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1 Ââåäåíèå

Íåðåçîíàíñíûå (ÍÐ) ýôôåêòû òåñíî ñâÿçàíû ñ òåîðèåé êîíòóðà ñïåêòðàëüíîé ëèíèè, çàäà÷à î êî-
òîðîé âïåðâûå áûëà ïðåäñòàâëåíà â àòîìíîé ôèçèêå â ðàìêàõ êâàíòîâîé ìåõàíèêè Âàéñêîïôîì
è Âèãíåðîì [1]. Ïî ìåðå ðàçâèòèÿ ðåëÿòèâèñòñêîé êâàíòîâîé òåîðèè ïîëÿ äàííàÿ çàäà÷à áûëà
ñôîðìóëèðîâàíà óæå â ðàìêàõ êâàíòîâîé ýëåêòðîäèíàìèêè (ÊÝÄ) è ôîðìàëèçìà S-ìàòðèöû äëÿ
îäíî-ýëåêòðîííûõ àòîìîâ â ðàáîòå Ô.Ëîó [2]. Ïîçäíåå, ÊÝÄ òåîðèÿ êîíòóðà ëèíèè áûëà ðàññìîò-
ðåíà äëÿ ñëó÷àÿ ìíîãî-ýëåêòðîííûõ àòîìîâ [3], à çàòåì ïðèìåíåíà äëÿ ñëó÷àÿ ïåðåêðûâàþùèõñÿ
ðåçîíàíñîâ â äâóõ-ýëåêòðîííûõ ìíîãîçàðÿäíûõ èîíàõ [4]. Èñïîëüçîâàíèå äàííûõ ïîäõîäîâ âìåñòå
ñ ìåòîäàìè, îáñóæäàåìûìè â [5,6], ïîçâîëÿåò ïðîâîäèòü ðàñ÷åòû ðàäèàöèîííûõ ÊÝÄ ïîïðàâîê ê
óðîâíÿì ýíåðãèé è âåðîÿòíîñòÿì ïåðåõîäîâ â àòîìàõ è èîíàõ [7, 8].
Îäíèì èç îñíîâíûõ ñëåäñòâèé òåîðèè êîíòóðà ëèíèè ÿâëÿþòñÿ ÍÐ ýôôåêòû è ñîîòâåòñòâóþùèå

ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ. Íàëè÷èå ÍÐ ýôôåêòîâ áûëî ïîêàçàíî Ô.Ëîó â ðàìêàõ ôîðìàëèç-
ìà S-ìàòðèöû â [2], ãäå âïåðâûå èñïîëüçîâàëîñü ðåçîíàíñíîå ïðèáëèæåíèå. Ïîçäíåå, âû÷èñëåíèå
ÍÐ ïîïðàâîê äëÿ ðàçëè÷íûõ àòîìîâ è èîíîâ áûëî ïðîâåäåíî â ðàìêàõ ìåòîäà êîíòóðà ëèíèè,
ñì. [7] è ñîîòâåòñòâóþùèå ññûëêè â óêàçàííîé ðàáîòå. Òàê, â [9,10] áûëî ïîêàçàíî, ÷òî ÍÐ ýôôåê-
òû ïðèâîäÿò ê àñèììåòðèè êîíòóðà ëèíèè è óñòàíàâëèâàþò ïðåäåë, â ðàìêàõ êîòîðîãî ôèçè÷åñêè
îñìûñëåíî ïîíÿòèå ýíåðãèè äëÿ âîçáóæäåííûõ ñîñòîÿíèé àòîìà. Ýòîò ïðåäåë ñîîòâåòñòâóåò ðå-
çîíàíñíîìó ïðèáëèæåíèþ. Åñëè èñêàæåíèå íàáëþäàåìîãî êîíòóðà ëèíèè ìàëî, òî ÍÐ ïîïðàâêè
ìîæíî ïðèáëèæåííî ðàññìàòðèâàòü êàê ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ [7]. Âàæíîé îñîáåííîñòüþ
ÿâëÿåòñÿ òî, ÷òî â îòëè÷èå îò âñåõ äðóãèõ ïîïðàâîê ê ýíåðãèè, ÍÐ ïîïðàâêè çàâèñÿò îò ïðîöåññà,
èñïîëüçóåìîãî äëÿ èçìåðåíèÿ ÷àñòîòû ïåðåõîäà.
Â òå÷åíèå ïîñëåäíåãî äåñÿòèëåòèÿ ÍÐ ýôôåêòû ïðèâëåêëè îñîáîå âíèìàíèå è áûëè èçó÷åíû â

ðÿäå òåîðåòè÷åñêèõ ðàáîò [10�15]. Â áîëüøåé ñòåïåíè òàêîå âíèìàíèå îáúÿñíÿåòñÿ ñóùåñòâåííûì
ïðîãðåññîì ñïåêòðîñêîïè÷åñêèõ èçìåðåíèé ÷àñòîò ïåðåõîäîâ [16�18]. Â ÷àñòíîñòè, â ýêñïåðèìåíòå
[17] ïî èçìåðåíèþ ÷àñòîòû ïåðåõîäà 1s−2s áûëà äîñòèãíóòà âûñî÷àéøàÿ òî÷íîñòü � ïîãðåøíîñòü
èçìåðåíèé îêîëî 10 Ãö. Ðàñ÷åò ñîîòâåòñòâóþùèõ ÍÐ ïîïðàâîê â ðàìêàõ ÊÝÄ è ìåòîäà êîíòóðà
ëèíèè áûë ïðîâåäåí â [14,19]. Âàæíûé ýêñïåðèìåíòàëüíûé ðåçóëüòàò áûë ïîëó÷åí â [18], ãäå áûë
èçìåðåí ïåðåõîä Lyα 1s−2p. Âû÷èñëåíèÿ ÍÐ ïîïðàâîê ê ÷àñòîòå ïåðåõîäà 1s−2p áûëè ïðîâåäåíû
â [10, 11, 13�15]. Ïîçäíåå, âû÷èñëåíèÿ, áîëåå ïðèáëèæåííûå ê ýêñïåðèìåíòàëüíûì óñëîâèÿì, ñ
ó÷åòîì èíòåðôåðåíöèè ìåæäó äâóìÿ êîìïîíåíòàìè ñâåðõòîíêîãî ðàñùåïëåíèÿ óðîâíÿ 2p áûëè
ïðîâåäåíû â [20].
Îäíàêî, äåòàëüíîå ñðàâíåíèå òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ ðåçóëüòàòîâ ìîæåò ïðèâî-

äèòü ê âîçíèêíîâåíèþ ðàñõîæäåíèé ñîîòâåòñòâóþùèõ çíà÷åíèé. Îäèí èç ñàìûõ èçâåñòíûõ ïðè-
ìåðîâ � òàê íàçûâàåìàÿ "çàãàäêà ðàäèóñà ïðîòîíà", ÿâëÿþùàÿñÿ ðåçóëüòàòîì ñïåêòðîñêîïè÷åñêèõ
ýêñïåðèìåíòîâ ñ ìþîííûì âîäîðîäîì [21]. Ïåðâûé øàã íà ïóòè ê óñïåøíîìó ðàçðåøåíèþ ýòîé
ïðîáëåìû áûë ñäåëàí â [22], ãäå áûëà ó÷òåíà àñèììåòðèÿ êîíòóðà ëèíèè ïåðåõîäà 2s − 4p â âî-
äîðîäå, ÷òî ïðèâåëî ê çíà÷åíèþ çàðÿäîâîãî ðàäèóñà ïðîòîíà, ïî÷òè èäåàëüíî ñîãëàñóþùåìóñÿ ñ
"ìþîííûì" çíà÷åíèåì. Ïîñëåäóþùèå ýêñïåðèìåíòû ïî ýëåêòðîí-ïðîòîííîìó ðàññåÿíèþ è èçìå-
ðåíèþ Ëýìáîâñêîãî ñäâèãà [23,24] òàêæå ïðèâåëè ê çíà÷åíèÿì, áëèçêèì ê [21].
Äåìîíñòðàöèÿ âàæíîñòè ÍÐ ýôôåêòîâ â ñå÷åíèè ðàññåÿíèÿ [22] è, â ÷àñòíîñòè, ýôôåêòà êâàí-

òîâîé èíòåðôåðåíöèè êàê íàèáîëåå ñóùåñòâåííîãî ÍÐ âêëàäà, ïðèâåëà ê øèðîêîìó îáñóæäåíèþ
âëèÿíèÿ ýòèõ ýôôåêòîâ íà äðóãèå ñïåêòðîñêîïè÷åñêèå ýêñïåðèìåíòû [25�28]. Òàê, â ðàáîòå [26]
áûë ïðîâåäåí àíàëèç ÍÐ ýôôåêòîâ äëÿ ñëó÷àÿ îäíî-ôîòîííîé ñïåêòðîñêîïèè, à òàêæå îáñóæäà-
ëîñü ïðèëîæåíèå ê ýêñïåðèìåíòàì ïî èçìåðåíèþ Ëýìáîâñîêîãî ñäâèãà è èçó÷åíèþ òîíêîé ñòðóêòó-
ðû òðèïëåòîâ ãåëèÿ. Ðàáîòû [29�31] òàêæå ìîãóò áûòü îòíåñåíû ê äåòàëüíîìó àíàëèçó êâàíòîâîé
èíòåðôåðåíöèè êàê ÷àñòè ÍÐ ýôôåêòîâ. Â ÷àñòíîñòè, â [31] áûëî ïîêàçàíî, ÷òî ÍÐ ýôôåêòû ëèáî
ïðåíåáðåæèìî ìàëû, ëèáî âûõîäÿò äàëåêî çà ðàìêè ýêñïåðèìåíòàëüíîé ïîãðåøíîñòè. Ïîçäíåå,
àíàëèç àñèììåòðèè êîíòóðà ëèíèè, ïðîâåäåííûé â [32], ïîêàçàë, ÷òî ñóùåñòâóþò òàê íàçûâàåìûå
"ìàãè÷åñêèå óãëû", ïðè êîòîðûõ âëèÿíèå êâàíòîâîé èíòåðôåðåíöèè ñâîäèòñÿ ê íóëþ (ñì. òàê-
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æå [33,34]). Ñîâñåì íåäàâíî ýôôåêò êâàíòîâîé èíòåðôåðåíöèè áûë èçó÷åí â [30] â ïðèëîæåíèè ê
ñïåêòðîñêîïèè ëèòèé-ïîäîáíûõ ìíîãîçàðÿäíûõ èîíîâ (ÌÇÈ). Îòäåëüíûé èíòåðåñ äëÿ èçó÷åíèÿ
ïðåäñòàâëÿåò äâóõ-ôîòîííàÿ ñïåêòðîñêîïèÿ. Â ÷àñòíîñòè, ðåçóëüòàòû íåäàâíåé ðàáîòû [35] ïî
èçìåðåíèþ ýíåðãèè ïåðåõîäà 2s− 8d â âîäîðîäå âíîâü óêàçàëè íà èìåþùèåñÿ ðàñõîæäåíèÿ. Âëè-
ÿíèå ýôôåêòà êâàíòîâîé èíòåðôåðåíöèè íà èçìåðåíèå ÷àñòîòû äâóõ-ôîòîííîãî ïåðåõîäà 1s− 3s
â âîäîðîäå, ïðîâîäèìîå, ê ïðèìåðó, â ðàáîòàõ [36,37], áûëî ðàññìîòðåíî â [38,39].
Â îòíîøåíèè ñïåêòðîñêîïèè ìíîãî-ýëåêòðîííûõ ñèñòåì ñòîÿò óïîìèíàíèÿ ëåãêèå äâóõ-ýëåêòðîí-

íûå àòîìíûå ñèñòåìû. Äîñòèãíóòàÿ çà ïîñëåäíåå âðåìÿ òî÷íîñòü â èçìåðåíèè ÷àñòîò ïåðåõîäîâ
â ãåëèè äàëà òîë÷îê ê ðàñ÷åòó ÊÝÄ ïîïðàâîê âïëîòü äî ïîðÿäêà mα7 [40, 41]. Â ðåçóëüòàòå, â
õîäå ñðàâíåíèÿ òåîðåòè÷åñêèõ ðåçóëüòàòîâ è ýêñïåðèìåíòàëüíûõ äàííûõ áûëî îáíàðóæåíî çàìåò-
íîå ðàñõîæäåíèå [41] ìåæäó òåîðåòè÷åñêèì è ýêñïåðèìåíòàëüíûì çíà÷åíèÿìè ÷àñòîòû ïåðåõîäà
23S1 − 33D1. Ñîîòâåòñòâóþùèå ÍÐ ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ 23S1 − n3D1 (n = 3, 4, 5) áûëè
ðàññ÷èòàíû â [41], ãäå áûëî ïîêàçàíî, ÷òî ðàíåå íå ó÷èòûâàåìûé ýôôåêò êâàíòîâîé èíòåðôåðåí-
öèè ìîæåò ÷àñòè÷íî óñòðàíèòü èìåþùååñÿ ðàñõîæäåíèå ìåæäó òåîðèåé è ýêñïåðèìåíòîì [42].
Èçó÷åíèå ìíîãî-ôîòîííûõ ïðîöåññîâ ðàññåÿíèÿ è àñèììåòðèè êîíòóðà ëèíèè â ïðèëîæåíèè ê

àñòðîôèçèêå òàêæå ïðåäñòàâëÿåò îïðåäåëåííûé èíòåðåñ [43�45]. Áóäó÷è âàæíûì èíñòðóìåíòîì
äëÿ èçó÷åíèÿ äèíàìèêè ýâîëþöèè Âñåëåííîé íà ðàííåé ñòàäèè ðàçâèòèÿ, íåîáõîäèìûì ñòàíî-
âèòñÿ àêêóðàòíûé ðàñ÷åò ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ â ìåæçâåçäíîì è ìåæãàëàêòè÷åñêîì ïðî-
ñòðàíñòâå [46, 47], à òàêæå ñîîòâåòñòâóþùåå âû÷èñëåíèå ñå÷åíèé ðàññåÿíèÿ è êîíòóðîâ ëèíèè.
Äî íåäàâíåãî âðåìåíè çàäà÷à î ðàñïðîñòðàíåíèè èçëó÷åíèÿ ðàññìàòðèâàëàñü òîëüêî â ðåçîíàíñîì
ïðèáëèæåíèè [48�50]. Â [48] áûëî ïîêàçàíî, ÷òî ó÷åò àñèììåòðèè ïðîôèëÿ Lyα ëèíèè ìîæåò ïðèâå-
ñòè ê íåäîîöåíêå êðàñíîãî ñìåùåíèÿ íåêîòîðûõ àñòðîíîìè÷åñêèõ èñòî÷íèêîâ íà ∆z ∼ 10−3−10−4,
÷òî íàõîäèòñÿ íà óðîâíå ïîãðåøíîñòè ñîâðåìåííûõ ýêñïåðèìåíòàëüíûõ íàáëþäåíèé [51]. Â ðàìêàõ
äàííîé çàäà÷è ýôôåêò ýëåêòðîìàãíèòíîé èíäóöèðîâàííîé ïðîçðà÷íîñòè, ïðèâîäÿùèé ê èñêàæå-
íèþ ïðîôèëÿ ïîãëîùåíèÿ, îáñóæäàëñÿ â [52�54].
Ðàáîòû [2,9,10,14,55�57] îòêðûëè öåëîå íîâîå íàïðàâëåíèå èññëåäîâàíèé, íàïðàâëåííûõ íà èçó-

÷åíèå ÍÐ ýôôåêòîâ è èõ ðîëè â ñîâðåìåííîé ñïåêòðîñêîïèè è ñîîòâåòñòâóþùèõ àñòðîôèçè÷åñêèõ
èññëåäîâàíèÿõ. Ñ òåõ ïîð, ðÿä ðàáîò ïî äàííîé òåìàòèêå áûë ïðîâåäåí ðàçëè÷íûìè àâòîðàìè è
èññëåäîâàòåëüñêèìè ãðóïïàìè. Òàê, â ðàáîòå [58], ñì. òàêæå äðóãèå ðàáîòû ýòèõ àâòîðîâ, äëÿ ðàñ-
ñìîòðåíèÿ ÍÐ ýôôåêòîâ áûë ðàçâèò ïîäõîä ñ èñïîëüçîâàíèåì ôîðìàëèçìà ìàòðèöû ïëîòíîñòè.
Çàâèñèìîñòü ÍÐ ïîïðàâîê îò ãåîìåòðèè ýêñïåðèìåíòà è åãî ïîñòàíîâêè áûëà èçó÷åíà â [30�32], à
òàêæå â ðàáîòàõ [59] è [39] äëÿ ñëó÷àåâ îäíî- è äâóõ-ôîòîííîé ñïåêòðîñêîïèè, ñîîòâåòñòâåííî.
Ïîñêîëüêó ïðåöèçèîííàÿ ñïåêòðîñêîïèÿ ïðîñòûõ àòîìíûõ ñèñòåì èãðàåò âàæíåéøóþ ðîëü â

ñîâðåìåííîé ôèçèêå, ñëóæàùåé, íàïðèìåð, äëÿ òî÷íîãî îïðåäåëåíèÿ ôóíäàìåíòàëüíûõ ôèçè÷å-
ñêèõ êîíñòàíò, âñå áîëåå âàæíûì ñòàíîâèòñÿ ó÷åò íå òîëüêî ÊÝÄ ïîïðàâîê, íî è âû÷èñëåíèå ÍÐ
ïîïðàâîê äëÿ êàæäîãî êîíêðåòíîãî ýêñïåðèìåíòà. Ðàññìîòðåíèþ ÍÐ ýôôåêòîâ â ïðèëîæåíèè ê
îäíî- è äâóõ-ôîòîííîé ïðåöèçèîííîé ñïåêòðîñêîïèè ïðîñòûõ àòîìíûõ ñèñòåì è ïîñâÿùåíà äàííàÿ
ðàáîòà.

1.1 Ñïèñîê îáîçíà÷åíèé è ñîêðàùåíèé

Â ðàáîòå èñïîëüçóþòñÿ ðåëÿòèâèñòñêèå åäèíèöû, â êîòîðûõ ñêîðîñòü ñâåòà c = 1, ðåäóöèðîâàííàÿ
ïîñòîÿííàÿ Ïëàíêà ~ = 1 è ìàññà ýëåêòðîíà m = 1. Çàðÿä ýëåêòðîíà e = − |e| ñâÿçàí ñ ïîñòîÿííîé
òîíêîé ñòðóêòóðû α êàê α = e2

~c .Äëÿ 4−âåêòîðîâ è òåíçîðîâ èñïîëüçóåòñÿ ñòàíäàðòíîå îáîçíà÷åíèå
äëÿ êîâàðèàíòíûõ (íèæíèé èíäåêñ) è êîíòðàâàðèàíòíûõ (âåðõíèé èíäåêñ) êîìïîíåíò, ñâÿçàííûõ
äðóã ñ äðóãîì ìåòðè÷åñêèì òåíçîðîì gµν = gµν = (1,−1,−1,−1), òàê, ÷òî, ê ïðèìåðó, äëÿ êîìïî-
íåíò âåêòîðà Aµ: Aµ = gµνA

ν (çäåñü è äàëåå èñïîëüçóåòñÿ ïðàâèëî Ýéíøòåéíà î ñóììèðîâàíèè ïî
ïîâòîðÿþùèìñÿ çíà÷êàì). Ãðå÷åñêèå èíäåêñû ïðîáåãàþò çíà÷åíèÿ (0, 1, 2, 3), ëàòèíñêèå (1, 2, 3).
Æèðíûìè áóêâàìè îáîçíà÷àþòñÿ 3�âåêòîðû: ê ïðèìåðó, r = (r1, r2, r3). Äëÿ ïðîñòðàíñòâåííîãî

âåêòîðà r òàêæå èñïîëüçóåòñÿ îáîçíà÷åíèå r = |r| è rij = ri − rj, rij = |rij|. Åäèíè÷íûé ðàäèóñ-
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âåêòîð îïðåäåëÿåòñÿ êàê n = r/|r|. Êîîðäèíàòíûé 4�âåêòîð xµ = (t, r), 4�âåêòîð èìïóëüñà pµ =
(ε,p), ãäå ε � ýíåðãèÿ. Âîëíîâîé 4�âåêòîð ôîòîíà kµ = (ω,k), ãäå ω åãî ÷àñòîòà, à k � èìïóëüñ
ôîòîíà (âîëíîâîé 3�âåêòîð). Ñîîòâåòñòâóþùèå ýëåìåíòû îáúåìà d4x = dtdr, d4p = dεdp è d4k =
dωdk. Êâàäðàòû 4�âåêòîðîâ: x2 = t2−|r|2, p2 = ε2−|p|2, k2 = ω2−|k|2. Ôîòîííàÿ âîëíîâàÿ ôóíêöèÿ
Aµ = (Φ,A), ãäå Φ åñòü ñêàëÿðíûé ïîòåíöèàë, àA âåêòîðíûé ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ.
Äëÿ ìàòðèö Äèðàêà 4�âåêòîð çàïèñûâàåòñÿ â âèäå γµ = (γ0,γ), ãäå γ0 = β, γ = βα. Äëÿ ýòèõ
ìàòðèö èñïîëüçóåòñÿ ñòàíäàðòíîå ïðåäñòàâëåíèå

α =

(
0 σ
σ 0

)
, β =

(
1 0
0 −1

)
, (1)

ãäå σ ìàòðèöû Ïàóëè. Ñêàëÿðíîå è âåêòîðíîå ïðîèçâåäåíèå 3�âåêòîðîâ a è b îáîçíà÷àåòñÿ êàê
ab è a× b, ñîîòâåòñòâåííî. Ñêàëÿðíîå ïðîèçâåäåíèå äâóõ 4-âåêòîðîâ aµbµ = a0b0 − ab.
Äëÿ ìàòðè÷íûõ ýëåìåíòîâ äàííîãî îïåðàòîðà èñïîëüçóåòñÿ äâà òèïà îáîçíà÷åíèé. Ñèìâîëîì

(. . . )A′A îáîçíà÷àåòñÿ èíòåãðèðîâàíèå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, âçÿòîå ñ äèðàêîâñêèìè

âîëíîâûìè ôóíêöèÿìè ψA′ ≡ ψ†A′γ0 è ψA (åñëè íå îãîâîðåíî èíîå), ãäå A
′ è A äâà íàáîðà êâàíòîâûõ

÷èñåë. Äëÿ ýëåìåíòà S�ìàòðèöû ìåæäó ñîñòîÿíèÿìè A′ è A èñïîëüçóþòñÿ íèæíèå çíà÷êè Ŝ
(i)
A′A,

ãäå âåðõíèé çíà÷îê (i) ñîîòâåòñòâóåò ïîðÿäêó òåîðèè âîçìóùåíèé äëÿ îïèñûâàåìîãî ïðîöåññà.
Íà ïðîòÿæåíèè ðàáîòû òàêæå èñïîëüçóåòñÿ ðÿä ñîêðàùåíèé

ÌÇÈ ìíîãîçàðÿäíûé èîí
ÊÝÄ êâàíòîâàÿ ýëåêòðîäèíàìèêà
ÍÐ íåðåçîíàíñíûé
À×Ò àáñîëþòíî ÷åðíîå òåëî

2 Àñèììåòðèÿ êîíòóðà ëèíèè è íåðåçîíàíñíûå ýôôåêòû

Îäíèì èç íàèáîëåå âàæíûõ ñëåäñòâèé ÊÝÄ òåîðèè êîíòóðà ëèíèè ÿâëÿþòñÿ ÍÐ ýôôåêòû. Âïåð-
âûå èõ ñóùåñòâîâàíèå áûëî ïîêàçàíî â îñíîâîïîëàãàþùåé ðàáîòå [2], ãäå áûëà ñôîðìóëèðîâàíà
ñîâðåìåííàÿ ÊÝÄ òåîðèÿ åñòåñòâåííîãî (Ëîðåíöåâñêîãî) êîíòóðà ëèíèè â ðàìêàõ ðåçîíàíñíîãî
ïðèáëèæåíèÿ. Ñîîòâåòñòâóþùèå ÍÐ ýôôåêòàì ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ óñòàíàâëèâàþò
ïðåäåë, â ðàìêàõ êîòîðîãî êîíöåïöèÿ ýíåðãèÿ âîçáóæäåííîãî ñîñòîÿíèÿ àòîìà èìååò ôèçè÷åñêèé
ñìûñë [7]. Ýòîò ïðåäåë ñîîòâåòñòâóåò ðåçîíàíñíîìó ïðèáëèæåíèþ, êîãäà â àìïëèòóäå ïðîöåññà
ó÷èòûâàåòñÿ òîëüêî äîìèíèðóþùåå (ðåçîíàíñíîå) ñëàãàåìîå, ñì. áîëåå ïîäðîáíî [7,8]. Åñëè èñêà-
æåíèå Ëîðåíöåâñêîãî êîíòóðà ëèíèè çà ñ÷åò äðóãèõ ñëàãàåìûõ â àìïëèòóäå ìàëî, òî ÍÐ ïîïðàâêè
ìîæíî ðàññìàòðèâàòü êàê ñäâèãè ñîîòâåòñòâóþùèõ ðàçíîñòåé ýíåðãèé (÷àñòîò ïåðåõîäîâ). Â îòëè-
÷èå îò äðóãèõ ïîïðàâîê ê ýíåðãèÿì, ÍÐ ïîïðàâêè çàâèñÿò îò ïðîöåññà, èñïîëüçîâàííîãî â ñïåêòðî-
ñêîïè÷åñêèõ èçìåðåíèÿõ ÷àñòîò ïåðåõîäîâ, è, ïîýòîìó, ñòàíîâèòñÿ íåîáõîäèìûì ðàññìîòðåíèå ÍÐ
ýôôåêòîâ äëÿ êàæäîãî êîíêðåòíîãî ýêñïåðèìåíòà. Ìîæíî óòâåðæäàòü, ÷òî ÍÐ ïîïðàâêè óñòàíàâ-
ëèâàþò ïðèíöèïèàëüíûé ïðåäåë òî÷íîñòè îïðåäåëåíèÿ àòîìíûõ ñòàíäàðòîâ ÷àñòîòû. Ïðè÷èíîé
ýòîìó ñëóæèò òî, ÷òî ïðîôèëü ëèíèè ïðè ó÷åòå ÍÐ ýôôåêòîâ ñòàíîâèòñÿ àñèììåòðè÷íûì, à óíè-
êàëüíîãî ìåòîäà îïðåäåëåíèÿ ïîëîæåíèÿ ðåçîíàíñà íå ñóùåñòâóåò (ñì. îáñóæäåíèå íèæå).
Â äàííîì ðàçäåëå ðàññìàòðèâàåòñÿ ïîëíîñòüþ ðåëÿòèâèñòñêèé âûâîä äèôôåðåíöèàëüíîãî è

ïîëíîãî ñå÷åíèé ðàññåÿíèÿ â ðàìêàõ ÊÝÄ òåîðèè è ôîðìàëèçìà S�ìàòðèöû, ÷òî äàåò èñ÷åðïû-
âàþùåå îïèñàíèå ÍÐ ýôôåêòîâ è èõ âëèÿíèÿ íà îïðåäåëåíèå ÷àñòîò ïåðåõîäîâ.

2.1 Àìïëèòóäà ðàññåÿíèÿ ôîòîíà íà àòîìå

Ðàññìîòðèì ïðîöåññ ðàññåÿíèÿ ôîòîíà íà îäíî-ýëåêòðîííîì àòîìå. Ñîîòâåòñòâóþùèå äèàãðàììû
Ôåéíìàíà ïðåäñòàâëåíû íà Ðèñ.1. Îáîçíà÷èì íà÷àëüíîå, ïðîìåæóòî÷íîå è êîíå÷íîå ñîñòîÿíèå
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ýëåêòðîíà êàê i, n è f , ñîîòâåòñòâåííî, à êâàíòîâûå ÷èñëà íàëåòàþùåãî è ðàññåÿííîãî ôîòîíîâ
{ωjγmγs} è {ω′j′γm′γs′}, ãäå ω ýòî ÷àñòîòà, à jγmγ îáîçíà÷àþò óãëîâîé ìîìåíò ôîòîíà è åãî ïðî-
åêöèþ, s ÿâëÿåòñÿ ÷åòíîñòüþ ñîñòîÿíèÿ ôîòîíà.

Ðèñ. 1: Ðàññåÿíèå ôîòîíà íà ñâÿçàííîì ýëåêòðîíå. Âîëíèñòàÿ ëèíèÿ îáîçíà÷àåò ïîãëîùåíèå ôî-
òîíà (ñòðåëêà ê âåðøèíå) èëè èçëó÷åíèå ôîòîíà (ñòðåëêà îò âåðøèíû), äâîéíàÿ ñïëîøíàÿ ëèíèÿ
îáîçíà÷àåò ñâÿçàííûé ýëåêòðîí â ïîëå ÿäðà (êàðòèíà Ôàððè); ω1, ω2 ÷àñòîòû ïîãëîùåííîãî è èñ-
ïóùåííîãî ôîòîíîâ, ñîîòâåòñòâåííî, i, n è f îáîçíà÷àþò íà÷àëüíîå, ïðîìåæóòî÷íîå è êîíå÷íîå
ñîñòîÿíèÿ ýëåêòðîíà.

Ìàòðè÷íûé ýëåìåíò ïðîöåññà ðàññåÿíèÿ â ðàìêàõ ôîðìàëèçìà S-ìàòðèöû ìîæåò áûòü çàïèñàí
â âèäå

S
(2)
fi = (−ie)2

∫
d4xd4y

[
ψf (x)γµA(k2,e2)∗

µ (x)S(x, y)γνA(k1,e1)
ν (y)ψi(y) + (2)

+ψf (x)γνA(k1,e1)
ν (x)S(x, y)γµA(k2,e2)∗

µ (y)ψi(y)
]
.

Çäåñü ψA(x) = e−iEAtψ(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Äèðàêà äëÿ ñâÿçàííîãî ýëåêòðîíà â ñî-
ñòîÿíèè A è

A(k,e)
µ (x) =

√
2π

ω
e(λ)
µ e−ikx, (3)

åñòü ôîòîííàÿ âîëíîâàÿ ôóíêöèÿ â êîîðäèíàòíîì ïðåäñòàâëåíèè, ãäå ω = |k|, e(λ)
µ êîìïîíåíòû

4−âåêòîðà ïîëÿðèçàöèè ôîòîíà, à xµ = (tx,x) è yµ = (ty,y) êîîðäèíàòíûå 4−âåêòîðû. Êîìïëåêñ-
íîå ñîïðÿæåíèå ôîòîííîé âîëíîâîé ôóíêöèè â (2) îçíà÷àåò èñïóñêàíèå ôîòîíà. Íîðìèðîâêà â
(3),

√
2π/ω, âûáðàíà ÷òîáû ïîëó÷èòü Êóëîíîâñêîå âçàèìîäåéñòâèå ìåæäó ýëåêòðîíîì è ÿäðîì

Ze2/r.
Â (2) S(x, y) îáîçíà÷àåò Ôåéíìàíîâñêèé ïðîïàãàòîð ñâÿçàííîãî ýëåêòðîíà, êîòîðûé ìîæíî ïðåä-

ñòàâèòü â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì [60]

S(x, y) =
i

2π

∫ −∞
∞

dΩeiΩ(tx−ty)
∑
n

ψn(x)ψn(y)

En(1− i0) + Ω
, (4)

ãäå ñóììèðîâàíèå ïðîáåãàåò âåñü Äèðàêîâñêèé ñïåêòð ýíåðãèé ýëåêòðîíà â ïîëå ÿäðà. Ðàññìîò-
ðåíèå ðåàëüíûõ ôîòîíîâ âåäåò ê óñëîâèþ ïîïåðå÷íîñòè è γµe

(λ)
µ = eα ñ 3-âåêòîðîì ïîïåðå÷íîé

ïîëÿðèçàöèåé ôîòîíîâ e, è ñîîòâåòñòâóþùåé âîëíîâîé ôóíêöèåé ïîïåðå÷íûõ ôîòîíîâ

Ak,e =

√
2π

ω
ee−ikr. (5)

Èíòåãðèðîâàíèå ïî âðåìåíàì è ÷àñòîòå Ω â (2) ïðèâîäèò ê

S
(2)
fi = −2πiδ(Ei + ω1 − Ef − ω2)U

(2)
fi , (6)
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ãäå U
(2)
fi åñòü àìïëèòóäà îäíî-ôîòîííîãî ðàññåÿíèÿ i+ γ → f − γ [7, 8]

U
(2)
fi = e2

[∑
n

(
αA∗k2,e2

)
fn

(
αAk1,e1

)
ni

En(1− i0)− Ei − ω1

+
∑
n

(
αAk1,e1

)
fn

(
αA∗k2,e2

)
ni

En(1− i0)− Ef + ω1

]
. (7)

αAk,e è αA
∗
k,e åñòü îïåðàòîðû ïîãëîùåíèÿ è èçëó÷åíèÿ ôîòîíîâ, ñîîòâåòñòâåííî. Òîãäà äèôôå-

ðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ ìîæåò áûòü ïðåäñòàâëåíî ñëåäóþùèì îáðàçîì

dσfi = 2π
∣∣U (2)

fi

∣∣2δ(Ei + ω1 − Ef − ω2)
dk2

(2π)3
. (8)

ãäå dk2 = ω2
2dω2dnk2 , ω2 = |k2| åñòü ÷àñòîòà ôîòîíà è nk2 = k2/|k2| � âåêòîð íàïðàâëåíèÿ ðàñïðî-

ñòðàíåíèÿ ôîòîíà.
Ìàòðè÷íûå ýëåìåíòû â (7) ìîæíî âû÷èñëèòü èñïîëüçóÿ ðàçëîæåíèå ïî ïàðöèàëüíûì âîëíàì

ee−ikr =
∑
jγmγs

[
eY

(s)
jγmγ

(nk)
]
A

(s)∗
jγmγ

(nr), (9)

ñ îáîçíà÷åíèÿìè nr = r/|r| è A(s)
jγmγ

äëÿ êîìïîíåíò âåêòîð-ïîòåíöèàëà:

A
(−1)
jγmγ

(nr) =

√
jγ

2jγ + 1
gjγ−1(kr)Yjγjγ−1mγ (nr) +

√
jγ + 1

2jγ + 1
gjγ+1(kr)Yjγjγ+1mγ (nr), (10)

A
(0)
jγmγ

(nr) = gjγ (kr)Yjγjγmγ (nr), (11)

A
(+1)
jγmγ

(nr) =

√
jγ + 1

2jγ + 1
gjγ−1(kr)Yjγjγ−1mγ (nr) +

√
jγ

2jγ + 1
gjγ+1(kr)Yjγjγ+1mγ (nr). (12)

Çäåñü êîìïîíåíòû ñôåðè÷åñêîãî òåíçîðà Y
(s)
jm îïðåäåëåíû êàê

Y
(−1)
jγmγ

(nr) =

√
jγ

2jγ + 1
Yjγjγ−1mγ (nr)−

√
jγ + 1

2jγ + 1
Yjγjγ+1mγ (nr), (13)

Y
(0)
jγmγ

(nk) = Yjγjγmγ (nr), (14)

Y
(+1)
jγmγ

(nk) = −

√
jγ + 1

2jγ + 1
Yjγjγ−1mγ (nk)−

√
j

2j + 1
Yjγjγ+1mγ (nk). (15)

Ñôåðè÷åñêèé âåêòîð Yjlm â (13)-(15) îïðåäåëÿåòñÿ âûðàæåíèåì

Yjγ lγmγ (nk) =
∑
mγµ

C
jγmγ
lγmγ1µYlγmγ (nk)χµ, (16)

ãäå χµ åñòü ñïèíîâàÿ ôóíêöèÿ ÷àñòèöû ñ åäèíè÷íûì ñïèíîì, à Ylm ñôåðè÷åñêàÿ ôóíêöèÿ. Ôóíê-
öèÿ gjγ (kr) â (10)�(12) ñâÿçàíà ñî ñôåðè÷åñêîé ôóíêöèåé Áåññåëÿ jjγ (kr):

gjγ (kr) = 4πijγjjγ (kr). (17)
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Èñïîëüçóÿ (10)�(12), îïåðàòîð â ìàòðè÷íûõ ýëåìåíòàõ (7) ìîæíî çàïèñàòü â âèäå ìóëüòèïîëüíîãî
ðàçëîæåíèÿ

αA∗k,e =

√
2π

ω

∑
jγmγs

[
eY

(s)
jγmγ

(nk)
]
αA

(s)∗
jγmγ

. (18)

Íàêîíåö, ââîäÿ îáîçíà÷åíèÿ

C
jγ1mγ1s1
jγ2mγ2s2

(e1,nk1 ; e2,nk2) =
[
eY

(s1)
jγ1mγ1

(nk1)
][
e2Y

(s2)
jγ2mγ2

(nk2)
]∗
, (19)

ìîæíî çàïèñàòü àìïëèòóäó ïåðåõîäà (7) â âèäå [61]:

U
(2)
fi = e2 2π

√
ω1ω2

[ ∑
jγ1mγ1s1
jγ2mγ2s2

C
jγ1mγ1s1
jγ2mγ2s2

(e1,nk1 ; e2,nk2)× (20)

×

{∑
n

(
αA

(s2)∗
jγ2mγ2

)
fn

(
αA

(s1)
jγ1mγ1

)
ni

En(1− i0)− Ei − ω1

+
∑
n

(
αA

(s1)
jγ1mγ1

)
fn

(
αA

(s2)∗
jγ2mγ2

)
ni

En(1− i0)− Ei − ω2

}]
,

ãäå ôîòîíû îïðåäåëåííîãî òèïà ó÷åòíû â âèäå êîýôôèöèåíòà (19).
Â ðåçîíàíñíîì ïðèáëèæåíèè ïðåäïîëàãàåòñÿ, ÷òî â ïðîöåññå i + γ1 → f + γ2 ñóùåñòâóåò ïðî-

ìåæóòî÷íîå (ðåçîíàíñíîå) ñîñòîÿíèå r, äëÿ êîòîðîãî ÷àñòîòà ïîãëîùåííîãî ôîòîíà ω1 ðàâíÿåòñÿ
ðàçíîñòè ýíåðãèé Er − Ei. Òîãäà âåäóùèé âêëàä â ñå÷åíèè ðàññåÿíèÿ âîçíèêàåò îò ñëàãàåìîãî ñ
n = r â ïåðâîé ñóììå â ôèãóðíûõ ñêîáêàõ â (20), â êîòîðîì ýíåðãåòè÷åñêèé çíàìåíàòåëü îáðàùà-
åòñÿ â íóëü. Ñîîòâåòñòâóþùàÿ ðàñõîäèìîñòü äîëæíà áûòü ðåãóëÿðèçîâàíà ó÷åòîì áåñêîíå÷íîãî
íàáîðà Ôåéíìàíîâñêèõ ãðàôèêîâ, ïðåäñòàâëÿþùèõ ñîáîé îäíîïåòëåâûå ñîáñòâåííîýíåðãåòè÷åñêèå
ïîïðàâêè ê ýíåðãèè ñâÿçàííîãî ýëåêòðîíà [2,7]. Òàêèì îáðàçîì â ýíåðãåòè÷åñêîì çíàìåíàòåëå ïî-
ÿâëÿåòñÿ ìíèìàÿ äîáàâêà � åñòåñòâåííàÿ øèðèíà ëèíèè Γr, à êâàäðàò ìîäóëÿ ðåãóëÿðèçîâàííîãî
ðåçîíàíñíîãî ñëàãàåìîãî è áóäåò äàâàòü ïðîôèëü ëèíèè ïðîöåññà (ñì. äåòàëè, íàïðèìåð, â [7, 8]).

2.2 Âûâîä Ëîðåíöåâñêîãî êîíòóðà ñïåêòðàëüíîé ëèíèè â ðàìêàõ ÊÝÄ

×òîáû ïîëó÷èòü ñòàíäàðòíûé Ëîðåíöåâñêèé êîíòóð ñïåêòðàëüíîé ëèíèè â ðàìêàõ ÊÝÄ, íóæíî
ðàññìîòðåòü ïðîöåññ ðåçîíàíñíîãî óïðóãîãî ðàññåÿíèÿ ôîòîíà íà àòîìíîì ýëåêòðîíå â îñíîâíîì
ñîñòîÿíèè a. Èñïîëüçóÿ ôîðìàëèçì S-ìàòðèöû â êàðòèíå Ôàððè [60,62,63], â ðàìêàõ ðåçîíàíñíîãî
ïðèáëèæåíèÿ, ìîæíî ïðèâåñòè àìïëèòóäó (20) ïðîöåññà, èçîáðàæåííîãî íà Ðèñ. 1, ê âèäó:

U sc
aa =

〈a|αAk2,e2|r〉〈r|αA∗k1,e1
|a〉

Er − Ea − ω
. (21)

Èç âûðàæåíèÿ (21) ìîæíî îïðåäåëèòü àìïëèòóäó èçëó÷åíèÿ U em
ra ñëåäóþùèì îáðàçîì

U em
ra =

〈r|αA∗k2,e2
|a〉

Er − Ea − ω
. (22)

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî â ðàìêàõ ðåçîíàíñíîãî ïðèáëèæåíèÿ ìîæíî ðàçäåëèòü ïðîöåññû ïî-
ãëîùåíèÿ è èçëó÷åíèÿ, ñì. [7].
Â ñëó÷àå ðåçîíàíñíîãî ïðîöåññà âîçáóæäåíèÿ äàííîå âûðàæåíèå èìååò ðàñõîäèìîñòü ïðè ω =

Er −Ea. Äëÿ òîãî, ÷òîáû èçáåæàòü ýòîé ðàñõîäèìîñòè, ðàññìàòðèâàåòñÿ áåñêîíå÷íûé ðÿä èç äèà-
ãðàìì, â êîòîðûõ âî âíóòðåííþþ ýëåêòðîííóþ ëèíèþ, èçîáðàæåííóþ íà Ðèñ. 2, äîáàâëÿþòñÿ
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ñîáñòâåííî-ýíåðãåòè÷åñêèå âñòàâêè "loop after loop", ñì. [2]. Ïðîäåëàâ ñòàíäàðòíûå âûêëàäêè,
ïîëó÷àåì ãåîìåòðè÷åñêóþ ïðîãðåññèþ [63], êîòîðàÿ â èòîãå äàåò àìïëèòóäó U em

ra â âèäå:

U em
ra =

〈r|αA∗k2,e2
|a〉

Er − Ea − ω + 〈r|Σ̂ (Er) |r〉
(23)

ãäå 〈r|Σ̂ (Er) |r〉 åñòü äèàãîíàëüíûé ìàòðè÷íûé ýëåìåíò îïåðàòîðà ñîáñòâåííîé ýíåðãèè ýëåêòðîíà,
Σ̂ (Er):

〈r|Σ̂ (Er) |r〉 =
e2

2πi

∑
n

〈rn|1−α1α2

r12

In (r12;Er) |nr〉, (24)

In (r12;Er) =

∞∫
−∞

ei|Ω|r12dω

En(1− i0)− Er − Ω
. (25)

Ðèñ. 2: Ñîáñòâåííî-ýíåðãåòè÷åñêèå âñòàâêè âî âíóòðåííþþ ýëåêòðîííóþ ëèíèþ â ñëó÷àå ðåçî-
íàíñà ïðè n = r. Ñóììèðîâàíèå áåñêîíå÷íîãî ðÿäà òàêèõ äèàãðàìì ïðèâîäèò ê âîçíèêíîâåíèþ
äèàãîíàëüíîãî ìàòðè÷íîãî ýëåìåíòà îïåðàòîðà ñîáñòâåííîé ýíåðãèè ýëåêòðîíà (24) â çíàìåíàòåëå
âûðàæåíèÿ (23), ñì. äåòàëè â [7, 8].

Ìàòðè÷íûé ýëåìåíò 〈ab |X| ba〉 ïîíèìàåòñÿ êàê

〈ab |X| ba〉 = 〈a(1)b(2) |X(1, 2)| b(1)a(2)〉 (26)

ãäå 1, 2 ýòî ðàçëè÷íûå ýëåêòðîííûå êîîðäèíàòû, α1,2 ìàòðèöû Äèðàêà, äåéñòâóþùèå íà âîëíî-
âûå ôóíêöèè ýëåêòðîííûõ êîîðäèíàò 1, 2 ñîîòâåòñòâåííî, r12 = |r1 − r2|. Ñóììèðîâàíèå â (24)
ðàñïðîñòðàíÿåòñÿ íà âåñü Äèàðêîâñêèé ñïåêòð ýíåðãèé ýëåêòðîíà.
Âåùåñòâåííàÿ ÷àñòü ìàòðè÷íîãî ýëåìåíòà 〈r|Σ̂ (Er) |〉 ðàñõîäèòñÿ è äîëæíà áûòü ïåðåíîðìèðî-

âàíà [64]. Ïåðåíîðìèðîâêà âåùåñòâåííîé ÷àñòè ìàòðè÷íîãî ýëåìåíòà (24) ïðåäñòàâëÿåò ñîáîé â
ñòàðøåì ïîðÿäêå âêëàä â Ëýìáîâñêèé ñäâèã óðîâíÿ r:

Re〈r|Σ̂REN (Er) |r〉 = LSE
r . (27)

Îäíàêî, êàê áóäåò ïîêàçàíî íèæå, âåùåñòâåííàÿ ÷àñòü íå èãðàåò ñóùåñòâåííîé ðîëè â íåðåçîíàíñ-
íûõ âêëàäàõ ê êîíòóðó Ëîðåíöà, â òî âðåìÿ êàê ìíèìàÿ ÷àñòü ìàòðè÷íîãî ýëåìåíòà (24) ÿâëÿåòñÿ
ïðèíöèïèàëüíîé. Ìîæíî àíàëèòè÷åñêè ïîêàçàòü, ñì. [63], ÷òî

Im〈r|Σ̂REN (Er) |r〉 = −Γr
2
, (28)

ãäå Γr åñòü øèðèíà âîçáóæäåííîãî àòîìíîãî ñîñòîÿíèÿ r. Îòìåòèì, ÷òî â îòëè÷èå îò âåùåñòâåííîé
÷àñòè, ìíèìàÿ ÷àñòü 〈r|Σ̂REN (Er) |r〉 íå èìååò ðàñõîäèìîñòè è íå òðåáóåò ïåðåíîðìèðîâêè.

9



Ïîäñòàâëÿÿ (27), (28) â (23), íàõîäèì

U em
ra =

〈r|αA∗k2,e2
|a〉

Er + LSE
r − Ea − ω − i

2
Γr
. (29)

Òåïåðü âûðàæåíèå äëÿ U em
ra ðåãóëÿðíî, ïîëþñ ñäâèíóò â êîìïëåêñíóþ ïëîñêîñòü. Â îáùåì ñëó÷àå

ñîáñòâåííî-ýíåðãåòè÷åñêèå ïîïðàâêè ê ýíåðãèè Ea òàêæå äîëæíû áûòü ó÷òåíû â (29) [7]. Åñëè a
ÿâëÿåòñÿ îñíîâíûì ñîñòîÿíèåì, òî øèðèíà Γa ðàâíÿåòñÿ íóëþ. Â äðóãèõ ñëó÷àÿõ êîíòóð ëèíèè
ñîäåðæèò ñóììó øèðèí [8]. Ëýìáîñêèé ñäâèã LSE

a ìîæíî ïîëó÷èòü ó÷åòîì ýëåêòðîííûõ ñîáñòâåííî-
ýíåðãåòè÷åñêèõ ïåòëåâûõ âêëàäîâ âî âíåøíþþ ýëåêòðîííóþ ëèíèþ íà Ðèñ. 2, ñì. [7], ÷òî íå èãðàåò
ðîëè â ðàìêàõ íàøåãî ðàññìîòðåíèÿ, ïîñêîëüêó LSE

a ìîæíî âêëþ÷èòü â îïðåäåëåíèå ðåçîíàíñíîé
÷àñòîòû ïåðåõîäà ω0 = Er − Ea.
×òîáû ïîëó÷èòü ïðîôèëü èçëó÷åíèÿ, íóæíî âîçâåñòè â êâàäðàò ìîäóëü âûðàæåíèÿ (29), óìíî-

æèòü íà ôàçîâûé îáúåì dk′/(2π)3, è ïðîèíòåãðèðîâàòü ïî íàïðàâëåíèÿì ðàñïðîñòðàíåíèÿ èç-
ëó÷åííîãî ôîòîíà, à òàêæå ïðîñóììèðîâàòü ïî ïîëÿðèçàöèÿì. Â íåðåëÿòèâèñòñêîì ïðåäåëå è â
ðàìêàõ äèïîëüíîãî ïðèáëèæåíèÿ, ñïðàâåäëèâûõ äëÿ àòîìà âîäîðîäà, 〈r|αA∗k,e|a〉 = e√

ω
〈r|ep|a〉,

ãäå p åñòü îïåðàòîð èìïóëüñà ýëåêòðîíà, m åãî ìàññà. Ìíîæèòåëü 1√
ω
âîçíèêàåò èç íîðìèðîâêè

ïîòåíöèàëà ýëåêòðîìàãíèòíîãî ïîëÿ [63]. Òàêèì îáðàçîì, ïîëó÷àåì ñòàíäàðòíîå âûðàæåíèå äëÿ
Ëîðåíöåâñîêãî êîíòóðà

φL(ω)dω =
1

N

∑
e

∫
ωdωdnk

(2π)3
|U em

ra | =
1

N

Wradω

(ω0 − ω)2 + 1
4
Γ2
r

, (30)

ãäå

Wra =
4

3
e2ω0|〈r|p|a〉|2 (31)

åñòü âåðîÿòíîñòü ïåðåõîäà r → a + γ, à ω0 ñîîòâåòñòâóþùàÿ ðåçîíàíñíàÿ ÷àñòîòà ω0 = Er − Ea è
N � íîðìèðîâêà êîíòóðà.
Â âûðàæåíèÿõ (30), (31) äëÿ âåðîÿòíîñòè Wra ïîëîæåíî ω = ω0, à LSE

r îïóùåíà, ïðè ýòîì
ðàçíîñòü Ëýìáîâñêèõ ñäâèãîâ LSE

a è LSE
r ìîæåò áûòü îòíåñåíà ê îïðåäåëåíèþ ω0. Âåðîÿòíîñòü ïå-

ðåõîäà ñîâïàäàåò ñ ïàðöèàëüíîé øèðèíîé óðîâíÿ r:Wra = Γra. Åñëè íå ñóùåñòâóåò äðóãèõ êàíàëîâ
ðàñïàäà äëÿ ñîñòîÿíèÿ r, êðîìå r → a, òî Γra = Γr. Íîðìèðîâî÷íàÿ êîíñòàíòà îïðåäåëÿåòñÿ èç
óñëîâèÿ: ∫

φL (ω) = 1. (32)

Â ðåçîíàíñíîì ïðèáëèæåíèè èíòåãðèðîâàíèå â (32) ìîæåò áûòü ðàñïðîñòðàíåíî îò ω = −∞ ê
ω =∞. Òîãäà, èíòåãðèðîâàíèå ïðèâîäèò ê N = N (0) ≡ 1/2π.

3 Íåðåçîíàíñíûå ýôôåêòû â ïîëíîì è äèôôåðåíöèàëüíîì

ñå÷åíèÿõ ðàññåÿíèÿ

3.1 Íåðåçîíàíñíûå ïîïðàâêè ê ïîëíîìó ñå÷åíèþ

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ÍÐ ïîïðàâêè ê ïîëíîìó ñå÷åíèþ äëÿ ñëó÷àÿ îäíî-ôîòîííîãî
ðàññåÿíèÿ íà àòîìå âîäîðîäà, ñì. [10, 13]. Îïóñêàÿ ñâåðõòîíêóþ ñòðóêòóðó óðîâíåé, èìååì íàáîð
êâàíòîâûõ ÷èñåë äëÿ äàííîãî ñîñòîÿíèÿ àòîìà nljm, ãäå n ãëàâíîå êâàíòîâîå ÷èñëî, l îðáèòàëüíûé
óãëîâîé ìîìåíò ýëåêòðîíà, j ïîëíûé óãëîâîé ìîìåíò ýëåêòðîíà (j = l + s) è mj åãî ïðîåêöèÿ.
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Ïîëíîå ñå÷åíèÿ ôîòîííîãî ðàññåÿíèÿ ïîëó÷àåòñÿ èíòåãðèðîâàíèåì âûðàæåíèÿ (20) ïî íàïðàâëå-
íèÿì âûëåòà èñïóùåííîãî ôîòîíà nk2 è ñóììèðîâàíèåì ïî åãî ïîëÿðèçàöèÿì e∗2. Åñëè íàëåòàþùåå
èçëó÷åíèå èçîòðîïíî è íåïîëÿðèçîâàíî, òî íåîáõîäèìî ïðîâåñòè äîïîëíèòåëüíîå èíòåãðèðîâàíèå
ïî nk1 è óñðåäíåíèå ïî ïîëÿðèçàöèÿì e1. Òîãäà, èíòåãðèðóÿ ïî íàïðàâëåíèÿì ðàñïðîñòðàíåíèÿ
ôîòîíîâ, ñóììèðóÿ ïî ïîëÿðèçàöèÿì ôîòîíîâ è ïî ïðîåêöèÿì ïîëíîãî óãëîâîãî ìîìåíòà ýëåê-
òðîíà â êîíå÷íîì ñîñòîÿíèè mjf , à òàêæå óñðåäíÿÿ ïî ïðîåêöèÿì ïîëíîãî ìîìåíòà â íà÷àëüíîì
ñîñòîÿíèè mjf , ïîëó÷àåì

σfi =
e4

(2π)3

ω(ω0 − ω)

(2ji + 1)(2jγ2 + 1)

∑
mjfmji

∑
jγ1mγ1s1
jγ2mγ2s2

∣∣∣∣∣∑
mr

(
αA

(s2)∗
jγ2mγ2

)
fr

(
αA

(s1)
jγ1mγ1

)
ri

ω0 − ω − i
2
Γr

+ (33)

+
∑
n6=r

(
αA

(s2)∗
jγ2mγ2

)
fn

(
αA

(s1)
jγ1mγ1

)
ni

En − Ei − ω
+
∑
n

(
αA

(s1)
jγ1mγ1

)
fn

(
αA

(s2)∗
jγ2mγ2

)
ni

En − Ef + ω

∣∣∣∣∣
2

,

ãäå áûëî èñïîëüçîâàíî ñâîéñòâî îðòîãîíàëüíîñòè äëÿ C
jγ1mγ1s1
jγ2mγ2s2

[8,61], à òàêæå ω0 ≡ Er−Ei. Çäåñü
è äàëåå ìû òàêæå ïðåíåáðåãàåì çàâèñèìîñòüþ Γr îò ÷àñòîòû, ïîëàãàÿ, ÷òî èñêàæåíèåì çà ñ÷åò
"êðûëüåâ" Ëîðåíöåâñêîãî êîíòóðà ìîæíî ïðåíåáðå÷ü â ðàìêàõ äàííîãî ïðèáëèæåíèÿ (äåòàëè ñì.
â [10]). Òîãäà, ïîëíîå ñå÷åíèå ðàññåÿíèÿ ìîæåò áûòü çàïèñàíî â âèäå ñóììû äâóõ âêëàäîâ

σfi = σ
(0)
fi + σ

(1)
fi , (34)

ãäå σ
(0)
fi åñòü ðåçîíàíñíûé âêëàä

σ
(0)
fi (ωjs) = e4ωriωrf

(2π)4

2jr + 1

(2jγ + 1)(2ji + 1)

ΓfrWir(js)

(ω0 − ω)2 + Γ2
r

4

, (35)

à σ
(1)
fi ïðåäñòàâëÿåò ñîáîé íåðåçîíàíñíóþ äîáàâêó ê σ

(0)
fi :

σ
(1)
fi (ωjs) = 2e4ωriωrf

(2π)4

2jr + 1

(2jγ + 1)(2ji + 1)
Re

[∑
n6=r

Γrf ;fnWir;ni(js)

(ω0 − ω − i
2
Γr)(En − Er)

+ (36)

+
∑
n

Γrf ;niWir;fn(js)

(ω0 − ω − i
2
Γr)(En − Ef + ω0)

]
.

Â (35) è (36) ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ [4,9, 10]

WAB;CD(jγs) =
2π

2jD + 1

∑
mAmB
mCmD

∑
mγ

(
αA

(s)∗
jγmγ

)
AB

(
αA

(s)
jγmγ

)
CD
, (37)

WAB ≡ WAB;BA(jγs), (38)

ΓAB;CD =
∑
j′s′

WAB;CD(j′γs
′), (39)

òàê ÷òî ΓAB;BA ≡ ΓAB åñòü ïàðöèàëüíàÿ øèðèíà óðîâíÿ A.
Îïðåäåëÿÿ ðåçîíàíñíóþ ÷àñòîòó ïåðåõîäà i + γ1 → r êàê ìàêñèìóì ñå÷åíèÿ ðàññåÿíèÿ (34),

íàõîäèì ÍÐ ïîïðàâêó â âèäå

δNR = −1

4

Γ2
r

ΓfrWir

Re

[∑
n6=r

Γrf ;fnWir;ni(jγs)

En − Er
+
∑
n

Γrf ;niWir;fn(jγλ)

En − Ef + ω0

]
. (40)
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Äëÿ Lyα ïåðåõîäà â àòîìå âîäîðîäå (i = f = 1s, r = 2p), ÷èñëåííûé ðàñ÷åò âûðàæåíèÿ (37) áûë
ïðîâåäåí â [10]. Ðåçóëüòàò ðàâåí

δNR ≡ δ
(2p)
1s,1s = −2.93 Hz. (41)

Ñòîèò îòìåòèòü, ÷òî â ýêñïåðèìåíòå Lyα−ðåçîíàíñ ñîñòîèò èç äâóõ ïèêîâ, ñîîòâåòñòâóþùèõ äâóì
êîìïîíåíòàì òîíêîé ñòðóêòóðû. Â íåðåëÿòèâèñòñêîì ïðèáëèæåíèè ÍÐ ïîïðàâêà (41) ê ýòèì äâóì
ïèêàì îäíà è òà æå.
Ïîõîæèå âû÷èñëåíèÿ áûëè ïðîâåäåíû â [10] äëÿ ïåðåõîäà 2s1/2 → 2p3/2 → 1s1/2. Ïîëó÷èâøàÿñÿ

ÍÐ ïîïðàâêà ðàâíà

δ
(2p1/2)

2s,1s = −1.51 Hz. (42)

Çíà÷åíèÿ, äàâàåìûå âûðàæåíèÿìè (41) è (42), ïî ïîðÿäêó âåëè÷èíû çíà÷èòåëüíî ìåíüøå, ÷åì
ïîãðåøíîñòè ñîîòâåòñòâóþùèõ ýêñïåðèìåíòîâ ïî èçìåðåíèþ ïåðåõîäà Lyα è íàèáîëåå òî÷íîãî
ñïåêòðîñêîïè÷åñêîãî èçìåðåíèÿ ÷àñòîòû ïåðåõîäà 1s − 2s. Äëÿ äâóõ-ôîòîííîãî ïåðåõîäà 2s − 1s
â àòîìå âîäîðîäà ýêñïåðèìåíòàëüíàÿ ïîãðåøíîñòü ñîñòàâëÿåò ïðèìåðíî 11 Ãö ïðè îòíîñèòåëü-
íîé ïîãðåøíîñòè 10−15 [17], â òî âðåìÿ êàê äëÿ ïåðåõîäà Lyα ÷àñòîòà áûëà èçìåðåíà ñ íàìíîãî
áîëüøåé ïîãðåøíîñòüþ (îêîëî 1 ÌÃö) [65]. Òåì íå ìåíåå, èìåííî ÍÐ ïîïðàâêè ê ïîëíîìó ñå÷å-
íèþ ðàññåÿíèÿ óñòàíàâëèâàþò ïðèíöèïèàëüíûé ïðåäåë òî÷íîñòè èçìåðåíèé ÷àñòîòû ïåðåõîäîâ
â ýêñïåðèìåíòàõ ïî ðàññåÿíèþ ôîòîíîâ, îïðåäåëÿÿ àñèììåòðèþ êîíòóðà ëèíèè, êîòîðàÿ íå ìî-
æåò áûòü ñâåäåíà ê íóëþ, ñì. îáñóæäåíèå â [19, 57, 66]. Ïðè÷èíîé ýòîìó ñëóæèò òîò ôàêò, ÷òî
ïðè íàëè÷èè àñèììåòðèè íåâîçìîæíî óíèêàëüíûì îáðàçîì îïðåäåëèòü ìàêñèìóì êîíóðà ëèíèè,
êîòîðûé è îïðåäåëÿåò ïîëîæåíèå ðåçîíàíñà (÷àñòîòû ïåðåõîäà). Òàê, ê ïðèìåðó, äëÿ ñëó÷àÿ äèô-
ôåðåíöèàëüíîãî ñå÷åíèÿ ðàññåÿíèÿ, ðàññìîòðåííîãî äàëåå, ó÷åò ÍÐ ïîïðàâîê ïðèâîäèò ê òîìó,
÷òî âîçíèêàåò òðè çíà÷åíèÿ îäíîé è òîé æå ÷àñòîòû ïåðåõîäà (57), îòëè÷àþùèå äðóã îò äðóãà íà
âåëè÷èíû ÍÐ ïîïðàâîê, áîëüøèå, ÷åì ýêñïåðèìåíòàëüíàÿ ïîãðåøíîñòü. Ïðèíöèïèàëüíîå îòëè÷èå
ÍÐ ýôôåêòîâ äëÿ ñëó÷àÿ ïîëíîãî ñå÷åíèÿ ðàññåÿíèÿ, ðàññìîòðåííîãî âûøå, ñîñòîèò â òîì, ÷òî
îíè (à çíà÷èò, è àñèììåòðèÿ êîíòóðà ëèíèè) íå ìîãóò áûòü ñâåäåíû ê íóëþ íè ïðè êàêèõ óñëîâèÿõ,
÷òî âëå÷åò çà ñîáîé íåîäíîçíà÷íîñòü îïðåäåëåíèÿ ÷àñòîòû ñ òî÷íîñòüþ, áîëüøåé, ÷åì âåëè÷èíà
ÍÐ ïîïðàâîê ê ïîëíîìó ñå÷åíèþ ðàññåÿíèÿ.

3.2 Äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ: äâà áëèçêèõ ðåçîíàíñà

Óäîáíî ïðåäñòàâèòü àìïëèòóäó ðàññåÿíèÿ ôîòîíà (ñì. (20)) â âèäå

U
(2)
fi = e2 2π

√
ω1ω2

[ ∑
jγ1mγ1s1
jγ2mγ2s2

C
jγ1mγ1s1
jγ2mγ2s2

(e1,nk1 ; e2,nk2)

{∑
mr

(
αA

(s2)∗
jγ2mγ2

)
fr

(
αA

(s1)
jγ1mγ1

)
ri

Er − Ei − ω1 − i
2
Γr

+ (43)

+
∑
n6=r

(
αA

(s2)∗
jγ2mγ2

)
fn

(
αA

(s1)
jγ1mγ1

)
ni

En − Ei − ω1

+
∑
n

(
αA

(s1)
jγ1mγ1

)
fn

(
αA

(s2)∗
jγ2mγ2

)
ni

En − Ei − ω2

}]
.

Çäåñü â íåðåçîíàíñíûõ âêëàäàõ èíôèíèòåçèìàëüíûå ÷àñòè (1 − i0) îòáðîøåíû â çíàìåíàòåëÿõ,
ïîñêîëüêó òåïåðü ðàñõîäÿùèåñÿ ÷ëåíû îòñóòñòâóþò. Â ðåçîíàíñíîì ïðèáëèæåíèè ïðåäïîëàãàåòñÿ,
÷òî Γr íå çàâèñèò îò ÷àñòîòû ω1 è îïåðàòîðû èçëó÷åíèÿ ôîòîíà, äàâàåìûå âûðàæåíèåì (18),
âçÿòû ïðè ôèêñèðîâàííûõ ýíåðãèÿõ ïåðåõîäà, ò.å. ïðè ω1 = Er − Ei è ω2 = Er − Ef . Îñòàâëÿÿ
òîëüêî ïåðâûé (ðåçîíàíñíûé) ÷ëåí â (43), è ïðîèçâîäÿ èíòåãðèðîâàíèå ïî ω2 â (8), ïîëó÷àåì
ñîîòâåòñòâóþùåå ñèììåòðè÷íîå îòíîñèòåëüíî ðåçîíàíñíîé ÷àñòîòû ω0 ≡ Er−Ei ñå÷åíèå ðàññåÿíèÿ
(êîíòóð ëèíèè):

dσfi(ω1)

dnk2
= const

f
(1γ)
fi (r, r)

(ω1 − ω0)2 + Γ2
r

4

, (44)
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ãäå

f
(1γ)
fi (r, r′) =

 ∑
jγ1mγ1s1
jγ2mγ2s2

C
jγ1mγ1s1
jγ2mγ2s2

(e1,nk1 ; e2,nk2)
∑
mr

(
αA

(s2)∗
jγ2mγ2

)
fr

(
αA

(s1)
jγ1mγ1

)
ri

 (45)

×

 ∑
j′γ1m

′
γ1
s′1

j′γ2m
′
γ2
s′2

C
j′γ1m

′
γ1
s′1

j′γ2m
′
γ2
s′2

(e1,nk1 ; e2,nk2)
∑
mr′

(
αA

(s′2)∗
j′γ2m

′
γ2

)
fr′

(
αA

(s′1)

j′γ1m
′
γ1

)
r′i


∗

è "const" îáîçíà÷àåò ïîñòîÿííóþ, íåñóùåñòâåííóþ äëÿ äàëüíåéøåãî àíàëèçà. Òàê, êîãäà ó÷èòûâà-
åòñÿ òîëüêî ðåçîíàíñíîå ñëàãàåìîå, êîíòóð ñïåêòðàëüíîé ëèíèè ïðèíèìàåò âèä êîíòóðà Ëîðåíöà
ñ ìàêñèìóìîì ïðè ω = ω0, à ðåçîíàíñíàÿ ÷àñòîòà ïåðåõîäà ωres ìîæåò áûòü îïðåäåëåíà èç óñëîâèÿ
ýêñòðåìóìà âûðàæåíèÿ (44).
Ó÷åò îñòàâøèõñÿ (íåðåçîíàíñíûõ) âêëàäîâ â âûðàæåíèè (43) ïðèâîäèò ê àñèììåòðèè êîíòóðà

ëèíèè è ïðîöåäóðà îïðåäåëåíèÿ ìàêñèìóìà ñòàíîâèòñÿ íåêîððåêòíîé (ò.å. çàâèñÿùåé îò âåëè÷è-
íû àñèììåòðèè). Îäíàêî, åñëè àñèììåòðèÿ íåçíà÷èòåëüíà, òî ðåçîíàíñíàÿ ÷àñòîòà ïåðåõîäà ωres

âñå åùå ìîæåò áûòü îïðåäåëåíà èç dσif êàê ωres = ωmax, ãäå ωmax ñîîòâåòñòâóåò ìàêñèìàëüíîìó
çíà÷åíèþ σif (ω):

dσif (ω)

dω

∣∣∣∣
ω=ωmax

= 0. (46)

Â ðåçîíàíñíîì ïðèáëèæåíèè, ñì. (44), ìû ñðàçó æå íàõîäèì

ωres = ωmax = ω0. (47)

Äî òåõ ïîð, ïîêà êîíòóð ëèíèè îñòàåòñÿ ñèììåòðè÷íûì ïî îòíîøåíèþ ê ω = ωmax, îïðåäåëåíèå (47)
îñòàåòñÿ ðàâíîñèëüíûì ëþáîìó äðóãîìó ñïîñîáó îïðåäåëåíèÿ ωres ñ ïîìîùüþ êîíòóðà ëèíèè. Â
ñëó÷àå íåçíà÷èòåëüíîé àñèììåòðèè, óñëîâèå (46) âåäåò ê ñäâèíóòîìó çíà÷åíèþ ÷àñòîòû, ò.å. ωmax =
ωres + δNR, ãäå δNR îïðåäåëÿåòñÿ íåðåçîíàíñíûìè âêëàäàìè â (43). Îãðàíè÷åíèå, íàêëàäûâàåìîå
îïðåäåëåíèåì ðåçîíàíñíîé ÷àñòîòû èç (46) â ñëó÷àå íàëè÷èÿ àñèììåòðèè, ñëåäóåò èç îòíîøåíèÿ
δNR � Γr. Èíà÷å, äàæå åñëè δNR ∼ Γr, îïðåäåëåíèå ÷àñòîòû ïåðåõîäà òàêèì ñïîñîáîì íåâåðíî.
Ïðåäïîëîæèì, ÷òî âáëèçè ðåçîíàíñíîãî ïåðåõîäà i + γ1 → r òàêæå âîçìîæåí ïåðåõîä íà áëèç-

êîëåæàùèé óðîâåíü i+ γ1 → r′, ðàçðåøåííûé ïðàâèëàìè îòáîðà [67�69]. Òîãäà, àíàëîãè÷íî âûðà-
æåíèþ (43), ìîæíî âûäåëèòü äâà ðåçîíàíñíûõ ñëàãàåìûõ â àìïëèòóäå ïðîöåññà

U
(2)
fi = e2 2π

√
ω1ω2

[ ∑
jγ1mγ1s1
jγ2mγ2s2

C
jγ1mγ1s1
jγ2mγ2s2

(e1,nk1 ; e2,nk2)× (48)

×

{∑
mr

(
αA

(s2)∗
jγ2mγ2

)
fr

(
αA

(s1)
jγ1mγ1

)
ri

Er − Ei − ω1 − i
2
Γr

+
∑
mr′

(
αA

(s2)∗
jγ2mγ2

)
fr′

(
αA

(s1)
jγ1mγ1

)
r′i

Er′ − Ei − ω1 − i
2
Γr′

+

+
∑
n6=r,r′

(
αA

(s2)∗
jγ2mγ2

)
fn

(
αA

(s1)
jγ1mγ1

)
ni

En − Ei − ω1

+
∑
n

(
αA

(s1)
jγ1mγ1

)
fn

(
αA

(s2)∗
jγ2mγ2

)
ni

En − Ei − ω2

}]
,

ãäå Γr′ åñòåñòâåííàÿ øèðèíà óðîâíÿ r′. Äâà ïîñëåäíèõ ÷ëåíà â (48) ïðåäñòàâëÿþò ñîáîé âêëàäû,
êîòîðûìè ìîæíî ïðåíåáðå÷ü â ðåçîíàíñíîì ïðèáëèæåíèè, ò.å. ïîëàãàÿ, ÷òî ω1 áëèçêà ê ðàçíèöå
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ýíåðãèé Er − Ei èëè Er′ − Ei. Ïîñëå èíòåãðèðîâàíèÿ ïî ω2 â âûðàæåíèè (8), ìîæíî ïîëó÷èòü
ñîîòâåòñòâóþùåå ñå÷åíèå ðàññåÿíèÿ

dσfi(ω1)

dnk2
= const

(
f

(1γ)
fi (r, r)

(ω0 − ω1)2 + Γ2
r

4

+ (49)

+
2f

(1γ)
fi (r, r′)(ω0 − ω1)(ω0 − ω1 + ∆)(

(ω0 − ω1)2 +
Γ2
r′
4

)(
(ω0 − ω1 + ∆)2 +

Γ2
r′
4

) +
f

(1γ)
fi (r′, r′)

(ω0 − ω1 + ∆)2 +
Γ2
r′
4

)
,

ãäå ∆ ≡ Er′ −Er. Ïåðâîå è òðåòüå ñëàãàåìûå â (49) ñîîòâåòñòâóþò Ëîðåíöåâñêèì êîíòóðàì ëèíèé
ïåðåõîäîâ i + γ1 → r è i + γ1 → r′, ñîîòâåòñòâåííî, à âòîðîå ñëàãàåìîå � èõ èíòåðôåðåíöèè (â
ðåçîíàíñíîì ïðèáëèæåíèè).
Ïðåíåáðåãàÿ ïîñëåäíèì ÷ëåíîì â âûðàæåíèè (49), ìîæíî ïîëó÷èòü íåðåçîíàíñíóþ ïîïðàâêó

ñòàðøåãî ïîðÿäêà ê ÷àñòîòå ïåðåõîäà i+ γ1 → r. Èñïîëüçóÿ (46), íàõîäèì

d

dω1

σif (ω1) = −
8
(
f

(1γ)
fi (r, r′) (Γ2

r − 4(ω1 − ω0)2) + 4∆f
(1γ)
fi (r, r)(ω1 − ω0)

)
∆ (Γ2

r + 4(ω1 − ω0)2)2 = 0. (50)

Íàêîíåö, ðåøàÿ óðàâíåíèå (50) îòíîñèòåëüíî δNR ≡ ω0 − ωmax, ïîëó÷àåì

δNR =
f

(1γ)
fi (r, r′)

f
(1γ)
fi (r, r)

Γ2
r

4∆
. (51)

Âûðàæåíèå (51) ïîëó÷åíî â ñòàðøåì ïîðÿäêå â ðàçëîæåíèè ïî Γ/∆ è ïðåäñòàâëÿåò ñîáîé îäíó
èç ÍÐ ïîïðàâîê, íàçûâàåìóþ ýôôåêòîì êâàíòîâîé èíòåðôåðåíöèè. Ïðèáëèæåíèÿ, ñäåëàííûå ïðè
âûâîäå (56), ñïðàâåäëèâû âïëîòü äî áîëåå âûñîêèõ ïîðÿäêîâ ïî ïàðàìåòðó Γ/∆, êîòîðûé îáû÷íî
ìàë (ê ïðèìåðó, êàê â ñëó÷àå äâóõ êîìïîíåíò òîíêîé ñòðóêòóðû óðîâíÿ, ñì. äàëåå). Îäíàêî,
ïàðàìåòð Γ/∆ ìîæåò è íå áûòü ìàëûì äëÿ ñëó÷àÿ êîìïîíåíò ñâåðõòîíêîé ñòðóêòóðû, ÷òî òðåáóåò
îòäåëüíîãî ðàññìîòðåíèÿ [57].
Âêëàä ñëåäóþùåãî ïîðÿäêà ìîæåò áûòü ïîëó÷åí èç (49), åñëè ó÷åñòü ïîñëåäíèé ÷ëåí, îòíîñÿ-

ùèéñÿ ê Ëîðåíöåâñêîìó êîíòóðó ñîñåäíåãî ðåçîíàíñà i + γ1 → r′. Òîãäà, ïîâòîðÿÿ âûøåëåæàùèå
âûêëàäêè, ìîæíî ïîëó÷èòü âûðàæåíèå äëÿ ÍÐ ïîïðàâêè ê ÷àñòîòå ïåðåõîäà â ñëåäóþùåì âèäå:

δNR =
f

(1γ)
fi (r, r′)

f
(1γ)
fi (r, r)

Γ2
r

4∆
+ (52)

+

([
f

(1γ)
fi (r, r′)

]3

+ 2
[
f

(1γ)
fi (r, r′)

]2

f
(1γ)
fi (r, r) + f

(1γ)
fi (r, r′)

[
(f

(1γ)
fi (r, r)

]2

+
[
f

(1γ)
fi (r, r)

]2

f
(1γ)
fi (r′, r′)

)
[
f

(1γ)
fi (r, r)

]3

Γ4
r

16∆3
.

Ïîñëåäíåå ñëàãàåìîå â (52) â òî÷íîñòè ñîâïàäàåò ñ àíàëîãè÷íîì ñëàãàåìûì â (51), à âòîðîå ïðî-

ïîðöèîíàëüíî îòíîøåíèþ Γ4
r

16∆3 . Â áîëüøèíñòâå ñëó÷àåâ, ðàññìàòðèâàåìûõ â äàííîé ðàáîòå, âòîðîå
ñëàãàåìîå ïðåäñòàâëÿåò ñîáîé íåçíà÷èòåëüíûé âêëàä ê ïîïðàâêå ñòàðøåãî ïîðÿäêà (51).
Êàê ñëåäóåò èç (51), ÍÐ ïîïðàâêè çàâèñÿò îò óñëîâèé ýêñïåðèìåíòà, à èìåííî îò óãëîâûõ êîððå-

ëÿöèé ìåæäó íàëåòàþùèì è âûëåòàþùèì ôîòîíàìè. Âñÿ èíôîðìàöèÿ îá ýòèõ êîððåëÿöèÿõ äàåòñÿ
îòíîøåíèåì f

(1γ)
fi (r, r′)/f

(1γ)
fi (r, r). Ïîñêîëüêó êîýôôèöèåíòû â (45) çàâèñÿò îò óãëîâûõ êâàíòîâûõ

÷èñåë äàííîãî ñîñòîÿíèÿ àòîìà è îðèåíòàöèè äðóã îòíîñèòåëüíî äðóãà âåêòîðîâ e1, nk1 , e2, nk2 ,
ðåçóëüòèðóþùåå çíà÷åíèå ÍÐ ïîïðàâêè îïðåäåëÿåòñÿ ãåîìåòðèåé ýêñïåðèìåíòà è ìåòîäîì äåòåê-
òèðîâàíèÿ ôîòîíîâ [13,59].
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ÍÐ ýôôåêòû íå îãðàíè÷åíû ýôôåêòîì êâàíòîâîé èíòåðôåðåíöèè, êîòîðàÿ âîçíèêàåò â ðåçóëü-
òàòå ðåçîíàíñíîãî ðàññåÿíèÿ íà äâóõ áëèçêîëåæàùèõ ñîñòîÿíèÿõ. Â ÷àñòíîñòè, ÍÐ ñëàãàåìîå â
(48), ïðåäñòàâëÿþùåå ñîáîé ðàññåÿíèå íà âèðòóàëüíûõ ñîñòîÿíèÿõ, ìîæåò áûòü çàìåòíî äëÿ ñëó-
÷àÿ ìíîãîçàðÿäíûõ èîíîâ, ñì., ê ïðèìåðó, [9]. Áîëåå òîãî, âûðàæåíèÿ (51) è (52) áûëè ïîëó÷åíû
â ðåçîíàíñíîì ïðèáëèæåíèè. Îäíàêî, äëÿ ëåãêèõ àòîìíûõ ñèñòåì è ïðèìåðîâ, ðàññìàòðèâàåìûõ
äàëåå, îíè íåñóùåñòâåííû ïðè ñåãîäíÿøíåì óðîâíå ýêñïåðèìåíòàëüíîé òî÷íîñòè.
Ïðåæäå, ÷åì ïåðåéòè ê êîíêðåòíûì ïðèìåðàì, íåîáõîäèìî âûïèñàòü àìïëèòóäó ðàññåÿíèÿ â

íåðåëÿòèâèñòñêîì ïðåäåëå è äèïîëüíîì ïðèáëèæåíèè [60,63] (ñì. Ïðèëîæåíèå 8.1)

U
(2)
fi = 2πe2√ω1ω2

[∑
n

(
re∗2

)
fn

(
re1

)
ni

En(1− i0)− Ei − ω1

+
∑
n

(
re1

)
fn

(
re∗2

)
ni

En(1− i0)− Ef + ω1

]
, (53)

ãäå ñóììèðîâàíèå ïðîáåãàåò óæå Øðåäèíãåðîâñêèé ñïåêòð ýíåðãèé.

4 Óãëîâûå êîððåëÿöèè è ïðåäåë òî÷íîñòè ïðåöèçèîííûõ èç-

ìåðåíèé ÷àñòîò ïåðåõîäîâ: ïðèëîæåíèå ê îäíî-ôîòîííîé

ñïåêòðîñêîïèè

4.1 Ýôôåêò êâàíòîâîé èíòåðôåðåíöèè

Â îòëè÷èå îò ðåçîíàíñíîé ÷àñòîòû ïåðåõîäà, ÍÐ ïîïðàâêè çàâèñÿò îò ïðîöåññîâ âîçáóæäåíèÿ è
äå-âîçáóæäåíèÿ è òèïà ýêñïåðèìåíòà. Ïî ýòîé ïðè÷èíå îäíîçíà÷íîñòü çíà÷åíèÿ ÷àñòîòû ïåðåõîäà
ìîæåò èìåòü ñìûñë òîëüêî äî òåõ ïîð, ïîêà ÍÐ ïîïðàâêè ìåíüøå çíà÷åíèÿ ðåçîíàíñíîé ÷àñòîòû
ïåðåõîäà è ñîîòâåòñòâóþùåé øèðèíû ëèíèè [9, 10]. Âî âñåõ ñëó÷àÿõ, ðàññìîòðåííûõ â [9, 10, 13] è
â áîëåå ïîçäíèõ ðàáîòàõ, ÍÐ ïîïðàâêè îêàçûâàëèñü ìàëûìè. Â ÷àñòíîñòè, â ñîîòâåòñòâèè ñ [57],
ýòî áûëî ñïðàâåäëèâî è äëÿ ñëó÷àÿ èçìåðåíèÿ äâóõôîòîííîé ÷àñòîòû ïåðåõîäà 1s−2s â âîäîðîäå
â [17]. Ñèòóàöèÿ èçìåíèëàñü, êîãäà áûëè îïóáëèêîâàíû ðåçóëüòàòû [22] ïðåöèçèîííîãî èçìåðåíèÿ
÷àñòîò ïåðåõîäîâ 2sF=0

1/2 → 4pF=1
1/2 è 2sF=0

1/2 → 4pF=1
3/2 . Ïîãðåøíîñòü ýòèõ èçìåðåíèé áûëà ìåíüøå, ÷åì

âåëè÷èíà ñîîòâåòñòâóþùèõ êâàíòîâî-èíòåðôåðåíöèîííûõ ýôôåêòîâ.
Â äàííîì ðàçäåëå áóäóò ïîëó÷åíû âûðàæåíèÿ äëÿ ñå÷åíèÿ ðåçîíàíñíîãî ðàññåÿíèÿ íà àòîìå

âîäîðîäà ñ ó÷åòîì òîíêîé è ñâåðõòîíêîé ñòðóêòóðû àòîìíûõ óðîâíåé. Â ýòèõ âûðàæåíèÿõ áó-
äóò ñîäåðæàòüñÿ âñå çàâèñèìîñòè îò íàïðàâëåíèé ðàñïðîñòðàíåíèÿ è ïîëÿðèçàöèé ïîãëîùåííîãî
è èñïóùåííîãî ôîòîíîâ, ÷òî ìîæåò áûòü èñïîëüçîâàíî, ÷òîáû îïèñàòü ðàçëè÷íûå òèïû ýêñïå-
ðèìåíòîâ, ñîîòâåòñòâóþùèõ ðàçëè÷íûì êîððåëÿöèÿì ìåæäó íàïðàâëåíèÿìè ðàñïðîñòðàíåíèÿ è
ïîëÿðèçàöèè ôîòîíîâ. Âñå ýòî áóäåò çàòåì èñïîëüçîâàíî äëÿ âû÷èñëåíèÿ ÍÐ ïîïðàâîê ê ñå÷åíèþ
ôîòîííîãî ðàññåÿíèÿ è îïðåäåëåíèÿ ÷àñòîò ïåðåõîäîâ.
Ñëåäóÿ ðàáîòå [59], ñîñðåäîòî÷èìñÿ íà ÍÐ ïîïðàâêàõ, âîçíèêàþùèõ çà ñ÷åò áëèçêîëåæàùèõ

êîìïîíåíò òîíêîé ñòðóêòóðû óðîâíåé. Êàê è â ðàáîòå [22], ðàññìîòðèì èíòåðôåðèðóþùèå ïåðå-
õîäû 2sF=0

1/2 → 4pF=1
1/2 è 2sF=0

1/2 → 4pF=1
3/2 . Ñ ó÷åòîì ñâåðõòîíêîé ñòðóêòóðû ïîëó÷èì ÍÐ ïîïðàâêè

ê ÷àñòîòå ïåðåõîäà 2sF=0
1/2 → 4pF=1

1/2 , âîçíèêàþùèå çà ñ÷åò ýôôåêòà êâàíòîâîé èíòåðôåðåíöèè ñ

ïåðåõîäîì 2sF=0
1/2 → 4pF=1

3/2 . Ñîîòâåòñòâóþùèå ÍÐ ïîïðàâêè ê ÷àñòîòå ïåðåõîäà 2sF=0
1/2 → 4pF=1

3/2 ñî-

âåðøåííî àíàëîãè÷íû, íî èìåþò ïðîòèâîïîëîæíûé çíàê. Êàê è â ðàáîòå [59], âûäåëèì äâà òèïà
ýêñïåðèìåíòîâ. Ê ïåðâîìó îòíåñåì ýêñïåðèìåíòû, â êîòîðûõ äåòåêòèðîâàíèå àêòà âîçáóæäåíèÿ
ïðîèñõîäèò ñ ïîìîùüþ ôèêñèðîâàííîãî êàíàëà ðàñïàäà âîçáóæäåííîãî ñîñòîÿíèÿ. Òàêàÿ ñèòóàöèÿ
ñîîòâåòñòâóåò ôèêñèðîâàííîìó êîíå÷íîìó ñîñòîÿíèþ f àòîìîâ â ïðîöåññå ðàññåÿíèÿ i+γ → f−γ.
Êàê ñëåäóåò èç ðàññìîòðåíèÿ, â òàêîì ñëó÷àå ÍÐ ïîïðàâêè ê ðàññìàòðèâàåìûì ÷àñòîòàì ïåðåõî-
äîâ íå èìåþò çàâèñèìîñòè îò ãåîìåòðèè ýêñïåðèìåíòà. Ýòî âèäíî èç ôîðìóë (54, 55), êîòîðûå, â
îáùåì ñëó÷àå, îïðåäåëÿþò îáñóæäàåìóþ çàâèñèìîñòü ÍÐ ïîïðàâîê îò óñëîâèé ýêñïåðèìåíòà. Ïî-
ñêîëüêó â îïðåäåëåíèå (51) ÍÐ ïîïðàâêè ýòè ôóíêöèè âõîäÿò â âèäå îòíîøåíèÿ, âñÿ çàâèñèìîñòü
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îò ãåîìåòðèè ýêñïåðèìåíòà è åãî òèïà ñîêðàùàåòñÿ. Îäíàêî, îñòàåòñÿ çàâèñèìîñòü îò âûáîðà äå-
òåêòèðóåìîãî êàíàëà ðàñïàäà: ÍÐ ïîïðàâêè èìåþò ðàçëè÷íûå çíà÷åíèÿ äëÿ ðàçëè÷íûõ êîíå÷íûõ
ñîñòîÿíèé ñ F = 0, 1 èëè 2 (ñì. äàëåå Òàáëèöó 1).
Êî âòîðîìó òèïó ýêñïåðèìåíòîâ îòíåñåì òå, â êîòîðûõ ÷àñòîòà èçëó÷àåìîãî ôîòîíà íå ôèê-

ñèðîâàíà. Òàêàÿ ñèòóàöèÿ ñîîòâåòñòâóåò äåòåêòèðîâàíèþ âñåõ ðàçðåøåííûõ ïðàâèëàìè îòáîðà
êàíàëîâ ðàñïàäà âîçáóæäåííîãî ñîñòîÿíèÿ, òî åñòü ó÷åòó âñåõ ðàçðåøåííûõ êîíå÷íûõ ñîñòîÿíèé
àòîìà. Â ýòîì ñëó÷àå ðåçóëüòàò èçìåðåíèÿ ÷àñòîòû ïåðåõîäà îêàçûâàåòñÿ çàâèñèìûì è îò òèïà
ýêñïåðèìåíòà, è îò åãî ãåîìåòðèè, ïîñêîëüêó ýòà çàâèñèìîñòü, âîîáùå ãîâîðÿ, íå ñîêðàùàåòñÿ â
÷èñëèòåëå è çíàìåíàòåëå îïðåäåëåíèÿ ÍÐ ïîïðàâêè. Ñëåäóÿ [59], âûäåëèì äâà âèäà ýêñïåðèìåí-
òîâ òàêîãî òèïà. Â ýêñïåðèìåíòàõ ïåðâîãî âèäà íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ ôîòîíîâ ôèêñèðî-
âàíû: íàëåòàþùèé (ïîãëîùàåìûé) ôîòîí èìååò íàïðàâëåíèå ðàñïðîñòðàíåíèÿ nk1 , ñîâïàäàþùåå
ê íàïðàâëåíèåì ëó÷à ëàçåðà, à íàïðàâëåíèå ðàññåÿííîãî (èçëó÷åííîãî) ôîòîíà nk2 îïðåäåëÿåòñÿ
ïîëîæåíèåì äåòåêòîðà. Â ýêñïåðèìåíòàõ âòîðîãî òèïà íàïðàâëåíèå ïîëÿðèçàöèè íàëåòàþùåãî ôî-
òîíà e1 è íàïðàâëåíèå ðàñïðîñòðàíåíèÿ ðàññåÿííîãî ôîòîíà nk2 ôèêñèðîâàíû; äàííàÿ ñèòóàöèÿ
â òî÷íîñòè ñîîòâåòñòâóåò ýêñïåðèìåíòó [22].
Â íåðåëÿòèâèñòñêîì ïðåäåëå ìàòðè÷íûå ýëåìåíòû â àìïëèòóäå ðàññåÿíèÿ äàþòñÿ âûðàæåíèåì

(53) è íå çàâèñÿò ÿâíî îò íàïðàâëåíèé ðàñïðîñòðàíåíèÿ ôîòîíîâ nk1 è nk2 . Äàííàÿ çàâèñèìîñòü
âõîäèò â âûðàæåíèÿ ÷åðåç óñëîâèå ïîïåðå÷íîñòè è ñòàíîâèòñÿ ÿâíîé ïîñëå ñóììèðîâàíèÿ ïî ïîëÿ-
ðèçàöèÿì ôîòîíà. Òîãäà, äëÿ ýêñïåðèìåíòîâ, â êîòîðûõ ó÷èòûâàþòñÿ âñå êîíå÷íûå ñîñòîÿíèÿ àòî-
ìà íåîáõîäèìî âû÷èñëèòü

∑
e1,e2

dσif äëÿ ýêñïåðèìåíòîâ ïåðâîãî âèäà, à äëÿ ýêñïåðèìåíòîâ âòîðîãî

âèäà �
∑
e2

dσif , ãäå äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ äàåòñÿ âûðàæåíèåì (49). Â íåðåëÿòè-

âèñòñêîì ïðåäåëå ôóíêöèè ffi(r, r
′), ôèãóðèðóþùèå â ñå÷åíèè ðàññåÿíèÿ (49), äëÿ ýêñïåðèìåíòîâ

ïåðâîãî è âòîðîãî âèäà äàþòñÿ ñëåäóþùèìè âûðàæåíèÿìè [59]:

f
(1)
fi (r, r′) = 36

∑
xy

(−1)Fr′−Fr+x+yΠ2
xΠy

{
1 x 1
Fr′ Ff Fr

}{
1 x 1
Fr′ Fi Fr

}{
1 1 y
1 1 x

}{
1 1 x
1 1 1

}2

× (54)

×
{{

a
(1)
1 ⊗ b

(1)
1

}
y
⊗
{
a

(1)
1 ⊗ b

(1)
1

}
y

}
00

×〈nf lfjfFf ||r||nrlrjrFr〉〈nrlrjrFr||r||nilijiFi〉〈nilijiFi||r||nr′lr′jr′Fr′〉〈nr′lr′jr′Fr′ ||r||nf lfjfFf〉,

f
(2)
fi (r, r′) = 6

∑
xy

(−1)Fr′−Fr+yΠ2
xΠy

{
1 x 1
Fr′ Ff Fr

}{
1 x 1
Fr′ Fi Fr

}{
1 1 y
1 1 x

}{
1 1 x
1 1 1

}
(55)

×
{{

a
(2)
1 ⊗ b

(2)
1

}
y
⊗
{
a

(2)
1 ⊗ b

(2)
1

}
y

}
00

×〈nf lfjfFf ||r||nrlrjrFr〉〈nrlrjrFr||r||nilijiFi〉〈nilijiFi||r||nr′lr′jr′Fr′〉〈nr′lr′jr′Fr′ ||r||nf lfjfFf〉,

ãäå a
(1)
1 = nk1 , a

(2)
1 = e1, b

(1)
1 = b

(2)
1 = nk2 è Πa =

√
2a+ 1. Â âûðàæåíèÿõ (54), (55) êîíñòðóêöèÿ{

a
(1,2)
1 ⊗ b(1,2)

1

}
y
ïðåäñòàâëÿåò ñîáîé òåíçîðíîå ïðîèçâåäåíèå ðàíãà y äâóõ òåíçîðîâ a

(1,2)
1 è b

(1,2)
1 ñ

ðàíãîì, ðàâíûì 1 [70]. Ýòî òåíçîðíîå ïðîèçâåäåíèå ïîëíîñòüþ îïðåäåëÿåò óãëîâûå êîððåëÿöèè â
ñå÷åíèè ðàññåÿíèÿ.
Îïðåäåëÿÿ ÷àñòîòó ïåðåõîäà êàê ìàêñèìóì ñå÷åíèÿ ðàññåÿíèÿ, â ñîîòâåòñòâèè ñ (46), íàõîäèì

ñîîòâåòñòâóþùóþ ÍÐ ïîïðàâêó ñòàðøåãî ïîðÿäêà â âèäå:

δ
(1,2)
NR =

f
(1,2)
fi (r, r′)

f
(1,2)
fi (r, r)

Γ2
r

4∆
. (56)

Ñ ïðèíÿòûì íàìè îáîçíà÷åíèåì ∆ = Er′ − Er äàííîå âûðàæåíèå ñîîòâåòñòâóåò ïîïðàâêå ê íèæ-
íåé êîìïîíåíòå òîíêîé ñòðóêòóðû ðåçîíàíñíîãî óðîâíÿ nl. Äëÿ äðóãîé êîìïîíåíòû, ïðè óñëîâèè
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ΓnljrFr ≈ Γnljr′Fr′ , êîòîðîå âûïîëíÿåòñÿ â ðàññìàòðèâàåìûõ ñëó÷àÿõ, âûðàæåíèå (56) áóäåò îòëè-
÷àòüñÿ òîëüêî çíàêîì ∆. ÍÐ ïîïðàâêà (56) ìîæåò çàâèñåòü îò ãåîìåòðèè ýêñïåðèìåíòà, ò.å. îò
óãëîâ ìåæäó âåêòîðàìè nk1 è nk2 äëÿ ñëó÷àÿ ýêñïåðèìåíòîâ ïåðâîãî âèäà, èëè îò óãëîâ ìåæäó
âåêòîðàìè ek1 è nk2 äëÿ ýêñïåðèìåíòîâ âòîðîãî âèäà.

4.2 Ïðèëîæåíèå ê ñïåêòðîñêîïèè àòîìà âîäîðîäà

Îáðàòèìñÿ òåïåðü ê âû÷èñëåíèþ ÷àñòîòû ïåðåõîäà 2sF=0
1/2 → 4pF=1

1/2 ñ ó÷åòîì ÍÐ ïîïðàâêè, âîçíè-

êàþùåé çà ñ÷åò áëèçêîãî óðîâíÿ 4pF=1
3/2 [22,59]. Äëÿ ýòîãî ïîëîæèì âî âñåõ âûðàæåíèÿõ nili = 2s,

ji = 1/2, Fi = 0, nl = 4p, j = 1/2, F = 1, j′ = 3/2, F ′ = 1 (èíûå F ′ çàïðåùåíû ïðàâèëà-
ìè îòáîðà). Ðåçóëüòàòû âû÷èñëåíèé ÍÐ ê ïîïðàâîê ïðîöåññó ðàññåÿíèÿ ôîòîíà ñ ïåðåõîäàìè
2sF=0

1/2 → 4pF=1
1/2 (4pF=1

3/2 )→ f äëÿ ñëó÷àÿ ôèêñèðîâàííîãî êîíå÷íîãî ñîñòîÿíèÿ ïðåäñòàâëåíû â Òàá-
ëèöå 1.

Òàáëèöà 1: ÍÐ ïîïðàâêè â êÃö ê ÷àñòîòå ïåðåõîäà 2sF=0
1/2 → 4pF=1

1/2 ñ ó÷åòîì áëèçêî ëåæàùåãî

óðîâíÿ 4pF=1
3/2 äëÿ ñëó÷àÿ ôèêñèðîâàííîãî êîíå÷íîãî ñîñòîÿíèÿ.

Final state δ
(1,2)
NR

1sF=0
1/2 61.2355

1sF=1
1/2 -30.6178

2sF=0
1/2 61.2357

2sF=1
1/2 -30.6178

3sF=0
1/2 61.2362

3sF=1
1/2 -30.6181

3dF=1
3/2 30.6174

3dF=2
3/2 6.1236

Äëÿ âû÷èñëåíèÿ ÍÐ ïîïðàâîê â ñîîòâåòñòâèè ñ âûðàæåíèÿìè (54), (55) è (56) áûëè èñïîëüçî-
âàíû òåîðåòè÷åñêèå çíà÷åíèÿ ýíåðãèé óðîâíåé, äàííûå â [71], ãäå ó÷òåíû ðåëÿòèâèñòñêèå è ÊÝÄ
ïîïðàâêè, à òàêæå ïîïðàâêè íà êîíå÷íûé ðàçìåð ÿäðà è ñâåðõòîíêóþ ñòðóêòóðó óðîâíåé. Çíà-
÷åíèå øèðèíû óðîâíåé Γ = Γ4pF=1

1/2
= 1.2941 × 107 Ãö ñ÷èòàåòñÿ ðàâíûì äëÿ îáîèõ ïîäóðîâíåé, à

ýíåðãèÿ òîíêîãî ðàñùåïëåíèÿ ∆ = E4pF=1
3/2
− E4pF=1

1/2
= 1367433.30(28) êÃö [71]. Äàííûå çíà÷åíèÿ

äàþò ðåçóëüòàò äëÿ δNR ñ òî÷íîñòüþ âïëîòü äî ÷åòâåðòîãî çíàêà ïîñëå çàïÿòîé. Ïàðàìåòð ìà-
ëîñòè Γ/∆ â äàííîì ñëó÷àå ðàâíÿåòñÿ 0.00946, ÷òî îïðàâäûâàåò ðàçëîæåíèå ïî åãî ñòåïåíÿì ñ
õîðîøåé òî÷íîñòüþ. Äëÿ ñëó÷àÿ ôèêñèðîâàííîãî êîíå÷íîãî ñîñòîÿíèÿ ÍÐ ïîïðàâêè îêàçûâàþòñÿ
â áîëüøîé ñòåïåíè çàâèñèìûìè îò ìåòîäà äåòåêòèðîâàíèÿ ÷àñòîòû ïåðåõîäà, òî åñòü îò âûáîðà
ñîñòîÿíèÿ, â êîòîðîå ðàñïàäàåòñÿ âîçáóæäåííîå ñîñòîÿíèå 4pF=1

1/2 .
Â ñëó÷àå, êîãäà ñâåðõòîíêàÿ ñòðóêòóðà êîíå÷íîãî ñîñòîÿíèÿ ðàçðåøèìà, çíà÷åíèÿ ÍÐ ïîïðàâîê

ðàçëè÷íû òîëüêî äëÿ êîíå÷íûõ ñîñòîÿíèé ñ ðàçíûì ïîëíûì óãëîâûì ìîìåíòîì Ff . Ýòî ìîæíî
óâèäåòü èç îáùèõ âûðàæåíèé äëÿ ÍÐ ïîïðàâîê (54), (55), (56), ãëÿäÿ íà ñîîòâåòñòâóþùèå 6j-
ñèìâîëû. Òàêèì îáðàçîì, äëÿ ÷àñòîòû ïåðåõîäà 2sF=0

1/2 → 4pF=1
1/2 , ìîæíî ïîëó÷èòü òðè ðàçëè÷íûõ

çíà÷åíèÿ ω
max (1,2)
res , ñîîòâåòñòâóþùèõ Ff = 0, 1, 2 (ðàçðåøåííûå ïðàâèëàìè îòáîðà êîíå÷íûå ñî-

ñòîÿíèÿ: nfs
F=0
1/2 è nfs

F=1
1/2 , ãäå nf = 1, 2, 3, à òàêæå ñîñòîÿíèÿ 3dF=1

3/2 è 3dF=2
3/2 ), äëÿ îáîèõ òèïîâ

ýêñïåðèìåíòîâ, èñïîëüçóÿ ω0 èç [71] è ÍÐ ïîïðàâêè èç Òàáëèöû 1:

Ff = 0 ωmax (1,2)
res = 616520152497.3(4) kHz (57)

Ff = 1 ωmax (1,2)
res = 616520152527.9(4) kHz

Ff = 2 ωmax (1,2)
res = 616520152552.4(4) kHz
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Äàííûå çíà÷åíèÿ îòëè÷àþòñÿ äðóã îò äðóãà áîëåå ÷åì íà 50 êÃö (ïîãðåøíîñòè äëÿ ω0 âçÿòû
èç [71]), à óêàçàííàÿ â [22] ïîãðåøíîñòü ñîñòàâëÿåò 3 êÃö. Òåì íå ìåíåå, âñå ýòè çíà÷åíèÿ (57)
èìåþò îäèíàêîâîå ïðàâî áûòü ïðèíÿòûìè êàê "÷àñòîòà ïåðåõîäà 2sF=0

1/2 − 4pF=1
1/2 ". Åñëè â ïðîöåññå

èçìåðåíèÿ ÷àñòîòû äåòåêòèðóåòñÿ òîëüêî íàëè÷èå èçëó÷åííîãî ôîòîíà, áåç ôèêñèðîâàíèÿ åãî
÷àñòîòû, òî íåîáõîäèìî ïðîâåñòè ñóììèðîâàíèå ïî âñåì âîçìîæíûì êîíå÷íûì ñîñòîÿíèÿì. Â
ðàññìàòðèâàåìîì ñëó÷àå, ýòî ñóììèðîâàíèå âûãëÿäèò ñëåäóþùèì îáðàçîì

δ
(1,2)
NR =

∑
nf lf jfFf

f
(1,2)
nr∑

nf lf jfFf

f
(1,2)
res

Γ2

4∆
. (58)

Òåïåðü ÍÐ ïîïðàâêà ñòàíîâèòñÿ çàâèñèìîé îò òèïà ýêñïåðèìåíòà è óãëîì ìåæäó âåêòîðàìè
nk1 , nk2 â ýêñïåðèìåíòàõ ïåðâîãî òèïà è ìåæäó âåêòîðàìè e1, nk2 â ýêñïåðèìåíòàõ âòîðîãî òèïà.
Ðåçóëüòàòû äëÿ ÍÐ ïîïðàâêè ê ÷àñòîòå ïåðåõîäà 2sF=0

1/2 → 4pF=1
1/2 ïðåäñòàâëåíû íà Ðèñ. 3.

Ðèñ. 3: ÍÐ ïîïðàâêè ê ÷àñòîòå ïåðåõîäà 2sF=0
1/2 → 4pF=1

1/2 êàê ôóíêöèÿ óãëà ìåæäó âåêòîðàìè nk1 ,

nk2 äëÿ ýêñïåðèìåíòîâ ïåðâîãî òèïà (ñïëîøíàÿ ëèíèÿ) è êàê ôóíêöèÿ îò óãëà ìåæäó âåêòîðàìè
e1, nk2 â ýêñïåðèìåíòàõ âòîðîãî òèïà (ïóíêòèðíàÿ ëèíèÿ) â ñîîòâåòñòâèè ñ âûðàæåíèåì (58).
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Â ñîîòâåòñòâèè ñ Ðèñ.3, ÍÐ ïîïðàâêè îáíóëÿþòñÿ ïðè îïðåäåëåííûõ çíà÷åíèÿõ óãëîâ θ1 = 54.7◦

è θ2 = 125.3◦, îäèíàêîâûõ äëÿ îáîèõ òèïîâ ýêñïåðèìåíòîâ. Ýòè óãëû íîñÿò íàçâàíèå "ìàãè÷åñêèõ"
è âîçíèêàþò êàê êîðíè óðàâíåíèÿ 1 + 3 cos 2θ = 0, ê ëåâîé ÷àñòè êîòîðîãî â èòîãå ñâîäèòñÿ çàâè-
ñèìîñòü ÍÐ ïîïðàâîê îò ãåîìåòðèè ýêñïåðèìåíòà, ñì. ïîäðîáíåå [59]. Çäåñü θ - óãîë, ôèãóðèðó-
þùèé íà Ðèñ.3. "Ìàãè÷åñêèå óãëû" ìîæíî ñâÿçàòü ñ êîðíÿìè ïîëèíîìà Ëåæàíäðà ñëåäóþùèì
îáðàçîì: P2(cos θ) = 1

4
(1 + 3 cos 2θ), ãäå P2 � ïîëèíîì Ëåæàíäðà. Âîçìîæíîå èñïîëüçîâàíèå "ìà-

ãè÷åñêèõ óãëîâ" ïðè îïðåäåëåíèè ÷àñòîò ïåðåõîäîâ â àòîìàõ îáñóæäàëîñü â [26,71]. Êàê ñêàçàíî
â [26], ñïîñîá îïðåäåëåíèÿ ÷àñòîòû ïåðåõîäà íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ ðàáîòû [22],
ýêâèâàëåíòåí èñïîëüçîâàíèþ "ìàãè÷åñêèõ óãëîâ".
Íåäàâíî ðàñ÷åò ÷àñòîò ïåðåõîäîâ â àòîìàõ ñ èñïîëüçîâàíèåì "ìàãè÷åñêèõ óãëîâ" áûë ïðåäñòàâ-

ëåí â [32]. Çíà÷åíèÿ "ìàãè÷åñêèõ óãëîâ"â [32] ñîâïàäàþò ñ óêàçíûìè âûøå äëÿ ñîîòâåòñòâóþùèõ
ïåðåõîäîâ. Âû÷èñëåíèå ÷àñòîòû ïåðåõîäà 2sF=0

1/2 − 4pF=1
1/2 ñ èñïîëüçîâàíèåì âûðàæåíèÿ (58) äëÿ

"ìàãè÷åñêèõ óãëîâ" ñ òåîðåòè÷åñêèìè çíà÷åíèÿì ω0, Γ è ∆ èç [71] äàåò

ωmax (1,2)
res = 616520152558.5(4) kHz. (59)

Ïîäîáíûå âû÷èñëåíèÿ äëÿ ÷àñòîòû ïåðåõîäà 2sF=0
1/2 − 4pF=1

3/2 äàþò

ωmax (1,2)
res = 616521519991.8(4) kHz. (60)
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4.3 Ïðèëîæåíèå ê ñïåêòðîñêîïèè ìþîííîãî âîäîðîäà

Ñëåäóÿ àíàëèçó, äàííîìó â ðàçäåëàõ 4.1 è 4.2, ðàññìîòðèì ýôôåêò êâàíòîâîé èíòåðôåðåíöèè äëÿ
ñëó÷àÿ îäíî-ôîòîííîé ôëóîðåñöåíòíîé ñïåêòðîñêîïèè ìþîííîãî âîäîðîäà íà ïðèìåðå ïåðåõîäà
2sFi=0, 1

1/2 → 2pFrjr . ÍÐ ïîïðàâêè â äàííîì ñëó÷àå âîçíèêàþò çà ñ÷åò èíòåðôåðåíöèè ìåæäó ïåðåõîäà-

ìè íà 2pFrjr ïîäóðîâíè òîíêîé è ñâåðõòîíêîé ñòðóêòóðû, òî åñòü ìåæäó ïåðåõîäàìè 2sFi=0, 1
1/2 → 2pFrjr

è 2sFi=0, 1
1/2 → 2p

Fr′
jr′

(jr′Fr′ 6= jrFr) ñ ó÷åòîì ýëåêòðè÷åñêèõ äèïîëüíûõ ïðàâèë îòáîðà. Ðàññìàòðè-
âàåìûé ôèçè÷åñêèé ïðîöåññ ñîîòâåòñòâóåò îäíî-ôîòîííîìó ðàññåÿíèþ, îïèñàííîìó â ðàçäåëå 2.1.
Ñâåðõòîíêèå ïîäóðîâíè ìþîííîãî âîäîðîäà ðàçäåëåíû èíòåðâàëàìè â íåñêîëüêî ÃÃö [72�74] è
èìåþò øèðèíû â íåñêîëüêî äåñÿòêîâ ÃÃö [75]. Â ÷àñòíîñòè, åñòåñòâåííûå øèðèíû òîíêèõ è ñâåðõ-
òîíêèõ ïîäóðîâíåé 2p ïðèìåðíî ðàâíû: Γ2pF=1

3/2
≈ Γ2pF=1

1/2
≈ Γ2pF=2

3/2
≈ Γ2pF=0

1/2
= 116.49 × 109 ñ−1 èëè

18.54 ÃÃö. Èñïîëüçîâàííûå çíà÷åíèÿ ýíåðãèé àòîìíûõ ñîñòîÿíèé ìþîííîãî âîäîðîäà ïðèâåäåíû
â Òàáëèöå 2.

Òàáëèöà 2: Ýíåðãèè àòîìíûõ ñîñòîÿíèé ìþîííîãî âîäîðîäà â ìýÂ è Ãö. Âñå çíà÷åíèÿ âçÿòû èç [75].

Ñîñòîÿíèå ìýÂ Ãö
1sF=0

1/2 −2047.75 −4.95144× 1014

1sF=1
1/2 −1865.3 −4.51028× 1014

2sF=0
1/2 −244.37 −5.90804× 1013

2sF=1
1/2 −221.532 −5.35662× 1013

2pF=0
1/2 −30.9524 −7.48426× 1012

2pF=1
1/2 −23.3505 −5.64613× 1012

2pF=1
3/2 −18.7182 −4.52604× 1012

2pF=2
3/2 −15.6775 −3.7908× 1012

Îñíîâûâàÿñü íà ðåçóëüòàòàõ ïðåäûäóùåãî ðàçäåëà, ñîñðåäîòî÷èìñÿ íà êîíêðåòíîé ãåîìåòðèè
ýêñïåðèìåíòà, ïðè êîòîðîé âåêòîð ïîëÿðèçàöèè íàëåòàþùåãî ôîòîíà e1 ôèêñèðîâàí. Òîãäà ÍÐ
ïîïðàâêè ìîãóò èìåòü çàâèñèìîñòü îò óãëà θ ìåæäó âåêòîðîì e1 è âåêòîðîì íàïðàâëåíèÿ ðàñïðî-
ñòðàíåíèÿ ðàññåÿííîãî ôîòîíà nk2 . Â Òàáëèöå 3 ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòà ÍÐ ïîïðàâîê äëÿ
÷àñòîò ïåðåõîäîâ 2sFi=0, 1

1/2 → 2pFrjr â ìþîííîì âîäîðîäå (µH) äëÿ ðàçëè÷íûõ êîíå÷íûõ ñîñòîÿíèé

è óãëîâ θ = 0, π/2.
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Òàáëèöà 3: Ïàðöèàëüíûå âêëàäû δNR(i − r[r′]) â ðåçóëüòèðóþùèå ÍÐ ïîïðàâêè ê ñèíãëåòíîé
(Fi = 0) è òðèïëåòíîé (Fi = 1) ÷àñòîòàì ïåðåõîäîâ i → r â ìþîííîì âîäîðîäå, âîçíèêàþùèå
çà ñ÷åò èíòåðôåðåíöèè ñ ïåðåõîäîì i → r′. Óãîë ìåæäó âåêòîðàìè ïîëÿðèçàöèè íàëåòàþùå-
ãî ôîòîíà è íàïðàâëåíèåì ðàñïðîñòðàíåíèÿ ðàññåÿííîãî ôîòîíà, îáîçíà÷åííûé θ, ñîîòâåòñòâóåò
ýêñïåðèìåíòàì âòîðîãî òèïà â ñîîòâåòñòâèè ñ àíàëèçîì, ïðîâåäåííûì â ðàçäåëå 4.1; ýíåðãèÿ ðàñ-
ùåïëåíèÿ êîìïîíåíò óðîâíÿ ∆ ≡ Enrlrjr′Fr′ −EnrlrjrFr . Ðåçóëüòàòû ðàñ÷åòà ïðåäñòàâëåíû äëÿ äâóõ
ñëó÷àåâ: 1) êîíå÷íûå ñîñòîÿíèÿ ïîëàãàþòñÿ çàôèêñèðîâàííûìè; 2) ïðîâåäåíî ñóììèðîâàíèå ïî
âñåì ðàçðåøåííûì êîíå÷íûì ñîñòîÿíèÿì. Ñëó÷àè, íåçàâèñèìûå îò ãåîìåòðèè, ïðèâåäåíû áåç óêà-
çàíèå êîíêðåòíîãî çíà÷åíèÿ óãëà θ.

i r r′ f ∆, Ãö δNR(i− r[r′]), Ãö δNR(i− r[r′]), ìýÂ
2sF=0

1/2 2pF=1
3/2 2pF=1

1/2 1sF=0
1/2 −1.12009× 1012 −3.71× 107 −1.53× 10−4

− − − 1sF=1
1/2 7.41× 107 3.06× 10−4

− − − 2sF=0
1/2 −3.60× 107 −1.49× 10−4

− − − 2sF=1
1/2 7.18× 107 2.97× 10−4

− − −
∑
n=1,2
F=0,1

nsF1/2 è θ = 0 7.40× 107 3.06× 10−4

− − −
∑
n=1,2
F=0,1

nsF1/2 è θ = π
2

−1.94× 107 −8.02× 10−5

2sF=1
1/2 2pF=2

3/2 2pF=1
3/2 1sF=1

1/2 è θ = 0 −7.35238× 1011 2.63× 107 1.09× 10−4

− − − 1sF=1
1/2 è θ = π

2
−7.28× 106 −3.01× 10−5

− − − 2sF=1
1/2 è θ = 0 2.58× 107 1.07× 10−4

− − − 2sF=1
1/2 è θ = π

2
−7.13× 107 −2.95× 10−4

− − −
∑
n=1,2

nsF=1
1/2 è θ = 0 2.63× 107 1.09× 10−4

− − −
∑
n=1,2

nsF=1
1/2 è θ = π

2
−7.27× 106 −3.01× 10−5

2sF=1
1/2 2pF=2

3/2 2pF=1
1/2 1sF=1

1/2 è θ = 0 −1.85532× 1012 2.01× 107 8.31× 10−5

− − − 1sF=1
1/2 è θ = π

2
−5.55× 106 −2.29× 10−5

− − − 2sF=1
1/2 è θ = 0 1.91× 107 7.90× 10−5

− − − 2sF=1
1/2 è θ = π

2
−5.28× 106 2.18× 10−5

− − −
∑
n=1,2

nsF=1
1/2 è θ = 0 2.00× 107 8.27× 10−5

− − −
∑
n=1,2

nsF=1
1/2 è θ = π

2
−5.54× 106 2.29× 10−5

2sF=1
1/2 2pF=2

3/2 2pF=0
1/2 1sF=1

1/2 è θ = 0 −3.69345× 1012 6.30× 106 2.61× 10−5

− − − 1sF=1
1/2 è θ = π

2
−1.74× 106 −7.20× 10−6

− − − 2sF=1
1/2 è θ = 0 5.68× 106 2.35× 10−5

− − − 2sF=1
1/2 è θ = π

2
−1.57× 106 −6.49× 10−6

− − −
∑
n=1,2

nsF=1
1/2 è θ = 0 6.28× 106 2.60× 10−5

− − −
∑
n=1,2

nsF=1
1/2 è θ = π

2
−1.73× 106 −7.15× 10−6

Äëÿ ñëó÷àÿ ìþîííîãî âîäîðîäà ýôôåêò êâàíòîâîé èíòåðôåðåíöèè èãðàåò íåñóùåñòâåííóþ ðîëü
è íå ìîæåò áûòü îòâåòñòâåííûì çà "çàãàäêó ðàäèóñà ïðîòîíà" [31]. Òåì íå ìåíåå, äàííûå ýôôåê-
òû òðåáóþò ñèñòåìàòè÷åñêîãî è àêêóðàòíîãî ó÷åòà, ïîñêîëüêó èìåþò âåëè÷èíó, áëèçêóþ ê ÊÝÄ
ïîïðàâêàì øåñòîãî ïîðÿäêà [76], è, ïîýòîìó, ìîãóò èãðàòü çàìåòíóþ ðîëü ïðè ðàñ÷åòå çíà÷åíèé
ôóíäàìåíòàëüíûõ ôèçè÷åñêèõ êîíñòàíò.
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4.4 Ïðèëîæåíèå ê ñïåêòðîñêîïèè èçîòîïà ãåëèÿ-3

Èíòåðåñ ðàññìîòðåíèÿ äâóõ-ýëåêòðîííîé ñèñòåìû 3He, êàê è ãåëèÿ-4, ñîñòîèò â âû÷èñëåíèè ñðåäíå-
êâàäðàòè÷íîãî çàðÿäîâîãî ðàäèóñà, äëÿ çíà÷åíèé êîòîðîãî íà äàííûé ìîìåíò èìååòñÿ ðàñõîæäå-
íèå ìåæäó òåîðèåé è ýêñïåðèìåíòîì, ñì. ê ïðèìåðó [77�79]. Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ
ÍÐ ýôôåêòû â ïðèëîæåíèè ê ýêñïåðèìåíòó [77], ãäå áûëè èçó÷åíû ïåðåõîäû ìåæäó ðàçëè÷íûìè
ñâåðõòîíêèìè ïîäóðîâíÿìè.
Èçìåðåíèå [77] ÷àñòîòû ïåðåõîäà 23S− 23P ïðîâîäèëîñü ìåòîäàìè ôëóîðåñöåíòíîé ñïåêòðîñêî-

ïèè. Ñëåäóÿ äàííîé ðàáîòå, îáîçíà÷èì ýíåðãåòè÷åñêèå óðîâíè èçîòîïà ãåëèÿ êàê nκLFJ , ãäå n åñòü
ãëàâíîå êâàíòîâîå ÷èñëî, à κ = 2S+1 � ìóëüòèïëåòíîñòü óðîâíÿ (S îáîçíà÷àåò ïîëíûé ñïèí ýëåê-
òðîíîâ), L � ïîëíûé îðáèòàëüíûé ìîìåíò ýëåêòðîíîâ, J � ïîëíûé óãëîâîé ìîìåíò ýëåêòðîíîâ è
F åñòü ïîëíûé óãëîâîé ìîìåíò àòîìà (F = J + I, ãäå I åñòü ñïèí ÿäðà, â ñëó÷àå ãåëèÿ-3 ðàâíûé
1/2). Äëÿ ïåðåõîäà 23S−23P , êâàíòîâàÿ èíòåðôåðåíöèÿ âîçíèêàåò èç-çà íàëè÷èÿ áëèçêèõ ýëåêòðè-
÷åñêèõ äèïîëüíûõ ïåðåõîäîâ èç ñîñòîÿíèÿ 23S â òîíêèå è ñâåðõòîíêèå ïîäóðîâíè 23P ñîñòîÿíèÿ.
Ïîñêîëüêó â ýêñïåðèìåíòå [77] èçó÷àëèñü òîëüêî îäíî-ýëåêòðîííûå âîçáóæäåíèÿ, â äàííîì ñëó÷àå
îïðàâäàííûì ÿâëÿåòñÿ èñïîëüçîâàíèå âûðàæåíèé (54), (55) è (56) äëÿ âû÷èñëåíèÿ ÍÐ ïîïðàâîê ê
÷àñòîòàì ïåðåõîäîâ i→ r â 3He. Áóäåì äàëåå ïîëàãàòü, ÷òî â äîïîëíåíèå ê îñíîâíîìó êàíàëó âîç-
áóæäåíèÿ, èíòåðôåðåíöèÿ ñ ïåðåõîäîì i→ r′ (r′ 6= r) ðàçðåøåíà ïðàâèëàìè îòáîðà ýëåêòðè÷åñêèõ
äèïîëüíûõ ïåðåõîäîâ. Òîãäà, ðåçóëüòèðóþùàÿ ÍÐ ïîïðàâêà áóäåò îïðåäåëåíà âûðàæåíèåì

δNR(23SFi1 − 23P Fr
Jr

) =
∑

Jr′Fr′ 6=JrFr

δNR(23SFi1 − 23P Fr
Jr

[23P
Fr′
Jr′

]), (61)

ãäå δNR(23SFi1 −23P Fr
Jr

[23P
Fr′
Jr′

]) îçíà÷àåò ïàðöèàëüíûé âêëàä âñëåäñòâèå èíòåðôåðåíöèè îäíî-ôîòîí-
íûõ ïåðåõîäîâ ìåæäó ïîäóðîâíÿìè JrFr è Jr′Fr′ .
Äëÿ ðàñ÷åòà ÍÐ ïîïðàâîê èñïîëüçóåì ýíåðãèè 3He èç [80] è åñòåñòâåííûå øèðèíû óðîâíåé,

ðàññ÷èòàííûå íà îñíîâå äàííûõ The NIST Atomic Spectra Database 1, ñì. ñîîòâåòñòâóþùèå äàííûå
â Òàáëèöå 4.

Óðîâåíü Ýíåðãèÿ, ÌÃö Åñòåñòâåííàÿ øèðèíà, Ãö

23P
F=1/2
0 5068832675.730 1625926.899

23P
F=1/2
1 5068804582.860

1626002.179
23P

F=3/2
1 5068800070.670

23P
F=3/2
2 5068805250.892

1625932.103
23P

F=5/2
2 5068798289.789

Òàáëèöà 4: Ýíåðãèè â ÌÃö è åñòåñòâåííûå øèðèíû â Ãö äëÿ èíòåðåñóþùèõ ñîñòîÿíèé 3He.

Îãðàíè÷èâàÿñü ýêñïåðèìåíòàìè âòîðîãî òèïà, ñì. ðàçäåë 4.2, íèæå ìû ðàññìîòðèì âñå ïåðåõî-
äû 23S − 23P è âû÷èñëèì ñîîòâåòñòâóþùèå ÍÐ ïîïðàâêè, èñïîëüçóÿ ôîðìóëû (54), (55) è (56).
Êîíå÷íûé ðåçóëüòàò ïðåäñòàâëåí â âèäå ãðàôèêîâ íà Ðèñ. 4.

1https://www.nist.gov/pml/atomic-spectra-database
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Ðèñ. 4: ÍÐ ïîïðàâêè â êÃö äëÿ ïåðåõîäîâ (ñì. ëåãåíäó), ÷àñòîòû êîòîðûõ èçìåðÿëèñü â ýêñïåðè-
ìåíòå [77], êàê ôóíêöèè óãëà ìåæäó âåêòîðàìè ïîëÿðèçàöèè ïîãëîùåííîãî (íàëåòàþùåãî) ôîòîíà
è íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ èçëó÷åííîãî (ðàññåÿííîãî) ôîòîíà, e1, nk2 . Ãðàôèêè, ñîîòâåò-

ñòâóþùèå ïåðåõîäàì 23S
3/2
1 → 23P

1/2
0 è 23S

1/2
1 → 23P

1/2
0 îïóùåíû, ïîñêîëüêó ñîîòâåòñòâóþùèå ÍÐ

ïîïðàâêè ïðåíåáðåæèìî ìàëû.

0 50 100 150

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

�

,
k
H
z

θ, °

NR(23S1
3/2 - 23P2

5/2), kHz

NR(23S1
3/2 - 23P1

3/2), kHz

NR(23S1
3/2 - 23P1

1/2), kHz

NR(23S1
1/2 - 23P1

1/2), kHz

NR(23S1
1/2 - 23P2

3/2), kHz

Â ýêñïåðèìåíòå íàáëþäàëèñü äâà ïåðåõîäà, 23S
F=3/2
1 → 23P

F=1/2
0 è 23S

F=1/2
1 → 23P

1/2
0 , äëÿ êî-

òîðûõ ÍÐ ïîïðàâêè ïðåíåáðåæèìî ìàëû, ïîýòîìó ñîîòâåòñòâóþùèå ãðàôèêè îïóùåíû. Êàê è â
ñëó÷àÿõ ÍÐ ïîïðàâîê ê ÷àñòîòàì ïåðåõîäîâ â eH è µH, ðàññìîòðåííûõ âûøå, êîãäà â ýêñïåðèìåí-
òå ôèêñèðóþòñÿ âñå êàíàëû ðàñïàäà âîçáóæäåííîãî ñòîÿíèÿ, çäåñü ÍÐ ïîïðàâêè òàêæå ïðîïîð-
öèîíàëüíû ôàêòîðó 1 + 3 cos 2θ, ïîýòîìó èìåþò ìåñòî "ìàãè÷åñêèå óãëû". Ñðàâíèâàÿ âåëè÷èíû
ÍÐ ïîïðàâîê, èçîáðàæåííûõ íà Ðèñ. 4, ñ âåëè÷èíîé Çååìàíîâñêîãî ñäâèãà è ñîîòâåòñòâóþùèìè
ïîãðåøíîñòÿìè (0.5 è 2 êÃö, ñîîòâåòñòâåííî) ñì. [77], ìîæíî çàìåòèòü, ÷òî ÍÐ ïîïðàâêè ñðàâ-

íèìû ñ ýòèìè âåëè÷èíàìè è äàæå ìîãóò áûòü áîëüøå â ñëó÷àå ïåðåõîäîâ 23S
1/2
1 → 23P

F=1/2
1 è

23S
F=1/2
1 → 23P

F=3/2
2 .

Èñïîëüçóÿ çíà÷åíèÿ ýíåðãèé òîíêèõ è ñâåðõòîíêèõ ïîäóðîâíåé 23S è 23P ñîñòîÿíèé, ìîæíî
ðàññ÷èòàòü òàê íàçûâàåìûé öåíòðîèä ýíåðãèè, èñïîëüçóÿ ôîðìóëó [77]:

E (nκL) =

∑
J(2J + 1)E (nκLJ)

(2S + 1) (2L+ 1)
=

∑
J,F (2F + 1)E

(
nκLFJ

)
(2I + 1) (2S + 1) (2L+ 1)

. (62)

Òîãäà, â ñîîòâåòñòâèè ñ âûðàæåíèåì (62) äëÿ öåíòðîèäà ÷àñòîòû ïåðåõîäà 23P − 23S, íàõîäèì

E
3He
centr ≡ E

(
23P

)
− E

(
23S
)

=
1

6

{
1

3

[
ω
(

23P
F=1/2
1 − 23S

F=1/2
1

)
+ ω

(
23P

F=1/2
0 − 23S

1/2
1

)
+ (63)

+ω
(

23P
F=1/2
1 − 23S

F=3/2
1

)
+ ω

(
23P

F=1/2
0 − 23S

F=3/2
1

) ]
+

+
4

3

[
ω
(

23P
F=3/2
2 − 23S

F=1/2
1

)
+ ω

(
23P

F=3/2
1 − 23S

F=3/2
1

) ]
+ 2ω

(
23P

F=5/2
2 − 23S

F=3/2
1

)}
=

= 276 702 827 204 .8 kHz,

ãäå ω
(
23P Fr

Jr
− 23SFiJi

)
åñòü ÷àñòîòà ïåðåõîäà 23P Fr

Jr
→ 23SFiJi , èçìåðåííàÿ â ýêñïåðèìåíòå.

Ïîëàãàÿ, ÷òî êàæäûé èç ïåðåõîäîâ â âûðàæåíèè (63) âêëþ÷àåò â ñåáÿ ñâîþ ÍÐ ïîïðàâêó, ìû
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ìîæåì ó÷åñòü ÍÐ ïîïðàâêó è äëÿ öåíòðîèäà ýíåðãèé, âû÷èñëèâ ñëåäóþùóþ âåëè÷èíó:

δ
(i)
centr ≡

1

6

{
1

3

[
δNR

(
23P

F=1/2
1 − 23S

F=1/2
1

)
+ δNR

(
23P

F=1/2
0 − 23S

F=1/2
1

)
(64)

+δNR

(
23P

F=1/2
1 − 23S

F=3/2
1

)
+ δNR

(
23P

F=1/2
0 − 23S

F=3/2
1

) ]
+

4

3

[
δNR

(
23P

F=3/2
2 − 23S

F=1/2
1

)
+ δNR

(
23P

F=3/2
1 − 23S

F=3/2
1

) ]
+ 2δNR

(
23P

F=5/2
2 − 23S

F=3/2
1

)}
.

Âûðàæåíèå (64), êàê è ñîîòâåòñòâóþùèå ïàðöèàëüíûå ÍÐ ïîïðàâêè (61), îáíóëÿåòñÿ ïðè "ìà-
ãè÷åñêèõ óãëàõ". Íåñìîòðÿ íà òî, ÷òî äàííàÿ âåëè÷èíà ìåíüøå, ÷åì âñå ðåëÿòèâèñòñêèå è ÊÝÄ
ïîïðàâêè, îíà áëèçêà ê êÃö è ê âåëè÷èíå ïîïðàâêè íà ïîëÿðèçóåìîñòü ÿäðà (−1.1 êÃö äëÿ öåíò-
ðîèäà 23P − 23S, ñì. [77]). Âàæíî îòìåòèòü, ÷òî âåëè÷èíà ÍÐ ïîïðàâêè ìîæåò çàâèñåòü îò ýêñïå-
ðèìåíòàëüíûõ ïàðàìåòðîâ, òàêèõ êàê äàâëåíèå è èçëó÷åíèå àáñîëþòíî ÷åðíîãî òåëà, ñì. ðàçäåëû
5.3 è 5.4, ñîîòâåòñòâåííî.

5 Äâóõ-ôîòîííàÿ ñïåêòðîñêîïèÿ âîäîðîäà è ãåëèÿ

Ñëåäóÿ àíàëèçó ÍÐ ýôôåêòîâ äëÿ ñëó÷àÿ îäíî-ôîòîííîé ñïåêòðîñêîïèè, ïðîâåäåííîìó â ðàçäå-
ëå 4, ñîñðåäîòî÷èìñÿ òåïåðü íà êâàíòîâîé èíòåðôåðåíöèè, âîçíèêàþùåé ïðè èçìåðåíèè ÷àñòîò
äâóõ-ôîòîííûõ ïåðåõîäîâ 2s → ns/nd (ãëàâíîå êâàíòîâîå ÷èñëî n = 4, 6, 8, 12). Â ñîîòâåòñòâó-
þùèõ ýêñïåðèìåíòàõ àòîì âîäîðîäà ïîäãîòàâëèâàåòñÿ â àòîìàðíîì ïó÷êå â ñîñòîÿíèè 2sF=1

1/2 è

âîçáóæäàåòñÿ â ñîñòîÿíèå nsF=1
1/2 èëè ndF=2

3/2 âñëåäñòâèå ïîãëîùåíèÿ äâóõ ïîëÿðèçîâàííûõ ôîòîíîâ
ëàçåðíîãî èçëó÷åíèÿ, ðàñïðîñòðàíÿþùèõñÿ â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ. Äåòåêòèðîâàíèå
òîãî, ÷òî ÷àñòü àòîìîâ îêàçàëàñü â âîçáóæäåííîì ñîñòîÿíèè ns/nd, ìîæåò áûòü ïðîèçâåäåíî äâó-
ìÿ ñïîñîáàìè: ñ ïîìîùüþ ôëóîðåñöåíöèè (ò.å. äîìèíèðóþùåãî ðàñïàäà â 2p ñîñòîÿíèå) [81] èëè
ñ ïîìîùüþ óìåíüøåíèÿ ñèãíàëà îò ìåòàñòàáèëüíîãî 2s ñîñòîÿíèÿ [82, 83]. Â îáîèõ ñëó÷àÿõ èí-
òåðôåðåíöèÿ âîçíèêàåò ìåæäó ðàçëè÷íûìè ïîäóðîâíÿìè ndF=2

3/2 è ndF=2
5/2 , è âåäåò ê àñèììåòðèè

êîíòóðà ëèíèè. Â [81] áûëî ïîêàçàíî, ÷òî äåòåêòèðîâàíèå âîçáóæäåíèÿ â ñîñòîÿíèå ns/nd ìåòîäîì
ôëóîðåñöåíöèè ïîòåíöèàëüíî èìååò áîëüøóþ òî÷íîñòü, ÷åì â ýêñïåðèìåíòàõ, â êîòîðûõ ñëåäÿò
çà çàñåëåííîñòüþ ìåòàñòàáèëüíîãî íà÷àëüíîãî ñîñòîÿíèÿ [84,85]. Ïîñëåäíåå îáúÿñíÿåòñÿ òåì ôàê-
òîì, ÷òî àòîìû â 2s ñîñòîÿíèè äàþò ñèëüíûé øóì. Íåäàâíî â ðàáîòå [86] áûëî ïîêàçàíî, ÷òî
ÍÐ ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ 2sF=1

1/2 − ndF=2
3/2(5/2), èçìåðÿåìûõ â ýêñïåðèìåíòàõ òèïà [84, 85],

äîñòèãàþò íåñêîëüêèõ êÃö, ÷òî äåëàåò èõ âàæíûìè äëÿ ðàñ÷åòà çàðÿäîâîãî ðàäèóñà ïðîòîíà rp
è ïîñòîÿííîé Ðèäáåðãà R∞. Äàííûé ðàçäåë ïîñâÿùåí òåîðåòè÷åñêîìó îïèñàíèþ ýêñïåðèìåíòîâ,
îñíîâàííûõ íà ïðîöåññå äâóõ-ôîòîííîãî âîçáóæäåíèÿ.
Â ðàçäåëå 4 áûëî ïîêàçàíî, ÷òî ïðè îïðåäåëåííîé ãåîìåòðèè âëèÿíèå ÍÐ ýôôåêòîâ â îäíî-

ôîòîííîé ñïåêòðîñêîïèè ìîæåò áûòü ñâåäåíî ê íóëþ [13,32,59]. Ðàçâèâàÿ äàííûé ïîäõîä, â ýòîì
ðàçäåëå ïîëó÷èì âûðàæåíèÿ äëÿ ñå÷åíèÿ ðåçîíàíñíîãî äâóõ-ôîòîííîãî ðàññåÿíèÿ íà àòîìå âîäî-
ðîäà ñ ó÷åòîì òîíêîé è ñâåðõòîíêîé ñòðóêòóðû óðîâíåé. Êàê è ðàíåå, äàííûå âûðàæåíèÿ áóäóò
çàâèñåòü îò âåêòîðîâ íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ è ïîëÿðèçàöèè íà÷àëüíûõ (ïîãëîùåííûõ) è
ðàññåÿííîãî (èçëó÷åííîãî) ôîòîíîâ. Òàêèì îáðàçîì, ðàçëè÷íûå êîððåëÿöèè ìåæäó íàïðàâëåíèÿ-
ìè ðàñïðîñòðàíåíèÿ è ïîëÿðèçàöèÿìè ìîãóò áûòü ðàññìîòðåíû â ðàìêàõ òðåõ-ôîòîííîãî ïðîöåññà
ðàññåÿíèÿ (äâà ïîãëîùåííûõ ôîòîíà è îäèí èçëó÷åííûé). Â ðåçóëüòàòå, ïîëó÷èì âûðàæåíèÿ äëÿ
ÍÐ ïîïðàâîê ê ñå÷åíèþ ðàññåÿíèÿ äâóõ-ôîòîííîãî âîçáóæäåíèÿ è ê ÷àñòîòàì äâóõ-ôîòîííûõ
ïåðåõîäîâ 2s− ns/nd.
Â ïîëíîé àíàëîãèè ñ ðåçóëüòàòàìè ðàçäåëà 4, èíòåðåñóþùèé íàñ ïðîöåññ ìîæåò áûòü îïèñàí

äèàãðàììîé Ôåéíìàíà, èçîáðàæåííîé íà Ðèñ.5, ñîîòâåòñòâóþùåé ïðîöåññó äâóõ-ôîòîííîãî ðàñ-
ñåÿíèÿ ñ ïîñëåäóþùèì èçëó÷åíèåì ôîòîíà.

23



Ðèñ. 5: Ïðîöåññ äâóõ-ôîòîííîãî âîçáóæäåíèÿ ñâÿçàííîãî ýëåêòðîíà. Âîëíèñòàÿ ëèíèÿ îáîçíà÷à-
åò ïîãëîùåíèå èëè èçëó÷åíèå ôîòîíà. Äâîéíàÿ ëèíèÿ îáîçíà÷àåò ñâÿçàííûé ýëåêòðîí (êàðòèíà
Ôàððè); ω1, ω2 åñòü ÷àñòîòû ïîãëîùåííûõ ôîòîíîâ, à ω3 åñòü ÷àñòîòà èçëó÷åííîãî ôîòîíà. Èíäåê-
ñû i, n, k, f ñîîòâåòñòâóþò íà÷àëüíîìó, äâóì ïðîìåæóòî÷íûì è êîíå÷íîìó ñîñòîÿíèþ ýëåêòðîíà,
ñîîòâåòñòâåííî. Ïî ïðàâèëàì Ôåéíìàíà íåîáõîäèìî ðàññìîòðåòü åùå ïÿòü äèàãðàìì, ñîîòâåòñòâó-
þùèõ ïåðåñòàíîâêàì ôîòîíîâ, êîòîðûå îïóùåíû äëÿ êðàòêîñòè.

Ñîîòâåòñòâóþùèé ýëåìåíò S-ìàòðèöû çàïèñûâàåòñÿ êàê

S
(3)
fi = (−ie)3

∫
d4x3d

4x2d
4x1ψf (x3)γµ3A

∗
µ3

(x3)S(x3, x2)γµ2Aµ2(x2)S(x2, x1)γµ1Aµ1(x1)ψi(x1), (65)

ñ òåìè æå îáîçíà÷åíèÿìè, ÷òî â ðàçäåëå 2.1. Èíòåãðèðîâàíèå ïî âðåìåíàì â (65) äàåò

S
(3)
fi = −2πi δ(Ef − Ei + ωf − ω1 − ω2)U

(3)
fi , (66)

ãäå àìïëèòóäà U
(3)
fi ïðîöåññà äàåòñÿ âûðàæåíèåì

U
(3)
fi = e3

∑
nk

〈f |αA∗k3,e3
|n〉〈n|αAk2,e2|k〉〈k|αAk1,e1|i〉

(En − Ef − ω3)(Ek − Ei − ω2)
+ (ïåðåñòàíîâêè). (67)

Ïåðåñòàíîâêè â âûðàæåíèè (67) íóæíî ïîíèìàòü êàê âñå âîçìîæíûå ïåðåñòàíîâêè èíäåêñîâ
1, 2, 3, îáîçíà÷àþùèõ ñîîòâåòñòâóþùèå ôîòîíû. Äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ îïðåäå-
ëÿåòñÿ êàê

dσfi
dnk3

= 2πδ(Ef − Ei + ω3 − ω1 − ω2)
∣∣∣U (3)

fi

∣∣∣2 ω2
2ω

2
3

dω2

(2π)3

dω3

(2π)3
. (68)

Çäåñü nk îïðåäåëÿåò òåëåñíûé óãîë â ôàçîâîì ïðîñòðàíñòâå ñîîòâåòñòâóþùåãî ôîòîíà. Èñïîëüçóÿ
íåðåëÿòèâèñòñêèé ïðåäåë è äèïîëüíîå ïðèáëèæåíèå, ìîæíî ïîëó÷èòü (â ôîðìå äëèíû [8])

U
(3)
fi = e3(2π)3/2√ω1ω2ω3

∑
nk

〈f |e∗3r|n〉〈n|e2r|k〉〈k|e1r|i〉
(En − Ef − ω3)(Ek − Ei − ω2)

+ (ïåðåñòàíîâêè). (69)

Íàñ èíòåðåñóåò ñëó÷àé, êîãäà äâà íàëåòàþùèõ ôîòîíà ïîãëîùàþòñÿ ñ ïåðåõîäîì â íåêîòîðîå
ïðîìåæóòî÷íîå ñîñòîÿíèå n, ò.å. ω1+ω2 = En−Ei. Â ðåçîíàíñíîì ïðèáëèæåíèè ýòî ïðîìåæóòî÷íîå
ñîñòîÿíèå âíîñèò äîìèíèðóþùèé âêëàä, è îñòàâøèåñÿ íåðåçîíàíñíûå ÷ëåíû â àìïëèòóäå ðàññå-
ÿíèÿ ìîæíî îïóñòèòü. Òàêîå ïðèáëèæåíèå îïðàâäûâàåòñÿ òåì ôàêòîì, ÷òî ñîîòâåòñòâóþùèå ÍÐ
ïîïðàâêè âûõîäÿò çà ðàìêè òî÷íîñòè ýêñïåðèìåíòîâ [8]. Òîãäà, ïîëàãàÿ, ÷òî ÷àñòîòû íàëåòàþùèõ
ôîòîíîâ ðàâíû, ò.å.

ω1 = ω2 ≡ ω, (70)

ñå÷åíèå ðàññåÿíèÿ (68) ñ íåðåëÿòèâèòñêîé àìïëèòóäîé (69) ìîæíî çàïèñàòü â âèäå:

dσfi
dnk3

=
e6

(2π)5
ω6(Ei + 2ω − Ef )3 × (71)

×

∣∣∣∣∣∑
nk

〈f |e∗3r|n〉
En − Ei − 2ω − i

2
Γn

(
〈n|e2r|k〉〈k|e1r|i〉
En − Ei − ω

+
〈n|e1r|k〉〈k|e2r|i〉
Ek − En + ω

)∣∣∣∣∣
2

,
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ãäå áûëà ïðîâåäåíà ðåãóëÿðèçàöèÿ ðàñõîäÿùåãîñÿ çíàìåíàòåëÿ è èñïîëüçîâàíî ñîîòíîøåíèå 〈a|p|b〉
= i(Ea − Eb)〈a|r|b〉 [7].
×òîáû ïîëó÷èòü ÍÐ ïîïðàâêó ñòàðøåãî ïîðÿäêà èç ñå÷åíèÿ ðàññåÿíèÿ (71), íåîáõîäèìî ðàññìîò-

ðåòü áëèæàéøèå ïî ýíåðãèè ÷ëåíû â ñóììå ïî n, ò.å. â ñëó÷àå äâóõ áëèçêî-ëåæàùèõ ñîñòîÿíèé,
÷ëåíû ñ n = r (äîìèíèðóþùèé ðåçîíàíñíûé âêëàä, ê êîòîðîìó è âû÷èñëÿåòñÿ ÍÐ ïîïðàâêà) è
ñ n = r′ (áëèæàéøèé ê ðåçîíàíñíîìó) [9, 10, 13, 14]. Íàáîð êâàíòîâûõ ÷èñåë äëÿ ñîñòîÿíèÿ r′ ñ
íåîáõîäèìîñòüþ äîëæåí ðàçðåøàòü ïåðåõîä ñ íà÷àëüíîãî ñîñòîÿíèÿ ñ ïîãëîùåíèåì äâóõ ýëåê-
òðè÷åñêèõ äèïîëüíûõ ôîòîíîâ (êàê è äëÿ ðåçîíàíñíîãî ñëàãàåìîãî) è, òàêèì îáðàçîì, äîëæåí
óäîâëåòâîðÿòü äâóõ-ôîòîííûì ïðàâèëàì îòáîðà [87]. Òîãäà, èñïîëüçóÿ òå æå ïðèáëèæåíèÿ, ÷òî
è â îäíî-ôîòîííîì ñëó÷àå, ò.å. ïðåíåáðåãàÿ êâàäðàòè÷íûìè ÍÐ âêëàäàìè (ñì. âûðàæåíèå (52))
ìîæíî íàéòè äîìèíèðóþùèé âêëàä.
Èñïîëüçóåì ñòàíäàðòíûé íàáîð êâàíòîâûõ ÷èñåë â ìàòðè÷íûõ ýëåìåíòàõ â (71), õàðàêòåðèçó-

þùèõ àòîìíîå ñîñòîÿíèå: ãëàâíîå êâàíòîâîå ÷èñëî n, îðáèòàëüíûé ìîìåíò ýëåêòðîíà l, ïîëíûé
óãëîâîé ìîìåíò ýëåêòðîíà j, ïîëíûé óãëîâîé ìîìåíò àòîìà F è åãî ïðîåêöèÿMF . Ïîñëå ñóììèðî-
âàíèÿ ïî ïðîåêöèÿì ïîëíîãî óãëîâîãî ìîìåíòà êîíå÷íîãî ñîñòîÿíèÿ è óñðåäíåíèÿ ïî ïðîåêöèÿì
ïîëíîãî óãëîâîãî ìîìåíòà íà÷àëüíîãî ñîñòîÿíèè, ñì. [8], ñå÷åíèå ðàññåÿíèÿ ïðèíèìàåò âèä:

dσfi
dnk3

=
e6

2Fi + 1

[
f

(2γ)
fi (r, r)

(ω0 − 2ω)2 + Γ2
r

4

+ (72)

+
f

(2γ)
fi (r′, r′)

(ω0 − 2ω + ∆)2 +
Γ2
r′
4

+
2f

(2γ)
fi (r, r′)(ω0 − 2ω)(ω0 − 2ω + ∆)(

(ω0 − 2ω)2 +
Γ2
r′
4

)(
(ω0 − 2ω + ∆)2 +

Γ2
r′
4

)
]
,

ãäå ∆ = Er′ − Er è

f
(2γ)
fi (r, r′) =

∑
MFi

MFf

Tfri

(ω0

2

)
T ∗fr′i

(ω0

2

)
, (73)

âìåñòå ñ îáîçíà÷åíèåì

Tfni(ω) = ω3(Ei − Ef + 2ω)3/2
∑
MFn

〈f |e∗3r|n〉
∑
k

[
〈n|e2r|k〉〈k|e1r|i〉
Er − Ei − ω

+
〈n|e1r|k〉〈k|e2r|i〉
Er − En + ω

]
. (74)

Êîýôôèöèåíòû â âûðàæåíèè (73) îïðåäåëÿþò çàâèñèìîñòü îò óãëîâ ìåæäó âåêòîðàìè ïîëÿðèçà-
öèè ôîòîíîâ. Èõ àíàëèòè÷åñêèå âûðàæåíèÿ äàíû â Ïðèëîæåíèè 8.2. Â íåðåëÿòèâèñòñêîì ïðåäåëå,
ìàòðè÷íûå ýëåìåíòû â âûðàæåíèè (72) ÿâíî íå çàâèñÿò îò âåêòîðîâ íàïðàâëåíèé ðàñïðîñòðàíåíèÿ
ôîòîíîâ nk3 , nk2 è nk1 , íî äàííàÿ çàâèñèìîñòü ïðîÿâëÿåòñÿ ÷åðåç óñëîâèå ïîïåðå÷íîñòè. Íå òåðÿÿ
îáùíîñòè, ìîæíî ïîëîæèòü, ÷òî â ýêñïåðèìåíòå ïîãëîùàåìûå ôîòîíû ðàñïðîñòðàíÿþòñÿ â ïðî-
òèâîïîëîæíûõ íàïðàâëåíèÿõ è èìåþò ôèêñèðîâàííûå ïîëÿðèçàöèè e1 è e2, à èçëó÷àåìûé ôîòîí
èìååò ïîëÿðèçàöèþ e3 è íàïðàâëåíèå ðàñïðîñòðàíåíèÿ nk3 . Òîãäà, îáîçíà÷àÿ óãëû ìåæäó ëþáîé
ïàðîé âåêòîðîâ êàê θij (i, j = 1, 2, 3), èíòåðôåðåíöèîííûé ÷ëåí â âûðàæåíèè (72) áóäåò ñîîòâåò-
ñòâîâàòü ñèòóàöèè, áëèçêîé ê ýêñïåðèìåíòó, îñíîâàííîìó íà ïðîöåññå îäíî-ôîòîííîãî ðàññåÿíèÿ
(óãîë ìåæäó ïîãëîùàåìûìè ôîòîíàìè ìîæåò áûòü ïîëîæåí ðàâíûì π èëè íóëþ) [38,88].
Ðåçîíàíñíàÿ ÷àñòîòà ïåðåõîäà ωres ìîæåò áûòü îïðåäåëåíà èç dσif (ω) ñ èñïîëüçîâàíèåì óñëîâèÿ

dσif (ω)

dω
= 0. (75)

Â ðåçîíàíñíîì ïðèáëèæåíèè (ò.å. îñòàâëÿÿ òîëüêî ïåðâûé ÷ëåí â âûðàæåíèè (72)) ñðàçó æå ïîëó-
÷àåì ωres = ωmax = ωri/2 = (EnrlrjrFr − EnilijiFi)/2. Îäíàêî, îñòàâëÿÿ èíòåðôåðåíöèîííûé (ïîñëåä-
íèé) ÷ëåí â (72), è ïîëàãàÿ Γr = Γr′ ≡ Γ, ∆ = Er′ − Er, ðåøàÿ (75) ïî îòíîøåíèþ ê ω ïîëó÷àåì

ωmax = (ωai − δNR)/2, (76)
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ãäå

δNR =

∑
f f

(2γ)
fi (r, r′)∑

f f
(2γ)
fi (r, r)

Γ2

4∆
. (77)

Êàê è â ñëó÷àå îäíî-ôîòîííîãî ðàññåÿíèÿ, ðàññìîòðåííîãî â ðàçäåëå 4 (ñì. âûðàæåíèå (56)), ÍÐ
ïîïðàâêà (77) ïîëó÷åíà êàê âåäóùèé âêëàä â ðàçëîæåíèè ïî Γ/∆ ïðè óñëîâèè ìàëîñòè äàííî-

ãî ïàðàìåòðà [59]. Óãëîâûå êîððåëÿöèè â (77) ïîëó÷àþòñÿ èç îòíîøåíèÿ f
(2γ)
fi (r, r′)/f

(2γ)
fi (r, r) è

ïðåäñòàâëÿþò ñîáîé çàâèñèìîñòü îò óãëîâ ìåæäó âñåìè ïàðàìè âåêòîðîâ èç òðîéêè nk1 , e2 è e3.

5.1 Äâóõ-ôîòîííàÿ ñïåêòðîñêîïèÿ âîäîðîäà

Â äàííîì ðàçäåëå ðàññìîòðèì êîíêðåòíûå ïðèìåðû ÍÐ ïîïðàâîê äëÿ ñëó÷àÿ äâóõ-ôîòîííûõ
ïåðåõîäîâ 2s − ns/nd (ãäå n = 4, 6, 8, 12) â àòîìå âîäîðîäà. Äëÿ ïåðåõîäîâ 2sF=0

1/2 → nsF=0
1/2 è

2sF=1
1/2 → nsF=1

1/2 áóäåì ïîëàãàòü, ÷òî â ýêñïåðèìåíòàõ [16, 22, 84, 89, 90] ñâåðõòîíêàÿ ñòðóêòóðà íà-
÷àëüíîãî 2s ñîñòîÿíèÿ ðàçðåøèìà. Â ñîîòâåòñòâèè ñ äâóõ-ôîòîííûìè ïðàâèëàìè îòáîðà ýëåêòðè-
÷åñêèå äèïîëüíûå ïåðåõîäû ñ ïîâîðà÷èâàíèåì ñïèíà 2sF=0

1/2 → nsF=1
1/2 èëè 2sF=1

1/2 → nsF=0
1/2 ñèëüíî

ïîäàâëåíû [67�69]. Ïîýòîìó âîçìîæíà òîëüêî èíòåðôåðåíöèÿ ìåæäó áëèçêèìè nd ñîñòîÿíèÿìè.
Êàê ñëåäñòâèå [91], êàíàë ïåðåõîäà 2sF=1

1/2 → nsF=1
1/2 èíòåðôåðèðóåò ñ ïåðåõîäàìè 2sF=1

1/2 → ndF=1
3/2 ,

2sF=1
1/2 → ndF=2

3/2 , 2sF=1
1/2 → ndF=2

5/2 è 2sF=1
1/2 → ndF=3

5/2 . Òîãäà, äëÿ 2sF=1
1/2 → nsF=1

1/2 ïîëîæèì âî âñåõ

âûðàæåíèÿõ nili = 2s, ji = 1/2, Fi = 1, nrlr = ns, nr′lr′ = nd (ãäå nr = nr′ = 4, 6, 8, 12), jr = 1/2,
Fr = 1.
Â ýêñïåðèìåíòàõ [38, 88] ïîëÿðèçàöèè íàëåòàþùèõ (ëàçåðíûõ) ôîòîíîâ e1 è e2 áûëè çàôèê-

ñèðîâàíû ïàðàëëåëüíûìè äðóã äðóãó. Òîãäà, ÍÐ ïîïðàâêà (77) çàâèñèò òîëüêî îò óãëà ìåæäó
âåêòîðîì ïîëÿðèçàöèè èñïóùåííîãî ôîòîíà è îäíèì èç âåêòîðîâ ïîëÿðèçàöèè íàëåòàþùèõ ôîòî-
íîâ. Ñóììèðîâàíèå ïî ïîëÿðèçàöèÿì e3 ïðèâîäèò ê ÿâíîé çàâèñèìîñòè îò âåêòîðà íàïðàâëåíèÿ
ðàñïðîñòðàíåíèÿ èñïóùåííîãî ôîòîíà nk3 . Îáîçíà÷àÿ óãîë ìåæäó âåêòîðàìè e1 (èëè e2) è nk3 êàê
θ, ïîäñòàâëÿÿ ÷èñëåííûå çíà÷åíèÿ øèðèí óðîâíåé è ðàçíèö ýíåðãèé â (77) è âû÷èñëÿÿ ñóììèðî-
âàíèå ïî ïðîìåæóòî÷íûì ñîñòîÿíèÿì â (32) (ñì. ïîäðîáíîñòè â Ïðèëîæåíèÿõ 8.2 è 8.3), íàõîäèì,
÷òî äëÿ ÷àñòîò ïåðåõîäîâ 2sF=1

1/2 → nsF=1
1/2 ÍÐ ïîïðàâêè (77) ïðîïîðöèîíàëüíû (1 + 3 cos(θ)). Ñî-

îòâåòñòâóþùèå ðåçóëüòàòû ïðåäñòàâëåíû íà Ðèñ. 6. Êàê è äëÿ ñëó÷àÿ ÍÐ ïîïðàâîê ê ÷àñòîòàì
îäíî-ôîòîííûõ ïåðåõîäîâ, çäåñü íàáëþäàþòñÿ "ìàãè÷åñêèå óãëû", ïðè êîòîðûõ ÍÐ ïîïðàâêà (77)
îáíóëÿåòñÿ: θ = 54.7◦ è θ = 125.3◦.
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Ðèñ. 6: ÍÐ ïîïðàâêè δNR/2 (â Ãö) äëÿ èçìåðåíèé ÷àñòîò ïåðåõîäîâ 2sF=1
1/2 − nsF=1

1/2 (n = 4, 6, 8, 12)

â âîäîðîäå â çàâèñèìîñòè îò óãëà ìåæäó âåêòîðîì ïîëÿðèçàöèè íàëåòàþùåãî ôîòîíà e1 (èëè e2,
ïîñêîëüêó â ýêñïåðèìåíòàõ e1||e2) è âåêòîðîì ðàñïðîñòðàíåíèÿ èçëó÷åííîãî ôîòîíà nk3 .

Íåäàâíî, â ðàáîòå [88] áûëè èçó÷åíû ïîõîæèå èíòåðôåðåíöèîííûå ýôôåêòû äëÿ ïåðåõîäà 1s−3s
â àòîìå âîäîðîäà. Áûëî íàéäåíî, ÷òî äëÿ äâóõ-ôîòîííîãî ïåðåõîäà 1sF=1

1/2 → 3sF=1
1/2 ÍÐ ïîïðàâêè
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çà ñ÷åò èíòåðôåðåíöèè ñ áëèçêèìè ïåðåõîäàìè 1sF=1
1/2 → 3dF=1

3/2 , 1sF=1
1/2 → 3dF=2

3/2 , 1sF=1
1/2 → 3dF=2

5/2 è

1sF=1
1/2 → 3dF=3

5/2 èìåþò âåëè÷èíó ìåíüøå, ÷åì ïîãðåøíîñòü ýêñïåðèìåíòà.

Âûðàæåíèå (77) ìîæåò áûòü ëåãêî îáîáùåíî äëÿ ñëó÷àÿ ïîïðàâîê ê ÷àñòîòå ïåðåõîäà 1sF=1
1/2 →

3sF=1
1/2 çàìåíîé 2sF=1

1/2 ↔ 1sF=1
1/2 è nr = nr′ = 3. Òîãäà ÍÐ ïîïðàâêà (â Ãö)

δNR(1sF=1
1/2 − 3sF=1

1/2 ) = −225.61(1 + 3 cos(θ)). (78)

Ñîîòâåòñòâóþùàÿ óãëîâàÿ êîððåëÿöèÿ ïîêàçàíà íà Ðèñ. 7.

Ðèñ. 7: ÍÐ ïîïðàâêè δNR/2 ê ÷àñòîòå ïåðåõîäà 1sF=1
1/2 → 3sF=1

1/2 â âîäîðîäå (â Ãö). Îáîçíà÷åíèÿ òå
æå, ÷òî íà Ðèñ. 6.
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Äëÿ îñòàâøèõñÿ ïåðåõîäîâ, 2sF=0
1/2 → nsF=0

1/2 , áóäåò íàáëþäàòüñÿ èíòåðôåðåíöèÿ ïðîöåññà âîç-

áóæäåíèÿ ñ ó÷àñòèåì 2sF=0
1/2 → ndF=2

3/2 è 2sF=0
1/2 → ndF=2

5/2 . Ðåçóëüòàòû âû÷èñëåíèé ïðåäñòàâëåíû íà
Ðèñ. 8.

Ðèñ. 8: ÍÐ ïîïðàâêè δNR/2 ê ÷àñòîòàì ïåðåõîäîâ 2sF=0
1/2 → nsF=0

1/2 (n = 4, 6, 8, 12) â âîäîðîäå (Ãö).
Îáîçíà÷åíèÿ òàêèå æå, êàê íà ïðåäûäóùèõ Ðèñ.6 è 7
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Òåïåðü îáðàòèìñÿ ê âû÷èñëåíèþ ÍÐ ïîïðàâîê äëÿ ÷àñòîò ïåðåõîäîâ 2sF=1
1/2 → ndF=2

3/2 (n =

4, 6, 8, 12) ñ ó÷åòîì ñîñåäíåãî ñîñòîÿíèÿ ndF=2
5/2 . Äëÿ ýòîãî ïîëîæèì âî âñåõ âûðàæåíèÿõ nili = 2s,

ji = 1/2, Fi = 1, nrlr = nr′lr′ = nd (ãäå nr = 4, 6, 8, 12), jr = 3/2, Fr = 2, jr′ = 5/2, Fr′ = 2 ×èñëåí-
íûå ðàñ÷åòû ïðîâîäèëèñü àíàëîãè÷íî ïðåäûäóùèì ñëó÷àÿì. Â ïðîòèâîïîëîæíîñòü ïðåäûäóùèì
ñëó÷àÿì, ÍÐ ïîïðàâêè äëÿ äàííûõ ïåðåõîäîâ íå çàâèñÿò îò óãëîâ ìåæäó âåêòîðàìè nk1 , e2 è e3

(âñå çíà÷åíèÿ â Ãö):

δNR(2sF=1
1/2 − 4dF=2

3/2 ) = 967.75 (79)
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δNR(2sF=1
1/2 − 6dF=2

3/2 ) = 296.48 (80)

δNR(2sF=1
1/2 − 8dF=2

3/2 ) = 127.31 (81)

δNR(2sF=1
1/2 − 12dF=2

3/2 ) = 38.38. (82)

Ïîìèìî ïîïðàâîê (79)-(82), âîçíèêàþùèõ èç-çà áëèçêèõ ndF=2
3/2 è ndF=2

5/2 ñîñòîÿíèé, êâàíòîâàÿ

èíòåðôåðåíöèÿ ìåæäó êàíàëàìè âîçáóæäåíèÿ 2sF=1
1/2 → ndF=2

3/2 è 2sF=1
1/2 −nsF=1

1/2 òàêæå äîëæíà áûòü

ðàññìîòðåíà [39]. Òàê, ñ ïîìîùüþ âûðàæåíèÿ (77) ìîæíî ïîëó÷èòü

δNR(2sF=1
1/2 − ndF=2

3/2 ) =

∑
jfFf

fnr(nd
F=2
3/2 , ns

F=1
1/2 )∑

jfFf

fres(ndF=2
3/2 , nd

F=2
3/2 )

Γ2
nd3/2

4∆′′′
, (83)

ãäå ∆′′′ = EndF=2
3/2
− EnsF=1

1/2
. Èñïîëüçóÿ âûðàæåíèå (C6) èç Ïðèëîæåíèÿ 8.3, íàõîäèì ÍÐ ïîïðàâêè

(â Ãö)

δNR(2sF=1
1/2 − 4dF=1

3/2 ) = −232.602
1 + 3 cos(θ)

5 + 3 cos(θ)
, (84)

δNR(2sF=1
1/2 − 6dF=1

3/2 ) = 107.937
1 + 3 cos(θ)

5 + 3 cos(θ)
, (85)

δNR(2sF=1
1/2 − 8dF=1

3/2 ) = 68.697
1 + 3 cos(θ)

5 + 3 cos(θ)
, (86)

δNR(2sF=1
1/2 − 12dF=1

3/2 ) = 25.582
1 + 3 cos(θ)

5 + 3 cos(θ)
. (87)

Ðåçóëüòèðóþùàÿ ÍÐ ïîïðàâêà ê ÷àñòîòàì ïåðåõîäîâ 2sF=1
1/2 → ndF=2

3/2 äàåòñÿ ñóììîé âêëàäîâ âû-

ðàæåíèé (79)-(82), è ñîîòâåòñòâóþùèõ âêëàäîâ âûðàæåíèé (84)-(87), çàâèñÿùèõ îò óãëîâ. Ðåçóëü-
òèðóþùèé ñäâèã ÷àñòîòû, δNR/2, ïðåäñòàâëåí íà Ðèñ. 9. Âèäíî òàêæå, ÷òî çíàìåíàòåëü â (79)-(82)
âñåãäà îòëè÷åí íóëÿ è ïîëîæèòåëåí, â òî âðåìÿ êàê ÷èñëèòåñü ïî-ïðåæíåìó îáðàùàåòñÿ â íîëü
ïðè "ìàãè÷åñêèõ óãëàõ".

Ðèñ. 9: Ðåçóëüòèðóþùèé ñäâèã δNR/2 (Â Ãö) ÷àñòîò ïåðåõîäîâ 2sF=1
1/2 − ndF=2

3/2 (n = 4, 6, 8, 12) â

âîäîðîäå, ñì. (79)-(82) è (84)-(87). Âñå îáîçíà÷åíèÿ òå æå, ÷òî è ê Ðèñ.6.
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5.2 Ýêñïåðèìåíòû, â êîòîðûõ èçìåðÿåòñÿ çàñåëåííîñòü 2s ñîñòîÿíèÿ

Ñóùåñòâóåò äðóãîé òèï ñïåêòðîñêîïè÷åñêèõ ýêñïåðèìåíòîâ, îñíîâàííûõ íà ïðîöåññå äâóõ-ôîòîííîãî
ïîãëîùåíèÿ, à èìåííî ýêñïåðèìåíòû, â êîòîðûõ ñëåäÿò çà çàñåëåííîñòüþ 2s óðîâíÿ [84�86,89,90].
Äëÿ òàêîãî òèïà ýêñïåðèìåíòîâ çàðàíåå ïðèãîòîâëåííûå â ìåòàñòàáèëüíîì ñîñòîÿíèè àòîìû âî-
äîðîäà, ïîãëîùàÿ äâà ëàçåðíûõ ôîòîíà, âîçáóæäàþòñÿ â ñîñòîÿíèÿ ns/nd (n = 4, 6, 8, 12). Ïðè-
êëàäûâàÿ äàëåå âíåøíåå ýëåêòðè÷åñêîå óæå âíå îáëàñòè âîçáóæäåíèÿ âûæèâàþùèå óðîâíè ïðî-
òèâîïîëîæíîé ÷åòíîñòè 2s è 2p ñìåøèâàþòñÿ, ïîñëå ÷åãî íàáëþäàåòñÿ Lyα ëþìèíåñöåíöèÿ. Ïðè
ýòîì ñòðîèòñÿ çàâèñèìîñòü èíòåíñèâíîñòè Lyα èçëó÷åíèÿ îò ÷àñòîòû ïîãëîùåííûõ ôîòîíîâ. Åñëè
äàííîå èçëó÷åíèå îòñóòñòâóåò, òî ïðîèçîøëî íóæíîå äâóõ-ôîòîííîå âîçáóæäåíèå.
Â ýêñïåðèìåíòàõ òàêîãî òèïà äîñòàòî÷íî ðàññìîòðåòü òîëüêî ïðîöåññ äâóõ-ôîòîííîãî âîçáóæäå-

íèÿ, íå ðàññìàòðèâàÿ ïîñëåäóþùèé ïðîöåññ èçëó÷åíèÿ (â îòëè÷èè îò ýêñïåðèìåíòîâ, ãäå äåòåêòè-
ðóþò ñèãíàë ôëóîðåñöåíöèè). Ñëåäóÿ [84,85,89,90], ðàññìîòðèì àìïëèòóäó ïðîöåññà âîçáóæäåíèÿ
êàê ÷àñòü êàê àìïëèòóäû ðàññåÿíèÿ (71) [86]:

Uabs
ni = e2 2π

√
ω1ω2

Ei + ω1 + ω2 − En

∑
k

(
〈n|e1r|k〉〈k|e2r|i〉
En − Ek − ω1

+
〈n|e2r|k〉〈k|e1r|i〉
Ei − Ek + ω1

)
. (88)

Ôîðìóëà (88) íàïèñàíà â îáùåì âèäå, íî ñ îòáðîøåííûì ìíîæèòåëåì, îòíîñÿùåìñÿ ê ïðîöåññó äå-
âîçáóæäåíèÿ. Â ðàìêàõ ðåçîíàíñíîãî ïðèáëèæåíèÿ ýòî îïðàâäàíî, ïîñêîëüêó ìàòðè÷íûé ýëåìåíò
èçëó÷åíèÿ âõîäèò â àìïëèòóäó (88) êàê âíåøíèé ìíîæèòåëü [7]. Òàêæå ñëåäóåò çàìåòèòü, ÷òî
â ýêñïåðèìåíòàõ òàêîãî òèïà íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ è (èëè) ïîëÿðèçàöèè ïîãëîùåííûõ
ôîòîíîâ ôèêñèðîâàíû.
Îïóñêàÿ äëÿ êðàòêîñòè ïðîìåæóòî÷íûå âû÷èñëåíèÿ, âêëþ÷àþùèå â ñåáÿ èíòåãðèðîâàíèå ïî

óãëàì è ñóììèðîâàíèå ïî ïðîåêöèÿì, ïðèâåäåì çäåñü âûðàæåíèå [86], ê êîòîðîìó ìîæåò áûòü
ñâåäåí êàæäûé ÷ëåí â (88):∑

k

〈a|e2r|k〉〈k|e1r|i〉
Ei + ω1 − Ek(1− i0)

= (−1)lk+li+ja+2jk+Fa+ji+FkΠliΠlkΠjiΠjaΠjk (89)

×ΠFkΠFiC
la0
lk010C

lk0
li010

{
lk s jk
ja 1 la

}{
li s ji
jk 1 lk

}{
jk I Fk
Fa 1 ja

}{
ji I Fi
Fk 1 jk

}
×
∑
q1,q2

(−1)q1+q2CFaMa
FkMk1−q1C

FkMk
FiMi1−q2e1q1

e2q2
glk(Ei + ω).

Çäåñü ñóììèðîâàíèå ïî k â ëåâîé ÷àñòè âûðàæåíèÿ îçíà÷àåò âñå íåîáõîäèìûå ñóììèðîâàíèÿ ïî
êâàíòîâûì ÷èñëàì, íå ôèãóðèðóþùèì â ïðàâîé ÷àñòè âûðàæåíèÿ, à e1(2)q åñòü ñôåðè÷åñêèå êîìïî-
íåíòû âåêòîðîâ ïîëÿðèçàöèè ôîòîíîâ. Ôóíêöèÿ gl(E) ïðåäñòàâëÿåò ñîáîé ðåçóëüòàò ðàäèàëüíîãî

èíòåãðèðîâàíèÿ glk(Ei + ω) =
∞∫
0

∞∫
0

dr1dr2Rnala(r1)r3
1glk(Ei + ω; r1, r2)r3

2Rnili(r2), ãäå glk(Ei + ω; r1, r2)

åñòü ðàäèàëüíàÿ ÷àñòü ôóíêöèè Ãðèíà, ñì. íàïðèìåð, [7, 8].
Âûðàæåíèå äëÿ äèôôåðåíöèàëüíîé âåðîÿòíîñòè ïîãëîùåíèÿ ìîæíî ïîëó÷èòü, èñïîëüçóÿ ñîîò-

íîøåíèå dW abs
ai = d3k1

(2π)3
d3k2

(2π)3

∣∣Uabs
ai

∣∣2. Â ñîîòâåòñòâèè ñ [13], íàèáîëüøèé ÍÐ âêëàä âîçíèêàåò â ñëó÷àå,

êîãäà ó÷èòûâàåòñÿ òîíêàÿ ñòðóêòóðà âîçáóæäåííûõ óðîâíåé. Òîãäà, àìïëèòóäà (24) âêëþ÷àåò â
ñåáÿ ñîñòîÿíèÿ ñ îäèíàêîâûì îðáèòàëüíûì ìîìåíòîì, íî ñ ðàçíûì ïîëíûì óãëîâûì ìîìåíòîì (ê
ïðèìåðó, ñîñòîÿíèÿ nd3/2 è nd5/2 â àòîìå âîäîðîäà). Îñòàâëÿÿ â àìïëèòóäå òîëüêî òàêèå ñëàãàå-
ìûå [86], ïîëó÷èì àìïëèòóäó ïîãëîùåíèÿ â âèäå

dW abs
ai

dωdΩ1dΩ2

∼ Ca
(2ω − ω0)2 + 1

4
Γ2
a

+
Cb

(2ω − ω0 −∆fs)2 + 1
4
Γ2
b

+
Cab

(2ω − ω0)2 + 1
4
Γ2
a

2(2ω − ω0)

2ω − ω0 −∆fs

. (90)

Çäåñü Ωi, i = 1, 2 åñòü òåëåñíûé óãîë â ôàçîâûõ ïðîñòðàíñòâàõ íàëåòàþùèõ ôîòîíîâ, Γa(b) -
åñòåñòâåííàÿ øèðèíà ñîîòâåòñòâóþùåãî ñîñòîÿíèÿ. ∆fs îçíà÷àåò ýíåðãèþ òîíêîãî ðàñùåïëåíèÿ,
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ω0 = Ea−Ei. Êîýôôèöèåíòû Ca, Cb è Cab ðàññ÷èòûâàþòñÿ ñ ïîìîùüþ âûðàæåíèé (88), (89). Ïåð-
âûå äâà ÷ëåíà ïðåäñòàâëÿþò ñîáîé ðåçîíàíñíûå êîíòóðû ëèíèè äâóõ áëèçêî-ëåæàùèõ ïåðåõîäîâ,
à òðåòüå ñëàãàåìîå � èõ èíòåðôåðåíöèþ.
Äëÿ ñëó÷àÿ èíòåðôåðèðóþùèõ ïåðåõîäîâ 2sF=1

1/2 → ndF=2
3/2 è 2sF=1

1/2 → ndF=2
5/2 ñ n = 4, 6, 8, 12

ïîëàãàåì ∆ = EndF=2
3/2
−EndF=2

5/2
â ïðåäïîëîæåíèè, ÷òî åñòåñòâåííûå øèðèíû óðîâíåé r è r′ ïðèìåðíî

ðàâíû (îáîçíà÷àÿ èõ Γnd). Ðåçóëüòàòû âû÷èñëåíèé ÍÐ ïîïðàâîê ïðåäñòàâëåíû â Òàáëèöå 5.

Òàáëèöà 5: ÍÐ ïîïðàâêè (÷åòâåðòûé ñòîëáåö) â Ãö äëÿ èíòåðôåðèðóþùèõ ïåðåõîäîâ 2sF=1
1/2 →

ndF=2
3/2 è 2sF=1

1/2 → ndF=2
5/2 ñ n = 4, 6, 8, 12. Ýíåðãèè ðàñùåïëåíèÿ òîíêîé ñòðóêòóðû ïðèâåäåíû âî

âòîðîé êîëîíêå, åñòåñòâåííûå øèðèíû â Ãö ïðèâåäåíû â òðåòüåé êîëîíêå.

ñîñòîÿíèå ∆fs, Ãö Γnd, Ãö δNR

4d 4.557026× 108 4.40503× 106 −8691.82
6d 1.350231× 108 1.33682× 106 −2701.67
8d 5.69628× 107 5.72382× 105 −1174.02
12d 1.68779× 107 1.72261× 105 −358.88

Êàê âèäíî èç Òàáëèöû 5, ÍÐ ïîïðàâêè äîñòèãàþò ïîðÿäêà âåëè÷èíû ýêñïåðèìåíòàëüíîé ïî-
ãðåøíîñòè, ñì. [92, 93] è óáûâàþò ñ ðîñòîì ãëàâíîãî êâàíòîâîãî ÷èñëà n. Îñíîâûâàÿñü íà ðå-
çóëüòàòàõ ïðåäûäóùèõ ðàçäåëîâ, ìîæíî çàêëþ÷èòü, ÷òî äëÿ ýêñïåðèìåíòîâ äàííîãî òèïà ÍÐ
ïîïðàâêè èìåþò âåëè÷èíó, áîëüøóþ, ÷åì äëÿ òåõ æå ïåðåõîäîâ, íî äëÿ ñëó÷àÿ ôëóîðåñöåíòíûõ
ýêñïåðèìåíòîâ, ñì. Ðèñ. 8-9. Âàæíî îòìåòèòü, ÷òî íåäàâíî ïðîâåäåííîå èçìåðåíèå ÷àñòîòû ïå-
ðåõîäà 2s1/2 − 8d5/2 îñíîâûâàåòñÿ íà ýêñïåðèìåíòàõ âòîðîãî òèïà. Êàê óêàçàíî â [35], ýôôåêò
êâàíòîâîé èíòåðôåðåíöèè ïðåíåáðåæèìî ìàë. Îäíàêî, èç ïðîâåäåííîãî çäåñü àíàëèçà âèäíî, ÷òî
ñîîòâåòñòâóþùàÿ ÍÐ ïîïðàâêà ñîñòàâëÿåò −1174.02 Ãö, òîãäà êàê óêàçàííàÿ ýêñïåðèìåíòàëüíàÿ
ïîãðåøíîñòü ñîñòàâëÿåò 2 êÃö [35]. Àíàëèç ðîëè ÍÐ ïîïðàâîê, ïðèâåäåííûõ â Òàáëèöå 5, â îïðå-
äåëåíèè çàðÿäîâîãî ðàäèóñà ïðîòîíà è ïîñòîÿííîé Ðèäáåðãà ìîæåò áûòü íàéäåí â [86].

5.3 Äâóõ-ôîòîííàÿ ñïåêòðîñêîïèÿ ãåëèÿ

Çàìåòíûé ïðîãðåññ â ñïåêòðîñêîïèè îäíî-ýëåêòðîííûõ ñèñòåì ñòèìóëèðîâàë èíòåðåñ ê èçó÷åíèþ
ÍÐ ïîïðàâîê ê ÷àñòîòàì ïåðåõîäîâ è äëÿ ìíîãî-ýëåêòðîííûõ ñèñòåì [31,33,34,94]. Íåñìîòðÿ íà òî,
÷òî ãåëèé èçó÷àåòñÿ òåîðåòè÷åñêè è ýêñïåðèìåíòàëüíî óæå äîâîëüíî äàâíî, ó÷åò ÍÐ ýôôåêòîâ [13],
è êâàíòîâîé èíòåðôåðåíöèè êàê èõ ÷àñòè, â ñïåêòðîñêîïè÷åñêèõ èçìåðåíèÿõ ÷àñòîò ïåðåõîäîâ íå
ðàññìàòðèâàëñÿ äî íåäàâíåãî âðåìåíè [31,34].
Ýíåðãèè óðîâíåé â ãåëèè ïðèíÿòî âûðàæàòü â âèäå ñóììû íåðåëÿòèâèñòñêîé ýíåðãèè, ðåëÿòè-

âèñòñêèõ ïîïðàâîê, Ëýìáîâñêîãî ñäâèãà è òàê äàëåå, âêëþ÷àÿ ÊÝÄ è ðåëÿòèâèñòñêèå ïîïðàâêè
áîëåå âûñîêèõ ïîðÿäêîâ. Íåäàâíèå ðàñ÷åòû ÊÝÄ ýôôåêòîâ íà óðîâíå α7m óëó÷øèëè òåîðåòè÷å-
ñêèå çíà÷åíèÿ ýíåðãèé â ãåëèè, ÷òî ïðèâåëî ê ïîëíîìó ñîãëàñèþ ìåæäó òåîðèåé è ýêñïåðèìåíòàìè
äëÿ çíà÷åíèÿ ÷àñòîòû ïåðåõîäà 23S − 23P [41]. Îäíàêî, êàê áûëî íàéäåíî â [41], äàííûå ðàñ÷åòû
íå óñòðàíÿþò èìåþùèåñÿ ðàñõîæäåíèÿ ìåæäó òåîðåòè÷åñêèìè ïðåäñêàçàíèÿìè è ýêñïåðèìåíòàëü-
íûìè ðåçóëüòàòàìè ïî èçìåðåíèþ ÷àñòîòû ïåðåõîäà 23S1 − 33D1 [95].
Èñïîëüçóÿ ðåçóëüòàòû ïðåäûäóùèõ ðàçäåëîâ, ðàññìîòðèì ÍÐ ýôôåêòû, âîçíèêàþùèå çà ñ÷åò

èíòåðôåðåíöèè òîíêèõ êîìïîíåíò ïðè èçìåðåíèè ÷àñòîòû ïåðåõîäà 23S1 − 33D1 â ãåëèè. Â ýêñïå-
ðèìåíòå, îïèñàííîì â [42], àòîìû ãåëèÿ â àòîìàðíîì ïó÷êå ãîòîâÿòñÿ â ñîñòîÿíèè 23S1 è çàòåì âîç-
áóæäàþòñÿ â ñîñòîÿíèå 33D1, ïîãëîùàÿ äâà ôîòîíà ñ îäèíàêîâûìè ÷àñòîòàìè, ω1 = ω2, èìåþùèìè
ïàðàëëåëüíûå âåêòîðà ïîëÿðèçàöèé e1 è e2 è ðàñïðîñòðàíÿþùèåñÿ â ïðîòèâîïîëîæíûõ íàïðàâëå-
íèÿõ. [90]. Äåòåêòèðîâàíèå àêòà âîçáóæäåíèÿ â 33D1 ïðîèñõîäèò ïðè ïîìîùè ôëóîðåñöåíöèè (ò.å.
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çà ñ÷åò ïîñëåäóþùåãî ðàñïàäà â ñîñòîÿíèå 23P ) ñ èñïóñêàíèåì ôîòîíà ñ ÷àñòîòîé ω3, ïîëÿðèçàöèåé
e∗3 è íàïðàâëåíèåì ðàñïðîñòðàíåíèÿ nk3 . Â òàêîì ïðîöåññå âîçíèêàåò èíòåðôåðåíöèÿ ìåæäó ïîä-
óðîâíÿìè òîíêîé ñòðóêòóðû ñîñòîÿíèÿ 33D1, 33D2 è 33D3. Äàííàÿ ýêñïåðèìåíòàëüíàÿ ñèòóàöèÿ
ñõîæà ñ òîé, ÷òî áûëà ðàññìîòðåíà â ðàçäåëå 5.1 è íåäàâíî â ðàáîòå [39]. Òàêèì îáðàçîì, ñëåäóÿ
ïîñòàíîâêå ýêñïåðèìåíòà [42], íåîáõîäèìî ðàññ÷èòàòü ÍÐ ïîïðàâêè çà ñ÷åò èíòåðôåðåíöèè ðàçëè÷-
íûõ òîíêèõ ïîäóðîâíåé , 33DJn , äëÿ ïðîöåññà ðàññåÿíèÿ 23S1 + 2γ(E1)→ 33DJn → 23PJf + γ(E1),
ãäå Jn = 1, 2, 3 è ÷àñòîòû ïîãëîùåííûõ ôîòîíîâ ω1 = ω2 = (E33DJn

− E23S1
)/2.

Ïîâòîðÿÿ âû÷èñëåíèÿ, ïðîâåäåííûå â ïðåäûäóùèõ ðàçäåëàõ, äëÿ ãåëèÿ, ìîæíî ïîëó÷èòü âûðà-
æåíèÿ äëÿ ÍÐ ïîïðàâîê (77). Òîãäà, ïîäñòàâëÿÿ çíà÷åíèÿ åñòåñòâåííîé øèðèíû óðîâíÿ Γ33D1

=
11.35(6) ÌÃö [96] è ñîîòâåòñòâóþùèõ ýíåðãèé ðàñùåïëåíèÿ ∆12 = 1325.025(33) ÌÃö è ∆13 =
1400.290(33) ÌÃö [95] â (77), íàõîäèì ÍÐ ïîïðàâêó ê ÷àñòîòå ïåðåõîäà 23S1 − 33D1:

δNR = 0.0124(4) MHz. (91)

Àíàëèòè÷åñêèé âûâîä âûðàæåíèé (72)-(77) ïîêàçûâàåò, ÷òî, ïîäîáíî ÍÐ ïîïðàâêàì ê ÷àñòî-
òàì 2sF=1

1/2 → ndF=2
3/2(5/2) (ñì. (79)-(82)) â àòîìå âîäîðîäà [39, 86], ðàññìàòðèâàåìûå â äàííîì ñëó÷àå

ïîïðàâêè íå çàâèñÿò îò óãëîâ ìåæäó ëþáîé ïàðîé âåêòîðîâ nk3 , e1 è e2. Ýòî îçíà÷àåò, ÷òî àñèì-
ìåòðèÿ íàáëþäàåìîãî â ýêñïåðèìåíòå êîíòóðà ëèíèè íå ìîæåò áûòü óáðàíà âûáîðîì ãåîìåòðèè
ýêñïåðèìåíòà, êàê ýòî èìååò ìåñòî â [22, 38]. Âàæíîå ñëåäñòâèå ñîñòîèò â òîì, ÷òî âåëè÷èíà ÍÐ
ïîïðàâîê íàõîäèòñÿ íà óðîâíå ýêñïåðèìåíòàëüíîé ïîãðåøíîñòè 0.056 ÌÃö [42].
Îäíàêî, íàáëþäàåìàÿ â ýêñïåðèìåíòå øèðèíà óðîâíÿ Γexp ñèëüíî îòëè÷àåòñÿ îò åñòåñòâåííîé

â ñèëó ðàçëè÷íûõ ìåõàíèçìîâ óøèðåíèÿ [97]. Íà ñàìîì äåëå, øèðèíó óðîâíÿ â (77) íóæíî ïîíè-
ìàòü èìåííî êàê ýêñïåðèìåíòàëüíóþ [85]. Â [42] îñíîâíûå ýôôåêòû óøèðåíèÿ âîçíèêàëè çà ñ÷åò
êîíå÷íîãî âðåìåíè ïðîëåòà àòîìîâ è äàâëåíèÿ. Îáîçíà÷àÿ ýòè óøèðåíèÿ êàê Γpb è Γtt, çàïèøåì
ýêñïåðèìåíòàëüíóþ øèðèíó â âèäå ñóììû

Γexp = Γnat + Γpb + Γtt, (92)

ãäå Γnat åñòü åñòåñòâåííàÿ øèðèíà ëèíèè.
Ñëåäóÿ [42], ìîæíî ïàðàìåòðèçîâàòü óøèðåíèå çà ñ÷åò äàâëåíèÿ êàê Γpb/p = 35.7(1.7) [MHz/Torr],

ãäå p ýòî äàâëåíèå â òîððàõ. Êàê ïðàâèëî, èçìåðåíèÿ â ýêñïåðèìåíòå ïðîâîäÿòñÿ ïðè ðàçëè÷íûõ
çíà÷åíèÿõ äàâëåíèÿ, à çàòåì ïðîâîäèòñÿ ýêñòðàïîëÿöèÿ ê íóëåâîìó äàâëåíèþ (â [42] çíà÷åíèÿ p âà-
ðüèðîâàëèñü â ïðåäåëàõ 0.05−0.5 òîðð). Çíà÷åíèå óøèðåíèÿ çà ñ÷åò êîíå÷íîãî âðåìåíè ïðîëåòà íå
ïðèâîäèòñÿ â ýêñïåðèìåíòå [42]. Îäíàêî, åãî ìîæíî ãðóáî îöåíèòü êàê ðàçíèöó ìåæäó ýêñïåðèìåí-
òàëüíîé øèðèíîé, ýêñòðàïîëèðîâàííîé ê íóëåâîìó äàâëåíèþ Γexp = 11.33(19) ÌÃö è åñòåñòâåííîé
øèðèíîé Γnat = 11.26 ÌÃö, ðàññ÷èòàííîé òåîðåòè÷åñêè [98]: Γtt = 0.07(19) ÌÃö. Íàêîíåö, äëÿ äàâ-
ëåíèé â îòðåçêå îò 0.05 äî 0.5 òîðð ïîëó÷àåì ýêñïåðèìåíòàëüíûå øèðèíû Γexp ∈ [13.2(4), 29.2(4)]
ÌÃö. Ïîäñòàíîâêà ýòèõ çíà÷åíèé â (77) ïðèâîäèò ê ÍÐ ïîïðàâêàì δNR ê ÷àñòîòå ïåðåõîäà â èí-
òåðâàëå îò 0.016(1) äî 0.082(19) ÌÃö. Ýòè çíà÷åíèÿ ÷àñòè÷íî óñòðàíÿþò èìåþùååñÿ ðàñõîæäåíèå
â 0.5 ÌÃö [41] ìåæäó òåîðèåé è ýêñïåðèìåíòîì äëÿ ÷àñòîòû ïåðåõîäà 23S1 − 33D1.
Íàáëþäàåìûé ñèãíàë èíòåðôåðåíöèè áûë òàêæå ýêñòðàïîëèðîâàí íà çíà÷åíèå p = 0.151 òîðð

(ñì Ðèñ.1 â [42]). Ñîîòâåòñòâóþùàÿ ÍÐ ïîïðàâêà δNR = 0.027 ÌÃö. Ýòî çíà÷åíèå âñå åùå íå óñòðà-
íÿåò èìåþùååñÿ ìåæäó òåîðèåé è ýêñïåðèìåíòîì ðàñõîæäåíèå, íàéäåííîå â [41], îäíàêî èìååò âå-
ëè÷èíó ïîðÿäêà ýêñïåðèìåíòàëüíîé ïîãðåøíîñòè Eexp(23S1−33D1) = 786 823 850.002(56) ÌÃö [42].
Âàæíî îòìåòèòü, ÷òî îêîí÷àòåëüíîå çíà÷åíèå ÷àñòîòû ïåðåõîäà 23S1−33D1, îïóáëèêîâàííîå â [42],
áûëî ïîëó÷åíî ñ ïîìîùüþ ýêñòðàïîëÿöèè ê íóëåâîìó äàâëåíèþ, òî åñòü êîãäà Γexp ïðèìåðíî ðàâ-
íà Γnat. Òîãäà, ñäâèãàÿ öåíòð ëèíèè íà âåëè÷èíó ÍÐ ïîïðàâîê ïðè êàæäîì çíà÷åíèè äàâëåíèÿ â
ñîîòâåòñòâèè ñ (76), ìîæíî îæèäàòü, ÷òî ðåçóëüòàò áóäåò äðóãèì (ñì. Ðèñ. 2b â [42]), ÷òî ïîçâîëèò
óñòðàíèòü èìåþùååñÿ ðàñõîæäåíèå ìåæäó òåîðèåé è ýêñïåðèìåíòîì, ïî êðàéíåé ìåðå, ÷àñòè÷íî.
Íà Ðèñ.10 âîñïðîèçâîäèòñÿ ýêñòðàïîëÿöèÿ, ïðîâåäåííàÿ â [42] è ïðèâîäèòñÿ ãðàôèê äëÿ çíà÷åíèé
÷àñòîò ïåðåõîäîâ ω′0, ó÷èòûâàþùèõ ÍÐ ïîïðàâêè δNR, â ñîîòâåòñòâèè ñ îïðåäåëåíèåì ω

′
0 ≡ ω0−δNR.
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Ðèñ. 10: Ýêñòðàïîëÿöèÿ çíà÷åíèÿ ÷àñòîòû ïåðåõîäà 23S1 − 33D1 â çàâèñèìîñòè îò äàâëåíèÿ. Ñè-
íèå òî÷êè ñîîòâåòñòâóþò ó÷åòó ÍÐ ïîïðàâîê ê ýêñïåðèìåíòàëüíûì çíà÷åíèÿì ÷àñòîò (êðàñíûå
òî÷êè). Ñîîòâåòñòâóþùàÿ ïóíêòèðíàÿ ñèíÿÿ ïðÿìàÿ ïðåäñòàâëÿåò ýêñòðàïîëÿöèþ ê íóëåâîìó çíà-
÷åíèþ äàâëåíèÿ, ïðîâåäåííóþ ïî ñèíèì òî÷êàì. Àíàëîãè÷íî, êðàñíàÿ ïðÿìàÿ ïðåäñòàâëÿåò ñîáîé
ýêñòðàïîëÿöèþ çíà÷åíèé áåç ó÷åòà ÍÐ ïîïðàâîê. Ïîãðåøíîñòè âçÿòû èç ðàáîòû [42]. Çíà÷åíèÿ
÷àñòîò ó÷èòûâàþò ýôôåêò Äîïëåðà, èìåþùèé ïðè òåìïåðàòóðå T=300 K çíà÷åíèå 8.1 ÊÃö [42].
Ïðèìåíÿëñÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ.
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Îäíàêî, îêàçûâàåòñÿ, ÷òî ðåçóëüòàò ïîäîáíîé ýêñòðàïîëÿöèè ê íóëåâîìó äàâëåíèþ äëÿ ñäâèíó-
òûõ çíà÷åíèé ÷àñòîò íàõîäèòñÿ íà óðîâíå ýêñïåðèìåíòàëüíîé ïîãðåøíîñòè. Ñòîèò îòìåòèòü, ÷òî
ñäâèã ýêñïåðèìåíòàëüíûõ òî÷åê ω0 íà âåëè÷èíû ÍÐ ïîïðàâîê δNR ñïðàâåäëèâ, åñëè â ýêñïåðè-
ìåíòå [42] ÍÐ ïîïðàâêè íå áûëè ó÷òåíû, òî åñòü ýêñïåðèìåíòàëüíûå çíà÷åíèÿ (êðàñíûå òî÷êè íà
Ðèñ.10) âêëþ÷àþò â ñåáÿ ÍÐ ïîïðàâêè, à çíà÷èò, íå ñîîòâåòñòâóþò òåîðåòè÷åñêîìó îïðåäåëåíèþ
÷àñòîòû ïåðåõîäà [41].
Ïîõîæèå âû÷èñëåíèÿ ìîæíî ïðîâåñòè è äëÿ ñëó÷àÿ ïåðåõîäîâ 23S1 − 43D1 è 23S1 − 53D1, èçó-

÷åííûõ â [99]. Â ýòîì ýêñïåðèìåíòå èñïîëüçîâàëàñü òà æå òåõíèêà èçìåðåíèé, ÷òî è â [42], ðåçóëü-
òàòû ∆Eexp(23S1 − 43D1) = 947 000 197.11(1.8) ÌÃö è ∆Eexp(23S1 − 53D1) = 102 112 869 7.31(2.4)
ÌÃö. Êîýôôèöèåíò óøèðåíèÿ çà ñ÷åò äàâëåíèÿ äëÿ ïåðåõîäîâ 23S1 − 43D1 è 23S1 − 53D1 äàåò-
ñÿ âûðàæåíèÿìè Γpb/p = 68.1(2.7)[MHz/Torr] è Γpb/p = 78.5(2.7)[MHz/Torr], ñîîòâåòñòâåííî (ñì.
Òàáëèöó III â [99]), â òî âðåìÿ êàê ýôôåêòû, ñâÿçàííûå ñ êîíå÷íûì âðåìåíåì ïðîëåòà, ïîëàãà-
þòñÿ ïðåíåáðåæèìî ìàëûìè. Òîãäà, èñïîëüçóÿ çíà÷åíèÿ ñîîòâåòñòâóþùèõ èíòåðâàëîâ òîíêîãî
ðàñùåïëåíèÿ ∆12 = E43D1

− E43D2
= 555.231(7) ÌÃö, ∆13 = E43D1

− E43D3
= 591.253(6) ÌÃö [80], è

åñòåñòâåííîé øèðèíû ëèíèè Γnat
43D1

= 4.96274 ÌÃö [100], íàõîäèì ÍÐ ïîïðàâêè ê ÷àñòîòå ïåðåõîäà
23S1− 43D1 â èíòåðâàëå îò 0.350(23) äî 2.65(2) ÌÃö äëÿ äàâëåíèé p = 0.5− 1.5 òîðð. Ýòè ïîïðàâ-
êè íàõîäÿòñÿ íà óðîâíå, èëè äàæå âûõîäÿò çà ðàìêè, ýêñïåðèìåíòàëüíîé ïîãðåøíîñòè èçìåðåíèÿ
÷àñòîòû 23S1 − 43D1 â 1.8 ÌÃö. Àíàëîãè÷íî, ÍÐ ïîïðàâêè ê ÷àñòîòå ïåðåõîäà 23S1 − 53D1 ïðè-
íèìàþò çíà÷åíèÿ îò 0.79(5) äî 6.6(4) ÌÃö ïðè ÷àñòîòàõ ∆12 = E53D1

− E53D2
= 283.560(8) ÌÃö,

∆13 = E53D1
− E53D3

= 302.781(8) ÌÃö [80], è åñòåñòâåííûõ øèðèíàõ Γnat
53D1

= 2.61381 ÌÃö [100].
Ðåçóëüòàòû ïðåäñòàâëåíû â Òàáëèöå 6.
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Òàáëèöà 6: Çíà÷åíèÿ ÍÐ ïîïðàâîê (5-àÿ êîëîíêà) ê ÷àñòîòàì ïåðåõîäîâ 23S1 − n3D1 (n = 3, 4, 5)
(2-àÿ êîëîíêà) ïðè ðàçëè÷íûõ çíà÷åíèÿõ äàâëåíèÿ (4-àÿ êîëîíêà). Âñå çíà÷åíèÿ äàíû â ÌÃö. Â
ñêîáêàõ ïðåäñòàâëåíû ïîãðåøíîñòè. Âñå âåëè÷èíû äàíû â ÌÃö

Ïåðåõîä Ýêñï. [42, 99] Òåîð. [41,95] Ýêñï.øèðèíû Γexp δNR

23S1 − 33D1 786 823 850.002(56) 786 823 849.540(57) 13.2(4)− 29.2(4) 0.016(1)− 0.082(19)
23S1 − 43D1 947 000 197.11(1.8) 947 000 194.44(5) 39(1.4)− 107(4) 0.350(23)− 2.65(2)
23S1 − 53D1 102 112 869 7.31(2.4) 102 112 869 8.36(5) 41.9(1.4)− 120(4) 0.79(5)− 6.6(4)

Íåñìîòðÿ íà òî, ÷òî ðåçóëüòàòû ïðåäñòàâëåííîãî çäåñü àíàëèçà íå ìîãóò äî êîíöà óñòðàíèòü èìåþ-
ùèåñÿ ðàñõîæäåíèÿ ìåæäó ðåçóëüòàòàìè òåîðåòè÷åñêèõ ðàñ÷åòîâ è ýêñïåðèìåíòàëüíûõ èçìåðåíèé
÷àñòîò ïåðåõîäîâ, îíè èëëþñòðèðóþò âàæíîñòü ó÷åòà ÍÐ ïîïðàâîê â ýêñïåðèìåíòàõ òèïà [42,99].
Ìîæíî îæèäàòü, ÷òî ñîãëàñèå ìåæäó òåîðèåé è ýêñïåðèìåíòîì â äàííîì ñëó÷àå â áîëüøåé ñòåïåíè
çàâèñèò îò áîëåå òî÷íîãî èçìåðåíèÿ ÷àñòîòû ïåðåõîäà è áîëåå àêêóðàòíîé ïðîöåäóðû èíòåðïîëÿ-
öèè, ñì. Ðèñ. 10, èëè æå îò ðàñ÷åòà äî ñèõ ïîð íå ó÷èòûâàåìûõ ÊÝÄ ïîïðàâîê.

5.4 Ýôôåêò òåðìàëüíîãî óøèðåíèÿ ñïåêòðàëüíîé ëèíèè

Ââèäó àíàëèçà, ïðèâåäåííîãî â ïðåäûäóùåì ðàçäåëå, ñòàíîâèòñÿ ÿñíûì, ÷òî ïðè îïðåäåëåíèè
÷àñòîòû ïåðåõîäà áîëüøóþ ðîëü íà÷èíàåò èãðàòü àêêóðàòíîå îïðåäåëåíèå íàáëþäàåìîé øèðèíû
ëèíèè. Äàííîå çàêëþ÷åíèå íàïðÿìóþ ñëåäóåò èç âûðàæåíèÿ äëÿ ÍÐ ïîïðàâêè (77): ïðîïîðöèî-
íàëüíîñòü ÍÐ ïîïðàâêè Γ2 äåëàåò âûðàæåíèå ñèëüíî çàâèñÿùèì îò íàáëþäàåìîé â ýêñïåðèìåíòå
øèðèíû ñïåêðàëüíîé ëèíèè. Ñóùåñòâóåò ðÿä ýôôåêòîâ, âíîñÿùèõ ñâîé âêëàä â óøèðåíèå ñïåê-
òðàëüíîé ëèíèè. Ê ïðèìåðó, êîíå÷íîå âðåìÿ ïðîëåòà, äàâëåíèå, îñòàòî÷íîå ýëåêòðè÷åñêîå èëè
ìàãíèòíîå ïîëÿ, ôîòî-èîíèçàöèÿ, íàñûùåíèå, ñòîëêíîâèòåëüíîå óøèðåíèå, è òàê äàëåå. Â îáùåì
ñëó÷àå âñå ýòè ýôôåêòû ñ íåîáõîäèìîñòüþ äîëæíû áûòü ó÷òåíû â çàâèñèìîñòè îò ýêñïåðèìåí-
òàëüíûõ óñëîâèé, íî â ïðîñòåéøåì ñëó÷àå ó÷åò ýòèõ ýôôåêòîâ ìîæåò áûòü ñâåäåí ê ñóììèðîâàíèþ
ñîîòâåòñòâóþùèõ âêëàäîâ â øèðèíó ñïåêòðàëüíîé ëèíèè, ñì. âûðàæåíèå (92). Äëÿ áîëåå òî÷íîãî
îïðåäåëåíèÿ ÷àñòîò ïåðåõîäîâ, ìîæíî óìåíüøèòü âëèÿíèå âñåõ ïîäîáíûõ ýôôåêòîâ, ñâîäÿ íà-
áëþäàåìóþ øèðèíó ñïåêòðàëüíîé ëèíèè ê åñòåñòâåííîé, íî ýòî áóäåò ÿâëÿòüñÿ î÷åíü ñèëüíûì
óñëîæíåíèåì ýêñïåðèìåíòà. Äðóãîé ñïîñîá èçáåæàíèÿ íåòî÷íîñòåé â îïðåäåëåíèè ÷àñòîò ïåðåõî-
äîâ ñîñòîèò â ïðîâåäåíèè ñîîòâåòñòâóþùåãî òåîðåòè÷åñêîãî ðàñ÷åòà ýôôåêòîâ, âíîñÿùèõ âêëàä â
óøèðåíèå èçó÷àåìîé ëèíèè.
Â êà÷åñòâå ïðèìåðà â äàííîì ðàçäåëå ðàññìîòðèì åùå îäèí õîðîøî èçâåñòíûé ìåõàíèçì óøèðå-

íèÿ ñïåêòðàëüíîé ëèíèè, à èìåííî òåðìàëüíî-èíäóöèðîâàííîå óøèðåíèå. Òåîðåòè÷åñêîå îïèñàíèå
äàííîãî ýôôåêòà ñâîäèòñÿ ê ñóììèðîâàíèþ âåðîÿòíîñòåé ïåðåõîäîâ, èíäóöèðîâàííûõ èçëó÷åíèåì
àáñîëþòíî ÷åðíîãî òåëà (À×Ò). Äàííîå ñóììèðîâàíèå ìîæíî ïðîâåñòè â íåðåëÿòèâèñòñêîì ïðå-
äåëå è äèïîëüíîì ïðèáëèæåíèè ñ ïîìîùüþ ñëåäóþùåãî âûðàæåíèÿ (ñì., ê ïðèìåðó, [101�103]):

Γβa =
4

3
e2
∑
n

∣∣〈a|r|n〉∣∣2nβ(ωan)ω3
an, (93)

ãäå ωab = Ea−Eb åñòü ðàçíèöà ýíåðãèé àòîìíûõ ñîñòîÿíèé a è b (ðåçîíàíñíàÿ ÷àñòîòà ïåðåõîäà), kB
åñòü ïîñòîÿííàÿ Áîëüöìàíà, T òåìïåðàòóðà â Êåëüâèíàõ, nβ(ω) ôóíêöèÿ ðàñïðåäåëåíèÿ Ïëàíêà

nβ(ω) =
1

e
ω

kBT − 1
. (94)

Ñóììèðîâàíèå â (93) ïðîáåãàåò âåñü Øðåäèíãåðîâñêèé ñïåêòð ýíåðãèé, âêëþ÷àÿ âûøåëåæàùèå
ñîñòîÿíèÿ. Ïðè ýòîì ïðè íèçêèõ (êîìíàòíûõ) òåìïåðàòóðàõ ïàðöèàëüíûå âêëàäû â (94) ïåðåõîäîâ
èç ñâÿçíûõ ñîñòîÿíèé â ñâîáîäíûå ïðåíåáðåæèìî ìàëû. Ïðè êîìíàòíîé òåìïåðàòóðå ÷èñëåííûå
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çíà÷åíèÿ òåðàìàëüíî-èíäóöèðîâàííûõ øèðèí äëÿ ns/nd (n = 4, 6, 8, 12) óðîâíåé â âîäîðîäå ïðè-
âåäåíû â Òàáëèöå 7, ãäå òàêæå äëÿ ñðàâíåíèÿ ïðèâåäåíû åñòåñòâåííûå øèðèíû óðîâíåé.

Òàáëèöà 7: Èíäóöèðîâàííûå èçëó÷åíèåì À×Ò è åñòåñòâåííûå øèðèíû óðîâíåé ns/nd â âîäîðîäå
ïðè T = 300 K. Âñå âåëè÷èíû ïðèâåäåíû â Ãö. Ñóììèðîâàíèå ïî n â (93) îãðàíè÷åíî òîëüêî
äèñêðåòíûì ñïåêòðîì è n = 300, ÷òî îïðàâäûâàåòñÿ ìàëîñòüþ êîýôôèöèåíòà kBT ≈ 9.5 × 10−4

àòîìíûõ åäèíèö è áûñòðîé ñõîäèìîñòüþ ìàòðè÷íûõ ýëåìåíòîâ.

n
ns nd

Γβ, [101] Γβ Γnat x = 2Γβ/Γnat Γβ, [101] Γβ Γnat x = 2Γβ/Γnat

4 2.54966 2.53778 7.03× 105 7.22× 10−6 4.30037 4.2809 4.41× 106 1.94× 10−6

6 1120.13 1119.48 2.98× 105 0.075 1530.75 1529.73 1.34× 106 0.0023
8 4036.17 4036.93 1.44× 105 0.056 5026.11 5027.23 5.72× 105 0.018
12 5718.44 5721.15 4.77× 104 0.24 6434.63 6437.0 1.72× 105 0.075

Ýôôåêò òåðìàëüíîãî óøèðåíèÿ â ïðèëîæåíèè ê ÍÐ ïîïðàâêàì ìîæåò áûòü ó÷òåí ïîäñòàíîâ-
êîé ïîëíîé øèðèíû óðîâíÿ Γtot

a ≡ Γβa + Γnat
a â âûðàæåíèå (77). Ïîñêîëüêó Γβ ìåíüøå, ÷åì Γnat,

ïîðÿäîê âåëè÷èíû òåðìàëüíî èíäóöèðîâàííîé ÍÐ ïîïðàâêè ìîæåò áûòü îöåíåí êàê îòíîøåíèå
x = 2Γβ/Γnat. Çíà÷åíèÿ x ïðèâåäåíû â Òàáëèöå 7. Èõ ìîæíî èñïîëüçîâàòü, óìíîæàÿ ðåçóëüòà-
òû, ïîëó÷åííûå â ïðåäûäóùèõ ðàçäåëàõ íà äàííûå âåëè÷èíû. Â ÷àñòíîñòè, âèäíî, ÷òî âåëè÷è-
íà òåðìàëüíî-èíäóöèðîâàííîãî óøèðåíèÿ ñïåêòðàëüíîé ëèíèè ñòàíîâèòñÿ çàìåòíîé äëÿ âûñîêî-
âîçáóæäåííûõ ns ñîñòîÿíèé, ÷òî ïðèâîäèò ê äîïîëíèòåëüíîé ÍÐ ïîïðàâêå íà óðîâíå ÷åòâåðòè
âåëè÷èíû "îáû÷íîé" ÍÐ ïîïðàâêè.

6 Çàêëþ÷åíèå

Â ðàìêàõ äàííîé ðàáîòû áûëè ðàññìîòðåíû íåðåçîíàíñíûå ýôôåêòû â ïðèëîæåíèè ê ïðåöèçèîí-
íîé îäíî- è äâóõ-ôîòîííîé ñïåêòðîñêîïèè ïðîñòûõ àòîìíûõ ñèñòåì. Íà÷àâ ñ îñíîâíûõ ôîðìóë
äëÿ ïðîöåññà îäíî-ôîòîííîãî ðàññåÿíèÿ, ñì. ðàçäåë 2, â ðàìêàõ òåîðèè êâàíòîâîé ýëåêòðîäèíà-
ìèêè è ôîðìàëèçìà S-ìàòðèöû, áûëè ïîëó÷åíû âûðàæåíèÿ äëÿ ïîëíîãî è äèôôåðåíöèàëüíîãî
ñå÷åíèé ðàññåÿíèÿ ôîòîíà íà ñâÿçàííîì ýëåêòðîíå, à â ðàçäåëàõ 3.1 è 3.2 ñîîòâåòñòâóþùèå ýòèì
äâóì ñëó÷àÿì ÍÐ ïîïðàâêè. Äàëåå, â ðàçäåëå 4 äëÿ ýôôåêòà êâàíòîâîé èíòåðôåðåíöèè, êàê íàè-
áîëåå çíà÷èìîãî èç ÍÐ ýôôåêòîâ, ïîäðîáíî ðàññìàòðèâàëèñü óãëîâûå êîððåëÿöèè íà ïðèìåðàõ
îäíî-ôîòîííîé ñïåêòðîñêîïèè âîäîðîäà, ìþîííîãî âîäîðîäà è èçîòîïà ãåëèÿ-3. Óãëîâûå êîððåëÿ-
öèè äëÿ ñëó÷àÿ äâóõ-ôîòîííîé ñïåêòðîñêîïèè àòîìîâ âîäîðîäà è ãåëèÿ áûëè èçó÷åíû â ðàçäåëå
5. Â ðàçäåëàõ 5.3 è 5.4 îáñóæäàëîñü âëèÿíèå ðàçëè÷íûõ ýôôåêòîâ óøèðåíèÿ ñïåêòðàëüíîé ëè-
íèè, à èìåííî � çà ñ÷åò äàâëåíèÿ íà ïðèìåðå ñïåêòðîñêîïèè ãåëèÿ-4, è íà ïðèìåðå âîäîðîäà çà
ñ÷åò ïåðåõîäîâ, èíäóöèðîâàííûõ èçëó÷åíèåì àáñîëþòíîãî ÷åðíîãî òåëà. Ïîìèìî ýòîãî, ê ðàáîòå
ïðèâåäåíû òðè ïðèëîæåíèÿ. Â ïåðâîì (Ïðèëîæåíèå 8.1) äàåòñÿ âûâîä àìïëèòóäû îäíî-ôîòîííîãî
ðàññåÿíèÿ â íåðåëÿòèâèñòñêîì ïðåäåëå è äèïîëüíîì ïðèáëèæåíèè. Âî âòîðîì (Ïðèëîæåíèå 8.2)
ïðèâåäåí äåòàëüíûé âûâîä âûðàæåíèé äëÿ óãëîâûõ êîððåëÿöèé â ñëó÷àå äâóõ-ôîòîííîãî ðàññå-
ÿíèÿ. Äàëåå, â òðåòüåì (Ïðèëîæåíèå 8.3) äàí âûâîä àíàëèòè÷åñêèõ âûðàæåíèé äëÿ ÍÐ ïîïðàâîê
ê ïåðåõîäàì 2s− ns/nd â àòîìå âîäîðîäà.
Êàê ïîêàçûâàþò ðåçóëüòàòû äàííîé ðàáîòû, íåðåçîíàíñíûå ýôôåêòû è ñîîòâåòñòâóþùèå èì

ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ, èãðàþò âàæíóþ ðîëü â ñîâðåìåííîé àòîìíîé ôèçèêå. Èõ îñîáàÿ
ðîëü î÷åâèäíà â ñâÿçè ñ âñå áîëåå òî÷íûì îïðåäåëåíèåì ñòàíäàðòîâ ÷àñòîòû è óòî÷íåíèåì ôóí-
äàìåíòàëüíûõ ôèçè÷åñêèõ êîíñòàíò. Òàê, èìåííî ó÷åò àñèììåòðèè êîíòóðà ñïåêòðàëüíîé ëèíèè
çà ñ÷åò ÍÐ ýôôåêòîâ ñóùåñòâåííî ïîäòîëêíóë ê ðàçðåøåíèþ "çàãàäêó ðàäèóñà ïðîòîíà", à ó÷åò
ÍÐ ïîïðàâîê è èõ çàâèñèìîñòè îò ýêñïåðèìåíòàëüíûõ ïàðàìåòðîâ äåìîíñòðèðóåò âîçìîæíîñòü
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óñòðàíåíèÿ èìåþùåãîñÿ ðàñõîæäåíèÿ ìåæäó òåîðåòè÷åñêèì ðàñ÷åòîì è ðåçóëüòàòîì ýêñïåðèìåí-
òàëüíûõ èçìåðåíèé â ñïåêòðîñêîïèè ãåëèÿ. Çàâèñèìîñòü ÍÐ ýôôåêòîâ îò óñëîâèé ýêñïåðèìåíòà
ïîä÷åðêèâàåò íåîáõîäèìîñòü îòäåëüíîãî ðàññìîòðåíèÿ è äåòàëüíîãî àíàëèçà êàæäîãî êîíêðåòíî-
ãî ýêñïåðèìåíòà. Íàèáîëåå âàæíîå ñâîéñòâî ÍÐ ýôôåêòîâ è ñîîòâåòñòâóþùèõ ïîïðàâîê ê ÷àñòîòå
ïåðåõîäà ñîñòîèò â òîì, ÷òî îíè óñòàíàâëèâàþò ïðèíöèïèàëüíûé ïðåäåë òî÷íîñòè ñïåêòðîñêîïè-
÷åñêèõ èçìåðåíèé ÷àñòîò è ïðåäåë, â ðàìêàõ êîòîðîãî ôèçè÷åñêè îñìûñëåííî ïîíÿòèå ýíåðãèè
âîçáóæäåííîãî ñîñòîÿíèÿ àòîìíîé ñèñòåìû.

7 Áëàãîäàðíîñòè

Ðàáîòà áûëà ïîääåðæàíà Ðîññèéñêèì Íàó÷íûì Ôîíäîì (ãðàíò 20-72-00003) è Ðîññèéñêèì Ôîíäîì
Ôóíäàìåíòàëüíûõ Èññëåäîâàíèé (ãðàíò 20-02-00111).

8 Ïðèëîæåíèÿ

8.1 Àìïëèòóäà ðàññåÿíèÿ â íåðåëÿòèâèñòñêîì ïðåäåëå è äèïîëüíîì ïðè-

áëèæåíèè

Â äàííîì ðàçäåëå ïðèâåäåì âûâîä âûðàæåíèÿ äëÿ àìïëèòóäû îäíî-ôîòîííîãî ðàññåÿíèÿ â ñëó-
÷àå íåðåëÿòèâèòñòêîãî ïðåäåëà, ïîëó÷àåìîãî èç âûðàæåíèÿ (7). Ñëåäóÿ [60], ðàññìîòðèì ÷àñòü
âûðàæåíèÿ (7) ñ îòðèöàòåëüíî-ýíåðãåòè÷åñêèìè ïðîìåæóòî÷íûìè ñîñòîÿíèÿìè

U
(−)
fi =

2πe2

√
ω1ω2

[ ∑
En<0

(
αe∗1e

ik1r
)
fn

(
αe2e

−ik2r
)
ni

En(1− i0)− Ei − ω1

+
∑
En<0

(
αe2e

−ik2r
)
fn

(
αe∗1e

ik1r
)
ni
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]
. (A1)

Óäîáíî çàïèñàòü ýíåðãèè ïîëîæèòåëüíî (+) è îòðèöàòåëüíî (-) ýíåðãåòè÷åñêèõ ñîñòîÿíèé êàê
E(±) = ±(m+ ε), ãäå ε åñòü ýíåðãèÿ ñâÿçè â ïîëå ÿäðà. Êàê è ÷àñòîòà ïåðåõîäà, ïàðàìåòð ε èìååò
âåëè÷èíó ïîðÿäêà m(αZ)2 (â ðåëÿòèâèñòñêèõ åäèíèöàõ).
Òîãäà, ïðèíèìàÿ âî âíèìàíèå òîò ôàêò, ÷òî íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèÿ â ðàññìàòðèâàåìîì

ïðîöåññå ÿâëÿþòñÿ ïîëîæèòåëüíî-ýíåðãåòè÷åñêèìè, ñïðàâåäëèâûìè áóäóò ñëåäóþùèå îöåíêè
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n (r) =

m− Ĥ
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n (r) ≈ m− Ĥ

2m
ψ(−)
n (r), (A4)

ãäå Ĥ åñòü ãàìèëüòîíèàí ýëåêòðîíà â ïîëå ÿäðà. Â èíòåðåñóþùåì íàñ ïðèáëèæåíèè Ĥ = βm,
Ĥψ

(±)
n (r) = ±O(m)ψ

(±)
n (r), ãäå ψ

(+)
n åñòü âîëíîâàÿ ôóíêöèÿ ïîëîæèòåëüíî-ýíåðãåòè÷åñêîãî ñîñòî-

ÿíèÿ, âûðàæåíèå (A4) ìîæåò áûòü ñâåäåíî ê

m− Ĥ
2m

ψ(−)
n (r) ≈ ψ(−)

n (r), (A5)
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m− Ĥ
2m

ψ(+)
n (r) ≈ 0. (A6)

Òîãäà ñóììèðîâàíèå ïî En < 0 â (A1) ìîæåò áûòü òàêæå ðàñïðîñòðàíåíî íà ñóììèðîâàíèå ïî
ñîñòîÿíèÿì ñ En > 0. Ó÷èòûâàÿ (A2), (A3), (A5) è (A6), ìîæíî çàïèñàòü (A1) â âèäå

U
(−)
fi = − πe2

2m
√
ω1ω2

∑
n

[
〈f |αe∗1eik1r(1− β)|n〉〈n|αe2e

−ik2r|i〉+ 〈f |αe2e
−ik2r(1− β)|n〉〈n|αe∗1eik1r|i〉

]
.

(A7)

Ñóììèðîâàíèå â äàííîì âûðàæåíèè ïðîáåãàåò óæå âåñü íåðåëÿòèâèñòñêèé ñïåêòð ýíåðãèé. Èñ-
ïîëüçóÿ óñëîâèå ïîëíîòû

∑
n |n〉〈n| = 1, ìîæíî ïîëó÷èòü

U
(−)
fi = − πe2

2m
√
ω1ω2

〈f |αe∗1eik1r(1− β)αe2e
−ik2r +αe2e

−ik2r(1− β)αe∗1e
ik1r|i〉. (A8)

Èñïîëüçóÿ äàëåå ñâîéñòâà ìàòðèö Ïàóëè, ïåðåïèøåì âûðàæåíèå (A8) â âèäå [60]

U
(−)
fi = − 2πe2

m
√
ω1ω2

(e∗1e2)〈f |eir(k1−k2)|i〉. (A9)

Â íåðåëÿòèâèñòñêîì ïðåäåëå õàðàêòåðíàÿ âåëè÷èíà ðàäèóñ âåêòîðà äëÿ àòîìíîãî ýëåêòðîíà
åñòü |r| = 1

mαZ
, à âåëè÷èíà èìïóëüñà ôîòîíà |k| = ω = O(Ef − Ei) = m(αZ)2, òàê ÷òî kr = αZ.

Òîãäà, ýêñïîíåíòà â äàííîì âûðàæåíèè ìîæåò áûòü çàìåíåíà íà 1

U
(−)
fi = − 2πe2

m
√
ω1ω2

(e∗1e2)〈f |i〉 = − 2πe2

m
√
ω1ω2

(e∗1e2)δfi. (A10)

Ðàññìîòðèì òåïåðü ÷àñòü âûðàæåíèÿ (7) ñ ïîëîæèòåëüíî-ýíåðãåòè÷åñêèìè ïðîìåæóòî÷íûìè ñî-
ñòîÿíèÿìè. Äëÿ áîëüøîé (âåðõíåé) è ìàëîé (íèæíåé) êîìïîíåíò Äèðàêîâñêîé âîëíîâîé ôóíêöèè
â òàêîì ñëó÷àå ñïðàâåäëèâî ñëåäóþùåå

χ ≈ σp
2m

ϕ, (A11)

ñì., ê ïðèìåðó, [60]. Òîãäà ìàòðè÷íûé ýëåìåíò, â îáêëàäêàõ êîòîðîãî ñòîÿò ïîëîæèòåëüíî-ýíåðãåòè-
÷åñêèå ñîñòîÿíèÿ, ìîæåò áûòü ñâåäåí ê

ψ†aαeψb = ϕ†aσeχb + χ†aσeϕb ≈
1

2m
ϕ†a [(σe) (σp) + (σp) (σe)]ϕb =

1

m
ϕ†apeϕb, (A12)

ãäå áûëî èñïîëüçîâàíî (σa) (σb) = (ab) + iσ [a× b]. Ôóíêöèè ϕ çäåñü ÿâëÿþòñÿ ðåøåíèÿìè óðàâ-
íåíèÿ Ïàóëè. Òàêèì îáðàçîì, àìïëèòóäà ðàññåÿíèÿ (7) â íåðåëÿòèâèñòñêîì ïðåäåëå ïðèíèìàåò
âèä

U
(2)
fi =

2πe2

√
ω1ω2

[
1

m2

∑
n

(
pe∗1

)
fn

(
pe2

)
ni

En(1− i0)− Ei − ω1

+
1

m2

∑
n

(
pe2

)
fn

(
pe∗1

)
ni

En(1− i0)− Ef + ω1

− 1

m
(e∗1e2)δfi

]
. (A13)

Ìàòðè÷íûå ýëåìåíòû â ýòîì âûðàæåíèè íàïèñàíû â "ôîðìå ñêîðîñòè". Ìîæíî çàïèñàòü èõ â
"ôîðìå äëèíû", èñïîëüçóÿ òîæäåñòâî

i

m
(p)ab =

(
[r, Ĥ

]
)ab = (Eb − Ea) (r)ab, (A14)
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ãäå Ĥ åñòü íåðåëÿòèâèñòñêèé ãàìèëüòîíèàí. Äëÿ ýòîãî íóæíî çàìåòèòü, ÷òî ïîñëåäíèé ÷ëåí â
êâàäðàòíûõ ñêîáêàõ â âûðàæåíèè (A13) ìîæíî ïåðåïèñàòü â âèäå

(e∗1e2)δfi = i〈f |
[
(pe∗1), (re2)

]
|i〉 = m〈f |

[[
(re∗1), Ĥ

]
, (re2)

]
|i〉 = (A15)

= m
∑
n

[
En
(
〈f |(re∗1)|n〉〈n|(re2)|i〉+ 〈f |(re2)|n〉〈n|(re∗1)

)
|i〉
)
−

−Ei〈f |(re2)|n〉〈n|(re∗1)|i〉 − Ef〈f |(re∗1)|n〉〈n|(re2)|i〉
]
,

ãäå èñïîëüçîâàëîñü
∑

n |n〉〈n| = 1. Ñóììèðîâàíèå â (A15) ïðîáåãàåò ñïåêòð ðåøåíèé óðàâíåíèÿ
Ïàóëè. Äàëåå, ó÷èòûâàÿ (A15) è ïðîâîäÿ àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ, ïîëó÷èì ïîñëåäíèé
÷ëåí â (A13) â âèäå

(e∗1e2)δfi =
1

2

(
(e∗1e2) + (e2e

∗
1)
)
δfi =

m

2

∑
n

(
2En − Ef − Ei

)
× (A16)

×
(
〈f |(re∗1)|n〉〈n|(re2)|i〉+ 〈f |(re2)|n〉〈n|(re∗1)|i〉

)
.

Ïîäñòàíîâêà âûðàæåíèé (A14) è (A16) â (A8) äàåò

U
(2)
fi = − 2πe2

√
ω1ω2

[∑
n

(
Ef − En

)(
En − Ei

)(
re∗1

)
fn

(
re2

)
ni

En(1− i0)− Ei − ω1

+
∑
n

(
Ef − En

)(
En − Ei

)(
re2

)
fn

(
re∗1

)
ni

En(1− i0)− Ef + ω1

+

+
1

2

∑
n

(
2En − Ef − Ei

)(
〈f |(re∗1)|n〉〈n|(re2)|i〉+ 〈f |(re2)|n〉〈n|(re∗1)|i〉

)]
. (A17)

Äîáàâëÿÿ ê ýòîìó âûðàæåíèÿ òîæäåñòâî

ω2

2

∑
n

(
〈f |(re∗1)|n〉〈n|(re2)|i〉 − 〈f |(re2)|n〉〈n|(re∗1)|i〉

)
= 0, (A18)

è ó÷èòûâàÿ ω2 = Ei + ω1 − Ef , íàêîíåö, íàõîäèì

U
(2)
fi = 2πe2√ω1ω2

[∑
n

(
re∗1

)
fn

(
re2

)
ni

En(1− i0)− Ei − ω1

+
∑
n

(
re2

)
fn

(
re∗1

)
ni

En(1− i0)− Ef + ω1

]
, (A19)

ãäå ñóììèðîâàíèå ïðîáåãàåò óæå ïî ïîëîæèòåëüíî-ýíåðãåòè÷åñêèì ñîñòîÿíèÿì, îòíîñÿùèìñÿ ê
íåðåëÿòèâèñòñêîìó ãàìèëüòîíèàíó.

8.2 Óãëîâàÿ àëãåáðà äëÿ ïðîöåññà äâóõ-ôîòîííîãî ðàññåÿíèÿ

Íèæå ïðèâåäåì âûâîä îáùåãî âûðàæåíèÿ äëÿ ñå÷åíèÿ äâóõ-ôîòîííîãî ðàññåÿíèÿ íà àòîìå. Â ýòîì
âûðàæåíèè, â äîïîëíåíèå ê òîíêîé ñòðóêòóðå, ÿâíî ó÷èòûâàåòñÿ ñâåðõòîíêàÿ ñòðóêòóðà óðîâíåé.
Âûðàæåíèå äëÿ ñå÷åíèÿ ðàññåÿíèÿ íàïèñàíî â òåðìèíàõ 6j- ñèìâîëîâ è ïðîñòûõ ðàäèàëüíûõ
èíòåãðàëîâ, à óãëîâàÿ àëãåáðà áûëà ïðîâåäåíà ñ èñïîëüçîâàíèåì êíèãè [70].
Öåëü ñîñòîèò â òîì, ÷òîáû ïîëó÷èòü àíàëèòè÷åñêîå âûðàæåíèå äëÿ äèôôåðåíöèàëüíîãî ñå÷åíèÿ

ðàññåÿíèÿ ñ ÿâíîé çàâèñèìîñòüþ îò óãëîâ ìåæäó âåêòîðàìè ïîëÿðèçàöèè òðåõ ôîòîíîâ. Äðóãèå
òèïû êîððåëÿöèé, âêëþ÷àþùèå â ñåáÿ çàâèñèìîñòè îò âåêòîðîâ íàïðàâëåíèé ðàñïðîñòðàíåíèÿ
ôîòîíîâ, ìîãóò áûòü ïîëó÷åíû ñóììèðîâàíèåì ïî ñîîòâåòñòâóþùèì ïîëÿðèçàöèÿì.
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Âî-ïåðâûõ, ïðèâåäåì âûðàæåíèÿ, êîòîðûå áóäóò ïîëåçíû äëÿ ïîñëåäóþùèõ âû÷èñëåíèé, ñì.
[70]. Ñóììèðîâàíèå ïî ïîëÿðèçàöèÿì ôîòîíîâ ìîæíî ïðîâåñòè ñ ïîìîùüþ ôîðìóëû [63].∑

e

(e∗a)(e b) = (nk × a)(nk × b), (B1)

ãäå a, b äâà ïðîèçâîëüíûõ âåêòîðà, à nk âåêòîðà íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ ôîòîíà. Îáîçíà-
÷èì öèêëè÷åñêèå êîìïîíåíòû âåêòîðà êàê (a)q, ãäå q = 0, ±1. Â îáùåì ñëó÷àå, áóäåì èñïîëüçîâàòü
íåïðèâîäèìûå òåíçîðû ap ðàíãà p ñ êîìïîíåíòàìè apq. Ïåðâûé èíäåêñ îçíà÷àåò ðàíã òåíçîðà, à
âòîðîé åãî êîìïîíåíòó. Íåïðèâîäèìûé òåíçîð a1 ðàíãà 1 ñ êîìïîíåíòàìè a1q ñîîòâåòñòâóåò âåêòîðó
a è åãî öèêëè÷åñêèì êîìïîíåíòàì (a)q. Âåêòîðíàÿ êîìïîíåíòà (a)q ðàâíà òåíçîðíîé êîìïîíåíòå
a1q.
Ñêàëÿðíîå ïðîèçâåäåíèå äâóõ ïðîèçâîëüíûõ âåêòîðîâ a è b ìîæåò áûòü çàïèñàíî â öèêëè÷åñêèõ

êîìïîíåíòàõ â âèäå

ab =
∑
q

(−1)qaqb−q. (B2)

Íåïðèâîäèìîå òåíçîðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ ïîëÿðèçàöèè e3 è e2 ìîæíî ïðåäñòàâèòü â
âèäå

{e∗3 ⊗ e2}xξ =
∑
q3q2

Cxξ
1q31q2

(e∗1)q3(e2)q2 = (−1)ξΠx

∑
q1q2

(
1 1 x
q3 q2 −ξ

)
(e∗3)q3(e2)q2 , (B3)

ãäå CLM
l1m1l2m2

åñòü êîýôôèöèåíò Êëåáøà-Ãîðäàíà. Íåïðèâîäèìîå òåíçîðíîå ïðîèçâåäåíèå {e∗1⊗e2}xξ
óäîâëåòâîðÿåò ñîîòíîøåíèþ [104]:

{e∗3 ⊗ e2}∗xξ = (−1)x−ξ{e3 ⊗ e∗2}x−ξ. (B4)

Ñêàëÿðíîå ïðîèçâåäåíèå äâóõ íåïðèâîäèìûõ òåíçîðîâ ðàíãà x∑
ξ

axξb
∗
xξ = (ax · bx) = (−1)−ξ

√
2x+ 1 {ax ⊗ bx}00 . (B5)

Ïåðåñòàíîâêà òðåõ òåíçîðîâ ïåðâîãî ðàíãà â ñìåøàííîì íåïðèâîäèìîì òåíçîðíîì ïðîèçâåäåíèè
îïðåäåëÿåòñÿ ñëåäóþùèì ñîîòíîøåíèåì [70]:

{{ei ⊗ e∗j}x ⊗ e∗k}g = (−1)x+1+g
∑
h

Πxh

{
1 1 x
g 1 h

}
{e∗j ⊗ {ei ⊗ e∗k}h}g =

∑
h

(−1)x+hΠxh (B6)

×
{

1 1 x
g 1 h

}
{{ei ⊗ e∗k}h ⊗ e∗j}g.

Çäåñü èíäåêñû i, j, k = 1, 2, 3 îçíà÷àþò ñîîòâåòñòâóþùèå ôîòîíû. Ïåðåñòàíîâêà äâóõ òåíçîðîâ
ïåðâîãî ðàíãà âíóòðè íåïðèâîäèìîãî òåíçîðíîãî ïðîèçâåäåíèÿ ïîä÷èíÿåòñÿ ðàâåíñòâó

{ei ⊗ ej}z = (−1)z{ej ⊗ ei}z. (B7)

Ìàòðè÷íûå ýëåìåíòû öèêëè÷åñêèõ êîìïîíåíò ðàäèóñ-âåêòîð äàþòñÿ âûðàæåíèåì [70]

〈n′l′j′F ′MF ′ |rq|nljFMF 〉 = (−1)F
′−MF ′

(
F ′ 1 F
−MF ′ q MF

)
〈n′l′j′F ′||r||nljF 〉 (B8)

ãäå ðåäóöèðîâàííûå ìàòðè÷íûå ýëåìåíòû

〈n′l′j′F ′||r||nljF 〉 = (−1)j
′+j+I+l′+1/2+FΠj′jF ′F

{
j′ F ′ I
F j 1

}{
l′ j′ 1/2
j l 1

}
〈n′l′||r||nl〉. (B9)
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Çäåñü I ýòî ñïèí ÿäðà (I = 1/2 äëÿ àòîìà âîäîðîäà) è

〈n′l′||r||nl〉 = (−1)l
′
Πl′l

(
l 1 l′

0 0 0

)∫ ∞
0

r3Rn′l′Rnldr. (B10)

Â âûðàæåíèè (B10) Rnl îçíà÷àåò ðàäèàëüíóþ ÷àñòü âîäîðîäíîé âîëíîâîé ôóíêöèè.
Íåðåëÿòèâèñòñêîå ñå÷åíèå ðàññåÿíèÿ ñ ó÷åòîì êâàíòîâîé èíòåðôåðåíöèè äàåòñÿ âûðàæåíèåì

(72), ãäå ââåäåíû îáîçíà÷åíèÿ (73) è (74). Äëÿ âû÷èñëåíèÿ óãëîâûõ êîððåëÿöèé óäîáíî ðàññìîò-
ðåòü ïðîèçâåäåíèå TrT

∗
r′ , êîòîðîå ñâîäèòñÿ ê ïåðâîìó è âòîðîìó ÷ëåíó â (73) ïðè îïðåäåëåííûõ r

è r′ ∑
MFi

MFf

TrT
∗
r′ = ω3ω

3/2
rf ω

3/2
r′f (ωri − ω)3/2 (ωr′i − ω)3/2 (B11)

×
∑

MFrMFr′
MFk

MFk′
MFi

MFf

∑
nklkjkFk
nk′ lk′jk′Fk′

{
Prk(321)

ωki − ω
+
Prk(312)

ωkr + ω

}{
Pr′k′(321)

ωk′i − ω
+
Pr′k′(312)

ωk′r′ + ω

}∗
,

ãäå

Prk(λ3λ2λ1) = 〈nf lfjfFfMFf |e∗λ3r|nrlrjrFrMFr〉〈nrlrjrFrMFr |eλ2r|nklkjkFkMFk〉 (B12)

×〈nklkjkFkMFk |eλ1r|nilijiFiMFi〉.

Òîãäà, ðàñêðûâàÿ ôèãóðíûå ñêîáêè â (B11), ïîëó÷àåì

∑
MFi

MFf

TrT
∗
r′ = ω3ω

3/2
rf ω

3/2
r′f (ωri − ω)3/2 (ωr′i − ω)3/2

∑
MFrMFr′
MFk

MFk′
MFi

MFf

∑
nklkjkFk
nk′ lk′jk′Fk′

(B13)

×
{
Prk(321)P ∗r′k′(321)

(ωki − ω)(ωk′i − ω)
+

Prk(312)P ∗r′k′(321)

(ωkr + ω)(ωk′i − ω)
+

Prk(321)P ∗r′k′(312)

(ωki − ω)(ωk′r′ − ω)
+

Prk(312)P ∗r′k′(312)

(ωkr − ω)(ωk′r′ − ω)

}
.

Ñóììèðîâàíèå ïî ïðîåêöèÿì ìîæíî ïðîâåñòè îòäåëüíî äëÿ êàæäîãî èç ñëàãàåìûõ. Èñïîëüçóÿ
(B2) è òåîðåìó Ýêêàðòà-Âèãíåðà, äëÿ ïåðâîãî ñóììèðîâàíèÿ â ôèãóðíûõ ñêîáêàõ â (B13) ïîëó÷àåì

Prk(321)P ∗r′k′(321) =
∑
q3q2q1
q′3q

′
2q

′
1

(−1)φ+Fi+Ff+Fr+Fr′ (−1)Fk+Fk′−MFi
−MFf

−MFr−MFr′
−MFk

−MFk′ (B14)

×
(

Ff 1 Fr
−MFf −q3 MFr

)(
Fr 1 Fk
−MFr −q2 MFk

)(
Fk 1 Fi
−MFk −q1 MFi

)(
Fi 1 Fk′
−MFi −q′1 MFk′

)
×
(

Fk′ 1 Fr′
−MFk′

−q′2 MFr′

)(
Fr′ 1 Ff
−MFr′

−q′3 MFf

)
(e∗3)q3(e2)q2(e1)q1

[
(e∗1)q′1(e

∗
2)q′2(e3)q′3

]
Pred,

ãäå φ = q1+q2+q3+q′1+q′2+q′3 è Pred îçíà÷àåò ïðîèçâåäåíèå ðåäóöèðîâàííûõ ìàòðè÷íûõ ýëåìåíòîâ

Pred = 〈nf lfjfFf ||r||nrlrjrFr〉〈nrlrjrFr||r||nklkjkFk〉〈nklkjkFk||r||nilijiFi〉 (B15)

×〈nilijiFi||r||nklk′jk′Fk′〉〈nk′lk′jk′Fk′||r||nr′lr′jr′Fr′〉〈nr′lr′jr′Fr′||r||nf lfjfFf〉

Äàëåå, ñóììèðîâàíèå ïðî ïðîåêöèÿì ïîëíîãî ìîìåíòà àòîìà â íà÷àëüíîì (MFi), êîíå÷íîì (MFf ) è
ïðîìåæóòî÷íîì (MFr ,MFr′

,MFk ,MFk′
) ñîñòîÿíèÿõ â âûðàæåíèè (B13) ìîæíî ïðîâåñòè èñïîëüçóÿ

39



(ñì. (29) ñòð. 392 â [70]):∑
all

projections

Prk(321)P ∗r′k′(321) =
∑
q3q2q1
q′3q

′
2q

′
1

∑
xyz
ξηζ

Π2
xyz(−1)φ

(
1 1 x
q3 q2 ξ

)(
1 1 y
q1 q′1 η

)(
1 1 z
q′2 q′3 ζ

)
(B16)

×
(
x y z
−ξ −η −ζ

){
1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fr′ Fk′

}{
x y z
Fk′ Ff Fk

}
×(e∗3)q3(e2)q2(e1)q1

[
(e∗1)q′1(e

∗
2)q′2(e3)q′3

]
Pred.

Îñòàâøèåñÿ ñóììèðîâàíèÿ ïî qi è q
′
j (i, j = 1, 2, 3) â âûðàæåíèè (B16) ñ èñïîëüçîâàíèåì âûðàæå-

íèé (B3) è (B4) ïðèâîäÿò ê∑
all

projections

Prk(321)P ∗r′k′(321) =
∑
xyz
ξηζ

(−1)y−η(−1)x+z+ηΠxyz{e∗3 ⊗ e2}xξ{e∗2 ⊗ e3}zζ{e1 ⊗ e∗1}y−ηPred (B17)

×
(
x z y
ξ ζ −η

){
1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fn′ Fk′

}{
x y z
Fk′ Ff Fk

}
.

Òîãäà, ïî îïðåäåëåíèþ íåïðèâîäèìîãî òåíçîðíîãî ïðîèçâåäåíèÿ, (B17) ïåðåïèñûâàåòñÿ â âèäå∑
all

projections

Prk(321)P ∗r′k′(321) =
∑
xyz
η

(−1)y−ηΠxz

{
1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fr′ Fk′

}
× (B18)

×
{
x y z
Fk′ Ff Fk

}
{{e∗3 ⊗ e2}x ⊗ {e∗2 ⊗ e3}z}yη{e1 ⊗ e∗1}y−ηPred.

Â ñîîòâåòñòâèè ñ âûðàæåíèåì (B5) ñóììèðîâàíèå ïî η â (B18) ìîæåò áûòü çàïèñàíî â âèäå
ñêàëÿðíîãî ïðîèçâåäåíèÿ äâóõ òåíçîðîâ ðàíãîâ y∑

all
projections

Prk(321)P ∗r′k′(321) =
∑
xyz

Πxz

{
1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fr′ Fk′

}
× (B19)

×
{
x y z
Fk′ Ff Fk

}
{{e∗3 ⊗ e2}x ⊗ {e∗2 ⊗ e3}z}y · {e1 ⊗ e∗1}yPred,

èëè, â ýêâèâàëåíòíîé ôîðìå∑
all

projections

Prk(321)P ∗r′k′(321) =
∑
xyz

Πxyz

{
1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fr′ Fk′

}
× (B20)

×
{
x y z
Fk′ Ff Fk

}
{{{e∗3 ⊗ e2}x ⊗ {e∗2 ⊗ e3}z}y ⊗ {e1 ⊗ e∗1}y}00UxzgPred.

Èçìåíÿÿ ñõåìó ñâÿçè âíóòðè òåíçîðíîãî ïðîèçâåäåíèÿ (B20) ñ èñïîëüçîâàíèåì (B7), ïîëó÷àåì∑
all

projections

Prk(321)P ∗r′k′(321) =
∑
xyzg

(−1)ψΠxzΠ
2
y

{
x z y
1 1 g

}{
1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}
× (B21)

×
{

1 z 1
Ff Fr′ Fk′

}{
x y z
Fk′ Ff Fk

}
UxzgPred ≡ O321

321,

ãäå ψ = y + g + 1, è òåíçîðíîå ïðîèçâåäåíèå Uxzg åñòü

Uxzg ≡ {{e∗3 ⊗ e2}x ⊗ e1}g · {{e3 ⊗ e∗2}z ⊗ e∗1}g. (B22)
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Âñÿ íåîáõîäèìàÿ èíôîðìàöèÿ îá óãëîâûõ êîððåëÿöèÿõ ñîäåðæèòñÿ â äàííîì âûðàæåíèè. ßâíàÿ
çàâèñèìîñòü îò óãëîâ ìåæäó âåêòîðàìè ïîëÿðèçàöèè âîçíèêàåò èç ñîîòíîøåíèé [70]:

U001 =
cos2 θ32

3
, (B23)

U110 = −1

6
sin2 θ32 cos2 θ321,

U111 =
1

4
(cos2 θ31 − 2 cos θ32 cos θ31 cos θ21 + cos2 θ21),

U221 =
1

60
(4 cos2 θ32 + 9 cos2 θ31 + 9 cos2 θ21 − 6 cos θ32 cos θ31 cos θ21),

U021 = U201 =
1

6
√

5
(6 cos θ32 cos θ31 cos θ21 − 2 cos2 θ32),

U121 = U211 = − 1

4
√

15
(3 cos2 θ21 − 3 cos2 θ31),

ãäå θ32 åñòü óãîë ìåæäó âåêòîðàìè e3 è e2, θ31 óãîë ìåæäó âåêòîðàìè e∗3 è e1, θ21 óãîë ìåæäó
âåêòîðàìè e2 è e1, à θ321 óãîë ìåæäó âåêòîðíûì ïðîèçâåäåíèåì [e∗3 × e2] è e1.
Â ñëó÷àå äâóõ ïàðàëëåëüíûõ âåêòîðîâ ïîëÿðèçàöèè íàëåòàþùèõ ôîòîíîâ, êîãäà âåêòîð e2 ïà-

ðàëëåëåí âåêòîðó e1 è, ñëåäîâàòåëüíî, θ21 = 0 è θ32 = θ31 ≡ θ, ïîëó÷àåì ñëåäóþùèå íåíóëåâûå
çíà÷åíèÿ Uxzg

U001 =
cos2 θ

3
,

U111 =
sin2 θ

4
,

U221 =
7 cos2 θ

60
+

3

20
,

U021 = U201 =
2 cos2 θ

3
√

5
,

U121 = U211 = −1

4

√
3

5
sin2 θ.

(B24)

Ñóììèðîâàíèå ïî ïðîåêöèÿì â îñòàâøèõñÿ òðåõ ÷ëåíàõ â (B13) ìîæíî ïðîâåñòè àíàëîãè÷íûì
îáðàçîì. Ýòî ïðèâîäèò ê ñëåäóþùèì âûðàæåíèÿì∑

all
projections

Prk(321)P ∗r′k′(312) =
∑
xyzgh′

(−1)ψΠxzΠ
2
y(−1)z+h

′
Πzh′

{
x z y
1 1 g

}{
1 1 z
g 1 h′

}
(B25)

×
{

1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fr′ Fk′

}{
x y z
Fk′ Ff Fk

}
Uxh′gPred ≡ O321

312,

∑
all

projections

Prk(312)P ∗r′k′(321) =
∑
xyzgh

(−1)ψΠxzΠ
2
y(−1)x+hΠxh

{
x z y
1 1 g

}{
1 1 x
g 1 h

}{
1 x 1
Fk Fr Ff

}
(B26)

×
{

1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fr′ Fk′

}{
x y z
Fk′ Ff Fk

}
UhzgPred ≡ O312

321,
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∑
all

projections

Prk(312)P ∗r′k′(312) =
∑

xyzghh′

(−1)ψΠxzΠ
2
y(−1)z+x+h+h′Πxzhh′

{
x z y
1 1 g

}{
1 1 z
g 1 h′

}
(B27)

×
{

1 1 x
g 1 h

}{
1 x 1
Fk Fr Ff

}{
1 y 1
Fk′ Fi Fk

}{
1 z 1
Ff Fr′ Fk′

}{
x y z
Fk′ Ff Fk

}
Uhh′gPred ≡ O312

312,

ãäå èñïîëüçîâàíî (B6). Òîãäà, ïîäñòàíîâêà (B21), (B25), (B26) è (B27) â (B13) ïðèâîäèò ê∑
MFi

MFf

TrT
∗
r′ = ω3ω

3/2
rf ω

3/2
r′f (ωri − ω)3/2 (ωr′i − ω)3/2

∑
nklkjkFk
nk′ lk′jk′Fk′

{
O321

321

(ωki − ω)(ωk′i − ω)
+

O312
321

(ωkr + ω)(ωk′i − ω)

(B28)

+
O321

312

(ωki − ω)(ωk′r′ − ω)
+

O312
312

(ωkr − ω)(ωk′r′ − ω)

}
.

Âûðàæåíèå (B28) ñîäåðæèò â ñåáå âñå íåîáõîäèìóþ èíôîðìàöèþ îá óãëîâûõ êîððåëÿöèÿõ â
ïðîöåññå òðåõ-ôîòîííîãî ðàññåÿíèÿ, ñå÷åíèÿ ðàññåÿíèÿ êîòîðîãî äàåòñÿ âûðàæåíèåì (72). Ñóì-
ìèðóÿ ïî êâàíòîâûì ÷èñëàì lkjkFk è lk′jk′Fk′ â (B28) ÷èñëåííî, ìîæíî ïîëó÷èòü óãëîâîé ôàêòîð,
âîçíèêàþùèé â âûðàæåíèÿõ äëÿ ÍÐ ïîïðàâîê, ñì. îñíîâíîé òåêñò.

8.3 Àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ÍÐ ïîïðàâîê ê ÷àñòîòàì ïåðåõîäîâ

2s− ns/nd
ÍÐ ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ 2sF=1

1/2 → nsF=1
1/2 (ãäå n = 4, 6, 8, 12) (ñì. (77) â îñíîâíîì òåêñòå)

âîçíèêàþò ïðè èñïîëüçîâàíèè (B28) è (73). Òîãäà, ñóììèðóÿ ïî êâàíòîâûì ÷èñëàì jfFf è lkjjFk
â âûðàæåíèè (77), ïîëó÷àåì

δNR(2sF=1
1/2 − nsF=1

1/2 ) =
Γ2
ns1/2

4

(
1

25∆1

+
1

25∆2

+
2

75∆3

+
7

75∆4

)
β2pnd2s(ωns2s/2)

β2pns2s(ωns2s/2)
(C1)

×10U001 +
√

5U021 − 15U111 −
√

15U121 + 10
√

5U201 + 5
√

15U211 + 5U221

U001 +
√

5U021 + 3U111 −
√

15U121 +
√

5U201 −
√

15U211 + 5U221

,

ãäå ôóíêöèè Uxyz äàþòñÿ âûðàæåíèåì (B23) è ∆1 = EnsF=1
1/2
− EndF=1

3/2
, ∆2 = EnsF=1

1/2
− EndF=2

3/2
, ∆3 =

EnsF=1
1/2
−EndF=2

5/2
, ∆4 = EnsF=1

1/2
−EndF=3

5/2
, à Γns1/2 åñòü øèðèíà óðîâíÿ ns1/2 (çäåñü è äàëåå ïîëàãàåòñÿ,

÷òî Γnlj = ΓnljF ). Êîýôôèöèåíò β â (C1) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

β2pns(nd)2s(ω) = I2pns

∑
k

{
Ins(nd)kpIkp2s
Ekp − E2s − ω

+
Ins(nd)kpIkp2s

Ekp − Ens(nd) + ω

}
, (C2)

ãäå

In′l′nl =

∞∫
0

r3Rn′l′Rnldr (C3)

è Rnl ïðåäñòàâëÿåò ñîáîé ñîîòâåòñòâóþùóþ ðàäèàëüíóþ ÷àñòü Øðåäèíãåðîâñêîé âîëíîâîé ôóíê-
öèè. Ñóììèðîâàíèå ïî k ïðîáåãàåò âåñü ñïåêòð, âêëþ÷àÿ êîíòèíóóì. ×èñëåííûå çíà÷åíèÿ (C2)
ðàññ÷èòàíû ñ èñïîëüçîâàíèåì ìåòîäà B-ñïëàéíîâ [105], ðåçóëüòàòû ïðèâåäåíû â Òàáëèöå 8. Äëÿ
ñëó÷àÿ ïàðàëëåëüíûõ (èëè ïðîòèâîïîëîæíî-íàïðàâëåííûõ) ïîëÿðèçàöèé íàëåòàþùèõ ôîòîíîâ,
íóæíî èñïîëüçîâàòü ñîîòíîøåíèÿ (B24). Òîãäà, ïîäñòàâëÿÿ (B24) â (C1), ïîëó÷àåì ÍÐ ïîïðàâêè,
ïðåäñòàâëåííûå íà Ðèñ. 6.
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Òàáëèöà 8: Êîýôôèöèåíòû β â àòîìíûõ åäèíèöàõ è øèðèíû óðîâíåé Γnlj â ÌÃö.

n β2sns2p β2snd2p Γns1/2 Γnd3/2
4 -38.1593 2449.09 0.70 4.41
6 13.949 591.154 0.29 1.33
8 8.41272 240.557 0.14 0.56
12 3.10962 71.980 0.05 0.17
n β1sns2p β1snd2p Γns1/2 Γnd3/2
3 187.375 1.005 1.01 10.30

Ïîñëå ïðîâåäåíèÿ àíàëîãè÷íûõ âû÷èñëåíèé ìîæíî ïîëó÷èòü ñëåäóþùèå âûðàæåíèÿ äëÿ ÍÐ
ïîïðàâîê ê ÷àñòîòàì ïåðåõîäîâ 2sF=0

1/2 − nsF=0
1/2 (n = 4, 6, 8, 12)

δNR(2sF=0
1/2 − nsF=0

1/2 ) =
Γ2
ns1/2

4

(
2

25∆′1
+

3

25∆′2

)
β2snd2p(ωns2s/2)

β2sns2p(ωns2s/2)
(C4)

×10U001 +
√

5U021 − 15U111 −
√

15U121 + 10
√

5U201 + 5
√

15U211 + 5U221

U001 +
√

5U021 + 3U111 −
√

15U121 +
√

5U201 −
√

15U211 + 5U221

.

Çäåñü ∆′1 = EnsF=0
1/2
− EndF=2

3/2
è ∆′2 = EnsF=0

1/2
− EndF=2

5/2
. Âèäíî, ÷òî ôàêòîð, îïèñûâàþùèé óãëîâûå

êîððåëÿöèè, çäåñü òàêîé æå, êàê â (C1).
Ïî-äðóãîìó îáñòîèò äåëî ñ ÍÐ ïîïðàâêàìè ê ÷àñòîòàì ïåðåõîäîâ 2sF=1

1/2 −ndF=2
3/2 (n = 4, 6, 8, 12).

Ïðîäåëûâàÿ óãëîâóþ àëãåáðó, íàõîäè

δNR(2sF=1
1/2 − ndF=2

3/2 ) = −
Γ2
nd3/2

4∆′′
1

11
, (C5)

ãäå ∆′′ = EndF=2
3/2
− EndF=2

5/2
. Äàííûå ïîïðàâêè íå çàâèñÿò îò óãëîâ è ïîýòîìó íå ìîãóò óáðàíû

âûáîðîì îïðåäåëåííîé ãåîìåòðèè ýêñïåðèìåíòà, ñì. Ðèñ.9 â îñíîâíîé ÷àñòè òåêñòà.
Îñòàâøèåñÿ ÍÐ ïîïðàâêè ê ÷àñòîòàì ïåðåõîäîâ 2sF=1

1/2 − ndF=1
3/2 (n = 4, 6, 8, 12) âîçíèêàþùèå

èç-çà ñîñåäíåãî óðîâíÿ nsF=1
1/2

δNR(2sF=1
1/2 − ndF=1

3/2 ) =
Γ2
nd3/2

4

(
50

33∆′′′

)
β2sns2p(ω2snd/2)

β2snd2p(ω2snd/2)
(C6)

×10U001 + 10
√

5U021 − 15U111 + 5
√

15U121 +
√

5U201 −
√

15U211 + 5U221

20U001 + 2
√

5U021 + 15U111 +
√

15U121 + 2
√

5U201 +
√

15U211 + U221

,

ãäå ââåäåíî îáîçíà÷åíèå∆′′′ = EndF=2
3/2
− EnsF=1

1/2
.

43



Ñïèñîê ëèòåðàòóðû

[1] V. Weisskopf and E. Wigner, �Berechnung der nat�urlichen linienbreite auf grund der diracschen
lichttheorie,� Zeitschrift f�ur Physik, vol. 63, pp. 54�73, Jan 1930.

[2] F. Low, �Natural line shape,� Phys. Rev., vol. 88, pp. 53�57, Oct 1952.

[3] L. Labzowsky, �Natural spectral line width and shape in the relativistic theory of the atom,� Zh.
Eksp. Teor. Fiz., vol. 85, pp. 869�880, 1983.

[4] V. V. Karasiev, L. N. Labzowsky, A. V. Ne�edov, V. G. Gorshkov, and A. A. Sultanaev, �Overlap
of the line pro�les in the spectra of the heliumlike uranium,� Physica Scripta, vol. 46, pp. 225�229,
sep 1992.

[5] M. Gell-Mann and F. Low, �Bound states in quantum �eld theory,� Phys. Rev., vol. 84, pp. 350�
354, Oct 1951.

[6] J. Sucher, �S-matrix formalism for level-shift calculations,� Phys. Rev., vol. 107, pp. 1448�1449,
Sep 1957.

[7] O. Y. Andreev, L. N. Labzowsky, G. Plunien, and D. A. Solovyev, �QED theory of the spectral
line pro�le and its applications to atoms and ions,� Physics Reports, vol. 455, no. 4, pp. 135�246,
2008.

[8] T. A. Zalialiutdinov, D. A. Solovyev, L. N. Labzowsky, and G. Plunien, �QED theory of
multiphoton transitions in atoms and ions,� Physics Reports, vol. 737, pp. 1�84, 2018. QED
theory of multiphoton transitions in atoms and ions.

[9] L. Labzowsky, V. Karasiev, and I. Goidenko, �Importance of the non-resonant corrections for the
modern lamb shift measurements in the multicharged hydrogen-like ions,� Journal of Physics B:
Atomic, Molecular and Optical Physics, vol. 27, no. 15, p. L439, 1994.

[10] L. N. Labzowsky, D. A. Solovyev, G. Plunien, and G. So�, �Asymmetry of the natural line pro�le
for the hydrogen atom,� Phys. Rev. Lett., vol. 87, p. 143003, Sep 2001.

[11] L. Labzowsky, D. Solovyev, G. Plunien, and G. So�, �Nonresonant corrections for the hydrogen
atom,� Canadian Journal of Physics, vol. 80, no. 11, pp. 1187�1194, 2002.

[12] L. Labzowsky, V. Karasiev, I. Lindgren, H. Persson, and S. Salomonson, �Higher-order QED
corrections for multi-charged ions,� Physica Scripta, vol. T46, pp. 150�156, jan 1993.

[13] U. D. Jentschura and P. J. Mohr, �Nonresonant e�ects in one- and two-photon transitions,�
Canadian Journal of Physics, vol. 80, no. 6, pp. 633�644, 2002.

[14] L. Labzowsky, D. Soloviev, G. Plunien, and G. So�, �Nonresonant corrections to the 1s − 2s
two-photon resonance for the hydrogen atom,� Phys. Rev. A, vol. 65, p. 054502, May 2002.

[15] L. Labzowsky and D. Solovyev, �Multiple resonant photon scattering on the hydrogen atom and
the shift of the photon intensity distribution,� Journal of Physics B: Atomic, Molecular and
Optical Physics, vol. 37, pp. 3271�3281, jul 2004.

[16] M. Niering, R. Holzwarth, J. Reichert, P. Pokasov, T. Udem, M. Weitz, T. W. H�ansch, P. Lemonde,
G. Santarelli, M. Abgrall, P. Laurent, C. Salomon, and A. Clairon, �Measurement of the hydrogen
1S - 2S transition frequency by phase coherent comparison with a microwave cesium fountain
clock,� Phys. Rev. Lett., vol. 84, pp. 5496�5499, Jun 2000.

44



[17] A. Matveev, C. G. Parthey, K. Predehl, J. Alnis, A. Beyer, R. Holzwarth, T. Udem, T. Wilken,
N. Kolachevsky, M. Abgrall, D. Rovera, C. Salomon, P. Laurent, G. Grosche, O. Terra, T. Legero,
H. Schnatz, S. Weyers, B. Altschul, and T. W. H�ansch, �Precision measurement of the hydrogen
1s-2s frequency via a 920-km �ber link,� Phys. Rev. Lett., vol. 110, p. 230801, Jun 2013.

[18] K. S. E. Eikema, J. Walz, and T. W. H�ansch, �Continuous coherent lyman- α excitation of atomic
hydrogen,� Phys. Rev. Lett., vol. 86, pp. 5679�5682, Jun 2001.

[19] L. N. Labzowsky, G. Schedrin, D. Solovyev, and G. Plunien, �Nonresonant corrections and limits
for the accuracy of the frequency measurements in modern hydrogen experiments,� Canadian
Journal of Physics, vol. 85, no. 5, pp. 585�595, 2007.

[20] L. Labzowsky, G. Schedrin, D. Solovyev, and G. Plunien, �Theoretical study of the accuracy limits
of optical resonance frequency measurements,� Phys. Rev. Lett., vol. 98, p. 203003, May 2007.

[21] R. Pohl, A. Antognini, F. Nez, F. D. Amaro, F. Biraben, J. M. R. Cardoso, D. S. Covita, A. Dax,
S. Dhawan, L. M. P. Fernandes, A. Giesen, T. Graf, T. W. H�ansch, P. Indelicato, L. Julien, C.-Y.
Kao, P. Knowles, E.-O. Le Bigot, Y.-W. Liu, J. A. M. Lopes, L. Ludhova, C. M. B. Monteiro,
F. Mulhauser, T. Nebel, P. Rabinowitz, J. M. F. dos Santos, L. A. Schaller, K. Schuhmann,
C. Schwob, D. Taqqu, J. F. C. A. Veloso, and F. Kottmann, �The size of the proton,� Nature,
vol. 466, pp. 213�216, Jul 2010.

[22] A. Beyer, L. Maisenbacher, A. Matveev, R. Pohl, K. Khabarova, A. Grinin, T. Lamour, D. C.
Yost, T. W. H�ansch, N. Kolachevsky, and T. Udem, �The rydberg constant and proton size from
atomic hydrogen,� Science, vol. 358, no. 6359, pp. 79�85, 2017.

[23] Z.-F. Cui, D. Binosi, C. D. Roberts, and S. M. Schmidt, �Fresh extraction of the proton charge
radius from electron scattering,� Phys. Rev. Lett., vol. 127, p. 092001, Aug 2021.

[24] N. Bezginov, T. Valdez, M. Horbatsch, A. Marsman, A. Vutha, and E. Hessels, �A measurement
of the atomic hydrogen lamb shift and the proton charge radius,� Science, vol. 365, pp. 1007�1012,
09 2019.

[25] M. M. Salour, �Quantum interference e�ects in two-photon spectroscopy,� Rev. Mod. Phys., vol. 50,
pp. 667�681, Jul 1978.

[26] T. Udem, L. Maisenbacher, A. Matveev, V. Andreev, A. Grinin, A. Beyer, N. Kolachevsky,
R. Pohl, D. C. Yost, and T. W. H�ansch, �Quantum interference line shifts of broad dipole-allowed
transitions,� Annalen der Physik, vol. 531, no. 5, p. 1900044, 2019.

[27] A. Matveev, N. Kolachevsky, C. M. Adhikari, and U. D. Jentschura, �Pressure shifts in high-
precision hydrogen spectroscopy: II. impact approximation and monte-carlo simulations,� Journal
of Physics B: Atomic, Molecular and Optical Physics, vol. 52, p. 075006, mar 2019.

[28] U. D. Jentschura and C. M. Adhikari, �Long-range interactions for hydrogen: 6p�1s and 6p�2s
systems,� Atoms, vol. 5, no. 4, 2017.

[29] A. Marsman, M. Horbatsch, and E. A. Hessels, �Quantum interference e�ects in saturated
absorption spectroscopy of n = 2 triplet-helium �ne structure,� Phys. Rev. A, vol. 91, p. 062506,
Jun 2015.

[30] P. Amaro, U. Loureiro, L. Safari, F. Fratini, P. Indelicato, T. St�ohlker, and J. P. Santos, �Quantum
interference in laser spectroscopy of highly charged lithiumlike ions,� Phys. Rev. A, vol. 97,
p. 022510, Feb 2018.

45



[31] P. Amaro, B. Franke, J. J. Krauth, M. Diepold, F. Fratini, L. Safari, J. Machado, A. Antognini,
F. Kottmann, P. Indelicato, R. Pohl, and J. P. Santos, �Quantum interference e�ects in laser
spectroscopy of muonic hydrogen, deuterium, and helium-3,� Phys. Rev. A, vol. 92, p. 022514,
Aug 2015.

[32] P. Amaro, F. Fratini, L. Safari, A. Antognini, P. Indelicato, R. Pohl, and J. P. Santos, �Quantum
interference shifts in laser spectroscopy with elliptical polarization,� Phys. Rev. A, vol. 92,
p. 062506, Dec 2015.

[33] C. J. Sansonetti, C. E. Simien, J. D. Gillaspy, J. N. Tan, S. M. Brewer, R. C. Brown, S. Wu, and
J. V. Porto, �Absolute transition frequencies and quantum interference in a frequency comb based
measurement of the 6,7Li d lines,� Phys. Rev. Lett., vol. 107, p. 023001, Jul 2011.

[34] R. C. Brown, S. Wu, J. V. Porto, C. J. Sansonetti, C. E. Simien, S. M. Brewer, J. N. Tan, and
J. D. Gillaspy, �Quantum interference and light polarization e�ects in unresolvable atomic lines:
Application to a precise measurement of the 6,7li D2 lines,� Phys. Rev. A, vol. 87, p. 032504, Mar
2013.

[35] A. D. Brandt, S. F. Cooper, C. Rasor, Z. Burkley, A. Matveev, and D. C. Yost, �Measurement of
the 2s1/2 − 8d5/2 transition in hydrogen,� Phys. Rev. Lett., vol. 128, p. 023001, Jan 2022.

[36] H. Fleurbaey, S. Galtier, S. Thomas, M. Bonnaud, L. Julien, F. m. c. Biraben, F. m. c. Nez,
M. Abgrall, and J. Gu�ena, �New measurement of the 1s − 3s transition frequency of hydrogen:
Contribution to the proton charge radius puzzle,� Phys. Rev. Lett., vol. 120, p. 183001, May 2018.

[37] A. Grinin, Two-photon frequency comb spectroscopy of atomic hydrogen. PhD thesis, LMU
M�unchen: Faculty of Physics, 2020.

[38] D. C. Yost, A. Matveev, E. Peters, A. Beyer, T. W. H�ansch, and T. Udem, �Quantum interference
in two-photon frequency-comb spectroscopy,� Phys. Rev. A, vol. 90, p. 012512, Jul 2014.

[39] A. Anikin, T. Zalialiutdinov, and D. Solovyev, �Angular correlations in two-photon spectroscopy
of hydrogen,� Phys. Rev. A, vol. 103, p. 022833, Feb 2021.

[40] V. c. v. Patk�o�s, V. A. Yerokhin, and K. Pachucki, �Nonradiative α7m qed e�ects in the lamb shift
of helium triplet states,� Phys. Rev. A, vol. 101, p. 062516, Jun 2020.

[41] V. c. v. Patk�o�s, V. A. Yerokhin, and K. Pachucki, �Complete α7m lamb shift of helium triplet
states,� Phys. Rev. A, vol. 103, p. 042809, Apr 2021.

[42] C. Dorrer, F. Nez, B. de Beauvoir, L. Julien, and F. Biraben, �Accurate measurement of the
23s1−33d1 two-photon transition frequency in helium: New determination of the 23s1 lamb shift,�
Phys. Rev. Lett., vol. 78, pp. 3658�3661, May 1997.

[43] M. Brasken and E. Kyr�ol�a, �Resonance scattering of lyman alpha from interstellar hydrogen,� aap,
vol. 332, pp. 732�738, 04 1998.

[44] C. Magnan and J. C. Pecker, �Asymmetry in solar spectral lines.,� Highlights of Astronomy, vol. 3,
pp. 171�203, Jan. 1974.

[45] J. M. Jackson, J. S. Whitaker, J. M. Rathborne, J. B. Foster, Y. Contreras, P. Sanhueza, I. W.
Stephens, S. N. Longmore, and D. Allingham, �Asymmetric line pro�les in dense molecular clumps
observed in MALT90: Evidence for global collapse,� The Astrophysical Journal, vol. 870, p. 5, dec
2018.

46



[46] S. Seager, D. D. Sasselov, and D. Scott, �A new calculation of the recombination epoch,� The
Astrophysical Journal, vol. 523, pp. L1�L5, sep 1999.

[47] S. Seager, D. D. Sasselov, and D. Scott, �How exactly did the universe become neutral?,� The
Astrophysical Journal Supplement Series, vol. 128, pp. 407�430, jun 2000.

[48] H.-W. Lee, �ASYMMETRIC ABSORPTION PROFILES OF lyα AND lyβ IN DAMPED lyα
SYSTEMS,� The Astrophysical Journal, vol. 772, p. 123, jul 2013.

[49] K. Bach, �Radiation-damped pro�les of extremely high column density neutral hydrogen:
implications of cosmic reionization,� Monthly Notices of the Royal Astronomical Society, vol. 464,
pp. 1137�1145, 09 2016.

[50] C. C. Lee, J. K. Webb, and R. F. Carswell, �Quantum mechanics at high redshift � modelling
damped Lyman-α absorption systems,� Monthly Notices of the Royal Astronomical Society,
vol. 491, pp. 5555�5571, 11 2019.

[51] F. Wang, J. Yang, X. Fan, J. F. Hennawi, A. J. Barth, E. Banados, F. Bian, K. Boutsia, T. Connor,
F. B. Davies, R. Decarli, A.-C. Eilers, E. P. Farina, R. Green, L. Jiang, J.-T. Li, C. Mazzucchelli,
R. Nanni, J.-T. Schindler, B. Venemans, F. Walter, X.-B. Wu, and M. Yue, �A luminous quasar
at redshift 7.642,� The Astrophysical Journal Letters, vol. 907, p. L1, jan 2021.

[52] D. Solovyev, V. K. Dubrovich, and G. Plunien, �Investigation of the electromagnetically induced
transparency in the era of cosmological hydrogen recombination,� Journal of Physics B: Atomic,
Molecular and Optical Physics, vol. 45, p. 215001, sep 2012.

[53] D. Solovyev and V. Dubrovich, �Eit phenomenon for the three-level hydrogen atoms and its
application to the era of cosmological recombination,� Open Physics, vol. 12, no. 5, pp. 367�374,
2014.

[54] D. Solovyev, �Analysis of the absorption line pro�le at 21 cm for the hydrogen atom in the
interstellar medium,� Journal of Physics B: Atomic, Molecular and Optical Physics, vol. 51,
p. 225004, oct 2018.

[55] V. Karasiov, L. Labzowsky, A. Ne�odov, and V. Shabaev, �Overlapping resonances in the process
of recombination of an electron with hydrogenlike uranium,� Physics Letters A, vol. 161, no. 5,
pp. 453�457, 1992.

[56] U. D. Jentschura, P. J. Mohr, and G. So�, �Electron self-energy for the k and l shells at low
nuclear charge,� Phys. Rev. A, vol. 63, p. 042512, Mar 2001.

[57] L. Labzowsky, G. Schedrin, D. Solovyev, E. Chernovskaya, G. Plunien, and S. Karshenboim,
�Nonresonant corrections for the optical resonance frequency measurements in the hydrogen atom,�
Phys. Rev. A, vol. 79, p. 052506, May 2009.

[58] M. Horbatsch and E. Hessels, �Shifts from a distant neighboring resonance,� Physical Review A,
vol. 82, no. 5, p. 052519, 2010.

[59] D. Solovyev, A. Anikin, T. Zalialiutdinov, and L. Labzowsky, �Importance of nonresonant
corrections for the description of atomic spectra,� Journal of Physics B: Atomic, Molecular and
Optical Physics, vol. 53, no. 12, p. 125002, 2020.

[60] A. I. Akhiezer and V. B. Berestetskii, �Quantum electrodynamics,� Wiley Inrerscience, 1965.

[61] S. P. Goldman and G. W. F. Drake, �Relativistic two-photon decay rates of 2s 1
2
hydrogenic ions,�

Phys. Rev. A, vol. 24, pp. 183�191, Jul 1981.

47



[62] W. Furry, �On bound states and scattering in positron theory,� Phys. Rev., vol. 81, pp. 115�124,
Jan 1951.

[63] L. Labzowsky, G. Klimchitskaya, and Y. Dmitriev, Relativistic E�ects in the Spectra of Atomic
Systems. Institute of Physics Publishing, 1993.

[64] I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical Approach. Springer Series
on Atomic, Optical, and Plasma Physics, Springer New York, 2011.

[65] K. S. E. Eikema, J. Walz, and T. W. H�ansch, �Continuous coherent lyman- α excitation of atomic
hydrogen,� Phys. Rev. Lett., vol. 86, pp. 5679�5682, Jun 2001.

[66] L. Labzowsky, G. Schedrin, D. Solovyev, and G. Plunien, �Theoretical study of the accuracy limits
of optical resonance frequency measurements,� Phys. Rev. Lett., vol. 98, p. 203003, May 2007.

[67] T. Zalialiutdinov, D. Solovyev, L. Labzowsky, and G. Plunien, �Exclusion principle for photons:
Spin-statistic selection rules for multiphoton transitions in atomic systems,� Phys. Rev. A, vol. 91,
p. 033417, Mar 2015.

[68] T. Zalialiutdinov, D. Solovyev, L. Labzowsky, and G. Plunien, �Spin-statistic selection rules for
multiphoton transitions: Application to helium atoms,� Phys. Rev. A, vol. 93, p. 012510, Jan 2016.

[69] T. Zalialiutdinov, D. Solovyev, and L. Labzowsky, �Generalized spin-statistic selection rules for
atomic transitions with arbitrary number of equivalent photons,� European Physical Journal
Special Topics, vol. 226, July 2017.

[70] D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonskii, Quantum Theory of Angular
Momentum. WORLD SCIENTIFIC, 1988.

[71] M. Horbatsch and E. A. Hessels, �Tabulation of the bound-state energies of atomic hydrogen,�
Phys. Rev. A, vol. 93, p. 022513, Feb 2016.

[72] A. P. Martynenko, �2s hyper�ne splitting of muonic hydrogen,� Phys. Rev. A, vol. 71, p. 022506,
Feb 2005.

[73] A. P. Martynenko, �Hyper�ne structure of the s levels of the muonic helium ion,� Journal of
Experimental and Theoretical Physics, vol. 106, pp. 690�699, Apr 2008.

[74] E. Borie, �Lamb shift in muonic hydrogen,� Phys. Rev. A, vol. 71, p. 032508, Mar 2005.

[75] E. Milotti, �Energy levels and radiative transitions in muonic hydrogen,� Atomic Data and Nuclear
Data Tables, vol. 70, no. 2, pp. 137 � 177, 1998.

[76] E. Borie, �Lamb shift in light muonic atoms � revisited,� Annals of Physics, vol. 327, no. 3,
pp. 733�763, 2012.

[77] P. Cancio Pastor, L. Consolino, G. Giusfredi, P. De Natale, M. Inguscio, V. A. Yerokhin, and
K. Pachucki, �Frequency metrology of helium around 1083 nm and determination of the nuclear
charge radius,� Phys. Rev. Lett., vol. 108, p. 143001, Apr 2012.

[78] X. Zheng, Y. R. Sun, J.-J. Chen, W. Jiang, K. Pachucki, and S.-M. Hu, �Measurement of the
frequency of the 2 3s− 2 3p transition of 4He,� Phys. Rev. Lett., vol. 119, p. 263002, Dec 2017.

[79] Y. R. Sun and S.-M. Hu, �Precision spectroscopy of atomic helium,� National Science Review,
vol. 7, pp. 1818�1827, 08 2020.

48



[80] D. C. Morton, Q. Wu, and G. W. Drake, �Energy levels for the stable isotopes of atomic helium(4he
i and 3he i),� Canadian Journal of Physics, vol. 84, no. 2, pp. 83�105, 2006.

[81] M. Weitz, A. Huber, F. Schmidt-Kaler, D. Leibfried, W. Vassen, C. Zimmermann, K. Pachucki,
T. W. H�ansch, L. Julien, and F. Biraben, �Precision measurement of the 1s ground-state lamb shift
in atomic hydrogen and deuterium by frequency comparison,� Phys. Rev. A, vol. 52, pp. 2664�
2681, Oct 1995.

[82] M. Weitz, F. Schmidt-Kaler, and T. W. H�ansch, �Precise optical lamb shift measurements in
atomic hydrogen,� Phys. Rev. Lett., vol. 68, pp. 1120�1123, Feb 1992.

[83] F. Nez, M. D. Plimmer, S. Bourzeix, L. Julien, F. Biraben, R. Felder, O. Acef, J. J. Zondy,
P. Laurent, A. Clairon, M. Abed, Y. Millerioux, and P. Juncar, �Precise frequency measurement
of the 2s-8s/8d transtions in atomic hydrogen: New determination of the rydberg constant,� Phys.
Rev. Lett., vol. 69, pp. 2326�2329, Oct 1992.

[84] C. Schwob, L. Jozefowski, B. de Beauvoir, L. Hilico, F. Nez, L. Julien, F. Biraben, O. Acef,
J.-J. Zondy, and A. Clairon, �Optical frequency measurement of the 2S − 12D transitions in
hydrogen and deuterium: Rydberg constant and lamb shift determinations,� Phys. Rev. Lett.,
vol. 82, pp. 4960�4963, Jun 1999.

[85] B. de Beauvoir, C. Schwob, O. Acef, L. Jozefowski, L. Hilico, F. Nez, L. Julien, A. Clairon, and
F. Biraben, �Metrology of the hydrogen and deuterium atoms: Determination of the Rydberg
constant and Lamb shifts,� Eur. Phys. J. D, vol. 12, pp. 61�93, Jan. 2000.

[86] A. A. Anikin, T. A. Zalialiutdinov, and D. A. Solovyev, �Nonresonant e�ects in the two-photon
spectroscopy of a hydrogen atom: Application to the calculation of the charge radius of the proton,�
JETP Letters, vol. 114, pp. 180�187, Aug 2021.

[87] G. Grynberg, Spectroscopie d'absorption �a deux photons sans �elargissement Doppler. Application
�a l'�etude du sodium et du n�eon. Theses, Universit�e Pierre et Marie Curie - Paris VI, Jan. 1976.

[88] H. Fleurbaey, F. m. c. Biraben, L. Julien, J.-P. Karr, and F. m. c. Nez, �Cross-damping e�ects in
1s− 3s spectroscopy of hydrogen and deuterium,� Phys. Rev. A, vol. 95, p. 052503, May 2017.

[89] B. de Beauvoir, F. Nez, L. Julien, B. Cagnac, F. Biraben, D. Touahri, L. Hilico, O. Acef, A. Clairon,
and J. J. Zondy, �Absolute frequency measurement of the 2S − 8S/D transitions in hydrogen and
deuterium: New determination of the rydberg constant,� Phys. Rev. Lett., vol. 78, pp. 440�443,
Jan 1997.

[90] C. Schwob, L. Jozefowski, O. Acef, L. Hilico, B. de Beauvoir, F. Nez, L. Julien, A. Clairon, and
F. Biraben, �Frequency measurement of the 2s-12d transitions in hydrogen and deuterium, new
determination of the rydberg constant,� IEEE Transactions on Instrumentation and Measurement,
vol. 48, no. 2, pp. 178�181, 1999.

[91] A. Grinin, A. Matveev, D. C. Yost, L. Maisenbacher, V. Wirthl, R. Pohl, T. W. H�ansch, and
T. Udem, �Two-photon frequency comb spectroscopy of atomic hydrogen,� Science, vol. 370,
no. 6520, pp. 1061�1066, 2020.

[92] P. J. Mohr, B. N. Taylor, and D. B. Newell, �Codata recommended values of the fundamental
physical constants: 2010,� Rev. Mod. Phys., vol. 84, p. 1527, 2012.

[93] P. J. Mohr, D. B. Newell, and B. N. Taylor, �Codata recommended values of the fundamental
physical constants: 2014,� J. Phys. Chem. Ref. Data, vol. 45, p. 043102, 2016.

49



[94] A. Marsman, M. Horbatsch, and E. A. Hessels, �The e�ect of quantum-mechanical interference
on precise measurements of the n = 2 triplet p �ne structure of helium,� Journal of Physical and
Chemical Reference Data, vol. 44, no. 3, p. 031207, 2015.

[95] V. A. Yerokhin, V. Patk�o�s, M. Puchalski, and K. Pachucki, �Qed calculation of ionization energies
of 1snd states in helium,� Phys. Rev. A, vol. 102, p. 012807, Jul 2020.

[96] H. Schmoranzer, H. Roth, U. Volz, and D. Marger, �Radiative lifetimes of he i 33s1and 33djby
beam-gas dye-laser spectroscopy,� Journal of Physics B: Atomic, Molecular and Optical Physics,
vol. 24, pp. 595�604, feb 1991.

[97] F. Riehle, Frequency Standards: Basics and Applications. WILEY-VCH Verlag GmbH & Co.
KGaA, Weinheim, 2004.

[98] Springer Handbook of Atomic, Molecular, and Optical Physics. Springer Handbook of Atomic,
Molecular, and Optical Physics, Edited by Gordon W.F. Drake. 2006 LVIII, 1504 p. 288 illus. in
color, With CD-ROM. 2nd ed. 0-387-20802-X. Berlin: Springer, 2006., Springer, 01 2006.

[99] L. Hlousek, S. A. Lee, and W. M. Fairbank, �Precision wavelength measurements and new
experimental lamb shifts in helium,� Phys. Rev. Lett., vol. 50, pp. 328�331, Jan 1983.

[100] C. E. Theodosiou, �Lifetimes of singly excited states in he i,� Phys. Rev. A, vol. 30, pp. 2910�2921,
Dec 1984.

[101] J. W. Farley and W. H. Wing, �Accurate calculation of dynamic stark shifts and depopulation
rates of rydberg energy levels induced by blackbody radiation. hydrogen, helium, and alkali-metal
atoms,� Phys. Rev. A, vol. 23, pp. 2397�2424, May 1981.

[102] D. Solovyev, L. Labzowsky, and G. Plunien, �Qed derivation of the stark shift and line broadening
induced by blackbody radiation,� Phys. Rev. A, vol. 92, p. 022508, Aug 2015.

[103] D. Solovyev, �Thermal qed theory for bound states,� Annals of Physics, vol. 415, p. 168128, 2020.

[104] M. Y. Agre and L. P. Rapoport, �Light scattering by polarized atoms,� Zh. Eksp. Teor. Fiz. (Sov.
Phys.-JETP 77 382), vol. 104, pp. 2975�2988, May 1993.

[105] V. M. Shabaev, I. I. Tupitsyn, V. A. Yerokhin, G. Plunien, and G. So�, �Dual kinetic balance
approach to basis-set expansions for the dirac equation,� Phys. Rev. Lett., vol. 93, p. 130405, Sep
2004.

50


	Введение
	Список обозначений и сокращений

	Асимметрия контура линии и нерезонансные эффекты
	Амплитуда рассеяния фотона на атоме
	Вывод Лоренцевского контура спектральной линии в рамках КЭД

	Нерезонансные эффекты в полном и дифференциальном сечениях рассеяния
	Нерезонансные поправки к полному сечению
	Дифференциальное сечение рассеяния: два близких резонанса

	Угловые корреляции и предел точности прецизионных измерений частот переходов: приложение к одно-фотонной спектроскопии
	Эффект квантовой интерференции
	Приложение к спектроскопии атома водорода
	Приложение к спектроскопии мюонного водорода
	Приложение к спектроскопии изотопа гелия-3

	Двух-фотонная спектроскопия водорода и гелия
	Двух-фотонная спектроскопия водорода
	Эксперименты, в которых измеряется заселенность 2s состояния
	Двух-фотонная спектроскопия гелия
	Эффект термального уширения спектральной линии

	Заключение
	Благодарности
	Приложения
	Амплитуда рассеяния в нерелятивистском пределе и дипольном приближении
	Угловая алгебра для процесса двух-фотонного рассеяния
	Аналитические выражения для НР поправок к частотам переходов 2s-ns/nd

	Список литературы

