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@><B7B@ D8;< DB8C<; F3:37B;B:@ σ1 345 σ2 kσ1j σ2 3:B :B3? 4E7OB:@l 3:B >64@85B:B5j 64
;<B ><68>B 69 D<8>< ;<B @;3O8?8;P 345 B�3>;4B@@ 69 ;<B @><B7B@ 5BFB45@ 

b4 ;<B @BC7B4;j 84;:65E>B 3 E4896:7 C:85 D8;< @;BF τ = T/Kt ωτ = {tk = kτ, k =
0, 1, ...,K} �3@B5 64 ;<B @87F?8>8;P 69 ;<B :B@E?;@ :BF:B@B4;3;864j 96: ;<B 9E4>;864@ y(k) :=
y(x; k)j k = 0, 1, ...,Kj ?B;�@ 3@@E7B ;<B 46;3;864j ;3Y84C 84;6 3>>6E4; ;<B O6E453:8B@ 69
;<B 845B� ><34CB kt

y = y(k), ŷ = y(k + 1), y̌ = y(k − 1),
yt(0) =

1
τ (y(1)− y(0)), yt =

1
τ (ŷ − y), yt̄ =

1
τ (y − y̌), y◦

t
= 1

2τ (ŷ − y̌),

yt̄t =
1
τ2 (ŷ − 2y + y̌), y(σ1,σ2) = σ1ŷ + (1 − σ1 − σ2)y + σ2y̌.

kGl

K; 8@ 46; 58�>E?; ;6 fB:89P ;<B 938:4B@@ 69 ;<B 96??6D84C :3;86@t

yt = y◦
t
+ τ

2yt̄t, yt̄ = y◦
t
− τ

2yt̄t,

y = 1
2 (ŷ + y̌)− 1

2 (ŷ − 2y + y̌) = 1
2 (ŷ + y̌)− τ2

2 yt̄t,

ŷ = y + 1
2 (ŷ − y̌) + 1

2 (ŷ − 2y + y̌) = y + τy◦
t
+ τ2

2 yt̄t,

y̌ = y − 1
2 (ŷ − y̌) + 1

2 (ŷ − 2y + y̌) = y − τy◦
t
+ τ2

2 yt̄t,

y(σ1,σ2) = y + (σ1 − σ2)τy◦
t
+ (σ1 + σ2)

τ2

2 yt̄t.

k1l

K4 @F3>B W̃ 1
0(�) B4;B: ;<B 6FB:3;6:

"u = − ∂
∂xκ

(
aκ ι(x)

∂u
∂xι

)
+ b(x)u, ∂

∂xκ

(
aκ ι(x)

∂u
∂xι

)
:=

n∑
κ,ι=1

∂
∂xκ

(
aκ ι(x)

∂u
∂xι

)
,

I01 ��)4&!� �
,�� 
#!�$��&�"  �4� �4!��� �&G'# �4!����� 2122� �� ��� ���� 0



345 >64@85B: 3 ;<:BB%?3PB: 6FB:3;6:%58AB:B4>B @><B7B D8;< DB8C<;@ σ1j σ2t

yt̄t +"y
(σ1,σ2) = f(k), k = 1,K − 1,

y(0) = ϕ0(x), yt(0) = ϕ1(x),
kQl

D<B:B f(k) := f(x; k)j k = 1,K − 1 �6: B3>< N�B5 k kk = 1,K − 1l 9E4>;864 y(k + 1) ∈
W̃ 1

0(�) 8@ ;<B @6?E;864 69 BXE3;864 kQl 345 @3;8@NB@ ;<B O6E453:P >6458;864

y(k + 1) |x∈∂Γ= 0, k&"l

84 3558;864 y(1) = y(0)− τyt(0) = ϕ0(x) − τϕ1(x) 345 ;<B >6458;864@ 3:B 3@@E7B5 ;6 OB
9E?N??B5

aκ ι(x) = aι κ(x), |b(x)| � β, x ∈ �,
a∗ξ2 �

n∑
κ,ι=1

aκ ι(x)ξκξι � a∗ξ2, ξ2 =
n∑

κ=1
ξ2κ,

k&&l

D8;< N�B5 F6@8;8fB >64@;34;@ a∗j a∗j β 345 3:O8;:3:P F3:37B;B:@ ξ1, ξ2, ..., ξnj OB@85B@

ϕ0(x), ϕ1(x) ∈ W̃ 1
0(�), f(k) = f(x; k) ∈ L2(�) (k = 1,K − 1). k&0l

L,N#(*(-# �� �G�  �� �b b�#N�!�# y(k) ∈ W̃ 1
0(�)j k = 2, ...,Kj ! N";;�= �G� d�"I

 �;��!�# �b �G�  < ��T kQlj k&"l !b b�� �9��< y(k) �G� !=�#�!�!� ∫
�
yt̄t η(x)dx + �(y(σ1,σ2), η) =

∫
�
f(k)η(x)dx, k = 1,K − 1,

y(0) = ϕ0(x), yt(0) = ϕ1(x),
k&!l

"# "�H!��"�< b�#N�!�# η(x) ∈ W̃ 1
0(�) "��  "�! f�=j G��� �(y(σ1,σ2), η) ! =����T!#�= H< �G� �"`

�!�

�(y(σ1,σ2), η) =
∫
�

(
n∑

κ,ι=1
aκ ι(x)

∂y(σ1,σ2)

∂xι

∂η(x)
∂xκ

+ b(x)y(σ1,σ2)η(x)

)
dx.

I,0$34 ���8;< B3>< N�B5 k kk = 1, 2, ...,K−1l :3;86 kQl 84 @F3>B W̃ 1
0(�) 5B@>:8OB@

;<B O6E453:P f3?EB F:6O?B7 :B?3;8fB ;6 y(k + 1) ky(k + 1) = ŷl 
F+,-3,0 �� %�� �G� N�#=!�!�# k&&lj k&0l H�  "�! f�=� �G�# �G�  < ��T kQlj k&"l "� "

 �jN!�#�;<  T";; τ "#= σ1 > 0 �#!e��;< d�"I;<  �;9"H;� !#  P"N� W̃ 1
0(�) 

[ : 6 6 9 W878?3: ;6 ;<B :B3@6484C C8fB4 84 ;<B D6:Y@ h1j Qi ;<B F:6FB:;P 69 >67F?B;B4B@@

345 O3@8@ 69 ;<B @P@;B7 69 CB4B:3?8=B5 B8CB49E4>;864@ 69 ;<B 6FB:3;6: " 84 @F3>B@ W̃ 1
0(�)

345 L2(�) 8@ B@;3O?8@<B5 K4 ;<8@ >3@Bj ;<B B8CB4f3?EB@ 69 ;<B 6FB:3;6: " 3:B :B3?j N48;B
7E?;8F?8>8;P 345 <3fB 3 ?878; F684; 64 +∞ _<8@ 7B34@ ;<3; 96: 3 O6E453:P f3?EB F:6O?B7
"u = λu + g 84 DB3Y 96:7E?3;864 kλ 8@ >64@;34;j g ∈ L2(Γ)l ;<B @;3;B7B4;@ 69 �:B5<6?7

3?;B:43;8fB 84 @F3>B W̃ 1
0(�) 3:B f3?85 

[E;;84C 84 kQl k = 1j DB CB; 84 W̃ 1
0(�) :B?3;8fB?P y(2) := y(x; 2) 3 O6E453:P f3?EB

F:6O?B7 84 DB3Y 96:7E?3;864

σ1"y(2) +
1
τ2 y(2) = F (ϕ0(x), ϕ1(x)),

F (ϕ0(x), ϕ1(x)) = (σ1 − 1)"ϕ0(x)− (σ1 + σ2 − 1)τ"ϕ1(x) + f(1),

D<8><j D8;< σ1 > 0 345 @73?? B46EC< τ j 8@ E48XEB?P DB3Y?P @6?f3O?B 
_<B @37B @;3;B7B4; :B7384@ ;:EB 89 P6E FE; k = 2, 3, ...,K − 1 �

��)4&!� �
,�� 
#!�$��&�"  �4� �4!��� �&G'# �4!����� 2122� �� ��� ���� 0 I0Q



�6: ;<B 6FB:3;6:%58AB:B4>B @><B7B kQl 345 8;@ DB3Y @6?E;864 5B;B:784B5 OP 85B4;8;P
k&!lj DB 6O;384 @E�>8B4; @;3O8?8;P >6458;864@ 345 3 F:86:8 B@;873;B@ 96: f3:86E@ 46:7@ 69

9E4>;864@ y(k)j k = 0, 1, ...,Kj 69 @F3>B W̃ 1
0(�) 

�B96:B<345 DB O:84C ;<B @><B7B kQl 3O6E; ;<B >34648>3? 96:7 K4;:65E>84C 6FB:3;6:

46;3;864 84 W̃ 1
0(�)

Ru = (σ1 − σ2)τ"u, Lu =
(
K+ (σ1 + σ2)

τ2

2 "
)
u

kK 8@ E48; 6FB:3;6:l 345 ;3Y84C 84;6 3>>6E4; ;<B :3;86@ kGlj k1lj DB CB;

Ryt̄t +Lyt̄t +"y = f(k), k = 1, 2, ...,K − 1,
y(0) = ϕ0(x), yt(0) = ϕ1(x).

k&Il

_<B 84;:65E>;864 69 DB8C<;@ σ1j σ2 84 ;<B 5B@>:8F;864 69 ;<B @><B7B kQl 345 9E:;<B: k&Il
>3E@B5 ;<B 5BFB45B4>B 64 ;<B7 69 ;<B 6FB:3;6: >6B�>8B4;@ Rj L _<B ?3;;B: 6FB4@ EF ;<B
F6@@8O8?8;P 69 >6fB:84C D8;< 343?P@8@ 3 938:?P D85B 9378?P 69 ;<:BB%?3PB: 6FB:3;6:%58AB:B4>B
@><B7B@j 84 ;<B CB4B:3??P >3@B 3@P77B;:8>3? 

L,N#(*(-# �� �G� b"T!;< �b �G���`;"<�� �P��"���`=!c���#N�  NG�T� k&Il d!;; H� N";;�=
�G� H" !N b"T!;<� !b σ1 − σ2 � 0� �G� � �G� �P��"��� R ! #�#`#�8"�!9�


]fB:PD<B:B OB?6Dj ;<B O3@8> 9378?P 69 ;<:BB%?3PB: 6FB:3;6:%58AB:B4>B @><B7B@ 8@ >64%
@85B:B5j 3?? @;3;B7B4;@ 3:B 96:7E?3;B5 96: k&Ilj 6Of86E@?Pj ;<BP :B7384 f3?85 96: kQl _<B
343?P@8@ 69 ;<B @><B7B k&Il k@BB F:669 69 _<B6:B7 0 OB?6Dl 8@ @878?3: ;6 ;<3; F:B@B4;B5 84
;<B 7646C:3F< hLj F !Q1i D8;< ;<B 64?P 58AB:B4>B ;<3; 3?? >64@85B:3;864@ 3:B >3::8B5 6E;

96: 6FB:3;6:@ Rj L 84 ;<B W6O6?Bf @F3>B W̃ 1
0(�) 

I,0$34 �� c45B: σ1 = σ2 = σ 3 ;<:BB%?3PB: 6FB:3;6:%58AB:B4>B @><B7B k&Ilj 5BN4B@
;<B >?3@@8>3? @P77B;:8> >34648>3? 96:7

Lyt̄t +"y = f(k), k = 1, 2, ...,K − 1,
y(0) = ϕ0(x), yt(0) = ϕ1(x),

D8;< DB8C<; σj 84 3558;864 y(σ) = σŷ+(1− 2σ)y+σy̌ = y+στ2yt̄tj R = 0j L = K+στ2" 
WE>< 3 @><B7B OB?64C@ ;6 3 43::6DB: >?3@@j 8;@ 343?P@8@ 8@ 3 58:B>; >64@BXEB4>B 69 ;<B
@;3;B7B4;@ 69 ;<B _<B6:B7 0 OB?6D 

L,N#(*(-# :� �G�  �� �b b�#N�!�# y(k) ∈ W̃ 1
0(�)� k = 2, ...,K� ! N";;�= �G� d�"I

 �;��!�# �b �G�  < ��T k&"lj k&Il !b b�� �"NG y(k) "#= "#< b�#N�!�# η(x) ∈ W̃ 1
0(�) �G�

!=�#�!�!� ∫
�
(Ry◦

t
+Lyt̄t)η(x)dx + �(y, η) =

∫
�
f(k)η(x)dx, k = 1,K − 1,

y(0) = ϕ0(x), y(1) = ϕ1(x),
k&Ll

"��  "�! f�=

�� i#,3?& (),#*(*&� a64@85B:84C ;<B 96??6D84C 69 ;<B kGl :3;86 y = 1

2 (ŷ+ y̌)− 1
2 (ŷ−

2y + y̌) = 1
2 (ŷ + y̌)− τ2

2 yt̄t j DB >64fB:; ;<B @><B73 k&Il ;6 ;<B 96:7

Ryt̄t +
(
L− τ2

2 "
)
yt̄t +

1
2"(ŷ + y̌) = f(k), k = 1, 2, ...,K − 1,

y(0) = ϕ0(x), y(1) = ϕ1(x).
k&'l

ME?;8F?P @>3?3: O6;< F3:;@ k&'l OP 2τy◦
t
= τ(yt + yt̄) = ŷ − y̌ 345j C8fB4 k@BB kGll

τyt̄t = yt − yťj DB CB;

2τ(Ry◦
t
, y◦

t
) + ((L− τ2

2 ")(yt − yt̄), yt + yt̄) +
1
2 ("(ŷ + y̌), ŷ − y̌) =

= 2τ(f(k), y◦
t
),

k&Gl

I!" ��)4&!� �
,�� 
#!�$��&�"  �4� �4!��� �&G'# �4!����� 2122� �� ��� ���� 0



<B:B 345 BfB:PD<B:B OB?6D ;<:6EC< (·, ·) 8458>3;B5 @>3?3: F:65E>; 84 @F3>B L2(�) W84>B
" 345 L 3:B @B?9%>64eEC3;B \3C:34CB 6FB:3;6:@j ;<B:B 3:B :B?3;864@t

((I− 1
2")(yt − yt̄), (yt + yt̄)) = ((I− 1

2")yt, yt)− ((I− 1
2")yť, yť),

(V(yt − yt̄), yt + yt̄) = (Vyt, yt)− (Vyť, yť),
("(ŷ + y̌), ŷ − y̌) = ("ŷ, ŷ)− ("y̌, y̌),

("(ŷ + y̌), ŷ − y̌) = [("ŷ, ŷ) + ("y, y)]− [("y, y) + ("y̌, y̌)].

k&1l

�B@85B@j 96: 34P w, z ∈ W̃ 1
0(�)

("w, w) + ("z, z) = 1
2 [("w, w) + 2("w, z) + ("z, z)] +

+ 1
2 [("w, w)− 2("w, z) + ("z, z)] =

= 1
2 ("(w + z), w + z) + 1

2 ("(w − z), w − z).

Z@@E784C 84 ;<B 6O;384B5 :B?3;864 w = ŷj z = yj 345 ;<B4 w = yj z = y̌j DB ;:34@96:7 ;<B
B�F:B@@864 ("(ŷ + y̌), ŷ − y̌)j E@84C ;<B ?3@; :B?3;864 84 k&1lt

("(ŷ + y̌), ŷ − y̌) = 1
2 [("(ŷ + y), ŷ + y) + ("(ŷ − y), ŷ − y)]−

− 1
2 [("(y + y̌), y + y̌) + ("(y − y̌), y − y̌)].

WEO@;8;E;84C ;<8@ :B?3;864 ;6CB;<B: D8;< ;<B N:@; ;D6 :B?3;864@ 9:67 k&1l ;6 BXE3?8;P k&Glj
;3Y84C 84;6 3>>6E4; ("(ŷ − y), ŷ − y) = τ2("yt, yt) 345 ("(y − y̌), y − y̌) = τ2("yt̄, yt̄)j
DB >67B ;6 ;<B O3@8> B4B:CP 85B4;8;P 96: ;<B ;<:BB%?3PB: @><B7B k&Ilt

2τ(Ry◦
t
, y◦

t
) +
[
1
4 ("(ŷ + y), ŷ + y) + ((L− τ2

4 ")yt, yt)
]
=

=
[
1
4 ("(y + y̌), y + y̌) + ((L− τ2

4 ")yt̄, yt̄)
]
+ 2τ(f(k), y◦

t
),

k&Ql

D<8>< 8@ 34 343?6CEB 69 ;<B B4B:CP O3?34>B BXE3;864 96: 34 Bf6?E;8643:P @P@;B7 D8;<
58@;:8OE;B5 F3:37B;B:@ 84 ;<B 567384 �× (0, T ) 69 f3:83O?B ><34CB x 345 t hLj F !1&i k@BB
3?@6 hGj F 0"&il 

:� _*$5(%(*& -. *+, ->,3$*-3�)(H,3,#/, '/+,0,� Z?? @EO@BXEB4; >?387@ 3:B F:B%
@B4;B5 96: ;<B @><B7B k&Il 345 8;@ DB3Y @6?E;864 5B;B:784B5 OP 85B4;8;P k&Llj Bf85B4;?P
;<BP <3fB 6>>E: 96: kQl \B;�@ 5BN4B ;<B >64>BF; 69 @;3O8?8;P 69 3 ;<:BB%?3PB: 6FB:3;6:%
58AB:B4>B @><B7B k&Il E@84C ;<B ?84B3:8;P F:6FB:;P 69 ;<B @><B7B k&Il k"j Rj L 3:B ?84B3:
6FB:3;6:@l Z; ;<B @37B ;87Bj DB D8?? E@B 3 @FB>83? 46:7 k84 ;<B ;B:7846?6CP hLj F !1!i n
>67F6@8;B 46:7l 69 ;<B 96:7

‖Y (k + 1)‖2 = 1
4‖y(k + 1) + y(k)‖2(1) + ‖y(k + 1)− y(k)‖2(2) + ‖yt‖2(3), k0"l

96: B?B7B4;@ Y (k+1) 69 @F3>B W̃ 1
0(�)⊕W̃ 1

0(�)j D<B:B y(k+1)j y(k) 3:B B?B7B4;@ 69 @F3>B

W̃ 1
0(�)p ‖ · ‖(1)j ‖ · ‖(2) 345 ‖ · ‖(3) 3:B @67B 46:7@ W̃ 1

0(�) 345 L2(�)j :B@FB>;8fB?P 
^EB ;6 ;<B ?84B3:8;P 69 ;<B 6FB:3;6:%58AB:B4>B @P@;B7 k&Ilj 8;@ DB3Y @6?E;864 8@ :BF%

:B@B4;B5 3@ y(k) = yo(k) + yf (k)j k = 2, 3, ...,Kj D<B:B yo(k) ∈ W̃ 1
0(�) 8@ @6?E;864 69 3

<676CB4B6E@ F:6O?B7

Ryt̄t +Lyt̄t +"y = 0, k = 1, 2, ...,K − 1,
y(0) = ϕ0(x), yt(0) = ϕ1(x),

k0&l

345 yf (k) ∈ W̃ 1
0(�) 8@ @6?E;864 ;6 464<676CB4B6E@ F:6O?B7

Ryt̄t +Lyt̄t +"y = f(k), k = 1, 2, ...,K − 1,
y(0) = yt(0) = 0,

k00l

E45B: >64@85B:84C BXE3;864@ k0&l 345 k00l 96: B3>< N�B5 k kk = 1, 2, ...,K − 1l 

��)4&!� �
,�� 
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\B; E@ 84;:65E>B ;<B 5BN48;864 69 ;<B @;3O8?8;P 69 ;<B 6FB:3;6:%58AB:B4>B @><B7B k&Il
k8; 7B34@ kQll 3@ 3 F:6FB:;P 69 3 >64;84E6E@ 5BFB45B4>B E4896:7 64 τ j ;<B DB3Y @6?E;864
69 ;<B @P@;B7 kQlj k&"l 64 84FE; 53;3 ϕ0(x)j ϕ1(x) 345 f(k) = f(x; k) K4 ;<8@ >3@Bj
;<B >64>BF;@ 69 @;3O8?8;P 3:B E@B5 64 ;<B 848;83? 53;3 ϕ0(x)j ϕ1(x) 345 64 ;<B :8C<; @85B
f(k) := f(x; k)j @878?3: ;6 ;<6@B 356F;B5 84 hLj F !1Lil 

L,N#(*(-# <� �G� �P��"���`=!c���#N�  NG�T� k&Il ! N";;�=  �"H;�t
3l �# �G� !#!�!"; ="�" ϕ0(x), ϕ1(x)� !b " P�!��! � �!T"��

‖y(k + 1)‖(1) � C1‖ϕ0‖(2) + C2‖ϕ1‖(3), k = 1,K − 1,

! 9";!= b�� �G� P��H;�T k0&l b�� "#< ϕ0(x) "#= ϕ1(x) b��T W̃ 1
0(�)p

Ol �# �G� �!8G�  !=� f(k)� !b " P�!��! � �!T"��

‖y(k + 1)‖(1) � C3‖f(k)‖(4), k = 1,K − 1,

! 9";!= b�� �G� P��H;�T k00l b�� "#< f(k) ∈ L2(�) kk = 1,K − 1l k��� ‖·‖(1)� ‖·‖(2)� ‖·‖(3)
"#= ‖ · ‖(4) "��  �T� #��T !#  P"N� W̃ 1

0(�) "#= L2(�)� �� P�N�!9�;<
 �� !�!9� N�# �"#� 

C1� C2 "#= C3 =� #�� =�P�#= �# τ "#= NG�!N� ϕ0(x)� ϕ1(x) "#= f(k)j k = 1,K − 1 
�3@B5 64 ;<B :BF:B@B4;3;864 69 ;<B >67F6@8;B 46:7 k0"l 345 ;<B 3@@E7F;864 69 464%

4BC3;8f8;P 69 ;<B 6FB:3;6: L− τ2

4 "j ;<B 85B4;8;P k&Ql D8?? ;3YB ;<B 96:7

2τ(Ry◦
t
, y◦

t
) + ‖Y (k + 1)‖2 = ‖Y (k)‖2 + 2τ(f(k), y◦

t
), k0!l

D<B:B
‖Y (k + 1)‖2 = 1

4 ("(y(k + 1) + y(k)), y(k + 1) + y(k))+

+ ((L− τ2

4 ")yt, yt),
‖Y (k)‖2 = 1

4 ("(y(k) + y(k − 1)), y(k) + y(k − 1))+

+ ((L− τ2

4 ")yt̄, yt̄),
‖Y (1)‖2 = 1

4 ("(y(1) + y(0)), y(1) + y(0))+

+ ((L− τ2

4 ")yt̄(0), yt̄(0)), yt̄(0) =
1
τ (y(1)− y(0)).
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