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Abstract: We propose the generalized multipomeron exchange model for multiparticle production
in high-energy proton–proton, proton–nucleus and heavy-ion collisions. For all of these systems,
we consider collectivity effects based on the quark–gluon string fusion concept, where new types
of particle-emitting sources—strings with higher tension—are produced. We obtained the model
parameters using the data on the multiplicity dependence of the mean transverse momentum of
charged particles in pp and pp̄ collisions over a wide energy range (from ISR to LHC). We calculated
the yields of strange, multi-strange and charm particles as a function of multiplicity for pp, p-Pb and
Pb-Pb collisions at the LHC energy and compared the results with the experimental data.

Keywords: hadronic interactions; high energy; multiparticle production; quark–gluon strings;
long-range correlations; strangness; charm; Schwinger mechanism; pomerons; string interaction

1. Introduction

The existence of quark–gluon plasma (QGP), a unique state of strongly interacting
matter composed of unconfined quarks and gluons, was predicted by quantum chromody-
namics (QCD), a fundamental theory of strong interaction. The experiments at SPS and
RHIC obtained indications of the QGP formation in the collisions of ultra-relativistic heavy
nuclei, which were later proven at the LHC. They used various observables as characteristic
signals of QGP formation in A-A collisions, such as an increased yield of strangeness, parti-
cle flow harmonics, J/Ψ suppression and jet quenching. Some selected signatures of the
QGP observed at RHIC and the LHC are reviewed in the recently published paper [1]. The
thermodynamics of extremely hot strongly interacting matter formed in ultra-relativistic
nuclear collisions was considered in state-of-the-art hydrodynamic simulations in [2].

In the early works, the collective effects [3], including the intermittence analysis [4],
can be related to the formation of a new form of a strongly interacting quark–gluon medium
that happens only in the collisions of heavy nuclei.

However, new experimental data obtained in collider experiments during the last
decade in proton–proton (pp) and proton–nucleus (p-A) high-multiplicity collisions pro-
vided puzzling evidence that is forcing change in the initially accepted paradigm of rela-
tivistic heavy-ion interactions as the only source (as the only way) of the QGP formation.
Contrary to the initial assumptions of “elementary”, sort-of-reference-type processes in pp
high energy collisions, and of “cold nuclear matter” manifestations in the p− A case [5],
a set of experimental indications of the collective effects was obtained for all types of
these light systems, which were quite similar to the QGP signals in AA collisions. Two
striking phenomena were observed in collisions of small systems: (i) the long-range pseu-
dorapidity correlations, including the “ridge” phenomenon—the azimuthally collimated,
well-extended-in-pseudorapidity structure found in pp and p-A collisions in the ∆η − ∆φ
distributions in two-particle correlations in CMS [6,7], ATLAS [8], ALICE [9] and LHCb [10]
experiments at the LHC—and (ii) the enhanced yield of strange and multi-strange particles
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obtained by ALICE in high-multiplicity pp and p-A collisions [11]. Therefore, it is ex-
tremely interesting to investigate the common physics origin of these complex phenomena,
including, in particular, the long-range correlations and the increased yield of strangeness
observed in high-multiplicity pp, p-A events similar to the peripheral A-A collisions.

Two general approaches exist for the relativistic nucleus–nucleus collisions [12].
The widely used one is a parton-based consideration, where multiple scatterings of partons
of colliding systems are accompanied by the emission and absorption of quarks and gluons
producing intermittent parton cascades. The second one is a string picture, where primary
interactions of hadron systems lead to the formation of color flux tubes (quark–gluon
strings) that are stretched between partons of colliding systems and then broken via qq̄
creation, producing particles. Discussion of the details of these two approaches and some
useful references can be found in [12].

In our work, we follow the second, the quark–gluon string approach, and present further
developments of the multipomeron exchange model worked out previously—see [13–19]—
that already provided a reasonable description of pp collisions of the processes of mean pt-
multiplicity correlations, multiplicity distributions, mean pt dependence on collision energy
and KNO scaling violations. The focus in the present study is on the calculations, performed
on the same platform, of the yield of strange and multi-strange particles measured by ALICE
in the high-multiplicity collisions of both light (pp, p-Pb) and heavy Pb-Pb systems [11].

Similar to [13], we do not consider in the framework of the multipomeron exchange
model any scenario of string interaction. Instead, we introduce it effectively through a
single parameter β that controls the increase in string tension in case of string fusion.

Using data in a broad energy range from ISR to Fermilab, in the previous analysis of
the mean pt-multiplicity correlation, we fixed the parameter β and two other parameters
(the mean number of particles produced per unit of rapidity (the charged rapidity den-
sity) per string, k, and the average string tension, t), as well as their dependence on the
collision energy.

The paper is organized as follows: We give, in Section 2, an overview of experimental
results on long-range correlations and motivation for studies of strangeness production
in pp, p-A and A-A collisions in the string-based approach based on the extended multi-
pomeron exchange model with collectivity.

In Section 3, we describe the effective multipomeron exchange model developed
initially for pp or pp̄ collisions.

This includes the procedure for the definition of values of the model parameters k
(mean multiplicity per rapidity from one string), t (tension of a single quark–gluon string)
and β (parameter that considers the growth of the efficient string tension in case of n
pomerons) (see in Section 3.1). Parameters are extracted by fitting to the available experi-
mental data on multiplicity yields as a function of collision energy and 〈pt〉-multiplicity
(〈pt〉-Nch) correlations in a wide energy range of pp (pp̄) collisions. We also discuss here
the string tension parameter and the contributions to the (〈pt〉-Nch) correlation function
from different multiple soft pomerons.

In Section 4, we present a more detailed analysis of the behavior of model parameters
and predictions using ML-related methods.

Particularly, the multivariate Bayesian Gaussian process with principal component
analysis is applied to the multipomeron exchange model data on the 〈pt〉-multiplicity (〈pt〉-
Nch) correlation and multiplicity distribution in pp (pp̄) collisions in a wide energy range.

An additional study of the behavior of the multipomeron model parameters (β,t) on
the collision energy has been performed.

We also constructed a model prediction for 〈pt〉-Nch correlation for pp collisions at 100
TeV energy.

Section 5 contains the description of different particle yields and calculations in the
Schwinger approach.
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In Section 6, the extension of the model to p-A and A-A collisions is presented for the
description of strangeness and multi-strangeness production, and, in addition, of open
charm production yields.

Section 7 discusses the results of the extended multipomeron model calculations. They
include the energy dependence of the different particle yields in pp collisions, the multi-
plicity dependence of strangeness and multi-strangeness production in comparison with
the experiment [11] and, in addition, the results of calculations of open charm production
as the function of the multiplicity in pp, p-Pb and Pb-Pb collisions.

Finally, we present our conclusions in Section 8.

2. Motivation for Extended Multipomeron Exchange Model

The main peculiarity of the long-range correlations found for all hadronic colliding
systems between some observables measured as well-separated in rapidity windows is
that they are relevant to the initial and not the final states of interaction. In line with the
requirement of the principle of causality, these long-range correlations could originate only
at the very early stages of the collisions [20,21].

Therefore, it appears that the most natural way, potentially capable of taking into
account both two striking phenomena of the long-range correlations and the increased yield
of strangeness in high-multiplicity events, is to consider, as the main particle production
sources, the strong color fields that exist at the initial stages of hadronic collisions.

The color glass condensate (CGC) effective theory [22,23], which is the approach to
the formation of the color flux tubes—longitudinal chromo-electric and chromo-magnetic
fields—is capable of taking into account the origin of two-particle long-range azimuthal
correlations and the gluon content of high-energy colliding hadrons at an early stage,
preceding the formation of the QGP.

Another approach could be based on the concept of multiple exchanges of pomerons
and the formation of quark–gluon strings (color flux tubes) between pairs of partons of
colliding systems. It is these fluctuations of strong color fields, formed at the early stages
of the collisions, that will produce the long-range correlations between observables in an
event-by-event analysis in separate rapidity windows [24–31] and that are also capable of
ensuring the production of strange and multi strange particles.

Therefore, both the long-range rapidity correlations (including the azimuthal harmon-
ics of particle flows) observed in pp, pA and AA collisions and the production mechanism
of strange and multi-strange particles could be relevant to multiple exchanges of pomerons
and to the production of particles in the strong longitudinal color fields (quark–gluon
strings) formed at the early stages of collisions.

In our approach, we are following this stringy picture based on the Regge–Gribov
theory [32], which assumes that, in any nucleon–nucleon interaction, depending on the
collision energy, several pomeron exchanges can occur. Each cut pomeron exchange [33]
corresponds to a pair of quark–gluon strings in the process of fragmentation, during which,
the observed charged particles are produced [34–38].

The hadronization of strings is achieved via the creation of quark–antiquark pairs,
which is usually described via the Schwinger mechanism [39]. This mechanism satisfactorily
describes the “soft” region of the spectrum of observed particles in a wide range of data
produced in the high-energy hadronic collisions. This low-pt part of the particle spectra
is relevant to the soft non-perturbative QCD physics. The detailed analysis of space–time
dynamics and signatures of the soft fragmentation of the color flux tubes are discussed
in [40–42], along with the contribution from the hard-scattering process.

Note that, in our study, we do not discuss hard collisions with a large momentum
transfer, focusing instead on soft processes of string hadronization. We also consider the
Schwinger mechanism [39] in an initial form, derived for a uniform and static system, with-
out consideration of the effects of fluctuations in the string tension, capable of accounting
for the “thermal” distribution of a transverse mass of particles created in the decay of a
color string [43,44].
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In the original string approach [34–38,45,46], the density of strings is small and they
do not interact with each other. However, in the case of a high density of overlapping
strings formed in hadron–hadron collisions, these color flux tubes cannot be considered
as independent particle-emitting sources any more, and some kind of interaction between
them might be expected. The pioneering hypothesis of string–string interaction is in two
forms—repulsion or fusion, depending on the direction of the chromoelectric fields—which
was formulated in [24]. It predicts that flux tubes with oppositely directed fields repel each
other in the transverse direction, whereas they will attract each other in the case where the
direction of the fields is the same.

In case of attraction, at some definite critical string density reached in A-A collisions
or at sufficiently high-energy pp collisions, the percolation phase transition could be reached
and new particle-emitting sources or clusters could appear [25,26,47–53].

In addition, we have to note, as was pointed out in [47], that we can also consider the
percolation of strings as a smooth way to create quark–gluon plasma after cluster thermal-
ization.

The critical string density effects in the hadronic collisions were investigated in [54].
The estimates of the string percolation parameter were conducted for A-A and pp collisions
based on the experimental data on the onset of the ridge phenomenon observed by STAR
in Au-Au collisions at RHIC energies of 62 and 200 GeV [55]. The authors found in [54]
that the “critical” value of the string density parameter could be reached in central Pb-Pb
collisions at SPS collisions at

√
s = 17.3 GeV, thus confirming the earlier estimate in [48].

At the same time, the string density reached in all centrality classes in Pb-Pb collisions at the
LHC energies considerably exceeds the value of the percolation threshold. We could also
expect a sufficiently high string density in pp collisions with a very high overlap of strings
(approximately five) in pp collisions at the LHC. It was suggested in [25,26,56] that string–
string interactions could cause the appearance of new strings with changed properties.
One of the first notes on strangeness as a signal for QGP formation in relativistic nuclear
collisions was presented in [57]. Further on, this subject of strangeness production in the
hadronic collisions was the focus of many theoretical studies. In particular, they proposed
the string fusion model [48,58–60], which was widely used for the analysis of data on
multi-particle production and explanation of enhanced yields of strange and multi-strange
particles in heavy-ion collisions in [27–30,51,61–66].

Strangeness and heavy flavor production and long-range correlations in pp collisions
at LHC energies were considered in the string fusion approach in [16,67,68]. In the case of
string fusion or percolation (see [48]), the yields of the particles with a higher transverse
momentum and of particles containing strange or charm quarks are increased due to the
formation of new types of color flux tubes with much stronger color fields (or strings with
higher tension).

Investigations of the early stages of the hadronic collisions could be performed using
the long-range correlations for various physical observables in multi-particle production.
Studies of these long-range correlations require the minimization of trivial effects relevant to
the trivial, so-called volume fluctuations. In order to eliminate their influence in the analysis
of collisions, strongly intensive observables were proposed in [66,69–71] and, remarkably,
strongly intensive observable Σ, characterizing correlations between the number of parti-
cles produced in two observation windows separated by a rapidity interval, was found
in [52,53,65,66,71–73] to be sensitive to the formation of strings of different types.

In [74], they proposed a model with a fusion of interacting strings and formation of
a multi-string object, called “a rope”. Here, the Schwinger mechanism was implemented
depending on the rope’s initial color charge. Several MC event-generators apply the effects
of string interaction. The parton string fusion MC model (PSM) [75] was developed to
consider the effects of the fusion of strings in A-A collisions. Some forms of collectivity,
such as color reconnection and MPI, were included in the PYTHIA event generator [76].
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The model of color ropes, DIPSY [77], considered the effects of long-range azimuthal
correlations and of mass ordering observed for small systems, with results like those from
a hydrodynamic expansion, but without assuming a thermalized medium.

In the paper [78], the attractive interaction between strings was considered as a result
of σ meson exchange. In this case, the collective effect of the large number of strings
produced in the collision area might proceed to a significant compression of the system
in the transverse plane, leading to an implosion of such high-density “spaghetti-type”
configurations of strings [78].

In the opposite case of repulsion between strings, due to the acquired transverse
momentum for the whole color flux tube (string), the distorted azimuthal distribution of
the produced hadrons will appear and the large azimuthal asymmetry may be observed,
as was predicted in the pioneering work of string–string interactions [24]. In particular, it is
this string–string repulsion that could be present in the microscopic origin of the elliptic flow
and of higher flow harmonics observed in Pb-Pb collisions at the LHC [79] (and is also being
studied in pp an p-A collisions). This repulsive interaction was successfully demonstrated
in the MC calculations [80,81] with the toy model [82]. In this approach, the particle-
emitting sources (strings) are boosted by the combined repulsion by neighbors. Thus,
the initial space anisotropy is converted into anisotropic azimuthal distributions of charged
particles. It was also shown in the Monte Carlo model calculations [81] that collective effects
observed in the experiment on the azimuthal and rapidity topology of the two-particle
correlations picture, including the harmonic decomposition, centrality dependence of flow
coefficients and mass ordering [83], could be rather accurately reproduced due to some
rather weak repulsive types of interactions between color flux tubes (strings).

The string repulsion model (PYTHIA 8 with shoving) [84] is being currently considered
in the analysis of collectivity in hadronic interactions in collisions of small systems (see
references elsewhere).

Recently, interacting color strings were considered [85], with small systems, as the
origin of the liquid behavior of the quark–gluon plasma that might be formed in collision
events. The investigation of the radial distribution function of the color strings, produced in
hadronic collisions, was performed using a percolation-based string model that incorporates
a repulsive interaction. Using the concept of three structures—ideal gas, non-ideal gas
and liquid-like—results demonstrate the existence of states that simultaneously show a
gas–liquid transition and the emergence of a spanning cluster.

These ideas [85] could be considered as a new explanation of the experimentally
observed liquid behavior of the quark–gluon plasma above the confined–deconfined transi-
tion temperature.

In conclusion to this section, we have to note that the universal approach, which
considers all effects of different possible string–string interaction scenarios and observables
mentioned above, including string repulsion and string fusion, correlations and heavy
flavor production and energy and system size dependence, does not exist today. However,
in the present study, we show below, with an efficient account of collectivity and with the
minimum number of parameters, that the common nature of multiparticle production in
the case of small and large systems can be explained in the framework of the multipomeron
exchange model.

3. Effective Multipomeron Exchange Model for pp or pp̄ and p-A Collisions

According to the Regge–Gribov multi-pomeron exchange approach, in one nucleon–
nucleon collision, several pomeron exchanges can occur.

Each pomeron exchange corresponds to a pair of quark–gluon strings in the process of
fragmentation, during which, they produce the observed charged particles.

The multiplicity of charged particles in the collision with n pomeron exchanges can be
obtained as:

Nch = 2knδ , (1)
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where k is the proportionality coefficient, n is the number of pomerons and δ is the accep-
tance, i.e., width, of the (pseudo-)rapidity interval.

In the construction of the model for pp or pp̄ collisions, we start from the probability
of the event with n cut-pomeron exchanges [36,37]:

wn = σn/ ∑
n′

σn′ , (2)

where σn is the cross section of n cut-pomeron exchanges:

σn =
σP
nz

(
1− e−z

n−1

∑
l=0

zl

l!

)
, z =

2Cγs∆

R2 + α′ log(s)
(3)

The numerical values of the parameters used are the following [13,86,87]:

∆ = 0.139, α′ = 0.21 GeV−2, γ = 1.77 GeV−2, R2
0 = 3.18 GeV−2, C = 1.5 , (4)

which allows for a description of inelastic and total cross-sections of the pp interaction in a
wide energy range.

Using probabilities (2), we can calculate the mean and variance of the number of
cut-pomerons:

〈n〉 =
∞

∑
n′=0

n′ wn′ , Var n =
∞

∑
n′=0

n′2 wn′ − 〈n〉2 .

The results are plotted in Figure 1 as a function of collision energy
√

s.

Figure 1. Mean (solid line) and variance (dashed line) of the number of pomerons [14].

For the description of the charged multiplicity in mid-rapidity, we assume that each
cut-pomeron corresponds to a pair of strings. Each of them emits particles into a given
acceptance according to a Poisson distribution with a mean value proportional to this
(pseudo)-rapidity interval. Therefore, the probability for n cut-pomerons to produce Nch
particles is given by:

P(n, Nch) = exp(−2nkδ)
(2nkδ)Nch

Nch!
, (5)

where k is the mean multiplicity per rapidity unit from one string and δ is the acceptance,
i.e., width, of the (pseudo-)rapidity interval.

Using (5), we obtain the probability of having Nch particles in a given event:

P(Nch) =
∞

∑
n=1

wnP(n, Nch)

and mean charged multiplicity:

〈Nch〉 =
∞

∑
Nch=0

NchP(Nch). (6)
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For the description of the pseudorapidity density of charged particles, we can use
Formula (6), substituting δ = 1. Note that, in this case, we have only one parameter k to
adjust for the description of experimental data.

In order to also cover the transverse momentum and its correlation with multiplicity,
we perform the extension of the model as follows. We use the general idea of the Schwinger
mechanism of particle production from one string [39], where the transverse momentum
distribution of charged particles from a string has a Gaussian form:

d2Nch

dp2
t
∼ exp

(
−π(p2

t + m2)

t

)
, (7)

where t corresponds to the string tension.
The assumptions that all strings are identical or that the string tension does not depend

on multiplicity would give zero correlation between transverse momentum and multiplicity.
In order to include collectivity in our model and to be able to describe non-trivial 〈pt〉-Nch
correlations, we introduce, similar to [13], the new parameter β, which is responsible in an
effective way for string interaction (fusion), with β = 0 corresponding to the absence of
collective effects. Thus, the dependence of transverse momentum from one string on the
number of cut-pomerons is introduced:

d2Nch

dp2
t
∼ exp

(
−π(p2

t + m2)

nβt

)
. (8)

Note that the denominator in (8) gives effective string tension nβt.
Due to the well-known dominance of pions observed in particle spectra, it is possible

to simplify the Schwinger mechanism at this stage of analysis of experimental 〈pt〉-Nch
correlations. We calculate this function 〈pt〉Nch in the present model as

〈pt〉Nch =

∞∫
0

ρ(Nch, pt)p2
t dpt

∞∫
0

ρ(Nch, pt)ptdpt

, (9)

where ρ(Nch, pt) is the distribution of Nch particles over pt:

ρ(Nch, pt) =

=
Cw

z

∞

∑
n=1

1
n

(
1− exp(−z)

n−1

∑
l=0

zl

l!

)
· exp(−2nkδ)

(2nkδ)Nch

Nch!
· 1

nβt
exp

(
−πp2

t
nβt

)
. (10)

Here, Cw is a normalization factor:

Cw =

[
∞

∑
n=1

1
nz

(
1− exp (−z)

n−1

∑
l=0

zl

l!

)]−1

=

[
∞

∑
n=1

1
nz

(
1− Γ(n, z)

Γ(n)

)]−1

. (11)

The first multiplier in (10) corresponds to the probability of the production of n
pomerons, the second one is the Poisson distribution of the charged particles from 2n
strings and the last reflects the modified Schwinger mechanism discussed above. We
assume in (10), (11), as a first approximation, that all of the particles have the same mass.
Therefore, the particle mass m is cancelled in the normalization. The treatment of the
different particle masses will be considered in Section 5.
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3.1. Parameter Determination

The first stage of the parameter fitting is the determination of the parameter k—the
mean multiplicity per rapidity from one string. We extract this parameter from the data
(Figure 2) on charged particles multiplicity vs. pp or pp̄ collision energy:

〈Nch〉(s) =
∞

∑
Nch

NchP(Nch) = 2〈n〉 · k · δ. (12)

Figure 2. Pseudorapidity density of multiplicity as a function on energy. Experimental data on
charged particle pseudorapidity density at midrapidity vs. pp or pp̄ collision energy (data are
borrowed from [88]) and the modified multipomeron exchange model—solid line [14].

The smooth logarithmic growth of parameter k is obtained (Figure 3):

k = 0.255 + 0.0653 ln
√

s. (13)

Note that it is possible to achieve the constant behavior of the parameter k, which is the
mean multiplicity per rapidity from one string, while maintaining reasonable agreement with
the experimental data, by applying non-standard Regge–Gribov parameters (4) [89–92].

Figure 3. Dependence of parameter k on energy, obtained in the present model [14].

We obtain the values of the parameters β and t in our approach using the available data
on 〈pt〉-Nch correlations from 17 GeV to 7 TeV. We show the results of fitting in Figure 4.
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Figure 4. Experimental data on the 〈pt〉-Nch correlation at several energies in pp and pp̄ collisions
fitted by the present model [14]. We took the experimental data from [93–101].

The results in Figure 5 show the dependencies of parameters β and t as a function of
energy. The smooth behavior of parameter β with energy is obtained. We approximated
this dependence in Figure 5 by

β = 1.16[1− (ln
√

s− 2.52)−0.19]. (14)

We found, similar to [13], the set of obtained variables t to split in the experimental data
analysis into two subsets: one is around t = 0.566 GeV2 and the second is at t = 0.428 GeV2.
The discrepancy between these sets is related to the differences in data analysis procedures
used in the experiments (in particular, in the interpolation to the softest part of the pt
spectra). We use, for our analysis, the values belonging to the first subset because they
provided the correct values of 〈pt〉 (see also in [13,15]).
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t=0.566 GeV2

t=0.428 GeV2

Figure 5. Dependence of model parameters β (left) and t (right) on energy [14].

3.2. Charged Particles Multiplicity Distribution

We calculated the charged particles multiplicity distribution by integrating the (10)
over pt [15]:

P(Nch) = 2π

∞∫
0

ρ(Nch, pt, z, k, β, t)ptdpt, (15)

We show, in Figure 6, the example of the charged particle multiplicity distribution
calculated in the multipomeron exchange model [14,15] using (15) for pp collisions at 2360 GeV.
We compare it to the experimental data by CMS obtained in the pseudorapidity interval
|η| < 0.5 [101].

ch
N

0 5 10 15 20 25 30

−5
10

−4
10

−3
10

−2
10

−1
10

)
ch

N(P

Figure 6. Example of charged particles multiplicity distributions calculated using (15) in the multi-
pomeron exchange model [14,15] for pp collisions at 2.36 TeV. Experimental data are from [101].

We have to note here that there was not any fitting to the data, so some small discrep-
ancies observed at high multiplicity values for particle multiplicity distributions calculated
in the multipomeron exchange model based on 〈pt〉-Nch correlation (15) results can be
considered as quite reasonable for such an approach. We also note that, in our approach, no
resonance decays are considered, and the contribution of diffractive events is also absent.

3.3. Contributions from Different Multiple Soft Pomerons and String Tension Parameter

We show, in the left part of Figure 7, the example of contributions to the 〈pt〉-Nch
correlation function at 7 TeV from different exchanges of multiple soft pomerons. We
obtained these results with a set of model parameters, as described above; in particular,
with the value of a single string tension of t = 0.566 GeV2. As we can see, the role of
the multipomeron exchanges increases with the growing multiplicity in the collisions. In
addition, both the number of pomerons and fluctuations in the number of pomerons grow
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with the energy (see the results in Figure 1), thus leading to the observed flattening of the
〈pt〉-Nch correlation function with the growing multiplicity.

We found that the value t = 0.566 GeV2 of the efficient string tension parameter ob-
tained in our study is larger than the one in the Regge–Gribov theory, which is usually taken
as 0.197 GeV2. We note that, in our approach, in the procedure of fitting the experimental
〈pt〉-multiplicity correlation functions, we considered t as a free parameter responsible for
the values of the mean 〈pt〉 at low-multiplicity events (i.e., in the case of a single pomeron
exchange). However, the contribution from both the soft hadronization of strings and
from the semi-hard processes (such as jetty events) could be contained in the experimental
spectra of charged particles produced at the midrapidity in pp and pp̄ collisions in the case
of events with small values of multiplicities. Therefore, the values of the efficient parameter
t could be biased due to the jetty contributions.

It is found that this empirical effective value of string tension t = 0.566 GeV2 produces
the qualitatively correct description of strange and charm particle yields relative to pions
in the collisions of both small and large systems. Thus, it may be considered as some proof
of the dominating Schwinger mechanism of different particle production, and relevant to
the hadronization of both strings and jets.

Concerning the fixed value of the single string tension parameter t = 0.566 GeV2 used
here, we note that, within the accuracy of the points in Figure 5 obtained in the fitting
of the existing experimental data on the 〈pt〉-Nch correlation, we cannot make a strong
conclusion on how t depends on energy. One may argue that there is a tendency for the
data of parameter t in this Figure 5 to grow with the energy of the collision. We compared
our calculations for the correlation between transverse momentum and multiplicity in pp
collisions at a top LHC energy of 14 TeV with the data at 13 TeV (in the right panel of
Figure 7).

As one can see, a better description of experimental data at 13 TeV is shown here with
a higher value of parameter t = 0.731 GeV2. This may point to some inefficiency of the
too-simplified model used.

We took, in all of our calculations, the parameter of tension for a single string t to
be a constant: t = 0.566 GeV2. In addition, we used a smooth behavior with energy for
parameter β, as has been approximated by (14). The indications of a growth of single string
tension with energy is supposed to be investigated in a separate study in the next Section 4.

Nch
0     20    40    60    80    100   120  140  160  180

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Figure 7. Left: example of 〈pt〉-Nch correlation function calculated at
√

s = 7 TeV using (9). Pseudo-
rapidity interval is η < 2.4. The results are obtained with a set of model parameters as described
above. Experimental data points are from [102]. We also show contributions of processes made via
the exchange of n soft pomerons. Right: prediction obtained for 14 TeV, compared to experimental
data at 13 TeV [102].
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4. Bayesian Gaussian Process and Principal Component Decomposition

In this section, we present our application of the multivariate Bayesian Gaussian
process and principal component analysis (PCA) to the data in the multipomeron model.

The main motivation for the Bayesian approach in the parameter estimation is the pos-
sibility of the determination of not only the most probable values of the model parameters
but also the possible admissible regions based on available experimental data, with further
propagation of errors to the model predictions. In addition, we can apply the Bayesian
Gaussian process to study the energy dependence of the parameters with no assumption
on the fitting function.

The parameter tuning performed as described above (Section 3.1) is based on the data
on multiplicity and the 〈pt〉-Nch correlation function in pp (pp̄) collisions at an energy of
up to 7 TeV. However, as Figure 7 shows, the assumption of the constant behavior of the
parameter t with

√
s seems to not hold at the higher LHC energy.

Considering the available experimental data, we perform an additional study of the
behavior of the multipomeron model parameters in a wider energy range using the methods
of the multivariate Bayesian approach and Gaussian process [103,104]. As an advantage,
this method allows for a full treatment of the experimental errors in the analysis with the
propagation into the model predictions.

We took the tension of a single string (t) and the parameter of string collectivity (β) as
the parameters to be optimized. We used experimental data on the multiplicity dependence
of the mean transverse momentum in the energy range of 17 GeV–13 TeV [93–102].

Due to the fact that the experimental data on the full 〈pt〉-Nch are quite correlated
bin-by-bin, in order to reduce the dimension of the data, we applied principal component
analysis (PCA).

We made the calculations using the SCIKIT-Learn Gaussian Process Regressor package
(Python 2.7.12, Sklearn 0.18.1) [105,106]. We used a quadratic exhibitor as a correlation
function and Gaussian likelihood function.

In the first stage, the parameter estimation was performed at a fixed energy. First,
for each value of Nch, using the Gaussian process, we obtained model predictions as a
function of the model parameters in a sufficiently large range (the interpolation error did
not exceed 1–2% in the entire range of parameter variations).

Before comparison of the model predictions with the experimental data, we applied
the principal component analysis in order to deal with the existing correlation between
different Nch bins in 〈pt〉-Nch functions. The definition of the main components was made
on the basis of model predictions. An example is shown in Figure 8. We obtained that,
among the principal components, the two most important ones are related to the growth
of the mean transverse momentum with Nch, and the third one represents the correction
for the shape of the 〈pt〉-Nch form correlation function. In all cases, three components are
enough to recover the experimental data, as we show in the closure test in Figure 8, right.

Figure 8. An example of the application of the method of the main component for pp collisions
at 2.36 TeV. The first three main components of the 〈pt〉-Nch correlation function obtained in the
model are shown on the left. Right—decomposition of experimental data on these main components
(closure test).
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From a physical point of view, we can relate this to the two components in the trans-
verse momentum spectrum—soft and hard ones [107]—that have different Nch behavior.
However, we note that they are explicitly absent in the multipomeron model.

On this basis, we used the three most important components to decompose both
the model predictions and the experimental data. We obtained the posterior distribution
using the distance between the model and data expansion coefficients, (see the example in
Figure 9) and we extracted the most probable values of the parameters with the standard
deviations for each collision energy.

Figure 9. A posterior distribution of model parameters (β,t) for pp collisions at 2.36 TeV energy (left)
and its projections (right).

Then, we investigated the dependence of the parameters and their errors on the
energy

√
s. We again applied the Gaussian process approach in order to approximate this

dependence. In addition, we increased the extrapolation into a higher energy region (up
to 100 TeV), which corresponds to the planned maximum energy of the Future Circular
Collider (FCC) [108,109]. We show the results for the energy dependence of the parameters
(β,t) in Figure 10. The results of the approximation show that the data are not enough
to determine whether the growth of β may occur in the limit of infinitely large energy β
approaching 0.5, with an energy reaching over 13 TeV in the string fusion [47,48]. However,
we consider that the growth of the t parameter is proven, and we assume that it might be
related to the increase in the hard process contribution (in the minimum bias collisions).

Figure 10. Approximation of the dependence of the parameters of the model (β,t) on the collision
energy (

√
s, GeV) using the Gaussian process. Dots show the most probable values of the parameters

extracted from the datasets at fixed energy. The shaded area shows the one standard deviation region.

Using the obtained posterior distributions, we constructed a prediction of the model
for the 〈pt〉-Nch correlation at a 100 TeV energy (Figure 11). We can see that, in the large
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multiplicity events, the average transverse momentum reaches 1 GeV/c, which is close to
the region of perturbative QCD.

Figure 11. Prediction for 〈pt〉-Nch correlation function for pp collisions at 100 TeV (the width of the
pseudorapidity interval ∆η = 2.0). Dotted lines show the area of one standard deviation.

We have also applied the same method to the charged multiplicity distribution at the
LHC energy.

The example of the principle component decomposition of the multiplicity distribution
is shown in Figure 12. The meaning of the different components, in this case, indicates the
contribution from the sources at a different number of pomerons n. We compared the model
predictions with the experimental data [101] and we obtained the posterior distribution of
the parameter k (Figure 13).

The most probable value of the parameter is slightly different from the one obtained
in Section 3.2 describing only the mean Nch. The value of k = 0.85 at

√
s = 2.36 TeV

allows us to better describe the multiplicity distribution (Figure 14), including the large
Nch. The higher value of the parameter k may be because of the normalization of events
with a low multiplicity and the contribution of diffraction events.

Figure 12. Example of a principal component decomposition of charged multiplicity distribution in
pp collisions at 2.36 TeV.
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Figure 13. An example of logarithm posterior distribution for model parameter k in describing the
multiplicity distribution in pp collisions at

√
s = 2.36TeV. The maximum is reached at k = 0.85.

Figure 14. Multiplicity distribution in pp collisions at 2.36 TeV. Dots—experimental data [101], orange
line—model predictions at k = 0.76, blue line—at k = 0.86.

5. Description of Different Particle Yields

According to the modified Schwinger mechanism [13,39], in case of an exchange of n
pomerons, the probability of the production of a primary hadron of a given type ν with
transverse momentum pt is proportional to the value

d2Nch

dp2
t
∼ exp

(
−

π
(

pt
2 + mν

2)
teff

)
,

where mν is the mass of the particle and teff is the effective string tension. In the case of pp
and p-Pb collisions:

teff = nβt (16)

where t is the tension of a single string and β is the parameter responsible for the collectivity.
Thus, in nβt, it takes into account, in an efficient way, the increase in string tension due to
the string fusion mechanism in the case of n interacting pomerons.
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The behavior of parameter β as a function of the collision energy was defined from
the data on 〈pt〉 − Nch correlations in pp and pp̄ collisions. The value of parameter β = 0
means no collectivity, and no correlation between transverse momentum and multiplicity.
At β > 0 (β < 0), the positive (negative) 〈pt〉 − Nch correlation appears.

The final hadron spectrum of string fragmentation is modified due to the cascade
decays of resonances. These decays are effectively taken into account by a cascade branching
matrix Mµν extracted from the particle decayer built into the THERMINATOR 2 Monte
Carlo generator [110] For strangeness and multi-strangeness production for each particle,
we applied the dedicated matrix, in which, the particle in question does not decay. Finally,
the relative yields of particles with the account of decays of hadrons have the form:

Yν∼∑
µ

Mµν·
(
2Sµ + 1

)
· exp

−π
(

p2
t + m2

µ

)
teff

,

where Sµ is the spin of a particle of the type µ and Mµν is the effective branching matrix.
The yields of particles are normalized, keeping the total multiplicity Nch.

We consider the application of this formalism in Section 7.

6. Extension of the Multipomeron Exchange Model from pp to p-A and A-A Collisions

The present multipomeron exchange model [13–18], can be extended further to the
case of p-A and to the more complicated one of A-A collisions.

We obtained the probability of the production of n pomerons in the p-A collision as a
convolution of the distribution of the number of participating nucleons with the distribution
wn obtained for the pp interaction (2) and (3) (see details in [18]). However, because of the
obvious uncertainties in the case of A-A collisions, the use of Equations (2) and (3) for the
probability of n-pomeron exchange is not possible. We will apply a different approach for
calculations of the mean number of pomerons 〈n〉 by its relevance to the values of Nch.

We obtained the results for different n pomeron contributions at the given multiplicity
Nch in pp collisions (see the example in Figure 7), and we show that we can use the mean
values of Nch as a proxy for the mean number n of pomerons.

We also assume that, at some fixed centrality, the mean multiplicity of charged particles
is still related to the mean number of pomerons 〈n〉 as (1):

〈Nch〉 = 2k〈n〉δ,

where k is the proportionality coefficient that was obtained earlier and δ is the rapidity
windows size.

For the effective string tension, we use (16) in pp and p-A collisions. Following the
string fusion approach [47,48] for the A-A case, we substitute it by:

teff = t
(

n · S0

S(b)

)β

,

where S(b) is the nucleus overlapping area, which depends on the impact parameter (b).
This is because the string density, and not the string number, matters.

S(b) = R2
0(2ξ − sin(2ξ)) , ξ = arccos

(
b

2R0

)
. (17)

Here, R0 is the radius of the nucleus (R0 = 7.276 fm for Pb nucleus). For S0, the characteristic
overlapping area in pp collisions, we took the inelastic nucleon–nucleon cross section
(S0 = 6 fm2).

We show, in Figure 15, our model calculations of the values of teff on the dependence
of multiplicity in Pb-Pb collisions at

√
s = 2.76 TeV. It is the increased string tension that
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provides, due to the Schwinger mechanism, the hadronization of strongly overlapped
fused strings.

Figure 15. Dependence of efficient string tension teff on multiplicity. Our model calculations for
Pb-Pb collisions at

√
s = 2.76 TeV.

We observe the non-linear growth of teff with Nch and a tendency for saturation in
high-multiplicity events. This behavior is qualitatively similar to the one observed in the
〈pt〉-Nch correlation function in pp collisions.

7. Results and Discussion
7.1. Energy Dependence of the Particle Yields in pp Collisions

First, the main model parameters obtained by fitting the pt-multiplicity correlation
data at midrapidity were used in the study of the energy dependence of multiplicity density
in pp collisions. We made calculations for yields of charged pions, kaons and protons and
compared them to the available experimental data in Figure 16. The model results of
Figure 16 demonstrate a satisfactory qualitative agreement with the experiment, which
improves with energy growth. We can see some systematic shifts to higher values for kaons.
We relate the discrepancies for the yield of protons at a lower energy to the absence of the
treatment of a non-zero baryon density in our model.

7.2. Multiplicity Dependence of Strangeness and Multi-Strangeness Production

We calculated, in the framework of the extended multipomeron exchange model,
the multiplicity dependences of the strange and multi-strange particle yields (K0

s , Λ, Ξ, Ω),
normalized to charged pion multiplicity. We compare the results in Figure 17 to the
experimental data obtained by ALICE at the LHC [11]. Previously, we fixed the parameters
of our model calculations: the tension for a single string t is t = 0.566 GeV2, and smooth
behavior with energy was used for parameter β, approximated by (14). In addition, for the
parameter k— the mean multiplicity per rapidity from one string—a smooth logarithmic
growth with collision energy was used: (13).
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Figure 16. Energy dependence of the mean multiplicity per rapidity for charged pions, kaons
and protons in pp collisions [17,18]. The lines correspond to model calculations. The points denote
experimental data (see references in [111]).

Figure 17. Multiplicity dependence of the strange and multi-strange particle yields (K0
s , Λ, Ξ, Ω) di-

vided by charged pion multiplicity. Left plot—our model calculation for pp collisions at
√

s = 7 TeV
(solid lines) and for Pb-Pb collisions (dashed lines) at

√
sNN = 2.76 TeV (this work). Right plot [11]—

experimental data (dots) and prediction of other models.
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The model qualitatively describes the fast increase in the strange and multi-strange
yields with charged particle multiplicity in pp and p-A collisions. The slope of the growth is
even higher in the model than in the experimental data. We could relate this to the fact that
the parameter β effectively considers all mechanisms for the transverse momentum growth
observed in the experiment, and not only the modification of the string tension. We observe
also, clearly, the trend of the saturation in the yields of strange and multi-strange particles
in a smooth transition from the pp to Pb-Pb collisions, similar to the experimental data.

7.3. Open Charm Relative Yield as the Function of the Multiplicity in pp, p-Pb and
Pb-Pb Collisions

The ALICE Collaboration recently found a faster-than-linear growth for the D-meson
relative yield with an increasing charged-particle multiplicity in pp collisions [111]. The re-
sults of measurements were compared to PYTHIA 8 [76], EPOS 3 [112] and percolation
model calculations [113].

In the percolation model, predictions of a faster-than-linear increase of heavy flavor
relative production with the relative charged-particle multiplicity were in line with the
experiment. All models gave a qualitative description. Detailed discussion of these models’
applications in analysis may be found in [111].

The first analysis based on a string fusion approach to heavy flavor production was
performed in the MC event-by-event simulations using a partonic model with color dipoles
in [68]. We note that it was suggested in [68] that different mechanisms of charm production
in hadronic collisions could be discriminated by the long-range correlation studies.

In this work, we also performed, in the framework of the multipomeron exchange
approach, calculations of the relative yields of D mesons in pp, p-Pb and Pb-Pb collisions
as a function of multiplicity. Thus, we are also testing the hypothesis of the multipomeron
model soft mechanism of D-meson formation in pp and Pb-Pb collisions. The results are
presented in Figure 18 and compared to the experiment. corr
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Figure 18. Left: The relative open charm yield in pp and p-Pb collisions at
√

s = 7 TeV as a function
of normalized charged multiplicity, calculated in model [18] and compared with the experimental
data [114]. The dotted line shows linear dependence of the yield (proportional to the total charged
multiplicity). Right: Multiplicity dependence of D0 meson production divided by pion multiplicity
in Pb-Pb collisions at 2.76 TeV, self-normalized in the 30-50% centrality class. The line shows
model calculation and the dots show experimental data, which were extracted from the data of
papers [114,115].

Therefore, we showed that, in the framework of the multipomeron exchange approach,
it is possible to describe both the deviation from linearity in the case of pp collisions
and the slow growth of the D-meson relative yield with multiplicity in Pb-Pb collisions.
These results confirm that the production of the open charm behaves very similarly to
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that of pions, which has been observed in the experimental data (for example, on nucleon
modification factors or azimuthal flow).

The benefit of the multipomeron exchange model with the account of collectivity is the
low number of parameters, derived through the analysis of the pt-multiplicity correlation
in a broad energy range from ISR to Fermilab and then fixed. We applied the same set
of parameters of the multipomeron exchange model in order to catch the gross features
of multiparticle production, including strangeness and charm, in soft processes, both in
collisions of light and heavy systems.

We note that we use the Schwinger mechanism in our calculations practically in
its initial form, without consideration of the effects of the string tension fluctuations.
The last ones can account for the “thermal” distribution of a transverse mass of particles
created in the decay of a color string [43,44]. We expect that the quantitative agreement
of calculations with data could be better with a more careful analysis of the single string
tension dependence on the energy of the collision. Further studies in this direction may be
discussed and foreseen.

8. Conclusions

We present a new generalization of the multipomeron exchange model for relativis-
tic A-A collisions. The model uses the universal concept of particle production in the
hadronization of quark–gluon strings formed at the initial stages of high energy pp, p-A
and A-A collisions. It is based on the Regge–Gribov multipomeron approach assuming that,
in any nucleon–nucleon interaction, several pomeron exchanges can occur depending on
the collision energy. Each pomeron exchange corresponds to a pair of quark–gluon strings
in the process of fragmentation, of which, the observed charged particles are produced.
The main feature of this approach, in the case of a high density of overlapping strings, is
the efficient account of pomeron–pomeron interactions via the quark–gluon string fusion.
This fusion provides the formation of new types of particle-emitting sources: strings with a
higher tension.

Previously, we defined and fixed the model parameters in the analysis in a wide
energy range (from ISR to LHC) of pp and pp̄ collision data on the correlations of the mean
transverse momentum with the multiplicity of charged particles produced at midrapidity.
We do not consider any scenario of string interaction in this work. The effect of string
collectivity, associated with a change in string tension due to the fusion process in a certain
class of events in pp, p-A and A-A collisions, is considered by a single parameter β.

We also performed a more detailed analysis of the behavior of model parameters and
predictions using ML-related methods. We obtained the principal component decomposi-
tions for the multiplicity distribution and the 〈pt〉-multiplicity (〈pt〉-Nch) correlation func-
tion.

We show in the multipomeron exchange model with collectivity that it is the Schwinger
mechanism with the efficient tension of fused strings controlled by β that handles the
growth of multiplicity, the creation of particles with a higher transverse momentum and
the increased yield of particles containing strange or charm quarks.

The calculations are performed in the framework of the multipomeron exchange model
with the same parameters for pp, p-Pb and Pb-Pb collisions for the yields, as a function of
multiplicity, for the strange and multi-strange particle (K0

s , Λ, Ξ, Ω).
We found that the results are consistent with the experimental data [11], which show

the rather fast rise of the strange particles yield vs. multiplicity for pp, p-Pb, while the flat
dependence is measured for Pb-Pb collisions.

We also calculated in our approach the open charm relative yields in pp collisions
at
√

s = 7 TeV and of D-mesons in Pb-Pb collisions at
√

s = 2.76 TeV. We compared the
results to the experiment, thus testing the hypothesis of the soft mechanism of D-meson
formation in high-energy pp, p-Pb and Pb-Pb collisions. The results are also found to be
in sufficient agreement with the available experimental data [111,115]. We showed that
the generalized multipomeron exchange model can describe the fast deviation from the
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linearity in the case of pp collisions and a rather weak behavior of the relative D-meson
yield with multiplicity in Pb-Pb collisions.
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