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AnHoranusa. B nannoit pabore n3ydaiTcst BOMPOCH! pa3pPhIBHOCTH KPaiHUX
nokazareseil KoJiebJeMOCTU Ha MHOXKECTBE JIMHEHHbIX OJIHOPOJIHBIX Jiuddepen-
ITUAJIbHBIX CUCTEM C HElPEePBIBHBIMEU Ha MOJIOKUTEHHON OCH KOI(DDUITMEHTAMU.
YcTaHOBJIEHO CYIIECTBOBaHKWE TOUEK Ha MHOXKeCTBe JuddepeHnaabHbIX CUCTEM,
B KOTOPBIX BCE CTapIve W MJJIININe TTOKa3aTen KoJiedJIeMocTr HyJieil, KopHei n
TUTIIEPKOpHEH He TOTHKO He SBJIIOTCS HEMPEPBLIBHLIMHU, HO U He SIBJISIOTCS Hempe-
PBIBHBIMU HU CBEPXY U HU CHU3Y. BoJjiee TOro, mokazana HEMHBAPUAHTHOCTD Kpaii-
HUX MOKa3aTeseil KoaedJeMOCTH OTHOCUTETHHO OECKOHEUHO MAaJIbIX BO3ZMYIIEHU.
[Tpu jokazaresbcTBe pPe3yabTATOB HACTOAIIEH PabOTHI, OTAEIHLHO PACCMOTPEHbI
caydad 9eTHOCTH W HEUYEeTHOCTH TOPSJIKA MATPUITHI CUCTEMBI.

KiroueBbie cooBa: juddepenimalibibie ypaBHEeHUs, JUHEHHbIE CUCTEMbI,
KOJIe0JIEMOCTD, YUCIO HYJIEH, TTOKa3aTem KoJIeOJIeMOCTH, oKasaTean JIsamyHosa.

1. BBenenue

st sapanroro n € N obosnaunm gepe3 M MHOXKECTBO JIMHEHHBIX CHCTEM

t=A(t)r, zeR" teR, =]0, +o0),
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¢ nenpepusnuimu oneparop-gynkiusaivn A : Ry — EndR" (kax /iyt u3 KoTo-
PBIX Oy/IeM OTOXKJIECTBJISTH ¢ COOTBETCTBYOINEl cuctemoii). [TogMHOKECTBO MHO-
)ecrBa M™, cocroginee U3 aBTOHOMHBIX cucTeM, obosHauuM depes C, 1mOJIMHO-
JKECTBO CUCTEM OTBEUYAIOINX JIMHEHHBIM OJHOPOJHBLIM YPABHEHUAM N-T'0 MOPSIIKA,
oboznaunm udepes E". Ilpocrpancrso pewenuit cucrembl A € M™ 0b603HaUUM Ye-
pe3 S(A), a mOAMHOKECTBO BCex HeHyseBbix permenunii — 4depe3 Si(A). Haee,
3BE3JI0UKOI cHU3y OyjeM InoMedarh Jio0oe JTUHEHHOe HPOCTPAHCTBO, B KOTOPOM
BBIKOJIOT HyJb. [los10:xnM
sr= ] s.(4.

AeMn

B paborax [1, 2, 3, 4] . H. Cepreesa Ha 110JynpsiMoil BBOJMJIUCH U UCCJIE-
JOBAJIACH PA3JINIHLIC XaPAKTEPUCTUKH JIAYHOBCKOTO THIIA HEHYJIEBLIX PEIIeHMUiT
JTUHERHBIX 1uddepeHuagbHbIX YPABHCHUH ¥ CHCTEM. DTH XapAKTEPUCTUKH OT-
BEYAIOT 33 KOJeOIEMOCTh 1 OJyXKaeMocTh pemenust. B crarne [5] Oblm cncre-
MaTusuposanbl Bee Beeennbie 1. H. CepreeBbiM K HACTOSIIIEMY MOMEHTY XapaK-
TEePUCTUKH JIAITYHOBCKOTO TUIIA, 9TO IIPABEIO K N3MEHEHNIO HA3BAHWI HEKOTOPDLIX
M3 HUX. B 49acTHOCTH, NMOJIHBIE U BEKTOPHBIE YaCTOTHI IIEPEHMEHOBAHBI COOTBET-
CTBEHHO B CUJIbHBIE U Ciabble nokasaresu kojebaemocru. B paborax [6, 7, 8, 9, 10]
xapakrepucrunieckue nokasaresu |1, 2| craau naspisarbes vacroramn Cepreesa.

B nacrosiieit pabore OyjieM paccMaTpUBATh CJIEAYIONIAE UX PA3HOBUHOCTH:
— [OKa3aTesnd KoJIeOJeMOCTU HyAetl, KopHel W 2unepkopret;

— GEPTHUEC WK HUIICHUE TTOKAZATEN KOJIeOJIeMoCTH (B cilydae UX COBIAJICHUS
— MOUHbLE);

— CUABHBLE WK CAGODLE TTOKA3ATEN KOJIEOJeMOCTH (B CJlydae UX COBIAJICHUS
— abconrommuie).

[Tojyicuer nocsieiHUX TTPOUCKOJUT TIYTEM YCPEJHEHUS YUCIIa, HYJIei (I/IJII/I KOp-
Hei, nin PHHepKopHeﬁ) IPOEKINHU penieHns: © auddepeHIualbHoil cucTeMbl Ha,
KaKyI0-JI100 MPAMYIO, IpUUEeM 3Ta IpsAMas BbIOMpPaeTcs Tak, 4TOObI [OJyYeHHOEe
cpejiHee 3HaYeHne 0Ka3aJi0Ch MUHUMAJIbHBIM: €CJIN YKa3aHHast MUHUMU3AIUS [1PO-
U3BOJUTCS TIepe]] YCpeIHeHNeM, TO MOJIyIalTcsa cjiabble MOKa3aTean KoyedaeMo-
CTH, & €CJIU II0CJie, TO — CUJIbHbBIC IToKa3aTeau Kojebgemoctu. Ilpu aTom jijist BbI-
YUCJCHUS ITUX XaPAKTEPUCTUK PEIIeHUs Y JIMHEHHOrO ypaBHEHUs N-T0 MOPsAIKa
OCYIIECTBIISIETCs TIepexojl K BeKTop-pyHKmu & = (y, 7, . . . ,y(”_l)).

Kak uzsecrno |11, 12, 13], nokazaresu koJedbjaemoctu HyJeit, KOpHeit u rutep-
KOpHell JinHeiHoi jiuddepeHimasbHON CUCTeMbl COBITAJIAI0T B @aBTOHOMHOM CJIy-
Yae ¢ MHOXKECTBOM MOJIyJell MHUMBIX 4YacTell COOCTBEHHBIX 3HAYCHWI MaTpPUIIbI
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cucreMbl. B cujly HElpepbIBHOW 3aBUCUMOCTU KOPHEH MHOI'O4YJIEHa OT ero Koddg-
GUIHEHTOB cJIejIyeT, YTO CyKeHne 1000l 13 KpailHuX mokKasaresei KojaebJ1eMocTr
Ha, TOIOJIOTHYIecKoe moanpocTpanctso C" C M™ ecTb HenpepbiBHAS QYHKITHSI.

Kpome Toro, HempephIBHOCTH KpaitHUX MoKa3aTeseil KomebmeMocTn HabIIroa-
eTcst U Ha TonoJjiornyekom nopocrpancree E2 C M? (em. [3, 14]).

B pabore [15] na muoxecrse M? 6bli HAlJIEHbI HE TOJILKO TOYKU PA3PbIBA, HO
1 TOUKM HEMHBAPUAHTHOCTU KPaWHUX MOKazaTeseil KojaebjeMoCTH HyJieil OTHOCH-
TEJILHO BO3MYIICHU, NCUE3AI0IINX Ha OECKOHEYHOCTHU. Y TBEPKJICHUST W PACCY K-
JIeHUsT, [IPOBOJIMMbIE B 9TON padoTe, ClpaBeJIUBbI U JIJIsi KPalHUX HoKazareJseit
KOJIe0JIEMOCTH KOpHEH. AHAJOIMIHOe CBOMCTBO JIJIs HMOKa3aTesaeil KoJIedIeMOCTH
runepkoneit 0110 yeranosaeno U.H. Cepreesvim B [16].

[Torcku TOYEK PaspbiBa U HEHHBAPUAHTHOCTH OTHOCUTEILHO HECKOHEUHO Ma-
JIBIX BO3MyTIEdi mpu n > 2 Ha MHOXKecTBe M 17151 HEKOTOPBIX OT/ICJIbHBIX Kpaii-
HUX YaCTOT HPOJIOJIKAJIUCH B paborax [17, 18].

Hacrosmas paboTa MOCBsAIEeHa UCCIEJIOBAHUIO Ha HEMPEePbIBHOCTD KpaiHuX
nokasareJieil KojiedJeMOCTH Ha MHOYKECTBE JIMHEHHBIX OJIHOPOJIHBIX I epeHIiu-
aJIbHBIX CUCTEM. A MMEHHO, IIPHU JIIOOOM 1 > 2 JIOKa3aHO CYIIEeCTBOBAHUE TOYECK U3
MHOXKecTBa M", B KOTOpPBIX KpaliHKe IOKa3aTe/ I KoJeOJIeMOCTH HyJlell, KopHeii
U TUTIEPKOPHEN He fABJSIOTCA HENPEPLIBHBIMU M WHBAPUAHTHBIMUA OTHOCUTEIHHO
OECKOHEYHO MaJibIX BO3MYIIEHMUIA.

2. Iloka3zarenn koJjiebjieMocTn perienuii auddepeHImmaaIbHbIX CUCTEM

Omnpepesnierne 1 |1, 2|. s nenynesoro Bektopa m € R? u BeKTOp-DyHKIUHI
xr € S wepes v*(x,m,t) npu a € {0, +, *} cOOTBETCTBEHHO 0OOO3HATIM:

— YUCI0 HYyAell CKATISPHOTO mpousBejienust (x, m) Ha npomexytke (0, t];

— queso KopHel (T.e. HyJell ¢ y9eTOM uX KpamHocmu) CKaJsipHOTO MPOU3Be-
nenusi (x,m) na upomexyrke (0,1];

— YUCJI0 2unepropHet; CKaJstpHOro ipousseienus (x, m) Ha npomexkyrke (0, t],
rJIe B IIPOLECCe MOJICUETa ITOr0 KOJIMUECTBa, KaxK bl HeKpaTHbI KOpeHb bepercst
POBHO OJIMH pa3, a KPaTHLI — OECKOHEYHO MHOIO pa3 HEe3aBUCUMO OT UX (DAKTHU-
9eCKOW KPATHOCTH.

[Tpu kaxgom v € {0, +, *} k onpesenenuio 1 mobaBum obo3HAUEHUE

v (z,m,ty,te) = v¥(x,m, ty) — v (x,m,t1), 0 <ty <ts.

Omnpenenenne 2 [1-3]. Beprnue (nusicnue) cusvnvi u crabvili nokasament
Koaeoaemocmu wyaet, Kopuet u eunepropuet Gyukunu x € S upu a € {0, +, *}
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COOTBETCTBEHHO 3a/13JiuM (popMyJsiaMu

vi(x) = inf lim zyo‘(az,m,zﬁ) vd(x) = inf lim Euo‘(x,m,t) :
mERZ} t—+00 t mGRf t S+ 00

N . m . . ™

vX(x) = lim inf —v%(x,m,t) vX(z) = lim inf —v®(z,m,t)
t—=400 eRrn ¢ t—+00 meR?

[To kaxkJOMy U3 TIepeunc/JeHHBIX IoKazarejeil Kojebgemoctn w® =
v od, s DY obpasdyem KpaiiHue mokazaresn Kosiebsiemoctu cuctembl A € M”
¢ TIOMOIIBI0 (POPMYII

Wi(A) = inf w(z), wi(A)= sup w'(z), a€{0,+}
eS8, (A) €8, (A)

KOTOpBIe OyJleM paccMaTpuBaTh KaK (PYHKIMOHAJBI HA JIMHEHHOM TOIOJOTUYE-
cKOM TpocTpancTBe M™ ¢ ecTecTBeHHBIMU JIJisi (DYHKITUU JIMTHEHHBIMY OTIePalusi-
MU U paBHOMepHOI Ha R, Torosiorueii, 3ajjaBaeMoil METPUKOIt

p(A, B) = sup min{|A(t) — B(¢)|,1}, A,Be M".
teR,

Omnpepesienne 3. Hasoem criekrpom mokasarenst k£ : Sy(A) — Ry s
cucrembl A € M" MHOXKeCTBO

Spec,.(A) = {k(x) |z € S.(A)}.
Onpenesienne 4 [19]. st cucrembr A € M™ BBejiem 0b603HaUEHME

B(4) = {B € M| lim_|A(t) — B(t)| =0},

IpU KOTOPOM Bo3Mmytienne B — A nHazoBeM 0ECKOHEUHO MaJIbIM.

Bysiem rosoputhb, 4rT0 (PyHKIMOHAJ W, OnpejeaeHubiit Ha M", He uHBapu-
auTeH B Touke A € M" oTHOCHTEHHO OECKOHETHO MAJBIX BO3MYIIEHHUIH, ec/in
cymecrsyer cucrema B € B(A), ynosaersopsiomnias yciaosuio w(B) # w(A).

3. PopMyJIMPOBKU BCIIOMOTaTEJIHHOTO 1 OCHOBHOI'O Pe3yJIbTAaTOB
Jlemma. Ilycmo nocaedosamensvrocms nosoncumesrvuuls wuces t1 < to <

ydos.aemeopaem ycao6uAM

t
lim t, = +oo0, lim 24— 1,
p—+00 p——+00 tp
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Tozda das mobozo pewenus x € Sy(A) moboti cucmemvr A € M™ npu kasrcdom
a € {0,+, %} sunosnenv, pasencmea

m — 7
y¢ () = inf lim —o® t ¢ (r) = inf lim —»® t
S R A = )
vY(x) = lim inf zVO‘(:J:,TrL,tp), vX(x) = lim inf Zl/o‘(m,m,tp),
p%JrOOmER"t p—+oo meR™ tp

a npu ONONHUTNENDHOM YCAOBUL Eljrn (tpr1 — tp) = 400, 6epro ewe u caedyro-

wee: ecau 0aq nexomopozo wucaa p = 0 6 nocaeduem npedene kascdoe u3 wuce
tp ymenowumo nwa T, < pT', a xaocdoe us wucea v(x,m,t,) — na v, < pT', mo
3Hav%EHRUE NPedesa 0m IMoz20 He USMEHUMCA.

Jloka3aTesIbCTBO 9TOil IeMMBI CBOANTCS K TIOBTOPEHUIO PACCYKICHMUIT, TPO-
BEJICHHBIX TIPH JIOKA3ATEILCTBE JIeMMbl 7 [4].

Nmeer mecTo

Teopema. /Jlaa awbozo n > 3 6 npocmpancmee M™ cyuecmeyem mouka,
6 Komopot, Hu 00UH U3 KPATUHUT NoKa3amenet KoAeOAEMOCTNU He ABAAECTCA HU
HENPEPLIEHVILM, HU TMOAYHENPEPLLEHBIM CEEPTY, HU MOAYHENPEPLLEHBIM CHUSY, HU
dastce UNBAPUAHMHBIM OMHOCUMENDHO DECKOHEUHO MAABLT 603MYULEHUT.

4. JToka3aTeibCTBO OCHOBHOIO PEe3YJIbTaTa

1. Buibop ecnomozamenvnoix hynruyul.

Badukcupyem jgocrarouno majoe € > 0. BozbMmem 27 nepuogmdeckue Hermpe-
pbiBHO-judepernupyembie Gynkiuii (1), (), @1(t) u Y1(t), Bospacratorme
na orpeskax [0, 7/2], [37/2, 27|, youBatomue na [7/2, 37/2], a Ha KOHIAX yKa-
3aHHDBIX IIPOMEXKYTKOB IPUHUMAIOIINE 3HAUCHMUSI

©(0) = @(m) = p(27) = ©(0) = $(27) =
= 1(0) = ¢(m) = ¥(2m) = (0) = ¢(2r) =0,
01(0) = p1(m) = @1(27) = ©1(0) = ¢1(27) =
= 1 (0) = ¢y (m) = b1 (27) = ¥1(0) = 4y (27) = 0,
p(m/2) =72, p(3m/2) = —7/2, Y(7/2) = /2 — €, Y(37/2) = —7 /2 + €,

e1(m/2) =7, 9(37/2) = —7/2, ¥n(1/2) = 7 — €, Vi (37/2) = —7/2 + &,
o(t) -¢(t) 1(t) - 1(75) #0, Vte (0,n/2)U(37/2,2m)U (n/2, 31/2),
B(2m(k — 1)) - d(2m(k — 1)) - 12k — 1)) - a2k — 1)) £ 0.
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Hanee, na R, BoiOupaem HenpepbiBHO-JuddepeHiiupyembie QyHKIN
o(t), ¢1(t), Bospacraiomue npu kKaxjaoM k € N Ha mpoMexkyTKax

I =2r(k=1), 2n(k—1)+7/2), I} 41 = 2r(k—1)+37/2, 2n(k—1)+27),
yObIBaOIIME Ha,

Iy =Q2n(k—1)4+n/2, 2r(k — 1)+ 37/2), k€N,
a HAa KOHIAX yKA3aHHbIX [IPOMEXKYTKOB IPUHUMATOIIUE 3HAUCHUS

$(rk) = ¢(2m(k — 1)) = ¢1(wk) = ¢1 (2w (k — 1)) = 0,

o2m(k — 1)) - 1 (2m(k — 1)) #0,
O(t) - d1(t) #0, YVt € [y U UL,
oQ2m(k—1)+7/2) =7/2 — €, 2wk —1)+37/2) = —7/2 + €,
0 2r(k—1)+7/2) =7 —€, 01(2n(k—1)4+37/2) =—7/2+ ¢,
ryie {€x} - mocseoBaTeIbHOCTD TTOJOKUTENBHBIX TUCET, CTPEMSITIAACS K HYJIO.

Otu dyHKIMil mogdepeM Tak, ITOObI JJIsi HEKOTOPHIX 1, l2, 13,14 € R BbITOI-

HSJIACH YCJIOBUSA
le, tel0,2n],

| < (1)
[U1(t) — @1 ()] < lae, t €0, 2a], (2)

< canlk—1), 20K, keN, (3)
60(6) = o (0)] < laep, ¢ € 2r(k—1), 27k], k€N, (4)

OnpejiesiuM 11ocsie1oBaTesibHOCTh poMexkyTkoB Ar = (2(k — 1)m, 2k7] u
3314/ IUM CIIeytonie (OyHKIn

[ o(t), tel, p1(t), t € Ay,

Y(t), t € Ay, Pi(t), t € A,

Y(t) =< @), te s, mt)=1< @i(t), t € As,
Y(t), t € Ay, Ui(t), t € Ay,

2. Paccyocdenua npu aobom wemmom n = 2.
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2.1. HerpyiHO 1poBepUThH, 4TO MaTpPUILA

( cos(t) —siny(t) 0 0 \
siny(t) cosy(t) O 0
X,(t) = (.22, ...,20) 0 0 - 0
: : cos(t) —sin(t)
\ 0 0 siny(t) cos(t)
ABJIAETCS (PYHJIAMEHTATBHON JIJI CHCTEMBbI
( 0 —(t) 0 0\
bt 00 0
AB=] 0o 0 0 | emm
: : 0 —¥()
K 0 0 () 0 )

[TycTsb B 06IIEM PemeHun T. = 1oL + cox? + -+ + 2" € S,(A,) nenynesoit
KO3(DPUIMEHT UMeeT BUJ: Cop_1 WK Cop. 10TIA JIJIS BEKTOPA

,0)
ckaJisipHOe Tipom3Besienne (T.(t), m®) # 0 mpu sobom t > 0, mosTOMY
VS(IC) V:<5EC> = v, (z.) V?@C) Vj—(SUC) = vy(z.) = 0.

CHG,ZLOBaTeJIbHO, BCE€ CTaplinue 1 MJIaJIIKUEe IIOKa3aTEeJIN KOJ1€0JIeMOCTH PaBHbBI HY-
JITO.

c
m _(0,...,O,Cgk_1,62k,0,...

2.2. Bee paccyxienust 1peibIayIiero myHKTa HOBTOPSAIOTCs 1 JiJisi (DyHIaMeH-
TaJIbHON MaTPUILI

[ cosg(t) —sing(t) 0 0 \
sing(t) coso(t) 0 0
Y, (t) = 0 0 . 0
: : cos ¢(t) —sin (1)
\ 0 0 sing(t) coso(t)
( 0 —o(t) 0 0 \
ot) 0 0 0
B.t)=| 0 o0 0 | emn
: : 0 —(t)
\ 0 0 oty 0 )
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2.3. BosbMeM pyHIaMEHTAJIBLHYIO MATPUILY

( cosp(t) —singp(t) 0 . 0 \
sinp(t) cose(t) O . 0
Zo(t) = (2p 22y 2) = 0 0 0
: : cos p(t) —sin(t)
\ 0 0 ... sinp(t) cosp(t)
( 0 —¢(t) 0 0 \
o) 0
Cu(t) = 0 0 0 e M"
: : o 00 —=p(t)
\ 00 . 0 )

Tnst MOBbIX 2. = €121 + 222 + -+ + 2" € Su(C) u m € R? cxansapuoe
npoussesierne (2.(t), m) = hsin(e(t)+¢p) TOKIACCTBEHHO PABHO HYITIO HITH HMEET
Ha KaxKJI0M npomexyTke Buja (2m(k — 1), 2wk| asa myssa. [losromy B mocseanem
cJydae OCTaeTCs CJIEJUTH 3a TeM, 4TOObI 9TU HyJiM He ObLIM KpaTHbIMU. Hcim
OJIUH U3 KOIPPUIIMEHTOB Cop_1 WJIA Cop OTJIMYEH OT HYJIsl, TO BbIOMPaAEeM BEKTOP
sugia m' = (0,...,0,max_1, Mo, 0,...,0). [lonarno, 4To permenne z. ABageTCA

27 IepUOANIECKUM T

inf v*(ze,m,2m) = v*(2e,m',27) =2, a € {0, +, x},
meR2

rige BEKTOPbI ml n m® He gBIAI0TCA IpoNnopnuoHaJIbHBIMH, TaK KaK

V* (2., m" 2m) = +00.
CrefioBaresbHO, JIJIs BRIOpAHHOTO perienust mpu Jobom « € {0, +,*} crpa-
BEJIJINBBI PABEHCTBA,

QN e e T B
o) = I i, v e t) =

2k
= lim El/o‘(zc,ml,t) = lim Lyo‘(zc,ml,%rk) — lim =2 _ 1,
t—+oo t k—+o0 2k k—+o0 2k
K- 3t B -
2k
= lim El/o‘(zc,ml,t) = lim Lyo‘(zc,ml,%rk:) — lim 251
t—+oo ¢ k—+o0 2k k—+o0 2Tk
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2.4. Cucrema

[0 —i(t) 0 0 \
A4 00 0
D,(t) = 0 0 e M"
: P00 =AY
\ 0 0 .4 o0 )
BMecTe ¢ pyHIaMEHTaJbHO! MaTpuIeit
( cosy(t) —siny(t) 0 0 \
siny(t) cosy(t) O . 0
Un(t) = (up,upy ..., ul) = 0 0 0
: : cosy(t) —sin~y(t)
K 0 0 ... siny(t)  cosvy(t) /

saBJseTcs 47 mepuojmIecKoi.

st mobbix ue = ciul + cou? + -+ + c,u € Su(Dy) u m € R? ckansiproe
npoussejerne (u.(t), my = hsin(y(t) + o) rakxke sBisleTcst 47 MEPUOUICCKUM
W Ha MPOMEKYTKe (27, 47| TOXKIECTBEHHO PaBHO HYJTIO WJIM HE HMEET BOBCE HYyJIC
WM BMeeT JBa HyJis. Torja ecam oguH u3 K03MDhOUIMEHTOB Cop—1 WA Cof, OTIIMIEH
oT HyJs, To BeIOGUpaem BexTop Buga m? = (0,...,0,mag_1, May, 0,...,0), 9TOOHI
BBITIOJTHAIOCH PABEHCTBO

inf v*(ue, m, 27, 47) = v*(ue, m*, 27, 4w) =0, a € {0, 4, *},
meR?

P 3TOM BEKTOP M? MOXKHO BBIODATH HEMPONOPIMOHAILHBIM BekTopy mC. Ilo-

TOMY
inf v%(ue, m,4r) = v*(ue., m*,4w) = 2, «a € {0, +, *}.
meR?
CreioBaresibHO, JIJIs BRIOpAHHOTO perienust mpu jgobom « € {0, +,*} crpa-
BEJIJINBLI PABEHCTBA,

a . . T .
Ve (UC) - ml?ﬂf{;f tLlErnoo tlj (uca m, t) -

T T 2k
= lim =v%u., m%t) = lim —v*(u., m? 4rk) = lim — = 1/2
t—Eknoo tV (e, m”, t) k—1>1—|1—100 47T]€V (e, m", 47k) k—lﬂloo Ak /2,

N e e T, B
velue) = B, o, g e t) =
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— 1 E @ 2 I K L o 2 9 %_
= i 0 = i k) = i g =172

3. Paccyocdenus dra ecex cmapwur nokadamenet K0A0AeMOCmU NP A1000M
HevemHom n = 3.

3.1. ng 3amannoro neuernoro k € N wa R, Boibepem n-mepubie (n = k + 2)
BEKTOp-DYHKITU

() DR

=10 |,220)=| 0 |,...,a"¢) = , () = 0

"2 (1) = 6 RO 0 YY) = 6 ’

~
aQ
@)
wn
<
—~
~
N—
TN~
vl
wn
=.
=
-
VS
~
SN—"
I
el
(@)
@)
wn
-
VS
~
SN—"
\

2= o |o2o=| o |
cos p(t) — sin (t)

\ sing(t) ) \ cosp(t)
\

[0 [0
ul(t) = 0 . ui(t) = 0
cos y(t) — siny(t)
\sin’y(t)/ \ cosy(t) /

HeTpynHOo nmpoBepuTh, 9TO MATPHUITHI

https://doi.org/10.21638/11701 /spbu35.2023.106 Drexrponnsiii xxypuas: http://diffjournal.spbu.ru/ 87



Huddepernyuarvroe ypasrnenus u npoueccor ynpasaenua,N. 1, 2023

HBHHKH@H(bYHﬂaMEHTaﬂbemﬂlﬂﬂH(HEAYKHHHX(HKTGM

(1 ...0 0 0\
0 :

0 e M",

Ay =X®X'®)=10 . 1 0
.0 0 =)
\O ... 0%t 0 )
(1.0 0 0 )
0 ...+ i :
Bt)y=Y@®)Y't)=|0 -. 1 0 0 e M",
0 0 —(t)
\0 .. 041t o )
(1 ...0 0 0
0 ... : :
Ct)=2Zt)Z )= o0 1 0 0 e M,
.00 —p(t)
\O ... 0 ¢t) 0 )
(1...0 0 0 )
0 ... :
D) =UBU )= 0 0 eM”
.0 0 =)
\0 ... 04() 0 )
COOTBETCTBEHHO.
3.2. Tlycrb BbinosiHsiercst yejaosue ¢; + ¢35 + -+ + ¢2 > 0 u HOMEp OT-

JMYHOrO OT HyJs Koddgdunuenta papen r. Torna s NpoU3BOJILHOTO PEIICHUA
T. = ezt 4 ort + o2 ey € S,.(A) 1 BekTOpa m” ¢ HenyneBLIMHT
KOMITOHEHTAMHU, 38 MCKJIOUEHUEeM T-T'0, BBITOJHSIOTCS PaBEHCTBA,
0 T _ .+ r ok r _
v(xe,m' t) =v(x,m"t) =v(x,m"t) =0
pu Jjiiodom t > 0.

Ecm g = ¢ = - = ¢ =0, Ci+1 +ci+2 # 0, TO 1[I pemeHus r. =
Crp12 4 02?2 cripaBensmBa nenouka pasencts (eM. myHKT 2.1 HacTOSAIIErO
JI0Ka3aTeIbCTBA)

va(e) = v (ze) = vi(xr) = vi(xe) = v (z.) = v (x.) = 0.
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0 ,,+

13 KOTOPO#i 1pu Jiiobom w = 1y, 1] 0 vt

* *
Vi vl vl vl Boirekaer wy,(A) = 0.

3.3. AHaJIOruvIHbIe PACCYKIEHUsI IPUBOJIIT K PABEHCTBAM

wp(B) =0, w,(C)=1, wy,(D)=1/2

* 0 + *
y Ve sy Vo s Vo 3 U,

0"

npu KaxKIoM w = 10, vt

4. Paccyoicdenus daa maadwux noxadamenetd korebsemocmu npu n = 3.

4.1. Boibupaem yHjiaMeHTaIbHYIO MaTPUILY

et cos® iy (t) €3 siny(t) 0
Xs(t) = (23(t), 23(t), 25(t)) = 0 e cos i (t) e sin’ ey (t)
e’ sin v (t) 0 e cos 11 (t)

HEKOTOpO#i cucreMbl Az € M? 1 B 3aBHCHMOCTH OT BUJIa PeIICHUs
zt) = e12y(t) + caa(t) + eard(t)

BBIOPAHHOI CHCTEMBI T10/I0€PEM COOTBETCTBYIOIINE BEKTOPHI, KOTOPHIM OHU PeXKe
BCcero OyyT OPTOrOHAJILHBI MJIKM BOOOIIE HE OYIyT.

a). B camom jiesie, s pemenus xi € S,(A3) cupaseinso pasjioxkenue
(x3,m) = e'(my cos® 1 () + mssiny(t)) =
- 0, ectm m; =mg=0,
B { el (—my sin® 91 (t) 4+ masiny (t) + my).
Ecim my = 0 1 mg # 0, To npu sitobom k € N BBIOJHSIIOTCS paBEeHCTBA
VO (zy,m,2(k — V), 2kw) =3, vi(xs,m,2(k — 1)m, 2kn) = 5,
v (zy,m, 2(k — 1), 2kT) = +oo0.
Ecau m3 = 0 u my # 0, To upu j060oM k € N BBIIOJHSAIOTCS PABEHCTBA
VO (zg,m,2(k — V), 2kw) =3, vi(as,m,2(k — 1)m, 2kn) = 8,
v (zy,m, 2(k — 1), 2kT) = +oo0.

Ecin my - mg # 0, To pasencrso (x3,m) = 0 paBHOCHJIBLHO KBaJPATHOMY
YPABHEHHUIO OTHOCHTENBLHO sin ¢ (t)

sin® 1 () — %’ siniy (t) — 1 = 0.
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3aMeTnuM, 4TO OHO MMEET JIBa KOPHH, NPUYEeM OJMH U3 HUX 110 MOJLYJII0 Oosbine 1,
a npyroii menbine 1. C npyroii ¢Toponbl, u3 ycaoBus € — /2 < i(t) < 7 — €
CJIeJIyeT JIBYCTOPOHHSIA OICHKA,

—cose <sinyy(t) <1, —cose < cosyy(t) < 1.

Hucsio 01 BbIOEpEM Tak, 9TOOBI BBIIOJIHAJIOCH PaBEHCTBO cose = 1 — d1. Yepes
S2(8) u S3(6) obozHauMM MHOKECTBO BEKTOPOB m = (my, ma, m3) € R? exunny-
HO¥ chephl, YIOBIETOBPSIONINX COOTBETCTBEHHO YCIOBUIO M3 = dmy U m3 = 0ms
npu § € (0,01) .

Jst pettenus T3 1 ioboro sexkTopa m € S7(§) MeHbIIMii 110 MOjLyJio 1 KopeHb
KBa/IPATHOTO ypaBsHenus (mogydaeMoro us yciaosus (ri m) = 0) sin®y(t) —
dsin(t) — 1 = 0 orHOCHUTETBHO Sin 11 (t) YAOBAETBOPSIET COOTHOIIEHHIO

d— Vo2 +4
2

—1< <d—1<9d;—1=—cose.

[TosTomy ckasispHoe mpomssesienne (w3, m) ne Oyger umersb myseit na R, .

Ilist perienns T3 u Bekropa m € S3(0) NPOBOJATCs aHAJIOIMYHbIE PACCY K 16-
aust. CrenoBarenbro, mpu KaxaoM « € {0, +, %} BBIIOJHSIOTCS COOTHOIIEHNUS

inf v*(x3,m,2(k — 1)m, 2k7r) = v*(x3, m3(5), 2(k — )7, 2k7) = 0,

meR3
inf v*(x3 m,2(k — D), 2kr) = v*(x3, m3(5),2(k — 1), 2km) = 0,
meR3

M3 KOTODPLIX CJIEAYET IEIIOYKa PaBEHCTB

vo(xs) = v3 (z3) = vi(ag) = v)(x3) = v (x3) = vi(23) =

— V() = v (o) = v (ad) = W) = v (ad) = vi(ad) = 0.

0). Pemenue x% BpalllaeTcs MPOTUB YaCOBOM CTpENKU Ha YTOJd T — €, 3aTeM
110 YaCOBOI CTpeJiKe BpalllaeTcs Ha yroj 1, dm — 2e, jjajiee, BO3Bpalllasich Ha3a/l,
3aHUMAET NCXO/IHOE TTOJIOXKEHHUE. 3a 9TO BpeMsi perenne ObIBaeT OPTOrOHOJIHHO HE
MeHee JIByX pa3 JiloboMy Hallpe/i 3aaHHoMY HalipaB/enuto. [Toaromy npu Kaxiom

a € {0,+,%} um} = (V2,V2, 0) mMeeT MeCTO
inf v*(x3,m,2(k — 1), 2kr) = v*(x3,m3, 2(k — 1), 2k7) = 2,

meR3

a 3HAYUT, CIPaBE/IJINBbl PABEHCTBA

V() = v (ze) = v (x0) = vl (o) = v (z) = vi(z,) = 1.
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B). Hust ocranbubix periennii x. € Si(C3) npu co # 0 B cuiy Teopembl 2
pabotsl [4] HaiiyTes Takue €1, €9, €3 € [0, €], aTo mpu JoboM ¢ > 0 71T BEKTOPA
m3(e) = (\/§ —€1,V2 — e, €3) CIIPABEUINBO HepaBeHCTBO v (., m3(€), 1) < +00
u

inf v*(x.,m,t) = v*(z.,mi(e),t), € {0,+,x}.
meR3
ITpu srom dynxuust v*(x., m3(e),t) npu t — +o0o sxsusaienrna v (x3, m3,t).

Ecin e ca = 0, To naiijierca sekrop m3(d,¢) € R? npu xoropom dynxius
v (ze, mi(0,€),t) npu t — +00 Oyjer skpusansentHa dynxiuu v (z3, m3(d),t).
CnenoBarebHO, B PACCMATPUBAEMOM CJIyUae

Specn(AZ’»):{O;l}a ’i:V()aV?vV—i_ Vj_7V:7Vf'

[©] o)

4.2. Bee paccy»KieHust NPebllylIero IyHKTa IIOJHOCTBIO HOBTOPSIIOTCA JIJIst
cabbIX TIOKA3aTeseil KoIebJIeMOCTH peIleHIH HeKOTopoii cucreMbl By € M3 ¢
¢yH1aMeHTaIbHOI MaTpuIiei

el cos® g1 (t) e sin ¢1(t) 0
Ys(t) = 0 e cos g (t) e sin? ¢ (t)
el sin ¢y (t) 0 e cos ¢ (1)

32 MCKJIIOYEHUEM TeX CJIydaeB, KOIJa BEKTOPbI (Ha KOTOPBIX PEAu3yeTcs MUHU-
MyM) He 3aBHCAT OT §. B OCTAJBHBIX CIyYasiX K PACCyKJICHUIM U3 TTPEJIbITY ITEro
yHKTa JobaBiiseM yceaosue o — 0, moaromy

Spec,(Bs) = {0:1}, k= wvg, v, 5.

o)

4.3. Paccmorpuum cucremy Cs € M3 ¢ dbyngamenTaabHol MaTpHIieit

el cos® p1(t) e3sin (1) 0
Zs(t) = (23(1), z3(1), 25(¢)) = 0 e3 cos p1(t) e sin? ¢y (t)
el sin () 0 e cos 1 (1)

Samerum, uTo npu uzmenenuu 1(t) € [—5, 7] ynxiuu singq(t) n cos (1)
IIPUHUMATOT BCe 3HAaUYeHUst u3 orpeska [—1, 1].

JokazxkeM, 9T0 /s JII060T0 BekTopa m = (my, my, m3) € RS u nponssosnmo-
ro pereHus
ze(t) = cr25(t) 4+ coz3(t) + c325(t) € S.(C5)
CKaJIIPHOE TIPOK3BeE/IeHUE (2., M) U0 TOXKJIECTBEHHO PABHO HYJIO, TGO HMEeT Ha
KazKJIOM TOJIyMHTEpBaJIe JUIMHLL 27T He MeHee JIBYX HyJieil, ObITh MOXKeT HaYuHast
C HEKOTOPOI'O JIOCTATOYHO DOJIBIIONO MOMEHTA, BPEMEHH.
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a). B camom jiesie, juist pemenust 25 € S,(C3) clupaseuinBo pasjiokenue
(z3,m) = e*(mysin? 1 (t) + mzcospy(t)) =
0, ecmm m9=mgz=0,

e (—mq cos? @1 (t) + ms cos @i (t) +ms).

3

Ecin my = 0 u mg # 0, ro dbynxius (23, m) = mae?

Fcos 1(t) na kaxom
OJIYMHTEPBAJIe JIJIMHBI 27 UMeeT 3 HyJqsd, 4 KOpHs 1 OeCKOHEeTHO MHOTO THIIEPKOP-
HEei.

Ecin my # 0 u m3 = 0, to dbyuknus (23, m) Ha KaxK/JI0M HOJyHHTEpBAJIE
JUIMHBL 27 uMeeT 3 HyJid, 10 KopHeil 1 66CKOHETHO MHOI'O THIIEPKOPHEIA.

Ecin mg - mg # 0, 10 pasencrso (z3,m) = 0 paBHOCUJIBLHO KBaJPaTHOMY
YPABHEHHUIO OTHOCHTENILHO COS 1 (1)

m3

cos? 1 (t) — ——cos e1(t) —1=0.
2

SaMernM, 9T0 OHO UMEEeT JIBa KOPHsI, IPUUEM OJIMH U3 HUX M0 MOIYJII0 Oosbie 1,
a JIpyroit Menbie 1, oboznadum ero depes [.

Ecmm Bexrop m € R? momobpan Tax, uro 0 < [ < 1, To cnipaBe/yinBLI paBeH-
CTBa,

0(cos p1(t) — 1, m,21) = vt (cos 1 (t) — I, m, 2m) = v*(cos 1 (t) — I, m, 27) = 4.

Eciu Bekrop m € R? nojobpan tak, uro —1 < [ < 0, To cupaBe/inBbl
PABEHCTBA
V(cos o1 (t) — 1, m, 2m) = v (cos p1(t) — 1, m, 21) = v*(cos 1 (t) — I, m, 27) = 2.

s pemenns z% IIPOBOJIATCA AHAJOTUYHBIE PACCYXKJIEHUA, a JJId pelleHUs

z§ MOBTOPSIIOTCST PACCYXKJIeHus 13 nyHKTa 4.1. 6) HACTOSIIEro JIOKA3aTeIbCTRA.

CﬂerZLOBaTeﬂbHO, BbIIIOJIHEHbBI PaBE€HCTBA
VO(2d) = v (20) = V() = v(=h) = v (=) = vi(ad) =
— () = v () = vi(2D) = V() = v () = vi(2)) =
= V(=) = v () = Vi () = () = v () = vi(e) = 1.

BHaueHns TOKa3aTesieil KoJaebIeMOCTH Ha OCTAJIbHBIX pereHnsix 2, € S.(Cs)
we Menstorcst (em. nyHkT 4.1. B). Takum obpasom, nmeem

Spec,(C3) = {1}, w=v200,vF vl vt vk

o) " e) T o0
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4.4. Bosbmem ob1iiee perieHue
elt) = cruh(t) + exud(t) + esul(t)

HeKOTOpoit cucreMbl Dy € M3 ¢ dbyHgaMenTaabHOi MaTpHIleit

et cos® y1(t) €3 sinvy(t) 0
Us(t) = (030, d0) = | 0 Meosm(t) e sin? ()
e’ sin; (¢) 0 e? cos 1 (t)

C nomoIbio paccyXeHnit, MPOBOJAMNMBIX B TyHKTE 4.1 HACTOSIIETO JOKa3aTe b

cTBa, i pemennit ui(t), u3(t), ui(t) nonbepem BekTopel m € R2, Ha KOTOPBIX

peain3yroTcdad MUHUMYMbI B OIIPEACTICHNAX IoKa3aTeJieil KosedJIeMOCTH:

inf v*(uz,m,2(k — 1)m, 2(k + 1)) = v*(uz, mg, 2(k — )7, 2(k + 1)7) = 2,

meR3

inf v*(u3,m,2(k —1)m,2(k+ 1)) = v*(ui, m3,2(k — )7, 2(k + 1)7) = 4,

meR3

inf v*(u3,m,2(k — 1)m,2(k+ 1)) = v*(u3, m3, 2(k — )7, 2(k + 1)7) = 2,

meR3

rie ma = \/5, \/§, 0). Orkyna npu Jjobom a € {0, +, x} cienyor paBeHCTBa
3

[ToHsATHO, YTO HOBBIX 3HAUECHUI ITOKa3aTe el KOaebJIeMOCTH Ha JPYTUX pelie-
HUSX Uz, OTIIMIHBIX 0T 0,5 u 1, He Oyuer, mo3TOMYy

Spec, (Ds) = {0,5:1}, =020 vF vF v v;

e o) ® ) 0 [ 2

5. Paccyorcdenua oas maadwur norxaszameneti xkorebisemocmu npu 41000m
Hevemmom n > 3.

Bribepem ¢ynmaMeHTaIbHBIE MATPHITEI

diag [Z3(t), Ay (1), ... Ay(t)],  diag|Z5(t), Ag(t), ... Ap(t)],
diag [Z3(1), Ap(t), ... Ap(t)],  diag[Z3(t), A,(2), ... A,(D)],

rae  Zs3(t) Bagra w3 n. 4.3 mHacrogmero JokasareibctBa u o Au(t) =

cos U —sinu
. (t) (*) , HeKoTOpbIX cucrem A,, B,,C,, D, € M".
sinu(t) cosu(t)
Eciu B hopmysiax ob1mmx penieHnii 3rux cucreM Ko3pPUIMeHTsl Cyq, Cs, - - . , Cpy
paBHbBI HYJIIO, TO BeKTOp M € RY ¢ nepBbiMu TpeMsi HEHYJIEBLIMU KOMIIOHEHTaAMNI
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BBIOMPAEM COIVIACHO PACCYXKJIEHUsIM, IPOBOJUMbBIM B IIyHKTE 4.3 HACTOSIIErO J10-
KazaTeabcTBa. [IycTh B popmye obiero pelenns BTOPOit CUCTEMBbI XOTsI Obl OJINH
13 KO3(PUIUEHTOB Cy4, Cs, . . . , C, OTJIMYEH OT HyJg U ero Homep paseH 7. Torja

BbIOMpaeM BekTOp m € RI' ¢ HyJeBbIMM KOMIIOHEHTAMW 3a WCKJIIOYEHUEM 7-TO.

Torya npu mobom k = 10, v v V0, v, vf cupaseiusbl pasencrsa

Spec,.(A4,) = Spec,.(B,,) = {0;1}, Spec,.(C,) = {1}, Spec,(D,)={0,5;1}.

6. Cyuwecmeosanue movex HEUHBAPUGHIMHOCTNU OAA MAGOUUT CUNOHOLT O~
kazamenet xoaebaemocmu npu n = 3.

6.1. Cnauaja BbIOEpeM BCIOMOTaTeNbHbIE MOHOTOHHBIE (DYHKIUU U,7 €
C*(R), obaamatorime cBoiicTBaMY

(1) 0, ecmn t<0, t) 1, ecm t<0,
B i>1, T t>1.

1, ecmn )

st muoxkecrBa, M = [\/1, 125 — €, /1,125 + e} 3a/1aJIUM CEMENCTBO CUCTEM
Ap € M3, zaBucsImee 0T MOCE0BATCIBHOCTH NapaMeTpoB 1 = (i, fo, ... ) €
M, dynnamenranpuas marpuiia Xz(t) koropoit mpu J060M (HUKCHPOBAHHOM
3HAUEHUN P UMEET COOTBETCTBEHHO IIPECTaBICHUE:

[y cost  sint
0 —sint cost npu t € [t,_1 + 2m, 1),

0 —cost —sint
fp + 0@/ (t — 1)1 — i) 1+ 9/m(t =)y — 1) simt
V(2/m(t —1)p)) —sint 1
V(2/m(t —1p)) —1+92/n(t—1p)) —sint
npu t € [ry, 7, +7/2],

sint s 1
1 —1+92/n(t—1y)) 1 npu t € [r, +7/2, r, + 7|,
1 0 —1
sint p, 1
1 0 1 npu t € [r, +m, r, + 31/2],
1 0 -1
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sint 1
1 0 —sint npu t € [rp, +37/2, r, + 27|,
—sint 0 -1

sint p, cost

cost 0 —sint npu t € [r, + 27, 5],
—sint 0 —cost
Sint i+ 02/t — 5,))(1— ) 1+ 9/t — )y — 1)
1 V(2/m(t = sp)) —sint
—sint V(2/m(t — sp)) —1+9(2/7(t —sp))

npu t € [sp, Sp +7/2],

1 sint Ly
I 1 —1492/7(t—sp)) npu t € [s, +7/2, s, + 7],
-1 1 0
1 sint py
1 1 0 npu t € [s, +m, s, + 37/2],
-1 1 0
1 sint
—sint 1 0 npu t € [s, + 37/2, s, + 27],
-1  —sint O

cost  sint
—sint cost O HthE[Sp+27T7 Tp]u

—cost —sint 0

1 sint  p, +02/7(t —7))(1 — pp)
—sint 1 0
—n(2/m(t —1,)) —sint 0

npu t € [1p, T, + /2],

1 1 1
—1 1—|—19(%(t—7'p—£)) 20( (t—Tp—

2
0 -1 49(L (t -7, —

)
)
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—1 2 2 HthE[Ter%T,quLw],

0 -1 4
e '(cost+1) 1
—1+9E (-1 —m)) 2 2
—eHcost+n(i(t—7,—m)) —1-392(t—T1,—7)) 4

npu t € [Tp+7r Tp+5ﬂ,

e '(cost+1) 1 sin2t
5%8 3

0 2 2 npu t € Tp—i-Z,Tp"-? ,

—etcost —4 4

e (cost + 1) 1 sin 2t
3T i
0 2 2 cos 2t npu t € Tp+7, Tp+Z 3
—etcost —4cos2t 4
e '(cost + 1) 1 sin 2t .
0 —2sin2t 2cos2t npu t € [Tp + Zﬁ, Tp + 27r] ,
—etcost —4cos2t —4sin2t
Cost +1 cos 2t sin 2t
—2sin2t  2cos 2t npu t € [1, + 27, qp),
“tcost —4cos2t —4sin2t
cost +1 1 sin 2t
—2sin 2t 2 npu t € [qp, qp + %} ,
—e 'cost —4 —48in 2t
e '(cost + 1) 1
219(% ( — 4 %)) -2 2
—e 'cost —4+92(t—gq— 7)) (\/756_%_3”/4 +4) —4

npu t € [qp+%, qp+%},

e (cost + 1) 77(% (t —qp — %))
2 —2 2
—e lcost %ie_qp_?’“/‘l —4
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nput € g+ %, ¢+ ],

e '(cost + 1) 0 1
2 —2 2
—e " (cost+ (2 (t—q,—2))) —e'cost —4

npu t € [QP—{_%TTFa Qp+7T}7

V(2 (t—qy—m)) e (cost+1) 1
2 —2 2
WEEt—q—m) —elcost —4

upu t € [qp+7r, qp+%ﬂ,

sin 2t e '(cost + 1) 1
4 5 5% 3
2 —277(;(t—qp—7)) 2 npu t € qp+z,qp+7 ,
4 —e 'cost —4
sin2t e f(cost+1) 1
3 i
2 0 2 npu t € qp+7,qp—|—z ,
4 —etcost —4
sin2t e '(cost+ 1) 1 .
i
2 0 —2sin 2t npu t € [qp + Ve qp + 2#] ,
—4sin2t —e 'cost —4
sin2t e '(cost+1) cos2t
2 cos 2t 0 —2sin 2t npu t € [gp + 27, hy),
—4sin2t —etcost —4cos2t
sin2t e '(cost+ 1) 1
. T
2 0 —2sin 2t npu t € {hp, hy + ﬂ :
—4sin2t —e !cost —4
1 e '(cost+1) 1
> 20 (- D) .
—4 —e 'cost —4+9(2(t—hy,—1)) (\/756_’”‘?_3”/4 +4)
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npu t € [thr%, thr%],

1 e f(cost+1) n(2(t—h,—13))

T 3
2 2 —2 Hthelhp+§,hp+Z],
—4 —elcost TQe_hP_?’”/‘l
1 e '(cost+1) 0
2 2 —2

—4 —e " (cost+ (2 (t—h,—1%))) —e'cost
npu t € [hy+ 3, hy+ 7],

1 92 (t—h,—m) e '(cost+1) -
7T
2 2 —2 Hthelhp—l-ﬂ,hp-l-Z],
—4 (2 ({t—hy,—m) —e'cost

1 sin2t e '(cost + 1)

5 3
2 2 =2p(2(t—h,— ) upu t € [hp+f, hp+§],
—4 4 —etcost
1 sin2t e '(cost+ 1)
37 T
2 2 0 npu t € hp-l-?,hp-i-z ;
—4 4 —e tcost
1 sin2t e '(cost+ 1) .
T
—2sin 2t 2 0 npu t € {hp + R hy + 27r] ,
—4 —4sin2t —e tcost

cos 2t sin2t e f(cost +1) \
—2sin2t 2cos2t 0 upu t € [hy, + 2, t,)],
—4cos2t —4sin2t —e fcost /

1 sin2t e '(cost+1)
T
—2sin 2t 2 0 npu t € |:tp7 tp + Z} )
—4 —4sin2t —etcost )

1 1 e '(cost+1)

A W 7r T
-2 2 9E(Et-t,—3)) HthE{tp+Z,tp+§],
—4 —4 —e tcost

https://doi.org/10.21638 /11701 /spbu35.2023.106 Dsexrponnslit )xypuas: http://diffjournal.spbu.ru/ 98



Huddepernyuarvroe ypasrnenus u npoueccor ynpasaenua,N. 1, 2023

1+9(E(t—t,—3) (w—1) 1 e !(cost+1)
—2(2(t—t,— %)) 2 1
477(% (t—t,— 1)) —4 —ecost + (2 (t—t,— %))
upu t E 35 tp + 7'('
1 0,50( (t —t, —m))
(t —tp,—m)) 1

—4+319 At—t,—m) IE({t—t,—n))

HpI/ItE t +m, 1, —|—57T

0, 5sin 2t
1 telt,+ 27 ¢ 458
npun D 10 5 |
1
ppy 1 0,58n2t 5
T
0 —sint 1 upu t € [tp+7, tp+27T],
0 —1 —sint

rnetop=0u
Ty =tp_1+ 21+ 27p, s, =71, + 27+ 27p, T, =5,+ 2w+ 27,
qp =Ty + 21+ 2mp, hy, =qy+ 27+ 27p, t, = h, + 27 + 27p.

6.2. Badukcupyem mnpoussoiabHoe p € N M I 3aJaHHOTO pelleHus: T €
S.(Az), Bekropa m € R? npu mobom o € {0, +, x} obozHanM

v (x,m, I,) = v*(y,m, ty_1+2m, 1)+ (x, m, rp+2m, s,) v (xz, m, $p+2m, T,)+
+vY(x,m, 7 + 27, qp) + v (x,m, qp + 27, hy) + v (2, m, by + 27, 1y).

[Tycrb sajano orobpaxenne ¢: R® — S.(Az), nepesojsinee KaxKyio Hemy-
JeByto TOUKy ¢ = (c1, ¢2,c3) € R? B pemtenue

p(c) =z, = c1m1 + coxg + c3x3 € Su(Ag). (5)
[TocaenosareabHOCTD

to =0, tp=1,1+ 127+ 127p, peEN,
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YAOBJETBOPSAET YCIOBUIM

pll)l_gloo t, = +o0, pEI—Poo(tp —tp—1) = F00,

a 3Ha4uT, 00J1a/1aeT CBONCTBOM

t T —1
lim 2 =1+ lim —% 4127 lim 2—= =1,
p—=+o0 b1 p—+o0 t)_q p—+oo Ty, q

[TocaeoBarenbrocts {t,} yJA0BIETBOPSET yCIOBUSIM JIEMMBI, HO9TOMY [TPU HC-
OJIL30BAHUHU (POPMYJI JJIsl CUJIbHBIX TOKa3aTeieil KoaedJIeMOCTH MOXKHO He OpaTh
B pacdeT Ipu KaxkJioM p € N mosiynHTEpBaJIbl

(tp—1, tp—1 +27], (1, 7p +27] .. (Gps @p + 27], (hp, Dy + 2] (6)

(T.e. He yUUTHIBATH WX BKJIAJ HU B JUIHHY MPOMEXKYTKA, HA KOTOPOM MOJCIUTHI-
BaeTCsl YUCJI0 HYyJICH, KOPpHEN NI I'MIepKOpHeil, HU B caMO 3TO tH/ICJIO).

Jls 5TOrO B 3aBHCHMOCTH OT ToUKh ¢ € R? ykaxkeM Takoil BekTop m € R3,
PU KOTOPOM (DYHKIHUST (T e, M) HA KAXKJOM M3 YKA3aHHBIX YIaCTKOB Oy/eT nuMeTh
OrpaHUYEHHOE YUCJI0 TUIIepKOpHe# (6) u HauMeHblee 0bIee YUCIIo Hyiel, KopHed
WA TUTIEPKOPHEH Ha MPOMEXKYTKax

(tp—1 +2m, 1), (rp+2m, 8], (sp + 2w, 7], ..., (qp + 27, hy), (hy +27,t,).  (7)

6.3. st mo6w1x BexTopos g, h € R2 1epes C'(g, h) obosnaunm mobyio coaep-
YKAIIYIO UX JIBYMEPHYIO ILJIOCKOCTD, & depe3 L1 — obbeaunenne oceit Ocy, Ocy, Ocs
(HIZKe B JIOKA3ATEIbCTBE TEOPEMbI HAUAJIO KOODJNHAT BCIOLy UTHOpUpYyeTcst ). st
BekTopoB €1 = (1,0,0), e; = (0,1,0), e3 = (0,0, 1) BBetem obo3naueHne

Ly = Cl(eq,e9) UC(eg,e3) UCleq,e3).

Biejiem B pacemorpenue sektop m2 = (1—eq, €9, 1—e3). lyist moboro perenust
r € S.(Az) B cuity reopembl 2 pabotrsl [4] naiigyres rakue €, €2, €3 € [0, €], aro
npu moboM ¢ > 0 cpaBeinBo HepaseHcTso v (x, m3 ) < +o0.

a). [lpu ¢ € Ly n a € {0, 4, %} Mmunumymbl B 3 (Z.) peainsyercst Ha BEKTOPe
m3, nockonbky Ha Ry dbynxmusa (y, m?), rne y = (e *(cost + 1), 0, —e "t cost)T,
oTjlesieHa OT HyJIst, & 3Ha4uT, npu Jiobom p € N Bomonnsercs v*(z., m?, I,) =
12p.

CJIG,ZI;OB&TGJH)HO, JJId HEHYJIEBbBIX peH_IeHI/Iﬁ I[IOCTPOCHHOI'O ypaBHEHHA HMEECT
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MECTO CJIeJIYIOIIe COOTHOIIEHU
P

Ty v*(x.,m,I;)

ve(zc) = inf hin tzya(xamytp) = inf lig_n =1 5 _
meR3 P71T00 1y meR3 P70 1271 8
> 5)

) m(1-12+2-124+---+p-12)
= lim

= 1.
p—+00 127T(1+2+---+p)

6). Ilycrb ¢ € Ly u a € {0, +, x}. [Ipu so6om ukcuposannom p € N (6birb
MOZKET HAYMHAsi ¢ HEKOTOPOrO HOMEpa Pg) Jist J1000i (hyHKIuu

fe{ari(t)+cora(t) | cr,c0 €R, -2 #0, t € (1, + 2, ) U (g + 27, hy|}U
U{coza(t) + c3xs(t) | co,c3 €ER, co-c3 #0, t € (g + 27, hy) U (hy + 2, t,]}U
U{ciz1(t) + csxs(t) | c1,c3 €ER, e1-¢c3 #0, t € (1, + 27, qp) U (hy + 27, L]},

moboro nemynesoro sekropa m € R3| mexosnmmneapnoro sexropy m* = (4,0, 1),
cKaJIsipHOE Mpon3BejieHne ( f, m) Ha COOTBETCTBYIONMX MPpOMeKyTKax u3 (7) nve-
er 12p myJieit, cpejm KOTOPHIX HET KPATHDIX.

st mobwix p € N, dpynkinn
g € {c1x1(t)+coma(t) | c1,c2a € R, c1-ca # 0, t € (tp—1 + 2m, 7| U (1, + 27, 5p] U
U{coma(t) +csz3(t) | co,c3 ER, -3 # 0, t € (1, +2m, 5, U (8 + 27, 7] JU

U{ciz1(t) + csxs(t) | cr,c3 €R, e1-c3 #0, t € (tp—1 + 2m, 7] U (s + 27, 7]}

3

cKaJIsTpHOE TTpom3BeieHre (g, m?

) Ha COOTBETCTBYOIINX MPOMEXyTKax u3 (7) Bo-
Bee He Oyjler umerb HyJeil, noyromy npu Jjiobbix p € N u a € {0, +, %} cupasej-
muBo pasenctso v (z., m?, I,) = 14p. Orkyna nomydaem

p
Ty v*(x.,m, ;)

vi(ae) = inf lim o (e, mt,) = inf lim —= _
meR? Pee b meR3 P00 127i 9
) (9)

Ur(14+2+---+p) 7

= lim :
p=+oo 12m(1+2+---+p) 6

B). Hdust soboro o € {0,4, %} obosnaunm uepes G MHOXKECTBO TOUEK
c € R\ Ly, nist Koropbix MunumyMm B VS (z.) peannsyercs na sekrope m?. [leii-
CTBUTEJLHO, HA KaXKJIOM U3 MPOMEKYTKOB

(Tp + 2m, qP]? (C]p + 2m, hp]v (hp + 2, tp] (10)
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bynxius (x.,m?) ornenena or myns, a npu J06OM JPYTOM HEKOJIMHEAPHOM
pektope m € R3 dynkuusa (., m?) na kaxxjaom uz nonyunrepsaios (10) Gymer
MeTh 12p myseit (ObITh MOXKET HATIHMHAS ¢ HEKOTOPOIO HOMEpPA P).

Teneps /151 BHIMUCICHUS 3HAUCHUI CUJIBHBIX [TOKa3aTe el KOedIeMOCTH YKar-
3aHHBIX PEIICHUIl OCTACTCS TIOCYUTATH YUCJIO HYJIeil, KOpHeil 1 runepKopHeit (pyHK-
i (2., mt) Ha KaxKJ0M M3 TPOMEXKYTKOB

(tp—1+2m, 1), (rp+2m,s), (sp+2m, 7). (11)

Ha Tom 13 Tpex npomexyTkos (11), na koropom x;(t) = p, bynkuus (z., m*)
IPEJICTaBUMa B BUJIE

(ze,m?) = \/18(02-21 + ¢,y sin(t + ) + 4eip,

(e, m*) \/ﬁ .
L =/ +Fsin(t+ 1Y) + cipp,
\/E -l s

. 4
rje ¢ € R — BcriomoraresbHblil yros u p, = \/‘%.

nJjim

[Tycts st BekTopoB ¢ € G n HOMepa @ € {1,2,3} BBIIONHEHO yCioBHE
2 2. 2 2
Cipy > i+ Ci (12)

(3mech m BCOy HEKe WHJIEKC () OTOXKJIECTBJEH € WHJEKCOM 3, a uHjekc 4 — ¢
unyiekcom 1). Torjga uMeer mecro oneHka

\ sz—l + 6124-1 < |cipyl,

rapaHTUPYOIIasi OTCYTCTBHE HyJIeil hyHKInu (.., m4> Ha, pacCMaTpPUBAEMOM IPO-
MEXKYTKE.

AHAJIOrT9HO, IPH YCIOBUK

22 _ 2 2
PpCi < Ci—1 + Cip

Ha YIOMSTHYTOM MPOMEXYTKe (PYHKITUS (:L’c,m4> uMmeer 2p HyJieit, KopHeil u ru-

IIEPKOPHEN, a 1Ipu yCJIOBUU

29 9 2
PpCi = Ci_1 + Ciq

— CTOJIKO »Ke KOpHeil, pOBHO BJBOE MeHbIIIe HyJeil 1 OECKOHEYHO MHOTO I'UIep-
kopHeit. [TonsarHo, uTo B aHHOM ciiydae ¢ € G*, 1 MUHEMYM B OIPE/ICJICHUH CHJTb-

HBIX MOKa3aTes el KouebJIeMoCTy THIIepUacTOT perienuii ¢(c), ¢ € (R‘Z’ \ LQ) \ G*
3

3. rax Kak Ha npomexkyrkax (11) dynxius (z., m?),

peaju3yeTcs Ha, BEKTOpe m 2
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HE MMeeT TUIEePKOPHEdi, a Ha KaxKJIoM 13 npoMexyTkoB (10) nmeer 4p runepkop-
Hell. DTU pacCyXJeHUs CIPABEJJIUBLI U JIJI OCTAJBLHBIX CUJIbHBIX MOKa3aTesei
KOJIe0JIEMOCTH B CJIydae ecjin (R‘:’ \ Lg) \ G # ©@. CiiesoBaTeIbHO, BBIOITHACTCS

vi(z) =1, c€ (R2\ L)\ G «a€{0,+, x}

r). O6oznauum uepes V; nojmuoxecTsBo npocrpancrsa R2 . cocrostiee uz ro-
9eK, YIOBJIETBOPSIONUX HepaBeHCTBY (12), n mpejcTasstioriee coboil B TpOCTpaH-
crBe R? Kpyruiblit Konyc (Tounee, ero BHyTPEHHOCTD, KAKOBYIO 1 OyJieM 110/pasy-
MeBaTh B JlaJIbHEHIIEeM 0J] CIOBOM KOHYC), OCh KOTOPOIO COBIAJAET € i-Oi 0ChIO

KoOpMHaT (HATSHYTOH HA BEKTOD €;), a PacTBOp — TeM 0oJiblie, deM GoJibiie
3HAYCHUE p).

Caenys LH. Cepreesy (cum. [1]), uepes U;; C R o6osnauum MHOKECTBO
TOUEK, TPUHAIJIEKAIINX POBHO ¢ 13 Tpex KouycoB Vi, Vo, V3 1 ipu aTOM JIexKanux
Ha IPAHUIC POBHO j W3 OCTABIIUXCA. Torma juid Bequdnt v, v} u v} npu mobom
c € R3\ Ly ciipaBeuinBbl paBeHcTsa

( O, Cc < Ug,(),
%, c € Uy,
%, (S U270UU1’2,
vo(ze) =% %, ce U Ul
%, (S U1’0UUO’2,
%, ce Uy,
\ %, Cc € U070,
(
0, C & Ug’o,
V;’—(ZL‘C) .y %, C € U2,1 U U270,
35 Cc U172UU1’1UU1,0,
\ 3, ¢ €Uy U U1 UUysUUys,
( O, C € U3’0,
%, c & Ulj(),
V;k(l‘c) = 9 %, S UO,l U Uo’z U U171 U U()’g U U172 U U271,
%, Cc &€ U270,
%, Cc &€ U()’o,

\
npu4yeM 371eCh IIepednuCcJIeHbl BCE BOSMOXKHbIC SHAYCHNA 3TUX BEJIMYNH.

6.4. ITpocsiejinm 3a u3MeHEHMEM BO3MOYKHBIX CIIEKTPOB CHJIHLHBIX TIOKa3aTesei
K0J1€0J1eMOCTH CUCTeMbl Ag 11pU M3MEHEeHUHU 1OC/1e10BaTe/IbHOCTH I € M™.
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a). Econ Bbinosnsiercs paseHctBo p, = /1, 125 (Koropoe paBHOCHIIBHO p, =
1) mpu sio6om p € N, o konycsr Vi, Vo 1 V3 ToIbKO KacatoTest Apyr pyra, TpuIem
TOJILKO IIONIAPHO, U BCE TOYKU KACAHUS JIE2KAT Ha IIECTH KOHKPETHDLIX MPAMbBIX
(em. 1. B. nokazaresnbersa jgemmbt 16 [1]). Tloaromy HemycrbiMu stBJISTIOTCST TOJBKO
muoxectrsa Uy g, Uy 1, U n Up 2, 1odTOMY, yaurbiBast paenctsa (8)-(9), nckomble
MHOKECTBA 3HAYCHUI OKA3BIBAIOTCS CIICAYIONUMHI

151 _ 7 11 7
SpeCVQ(Aﬁ) - {gv E? 57 17 6} ) Specy:r(Aﬁ) - {57 57 17 6} )

11 7
Specyf(Aﬁ) = {57 57 17 6} .

[pu ¢ = (2,1,1) € Uy ckansipHoe npoussejienue (., m*) Ha KaxkJoM u3
IPOMEXKYTKOB (6) BOBCE HE MMeeT HyJIei, 0ITOMY MJIAJIIINE CUIIbHbIE TOKA3ATE I
KOJIEOJIEMOCTH HyJeil, KOpHeil U TUIIEePKOPHEil CUCTEMbI Aﬁ JEHCTBUTEJILHO PABHDBI
1/3.

0). Ecim ke BBINOHSETCA HEPABEHCTBO fi, > +/1,25 (13 KOTOpOTO Ciejyer
1<p, < \/5) pu JioboMm p € N, TO KOHYCHI y2Ke IOIapHO IIEPECeKalTCs, HO He
MMEIOT ODIIMX JIJIs HUX BCEX TOYEK, Jiaxke IPaHudHbIX (M. 1. B. jjokazarenbcrsa
semMbl 16 [1]). IIpu 9rom Takzke 1 rpanuiia JrobOro KOHyca [epecekaeTcs ¢ JObM
JIDYTEM KOHYCOM, KaK M C €ro TpaHuIeil.

CuteioBaTesibHO, K HPEJIbIIYIIEMY CIUCKY HEIYCThIX MHOXKECTB JO0ABJISIIOTCS
eme JBa MHoxectsa Us g n Up 1, Ho3TOMY

1115 1 7
Specy?(Aﬁ) - {67 Za §7 En 57 17 6} ;

111 7 111 7
Specvf(Aﬁ) - {67 §> 57 17 6} ) Specyj(Aﬁ) = {6, g, 5, 1, 6} )

B srom ciyuae 1/6 jeficTBUTENHHO SIBJISETCS HAUMEHBITMM 3HAYEHUEM CUJIb-
HBIX IOKazaTeseil KojeOJeMOoCTn HyJeil, KOpHeil U THIepKOpHel CHCTeMbl Aﬁ. B
caMoM JieJie, perenus ¢ = (1, ¢, ¢3) € Uz cucremol

2 2 2, 2

PpCT > Ch + c3,

2.2 2, 2

PpCa > Ci + c3,

p]%c% <A+
BbIOEPEM cJiejlytonmM obpaszom: c3 = 1, a ¢y, € - TOJIOKUTEJILHBIMU, JIOCTATOTHO
OOJIBIIIMMU U CKOJIb YIOJHO OJIMBKUMU (MOXKHO Jlaxke ¢ = ¢3). st Takux Touex
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c € G ckansipioe npoussejienne (., m?) na Kaxom uz npomexyrkos (6) Gyjer
OTJICJIeHa OT HYJIS.

6.5. Ilpu Jqobom o € {0,+,*} npumMepomMm TOYKM HEHHBAPUAHTHOCTU OT-
HOCUTEJIbHO OECKOHEYHO MAJIBIX BO3MYIIEHUH JIJId MJIAJINNAX CHJIBHBIX MOKa3a-
Tesieil KoJebJIeMOCTH Wi CIy>KUT cucrema A g5 U3 NOCTPOCHHOTO B HACTOSA-
IeM JI0Ka3aTeJIbCTBE CeMelicTBa, B35TOE IPU MOCTOsIHHON IOCJIe0BATEIbHOCTH
pr = po = - = /1,125, m.e. orHocseecst K myHKTY 6.4. a), B KOTOPOM
w%(Am) = 1/3

HeiicrBuTesibHO, 3Ta cucremMa 00J1aJlaeT TeM CBOMCTBOM, 4TO B Ji0DOW ee
OKPECTHOCTHU (B CUJIy HEIPEPLIBHOCTU CEMENCTBa CUCTEM IO ﬁ) HaiiJieTcsa BO3-
MyIleHHadA cucreMa Ap m3 TOro xe ceMeiicTBa, HO HONaJatomiee mof myHkT 6.4.
6) JjloKa3aTeabCTBA HACTOSIIEI TEOPEMbl, & 3HAUUT, YIOBJIETBOPSIOIIEe DABEHCTRY
wi'(Ag) = 1/6.

Bosee Toro, ecim Bo3myIiennyo cucremy Ay TOTUNHNATE JOTIOJHATEILHOMY
YCIAOBUIO [, — +/1,125 npu p — 00, TO JuIs Hero, IIOMMMO YKa3aHHOI'O pa-
BEHCTBa, OyzieT Bhmomeno yenosue Ag € B(A, 1135), B3 KOTOPOTO CAeyeT, 9To
dbyuknuonan wi' He MHBapUAHTEH B TOUKE A /135 OTHOCHTEILHO HECKOHEUHO Ma-
JIbIX BO3MYIIICHUA.

7. Sasepuwenue dokazamensvemea npu n = 3.

B nynkrax 2-5 HacTOAIIEro JI0Ka3aTeJbCTBa IIOCTPOUJIN HpU JIIOOOM 1 > 2
cucremnl A(t), B(t), C(t), D(t) € M™.

7.1. U3 ycnosus (1) u oreHok

D, A) = |D = Al = sup [D(t) — At)] =

= sup \/(W(t) — ()2 + (=H(t) + ¥ (t)? = \/_tseup 4(t) — (1)] < 22,
p(D,C) = |ID = Cll = sup [D(t) = C(1)] = fti%p (1) — @(t)] < 2v/2e

caenyer, aro Bogmytennst D — A, D — C' siBisiioTest paBHOMEPHO MaJibiMu. [1o9To-
My B JIFOOO# JIOCTATOYHO MaJIO OKPECTHOCTU cucremMbl [, Bce KpaiiHue 4acToTbl
KOTOpOTO paBHbl 1/2, Haiigyres cucremsr Buga A, C' ¢ HyJeBBIMI U €IMHIIHBIME
KpallHUMU 9acTOTaMu cooTBeTcTBeHHO. [locenee o3nadaer He TOTBKO Pa3pbiB-
HOCTb BCEX KpalHUX 4acTOT B TOUKe [) HO U TO, 4TO BCe KpallHue 4acTOThl B 3TOM
Ke TouKe [ He aBISIOTCS HU TOJTYHETPEPhIBHBIMYU CHU3Y, HU TIOJTYHETTPEPhIBHBIMA
CBEPXY.

7.2. Bosmyuienue D — B siBjisiercst 0CKOHEUHO MaJibIM 1IPU T — 400 1HOCKOJIb-
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Ky Ha OCHOBAHWH OIEHKH (3) umeeMm

lim [D(t) — B = lim (/(6(0) = 5(0)2 + (=6(1) +3(0))? =

t—-+00 t—-+00
= V2 lim_|(t) = §()] =0,

HO COOTBETCTBYIOIINE KpaitHue dacToThl cuctreM B u D He coBnagator. [locnennee
O03HAYaeT, YTO BCe KpailHhe JacTOTHI He SBJSIOTCA WHBAPHAHTHLIMHU B TOUuke ).

TeopeMa INOJTHOCTBHIO JOKa3aHa.

ABTOp BbIpaxkaer ryyookyio Osaromaprocts npodeccopy M.H. Cepreesy 3a
IIOCTAHOBKY 3aJ1aUl U BHUMaHHUe K padore.
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On the discontinuity of extreme exponents of oscillation on a set of
linear homogeneous differential systems

Stash A.Kh.
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Abstract. In this paper, we study the questions of the discontinuity of the
extreme oscillation exponents on the set of linear homogeneous differential systems
with continuous coefficients defined on the positive semiaxis. The existence of
systems, for which all the higher and lower exponents of the oscillation zeros,
roots and hyper-roots are not continuous either from above or from below, is
established. Moreover, the non-invariance of the extreme exponent of oscillations
with respect to infinitesimal small perturbations is proved. When proving the
results of this work, the cases of evenness and odd order of the system matrix are
considered separately.

Keywords: differential equations, linear systems, oscillation, number of zeros,
exponents of oscillation, Lyapunov exponents.
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