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OZC<BjF`ZC Z<<ac<BAc B> DB^ac <A <;a jAccaj<BAc Ak <;a @BoaCac<BZ`+@BoaCac<BZ` >d><a\ nB<;
<;a a^A`F<BAcZCd @BoaCac<BZ` >d><a\ Zc@ <;a >aZCj; jAc@B<BAc> Bc n;Bj; <;a =CA=aC<Ba> Ak <;a
@BoaCac<BZ` >d><a\ ZCa =Ca>aC^a@� P;B> jAccaj<BAc a><ZE`B>;a> Z FcB^aC>Z` \a<;A@ Ak >a\B+
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jAc@B<BAc> Ak FcBmFaca>> >A`^ZEB`B<d Zc@ jAc<BcFB<d Ac <;a BcB<BZ` @Z<Z kAC <;a @BoaCac<BZ`+
@BoaCac<BZ` >d><a\� [ =CBACB a><B\Z<a> Ak <;a cAC\> Ak Z naZ] >A`F<BAc Ak @BoaCac<BZ`+
@BoaCac<BZ` >d><a\ DB^a Zc A==AC<FcB<d <A a><ZE`B>; cA< Ac`d <;a >A`^ZEB`B<d Ak <;B> >d><a\
EF< Z`>A <;a auB><acja Ak Z naZ] >A`F<BAc Ak <;a a^A`F<BAcZCd @BoaCac<BZ` >d><a\� hAC <;a
@BoaCac<BZ`+@BoaCacja >d><a\ ZcZ`d>B> Ak <;a A=<B\Z` jAc<CA` =CAE`a\ B> =Ca>ac<a@U jAc<ZBcBcD
cZ<FCZ` Bc <;Z< jZ>a> Z Z@@B<BAcZ` ><F@d Ak <;a =CAE`a\ nB<; Z <B\a `ZD� P;B> a>>ac<BZ``d
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ZcZ`d>B> Ak A=<B\Z` jAc<CA` =CAE`a\> kAC @BoaCac<BZ` >d><a\> nB<; @B><CBEF<a@ =ZCZ\a<aC>
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F85898WG986> ;A9:6F @?AF 8? G @>8CA7?G4 ;A9:6F 9:G9 E76C8FA? G> ABA=98CA 9664 <67 �>F8>5
=6>F8986>? 6< @>8I@A>A?? ?64CGQ8489H G>F =6>98>@89H 6> 9:A 8>898G4 FG9G <67 G F8BA7A>98G4R
F8BA7A>98G4 ?H?9A;( T:A G>G4H?8? 6< 9:A E76Q4A; 6< 6E98;G4 =6>9764 6< 9:A F8BA7A>98G4R
F8BA7A>=A ?H?9A; =6>9G8> G GFF8986>G4 ?9@FH 6< 9:A E76Q4A; ^89: 9A;E67G7H FA4GH 8> ?@=:
=G?A?( T:A ^67O G4?6 ?:6^? ^GH? 96 97G>?<A7 9:A 7A?@49? 8> =G?A 6< G>G4H?8? 6< 6E98;G4
=6>9764 E76Q4A;? ^89: =G778A7 8> >A9^67OR48OA F6;G8>?(

"� m;<8D D49D6>A<N 56Y98A849< ;95 ;n?@;A849<� aA9 Γ 8? G 678A>9AF Q6@>FAF
57GE: ^:6?A AF5A? G7A EG7G;A9A78WAF QH G ?A5;A>9 [0, 1]w Γ0 8? G ?A9 6< G44 78Q? 9:G9 F6 >69
=6>9G8> 9:A87 A>FE68>9?v Γ0 = Γm ΓT = Γ0 × (0, T )(

�A ^844 @?A ?9G>FG7F >69G986>? <67 9:A ?EG=A? 6< aAQA?I@A G>F e6Q64ACv
• Lp(Γ) kp = 1, 2l 8? G �G>G=: ?EG=A 6< ;AG?@7GQ4A <@>=986>? 6> Γ0m 8>9A57GQ4A ^89:

FA57AA 6< 67FA7 p k?8;84G74H FA�>AF 9:A ?EG=A Lp(ΓT )lw
• W 1

2(Γ) 8? 9:A ?EG=A 6< <@>=986>? <76; L2(Γ)m ^89: 5A>A7G48WAF FA78CG98CA 6< 67FA7 1
G4?6 <76; L2(Γ)w

• L2,1(ΓT ) 8? 9:A ?EG=A 6< <@>=986>? <76; L1(ΓT ) ^89: >67; FA�>AF QH 7G986

‖u‖L2,1(ΓT ) =
T∫
0

(
∫
Γ

u2dx)
1
2 dtw

• W 1,0
2 (ΓT ) 8? 9:A ?EG=A 6< <@>=986>? <76; L2(ΓT ) ^89: 5A>A7G48WAF FA78CG98CA 6< 67FA7

, <67 x QA46>58>5 96 ?EG=A L2(ΓT ) k?8;84G74H FA�>AF 9:A ?EG=A W 1
2(ΓT ))(

)> 9:A F6;G8> ΓT =6>?8FA7 9:A EG7GQ648= AI@G986>

∂y(x,t)
∂t − ∂

∂x

(
a(x)∂y(x,t)∂x

)
+ b(x)y(x, t) = f(x, t), x, t ∈ ΓT , k,l

^89: ;AG?@7GQ4A G>F 48;89AF QH Γ0 =6A�=8A>9? a(x)m b(x)w f(x, t) ∈ L2,1(ΓT )(
eA;8RF85898WG986> QH 9A;E67G4 CG78GQ4A t kM69:A ;A9:6F i,/jl GEE48AF 96 9:A AI@G986>

k,l 7AF@=A 96 G F8BA7A>98G4RF8BA7A>=A AI@G986>

1
τ (y(k)− y(k − 1))− d

dx

(
a(x)dy(k)dx

)
+ b(x)y(k) = fτ (k), k = 1, 2, ...,M, kpl

^:A7A y(k) := y(x; k) G>F fτ (k) =
1
τ

kτ∫
(k−1)τ

f(x, t)dt ∈ L2(Γ)m k = 1, 2, ...,M (

aA9P? 8>976F@=A 9:A ?EG=A? 6< 9:A ?9G9A? y(x, t) 6< 9:A AI@G986> k,l G>F y(k) := y(x; k)
kk = 1, 2, ...,Ml AI@G986> kpl( aA9P? FA?85>G9A 9:76@5: Ωa(Γ) G ?A9 6< F8BA7A>98GQ4A <@>=R
986>? y(x) 9:G9 ?G98?<H 9:A 7A4G986>?∑

γ∈R(ξ)

a(1)γ
dy(1)γ
dx =

∑
γ∈r(ξ)

a(0)γ
dy(0)γ
dx

8> G44 >6FA? ξ ∈ J(Γ) k8> :A7A R(ξ) G>F r(ξ) G? 9:A ?A9? 6< 9:A AF5A? γ 7A?EA=98CA4H 678A>9AF
S96 >6FA ξU G>F S<76; >6FA ξUm ?H;Q64 θ(·)γ FA?85>G9AF 9:A >G776^8>5 6< 9:A <@>=986> θ(·)
6> 9:A AF5A γl G>F u(x)|∂Γ = 0( T:A =46?8>5 6< 9:A ?A9 Ωa(Γ) 8> >67; W 1

2(Γ) 7A4GQA4
W 1

0(a; Γ)(
aA9 9:A >AD9 Ωa(ΓT ) 8? 9:A ?A9 6< <@>=986>? y(x, t) ∈ W 1,0

2 (ΓT )m ^:6?A 97G=A? u(x, t0)
G7A FA�>AF 8> ?A=986>? 6< 9:A F6;G8> ΓT 9:A E4G>A t = t0 kt0 ∈ (0, T )l G? G <@>=986> 6<
=4G?? W 1

0(a; Γ)( d46?8>5 9:A ?A9 Ωa(ΓT ) QH 9:A >67; W 1,0
2 (ΓT ) ;G7O 9:76@5: W 1,0

0 (a; ΓT )v
W 1,0

0 (a; ΓT ) ⊂ W 1,0
2 (ΓT )( )< =46?8>5 9:A ?A9 Ωa(ΓT ) 7AG48WA QH 9:A >67; W 1

2(ΓT )m 9:A> ^A
5A9 ?EG=A W 1

0(a; ΓT )v W
1
0(a; ΓT ) ⊂W 1

2(ΓT )(
aA9 9:A <@>=986> y(x, t) ∈W 1,0

0 (a; ΓT ) ?G98?<H 9:A 8>898G4 G>F Q6@>FG7H =6>F8986>?

y |t=0 = ϕ(x), ϕ(x) ∈ L2(Γ), y |x∈∂ΓT= 0, k+l
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G>F 9:A <@>=986>? y(k) ?G98?<H 9:A =6>F8986>?

y(0) = ϕ(x), y(k) |x∈∂Γ= 0, k = 1, 2, ...,M. k1l

X6Y98A849  � = a2B5 461FT;6< T6 TR2 ;<;T;B1 A6F<HB:7 CB1F2 U:6A123 k,lm k+l 6c Y1B44
W 1,0

2 (ΓT ) ;4 YB112H B cF<YT;6< y(x, t) ∈ W 1,0
0 (a; ΓT ) TRBT 4BT;4]24 TR2 ;<T2L:B1 ;H2<T;T7

− ∫
ΓT

y(x, t)∂η(x,t)∂t dxdt+ �T (y, η) =
∫
Γ

ϕ(x)η(x, 0)dx +
∫
ΓT

f(x, t)η(x, t)dxdt

c6: B<7 η(x, t) ∈ W 1
0(a,ΓT ) TRBT ;4 O2:6 BT t = T � k2:2 �T (y, η) ;4 A;1;<2B: c6:3
 H2]<2H

A7 TR2 :BT;6

�T (y, η) =
∫
ΓT

(
a(x)∂y(x,t)∂x

∂η(x,t)
∂x + b(x)y(x, t)η(x, t)

)
dxdt.

X6Y98A849 "� = a2B5 461FT;6< T6 B A6F<HB:7 CB1F2 U:6A123 kplm k1l ;4 YB112H cF<YT;6<4
u(k) = W 1

0(a,Γ) (k = 0, 1, 2, ...,M)m u(0) = ϕ(x) kϕ(x) ∈ L2(Γ)lm 4BT;4c7;<L B< ;<T2L:B1
;H2<T;T7 ∫

Γ

y(k)t η(x)dx + �(y(k), η) =
∫
Γ

fτ (k) η(x)dx, k = 1, 2, ...,M,

c6: B<7 η(x) ∈ W 1
0(a,Γ)
 2fFB1;T7 y(0) = ϕ(x) ;< k1l ;4 F<H2:4T66H B1364T 2C2:7aR2:2


y(k)t =
1
τ (y(k)− y(k − 1))w �(y(k), η) ;4 A;1;<2B: c6:3
 H2]<2H A7 TR2 :BT;6

�(y(k), η) =
∫
Γ

(
a(x)dy(x;k)dx

dη(x)
dx + b(x)y(x; k)η(x)

)
dx.

U6@;?V  � NA�>8986> p ?:6^? 9:G9 <67 AG=: �DAF k = 1, 2, ...,M 7G986 kplm k1l 8? G
Q6@>FG7H E76Q4A; 8> ?EG=A W 1

0(a,Γ) <67 9:A A448E98=G4 AI@G986> kpl 7A4G98CA4H y(k)(
o6@@;  � G2T ϕ(x) ∈ L2(Γ) B<H TR2 Y6<H;T;6<4 A2 cF1]112H

0 < a∗ � a(x) � a∗, |b(x)| � β, x ∈ Γ0. k2l

>61FT;6< 6c 474T23 kplm k1lm ;� 2� cF<YT;6<4 y(k) (k = 1, 2, ...,M)m aR2< 43B11 2<6FLR τ B:2
F<;fF217 H2]<2H B4 21232<T4 6c 4UBY2 W 1

0(a; Γ)�
` 7 6 6 <( )> 9:A ^67O? i,,m ,pj A?9GQ48?:A? 9:A QG?8? E76EA79H 8> 9:A ?EG=A? W 1

0(a; Γ)
G>F L2(Γ) 9:A ?H?9A; 6< 5A>A7G48WAF A85A><@>=986>? 6< 9:A 6>ARF8;A>?86>G4 A448E98=G4 6EAR

7G967 Λm 5A>A7G9AF QH F8BA7A>98G4 ADE7A??86> Λφ = − d
dx

(
a(x)dφ(x)dx

)
+ b(x)φ(x)( 39 9:A

?G;A 98;Am 8< 9:A =6>F8986>? k2l QH <@4�44AFm 9:A> A85A>CG4@A? 6< 6EA7G967 Λ G7A 7AG4m E6R
?898CA kAD=AE9m ;GHQAm 9:A �>89A4H >@;QA7 6< 9:A �7?9l G>F :GCA 9:A �>89AR96R6>A( T:AH
=G> QA >@;QA7AF 8> 9:A 67FA7 6< 8>=7AG?8>5 ;6F@4A?m 9GO8>5 8>96 G==6@>9 9:A ;@498E48=89Hv
{λi}i�1w 7A?EA=98CA4H >@;QA7AF G>F 5A>A7G48WAF A85A><@>=986>? {φi(x)}i�1( �67 9:A E76Q4A;
Λφ = λφ + gm g ∈ L2(Γ)m 9:A7A 8? G> G49A7>G98CA 96 �7AF:64;( �G?AF 6> 9:8? ^:A> k = 1
^A 5A9 G> @>8I@A>A?? 7A?64@986> 7A4G98CA 96 y(1) 9:A Q6@>FG7H E76Q4A;

Λy(1) = − 1
τ y(1) + fτ (1) +

1
τ y(0), y(0) = ϕ(x),

<67 τ < τ0 G>F G ?;G44 A>6@5: E6?898CA τ0( T:A ?G;A ?9G9A;A>9 89 7A;G8>? 97@A 8> G>H
k = 2, 3, ...,M m 57G>98>5 9:A FA�>8986> 6< <@>=986>? y(2)m y(3)m(((m y(M) QH 9:A 7A=@77A>9
7G986

Λy(k) = − 1
τ y(k) + fτ (k) +

1
τ y(k − 1).
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�A46^m G9 7A=A8C8>5 G E78678 A?98;G9A? >67;? 6< <@>=986> y(k)m ^844 8>F8=G9A 9:A Q6@>R
FG7H τ0 6< 9:A =:G>5A τ ( aA;;G 8? E76CA>(

T:A ;A9:6F 6< E766< 6< 9:A AD8?9A>=A 6< G ^AGO ?64@986> 6< F8BA7A>98G4RF8BA7A>=A
?H?9A; kplm k1l :G? G ?AI@A>=A 6< GFCG>9G5A?( T:8? ;A9:6F 8? QG?AF 6> �>F8>5 G E78678
A?98;G9A? <67 >67; 6< <@>=986> y(k) F6A? >69 FAEA>FA>9 6> τ ( eEA=8�=G44Hm 89 A?9GQ48?:A?
9:A =6>F8986>? 6< AD8?9A>=A G>F @>8I@A>A?? 6< 9:A ?64@986>m 9:A =6>98>@89H 6< 9:A ?64@986>
6> 9:A 8>898G4 FG9G k9:A 4G99A7 5@G7G>9AA? 9:A ?9GQ8489H 6< 6Q9G8>8>5 G ?64@986> 96 G F8BA7A>9
E76Q4A;l(

�67 FA9A7;8>A G ^AGO ?64@986> y(k)m k = 1, 2, ...,M m G F8BA7A>98G4RF8BA7A>=A AI@G986>
kpl ^844 5A9 G> G E78678 A?98;G9A 9:G9 F6A? >69 FAEA>F 6> τ (

[G64?6@  � G2T TR2 Y6<H;T;6<4 k2l A2 cF1]112H B<H 12T TR23 ϕ(x) ∈ L2(Γ)� l<H2:
τ � τ0 <

1
4β B<H B<7 k = 1, 2, ...,M c6: cF<YT;6<4 u(k) Y6::2YT17 cB;: 24T;3BT24

‖y(k)‖2,Γ � e4βT (‖ϕ‖2,Γ + 2‖fτ(k)‖2,1,Γ) krl

B<H

‖y(m)‖22,Γ + 2a∗τ
m∑
k=1

‖ dy(k)dx ‖2 + τ2
m∑
k=1

‖y(k)t‖22,Γ � C(‖ϕ‖22,Γ + ‖fτ(m)‖22,1,Γ), kJl

<6T H2U2<H2<T 6< TR2 4T2U τ m Y6<4TB<T C H2U2<H4 6<17 6< a∗
 β B<H T �
` 7 6 6 <( cA7A G7A 9:A ;G8> G75@;A>9?m 9:A <@44 E766< 8? E7A?A>9AF 8> 9:A ^67O i,+j(
�76; AI@G489H y(k − 1)2 = (y(k)− τy(k)t)

2 = y(k)2 + τ2y(k)2t − 2τy(k)y(k)t <6446^?

2τy(k)y(k)t = y(k)2 + τ2(y(k)t)
2 − y(k − 1)2. kKl

)> 9:A 8>9A57G4 8FA>989H 6< 9:A NA�>8986> p ^A ^844 E@9 η(x) = 2τy(k) G>Fm 9GO8>5 8>96
G==6@>9 9:A 7G986? k2lm kKlm ^A 5A9 8>AI@G489H∫

Γ

y(k)2dx− ∫
Γ

y(k − 1)2dx+ τ2
∫
Γ

(y(k)t)
2dx+ 2a∗τ

∫
Γ

(dy(k)dx )2dx �

� −2τ
∫
Γ

b(x)y(k)2dx+ 2τ
∫
Γ

fτ (k)y(k)dx

G>F 9:A>m ^:A> k = 1, 2, ...,M m

‖y(k)‖22,Γ − ‖y(k − 1)‖22,Γ + τ2‖y(k)t‖22,Γ + 2a∗τ‖ dy(k)dx ‖2 �
� �τ‖y(k)‖22,Γ + 2τ‖fτ (k)‖2,Γ‖y(k)‖2,Γ, kXl

^:A7A � = 2βw :A7A G>F QA46^ 9:76@5: ‖ · ‖2,Γ 9:A ;G7OAF >67; 8> ?EG=A L2(Γ)( �76;
8>AI@G489H kXl <6446^

‖y(k)‖22,Γ − ‖y(k − 1)‖22,Γ � �τ‖y(k)‖22,Γ + 2τ‖fτ (k)‖2,Γ‖y(k)‖2,Γ. k,/l

aA9P? ?GH 9:G9 ‖y(k)‖2,Γ + ‖y(k − 1)‖2,Γ > 0( N8C8F8>5 8>AI@G489H k,/l QH ADE7A??86>
‖y(k)‖2,Γ + ‖y(k − 1)‖2,Γm 57G>98>5 ‖y(k)‖2,Γ/ (‖y(k)‖2,Γ + ‖y(k − 1)‖2,Γ) � 1m 7AF@=A 96
G> A?98;G9A

‖y(k)‖2,Γ � 1
1−�τ ‖y(k − 1)‖2,Γ + 2τ

1−�τ ‖fτ (k)‖2,Γ, k,,l

@>FA7 τ � τ0 < 1
2� ( )< ‖y(k)‖2,Γ + ‖y(k − 1)‖2,Γ = 0m 9:A> 6@9 6< k,/l 89 ?:6@4F QH

0 � �τ‖y(k)‖2,Γ+2τ‖fτ (k)‖2,Γ( T:A 6Q9G8>AF 8>AI@G489H G4?6 4AGF? 96 G> A?98;G9A k,,l 6>
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^:8=: ^A 7A=A8CA

‖y(k)‖2,Γ � 1
1−�τ ‖y(k − 1)‖2,Γ + 2τ

1−�τ ‖fτ (k)‖2,Γ �

� 1
(1−�τ)k ‖y(0)‖2,Γ + 2τ

k∑
s=1

1
(1−�τ)k−s+1 ‖fτ (s)‖2,Γ �

� 1
(1−�τ)k

(
‖y(0)‖2,Γ + 2τ

k∑
s=1

‖fτ(s)‖2,Γ
)

�

� e2�T (‖y(0)‖2,Γ + 2‖fτ(k)‖2,1,Γ) , ‖fτ (k)‖2,1,Γ = τ
k∑
s=1

‖fτ (s)‖2,Γ,

9:A 4G99A7 8>AI@G489H 8? G =6>?AI@A>=A 6< 9:A 7G986? �τ
1−�τ k � �T

1−�τ � 2�T G9 τ < 1
2� G>F

1
(1−�τ)k � e2�T ( T:@?m 9:A A?98;G9A krl( �H ?@;;8>5 @E k 9:A 8>AI@G489H k,/l QH 1 96

m �M G>F @?8>5 A?98;G9A? kXlm ^A =6;A 96 8>AI@G489H

‖y(m)‖22,Γ + 2a∗τ
m∑
k=1

‖ dy(k)dx ‖2 + τ2
m∑
k=1

‖y(k)t‖22,Γ � C(‖ϕ‖22,Γ + ‖fτ (m)‖22,1,Γ),
k = 1, 2, ...,M,

:A7A 9:A =6>?9G>9 C FAEA>F? 6>4H 6> a∗m β G>F T ( T:A 4G99A7 E76CA? 9:A =677A=9>A?? 6< 9:A
A?98;G9A kJl(

Z4?477;?H  � �76; 9:A 8>AI@G4898A? krl G>F kJl <6446^? =6>98>@89H 8> 9:A ?EG=A? L2(Γ)
G>F W 1

0(a,Γ) ?64@986>? 6< 9:A F8BA7A>98G4RF8BA7A>=A ?H?9A; kplm k1l G==67F8>5 96 9:A ?6@7=A
FG9G ϕ(x)m fτ (k)(

Z4?477;?H "� )>AI@G489H kJl ;GOA? 89 E6??8Q4A 96 A?9GQ48?: 9:A =6>CA75A>=A 6< 9:A
M69:A ;A9:6F <67 9:A 8>898G4 Q6@>FG7H CG4@A E76Q4A; k,lm k+l 8> ?EG=A W 1,0

0 (a; ΓT )( aA9P?
FA?85>G9A 89 9:76@5: uM (x, t) G <@>=986> AI@G4 y(k) G9 t ∈ ((k− 1)τ, kτ ]m k = 1, 2, ...,M ( )9
8? =4AG7 9:G9 uM (x, t) 89 QA46>5? 96 9:A ?EG=A W 1,0

0 (a; ΓT ) G>F ?G98?<H 8>AI@G489H kJl( _==@7
A?98;G9A

‖yM‖2,ΓT + ‖∂yM∂x ‖2,ΓT � C∗, k,pl

^:A7A C∗ 8? =6>?9G>9m 8>FAEA>FA>9 6< τ w :A7A G>F QA46^ 9:76@5: ‖ ·‖2,ΓT 9:A ;G7OAF >67;
8> ?EG=A L2(ΓT )( �H G>G465Hm ^AP44 8>976F@=A G <@>=986> fM (x, t) AI@G4 96 fτ (k) @>FA7
t ∈ ((k − 1)τ, kτ ]m k = 1, 2, ...,M ( aA9 89 M → ∞( �A=G@?A 6< 9:A A?98;G9A k,plm <76;
9:A ?AI@A>=A yM (x, t) =G> F8?98>5@8?: G ?@QR?AI@A>=A 9:G9 8? ^AGO4H =6>CA75A>9 8> >67;
W 1,0

2 (ΓT ) 96 <@>=986> y(x, t) ∈W 1,0
0 (a; ΓT )( )9 8? >69 F8�=@49 ^:G9 y(x, t) 8? G ^AGO ?64@986>

96 9:A 8>898G4 Q6@>FG7H CG4@A E76Q4A; k,lm k+lm 8( A( ?G98?�A? 9:A 8FA>989H 6< NA�>8986> ,(
T6 F6 9:8?m 89 8? A>6@5: 96 A?9GQ48?: 9:8? 8FA>989H <67 G <@>=986> η(x, t) ∈ C1(ΓT+τ ) 9:G9
?G98?<H 9:A =6>F8986>? 6< G57AA;A>9 8> G44 8>9A7>G4 >6FA? 6< 9:A 57GE: Γ G9 G>H t ∈ (0, T )
G>F =6>F8986>? η|∂ΓT = 0m η|t∈[T,T+τ ] = 0 k?AA GQ6CA 9:A FA�>8986> 6< ?EG=A W 1

0(a; ΓT )l(
�@>=986>? η(k) G7A FA�>AF QH η(x, t) AI@G489H η(k) = η(x, kτ)m k = 1, 2, ...,M m 8> GFF8986>
η(k)t′ =

1
τ [η(k + 1)− η(k)] k>69A 9:G9 9:A F8BA7A>=A I@698A>9 η(k)t′ G>F η(k)t =

1
τ [η(k)−

η(k−1)] G7A 785:9 G>F 4A<9 GEE76D8;G986>? FA78CG98CA ∂η
∂t G9 9:A E68>9 t = kτ m 7A?EA=98CA4Hl(

3? F6>A GQ6CA <67 y(k)m QH η(k) FA�>AF ?A=986>G44H =6>98>@6@? QH t <@>=986> ηM (x, t)m
∂ηM (x,t)

∂x m ∂ηM (x,t)
∂t ( )9P? AG?H 96 CA78<H 9:G9 ηM (x, t)m ∂ηM (x,t)

∂x m ∂ηM (x,t)
∂t @>8<67;4H =6>CA75A

G9 M → ∞ 6> ΓT 96 9:A <@>=986>? η(x, t)m ∂η(x,t)∂x m ∂η(x,t)∂t m 7A?EA=98CA4Hm ^:A7A ηM (x, t) = 0m
t ∈ [T, T + τ ](

%� [G6 >?4C76@ 4= 4>A8@;7 D49A?47� T@7> 96 9:A E76Q4A; 6< 6E98;G4 =6>9764 6<
F8BA7A>98G4RF8BA7A>=A ?H?9A; kplm k1l( aA9P? FA?85>G9A 9:76@5: U 9:A =6>9764 ?EG=A k?A9
FAEA>F8>5 6> 9:A >G9@7A 6< 9:A GEE48AF 9G?O?m ACA7H^:A7A QA46^ U = L2(Γ)l G>F 4A9 9:A
48>AG7 6EA7G967 B : U → L2(Γ) QA ?A9(
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aA9P? FA?85>G9A 9:76@5: y(k; v(k)) := y(x, k; v(k))m v(k) := v(x; k) ∈ U kk = 0, 1, ...,
Mlm 9:A ?64@986> 6< 9:A ?H?9A;

1
τ [y(k; v(k))− y(k − 1; v(k − 1))]− d

dx

(
a(x)dy(k; v(k))dx

)
+ b(x)y(k; v(k)) =

= fτ (k) +Bv(k), k = 1, 2, ...,M,

k,+l

y(0; v(0)) = ϕ(x), y(k; v(k)) |x∈∂Γ = 0, k = 1, 2, ...,M. k,1l

�@>=986>? y(k; v(k)) FA?=78QA 9:A ?9G9A 6< 9:A ?H?9A; k,+lm k,1lm 9:A 6Q?A7CG986> 8? ?A9
QH G 48>A 6EA7G967 C : W 1

0(a; Γ) → L2(Γ)m 8( A( w(k; v(k)) := w(x, k; v(k)) = Cy(k; v(k))(
3? A>?@A? <76; =6>?AI@A>=A , 6< T:A67A; ,m 48>AG7 F8?E4GH v(k) → y(k; v(k)) 6< ?EG=A U
8>96 ?EG=A W 1

0(a; Γ) =6>98>@6@?4H <67 G>H k = 1, 2, ...,M (
X6Y98A849 %� = a2B5 461FT;6< 6c TR2 H;n2:2<T;B1^H;n2:2<Y2 474T23 k,+lm k,1l ;4 YB112H

cF<YT;6<4 y(k; v(k)) = W 1
0(a,Γ) (k = 0, 1, 2, ...,M)m y(0; v(0)) = ϕ(x) kϕ(x) ∈ L2(Γ)lm

4BT;4c7;<L B< ;<T2L:B1 ;H2<T;T7∫
Γ

y(k; v(k))t η(x)dx + �(y(k; v(k)), η) =
∫
Γ

fτ (k) η(x)dx + (Bv(k), η)

(k = 1, 2, ...,M)

c6: B<7 η(x) ∈W 1
0(a,Γ)m 2fFB1;T7 y(0; v(0)) = ϕ(x) ;4 F<H2:4T66H B1364T 2C2:7aR2:2�

aA9P? FA�>A 9:A ;8>8;8W8>5 <@>=986>G4 QH 7G986

Ψ(v) := Ψ(v(1), v(2), ..., v(M)) = τ
M∑
n=1

Ψk(v(k)),

Ψk(v(k)) = ‖Cy(k; v(k))− w0(k)‖2L2(Γ)
+ (Nv(k), v(k))U ,

k,2l

^:A7A w0(k) kk = 1, 2, ...,Ml G7A 58CA> A4A;A>9? 6< ?EG=A L2(Γ) G>F N : U → U 8? 48>AG7
E6?898CA4H FA�>AF cA7;89A 6EA7G967 <67 ^:8=: 9:A =6>F8986>? G7A ;A9

(N(v(k), (v(k))U � ς‖v(k)‖2U , ς > 0 ∀ v(k) ∈ U, k = 1, 2, ...,M ; k,rl

:A7A G>F ACA7H^:A7A QA46^ 9:A ?H;Q64 (·, ·) 8? FA>69AF G ?=G4G7 ^67O 8> ?EG=A L2(Γ)m @>4A??
89 8? ?EA=8�AF ?EA=8�=G44H( T:A <@>=986>G4 Ψ(v) 8? FA9A7;8>AF QH G> 6EA7G967 v → y(v) 9:G9
A?9GQ48?:A? <67 G44 k = 1, 2, ...,M 9:A =6>>A=986> 6< 9:A =6>9764 6< 9:A ABA=9 v(k) ^89: 9:A
?9G9A y(k; v(k)) 6< 9:A ?H?9A; k,+lm k,1l G>F 9:A 6EA7G967 y(k; v(k)) → Cy(k; v(k)) 6< 9:A
97G>?8986> <76; ?9G9A y(k; v(k)) 96 6Q?A7CG986> Cy(k; v(k))(

aA9P? ;G7O 9:76@5: U∂ G =6>CAD =46?AF ?@Q?A9 6< ?A9 U (
T:A E76Q4A; 6< 6E98;G4 =6>9764 ?H?9A; k,+lm k,1l 8? 96 FA9A7;8>A

inf
v∈U∂

Ψ(v), v = {v(k), k = 1, 2, ...,M}.

[G64?6@ "� G2T TR2 Y6<H;T;6<4 6c TR2 [R26:23 , A2 cF1]112H� [R2 TB45 6c 6UT;3B1
474T23 Y6<T:61 k,+lm k,1l RB4 TR2 6<17 461FT;6< v∗ ∈ U∂ 
 ;� 2� Ψ(v∗) = min

v∈U∂

Ψ(v)m R2:2

v∗ = {v∗(k), k = 1, 2, ...,M} ∈ U∂ ;4 TR2 6UT;3B1 Y6<T:61 6c TR2 474T23 k,+lm k,1l(
` 7 6 6 <( �H C879@A 6< 9:A GEE76CG4 6< 9:A ?9G9A;A>9 , 6< T:A67A; , 48>AG7 ;GEE8>5

v → y(v) 6< 9:A ?EG=A 6< GF;8??8Q4A =6>9764 U 8> 9:A ?EG=A 6< 9:A ?9G9A? W 1
0(a,Γ) 6<

9:A ?H?9A; k,+lm k,1l =6>98>@6@?4H( T:A <@>=986>G4 Ψ(v) 8? FA9A7;8>AF QH 9:A 97G>?8986>
6EA7G967 v → y(v) <76; =6>9764 ABA=9 v 96 ?9G9A y(v) 6< ?H?9A; k,+lm k,1l G>F 9:A 97G>?8986>
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6EA7G967 y(v) → Cy(v) <76; ?9G9A y(v) 96 6Q?A7CG986> Cy(v)( �@79:A7 E766< @?A? 9:A
E76EA79H 6< 9:A =6A7=8CA 6< 9:A I@GF7G98= =6;E6>A>9 6< <@>=986>G4 Ψ(v) 6> 9:A =6>CAD
=46?AF ?A9 U∂ ( hG;A4Hm QG?AF 6> 9:A >69G986> k,2l <67 G>H k = 1, 2, ...,M m ^A :GCA

Ψk(v(k)) = ‖Cy(k; v(k))− w0(k)‖2L2(Γ)
+ (Nv(k), v(k))U =

= ‖C(y(k; v(k))− y(0; v(0))) + Cy(0; v(0))− w0(k)‖2L2(Γ)
+ (Nv(k), v(k))U =

= Fk(v(k), v(k)) − 2Lk(v(k)) + ‖Cy(0; v(0))− w0(k)‖2L2(Γ)
,

^:A7A

Fk(v(k), (v(k)) = (C(y(k; v(k)) − y(0; v(0))), C(y(k; v(k))− y(0; v(0)))) + (Nv(k), v(k))U

8? G ?I@G7A <67; 6> U m

Lk(v(k)) = (w0(k)− Cy(0; v(0)), C(y(k; v(k)) − y(0; v(0))))

FA9A7;8>A? 9:A 48>AG7 <67; 6> U ( cA>=A G>F k,rl <6446^ 9:A C8A^

Ψ(v) = F(v, v) + L(v), F(v, v) = τ
M∑
n=1

Fk(v(k), v(k)), L(v) = τ
M∑
n=1

Lk(v(k)).

d6>F8986>? k,rl 5@G7G>9AA 9:A =6A7=8CA 6< G ?I@G7A <67; F(v, v)( �@79:A7 7AG?6>8>5
G4;6?9 489A7G44H 7AEAG9? 9:A 58CA> 8> 9:A ^67O i,1m E( ,+j(

U6@;?V "� )> 9:A =G?A N = 0m 89 =G> QA ?:6^> 9:G9 ^:A> 9:A =6>F8986>? 6< 9:A
T:A67A; , G7A ;A9m 9:A7A 8? G >6>A;E9H =46?AF G>F =6>CAD ?@Q?A9 U0

∂ ⊂ U∂ ?@=: 9:G9

Ψ(v∗) = inf
v∈U∂

Ψ(v) ∀v ∈ U0
∂ .

T:A E766< 6< 9:8? <G=9 8? ?8;84G7 96 9:A E7A?A>9AF 8> 9:A ^67O i,1m T:A67A; 2(pm E( 1Jj(
hAD9m 4A9P? F^A44 6> G FA9G84AF ?9@FH 6< 9:A =6>F8986>? 6< 6E98;G4 =6>9764 G>F 5A9 9:A

7G986? 9:G9 FA9A7;8>A 6E98;G4 =6>9764( T6 ?8;E48<H 9:A 7AE7A?A>9G986>? 6< F8?98>=9 97G>?R
<67;G986>?m <@79:A7 6EA7G986>? 8? 9GOA> ?8;@49G>A6@?4H <67 G44 ?9G9A? y(k;u(k)) G>F =6>9764
u(k)m k = 1, 2, ...,M w >69G986>? y(k;u(k))m y(k;u(k))t G>F u(k) G7A 7AE4G=A QH y(u)m y(u)t
G>F um 7A?EA=98CA4H(

`7ARE76C8>5 9:A <6446^8>5 G@D848G7H ?9G9A;A>9? k?AA G4?6 i,1m E( ,rm 2rjl(
o6@@; "� G2T TR2 Y6<H;T;6<4 6c TR2 [R26:23 , A2 cF1]112H B<H u∗ = {u∗(k), k =

1, 2, ...,M} ∈ U∂ ;4 TR2 3;<;3;O;<L 21232<T 6c cF<YT;6<B1 Ψ(v)
 TR2< ;<2fFB1;T7

Ψ′(u∗)(v − u∗) � 0 k,Jl

;4 cF1]112H c6: B<7 v ∈ U∂ m H2:;CBT;C2 Ψ′(u∗) ;4 F<H2:4T66H ;< TR2 42<42 6c X:2YR2T�
` 7 6 6 <( e8>=A u∗ 8? G ;8>8;8W8>5 A4A;A>9 6< <@>=986>G4 Ψ(v)m <67 G>H v ∈ U∂ G>F

G>H >@;QA7 θ ∈ (0, 1) 8? 97@A 8>AI@G489H Ψ(u∗) � Ψ((1− θ)u∗ + θv)( T:8? ;AG>? 9:G9

1

θ
[Ψ((1− θ)u∗ + θv) −Ψ(u∗)] =

1

θ
[Ψ(u∗ + θ(v − u∗))−Ψ(u∗)] � 0

G>F Ψ′(u∗)(v − u∗) � 0 G9 θ → 0 ^:A>=A 89 ?:6@4F QA k,Jl( T:A 8>CA7?A ?9G9A;A>9 8? G4?6
97@A( )>FAAFm 4A9 <67 =A79G8> �DAF u ∈ U∂ <G874H 8>AI@G489H Ψ′(u)(v−u) � 0 <67 G>H v ∈ U∂ (
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N@A 96 9:A =6>CAD89H 6< 9:A ;GEE8>5 v → Ψ(v) k?AA E766< 6< 9:A T:A67A; pl <67 G>H
v ∈ U∂ :G? G E4G=A

1

θ
[Ψ((1− θ)u + θv)−Ψ(u)] =

1

θ
[Ψ(u∗ + θ(v − u∗))−Ψ(u∗)] � Ψ(v)−Ψ(u),

^:8=: ;AG>? 0 � Ψ′(u)(v − u) � Ψ(v) − Ψ(u) G9 θ → 0( )9 <6446^? Ψ(v) � Ψ(u) <67 G>H
v ∈ U∂ m 8( A( u 8? G ;8>8;8W8>5 A4A;A>9 6< <@>=986>G4 Ψ(v)(

o6@@; %� X6: B11 v, u ∈ U∂ TB52 U1BY2 B :BT;6

y′(u)(v − u) = y(v)− y(u), k,Kl

R2:2 y′(u) ;4 H2:;CBT;C2 ;< TR2 42<42 6c X:2YR2T 3BUU;<L u→ y(u)(
` 7 6 6 <( �G?AF 6> NA�>8986> +m <67 =6>9764 u(k), v(k) ∈ U∂ (k = 0, 1, ...,M) 8? G 7G986

1
τ

∫
Γ

[(y(k; v(k)) − y(k;u(k)))− (y(k − 1; v(k − 1))− y(k − 1;u(k − 1)))] η(x)dx+

+ �(y(k; v(k))− y(k;u(k)), η) = (B(v(k) − u(k), η)U
k,Xl

<67 G>H <@>=986> ν(x) ∈W 1
0(a,Γ)( _> 9:A 69:A7 :G>Fm ^A :GCA

1
τ

∫
Γ

[(y(k;u(k) + ϑ(v(k)− u(k)))− y(k;u(k)))−
− (y(k − 1;u(k − 1) + ϑ(v(k − 1)− u(k − 1)))− y(k − 1;u(k − 1)))] η(x)dx+

+ �(y(k;u(k) + ϑ(v(k) − u(k)))− y(k;u(k)), η) = ϑ(B(v(k) − u(k), η)U

<67 G>H ϑ ∈ (0, 1) G>F G>H <@>=986> η(x) ∈W 1
0(a,Γ)( �H F8C8F8>5 Q69: EG79? 6< 9:A 7A=A8CAF

7G986 QH ϑ G>F =G4=@4G98>5 9:A 48;89 G9 ϑ→ 0m =6;A 96 9:A 7G986

1
τ

∫
Γ

[y′(k;u(k))(v(k) − u(k))− y′(k − 1;u(k − 1))(v(k − 1)− u(k − 1))] η(x)dx+

+ �(y′(k;u(k))(v(k) − u(k)), η) = (B(v(k) − u(k), η)U
kp/l

<67 G>H <@>=986> η(x) ∈ W 1
0(a,Γ)( d6;EG78>5 9:A 4A<9 EG79? 6< 9:A 7G986? k,Xl G>F kp/lm

=6;A 96 9:A AI@G489H

y′(k;u(k))(v(k) − u(k)) = y(k; v(k))− y(k;u(k)), k = 0, 1, ...,M,

9:G9 =6;E4A9A 9:A E766<(
aA9 u(k) 8? 9:A 6E98;G4 =6>9764 <67 AG=: �DAF k = 1, 2, ...,M m 9:A> QH C879@A 6< k,Jl

G>F k,Kl :GCA

1
2Ψ

′
k(u(k))(v(k) − u(k)) =

= (Cy(k;u(k))− w0(k), Cy
′(k;u(k))(v(k) − u(k))) + (Nu(k), v(k)− u(k))U =

= (Cy(k;u(k))− w0(k), C(y(k; v(k))− y(k;u(k)))) + (Nu(k), v(k)− u(k))U � 0
kp,l

<67 G>H v(k) ∈ U∂ (
NA>69A 9:76@5: C∗ 9:A 6EA7G967m =6>�@5G9A 96 Cm 9:A> 9:A 7G986 kp,l 9GOA? 9:A <67;

6<

(C∗(Cy(k;u(k))− w0(k)), y(k; v(k))− y(k;u(k))) + (Nu(k), v(k)− u(k))U � 0, kppl

?6m QG?AF 6> 9:A >69G986> k,2l 6< <@>=986>G4 Ψ(v) G>F 7G986 k,Jlm ^A =6;A 96 8>AI@G489H

τ
M∑
k=1

[(C∗(Cy(k;u(k))− w0(k)), y(k; v(k))− y(k;u(k))) + (Nu(k), v(k)− u(k))U ] � 0

kp+l
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<67 G>H v(k) ∈ U∂ ( T:@?m 8>AI@G489H kp+l 8? G >A=A??G7H =6>F8986> <67 6E98;G4 =6>9764 6< 9:A
?H?9A; k,+lm k,1l(

3 ;67A FA9G84AF FA?=78E986> 6< 9:A =6>F8986>? 6< 6E98;G4 =6>9764 =G> QA 6Q9G8>AF @?8>5
9:A =6>�@5G9A ?9G9A <67 9:A ?H?9A; k,+lm k,1l( )> ?EG=AW 1

0(a; Γ)m ^A 8>976F@=A 9:A >69G986>
6< G =6>�@5G9A ?9G9A p(k; v(k)) kk = 1, 2, ...,Ml G>F G =6>�@5G9A ?H?9A; 96 G ?H?9A; k,+lm
k,1lm <67 ^:8=: ^A ^844 @?A 9:A 6QC86@? AI@G489H

τ
M∑
k=1

θ(k)tϑ(k) = −τ
M−1∑
k=0

θ(k)ϑ(k)t′ − θ(0)ϑ(0) + θ(M)ϑ(M)

<67 G7Q897G7H <@>=986>? θ(k) G>F ϑ(k) k?8;84G7 96 9:A <67;@4G 6< 8>9A57G986> QH EG79? QH
CG78GQ4A t <67 <@>=986>? θ(t) G>F ϑ(t)lm QG?AF 6> ^:8=: ^A FA�>A 9:A =6>�@5G9A ?9G9A
p(k; v(k)) kk = 1, 2, ...,Ml 96 =6>9764 v(k) kk = 1, 2, ...,Ml G? G ?64@986> 96 G =6>�@5G9A
E76Q4A;

− 1
τ [p(k + 1; v(k + 1))− p(k; v(k))]− d

dx

(
a(x)dp(k; v(k))dx

)
+ b(x)p(k; v(k)) =

= C∗(Cy(k; v(k)) − w0(k)), k = 0, 1, ...,M − 1,
kp1l

p(M ; v(M)) = 0, p(k; v(k)) |x∈∂Γ= 0, k = 0, 1, ...,M − 1. kp2l

o6@@; (� [R2 461FT;6< 6c TR2 474T23 kp1lm kp2l BT 43B11 2<6FLR τ ;4 F<;fF217 H2]<2H
B4 21232<T4 6c 4UBY2 W 1

0(a; Γ)�
` 7 6 6 <( T6 QA ?@7A 6< 9:8?m 89 8? A>6@5: 96 7A>@;QA7 9:A 7G986? 6< 9:A ?H?9A; kp1lm

kp2l G>F GEE4H 9:A ?9G9A;A>9 6< aA;;G ,( )>FAAFm QH =:G>58>5 9:A >@;QA78>5 QH 4G^
l = M − km k = M,M − 1, ..., 1, 0m ^A 5A9 9:G9 l =:G>5A <76; 0 @>984 M G>F ^A =6;A 96
9:A ?H?9A;

− 1
τ [p̃(l − 1; v(l − 1))− p̃(l; v(l))]− d

dx

(
a(x)dp̃(l; v(l))dx

)
+ b(x)p̃(l; v(l)) =

= C∗(Cy(l; v(l))− w0(l)), l = 1, 2, ...,M,

p̃(0; v(0)) = 0, p̃(l; v(l)) |x∈∂Γ= 0, l = 1, 2, ...,M,

<67 ^:8=: =677A=94H 6< 9:A aA;;G ,(
U6@;?V %� T:A 7A?@498>5 F8BA7A>98G4RF8BA7A>=A ?H?9A; kp1lm kp2l =677A?E6>F 96 G

F8BA7A>98G4 E76Q4A; =6>�@5G9AF ^89: k,lm k+l k?AA G4?6 i,m 1jl(
�67 AG=: �DAF k = 1, 2, ...,M 97G>?<67; 8>AI@G489H kppl( d6>?8FA78>5 9:A 7G986?

− 1
τ

M−1∑
k=0

[p(k + 1;u(k + 1))− p(k;u(k))][y(k; v(k))− y(k;u(k))] =

= 1
τ

M∑
k=1

{[y(k; v(k)) − y(k;u(k))]− [y(k − 1; v(k − 1))− y(k − 1;u(k − 1))]} p(k;u(k)),

M−1∑
k=0

�(p(k;u(k)), y(k; v(k))− y(k;u(k))) =
M∑
k=1

�(y(k; v(k))− y(k;u(k)), p(k;u(k))),

=6;A 96 AI@G489H

M−1∑
k=0

(C∗(Cy(k; v(k)) − w0(k)), y(k; v(k))− y(k;u(k))) =

=
M∑
k=1

(Bv(k)−Bu(k), p(k;u(k))) =
M−1∑
k=0

(Bv(k) −Bu(k), p(k;u(k))) =

=
M−1∑
k=0

(B∗p(k;u(k)), v(k)− u(k))U
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k9:A7A G7A WA76 AI@G489H y(0; v(0))− y(0;u(0)) G>F p(M ;u(M))l( T:A7A<67Am <76; 9:A 6QR
9G8>AF AI@G489H f6^?

(C∗(Cy(k; v(k))− w0(k)), y(k; v(k))− y(k;u(k))) = (B∗p(k;u(k)), v(k)− u(k))U

<67 AG=: �DAF k = 0, 1, ...,M − 1m 9:A> 8>AI@G489H kppl =G> QA 7A^7899A> 8> 9:A <67;

(B∗p(k;u(k)) +Nu(k), v(k)− u(k))U � 0 ∀ v(k) ∈ U∂ , k = 0, 1, ...,M, kprl

G>F 8>AI@G489H kp+l 8? 97G>?<67;AF 96 <67;

τ
M∑
k=0

(B∗p(k;u(k)) +Nu(k), v(k)− u(k))U � 0 ∀ v(k) ∈ U∂ , k = 0, 1, ...,M, kpJl

G? GQ6CA 8? 9GOA> 8>96 G==6@>9 y(0; v(0))− y(0;u(0)) = 0 G>F p(M ;u(M)) = 0(
T:@?m 9:A 969G489H 6< 7G986? k,+lm k,1lm kp1lm kp2l G>F kpJl FA9A7;8>A? 9:A 6E98;G4

=6>9764 u(k) G>F =677A?E6>F8>5 ?9G9A? p(k;u(k))m p(k;u(k))m k = 1, 2, ...,M (
p?8R;A6 D;<6� aA9 U∂ = U m 8( A( :A>=A G7A >6 7A?978=986>? 6> =6>9764 q G <G874H 6<9A>

=G?A 8> E7G=98=A( )>AI@G489H kprlm kpJl 9GOA 9:A <67; 6< AI@G489H

(B∗p(k;u(k)) +Nu(k), v(k)− u(k))U = 0 ∀ v(k) ∈ U∂ , k = 0, 1, ...,M,

τ
M∑
k=0

(B∗p(k;u(k)) +Nu(k), v(k)− u(k))U = 0 ∀ v(k) ∈ U∂ , k = 0, 1, ...,M,

7A?EA=98CA4H( T:A 4G99A7 E76C8FA G> 6EE679@>89H 96 FA9A7;8>A 9:A 6E98;G4 =6>9764 <76; 9:A
7G986? B∗p(k;u(k)) +Nu(k) = 0m k = 0, 1, ...,M v

u(k) = −N−1B∗p(k;u(k)), k = 0, 1, ...,M.

)> 9:8? =G?Am 9:A ?9G9A y(k) 6< 9:A ?H?9A; k,+lm k,1l G>F 9:A =6>�@5G9A ?9G9A p(k) 6< 9:A
?H?9A; kp1lm kp2l <67 AG=: �DAF k = 0, 1, ...,M G7A FA�>AF G? ^AGO ?64@986>? 6< E76Q4A;?⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1
τ [y(k)− y(k − 1)]− d

dx

(
a(x)dy(k)dx

)
+ b(x)y(k) +BN−1B∗p(k) = fτ (k),

k = 1, 2, ...,M, y(0) = ϕ(x),

− 1
τ [p(k + 1)− p(k)]− d

dx

(
a(x)dp(k)dx

)
+ b(x)p(k)− C∗Cy(k) = −C∗w0(k),

k = 0, 1, ...,M − 1, p(M) = 0,

8> ?EG=A W 1
0(a; Γ)m G>F 6E98;G4 =6>9764 q QH <67;@4G?

u(k) = −N−1B∗p(k), k = 0, 1, ...,M.

)> 9:A =G?A N = 0 89 8? E6??8Q4A ?:6^ 9:G9 ^:A> 9:A =6>F8986>? 6< 9:A T:A67A; , G7A
<@4�44m 9:A7A 8? G >6>A;E9H =46?AF G>F =6>CAD ?@Q?A9 U0

∂ 6< 9:A ?A9 U∂ 9:G9Ψ(u) = inf
v∈U∂

Ψ(v)

<67 G>H u ∈ U0
∂ k?AA MA;G7O pl(

�8>G44H ^A 5A9 9:A <6446^8>5 ?9G9A;A>9?(
[G64?6@ %� G2T TR2 Y6<H;T;6<4 k2l A2 32T(
,( 8c TR2 42T U∂ ;4 A6F<H2H
 TR2< TR2 6UT;3B1 Y6<T:61 u = {u(k) ∈ U∂ , k = 0, 1, ...,M}

B<H ;T 6c TR2 Y6::24U6<H;<L 4TBT24 y(k;u(k)), p(k;u(k)) ∈ W 1
0(a; Γ)
 k = 0, 1, ...,M 
 B:2

H2T2:3;<2H A7 TR2 461FT;6< 6c TR2 474T23
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⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1
τ [y(k;u(k))− y(k − 1;u(k − 1))]− d

dx

(
a(x)dy(k; u(k))dx

)
+ b(x)y(k;u(k)) =

= fτ (k) +Bu(k), k = 1, 2, ...,M, y(0;u(0)) = ϕ(x),

− 1
τ [p(k + 1;u(k + 1))− p(k;u(k))]− d

dx

(
a(x)dp(k; u(k))dx

)
+ b(x)p(k;u(k)) =

= C∗(Cy(k;u(k))− w0(k)), k = 0, 1, ...,M − 1, p(M ;u(M)) = 0,

(B∗p(k;u(k)) +Nu(k), v(k)− u(k))U � 0 ∀ v(k) ∈ U∂ , k = 0, 1, ...,M.

p( 8c U∂ = U, TR2< 6UT;3B1 Y6<T:61 u ;4 H2T2:3;<2H A7 c6:3F1B4

u(k) = −N−1B∗p(k), k = 0, 1, ...,M,

B<H ;Tj4 TR2 Y6::24U6<H;<L 4TBT24 y(k), p(k) ∈ W 1
0(a; Γ)
 k = 0, 1, ...,M 
 H2T2:3;<2H A7 TR2

461FT;6< 6c TR2 474T23⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1
τ [y(k)− y(k − 1)]− d

dx

(
a(x)dy(k)dx

)
+ b(x)y(k) +BN−1B∗p(k) = fτ (k),

k = 1, 2, ...,M, y(0) = ϕ(x),

− 1
τ [p(k + 1)− p(k)]− d

dx

(
a(x)dp(k)dx

)
+ b(x)p(k) − C∗Cy(k) = −C∗w0(k),

k = 0, 1, ...,M − 1, p(M) = 0.

=T TR2 4B32 T;32v Gl ;c TR2 6U2:BT6: N �= 0
 TR2 6UT;3B1 Y6<T:61 u ∈ U∂ ;4 TR2 F<;fF217m
Ql ;c N = 0
 TR2 6UT;3B1 Y6<T:614 c6:3 B Y6<C2d 42T U0

∂ ⊂ U∂ �
(� l>A8@;7 D49A?47 4= AG6 58Q6?69A8;7.58Q6?69D6 6TB;A849 P8AG 567;H� 39 �7?9m

8> ?EG=A W 1
0(a; Γ) =6>?8FA7 G F8BA7A>98G4RF8BA7A>=A ?H?9A; ^89: G =6>?9G>9 FA4GH ^89:6@9

=6>9764v

1
τ [y(k)− y(k − 1)]− d

dx

(
a(x)dy(k)dx

)
+ b(x)y(k) + c(x)y(k −m) = fτ (k),

k = m+ 1,m+ 2, ...,M,
kpKl

y(k) = ϕ(k), k = 0, 1, ...,m, 1 � m < M, kpXl

9:A =6A�=8A>9 c(x) 8? Q6@>FG7H ;AG?@7GQ4A 6> Γ <@>=986> ϕ(0) ∈ L2(Γ)m ϕ(k) ∈W 1
0(a; Γ)m

k = 1, 2, ...,m(
�67 9:A AC64@986>G7H F8BA7A>98G4 AI@G986> k,l 9:A =6>?9G>9 =6>9764 h = mτ < T FA�>A

9^6 F6;G8>? Γ0,h = Γ0 × (0, h) G>F Γh,T = Γ0 × (h, T )v ΓT = Γ0,h ∪ Γh,T ( N8BA7A>98G4R
F8BA7A>=A ?H?9A; kpKlm kpXl =677A?E6>F 96 G AC64@986>G7H F8BA7A>98G4 ?H?9A;

∂y(x,t)
∂t − ∂

∂x

(
a(x)∂y(x,t)∂x

)
+ b(x)y(x, t) + c(x)y(x, t − h) = f(x, t), x, t ∈ Γh,T ,

y(x, t) = ϕ(x, t), x, t ∈ Γ0,h, y |x∈∂ΓT = 0

k9:A ?H?9A; ^G? =6>?8FA7AF 8> 9:A ^67O i,jl(
aA9P? 8>976F@=A G FA4GH 6EA7G967 Z 96 7AE7A?A>9 9:A ?H?9A; kpKlm kpXl 8> G ;67A ?@89GQ4A

<67;( aA9 Z :W 1
0(a; Γ) →W 1

0(a; Γ) 8? G 48>AG7 =6>98>@6@? 6EA7G967m FA�>AF QH 9:A 7G986

Zy(k) =

{
y(k), k = m+ 1,m+ 2, ...,M,

0, k = 1, 2, ...,m.
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aA9P? ?A9 9:A <@>=986> F (k) ∈ W 1
0(a; Γ)m k = 1, 2, ...,M m 9:A 7G986

F (k) =

{
fτ (k), k = m+ 1,m+ 2, ...,M,
1
τ [ϕ(k) − ϕ(k − 1)]− d

dx

(
a(x)dϕ(k)dx

)
+ b(x)ϕ(k), k = 1, ...,m.

T:A> 9:A F8BA7A>98G4RF8BA7A>=A ?H?9A; kpKlm kpXl ^844 9GOA 9:A <67;

1
τ [y(k)− y(k − 1)]− d

dx

(
a(x)dy(k)dx

)
+ b(x)y(k) + c(x)Zy(k) = F (k),

k = 1, 2, ...,M,
k+/l

y(0) = ϕ(0) ∈ L2(Γ). k+,l

)9 8? >69 F8�=@49 96 ?:6^ 9:G9 G44 9:A ?9G9A;A>9? 6< 9:A E7AC86@? ?A=986> G7A 97@A <67 G
F8BA7A>98G4RF8BA7A>=A ?H?9A; k+/lm k+,l(

hAD9m 4A9P? 466O G9 9:A 6E98;G4 =6>9764 E76Q4A;m 8> GFF8986> OAAE G44 9:A >69G986>?
G>F =6>=AE9? 6< eA=986> +( d6>?8FA7 G F8BA7A>98G4RF8BA7A>9 ?H?9A; ^89: =6>9764 v(k) ∈ U
kk = 0, 1, ...,Ml 9:A ?9G9A 6< ^:8=: y(k; v(k)) ∈ W 1

0(a; Γ) kk = 0, 1, ...,Ml 8? FA�>AF G? 9:A
?64@986> 96 9:A E76Q4A;

1
τ [y(k; v(k))− y(k − 1; v(k − 1))]− d

dx

(
a(x)dy(k;v(k))dx

)
+ b(x)y(k; v(k))+

+ c(x)Zy(k; v(k)) = F (k) +Bv(k), k = 1, 2, ...,M,

y(0; v(0)) = ϕ(0) ∈ L2(Γ).

_E98;8W8>5 <@>=986>G4 Ψ(v) 8? FA9A7;8>AF QH 7G986 k,2lm 9:A E76Q4A; 6< 6E98;G4 =6>9764
?H?9A; k+/lm k+,l :G? G @>8I@A4H ?64@986> k?AA ?9G9A;A>9 6< 9:A T:A67A; p <67 9:A ?H?9A;
k+/lm k+,ll( T:A =6>�@5G9A ?9G9A p(k; v(k)) kk = 1, 2, ...,Ml 8? FA�>AF QH G ?H?9A; ?8;84G7
kp1lm kp2l ^89: 9:A 6>4H F8BA7A>=A 9:G9 9:A =6>�@5G9A ?H?9A; ^844 =6>9G8> G> 6EA7G967 Z∗

=6>�@5G9A G9 Zv

Z∗p(k; v(k −m)) =

{
y(k), k = m+ 1,m+ 2, ...,M,

0, k = 1, 2, ...,m.

T:A EG878>5 ?H?9A; 9GOA? 9:A <67;

− 1
τ [p(k + 1; v(k + 1))− p(k; v(k))] − d

dx

(
a(x)dp(k; v(k))dx

)
+ b(x)p(k; v(k))+

+ c(x)Z∗p(k; v(k)) = C∗(Cy(k; v(k))− w0(k)), k = 0, 1, ...,M − 1,

p(M ; v(M)) = 0, p(k; v(k)) |x∈∂Γ= 0, k = 0, 1, ...,M.

3? 89 8? AG?H 96 CA78<Hm 9:A ?9G9A;A>9? 6< 9:A T:A67A; + 7A;G8> =677A=9(
U6@;?V (� TGOA> F8BA7A>98G4RF8BA7A>=A ?H?9A; kplm k1l G? G> GEE76D8;G986> 6< F8<R

<A7A>98G4 ?H?9A; k,lm k+l 8? >69 9:A 6>4H k9:A 9^6R4GHA7 ?=:A;A @?AF :G? G> GEE76D8;G986>
A7767 O(τ)l( �6@ =G> @?A 9:A ?H?9A; G? G ;67A E7A=8?A GEE76D8;G986>

1
τ [

3
2 (y(k + 1)− y(k))− 1

2 (y(k)− y(k − 1))]− d
dx

(
a(x)dy(k+1)

dx

)
+ b(x)y(k + 1) = fτ (k),

k = 1, 2, ...,M,

y(0) = ϕ(x), y(1) = ϕ1(x), ϕ(x), ϕ1(x) ∈W 1
0(a; Γ),
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y(k) |x∈∂Γ= 0, k = 0, 1, . . . ,M,

^89: G> GEE76D8;G986> A7767 O(τ2) k?AA G4?6 ^67O i,2jl( T:A ?9@FH 6< ?@=: G ?H?9A; 8?
?8;84G7 96 9:A 6>A E7A?A>9AF GQ6CA 8> eA=986>? pm +(

)� q696?;78b;A849 =4? ; @;9H.58@69<849;7 D;<6� T:A 7A?@49? k?9G9A;A>9? QH
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