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�� K#(*($% ?$0, 0-),%�a64@85B: 58AB:B4;83? n%F?3PB: C37B D8;< F:B@>:8OB5 5E:3;864
Γ(x0, T − t0) 5BN4B5 64 ;<B 84;B:f3? [t0, T ] 

M6;864 BXE3;864 <3@ ;<B 96:7

ẋ(t) = g(t, x, u),
x(t0) = x0,
x ∈ R

l, u = (u1, . . . , un), ui = ui(t, x) ∈ Ui ⊂ R
k.

k&l

[3P6A 9E4>;864 69 F?3PB: i 8@ 5BN4B5 84 ;<B 96??6D84C D3Pt

Ki(x0, T − t0;u) =

T∫
t0

hi[t, x(t), u(t, x)]dt, i ∈ N. k0l

K4 96:7E?3 k0l hi[t, x(t), u(t, x(t))]j g(t, x, u) 3:B ;<B 84;BC:3O?B 9E4>;864@ OP 3?? ;<B 3:%
CE7B4;@j x(t) 8@ ;<B @6?E;864 69 a3E><P F:6O?B7 k&l D8;< N�B5 u(t, x) = (u1(t, x), . . . ,
un(t, x)) �B >64@85B: ;<B >?3@@ 69 >?6@B5%?66F @;:3;BC8B@ _<B @;:3;BCP F:6N?B u(t, x) =
(u1(t, x), . . . , un(t, x)) 8@ >3??B5 3578@@8O?B 89 ;<B F:6O?B7 k&l <3@ 3 E48XEB 345 >64;84E3O?B
@6?E;864 ]3>< F?3PB: 3;;B7F;@ ;6 73�878=B <8@ F3P6A 
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�� L(H,3,#*($% ?$0, 0-),% 2(*+ /-#*(#1-1' 1>)$*(#?� a64@85B: n%F?3PB: 589%
9B:B4;83? C37B Γ(x0, t0, t0 + θ)j 5BN4B5 64 ;<B 84;B:f3? [t0, t0 + θ]j D<B:B θ 8@ 3 :34567
f3:83O?B 58@;:8OE;B5 64 [0, T ]j D8;< @67B F:B5B;B:784B5 58@;:8OE;864 ?3D \B; 3 >E7E?3;8fB
58@;:8OE;864 9E4>;864 <3@ ;<B 96:7

F (τ) =

⎧⎨⎩
0 96: τ < 0,
ϕ(τ) 96: 0 � τ < T ,
1 96: τ � T ,

<B:B ϕ(τ) 8@ 3@@E7B5 ;6 OB 34 3O@6?E;B?P >64;84E6E@ 464%5B>:B3@84C 9E4>;864j @3;8@9P84C
>6458;864@ ϕ(0) = 0j ϕ(T ) = 1j 0 < T < T − t0 ^B46;B OP F t(τ) 3 >E7E?3;8fB 58@;:8OE;864
9E4>;864 69 :34567 f3:83O?B t+ θt

F t(τ) =

⎧⎨⎩
0 96: τ < t,
ϕ(τ − t) 96: t � τ < t+ T ,

1 96: τ � t+ T .
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M6;864 BXE3;864 84 Γ(x0, t0, t0 + θ) <3@ ;<B 96:7

ẋt0(s) = g(s, xt0 , ut0),
xt0(t0) = x0,
xt0 ∈ R

l, ut0 = (ut01 , . . . , u
t0
n ),

ut0i = ut0i (s, xt0) ∈ Ui ⊂ >67FRk.

_<B B�FB>;B5 F3P6A 69 F?3PB: i ∈ N 84 Γ(x0, t0, t0 + θ) 8@ 5BN4B5 84 ;<B 96??6D84C D3Pt

Kt0
i (x0, t0, T ;u

t0) =

t0+T∫
t0

τ∫
t0

hi[s, xt0(s), ut0(s, xt0 )]dsdF t0(τ), k!l

D<B:B xt0(s)j ut0(s, xt0) 3:B ;:3eB>;6:P 345 @;:3;BC8B@ 84 ;<B C37B Γ(x0, t0, t0 + θ)j ẋt0(s)
8@ ;<B 5B:8f3;8fB D8;< :B@FB>; ;6 s 

J�H8"T� �b =!c���#�!"; 8"T� d!�G N�#�!#��� �P="�!#8 a64@85B: n%F?3PB: 58AB:B4;83?
C37B Γ(x, t, t+ θ)j 5BN4B5 64 ;<B 84;B:f3? [t, t+ θ]j <B:B t ∈ [t0, T ] 

M6;864 BXE3;864 96: ;<B @EOC37B Γ(x, t, t+ θ) <3@ ;<B 96:7

ẋt(s) = g(s, xt, ut),
xt(t) = x,
xt ∈ R

l, ut = (ut1, . . . , u
t
n),

uti = uti(s, x
t) ∈ Ui ⊂ >67FRk.

kIl

_<B B�FB>;B5 F3P6A 69 F?3PB: i ∈ N 96: ;<B @EOC37B Γ(x, t, t+ θ) <3@ ;<B 96:7

Kt
i (x, t, T ;u

t) =

t+T∫
t

τ∫
t

hi[s, xt(s), ut(s, xt(s))]dsdF t(τ). kLl

K4 96:7E?3 kLl xt(s)j ut(s, xt) 3:B ;:3eB>;6:8B@ 345 @;:3;BC8B@ 84 ;<B C37B Γ(x, t, t+θ)j ẋt(s)
8@ ;<B 5B:8f3;8fB D8;< :B@FB>; ;6 s 

Z>>6:584C ;6 h1i ;<B B�FB>;B5 F3P6A 69 F?3PB: i ∈ N >34 OB :BF:B@B4;B5 84 ;<B 96:7

Kt
i (x, t, T ;u

t) =

t+T∫
t

hi[s, xt(s), ut(s, xt(s))](1 − F t(s))ds. k'l

Z45 ;<B B�FB>;B5 F3P6A 69 F?3PB: i 84 @EOC37B 69 Γ(x, t, t+ θ)j @;3:;84C 3; ;<B 767B4; τ
9:67 xt(τ) 8@ 96:7E?3

Kt
i (x

t(τ), τ, T ;ut) =
1

1− F t(τ)

t+T∫
τ

hi[s, xt(s), ut(s, xt(s))](1 − F t(s))ds, i ∈ N.

^8AB:B4;83? C37B D8;< >64;84E6E@ EF53;84C 8@ 5BfB?6FB5 3>>6:584C ;6 ;<B 96??6D84C
:E?Bt N����#� �!T� t ∈ [t0, T ] �9�;9� N�#�!#��� ;< "#= " " �� �;� P;"<�� N�#�!#��� ;<
�H�"!# #�d !#b��T"�!�# "H��� T��!�# �e�"�!�# "#= P"<�c b�#N�!�# !# �G� 8"T� Γ(x, t,
t+ θ)


W;:3;BCP F:6N?B u(t, x) 84 ;<B 58AB:B4;83? C37B D8;< >64;84E6E@ EF53;84C <3@ ;<B 96:7

u(t, x) = ut(s, xt(s))|s=t, t ∈ [t0, T ], kGl

D<B:B ut(s, xt)j s ∈ [t, t+ T ] 3:B @;:3;BC8B@ 84 ;<B @EOC37B Γ(x, t, t+ θ) 
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3; t _<B4 DB >64@;:E>; 3 @;:3;BCP F:6N?B u(t, x) 69 ;<B C37B D8;< >64;84E6E@ EF53;84Cj
E@84C ;<B @;:3;BC8B@ ut(s, xt) 84 @E>< 3 D3P ;<3; 3; B3>< 767B4; 69 ;87B t ∈ [t0, T ]j u(t, x)
>684>85B@ D8;< ut(s, xt) 3; ;<B 848;83? 767B4; 69 ;<B @EOC37B Γ(x, t, t + θ) kD<B4 s = tl 
�B CB; u(t, x) OP >67O8484C 848;83? f3?EB@ 69 ut(s, xt) 96: BfB:P t ∈ [t0, T ] 

_:3eB>;6:P x(t) 84 ;<B 58AB:B4;83? C37B D8;< >64;84E6E@ EF53;84C 8@ 5B;B:784B5 84
3>>6:534>B D8;< k&lj D<B:B u = u(t, x) 3:B @;:3;BC8B@ 84 ;<B C37B D8;< >64;84E6E@ EF53%
;84C kGl �B @EFF6@B ;<3; ;<B @;:3;BC8B@ D8;< >64;84E6E@ EF53;84C 6O;384B5 E@84C kGl 3:B
3578@@8O?B 6: ;<3; ;<B F:6O?B7 k&l <3@ 3 E48XEB 345 >64;84E3O?B @6?E;864 

_<B B@@B4;83? 58AB:B4>B OB;DBB4 ;<B C37B 765B? D8;< >64;84E6E@ EF53;84C 345 >?3@@8>
58AB:B4;83? C37B D8;< F:B@>:8OB5 5E:3;864 Γ(x0, T − t0) 8@ ;<3; F?3PB:@ 84 ;<B 848;83? C37B
3:B CE85B5 OP ;<B F3P6A@ ;<3; ;<BP D8?? BfB4;E3??P 6O;384 64 ;<B 84;B:f3? [t0, T ]j OE; 84
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64 ;<B B�FB>;B5 F3P6A@ k!lj D<8>< 3:B >3?>E?3;B5 O3@B5 64 ;<B 8496:73;864 5BN4B5 64 ;<B
84;B:f3? [t, t+θ] 6: ;<B 8496:73;864 ;<3; ;<BP <3fB 3; ;<B 84@;34; t c4?8YB F:Bf86E@ 765B?@
h0ij <B:B DB 3@@E7Bj ;<3; ;<B 5E:3;864 69 ;<B FB:865 64 D<8>< F?3PB:@ <3fB ;<B 8496:73;864
3O6E; ;<B C37B θ 8@ 46; N�B5j θ 8@ 3 :34567 f3:83O?B D8;< 58@;:8OE;864 64 ;<B 84;B:f3?
[0, T ] 

K; 8@ 87F6:;34; ;6 7B4;864 ;<3; ;<B @;:3;BCP F:6N?B 345 ;<B :B?3;B5 ;:3eB>;6:P D8;<
>64;84E6E@ EF53;84C >34 OB 5BN4B5 64 ;<B 84N48;B 84;B:f3? 5EB ;6 ;<B >64;84E6E@?P EF53%
;84C @;:E>;E:Bj OE; 84 ;<8@ F3FB: DB F:B@B4; ;<B7 64 ;<B >?6@B5 84;B:f3? [t0, T ] 

�� M$'+ ,G1(%(53(10 (# ?$0, 2(*+ /-#*(#1-1' 1>)$*(#?� K4 ;<B 9:37BD6:Y 69
>64;84E6E@?P EF53;B5 8496:73;864j 8; 8@ 87F6:;34; ;6 765B? ;<B OB<3f86: 69 F?3PB:@ _6
56 ;<8@j DB E@B ;<B >64>BF; 69 d3@< BXE8?8O:8E7 84 9BB5O3>Y @;:3;BC8B@ `6DBfB:j 96: ;<B
>?3@@ 69 58AB:B4;83? C37B@ D8;< >64;84E6E@ EF53;84Cj DB D6E?5 ?8YB ;6 <3fB 8; ;<B 96??6D84C
96:7t 96: 34P N�B5 t ∈ [t0, T ]j u

NE(t, x) = (uNE
1 (t, x), . . . , uNE

n (t, x)) >684>85B@ D8;< ;<B
d3@< BXE8?8O:8E7 84 ;<B C37B kIlxk'l 5BN4B5 64 ;<B 84;B:f3? [t, t+ θ] 84 ;<B 84@;34; t 

a<66@84C 3; B3>< ;87B 767B4; t ∈ [t0, T ] @;:3;BC8B@ ;<3; 3:B BXE8?8O:8E7 3; ;<B 848;83?
F684; 69 ;<B @EOC37B @;3:;84C 3; 767B4; tj DB CE3:34;BB ;<3; 8; D8?? 46; OB F:6N;3O?B 96:
;<B F?3PB:@ ;6 5Bf83;B 9:67 ;<B ><6@B4 @;:3;BC8B@ 3; 34P 767B4;j @84>B ;<BP 6:8B4; ;<B7@B?9
64 ;<B F3P6A 84 @EOC37B @;3:;84C 3; t 

�6??6D84C kGlj N:@; DB N45 ;<B d3@< BXE8?8O:8E7 ut,NE(s, xt) 84 B3>< @EOC37B Γ(x, t,
t + θ) 96: BfB:P t ∈ [t0, T ]j 345 ;<B4 >64@85B: 848;83? f3?EB@ 69 ut,NE(s, xt) ;6 >64@;:E>;
uNE(t, x) 

K4 6:5B: ;6 >67O84B ;<B d3@< BXE8?8O:83 84 3?? @E>< @EOC37B@j DB 84;:65E>B ;<B >64>BF;
69 CB4B:3?8=B5 d3@< BXE8?8O:8E7 84 9BB5O3>Y @;:3;BC8B@ 3@ ;<B F:84>8F?B 69 6F;873?8;P 

L,N#(*(-# �� J��"��8< P��f;� ũNE(t, s, xt) = (ũNE
1 (t, s, xt), . . . , ũNE

n (t, s, xt)) ! "
8�#���;!g�= :" G �e�!;!H�!�T !# �G� 8"T� d!�G N�#�!#��� �P="�!#8� !b b�� "#< fh�= t ∈
[t0, T ]  ��"��8< P��f;� ũNE(t, s, xt) ! �G� b��=H"NI :" G �e�!;!H�!�T !# 8"T� Γ(x, t, t+ θ)


K; 8@ 87F6:;34; ;6 46;8>B ;<3; ;<B CB4B:3?8=B5 9BB5O3>Y d3@< BXE8?8O:8E7 ũNE(t, s, xt)
96: 3 N�B5 t 8@ 3 9E4>;864 69 s 345 xtj D<B:B s 8@ 5BN4B5 64 ;<B 84;B:f3? [t, t + T ] c@84C
CB4B:3?8=B5 9BB5O3>Y d3@< BXE8?8O:8E7 8; 8@ F6@@8O?B ;6 5BN4B @6?E;864 >64>BF; 96: 3 C37B
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uNE(t, x) = ũNE(t, s, xt(s))|s=t = (ũNE
1 (t, s, xt(s))|s=t, . . . , ũ

NE
n (t, s, xt(s))|s=t),

t ∈ [t0, T ],
k1l

dG��� ũNE(t, s, xt(s)) ! �G� 8�#��";!g�= b��=H"NI :" G �e�!;!H�!�T =�f#�= !# L�f#!�!�# \

_:3eB>;6:P xNE(t) >6::B@F64584C ;6 ;<B d3@< BXE8?8O:8E7 D8;< >64;84E6E@ EF53;84C

>34 OB 6O;384B5 9:67 ;<B @P@;B7 k&l @EO@;8;E;84C ;<B:B uNE(t, x) 
c4?8YB ;<B CB4B:3?8=B5 9BB5O3>Y d3@< BXE8?8O:8E7j uNE(t, x) 56B@ 46; >64;384 9BB5O3>Y

d3@< BXE8?8O:8E7 @;:3;BC8B@ 96: 34P s ∈ [t, t+ T ] W;:3;BCP F:6N?B uNE(t, x) 64?P >64;384@
@;:3;BC8B@ 69 F?3PB:@ ;<3; ;<BP FB:96:7 3>>6:584C ;6 ;<B F:6>B5E:B 5B@>:8OB5 84 WB>;864 Ij
8 B >64;84E6E@ EF53;84C F:6>B5E:Bj D<B:B s = t W;:3;BCP F:6N?B uNE(t, x) D8?? OB E@B5
3@ 3 @6?E;864 >64>BF; 84 ;<B C37B D8;< >64;84E6E@ EF53;84C 

:� O$0(%*-# P Q$/-5( P R,%%0$# ,G1$*(-#' 2(*+ /-#*(#1-1' 1>)$*(#?� K4
6:5B: ;6 5BN4B @;:3;BCP F:6N?B uNE(t, x)j 8; 8@ 4B>B@@3:P ;6 5B;B:784B ;<B CB4B:3?8=B5 d3@<
BXE8?8O:8E7 84 9BB5O3>Y @;:3;BC8B@ ũNE(t, τ, xt) 84 ;<B C37B D8;< >64;84E6E@ EF53;84C 
_6 56 ;<8@j DB D8?? E@B 3 765B:48=B5 fB:@864 69 5P4378> F:6C:37784C k@BB hQil K4 ;<B
9:37BD6:Y 69 ;<8@ 3FF:63><j ;<B �B??734 9E4>;864 V i(t, τ, xt) 8@ 5BN4B5 3@ ;<B F3P6A 69
F?3PB: i 84 9BB5O3>Y d3@< BXE8?8O:8E7 84 ;<B @EOC37B 69 Γ(x, t, t+θ) @;3:;84C 3; ;<B 84@;34;
τ 84 ;<B @;3;B xt(τ)t

V i(t, τ, xt) =
1

1− F t(τ)

t+T∫
τ

hi[s, xt,NE(s), ut,NE(s, xt)](1− F t(s))ds, i ∈ N.

_<B 96??6D84C ;<B6:B7 ;3YB@ F?3>B 
F+,-3,0� ũNE(t, τ, xt) ! �G� 8�#��";!g�= :" G �e�!;!H�!�T !# b��=H"NI  ��"��8!� !#

�G� =!c���#�!"; 8"T� d!�G N�#�!#��� �P="�!#8 "#= �"#=�T !#b��T"�!�# G��!g�#� !b �G���
�h! � b�#N�!�# V i(t, τ, xt) : [t0, T ]× [t, t+T ]×Rl → R, i ∈ N � N�#�!#��� ;< =!c���#�!"H;�
H< τ "#= xt�  "�! b<!#8 �G�  < ��T �b P"��!"; =!c���#�!"; �e�"�!�# i

ϕ̇(τ − t)

1− ϕ(τ − t)
V i(t, τ, xt)− V i

τ (t, τ, x
t) =

= max
φi∈Ui

{
hi(τ, xt, ũNE

−i ) + V i
x(t, τ, x

t)g(τ, xt, ũNE
−i )
}
= kQl

= hi(τ, xt, ũNE) + V i
x(t, τ, x

t)g(τ, xt, ũNE), i ∈ N,

dG��� ũNE
−i (φi) = (ũNE

1 , . . . , φi, . . . , ũ
NE
n )� V i(t, t + T , xt) = 0, i ∈ N � ϕ̇(τ − t) ! �G�

=��!9"�!9� d!�G �� P�N� �� τ 

[ : 6 6 9 Z>>6:584C ;6 ;<B 5BN48;864 69 CB4B:3?8=B5 d3@< BXE8?8O:8E7j ũNE(t, τ, xt)

@<6E?5 OB ;<B 9BB5O3>Y d3@< BXE8?8O:8E7 96: 34P N�B5 t 
�P N�84C t 84 ;<B 96:7E?3;864 69 ;<B _<B6:B7 345 84 F3:;8>E?3: 84 kQl DB 6O;384

@E�>8B4; >6458;864@ 96: 9BB5O3>Y d3@< BXE8?8O:8E7 84 ;<B 58AB:B4;83? C37B D8;< :34567
5E:3;864 F:B@B4;B5 84 h1i _<B:B96:B 96: 34P N�B5 t ;<B >6458;864@ 96: 5BN48;864 69 CB4B:3%
?8=B5 d3@< BXE8?8O:8E7 3:B @3;8@NB5 _<B _<B6:B7 8@ F:6fB5 
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>64@85B: 3 58AB:B4;83? C37B 765B? D8;< >64;84E6E@ EF53;84C 96: ;<B B�;:3>;864 69 464%
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���� ������	 
��� �
��	� �P x(t) 5B46;B ;<B @;3;B f3:83O?B 8458>3;84C ;<B :B@6E:>B
@;6>Y 3; ;87B t 3f38?3O?B ;6 OB B�;:3>;B5 OP ;<B F?3PB:@ [3:37B;B: ui(t) 5B46;B@ ;<B
B�;:3>;864 :3;B 69 F?3PB: i 3; ;<B @37B ;87B �B 3@@E7B ;<3; ui(t) > 0j x(t) � 0 

_<B 5P4378>@ 69 ;<B @;6>Y 8@ C8fB4 OP ;<B 96??6D84C BXE3;864 D8;< 848;83? >6458;864t

ẋ(t) = −
n∑

i=1

aiui(t, x), x(t0) = x0,

D<B:B ai > 0 96: 3?? i = 1, . . . , nj 345 x0 > 0 
\B; F?3PB:@ <3fB ?6C3:8;<78> E;8?8;P 9E4>;864@

hi(x(t), ui(t)) = lnui(t, x), i = 1, . . . , n.

[?3PB:�@ i F3P6A 9E4>;864 8@

Ki(x0, T − t0) =

T∫
t0

lnui(s, x)ds, i = 1, . . . , n.

���� ���� ����	������ ������
��� ���� �
�����
�� �������
� Z@@E7B ;<3; 84%
96:73;864 3O6E; 76;864 BXE3;864@ 345 F3P6A 9E4>;864@ 8@ EF53;B5 >64;84E6E@?P 84 ;87B 
Z; BfB:P 84@;34; t ∈ [t0, T ] F?3PB:@ <3fB 8496:73;864 64?P 64 ;<B 84;B:f3? [t, t+θ] K; 7B34@
;<3; 3; B3>< ;87B 84@;34; ;<BP >34 >6E4; 96: ;<B @;3O8?8;P 69 F:6>B@@ 64?P 6fB: FB:865 θ \B; θ
8@ 3 E4896:7?P 58@;:8OE;B5 :34567 f3:83O?B 6fB: 34 84;B:f3? [0, T ]j ;<B4 ϕ(s−t) = (s−t)/T j
s ∈ [t, t+T ] Z>>6:584C ;6 ;<B @B>;864 ;6 5B;B:784B ;<B d3@< BXE8?8O:8E7 9BB5O3>Y @;:3;B%
C8B@ 84 ;<B C37B D8;< >64;84E6E@ EF53;84Cj DB >64@85B: ;<B 9378?P 69 3E�8?83:P @EOC37B@
Γ(x, t, t+ θ) D8;< 5E:3;864 θj @;3:;84C 3; ;<B 767B4; t 9:67 ;<B @;3;B x 

_<B 5P4378> >64@;:384;@ 69 ;<B C37B Γ(x, t, t+ θ) 3:B C8fB4 OP

ẋt(s) = −
n∑

i=1

aiu
t
i(s, x

t),

xt(t) = x,
xt ∈ R

l, ut = (ut1, . . . , u
t
n), u

t
i = uti(s, x) ∈ Ui ⊂ >67FRk.

_<B F3P6A 9E4>;864 69 F?3PB: i 84 Γ(x, t, t+ θ) 8@

Kt
i (x, t, T ;u

t) =

t+T∫
t

τ∫
t

lnuti(s, x
t)dsdF t(τ), i ∈ N.

K; >34 OB :BF:B@B4;B5 84 ;<B 96:7

Kt
i (x, t, T ;u

t) =

t+T∫
t

lnuti(s, x
t)(1− F t(s))ds, i ∈ N.

_6 >3?>E?3;B ;<B 9BB5O3>Y d3@< BXE8?8O:8E7 @;:3;BC8B@ 84 @EOC37B Γ(x, t, t+ θ) DB E@B
;<B 5P4378> F:6C:37784C ;B><48XEB 

�8;< V i(t, s, xt) 5B46;B ;<B �B??734 9E4>;864 n F3P6A 69 F?3PB: i 84 d3@< BXE8?8O:8E7
84 ;<B @EOC37B 69 Γ(x, t, t+ θ) @;3:;84C 3; ;<B 767B4; s 
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_<B @P@;B7 69 `378?;64 n �3>6O8 n �B??734 BXE3;864@ <3@ ;<B 96??6D84C 96:7t

1

t+ T − s
V i(t, s, xt)− V i

s (t, s, x
t) =

= max
φi∈Ui

⎧⎨⎩lnφi − V i
x(t, s, x

t)(aiφi +
∑
j �=i

aj ũ
NE
j )

⎫⎬⎭ . k&"l

�B D8?? N45 ;<B �B??734 9E4>;864@ V i(t, s, xt) 84 ;<B 96:7 V i(t, s, xt) = Ai(t, s) lnx
t +

Bi(t, s). M3�878=84C ;<B B�F:B@@864 64 ;<B :8C<;%<345 @85B 69 k&"lj 345 @6?f84C ;<B >6::B%
@F64584C 58AB:B4;83? BXE3;864@ 84 Ai(t, s) 345 Bi(t, s)j DB 6O;384 BXE3;864@

Ai(t, s) =
T + t− s

2
,

Bi(t, s) =
T + t− s

2

(
− ln(T + t− s)− ln ai − n− ln

1

2
+

1

2

)
.

�843??P DB CB; ;<B CB4B:3?8=B5 9BB5O3>Y d3@< BXE8?8O:8E7 @;:3;BC8B@t

ũNE
i (t, s, xt) =

2xt

ai(T + t− s)
.

Z>>6:584C ;6 ;<B F:6>B5E:B k1l DB >64@85B: BXE8?8O:8E7 @;:3;BC8B@ 84 @EOC37B@ Γ(x, t,
t+θ) 3; ;<B8: @;3:;84C F684;@ 345 >64@;:E>; ;<B 9BB5O3>Y d3@< BXE8?8O:8E7 D8;< >64;84E6E@
EF53;84C 3@ 96??6D@t

uNE
i (t, x) = ũNE

i (t, s, xt) |s=t=
2x(t)

aiT
, i = 1, . . . , n.

_<B BXE8?8O:8E7 ;:3eB>;6:P xNE(t) D8;< >64;84E6E@ EF53;84C 8@

xNE(t) = x0e
− 2n

T
(t−t0).

K; 8@ 84;B:B@;84C ;6 >67F3:B ;<B 6O;384B5 @6?E;864 D8;< ;<B @6?E;864 69 ;<B 848;83? C37B
345 ;<B C37B D8;< >64;84E6E@ EF53;84C 345 F:B@>:8OB5 8496:73;864 <6:8=64 

]XE8?8O:8E7 @;:3;BC8B@ 345 ;<B >6::B@F64584C ;:3eB>;6:P 84 ;<B 848;83? C37B 3:B

uNE
i,9Q949OV(t, x) =

x(t)

ai(T − t)
, i = 1, . . . , n,

xNE
9Q949OV(t) = x0

(T − t)n

(T − t0)n
.

_<B @6?E;864 69 ;<B C37B D8;< >64;84E6E@ EF53;84C 345 F:B@>:8OB5 8496:73;864 <6:8=64
>34 OB 96E45 84 h&0it

uNE
i,5:(t, x) =

x(t)

aiT
, i = 1, . . . , n,

xNE
5: (t) = x0e

− n
T
(t−t0).
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