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?=@AG :E8 BDAI:C8A?:< =A L@AV8U KA:<NG=G ~G88R 8# F#R {62%|�# iH8 ><:GG @B >@AV8U BDA>?=@AG
=G @A8 @B ?H8 C@G? G?DI=8I :C@AF ?H8 B:C=<N @B A@AGC@@?H BDA>?=@AG# L@AV8U BDA>?=@AG
:E8 yA@9A ?@ k8 A@AI=p8E8A?=:k<8# L@AV8U G8?G :AI >@AV8U BDA>?=@AG :E8 ?H8 C:=A ?@@<G
=A ?H8@E8?=>:< G?DI=8G =A C:AN GDkn8>?G @B A@AI=p8E8A?=:k<8 @;?=C=o:?=@A# -A ?H8 :kG8A>8
@B GC@@?HA8GGR ?H8 >@AV8U=?N 8A:k<8G DG ?@ DG8 : E=>H G8? @B :A:<N?=>:< ?@@<G B@E ?H8 I8V8J
<@;C8A? @B ?H8 ?H8@EN @B @;?=C:<=?N >@AI=?=@AG#

iH8 :=C @B ?H=G ;:;8E =G ?@ >@AG?ED>? : B:C=<N @B GC@@?H >@AV8U BDA>?=@AGR 9H=>H
:;;E@U=C:?8G : F=V8A >@AV8U BDA>?=@A :AI : B:C=<N @B GC@@?H >@AV8U G8?GR 9H=>H :;;E@U=J
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G?ED>?=AF GD>H :A :;;E@U=C:?=@A B:C=<NR ?H8 @;8E:?=@A @B ?:y=AF ?H8 =AlC:< >@AV@<D?=@A =G
DG8I# KG =? =G yA@9A BE@C L@AV8U KA:<NG=G {%|R =B @A8 @B ?H8 >@AV8U BDA>?=@AG =AV@<V8I =A
?H8 =AlC:< >@AV@<D?=@A @;8E:?=@A =G 8GG8A?=:<<N GC@@?HR ?H8A ?H8 E8GD<?=AF BDA>?=@A =G :<G@
GC@@?H# iH8 h@E8:DY�@G=I8 E8FD<:E=o:?=@A =G ?H8 C@G? 98<<JG?DI=8I :C@AF ?H8 BDA>?=@AG
@k?:=A8I :G : E8GD<? @B ?H8 =AlC:< >@AV@<D?=@A# iH8 h@E8:D 8AV8<@;8 :<G@ GC@@?H8G :
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;E@U=C:?=AF : F=V8A >@AV8U BDA>?=@A @A : >@AV8U >@C;:>? G8? =G ;E@;@G8I# -B ?H8 BDA>?=@A
=G lA=?8 @A ?H8 9H@<8 gD><=I8:A G;:>8R ?H8A =? =G GH@9A ?H:? ?H8 8;=FE:;HG @B ?H8 E8GD<?=AF
B:C=<N :E8 �DE:?@9Gy= >@A?=AD@DG#
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B:C=<N @B :;;E@U=C:?=@A >@AV8U G8?G =G >@AG?ED>?8I B@E :A :Ek=?E:EN ><@G8I G8?# rG=AF ?H=G
B:C=<NR 98 B@EC : G8?JV:<D8I C:;;=AF :AI ;E@V8 ?H:? :AN >@AV8U G8? BE@C ?H=G B:C=<N =G
GC@@?H :AI ?H8 G8?JV:<D8I C:;;=AF =G �DE:?@9Gy= >@A?=AD@DG# -A T8>?=@A %R :A :<F@E=?HC
B@E B@EC=AF : B:C=<N @B GC@@?H >@AV8U BDA>?=@AGR 9H=>H :;;E@U=C:?8G : F=V8A >@AV8U
BDA>?=@A =G ;E8G8A?8I# iH8 ;E@;8E?=8G @B ?H=G B:C=<N :E8 =AV8G?=F:?8I# T@C8 8U:C;<8G :E8
F=V8A#

�� ZJ/ :94- 5J/,0/:6�
���� C'/-/.' � -A ?H8 ;:;8ER ?H8 G?:AI:EI A@?:?=@A :AI ?8EC=A@<@FN @B L@AV8U

KA:<NG=G ~G88R 8# F#R {62%|�R :E8 DG8I#
f8? f : Rn → R

⋃
{+∞}

⋃
{−∞}# K G8? I@Cf = {x ∈ Rn

∣∣ f(x) < +∞} =G >:<<8I :A
8p8>?=V8 I@C:=A @B : >@AV8U BDA>?=@A f # K G8?

8;=f = {(x, μ) ∈ R
n × R

∣∣ f(x) � μ}

=G >:<<8I :A 8;=FE:;H @B f #
K >@AV8U BDA>?=@A f =G G:=I ?@ k8 ;E@;8E =B =?G 8;=FE:;H =G A@A8C;?N :AI >@A?:=AG A@

V8E?=>:< <=A8GR =# 8#R =B f(x) < +∞ B@E :? <8:G? @A8 x :AI f(x) > −∞ B@E 8V8EN x# -A ?H8
BD?DE8R 98 9=<< >@AG=I8E @A<N ;E@;8E >@AV8U BDA>?=@AG# @̂E ;E@;8E >@AV8U BDA>?=@AGR =? =G
;@GG=k<8 ?@ F=V8 :A@?H8E I8lA=?=@AR 9H=>H 8MD=V:<8A? ?@ ?H8 :k@V8# K BDA>?=@A f =G >:<<8I
><@G8IR =B =?G 8;=FE:;H =G : ><@G8I G8?# K ;E@;8E >@AV8U BDA>?=@A =G >:<<8I 8GG8A?=:<<N GC@@?HR
=B =? G:?=Gl8G ?H8 B@<<@9=AF ?HE88 >@AI=?=@AG {%|d
• ?H8 G8? C = =A? ~I@Ca� =G A@? 8C;?N�
• f =G I=p8E8A?=:k<8 B@E 8:>H x ∈ C�
• =B x1, x2, . . . =G : G8MD8A>8 =A C >@AV8EF=AF ?@ : k@DAI:EN ;@=A? x @B CR ?H8A

lim
i→+∞

||f ′(xi)|| = +∞.

j8E8 :AI BDE?H8ER 98 9=<< >@AG=I8E @A<N ?H8 gD><=I8:A A@EC ||x|| =
√
〈x, x〉# 7@?8

?H:? :AN GC@@?H >@AV8U BDA>?=@A @A Rn 9=<< k8 8GG8A?=:<<N GC@@?HR :G ?H8 G8? @B G8MD8A>8G
G:?=GBN=AF ?H8 <:G? >@AI=?=@A =G 8C;?N#

iH8 >@AnDF:?8 BDA>?=@A @B f =G

f∗(v) = sup
x∈Rn

{〈x, v〉 − f(x)}, v ∈ R
n.

L<8:E<NR ?H8 8MD:<=?N

f∗(v) = sup
x∈I@Cf

{〈x, v〉 − f(x)}, v ∈ R
n,

=G ?ED8# 7@?8 G@C8 @B ?H8 ;E@;8E?=8G @B ?H8 >@AnDF:?8 BDA>?=@AG {%|d
• f∗ =G ><@G8I :AI >@AV8U ~8V8A 9H8A f =G A@? >@AV8U��
• ?H8 8̂A>H8< =A8MD:<=?Nd ?H8 I8lA=?=@A =C;<=8G ?H:?

f(x) + f∗(v) � 〈x, v〉 ∀x ∈ R
n, ∀v ∈ R

n;

• =B f =G : ><@G8I ;E@;8E >@AV8U BDA>?=@AR ?H8A f∗ =G :<G@ : ><@G8I ;E@;8E >@AV8U
BDA>?=@A :AI ?H8 B@<<@9=AF 8MD:<=?N f(x) = f∗∗(x) =G ?ED8#

���� ;.1/- 9) D, 9/.' - ( 1)/�E-*,)( 7-??. F1� f8? C(Rn) k8 ?H8 >@<<8>?=@A
@B A@A8C;?N ><@G8I GDkG8?G @B Rn# i:y8 : G8? X ∈ C(Rn)# -A @DE >:G8 ?H8 I=G?:A>8 BDA>?=@A
d(·, X) : Rn → [0,+∞) =G I8lA8I kN

d(z,X) = min
x∈X
||z − x||.
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f8? {Xn} k8 : G8MD8A>8 @B ><@G8I G8?G Xn ∈ C(Rn) :AI X ∈ C(Rn)# x8 9=<< I8lA8
Xn → X R =B d(·, Xn)→ d(·, X) ;@=A?9=G8 {1|#

@̂E :AN G8MD8A>8 @B G8?G {Xn}, Xn ∈ C(Rn) :AI : G8? X ∈ C(Rn) I8lA8 {cR 63| ?H8
�DE:?@9Gy= <=C=? =AB8E=@E ~@E <@98E ><@G8I <=C=?� @B Xn → X, n→ +∞, =G

Li
n→+∞Xn =

{
x ∈ X

∣∣∣∣ lim sup
n→+∞

d(x,Xn) = 0

}
=

=

{
x ∈ X

∣∣∣∣ B@E :<< @;8A A8=FHk@DEH@@IG U @B x,
U ∩Xn �= Ø B@E <:EF8 8A@DFH n

}
,

?H8 �DE:?@9Gy= <=C=? GD;8E=@E ~@E D;;8E ><@G8I <=C=?� @B Xn → X, n→ +∞R =G

Ls
n→∞Xn =

{
x ∈ X

∣∣∣∣ lim inf
n→+∞ d(x,Xn) = 0

}
=

=

{
x ∈ X

∣∣∣∣ B@E :<< @;8A A8=FHk@DEH@@IG U @B x,
U ∩Xn �= Ø B@E =AlA=?8<N C:AN n

}
.

-B
Li

n→∞Xn = Ls
n→∞Xn = X,

?H8A 98 G:N ?H:? {Xn} �DE:?@9Gy= >@AV8EF8G ?@ X #
f8? X ⊂ Rn :AI Y ⊂ Rm k8 G@C8 G8?G# `8A@?8 kN 2Y ?H8 G8? @B :<< A@A8C;?N GDkG8?G

@B Y # f8? ψ : X → 2Y k8 G8?JV:<D8I C:;;=AF# K G8?JV:<D8I C:;;=AF ψ =G >:<<8I D;;8E
G8C=>@A?=AD@DG :? : ;@=A? x ∈ X R =B BE@C

xn → X, xn ∈ X, yn → y, yn ∈ ψ(xn),

=? B@<<@9G y ∈ ψ(x)# K G8?JV:<D8I C:;;=AF ψ =G >:<<8I D;;8E G8C=>@A?=AD@DGR =B =? =G D;;8E
G8C=>@A?=AD@DG :? 8:>H ;@=A? x ∈ X # K G8?JV:<D8I C:;;=AF ψ =G >:<<8I <@98E G8C=>@A?=J
AD@DG :? : ;@=A? x ∈ X R =B ?H:? B@E :AN y ∈ ψ(x) :AI :AN G8MD8A>8 {xn}R xn → x, xn ∈ X,
?H8E8 =G GD>H : G8MD8A>8 {yn}R yn ∈ ψ(xn), ?H:? yn → y# K G8?JV:<D8I C:;;=AF ψ =G >:<<8I
<@98E G8C=>@A?=AD@DGR =B =? =G <@98E G8C=>@A?=AD@DG :? 8:>H ;@=A? x ∈ X # -B : G8?JV:<D8I
C:;;=AF ψ =G D;;8E G8C=>@A?=AD@DG :AI <@98E G8C=>@A?=AD@DG :? 8:>H ;@=A? x ∈ X R ?H8A
ψ =G �DE:?@9Gy= >@A?=AD@DG# -B : G8?JV:<D8I C:;;=AF ψ =G D;;8E G8C=>@A?=AD@DGR ?H8A B@E
:AN x ∈ X ?H8 G8? ψ(x) =G ><@G8I# K G8?JV:<D8I C:;;=AF ψ =G >:<<8I k@DAI8IR =B =? ?E:AG<:?G
k@DAI8I G8?G =A?@ k@DAI8I G8?G#

`8A@?8 kN δ(X,Y ) = sup
x∈X

inf
y∈Y
||x− y||. iH8 BDA>?=@A

ρH(X,Y ) = sup{δ(X,Y ), δ(Y,X)}

=G >:<<8I ?H8 j:DGI@Ep I=G?:A>8 k8?988A ?H8 >@AV8U G8?G X :AI Y # K G8?JV:<D8I C:;;=AF
ψ =G >:<<8I j:DGI@Ep >@A?=AD@DG :? : ;@=A? x ∈ X R =B BE@C xn → x, xn ∈ X R =? B@<<@9G

ρH(ψ(xn), ψ(x))→ 0.

K G8?JV:<D8I C:;;=AF ψ =G >:<<8I j:DGI@Ep >@A?=AD@DGR =B =? =G j:DGI@Ep >@A?=AD@DG :?
8:>H ;@=A? x ∈ X # -B : G8?JV:<D8I C:;;=AF ψ =G j:DGI@Ep >@A?=AD@DG @A X R ?H8A =? =G
�DE:?@9Gy= >@A?=AD@DG# -B : k@DAI8I G8?JV:<D8I C:;;=AF ψ =G �DE:?@9Gy= >@A?=AD@DG @A
X R ?H8A =? =G j:DGI@Ep >@A?=AD@DG#
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���� > G7-* 9' E'*,/.' 'D /H' 9' E)I D, 9/.' 1� f8? f1, f2 : Rn → R∪{+∞}
k8 ;E@;8E >@AV8U BDA>?=@AG# K BDA>?=@A

f(x) = inf
x1 + x2 = x
x1, x2 ∈ Rn

{f1(x1) + f2(x2)} = inf
x1∈Rn

{f1(x1) + f2(x− x1)}

=G >:<<8I ?H8 =AlC:< >@AV@<D?=@A @B BDA>?=@AG f1, f2 :AI =G I8A@?8I kN f(x) = (f1 ⊕ f2)(x).
-? =G yA@9AR ?H:?
• ?H8 BDA>?=@A f =G >@AV8U @A Rn�
• ?H8 @;8E:?=@A @B ?:y=AF ?H8 =AlC:< >@AV@<D?=@A =G >@CCD?:?=V8 :AI :GG@>=:?=V8�
• :A =AlC:< >@AV@<D?=@A =G yA@9A :G 8;=FE:;H=>:< :II=?=@A# u8>:DG8 F8@C8?E=>:<<N

;8EB@EC=AF ?H8 =AlC:< >@AV@<D?=@A @B ?H8 BDA>?=@A f1 DG=AF ?H8 BDA>?=@A f2R 98 :II ?H8
8;=FE:;H @B f1 ?@ ?H8 8;=FE:;H @B f2d

(f1 ⊕ f2)(x) = inf
{
μ ∈ R

∣∣ (x, μ) ∈ 8;= f1 + 8;= f2
}
.

iH8 =AlC:< >@AV@<D?=@A f1 ⊕ f2 =G >:<<8I 8U:>? :? : ;@=A? x = x1 + x2R =B

f1(x1) + f2(x2) = min
y1 + y2 = x
y1, y2 ∈ Rn

{f1(y1) + f2(y2)}.

7@?8 G@C8 ;E@;8E?=8G @B >@AV8U BDA>?=@AG @k?:=A8I :G ?H8 E8GD<? @B ?H8 =AlC:< >@AV@J
<D?=@A @;8E:?=@A# f8? f1 :AI f2 k8 >@AV8U BDA>?=@AG @A RnR ?H8A
• I@C (f1 ⊕ f2) = I@C f1 + I@C f2;
• ?H8 B@<<@9=AF 8MD:<=?N

(f1 ⊕ f2)∗ = f∗
1 + f∗

2 ~6�

H@<IG
• =B E= ~I@C f1) ∩ E= ~I@C f2) �= Ø, ?H8A (f1 + f2)

∗ = f∗
1 ⊕ f∗

2 ;
• =B E= ~I@C f1) ∩ E= ~I@C f2) �= Ø, :AI f1 =G 8GG8A?=:<<N GC@@?HR ?H8A f1 ⊕ f2 =G

8GG8A?=:<<N GC@@?H�
• =B ?H8 BDA>?=@AG f1 :AI f2 :E8 A@? =I8A?=>:<<N 8MD:< +∞ :AI ?H8 =AlC:< >@AV@<D?=@A

f1 ⊕ f2 =G 8U:>? :? : ;@=A? x = x1 + x2R ?H8A

∂(f1 ⊕ f2)(x) = ∂f1(x1) ∩ ∂f2(x2).

f8? f1 k8 : >@A?=AD@DG >@AV8U BDA>?=@A @A Rn :AI f2(x) =
1
2 〈Mx, x〉R 9H8E8 M =G :

I8lA=?8 ;@G=?=V8 C:?E=U# iH8 BDA>?=@A

f(x) = (f1 ⊕ f2)(x) = inf
y∈Rn

{
f1(y) +

1

2
〈M(x− y), (x− y)〉

}
=G >:<<8I ?H8 h@E8:DY�@G=I: E8FD<:E=o:?=@A#

_[9:<;/ �� f8? X ⊂ Rn k8 : >@AV8U G8?R f1(x) = δ(X, x) k8 ?H8 =AI=>:?@E BDA>?=@A
@B ?H=G G8?R f2(x) = ||x||, x ∈ RnR ?H8A

f(x) = (f1 ⊕ f2)(x) = inf
x1∈X

||x− x1||.

_[9:<;/ �� ^=U ε > 0# `8A@?8

tε(x) =

{
−
√
ε2 − 〈x, x〉, ||x|| � ε,
+∞, ||x|| > ε,

x ∈ R
n.
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iH8 BDA>?=@A tε(x) =G I8?8EC=A8I @A<N =A : k:<< @B E:I=DG ε >8A?8E8I :? ?H8 o8E@ ;@=A? :AI
=? =G 8GG8A?=:<<N GC@@?HR =# 8#R =? =G I=p8E8A?=:k<8 =A 8:>H =A?8EA:< ;@=A? x ∈ =A? I@C tεR
:AI =B x1, x2, . . . =G : G8MD8A>8 @B 8<8C8A?G @B =A? I@C tεR 9H=>H >@AV8EF8G ?@ ?H8 ;@=A?
x �∈ =A? I@C tεR ?H8A lim

i→+∞
||f ′(xi)|| = +∞. -? =G 8:GN ?@ G88 ?H:?

t∗ε(v) = ε
√

1 + 〈v, v〉, v ∈ Rn, ε > 0.

iH8E8B@E8R ?H8 8p8>?=V8 I@C:=A @B ?H8 >@AnDF:?8 BDA>?=@A t∗ε =G ?H8 9H@<8 G;:>8 Rn#
�� h:,,5J 9<<0,[4:954,- ,7 2,-./[ 6/56� -A ?H=G G8>?=@AR 98 9=<< ;E@;@G8 :

C8?H@I B@E >@AG?ED>?=AF : B:C=<N @B GC@@?H >@AV8U G8?G :;;E@U=C:?=AF : F=V8A G8?#
f8? K ⊂ Rn k8 : >@A8# K >@A8 K∗ = {y ∈ Rn | 〈y, x〉 � 0 ∀x ∈ K} =G

>:<<8I : ID:< >@A8 ?@ K# f8? X ⊂ Rn k8 : ><@G8I :AI >@AV8U G8?# K G8? N(X, x) ={
y ∈ R

n
∣∣ 〈y, z − x〉 � 0 ∀z ∈ X

}
=G >:<<8I : A@EC:< >@A8 ?@ ?H8 G8? X :? x ∈ X #

7@?8 G@C8 ;E@;8E?=8G @B A@EC:< >@A8Gd
• ?H8 A@EC:< >@A8 =G : ><@G8I >@AV8U >@A8�
• <8? X ⊂ Rn k8 : ><@G8I >@AV8U G8?# -B x ∈ X R ?H8A

N(X, x) = −[>@A8 (X − x)]∗ = −Γ∗(X, x),

9H8E8 Γ(X, x) =G ?H8 >@A8 @B B8:G=k<8 I=E8>?=@AG :? ?H8 ;@=A? x# j8E8 >@A8A I8A@?8G :
>@AV8U >@A=>:< HD<< @B : G8? A#

K ><@G8I >@AV8U G8? =G >:<<8I GC@@?HR =B B@E 8:>H @A8 @B =?G k@DAI:EN ;@=A? ?H8E8 =G :
DA=MD8 GD;;@E? HN;8E;<:A8# iHDGR =B ?H8 A@EC:< >@A8 :? 8V8EN k@DAI:EN ;@=A? @B : ><@G8I
>@AV8U G8? >@AG=G?G @B : G=AF<8 E:NR ?H8A ?H=G G8? =G GC@@?H#

f8? : G8? X ⊂ Rn k8 ><@G8I :AI >@AV8U :AI :GGDC8 ?H:? =? I@8G A@? >@=A>=I8 9=?H
Rn# ^=U ε > 0 :AI B@EC : ><@G8I >@AV8U G8?

X(ε) = X + εB1(0n),

9H8E8 Br(x0) = {x ∈ Rn | ||x− x0|| � r}.
ZJ/,0/: �� L NA=PDB _AN6 ZA DN D=T9Z=D=C TA<NOD=C RA9NZ z0 ∈ kI X(ε) Aa ZY6 M6Z

X(ε) _ANM9MZM Aa D M9NXB6 =DC�
e E @ @ B# ^=U ε > 0# i:y8 : k@DAI:EN ;@=A? z0 ∈ kI X(ε) :AI ;E@n8>? =? @A?@ ?H8 G8?

X R =# 8#R 98 lAI : ;@=A? x0 GD>H ?H:?

x0 = :EF min
x∈X
||x− z0||.

iH8 ;@=A? x0 =G DA=MD8 :AI ||x0 − z0|| = ε. TH@9 ?H:?

N(X(ε), z0) = { y ∈ R
n
∣∣ y = λ(z0 − x0) ∀λ � 0 }.

^=EG?R <8? DG ;E@V8 ?H:? (z0 − x0) ∈ N(X(ε), z0), =# 8#

〈z − z0, z0 − x0〉 � 0 ∀z ∈ X(ε).

i:y8 : ;@=A? z ∈ X(ε)# -B z ∈ X R ?H8A

〈z − z0, z0 − x0〉 � −||x0 − z0||2 = −ε2 < 0. ~S�

-B z �∈ X R ?H8A ?H8E8 8U=G? ;@=A?G x ∈ X R p ∈ R
n, ||p|| = 1, :AI : ADCk8E ε1 ∈ (0, ε] GD>H

?H:? z = x+ ε1p# -A ?H=G >:G8

〈z − z0, z0 − x0〉 = 〈x+ ε1p− z0, z0 − x0〉 =
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= 〈x − z0, z0 − z0〉+ ε1〈p, z0 − x0〉 � −ε2 + ε1ε � 0. ~%�

iHDGR BE@C ~S� :AI ~%� =? B@<<@9G ?H:? B@E 8:>H z ∈ X(ε) ?H8 =A8MD:<=?N

〈z − z0, z0 − z0〉 � 0

=G G:?=Gl8I# iH=G C8:AG ?H:? ?H8 E:N 9=?H : I=E8>?=@A V8>?@E y0 = z0 − x0 k8<@AFG ?@ ?H8
>@A8 N(X(ε), z0)#

f8? DG ;E@V8 =?G DA=MD8A8GG# 7@?8 ?H:? z0 =G : k@DAI:EN ;@=A? A@? @A<N @B ?H8 G8? X(ε)R
kD? =? =G : k@DAI:EN ;@=A? @B : ><@G8I k:<< Bε(x0) @B E:I=DG ε >8A?8E8I :? x0# iH8 V8>?@E
y0 =G :<G@ A@EC:< ?@ ?H8 ?:AF8A? ;<:A8 @B ?H8 k:<< :? ?H8 ;@=A? z0# iH8E8B@E8R =B 98 :GGDC8
?H8 8U=G?8A>8 @B : V8>?@E

y1 ∈ N(X(ε), z0), y1 �= λy0 ∀λ � 0,

?H8A =? GH@D<I k8 A@EC:< ?@ G8? Bε(x0)# iH8 @k?:=A8I >@A?E:I=>?=@A >@C;<8?8G ?H8 ;E@@B
@B ?H8 ?H8@E8C# �

-A ^=FDE8 6 N@D >:A G88 :A 8U:C;<8 @B : E8>?:AF<8 GC@@?H :;;E@U=C:?=@A#

d!&��� R� c1P WRX8OY Xε

+,0,;;90= �� rG=AF ?H=G ?H8@E8CR =? =G A@? I=w>D<? ?@ GH@9 ?H8 V:<=I=?N @B ?H8 B@<<@9=AF
G?:?8C8A?Gd

• B@E ;@=A?G x0, z0R BE@C iH8@E8C 6R ?H8 A8U? =A><DG=@A

N(X(ε), z0) ⊂ N(X, x0)

=G ?ED8�
• <8? X ⊂ Rn k8 : ><@G8I >@AV8U G8?# @̂E 8V8EN ε > 0R ?H8 G8? X(ε) =G GC@@?H#
f8? X ⊂ R

n k8 : ><@G8I >@AV8U G8?# L@AG=I8E : G8?JV:<D8I C:;;=AF

ψ : X(·) : (0,+∞)→ 2R
n

.
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uN DG=AF ?H8 E8GD<?G ;E8G8A?8I =A ?H8 ;:;8E kN �# u88E {c|R =? =G 8:GN ?@ ;E@V8 ?H8
B@<<@9=AF ?H8@E8C#

ZJ/,0/: ��
• `Y6 M6ZbFDB<6O PDRR9NX ψ 9M V<=DZAkME9 _ANZ9N<A<M�
• G6Z X ⊂ Rn T6 D _APRD_Z _ANF6m M6Z� `Y6N ρH(X(ε), X) → 0, 9a ε → +0, kY6=6

ρH(X(ε), X) 9M ZY6 5D<MOA=n O9MZDN_6�
�� h:,,5J 9<<0,[4:954,- ,7 2,-./[ 78-254,-6� f8? f : Rn → R ∪ {+∞}, fn :

Rn → R ∪ {+∞} k8 E8:<JV:<D8I BDA>?=@AG# x8 G:N ?H:? ?H8 G8MD8A>8 {fn} 8;=J>@AV8EF8G
?@ : BDA>?=@A f =B B@E 8:>H x ∈ X d

lim inf
n→+∞ fn(xn) � f(x) B@E 8V8EN xn → x,

lim sup
n→+∞

fn(xn) � f(x) B@E G@C8 xn → x.

K >@<<8>?=@A Ω @B E8:<JV:<D8I BDA>?=@AG @A Rn =G >:<<8I ;@=A?9=G8 8MD=>@A?=AD@DG {c|R
=B B@E 8:>H y ∈ Rn :AI ε > 0 ?H8E8 8U=G?G δ > 0R I8;8AI=AF @A ε :AI yR GD>H ?H:? 9H8A8V8E
d(x, y) < δ ?H8A |f(x)− f(y)| < ε B@E :<< f ∈ Ω#

iH8 B@<<@9=AF ?H8@E8C kN �# u88E {c| 8G?:k<=GH8G ?H8 E8<:?=@AGH=; k8?988A ?H8 ;@=A?J
9=G8 >@AV8EF8A>8 @B I=G?:A>8 BDA>?=@AG :AI ?H8 >@AV8EF8A>8 @B I=G?:A>8 BDA>?=@AG @B G8?G
=A Rn × R#

ZJ/,0/: � {c|# G6Z {fn} T6 D RA9NZk9M6 6l<9_ANZ9N<A<M M6l<6N_6 Aa =6DBbFDB<6O _ANb
Z9N<A<M a<N_Z9ANM AN RnR DNO B6Z f : Rn → R T6 _ANZ9N<A<M� `Y6 aABBAk9NX MZDZ6P6NZM D=6
6l<9FDB6NZo

• kY6N6F6= {xn} 9M D M6l<6N_6 9N Rn _ANF6=X6NZ ZA xR ZY6N

lim
n→+∞ fn(xn) = f(x);

• {fn} _ANF6=X6M ZA f <N9aA=PBC AN _APRD_Z M<TM6ZM Aa Rn�
• {fn} _ANF6=X6M RA9NZk9M6 ZA f �
• {fn} V<=DZAkME9 _ANF6=X6M ZA f �
• {fn} 6R9b_ANF6=X6M ZA f #
L@AG=I8E : >@AV8U BDA>?=@A f : Rn → R :AI : ><@G8I >@AV8U G8? D ⊂ Rn# `8A@?8

X = 8;=f =
{
(x, μ) ∈ R

n × R
∣∣ μ � f(x), x ∈ D

}
.

L@AG?ED>? B:C=<=8G @B >@AV8U ><@G8I G8?G

X(ε) = X + εB1(0n+1) ⊂ R
n+1, D(ε) = D + εB1(0n) ⊂ R

n, ε > 0,

:AI : B:C=<N @B >@AV8U BDA>?=@AG

fε(x) =

{
inf μ, (x, μ) ∈ X(ε),
+∞, :? @?H8E ;@=A?G.

-? =G A@? I=w>D<? ?@ G88 ?H:? I@C fε = D(ε), :AI B@E 8:>H lU8I ε > 0R ?H8 FE:;H @B ?H8
BDA>?=@A fε =G ?H8 <@98E 8AV8<@;8 @B ?H8 >@EE8G;@AI=AF G8? X(ε)#

^=U ε > 0# f8? z ∈ D. L@AG=I8E : B:C=<N @B >@AV8U BDA>?=@AG {ϕε(x, z)}

ϕε(x, z) = f(z) + tε(x, z),

� %��&� �
"�
� 
!&�D�)��, E�� E��&��� ��F(!E��&����� 5/55� �� ��� ���� 1 /$6



9H8E8

tε(x, z) =

{
−
√
ε2 − ||x− z||2, x ∈ Bε(z),

+∞, :? @?H8E ;@=A?G.

j8E8 Bε(z) ⊂ Dε. -? =G @kV=@DG ?H:?

I@C ϕε(·, z) = Bε(z),
⋃
z∈D

Bε(z) = D(ε).

`8A@?8 Hε(z) = 8;= ϕε(·, z). L@AG=I8E :<G@ BDA>?=@AG

ϕε(x) = inf
z∈D

ϕε(x, z)

:AI =?G 8;=FE:;HG Hε = 8;= ϕε#
Ê@C ?H8 >@AG?ED>?=AF @B BDA>?=@AG fε :AI ϕε =? =G A@? I=w>D<? ?@ ;E@V8 ?H:? ?H8

G?:?8C8A?G :E8 ?ED8 {66|d
• B@E :AN lU8I ;@=A? x0R ?H8E8 8U=G?G : DA=MD8 ;@=A? z0 ∈ D B@E 9H=>H

ϕε(x0) = f(z0) + tε(x0, z0);

• Hε = 8;= ϕε =
⋃
z∈D

8;= ϕε(·, z) =
⋃
z∈D

Hε(z);

• Hε = X(ε);
• B@E :AN lU8I ε > 0R ?H8 B@<<@9=AF G?:?8C8A? fε(x) = ϕε(x) H@<IG�
• fε(x) = (f ⊕ tε)(x), 9H8E8

tε(x) =

{
−
√
ε2 − ||x||2, ||x|| � ε,
+∞, :? @?H8E ;@=A?G.

7@?8 ?H8 B:>? ?H:? tε =G 8GG8A?=:<<N GC@@?H B@E 8V8EN lU8I ;@G=?=V8 ε# L@AG=I8E ?H8
BDA>?=@A fε(x) = (f ⊕ tε)(x). iH8 BDA>?=@A fε =G >@AV8U :AI

f∗
ε (v) = f∗(v) + t∗ε(v), v ∈ R

n.

iH8A ?H8 A8U? G?:?8C8A?G :E8 ?ED8 {66|d
• B@E ?H8 BDA>?=@A fεR ?H8 G?:?8C8A?G

I@C fε = I@C f1 +Bε(0n), 8;= fε = 8;= f1 +Bε(0n+1)

H@<IR 9H8E8 Bε(0n) = {x ∈ Rn | ||x|| � ε}, Bε(0n+1) = {x ∈ Rn+1 | ||x|| � ε};
• ?H8 BDA>?=@A fε B@E :AN lU8I ε > 0 =G >@A?=AD@DG<N I=p8E8A?=:k<8 :? 8:>H =A?8E=@E

;@=A? @B D(ε)�
• ?H8 G8? 8;= fε ⊂ Rn × R =G GC@@?H B@E :AN ;@G=?=V8 ADCk8E ε#
KG ?H8 BDA>?=@A tε =G 8GG8A?=:<<N GC@@?HR ?H8A ?H8 BDA>?=@A fε =G :<G@ 8GG8A?=:<<N GC@@?H

{%|# iH8E8B@E8 =? =G >@A?=AD@DG<N I=p8E8A?=:k<8 :? :AN =A?8E=@E ;@=A? @B Dε#
ZJ/,0/: �� G6Z D RA9NZ x0 ∈ =A? D(ε)# `Y6N ZY6=6 6m9MZM D <N9l<6 RA9NZ z0 ∈ D aA=

kY9_Y
f ′
ε(x0) ∈ ∂f(z0),

kY6=6 f ′
ε(x0) 9M ZY6 X=DO96NZ Aa ZY6 a<N_Z9AN fε(x0) DZ x0R ∂f(z0) 9M ZY6 M<TO9n6=6NZ9DB Aa

ZY6 a<N_Z9AN f DZ z0#
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e E @ @ B# i:y8 : ;@=A? x0 ∈ =A?Dε# iH8A kN DG=AF iH8@E8C 6 B@E :AN ;@=A? x̄0 =
(x0, fε(x0))R ?H8 A@EC:< >@A8 N(X(ε), x̄0) ?@ ?H8 G8? X(ε) >@AG=G?G @B ?H8 E:N 9=?H ?H8
I=E8>?=@A V8>?@E

y0 = x̄0 − z̄0 = (x0 − z0, fε(x0)− f(z0)),
9H8E8 z̄0 = :EF minz̄∈X ||z̄ − x̄0|| = [z0, f(x0)], :AI fε(x0)− f(z0) < 0, ?H:? =GR

N(X(ε), x̄0) = {y ∈ R
n+1

∣∣ y = λ(x̄0 − z̄0) ∀λ � 0}.

KG ?H8 G8? X =G ?H8 8;=FE:;H @B f R ?H8A kN DG=AF @A8 @B ?H8 ;E@;8E?=8G @B ?H8 A@EC:< >@A8
?@ ?H8 8;=FE:;H @B f :? z̄0R 98 H:V8

(f ′
ε(x0),−1) ∈ N(X(ε), x̄0) ⊂ N(X, z̄0).

iHDG f ′
ε(x0) ∈ ∂f(z0). �

7@?8 G@C8 ;E@;8E?=8G @B BDA>?=@AG >@AnDF:?8 ?@ ?H8 BDA>?=@AG f :AI fε# f8? f k8 :
><@G8I ;E@;8E >@AV8U BDA>?=@A @A Rn# K G8?

I@C∂f = {x ∈ R
n
∣∣ ∂f(x) �= Ø}

:AI
E:AF8∂f =

⋃
x∈Rn

∂f(x)

:E8 >:<<8IR E8G;8>?=V8<NR ?H8 8p8>?=V8 G8? :AI ?H8 =C:F8 @B ∂f # -? =G yA@9A {%|R ?H:?

E=(I@C f∗) ⊂ E:AF8 ∂f ⊂ I@C f∗.

T=A>8 ?H8 BDA>?=@A fε =G ?H8 =AlC:< >@AV@<D?=@A @B ?H8 BDA>?=@AG f :AI tεR ?H8A kN
DG=AF ;E@;8E?N ~6� 98 H:V8 ?H:? :? 8:>H ;@=A? v ∈ E:AF8 ∂fε B@E 8V8EN ;@G=?=V8 ε > 0R ?H8
A8U? 8MD:<=?N

f∗
ε (x) = f∗(v) + ε

√
1 + ||v||2

H@<IG#
i:y8 v ∈ E:AF8 ∂fε ⊂ I@Cf∗

ε . iH8A ?H8E8 8U=G?G : ;@=A? x ∈ I@Cfε B@E 9H=>H v ∈
∂fε(x)R ?H8E8B@E8R

fε(x) + f∗
ε (v) = 〈x, v〉. ~$�

L@AG=I8E ?H8 ;@=A? x̄ = (x, fε(x))# ^=AI

z̄ = :EF min
z̃∈X
||z̃ − x̄|| = (z, f(z)),

?H8A v ∈ ∂f(z), x̄ = z̄ + εμ(v)[v,−1], 9H8E8 μ(v) = 1√
1+||v||2 . Ê@C ?H8 8MD:<=?=8G

x = z + εμ(v)v, fε(x) = f(z)− εμ(v) ~/�

H@<I# iHDGR =B : ;@=A? x ∈ =A? ~I@C f)R ?H8A ?H8 BDA>?=@A fε =G I=p8E8A?=:k<8 :? =?# iH8E8B@E8

v = f ′
ε(x), μ(v) =

1√
1 + ||f ′

ε(x)||2
, x = z + εμ(v)f ′

ε(x).

T=A>8 v ∈ ∂f(z)R ?H8A
f(z) + f∗(v) = 〈z, v〉.
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Ê@C ?H=G 8MD:<=?NR BE@C 8MD:<=?=8G ~$� :AI ~/� ?H8 A8U? B@ECD<: =G ?ED8

min
x∈D

f(x) = min
x∈D(ε)

fε(x) + ε.

ZJ/,0/:  � G6ZM∗ T6 ZY6 M6Z Aa P9N9P9W6=M Aa ZY6 a<N_Z9AN f AN ZY6 M6Z DR DNO M∗
ε

T6 ZY6 M6Z Aa P9N9P9W6=M Aa ZY6 a<N_Z9AN fε AN ZY6 M6Z D(ε)# `Y6 _DM6 kY6N ZY6M6 M6ZM D=6
6PRZC 9M NAZ 6m_B<O6O� `Y6 aABBAk9NX MZDZ6P6NZM D=6 Z=<6o

• =B ?H8 G8? D =G >@AV8U >@C;:>?R ?H8A

min
x∈D

f(x) = min
x∈Dε

fε(x) + ε;

• ?H8 A8U? 8MD:<=?N M∗ =M∗
ε H@<IG�

• =B M =G A@? :A 8C;?N G8?R ?H8A

fε(z
∗) = f(z∗)− ε ∀z∗ ∈M∗.

e E @ @ B# ^=EG?R A@?8 ?H:? =B : ;@=A? x0 �∈ DR kD? x0 ∈ D(ε)R ?H8A ?H8E8 8U=G?G : ;@=A?
z0 ∈ D B@E 9H=>H

fε(x0) = f(z0) + tε(x0, z0) > f(z0)− ε � fε(z0).

iH8E8B@E8 M∗
ε ⊂ D ⊂ =A? D(ε).

KGGDC8 ?H:? ?H8 G8? M∗
ε =G A@? 8C;?N :AI : ;@=A? z∗ ∈ M∗

ε # TH@9 ?H:? ?H=G G8?
k8<@AFG ?@ ?H8 G8?M∗# L@AG=I8E : ;@=A? z̄ = (z∗, fε(z∗)) ∈ X(ε). iH8A ?H8E8 8U=G?G : ;@=A?
x̄ ∈ X, x̄ = (x, f(x))R B@E 9H=>H

(z∗ − x, fε(z∗)− f(x)) ∈ N(X(ε), z̄).

-B : ;@=A? z∗ =G : C=A=C=o8E @B fε @A DεR ?H8A

(z∗ − x, fε(z∗)− f(x)) = ε(0n,−1) ⊂ N(X(ε), z̄∗),

9H8E8 z̄∗ = [z∗, fε(z∗)]# iH8E8B@E8 z∗ = x :AI fε(x) − f(x) = −ε. j8A>8 z∗ ∈ M∗# iH8
=A><DG=@A @B M∗

ε ⊂M =G ;E@V8I#
TH@9 ?H8 >@EE8>?A8GG @B ?H8 =AV8EG8 =A><DG=@A# f8? z∗ ∈ M∗# L@AG=I8E ;@=A?G z̄ =

(z∗, f(z∗)), z̃ = (z∗, fε(z∗)) :AI ?H8 V8>?@E ḡ = z̃ − z̄ = (0n, fε(z
∗) − f(z∗)). uN

>@AG?ED>?=AF ?H8 G8? X R 98 H:V8 ||ḡ|| � ε :AI

f(z∗)− fε(z∗) � ε.

TD;;@G8 ?H:? f(z∗) − fε(z∗) > ε. iH8A ?H8E8 8U=G?G : ;@=A? x̄ = (x, f(x)), x ∈ DR B@E
9H=>H ||x̄− z̃|| = ε. j8A>8 |f(x)− fε(z∗)| � ε. Ê@C H8E8 98 H:V8

ε < f(z∗)− fε(z∗) � f(z∗) + ε− f(x).

qE f(z∗) > f(x). j@98V8ER ?H=G =A8MD:<=?N >@A?E:I=>?G 9=?H ?H8 B:>? ?H:? z∗ =G : C=A=C=o8E
@B ?H8 BDA>?=@A f @A D# �

_[9:<;/ �� f8? 98 H:V8

f(x) = max

{
−2x− 6,−1

2
x− 3, 2x− 8

}
, x ∈ R,

/$$ � %��&� �
"�
� 
!&�D�)��, E�� E��&��� ��F(!E��&����� 5/55� �� ��� ���� 1



@E

f(x) =

⎧⎨⎩
−2x− 6, x ∈ (−∞,−2),
− 1

2x− 3, x ∈ [−2, 2),
2x− 8, x ∈ [2,+∞).

L@AG=I8E ?9@ V:E=:A?G#
>D=9DNZ c� f8? ?H8 G8? D k8 ?H8 gD><=I8:A G;:>8 R# iH8A ?H8 G8? @B C=A=C=o8EG @B ?H=G

BDA>?=@A >@AG=G?G @B : G=AF<8 ;@=A? x∗ = 2 :AI f(2) = −4# ^=U :A :Ek=?E:EN ;@G=?=V8 ε > 0#
iH8A

fε(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2x− 6−
√
5ε, x ∈

(
−∞,−2− 2

√
5ε
5

)
,

−2−
√
ε2 − (x+ 2)2, x ∈

[
−2− 2

√
5ε
5 ,−2−

√
5ε
5

)
,

− 1
2x− 3−

√
5ε
2 , x ∈

[
−2−

√
5ε
5 , 2−

√
5ε
5

)
,

−4−
√
ε2 − (x− 2)2, x ∈

[
2−

√
5ε
5 , 2 + 2

√
5ε
5

)
,

2x− 8−
√
5ε, x ∈

[
2 + 2

√
5ε
5 ,+∞

)
.

iH8 BDA>?=@A fε =G >@A?=AD@DG<N I=p8E8A?=:k<8 @A R :AI

f ′
ε(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2, x ∈
(
−∞,−2− 2

√
5ε
5

)
,

x+2√
ε2−(x+2)2

, x ∈
[
−2− 2

√
5ε
5 ,−2−

√
5ε
5

)
,

− 1
2 , x ∈

[
−2−

√
5ε
5 , 2−

√
5ε
5

)
,

x−2√
ε2−(x−2)2

, x ∈
[
2−

√
5ε
5 , 2 + 2

√
5ε
5

)
,

2, x ∈
[
2 + 2

√
5ε
5 ,+∞

)
.

j8A>8 f ′
ε(2) = 0 :AI fε(2) = −4− ε. x8 H:V8

f∗(v) =

⎧⎨⎩
−2v + 2, v ∈

[
−2,− 1

2

)
,

2v + 4, v ∈
[
− 1

2 , 2
]
,

+∞, :? @?H8E ;@=A?G.

>D=9DNZ p� L@AG=I8E ?H8 >:G8 9H8A ?H8 G8? D =G ?H8 G8FC8A? [−3, 0] :AI ?H8 BDA>?=@AG

f̃(x) = max

{
−2x− 6,−1

2
x− 3

}
, x ∈ [−3, 1] ⊂ R,

f̃(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
+∞, x ∈ (−∞,−2),
−2x− 6, x ∈ [−2,− 1

2 ),

− 1
2x− 3, x ∈ [− 1

2 , 0],

+∞, x ∈ (− 1
2 ,+∞).

iH8A Dε = [−3− ε, ε] ~^=FDE8 S� :AI ?H8 BDA>?=@A
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f̃ε(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

+∞, x ∈ (−∞,−3− ε),

−
√
ε2 − (x+ 3)2, x ∈

[
−3− ε,−3− 2

√
5ε
5

)
,

−2x− 6−
√
5ε, x ∈

[
−3− 2

√
5ε
5 ,−2− 2

√
5ε
5

)
,

−2−
√
ε2 − (x+ 2)2, x ∈

[
−2− 2

√
5ε
5 ,−2−

√
5ε
5

)
,

− 1
2x− 3−

√
5ε
2 , x ∈

[
−2−

√
5ε
5 ,−

√
5ε
4

)
,

−3−
√
ε2 − x2, x ∈

[
−

√
5ε
4 , ε

]
,

+∞, x ∈ (ε,+∞).

iH8 BDA>?=@A f̃ε =G >@A?=AD@DG<N I=p8E8A?=:k<8 B@E :<< x ∈ (−3− ε, ε) :AI f̃ ′
ε(0) = 0# KG

f̃ε(0) = −3− ε, f̃ε(−3− ε) = 0, fε(ε) = −3,

?H8A
min
x∈Dε

fε(x) = −3− ε.

d!&��� S� {RX8OY fε(x) (I) RS6 f̃ε(x) (II)

a2i-,S;/31/:/-56� iH8 :D?H@E =G FE:?8BD< ?@ ?H8 hKi]-� E8G8:E>H =AG?=?D?8 B@E
@EF:A=G=AF ?H8 ;E@FE:C =A :<F8kE:=> F8@C8?ENR :;;E@U=C:?=@A :AI @;?=C=G:?=@AR 9H=>H
;E@V=I8I : B8E?=<8 E8G8:E>H 8AV=E@AC8A? ?H:? H8<;8I ?H=G I=G>@V8EN#
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