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Appendix A: Proof of Theorem 1

Proof.

1. When cost function (1) is applied, from Lemma 2, when any player i # 1 is selected to make

an action, she chooses to stay in or deviate to the group player 1 belongs to. Therefore, each player,
except player 1, chooses not to deviate if she is in the same group with player 1.

(a)

(b)

If from stage ¢, we formulate the action-making order of players such that the players 1,...,n
choose their actions consequently. Then after player n makes the action at stage n +¢, a partition
A" in which all players belong to one group, is generated. Since f(1)— £(0) > Z%%, all players
prefer not to deviate indicating A"* is dynamically stable. It is also clear that any partition in

which player 1 belongs to the group different from all other players is not dynamically stable;

when all players belong to one certain group, player 1 chooses to deviate to another group when
f(1) = £(0) < 2=2. As aresult, there is no dynamically stable partition under such condition.

2. When cost function (2) is applied, we prove the existence of a dynamically stable partition by forma-

tion

of the order of players making actions based on any given initial partition such that a dynamically

stable partition emerges. We assume four items in the proof without loss of generality (implied by the
infinite and random dynamics):

0
Let f(1) — 222 < f(0) < f(1) — :f*l , where k* € arg max ny is met, and the case when f(0)
k#m0(1)

and f(1) satisfy any other relation can be verified in the same way;
Players 1,...,n are ordered to choose their actions;

Condition 0 0
n +1n, -2
L)} >0 (A.1)
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is satisfied, indicating that player 1 decides to stay in the group Ngo (1) rather than to deviate
to another group at stage 1 given partition A?. If this condition is not satisfied, the partition,
immediately generated after player 1 makes an action, can be regarded as the initial one. Let [*
be one of the solutions of the minimization problem in (A.1);

When a player has a multiple choice, we assume a choice of a certain action.
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We first prove that 1. < n— 2 with condition that (nno(w —-np—1) (f(l) —f(0)— T) >0.

Since m >3 and ) >0 fork=1,...,m, then n_. <n—2.1f N =n—2, then n,

() =landnp =1



for I # k*,1 # n°(1), thus we obtain

Tlgo(l) +n10 _2)

n—1

(%) = = 1) (£(1) = £(0) - = f(0)~ (1) <0

which contradicts the given condition. As a result, Th?* <n-—2.

Player 1 chooses to remain in the current group labeled 7°(1) at stage 1 under stable equilibrium.
Consider player 2 € N,? who chooses an action at stage 2, and if k = 7°(1), then

0
M

Co(g" A2, K]) = Gofg"AT) = £(1) =

—f(O) <07

and for any K £ k* k,

0
’ 77/
CZ(gstl[27k D :f(l) - 71{1 > CQ(gS7Al[27k*])‘
If k # 70(1), k%,
1 oy me—1-nl
Gl AR - Colgh Al = BT <,
and for any K £ k* k,

0
! 77/
CZ(gs>Al[27k ]) :f(l) - fkl > CZ(gS7Al[27k*])’
If k = k*, then
) Me -1

n—1 Sf(o) :C2<gS’A1 [25750(1)])7

Ca(g’ A = f(1

and if n. > nl?/ for any k' # k*,n%(1), then

up ,
Cag, AN < (1) = =5 = Ca(g", AT 2,K]),
e if F Lk 70 0 _ 0
while if 3k # k%, 77 (1), np. = g, then
i n?
C2(gS7A] 2,k]) = f(1) - ﬁ < CZ(gSaAl)v

Ca(g', A2, K]) < Ca(g” A [2,K)).

Summarizing, player 2 chooses to stay or deviate to the group labeled k* or k. Without loss of gener-

ality, let k* be the choice of player 2 at stage 2, then the group labeled £* becomes the unique group

containing the maximum number of players among all groups except the one labeled 7°(1) in partition

A%,

We apply the same analysis for players 3, ..., n, then we make a conclusion that player i > 3 chooses to
n

stay or deviate to the group labeled k* at stage i. Consequently, partition A" satisfies N\ = {2,...,n},
and N;O(l) = {1}. Now verify the stability of A":



* for player 1,
Ci(g",A"[1,k]) = Ci(g°,A") ={ - 0, k#Kk,

* for any player i # 1,
Cilg', A" [i,K]) — Cilg", A") = {

Therefore, partition A" is dynamically stable.

We have proved that there exists a dynamically stable partition, and now we characterize A, i.e., it
satisfies certain conditions in the following cases:

(a) Suppose 3 i # 1 such that (i) # 7(1). Since

Gi(e' Al 2(1)) ~Ci(". &) < 7(0) — (7(1) - =2

nfl) <0,

player i chooses to deviate to the group labeled 7(1) when she is selected to make an action based
on structure A, contradicting that A is dynamically stable. Thus, 7(i) = () for any i, j € N.
(b) We proceed the proof by showing that any of the following cases can never happen:
i. Let (i) = @(1) for any player i € N. If it is the case, then for player 1,
n—2

n—1

Ci(g*,Al1,k]) —Ci(g*,A) = f(1) —

which is a contradiction.

ii. 3i,j €N\ {1} suchthat (i) = &(1), T(j) # 7(1). Then

Cig Al 7G)) — g &) = £(1) — P9 40 >0,

which can not be satisfied simultaneously.
iii. Letforany i 1, (i) # (1), and 34, j # 1, (i) # 7(j), then

n—1 -
S Rrs m s 7y Mag) = Mr) — 1
Ci(g"Alj 7)) —C;(s",B) = T — >0,

which can not be satisfied simultaneously.

(c) If the initial partition A satisfies 7°(i) = 7°(jj) for any i, j € N, or °(i) = 7°(j) # 7°(1) for

any i, j € N\ {1}, then it can be easily verified that A” is dynamically stable when f(1) — £(0) =
n=2

"=1 is satisfied. Then, it suffices to demonstrate that any other structure of partition is not
dynamically stable:



i. 3i,je N\ {1} suchthat (i) = @(1), T(j) # (1), then

which is a contradiction.
ii. 3i,j €N\ {1} suchthat (i) # &(1), (j) # (1) and (i) # 7(J), then

which is a contradiction.

O
Appendix B: Proof of Theorem 2
Proof. Given partition A = {N;,N,} where 1y — 1, = k, for any players i € N} and j € N, we have
: 2
Ci(g",A1,2)) = Ci(g",8) = (k= 1) (F(1) = () + =), ®.1)
. —2
€ AL, 1)) = C;(6",8) = (k+ D) (£(0) — () + 7= ). (B.2)

Consider three different cases:
1. When n =12, and
(a) if f(1) — £(0) < "=2, then for any i € NV and j € NY, both expressions (B.1) and (B.2) are

n—1°
nonnegative when A = AY. Thus, we conclude that A is dynamically stable, i.e., A =AY,

(b) if f(1)— f(0) > %, without loss of generality, let i € N} be the player who makes an action
at stage 1, since expression (B.1) is negative when A = A®, player i chooses to deviate to the
group labeled 2. Then at any subsequent stage / > 2 starting with partition A'~!, for any players
i€ N{*I (if she exists) and j € Néfl, we directly obtain that expression (B.1) is negative and (B.2)
is positive (A = A/~1) since k < —2 for partition A/~!, which indicates that player i chooses to
deviate to the group labeled 2. Player j chooses to stay in the current group if they are selected
to make an action at stage /. The dynamically stable partition A such that fj; = 0, fj» = n may
eventually emerge after the last player in the group labeled 1 is chosen to make an action at some
stage.

2. When n? > ng, and

(a) if f(1)— f(0) = :%%, then for any players i € N and j € NY, expressions (B.1) and (B.2) are
equal to zero when A = A°. Therefore, A” is dynamically stable;

(b) if £(1)— £(0) > Z%%, then for any i € N? and j € N?, expression (B.1) is nonnegative and (B.2)
is negative (A = A%) since k > 1 for partition A°. As the dynamic process proceeds, each player
in the group labeled 2 chooses to deviate to the group labeled 1, while each one in the group
labeled 1 remains there since k, the cardinality difference between the two groups, is increasing.
The dynamically stable partition A such that ; = n,7, = 0 eventually emerges after the last
player in the group labeled 2 is chosen to make an action at a certain stage.



(©) if f(1)— £(0) < =2, and

i. n is even, then for any i € N? and j € N, expression (B.1) is negative while expression
(B.2) is positive (A = A®) with k > 2 for partition A?. Thus, as the process evaluates, each
player in the group labeled 1 chooses to deviate to the group labeled 2, while each one in
the group labeled 2 remains there when they are randomly selected until &, the cardinality
difference between the two groups drops from 2 to 0. This happens after some player in the
group labeled 1 deviates to the other group at some stage . With respect to the emerged
partition A’ such that n{ = nj = 5, expressions (B.1) and (B.2) > 0 are positive (A = A") for

i € Nj and j € Nj, indicating A" is dynamically stable;

ii. nisodd,if k=1 for A°, then for any i € NY and j € NY, expression (B.1) is zero and (B.2)

is positive (A = A%). Thus A” is dynamically stable satisfying n{ = “,

UES U 3

k >3 for AY, then the similar discussion can be performed as in Item i. A partition A’ such
that nj = atl n, = ”—51, is generated when k drops from 3 to 1 after some player in the

2

group labeled 1 deviates to the other group at some stage r. We can easily verify that A’ is

dynamically stable.

Appendix C: Proof of Theorem 3

O

Proof. Given partition A = {N|,N,} where 11 — 15 = k > 0 (without loss of generality), for any players

i € N1 and j € N;, we have

J(0) = (1), /;:0,

Ci(g%,Ali,2]) — Ci(g%,A) = 0, =1,

) ’ (k= 1)(f(1) = £(0) + H2EH k>0,
k(n+k)

Cj(g% Al 1]) = Cj(g%A) = (k+1)(f(0) = £ (1)) + 2n—1)

We examine all possible cases:

1. When n9 = n9, assume player i’ € N is selected to make an action at stage 1,

(C.1)

(C2)

(a) for player i expression (C.2) is negative with A=A, k =0 and j = i'. Asaresult, i deviates
to the group labeled 1 at stage 1, implying that the cardinality difference k increases from O to
2. At stage 7 + 1 which begins with partition A, r > 1, if 2 < k < x where k is the cardinality

difference for A’, and x < n—2 is an even such that % < f(1)—£(0)

x(n+x)
= 2(n—1)(x+1)"



then for any players i € N} and j € Nj, we have

(k—1)(x=2)(n4+x-2) (n+k—-2)(2—k)
2(n—1)(x—1) 2(n—1)

_kx2+xn+k2—kn—x2—k2x

N 2(n—1)(x—1)

_ (x—k)(kx+n—x—k)

o 2(n—=1)(x—1) >0,

(k+1)(x=2)(n+x—-2) k(n+k)
2ni—D(x=1)  2(=1)

(k—x+2)(kx+n+x—k—2)

- 2—1D(x—1) <0.

Ci(g°,A'[i,2]) — Gi(g",A") >

Ci(g°,N'[j,1]) = Cj(g°,A) < —

While if & = x, then

(x—k)(kx+n—x—k)
2n—1)(x—1)

x(k+1)(n+x) k(n+k)

2n—1)(x+1)  2(n—1)
Therefore, we conclude that any player who belongs to the group labeled 2 chooses to deviate
to the other group, and each player in the group labeled 1 chooses to keep his own group as
long as the cardinality difference k between the two groups does not reach x. As players in the
group labeled 2 deviate, the dynamically stable partition A such that fj, = S = % appears
immediately when k increases up to x since no player prefers to deviate which follows from (C.3)
and (C.4).

(b) if £(1) — £(0) > 2=2, from Item (a), it follows that player i’ deviates to the group labeled 1 at
stage 1, then k increases from 0 (for A?) to 2 (for A!). At stage ¢ + 1 starting with A’, ¢ > 1, if
2 <k < n, then for any players i € N} and j € Nj, from (C.1) and (C.2), we get

k—1)(n—2) (+k—2)2—k) k(n—k)

Ci(g°,A'[i,2]) — Gi(g", A") >

=0, (C.3)

Ci(g" A'j, 1)) = Cj(g,A") =

—0. (C.4)

Ci(gC7At[l',2D—Ci(gc,A[) > 1 + 2(71— 1) = 2(1/1— 1) >0,
O A1)~ i) < - = Sty R <

Consequently, so long as the cardinality difference between two groups has not reached n (the
group labeled 2 becomes empty), players in the group labeled 2 choose to deviate when they are
selected to make actions. Finally, the dynamically stable partition A such that , =0, j; = n
appears immediately when the last player in the group labeled 2 finishes his deviation.

2. Without loss of generality, we assume 1 is odd, but the proof, in which it is even, can be provided in
a similar way.

(a) if £(1)— £(0) < 4(';;11), then for any i € N and j € N3, by (C.1) and (C.2), we get

Ci(gchO[ivz]) - Ci(gchO)

X =
{ (x() _ l)(f(l) —f(O)) + (l’l“rxz(fnz_)gQ),fxO) < (3*){0)(]14»2)(073) < O x() 2 3’



%0 n O+ O O 4n

Asaresult, if x = 1, the initial partition A° satisfying 0 = 2t1, n9 = 2= is dynamically stable.
If x° > 3, then players from N' ? choose to deviate, players from NS choose to remain until their
cardinality difference k reaches the value of 1, and the dynamically stable partition A is such that

il =L, 7 = 251 is generated.

(b) if %ﬁ < f(1)=£(0) < %, where 3 < x < n—2 is odd, then based on any
partition A = {N,N,} such that k > 1, for any i € Ny and j € Ny,
Cl(gch[lvz]) _Ci(gch)
0, k=1,
nbk=2)(2—k)  (ktn—2)(k=2)(k+x—2
= k= D(F() ~£(0) + +2(n—)(1) 1> 2(n)£1)<x>£$ >0, 3<k<x

(k= 1)(F(1) = F(0) + "525H < Gnkx) |, =0 k>x,
— (DR | (x4+2)2 —n | k+(x42) (n—x—2)
where G(n,k,x) = [ 2(n71)(/;+]) )
C](gch[]v 1]) _Cj(gCaA)
n —(k+ 1)+ | (k+2)% —n | x+(k+2) (n—k—2)
| 0 — ) - e < S =0 k<

k(n+k k—x) (kx+n-tk

(k+ 1)(F(0) = f(1) + 50 > i) >0, k>
Thus, when the cardinality difference between two groups is smaller than x, players in the group
labeled 2 choose to deviate, and players in the group labeled 1 remain in the current one. When
such a difference is larger than x, the reverse happens. And no player prefers to deviate when
such a difference increases or decreases reaching x, indicating the dynamically stable partition A

is defined by 7y = =, 7 = “5*.

(©) if £(1) = £(0) = 55570y, where 1 < x <n—2, and
i. 2% < x, based on any partition A = {N1,N,} such that k > 1, for any i € N| and j € N,, we
have

Cl(gcaA[lvz]) - Ci(gch)
0, k=1,

A R[22 ke () (-2-2) _ 4[(r—1)2— 540
- 2(n—1)(x+1) > 2(n—1)(x+1) >0, 3<k<x,

(n—x)24+2(x2—1)

e >0 3sk=x
(k—x) (kx-+n-+k—+x) <0 k<x
cj<gC,Au,1Dc,-<g2A>{ omtir) o o
2Dt =X

As a result, starting from partition A°, in which the cardinality difference is not larger than
x, players belonging to the group labeled 2 deviate to the other group (x° < x) or all players
remain in their current groups (x” = x) until such a difference increasingly reaches x. Then

the dynamically stable partition A with 7j; = Xy = 5% emerges.



ii. x° > x, based on any partition A = {N;,N,} such that k > x+2, for any i € Nj and j € N,,

we have
0, k=x+2,
Ci(g°,A[1,2]) = Ci(8°A) = ¢ —(ur )R+ [(+2)2—n]k+ (x+2)(n—2—2)
[ 2(,171)(JH) <0, k>x+2,
c Al c k—x)(kx+n+k+x
C)(e AL - (g ) = £ ),

2(n=1)(x+1)

As a result, starting from partition A, in which the cardinality difference is larger than x,
players belonging to the group labeled 1 deviate to the other group (x° > x +2) or all players
remain in their current groups (x° = x+2) until such a difference decreasingly reaches x + 2.

Then the dynamically stable partition A with 7y = 4+2, 7, = “=5=2 emerges.

(d) if £(1) — f(0) > =2, then based on any partition A = {N;,N>} such that k > 1, for any i € N},
by (C.1) we get

Ci(g%,Al1,2]) — Ci(g",A) = { (k= 1)(f(1) = £(0)) + (n+12c(;27)ﬁ7k) ~ Kn—k) >

and for any j € N,, when k < n by (C.2) we obtain

k(n+k) (k+2)(k+2—n) <0,

Cj(g%,AlJ, 1])—Cj(gC,A)=(k+1)(f(0)—f(1))+2(n_1) N EN

As a result, starting from partition A, players belonging to the group labeled 2 deviate to the
group labeled 1 until such a group becomes empty, then the dynamically stable partition A with
11 = n, 2 = 0 emerges.

O

Appendix D: Proof of Theorem 4

Proof. We prove the existence of a dynamically stable partition constructing for any initial partition A° an
action-making order of players, after which the dynamically stable partition appears. Examinations of dif-
ferent structures of the initial partition are respectively conducted under various conditions for cost functions
(1) and (2).

First, we consider the cost function (1). There are three possible cases:

« f(1)=f(0) <1—2 andif

1. 772,1 = ng,z = 7, then for any players i € A and j € B,

Cilg! A°0.2]) ~ Gl A%) = C5g" 0L 1]) — (g %) = 5 (7(0) ~ (1) 4 1= 2) > 0.
Therefore, no player prefers to deviate to the other group given the initial partition A, i.e., A is
dynamically stable.

It is obtained that given any initial partition, as long as a certain partition A, which satisfies
Na1 = N2 = % Or Nap =MNp1 = ’%, emerges after some players make actions in the sequence
which we particularly design, it is dynamically stable.



n

2. my, =1np, =4, then for any partition A = {N;, N>} such that 14, = %, it is easy to obtain that
for any player i € BON|,

Ci(g,Ali,2]) - Ci(g,A) = g(f(l) —f(0) =1+ %) <0.

We select players from set B in the sequence to make actions at the first 5 stages, then they all
choose to deviate. Therefore, A2, which satisfies n A§,1 =1 572 = 5, is dynamically stable.
3. ng,l =7, ng’ 1 >0, 71272 > 0, then we choose players from set Ng) | in the sequence to make

actions, then they all choose to deviate to the group labeled 2 from the proof above. Thus, Angv‘
satisfying 1) Aol = ng';' = 2 is dynamically stable.

4. T]A7l ) 77A,27 17371 ; T]B’Z > 0, and four possible cases need to be separately discussed:
(a) ng,l > 11272 and 1]871 > 772,2, then for any player i € NX,I’

n

Ci(g"A%i,2]) — Ci(g", A") = (2, — 5)(f(1) — f(0)) +2n3, (% —1)+ g -1,

. 0 n
since 1, > 3. Therefore, we have

Ci(g",A%i,2]) — Ci(g",A%) < (2ng, — 5)(1 - g) +2n3, (% ~1) +2 57 1=0.

Then, we choose players from set N9 | to make actions at the first 17} | stages, at which all

0
players deviate to the group labeled 2. Then A"A! has the structure feature, which is similar
to the initial partition given in Item 3, i.e., all players from set A belong to the certain group
and there are players from set B in both groups. Therefore, we make construction in the same

way as in Item 3, obtaining the dynamically stable partition A satisfying fla» = fjg1 = 5

(b) 772 > 772 , and ng 1 < ngz, then for any player i € NX 5, With ngz > 7, we obtain

n

D) =5O)+2n55 (3= 1)+ 5 -1 <0,

Ci(gthO[iv 1]) _Ci(ghaAO) = (27722 -
We choose the players from set N9 , to make actions at the first 9 , stages, at which all the
players deviate to the other group. Then we make a construction in the same way as in Item
3, obtaining the dynamically stable partition A such that 4,1 = flp2 = 3

(©) N3, =14, =14 and ng, >ng,, then for any player i € Ny |, we get

. n 2 n
Cilg",A%1,2]) — (g, A%) = (2n, = 2)(F(1) — £(0)) +2m8,, (5 1) + 5 — 1 <0,
since 1Y B> - Choosing players from set NX | to make their actions at the first nY 4,1 Stages,
at which all the players deviate to the other group. Then we make a constriction in the same
way as in Item 3, obtaining the dynamically stable partition A such that fja » = 7| = 5.

(d) 772 1= ngz =7 and ng | = ngl = 7. then for any players i € N? and j € NY,

Ci(gbaAO[ivz]) - Ci(gvaO) = Cj(gb»AO[jv 1]) - Cj(gvaO) = Oa

implying the initial partition A is dynamically stable.



e f(1)— f(0) = 1 — 2, then given any initial partition A°, for any players i € N{ and j € NY,
Ci(gb7A0[i72]) _Ci(gbaAO) = Cj(gvaO[ja 1}) _Cj(gbaAO) =0.
Therefore, any initial partition is dynamically stable.
e f(1)=f(0) > 1 — 2, thenif

1. N, =nJ, =%, and for any partition A = {N;,N,} such that 14,1 = %, it is easy to obtain that
for any player i € BN Na,

n 2

2o -rmy+1-2) <o.

(O -ry+1--

We select players from set B in the sequence to make actions at the first 5 stages, and all the

Ci(gva[ia 1]) - C,'(gb,A) -

players choose to deviate to the other group. Therefore, the realized partition A? is such that

ni, =ng, =5, thus, for any playeri € N,

Ci(gb,A%[i,2]) — Ci(g",A%) = f(f(1> —f(0)—1+ %) >0,

implying that A is dynamically stable.

We obtain that given any initial partition, as long as a certain partition A such that n; = n or
1n> = n (i.e., all players belong to the same group) emerges after some players make actions in a
designed sequence, it is dynamically stable.

2. m? | = 7710; | = 3. then from Item 1 above it follows that A is dynamically stable.

3.m9, =14, nB 1 >0, 773 , > 0. We choose players in set N3 5.2 to make actions consequently, then

they all choose to deviate to the group labeled 1, which follows from the statement in Item 1.
O

Thus, AnBl satisfying 771 %2 — n is dynamically stable.

4. 19,.1%,,18 1,19, > 0, and four possible cases are to be discussed.
(a) n/(a),l > 77272 and 772, > ngﬁz, then for any player i € Ngg,

n

Cilg! AL 1]) ~ Gl A%) = (20— 5) (F(1) — F(O) + 20855~ 1) +5 1 <0,

since 1), < 4.
We choose players from set Ng , to make actions at the first 77/(4),2 stages, all these players

0
deviate to the other group. Then A"A2 has the same structure as the initial partition in Item 3.
Therefore, we make a construction in the same way as in Item 3, obtaining the dynamically
stable partition A such that 7; = n.

(b) ng, >ny,and ng, < ny,, then for any player i € NY |,

n

DU —rO)+208, (G =1)+ 5 -1 <0

Ci(gthO[ivz]) _Ci(ghaAO) = (anl - 2 2

We choose the players from set NX | to make actions at the first 772‘1 stages, all these players

deviate to the other group. Then we make construction in the same way as in Item 3,
obtaining the dynamically stable partition A such that 77, = n.

10



(¢) ny,=n3,="4%and g, >ng,, then for any player i € N ,,

n

Cilg! AL 1))~ Gl A%) = (20— 5) (F(1) — F(O) + 20, (5~ 1) + 5 — 1 <0

We choose the players from set Nga to make actions at the first ngl stages, and they all
choose an action to deviate to the other group. Then we make a construction in the same
way as in Item 3 obtaining the dynamically stable partition A such that 7}; = n.

(d) ng, =n2,="%andng, =ny, =4, then for any players i € N{ and j € N3,
Ci(s”,A%,2]) = Ci(",A%) = C; (8", A%j,1]) — C;(8",A%) = 0,
implying that the initial partition A? is dynamically stable.

Before we start a discussion of the cases for cost function (2), we mention some statements required later
on in the proof.

Given any initial partition A” such that T]g 15 172 2 ng 1,712 , > 0, for any players i € NX.I and j € N,(q).z’
we have

Ci(gbaAO[iaZD _Ci(gvaO)
0 0 2/ 9 0 0 0 0 0 (D.1)
= (Mg —Np2) (F(1) = £(0)) + - (nB,z max{ng,—1,M4, — 1} —ngmax{ng, — 1, UA,z})7
Cj(gb>AO[j7 l]) _Cj(gb7A0>
2
= (ng,z - ng,l) (F(1)—f(0)) + - (ng,l max{n2,1 -1, 712,2 -1} - ng,zmax{ng,z —1, 772,1}>-

If expression (D.1) is negative, then player i will deviate to the group labeled 2 when he is chosen to make
an action at stage 1, implying n /{ pandn /} , are respectively decreased and increased by unit 1 in comparison

(D.2)

with ng.l and 172 ,. Observing equation (D.1), we may simply realize that for any player i € N [{‘1 ,
Ci(g",A'i,2]) — Ci(s",A") < Gi(s", A1, 2]) — Ci(g", A%)

representing that when players from Ng_l are selected in the sequence to make actions at the first ng_l stages,
all these players choose to deviate if (D.1) < 0. The same conclusion can be also drawn for players from set
N9, if we observe equation (D.2).

"We start examination of those cases when cost function (2) is defined for each player. Specifically, when

« f(1)=f(0)<1—2, and
1. ng"l:ng’zzg,and for any players i € A and j € B,
b AO[: b A0 b AOf: b A0y _ 2
Cilg",A°1,2]) = Cilg",A%) = C;(8", AL, 1)) — C(", %) = 2 (£(0) = F(1) +1= 1) > 0.

Therefore, no player prefers to deviate to the other group given the initial partition A, i.e., A is
dynamically stable. And it is evident that given any initial partition, so long as a certain partition
A which satisfies 4,1 = N = % or a2 =1Np1 = % emerges after some players make actions
(in the sequence which we in particular formulate), it is dynamically stable.
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2. my, =1np, =4, then for any partition A = {N;, N>} such that 14, = %, it is easy to obtain that
for any player i € Np 1,

Ci(g",Ali,2]) — Ci(g", ) = g(f(l) —f(0)—1+ %) <0

Thus, if players from Ng_l are selected consequently to make actions at the first 7 stages, then

they all choose to deviate to the other group. As a result, partition A? which satisfies ni, =

n

771%,2 = 7 is dynamically stable.

3. nXﬁl =7, ngJ >0, 772,2 > 0. We choose players from set Ngl consequently to make actions,
then they all choose to deviate to the group labeled 2 from the proof in Item 2. Thus, A"gJ , such
that n:%’] = ng%l = 4, is dynamically stable.

4. 772,1 , 77,2,27 ng_l , ngz > 0, and we consider the following cases:

(@) N9, >nY, and Ny, >y, then for any players i € Ny, and j € Ny ,, we have

Ci(gbaAO[iaZD - Ci(gvaO)

2np,(2—ng, —n4,) (D-3)
= (21, = 3) (F(1) = £(0) + —H—— LA 14,
, 205, (Mg, + 13, — 1)
Ci(g" A" 1)) = Ci(g",8%) = (5 —2mf,) (F(1) = (0)) + P2 —
(D.4)

Then the following expression can be easily obtained:

219
Cj(gb7A0[j7 1]) _Cj(gvaO) = - (Cl(gbaAO[laZD _Ci(gb7A0)> + TBJ -1 (DS)
Two cases are considered:

i. if expression (D.3) is nonnegative, then from (D.5) we get C;(g?, A[j,1]) — C;(g",A%) <
0. In this case we choose players from N/?.z to make actions at the first 112 , stages, and
they all deviate to the group labeled 1. Then the structure of A"/(x),z is consistent with
the initial partition in Item 3 above, thus, we r{lake a construction in the same way and
obtain that the dynamically stable partition is A such that 4,1 = 71 = 3.

ii. if expression (D.3) is negative, let players from N/(\),l choose actions at the first 77/(4).1

0
stages, then the structure of A4l is similar with the initial one from Item 3, thus, we
make a construction in the same way and obtain that the dynamically stable partition A
is such that 742 = 7z = 5.
(b) ngﬁl > an and ng’l < 13 ,. Without loss of generality, we assume that ngz > 7712,1’ but the
case when 1, < 1| can be similarly examined. For any player i € N} |,
C,'(gb,AO[i,Z]) _Ci(gb7A0)
n n 2mg (g +1-135)
=(2n2,1—5)(f(1)—f(0))+5—2n2,1—1+ : ’n —.
(D.6)
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For any player j € Ny ,,ifn3,—1>n9,,

. . 2n3
Ci(g" A%, 1) = Ci(g".A%) = — (" 41, 2) ~ (g, &%) ) = =2 (D)
and if ngZ = n&l,
Cj(gbaAO[ja ID _Cj(ghaAO) = _(Cl(gb7A0[172]) _Ci(ghaAO)) —1. (D8)

Two possible cases are considered:

i. if expression (D.6) is nonnegative, then C;(g?, A°[j,1]) — C;(g?,A%) < 0. Players N ,
are chosen to make actions consequently, then the structure of AT’X»2 is consistent with
the initial partition from Item 3. As a result, a dynamically stable partition A such that
fla,1 = T2 = 5 emerges after we design the action-making order of players’ in the
same way.

ii. if expression (D.6) is nonnegative, let players from N/(x).l choose actions one by one, and
we formulate the action-making order of players in the same way as in Item 3. Finally,
a dynamically stable partition A such that flap = Tlp,1 = 5 is generated.

(©) ny, =ng,=4%andng, >ny,, then for any players i € N} | and j € Ny ,, we have

Ny, (8—4n9, —n
Cilg",A%1,2) ~ Cilg",A%) = (21 = 5) (F(1) — f(0) + 5 — 1+ 2 T !
(D.9)
2ng,

Ci(g" A0 1) = C(8" A% = —(Cilg", A1, 2)) = Cil",a%) ) + =2 =1, (D-10)
Then
i. if expression (D.9) is nonnegative, then expression (D.10) is negative. Players from set
Ng_yz are chosen to make actions consequently, then the structure of A2 is consistent
with the initial partition from Item 3. As a result, a dynamically stable partition A such
that f)a.1 = g2 = g emerges.
ii. if expression (D.9) is negative, let players from N/(a).l choose their actions consequently.

Then we design the action-making order of players’ in the same way as in Item 3.
Finally, a dynamically stable partition A such that f)a » = 7]p,1 = 7 is generated.

(d) 77,2 = ngl = f{ and ng = 772.2 = f{, then for any player i € N?,
Ci(gh?AO[ivz]) - Ci<gh7A0) = _E'

Let players from set N/(a),1 choose their actions, and we design the sequence in the same way

as in Item 3. Finally, a dynamically stable partition A such that 4 » = flg 1 = 5 is generated.

e f(I)—f(0)=1- % We first prove that any initial partition A such that 9 | = 4 or 79, = % for
X = A or B is dynamically stable. Without loss of generality, let A be such that 11271 =7, ie., all

players from set A belong to the group labeled 1. For any players i € Nf‘)_l and j € Ng.l (if she exists),
k € N3, (if she exists),

13



Tl
b 0n 0 2pa” +n31>07 M8.1:Mp2 >0,
Cl(g 7A [152]) g A 0, T’g] :O,
07 71272:0;

O
—~
o]
“'3‘
>
f=}
=
D,
~
||

)

0
=0.

So, no player prefers to deviate implying that A is dynamically stable.

1. Given any initial partition A° such that 11271 = 11272 5, 0r nA | = nB | =73,0r nA 1= 5> ng_’l >0,

1182 > (0, we may directly conclude that it is dynamically stable which follows from the statement
obtained above.

2. 77/(4),1 ) 172_’2, N9 ,,n9, >0, and four cases should be discussed:

(@

(b)

(©)

Ny, >4, and ng | > ny,. Forany playeri € Ny ,,

. 2 2 n
Cilg" A% 1) = (g, A%) = ~(m )+ |~ (nd, + 1) —2|m + 5 —m8, =1, (DD
since § < ng ; < 7. Simple calculations show that expression (D.11) is negative. Let players

from Ng,z make actions at the first n272 stages, all these players deviate to the group labeled
1. Then partition Ang‘2 satisfying n:%z = 7 is dynamically stable.

172,] > 11272 and 11271 < n2_2~ Without loss of generality, we assume ngg > 772,1’ but the
case when 1), < TIX, | can be similarly examined. For any player i € NY |, Ci(g?, A%[i,2]) —
Ci(g",A%) can be obtained by substituting £(1) — £(0) with 1 — 2 in (D.6). Such a difference
for any player j € Ng,z may also be obtained by the same substitution in (D.7) if ngz —-1>

N4 > and in (D.8) if ng, = 1Y . Two cases should be studied:
i. if expression (D.6) is nonnegative, then C;(g”,A%[j,1]) — C;(g",A%) < 0. Players from
0
NY o are chosen to make actions, and we obtain that partition AT satisfying n A, V=14
is dynamically stable.

ii. if expression (D.6) is negative, let players from Ng_l choose actions one by one, then
0 0 '
partition A"A1 satisfying 112*‘2‘1 = 7 is dynamically stable.

ngl nA2 4andnBl>T]BQ,thenforanyplayerlGNAZ,

. 2 2 3 n
Ci(g", A%, 1)) — Ci(g”,A%) = ;(7759,1)2 + (; - 5)“2,1 ta- L,

which is negative under the condition that % < ng.I < 5. Therefore, choosing players from

Ng , to make actions consequently, all these players deviate to the group labeled 1. Then
0 0
partition AA2 satisfying n:Al'z = 7 is dynamically stable.
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(d) n,=n7,="%andng, =ny, =14, then for any player i € NJ |,

. 1
Ci(gvaO[lvz]) _Ci(gvaO) = _E <0.

0
Let players from Ng,l be chosen to make actions consequently, then partition A"A! satisfying
0
n o .
N,5 = 4 emerges and it is dynamically stable.

« f(1)=f(0)>1—2 and

1. 3, =np, =4, then for any player i € A,

Ci(g", Ali,2)) — Ci(g",A) = g(f(o) —f)+1- %) <0.

Then partition A%, such that Ni,=MNp, = 5, emerges after players from set A are selected

consequently to make their actions. Thus, for any playeri € N,

n 2

)=5(F - -142) >0,

(SIS

Ci(gva% [la l]) - Ci(gva

which indicates A7 is dynamically stable.

It is evident that given any initial partition, as long as a certain partition A, such that 1y = n
or 1> = n (i.e., all players belong to the same group), emerges after some players make actions
consequently and it is dynamically stable.

2. nfﬁ),l = ng_’l = 7, then from the statement given in Item 1 it follows that AV is dynamically stable.

3. ng,l =73, ng,] >0, 772,2 > (, then for any player i € Ngg,

Cilg", A%, 1))~ Cilg,A%) = 5 (£(0) — (1) +1~ %) <0,

: . .. 0 U . .
then choosing players from Ng , to make actions, partition A"82 such that m 52 = n is dynami-

cally stable.
4. M3 1,n8 5 M8.1, Mg, > 0, and
(@) N9, >nY,and Y, >ny,, then as above, the relation between player i € N{ | and j € NY ,
is represented by equation (D.5). Since f(1) — f(0) > 1 — % as well as § < ngﬂl <3, we get
0 \2 0
2,0 3081

=~ —=>0.

Ci(gbaAO[iaz])ici(gleO) > = 2 4

As aresult, C;(g?,A%[j,1]) — Cj(g?,A%) < 0, and the players from N} , are chosen to make
actions, and they all deviate to the other group. We continue a construction given in Item 3,
and obtain a dynamically stable partition A such that 74 1 = g1 = %

15



(b) 3, > ng, and Ny, < Mp,. Without loss of generality, we assume 13, > 7y |, and the
case when 7132 < 772,1 can be similarly examined. For any players i € Ng,l and j € NX.Z,
their relation is presented by (D.7) if ng, — 1> ng |, and by (D.8) if ng, = ng . If
Ci(g",A%j,1]) — Cj(g?,A% < 0, we choose players from N , to make their actions, then
we make a construction in the same way as in Item 3. Finally, a dynamically stable parti-
tion A such that fla,1 = T),1 = 5 emerges. While if (D.6) < 0, let players from Ng’l choose
actions, then ordering them in the action-making sequence as in Item 3, we obtain that a
dynamically stable partition A such that fja» = g = 5 is generated.

(©) ny, =nY,=14%and ng, >ng,, then for any player j € Ny ,, the expression (D.10) is

negative. We choose players from N£.2 to make actions, then continue with the construction
n

like in Item 3. As a result, a dynamically stable partition A such that 7| = flp| = 5
appears.

(d) 772,1 = 77272 =7 and ng)l = ngJ = 7. then for any player i € Ng’l,

. 1
Ci(ghaAO[l72]) _Ci(gvaO) = _E'

Let players from set NXJ choose their actions, then taking into account Item 3, a dynamically
stable partition A such that Ma2 =MNp2 = g is finally generated.

Thus, we obtain that in any case examined above, there exists a dynamically stable partition. Moreover, we
have formulated the order of action-making for the players in such a way that a particular partition structure
which meets the corresponding condition above appears and we have checked that it is dynamically stable.
To complete the proof, it suffices to verify that any partition which does not satisfy the specified condition is
not dynamically stable. Indeed, in the proof above, given any initial partition A? such that the condition for
the dynamically stable partition is not met, it has been shown that there exists at least one player choosing
to deviate when he is selected to make an action. This implies that A” is not dynamically stable. O

Appendix E: Proof of Corollary 1

Proof. With partition A= {Ny,..., Ny}, let My ={ke{l,....m} [Nay# @}, My ={ke{l,...,m} | Ngy #
@}, and m; = |My|, my = [Ma]|. It is obvious that m; < m and my < m.

Consider initial partition A?. If any player i € N chooses not to deviate to any other group when she is
selected to make an action, then A° is exactly the dynamically stable partition. Otherwise, we particularly
formulate the process (both the players’ order of action-making and the specified choices of actions) in
such a way that a dynamically stable partition appears after several stages when the process starts from the
unstable partition. We should mention that both the players’ order of action-making and specified action
choices may materialize with a positive probability since the dynamic process is random and infinite.

Assume A is not dynamically stable. Without loss of generality, let k be such that for any i € N/(x).k’

minCi(g”,A°li,k']) — Ci(g",A%) <0,
k

i.e., each player i € N/g.k chooses to deviate from the current group N,? to another group labeled k where

k € argminC;(gb 7Ao[i,k/]) when he is selected to make an action (if such & can not be found with re-
k/
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spect to set A, we consider set B instead). Let players from set Ng‘k be selected consequently. More-

over, if argminC;(g”, A° [i,k,]) OM? # &, those players are assumed to deviate to one group labeled k €
k/
argminC;(g?,A%[i,k]) N MY unanimously. Otherwise, they uniformly deviate to any group k such that
k/
k € argminC;(g?,A%[i,k']). Let A be the partition generated after the procedures designed above are re-
k/

alized, i.e., after the last player from Ng . makes an action. We can easily obtain that 1 < m(l) and 7y < mg.

If A is dynamically stable, then the whole process is completely designed, otherwise, A is regarded as the
initial partition and we repeat the above procedures.

We repeat the described procedures and stop the process when one of the two cases materialized: (i) a
dynamically stable partition appears; (ii) a partition A satisfying max{,/p} <2 emerges. We can easily
realize that at least one of the two cases may terminate the process. If the process ends with a partition A
satisfying the specified condition, and we take it as an initial one, then by Theorem 4, a dynamically stable
partition certainly appears. O

Appendix F: Proof of Theorem 5

Proof. We first show that all players from set A or B belong to the same group in a dynamically stable
partition when condition f(1) — f(0) < 1— % is met. The proof is carried out in such a way that we come to
a contradiction for the partition which is supposed to be dynamically stable but does not meet the condition.
Significantly, it is worthwhile remarked that the same conclusion can be drawn for £(1) — £(0) > 1— 2 since
one can find certain contradictions when he goes through the proof process assuming f(1) — f(0) > 1 — %
Suppose partition A = {Nj,...,N,,} is dynamically stable, and let Py = {k | 3i € A,i € Ny} denote
the set of labels for groups to which at least one player from set A belongs, P5 = {k|3ieB,iec N},
A _ | PA A _ | PA|
Pa Al PB Bl
Several possible structures (except the given one) for partition A are consequently examined:

1. Pf NP4 = @. Let ki, kp be such that Nak, =Max14 x, Mgk, = MaxnNp, and without loss of generality,
kepP} ' kepPp

Nak, = MBk,- Then for any player from set N, ./, K = k1, we have

max , rb—1-—
{ns.x Nax } nA,kl] <0

Ci(g", Ali k) — Ci(g",A) = ) an,k[ "

kepg
a contradiction with the stability of partition A.

2. PPN Py = {k}, P = {ky,k}, and P} = {ka,k}. Without loss of generality, N x > 1 x, then Mg, <
Nak, - Two cases are discussed:

(@) Npx > Nak,- Forany i € Np,, we have
Cl(gb7A[lak]) _Ci(gbaA)
2 2 -2 2 -2
= Mgy (1) = T2 70 = g, (1) = A2 ) oy (1) = TE2) >0

n

Since £(1) — 284 < (1) — 2M0=2 e obtain £(0) > (1) — 2452 > (1) — 21842 Thep,
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i if NB.k > NBk,» for any j € NAJ(,

Cj(g" Alj. ka]) — Ci(g",A)

:nB,k(f an ) +NMBj, f(0) — N s, (f(l)* — NS (0)

- kT NB K MAK— NB,
= (s~ M) (1)~ £0) + (”B*k ot + sy i o)
< (MBx —MB.Ay)(2NBA —2) n 2(NBk — MBAMBA + NMBAy Ak — NBk>)
n n
_ 2B (Mak—MBi) <0,
n

2Mak — 2)
n

which contradicts the stability of partition A.
ii. if Npx = N, (= Nax = Nax, ), forany j € Nag,

Ci(g" Alj,ki]) —Cj(s".A)
= gy () = 25 (70 = T8 ) i (70 - T Z2) ),

Since f(1)— 27“% < f(0), we easily get C;(g”,Alj,ki]) — C;j(g”,A) < 0, which contradicts
the stability of partition A.

(b) Mk < MNax,- Forany i€ Ny,
Ci(g Alik1]) — Ci(g".A)
2 2 2 -2
=gy (£(1) = ) s (1) = T8 g, (1) = TPED) g p(0) 2 0

n

from which, we easily obtain that f(1) — 2”% > f(1)— zmTkl > f(0). Then, for any player
JENB L,

2NBk, *2> <0
n 9

Ci(g" ALK = Ci(8",8) = M/ (0) — mas (£(1) -
which contradicts the stability of partition A.

. PN Py = {k}, and max{p4, p4} > 3. Without loss of generality, let {k,k;,k,} C P{ and {k,k3} C P}.
All possible items in this case are then considered:

(@) Mak, = maxn, . Then for any i € Nyy,, from Ci(g”,Ali,k2])) — Ci(g”,A) > 0, we obtain that
Kepp ™ '

for any K e PS: Mgy = Mak, +1 2> Nax+ 1. Consider any player i € Ny k.

il Aliko)) ~ Cilg?, &) = s (£(1) ~ ZEE72) gy 7(0) 2 0

Therefore, f(0) < f(1) — zngnik_z Then we examine the following subcases:
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i f(0)<f(1)— an" thenforanyleNAkz,

Ci(g",Ali,k]) — Ci(g".A) = N f(0) — Npx (f(l) -

which contradicts the stability of partition A.

i, £(0) = £(1)— 22 and
A. 3k € P}k # k such that 0, ; > N, then for any i € Np,

Ci(g?,Ali,K]) — Ci(g",A)
= X e (0= T (500 =) - F e (500 -2 2)

K eph K epd
K £k K £k
—Naxf(0).

_ m. .
Since —2% an pL ank together with £(0) = f(l)—ianr‘lk 2 >f(1)—%,we get
Ci(g",Ali.k]) — Ci(g".A) <0,

which contradicts the stability of partition A.
B. forany k' € P}k #k, Npx > Mg > then for any i € Npy,,

Ci(g”,Alik]) — Ci(g", )
2 Mk (f( ZBk)+77Akf - ) nAk( 27]31;172_2)

Kep} K epp
K £k k/;ék
2N iy — 2
(s 21872)
n
Since =% 2”“ > M aswell as f(0) = f(1) — % < f(1)— Zan* we get

Ci(gb7A[i7k]) —C,'(gb7A) <0,

which contradicts the stability of partition A.
(b) Nax >, p for any k' € P2 k' # k. Then for any i € Ny k- from Ci(g?, Ali,k]) — Ci(g?,A) >0,
we directly obtain that £(0) > f(1) — 21842
i. f(0)=f(1)— annirz Then for any i € Ny ,, from Ci(g?, A[i,k]) — Ci(g”,A) > 0, we get
that for any k' € Pg, k' £k, 1y > Max+ 1. 1
A. Jke Pl?,lAc # k such that Npj = NMBks then for any i € Np, we may directly get that
Ci(g?,Ali,k]) — Ci(g?,A) < 0, which contradicts the stability of partition A.
B. Ny > Ny for any k' € P2 k' # k, then we may easily obtain that for any i Ngy»
Ci(g”,Ali,k]) — Ci(g”,A) < 0, which contradicts the stability of partition A.

. Consider the following subcases:
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i £(0) > £(1)— 22 and if
A. Pﬁ = {k3,k}, then g4, < Na k. Since if not, for any i € Na g,

_ max{2n37k3 —2,217147](2}
n

Cilg"Alivka]) = Ci(g" 4) = ma (F(1) ) =M (0) <0.
Then consider two cases, Npx > N4 x O Np < Na . In the first one, for any i € Ny g,

Ci(gva[i7k3D - Ci(gb7A)

2 -2 2 -2
=Ny f(0) + N (f(l) - 715+) —NBs (f(l) - TM+> — g f(0)
2 -2 2 -2
< Ny f(0) +Np ik (f(l) - HB+) —NBks (f(l) - 775+) — g f(0)
2Nk —2

= (g —nma) (£(1) f(0)) <0,

n

which contradicts the stability of partition A. In the second one, for any i € Ny, and

J € Nk,
. 2Mp k
Clg", Ali k) = Ci("8) = ¥ myp (F(1) = =25 ) + 1 f(0)
K epd
K £k
2Npiy —2 2Max—2
= ¥ e (PO = TR ) () - RS,
K epp
K #k
b oAt b 2NB.k, 2Max—2

Ci(g" Aljka)) = €8 8) = X my e (F(1) = T2 ) e (r(1) - THE=5)
K epp
K #k

2np i —2
- Z TIAJ(’ (f(l) - Bf) - nA,kf(O)'

K ep)
K £k

Therefore, the following relation can be obtained:

b . b b . b 4'T’A.k/
Cilg” Ali-K]) ~ Ci(g",8) = = [C(e" ALjks]) ~ Cy(e", ) = Y —.
K epd
K £k

Then from C; (g, A[j, k3]) — C;(g”,A) > 0, we get C;(g?, Ali,k]) — Ci(g?,A) < 0, which
contradicts the stability of partition A.

B. {k3,ks,k} C P5. Without loss of generality, NBk; < Mp.k,, then we immediately obtain
that for any player i € Np x,, Ci(g”, Ali,ks]) — Ci(g”,A) < 0.
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4. |PLNPZ| > 2. Without loss of generality, let {k,k»,k3} C P{ and {ki,k»} C P§. For any i € Nay,.
J € Nak,s

max{2n, » —2,2Na, }
Cilg" Al k)~ Ci(g"A) = ¥y (1) = - ) 481 (0)
K epd
K k1 Jor
max{2 —2,2MN4a. max{21n, ,» —2,2Nax, —2}
+773,k1 (f(l) - { nB?k]n nA,k2}> - Z ngyk’ (f(l) - B n - )
Kepd
¢ e
max{2 —2.2Ng i, —2
g (1) - TG TR 2L 22 )
. max{Zn /—2,27’],4,]( }
Cilg" Al k) = Cile"8) = X mye (£~ B ) + 1, £(0)
K epd
K £ky ko
max{2np., — 2,274, max{21n, / —2,2Nax, —2}
+ NB.k, (f(l)— { nB'kzn nAk]}) - Z Ny (f(l)— B " . )
K epd
klfkll-,gkz
max{2 —2.2MNA g, — 2
—NB K (f(l)* {211 " My }>*n3,k2f(0)

Respectively let

Np i [max{Zan/ =224k, —2} — max{ZnB?k/ —2,2Nax, }}

G= ) . 7
k’ePﬁ
K ki
B Np i [maX{ZnB’k/ —2,2Mak, —2} —max{ZnBAk/ —2,2Na }}
Ci=Y, . :
K epd
K k) ko
> max{2npx —2,2Mak max{2na, —2,2Npx, — 2}
i:nB’kl (f(l)_ { ]n 2}>_ B-,k2 f(l)_ { = n : 9
5 max{2np 1, —2,2Mak, } max{2npx, —2,2Nax, — 2}
Cj:nB,kz(f(l)— '2n = >_nB,k1 (f(l)— ! - Z )
Thus

Ci(g",Alika]) — Ci(g”,A) = Ci+Ci+ Mp 4y (0) = N, £(0),
Ci(8" Alj.ki]) = Cj(g"A) = Cj+ Cj+ M, £(0) = Mao S (0)-
First, observe C; and C;. It is easily obtained that C; < —C;. Then observe C;and C ;. Since
{ max{2ng i, —2,2Nak, } > Max{2Ngx, —2,2Nak, — 2},
max{2nax, —2,2Npk, —2} < max{2ngx, —2,2Nak, }»
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then éj < —éj. If

{ maX{Zth — 2721']141]{2} = maX{Zanl — 2721']141](2 — 2}, (F 1)
max{ZnAJq — 2721737](2 — 2} = max{2n37k2 — 2,21’]A7k1 }, ’

then
Mg, = Nak, + 1, F2
{ NBk, = Nag +1. F2)

When the same examination is conducted for i’ € Np, and j/ € Np ,, we similarly obtain

Nak, = NBg, + 1, -
{ Nak, = NBJy + L. (F.3)

Nevertheless, (F.2) and (F.3) can not hold at the same time.

While if at least one equality in the system (F.1) does not hold, then Cz‘i <-C ', from which it follows
that
Ci(gbaA[iakZ]) 7Ci(gb7A) <- [C](gbaA[Lkl]) 7Cj(gbaA) .

With C;(g”,A[j,k1]) — Cj(g”,A) > 0, contradiction C;(g”, Ali,k2]) — Ci(g?,A) < 0 is obtained.

Based on the conclusion above, without loss of generality, we assume that all players from set A belong to
the group labeled k. Below, we first demonstrate that all players from set B also belong to the group labeled
k when f(1)— f(0) > 1 — % is satisfied, and no player from B belongs to such a group when f(1) — f(0) <
1-2

n

When f(1)— f(0) > 1— %, we suppose there exists a player i € Npy, , ki # k, then

n

Ci(gva[i’k])_Ci(gva) 4

(r+2 -1-50)) <0,

which is a contradiction. Therefore, all players from both sets A and B belong to the group labeled k.
When f(1)— f(0) < 1— %, suppose there exists player i € Np, then for any k; # k,

. n 2
Cilg" Aliski)) = Cig",8) = 7 (f(1)+ 5 = 1= £(0)) <0,
which is a contradiction. Therefore, no player from set B belongs to the group labeled k. O
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