðîåíèÿ ñëîæíåå. Â ïðåä-
ëîæåííîé ðàáîòå ðåãóëÿðèçèðóùèå ôóíêöèè, îïèñûâàþùèå íåðåãóëÿðíóþ çà-
âèñèìîñòü ðåøåíèÿ îò ìàëîãî ïàðàìåòðà, è ðåãóëÿðèçèðóþùèé îïåðàòîð, ñâÿ-
çàííûé ñ òî÷å÷íîé íåîáðàòèìîñòüþ ïðåäåëüíîãî îïåðàòîðà, óñïåøíî íàéäåíû
äëÿ çàäà÷è ñî ñïåêòðàëüíîé îñîáåííîñòüþ â âèäå ñèëüíîé òî÷êè ïîâîðîòà, è
òåì ñàìûì îñíîâíàÿ ïðîáëåìà ìåòîäà ðåãóëÿðèçàöèè óñïåøíî ðåøåíà, ÷òî
ïîäòâåðæäàåòñÿ ðåçóëüòàòàìè íàøèõ èññëåäîâàíèé.

6. Ïðèëîæåíèå.

Ïîñòàâèì çàäà÷ó äëÿ ïîèñêà ôóíäàìåòàëüíîãî ðåøåíèÿ çàäà÷è (1):

iε
∂u

∂t
+ ε2

∂2u

∂x2
− x · u = 0, u(x, 0) = δ(x− x0).

Äëÿ ðåøåíèÿ ýòîé çàäà÷è ïðèìåíèì ìåòîä èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ
Ôóðüå. Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíÿþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ èíòå-
ãðàëà Ôóðüå è ÷òî ôóíêöèÿ u(x, t) ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè äî-
ñòàòî÷íî áûñòðî ñòðåìèòñÿ ê íóëþ ïðè x → ±∞. Òàêæå ïðåäïîëîæèì, ÷òî
èíòåãðàë äëÿ îáðàçà Ôóðüå èñêîìîãî ðåøåíèÿ Ũ(λ, t) ìîæíî äèôôåðåíöè-
ðîâàòü ïî ïåðåìåííûì t è λ ïîä çíàêîì èíòåãðàëà. Â ïðîñòðàíñòâå îáðàçîâ
ïîëó÷èì ñëåäóþùóþ çàäà÷ó Êîøè:

iε
∂Ũ

∂t
− i · ∂Ũ

∂λ
= ε2 · λ2 · Ũ , Ũ(λ, 0) = e−iλx0. (20)

Çàäà÷à (20) - çàäà÷à äëÿ êâàçèëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â
÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, èíòåãðèðîâàíèå êîòîðîé ïðîâîäèòñÿ
îáû÷íûìè ìåòîäàìè. Îïóñêàÿ äîñòàòî÷íî ãðîìîçäêèå âûêëàäêè, âûïèøåì
çäåñü òîëüêî å¼ ðåøåíèå:

Ũ(λ, t) = exp
(
− iεtλ2 − i(x0 + t2)λ− ix0t/ε− it3/(3ε)

)
.
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Òåïåðü, èñïîëüçóÿ ôîðìóëó îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå, äëÿ îðèãèíàëà
áóäåì èìåòü:

u(x, t) =
1

2π

∞∫
−∞

dλ · Ũ(λ, t) · eiλx =

=
1

2π
exp

(
− it(x0 + t2/3)

ε

) ∞∫
−∞

dλ · exp
(
iλ(x− x0 − t2)− iεtλ2

)
Äëÿ âû÷èñëåíèÿ ïîëó÷èâøåãîñÿ èíòåãðàëà âûäåëèì ïîëíûé êâàäðàò â ïîêà-
çàòåëå ýêñïîíåíòû è ñäåëàåì çàìåíó:

y =
√
εt
(
λ+

t2 − (x− x0)
2εt

)
.

Â ðåçóëüòàòå ïîëó÷èì:

u(x, t) =
1

2π
√
εt

exp
(
− it(x0 + t2/3)

ε
+ i

(
t2 − (x− x0)

)2
4εt

) ∞∫
−∞

dz · e−iz2.

Îñòàâøèéñÿ èíòåãðàë ìîæåò áûòü ëåãêî âû÷èñëåí ðàçëè÷íûìè ñïîñîáàìè
(íàïðèìåð, ìåòîäàìè òåîðèè âû÷åòîâ) èëè ñâåä¼í ê èçâåñòíûì çíà÷åíèÿì

äëÿ èíòåãðàëîâ Ôðåíåëÿ
∞
∫
0

cos t2 dt =
∞
∫
0

sin t2 dt =
√
π/8. Îêîí÷àòåëüíî äëÿ

ôóíäàìåíòàëüíîãî ðåøåíèÿ áóäåì èìåòü:

u(x, t) =
1− i

2
√

2πεt
exp

(
− i t

ε

(
x0 +

t2

3

)
+ i

(
t2 − (x− x0)

)2
4εt

)
,

÷òî ñ òî÷íîñòüþ äî îáîçíà÷åíèé ñîâïàäàåò ñ (7).
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A REGULARIZED ASYMPTOTIC SOLUTION OF THE CAUCHY
PROBLEM FOR THE NONHOMOGENEOUS SCHROEDINGER
EQUATION IN THE QUASICLASSICAL APPROXIMATION IN
THE PRESENCE OF A ¾STRONG¿ TURNING POINT OF THE

LIMIT OPERATOR

Alexander G. Eliseev , Pavel V. Kirichenko

National Research University ¾Moscow Power Engineering Institute¿

yeliseevag@mpei.ru, kirichenkopv@mpei.ru

Abstract. The article is devoted to the development of the regularization method
by S.A. Lomov on singularly perturbed problems in the presence of spectral
singularities of the limit operator. In particular, a regularized asymptotic solution
is constructed for the singularly perturbed inhomogeneous Cauchy problem that
arises in the quasiclassical approximation in the Schroedinger equation in the
coordinate representation. The potential energy pro�le chosen in the paper leads
to a singularity in the spectrum of the limit operator in the form of a ¾strong¿
turning point. Based on the ideas of asymptotic integration of problems with
unstable spectrum, S.A. Lomov and A.G. Eliseev, it is indicated how and from
what considerations regularizing functions and additional regularizing operators
should be introduced, the formalism of the regularization method for the indicated
type of singularity is described in detail, this algorithm is substantiated, and an
asymptotic solution of any order with respect to a small parameter is constructed.

Keywords: singularly perturbed Cauchy problem, asymptotic solution,
regularization method, turning point.
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