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�� M&+2. .)'.,40+> +0&0,*,'0+ F+,(� [4- Γ +0 . :821F4F 83+41-4F ,3.J6 I6804
4F,40 .34 J.3.74-43+�4F :H . 04,741- [0, 1]{ Γ0 +0 . 04- 8E .// 3+:0 -6.- F8 18- 581-.+1 -64+3
41FJ8+1-0 hΓ0 = Γj{ ∂Γ .1F J(Γ) .34 7.1H :821F.3H .1F +1-43+83 18F40 8E -64 ,3.J6e
340J45-+c4/H hI +0 . 04- +1F49 8E +1-43+83 18F40e J +0 127:43 8E +1-43+83 18F40j"

\1 -64 I83� 0-2FH -64 J38:/470 8E 8J-+7./ J8+1- 581-38/ 8E -64 F+G4341-+./=F+G434154
4b2.-+81

1
τ (y(k)− y(k − 1))− d

dx

(
a(x)dy(k)dx

)
+ b(x)y(k) = f(k), k = 1, 2, ...,M, hlj

I6434 y(k) := y(x; k) .1F f(k) := f(x; k)e k = 1, 2, ...,M h4b2.-+81 hlj I.0 0-2F+4F +1
F4-.+/ +1 -64 I83� k;nj"

[4-�0 +1-38F254 -64 0-.-4 0J.54 y(k) hk = 1, 2, ...,Mj E83 -64 4b2.-+81 hlj" Z- -64
0.74 -+74e I4 I+// 204 0-.1F.3F 18-.-+810 E83 -64 0J.540 8E [4:40b24 .1F O8:8/4cr Lp(Γ)
hp = 1, 2j +0 -64 �.1.56 0J.54 8E 74.023.:/4 81 Γ0 E215-+810 0277.3+�4F I+-6 . p F4,344
h0+7+/.3 -8 0J.54 Lp(ΓT )j{W

1
2(Γ) +0 -64 0J.54 8E E215-+810 E387 L2(Γ) 6.c+1, . ,4143./+�4F

�30- 83F43 F43+c.-+c4 ./08 E387 L2(Γ)"
`810+F43 . :+/+14.3 E837

�(μ, ν) =
∫
Γ

(
a(x)dμ(x)dx

dν(x)
dx + b(x)μ(x)ν(x)

)
dx h#j

I+-6 �94F 74.023.:/4 .1F :821F4F 81 Γ0 E215-+810 a(x)e b(x) 0b2.34 +1-4,3.:/4r 0 < a∗ �
a(x) � a∗e |b(x)| � βe x ∈ Γ0" �387 -64 3402/-0 8E -64 I83� k#n +- E8//8I0 -6.- -64 0J.54
W 1

2(Γ) 581-.+1 04- Ωa(Γ) E215-+810 hy(x) ∈ C(Γ)e I6434 hC(Γ) +0 0J.54 8E 581-+12820
E215-+810j -6.- 0.-+0EH 34/.-+810∑

γ∈R(ξ)

a(1)γ
dy(1)γ

dx =
∑

γ∈r(ξ)

a(0)γ
dy(0)γ

dx

+1 .// 18F40 ξ ∈ J(Γ) h+1 6434 R(ξ) .1F r(ξ) .0 -64 04-0 8E -64 4F,40 γ 340J45-+c4/H 83+41-4F
�-8 18F4 ξ� .1F �E387 18F4 ξ�e c./240 0 .1F 1 8E c.3+.:/4 x 583340J81F -8 -64 /4E- .1F 3+,6-
41FJ8+1-0 8E -64 4F,4 γe 0H7:8/ θ(·)γ F40+,1.-4F -64 1.338I+1, 8E -64 E215-+81 θ(·) 81 -64
4F,4 γj" ^64 5/80+1, 8E -64 04- Ωa(Γ) +1 1837 W 1

2(Γ) 34/.:4/ W 1
0(a; Γ)" \E I4 .00274 -6.-

-64 E215-+810 y(x) 8E Ωa(Γ) .34 ./08 0.-+0EH+1, .1F -64 581F+-+81 u(x)|∂Γ = 0e I4 I+// ,4-
0J.54 W 1

0(a; Γ)r W
1
0(a; Γ) ⊂W 1

2(Γ)"
[4- -64 E215-+810 f(k) ∈ L2(Γ)e k = 1, 2, ...,M e .1F y(k) 0.-+0EH -64 581F+-+810

y(0) = ϕ(x), y(k) |x∈∂Γ= 0, k = 1, 2, ...,M. h&j

H,W'202)' �� Z I4.� 08/2-+81 8E 5/.00 W 1
2(Γ) 8E -64 F+G4341-+./=F+G434154 4b2.-+81

hlj I+-6 581F+-+810 h&j +0 5.//4F E215-+810 y(k) =W 1
0(a,Γ) (k = 0, 1, 2, ...,M)e y(0) = ϕ(x)

hϕ(x) ∈ L2(Γ)je 0.-+0EH+1, .1 +1-4,3./ +F41-+-H∫
Γ

y(k)t η(x)dx + �(y(k), η) =
∫
Γ

fτ (k) η(x)dx, k = 1, 2, ...,M,

E83 .1H η(x) ∈ W 1
0(a,Γ)e 4b2./+-H y(0) = ϕ(x) +1 h&j +0 21F430-88F ./780- 4c43HI6434e

y(k)t =
1
τ (y(k)− y(k − 1)){ �(y(k), η) +0 :+/+14.3 E837e F4�14F :H -64 3.-+8 h#j"

%,*&-X �� *4�1+-+81 l 068I0 -6.- E83 4.56 �94F k = 1, 2, ...,M 3.-+80 hlje h&j .34 .
:821F.3H c./24 J38:/47 +1 0J.54 W 1

0(a,Γ) E83 -64 4//+J-+5./ 4b2.-+81 hlj 34/.-+c4/H y(k)"
�83 -6+0 4b2.-+81e . I4.� 21+b241400 08/c.:+/+-H +0 40-.:/+064F +1 -64 I83� k;n" ^620e -64
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08/2-+81 -8 -6404 :821F.3H c./24 J38:/470 F4-437+14 -64 0-.-4 y = {y(k), k = 1, 2, ...,M}
8E -64 0H0-47 hlje h&j"

�4 I+// E8372/.-4 -64 E21F.741-./ 0-.-4741-0e -64 J388E 8E I6+56 +0 J34041-4F +1 -64
I83� k;n"

K/,)-,* �� ]�& �8^*&*�'8��K�8^*&*�X* <�<'*_ hlje h&j '�=* @��X* 'Z* Y����`8�+ <'�'*K
_*�'< r

lj Y�& ��� k0 � 1 ��� ��� ϕ(x) ∈ L2(Γ) `*�= <��5'8�� y = {y(k), k = 1, 2, ...,M} 8<
5�8a5*�� �*[�*� �' k0 � k �M bk0 < M <∞c{

#j � `*�= <��5'8�� �Y <�<'*_ hlje h&j X��'8�5�5<�� �*@*��< �� 'Z* 8�@5' ��'� ϕ(x)e
f(k)"

�� K/, 4-)G6,* )1 )402*&6 4)2'0 .)'0-)6� [4-�0 /88� .- -64 -.0� I+-6 J8+1- 581-38/
4G45-0 581541-3.-4F +1 .// +1-43+83 18F40 8E -64 04- J(Γ) .1F E83 4.56 18F4 ξi ∈ J(Γ)e i ∈ Ie
�9 814 4F,4 γξi ∈ R(ξi)" �83 4.56 �94F k = 1, 2, ...,M -64 J8+1- 581-38/ v(k) +0 F4-437+14F
:H . 04- 8E 127:430 vi(k)r v(k) = {vi(k), i ∈ I}" Z- -64 0.74 -+74 {vi(k), i ∈ I} ∈ U
hk = 1, 2, ...,Mj .1F U ⊂ R

J +0 04- F4J41F+1, 81 -64 1.-234 8E -64 .JJ/+4F -.0�0" ^620e
-64 581-38/0 4G45-0 .34 581541-3.-4F .- -64 41FJ8+1-0 8E -64 �94F 4F,40 8E 4.56 +1143 18F4
ξie i ∈ I"

[4- -64 E215-+810 f(k) hk = 1, 2, ...,Mj +1 -64 4b2.-+81 hlj :4 F4�14F :H 3.-+80

f(k) =
∑
i∈I

vi(k)δ(x − xi)|xi=1∈γξi (k = 1, 2, ...,M),

-64 0-.-4 y(x, k; v(k)) hk = 1, 2, ...,Mj 8E 0H0-47 hlje h#j F4�14F :H F+G4341-+./=F+G434154
4b2.-+81

1

τ
[y(k; v(k)) − y(k − 1; v(k − 1))]− d

dx

(
a(x)

dy(k; v(k))

dx

)
+ b(x)y(k; v(k)) =

=
∑
i∈I

vi(k)δ(x − xi)|xi=1∈γξi , k = 1, 2, ...,M, h(j

y(0; v(0)) = ϕ(x), y(k; v(k)) |x∈∂Γ= 0, k = 1, 2, ...,M. h;j

Z5583F+1, -8 F4�1+-+81 le I4 I+// F4�14 . I4.� 08/2-+81 8E 0H0-47 h(je h;j"
H,W'202)' �� Z I4.� 08/2-+81 8E 5/.00 W 1

2(Γ) 8E -64 F+G4341-+./=F+G434154 4b2.-+81
h(j `8'Z X���8'8��< h;j +0 5.//4F E215-+810 y(k; v(k)) = W 1

0(a,Γ) (k = 1, 2, ...,M)e
y(0; v(0)) = ϕ(x) hϕ(x) ∈ L2(Γ)je 0.-+0EH+1, .1 +1-4,3./ +F41-+-H∫

Γ

y(k; v(k))t η(x)dx + �(y(k; v(k)), η) =
∑
i∈I

vi(k)ηi, k = 1, 2, ...,M,

E83 .1H E215-+81 η(x) ∈ W 1
0(a,Γ)e 4b2./+-H y(0; v(0)) = ϕ(x) +1 h;j +0 21F430-88F ./780-

4c43HI6434{ ηi = η(x)|x=1∈γξi e 6434 ξi ∈ J(Γ) .1F i ∈ I{ �(y(k; v(k)), η) +0 :+/+14.3 E837e
F4�14F :H -64 3.-+8 h#j"

�+-6 . c+4I -8 0+7J/4 E23-643 J34041-.-+81e I4 I+// .00274 -6.- -64 8:043c.-+81 8E
-64 0-.-4 y(k; v(k)) 8E -64 0H0-47 h(je h;j +0 5.33+4F 82- -6382,682- -64 F87.+1 Γ" Z0
-64 0-.-4741- 8E # -6483470 le /+14.3 7.JJ+1, v(k) → y(k; v(k)) 8E -64 04- U +1-8 0J.54
W 1

0(a; Γ) 581-+12820/H E83 .1H k = 1, 2, ...,M "
[4-�0 F4�14 -64 7+1+7+�+1, E215-+81./ Ψ(v) :H 3.-+8

Ψ(v) := Ψ(v(1), v(2), ..., v(M)) = τ

M∑
n=1

Ψk(v(k)),
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Ψk(v(k)) = ‖y(k; v(k))− w0(k)‖2L2(Γ)
+ (Nv(k), v(k))RJ , hCj

I6434 w0(k) hk = 1, 2, ...,Mj .34 ,+c41 4/4741-0 8E 0J.54 L2(Γ) .1F N : U → U +0
J80+-+c4/H F4�14F _437+-4 7.-3+9 E83 I6+56 -64 581F+-+810 .34 74-

(Nv(k), v(k))RJ � ς‖v(k)‖2
RJ , ς > 0, ∀v(k) ∈ U, k = 1, 2, ...,M ; hKj

6434 .1F 4c43HI6434 :4/8I -64 0H7:8/ (·, ·) .1F (·, ·)RJ .34 F418-4F . 05./.30 I83�0 +1
0J.540 L2(Γ) .1F R

J e 340J45-+c4/He 21/400 +- +0 0J45+�4F 0J45+�5.//H" ^64 E215-+81./ Ψ(v) +0
F4-437+14F :H .1 8J43.-83 v → y(v) -6.- 40-.:/+0640 E83 .// k = 1, 2, ...,M -64 581145-+81
8E -64 581-38/ 8E -64 4G45- v(k) I+-6 -64 0-.-4 y(k; v(k)) 8E -64 0H0-47 h(je h;j"

[4-�0 7.3� -6382,6 U∂ . 181=47J-H :821F4F 02:04- 8E 04- U "
^64 J38:/47 8E 8J-+7./ J8+1- 581-38/ 0H0-47 h(je h;j +0 -8 F4-437+14

inf
v∈U∂

Ψ(v), v = {v(k), k = 1, 2, ...,M}.

K/,)-,* �� dZ* '�<= �Y �@'8_�� <�<'*_ X��'&�� h(je h;j Z�< 'Z* ���� <��5'8�� v∗ ∈ U∂ 

8� *� Ψ(v∗) = min

v∈U∂

Ψ(v)e Z*&* v∗ = {v∗(k), k = 1, 2, ...,M} ∈ U∂ 8< 'Z* �@'8_�� X��'&�� �Y

'Z* <�<'*_ h(je h;j"
D 3 8 8 E" Z0 741-+814F .:8c4e /+14.3 7.JJ+1, v → y(v) 8E -64 04- 8E .F7+00+:/4 581-38/

U +1 -64 0J.54 8E -64 0-.-40 W 1
0(a,Γ) 8E -64 0H0-47 h(je h;j 581-+12820/H" �4,+11+1, -6+0e

-64 J38J43-H 8E 58435+c4 8E -64 b2.F3.-+5 587J8141- 8E E215-+81./ Ψ(v) 81 . :821F4F 04-
U∂ +0 204F" �83 .// k = 1, 2, ...,M 583345-/H 3.-+80

Ψk(v(k)) = ‖y(k; v(k))− w0(k)‖2L2(Γ)
+ (Nv(k), v(k))RJ =

= ‖y(k; v(k))− y(0; v(0)) + y(0; v(0))− w0(k)‖2L2(Γ)
+ (Nv(k), v(k))RJ =

= Fk(v(k), v(k)) − 2Lk(v(k)) + ‖y(0; v(0))− w0(k)‖2L2(Γ)
,

I6434

Fk(v(k), v(k)) = (y(k; v(k))− y(0; v(0)), y(k; v(k))− y(0; v(0)) + (Nv(k), v(k)))RJ

+0 . 0b2.34 E837 81 U e 34/.-+81

Lk(v(k)) = (w0(k)− y(0; v(0)), y(k; v(k))− y(0; v(0)))

F4-437+140 -64 /+14.3 E837 81 R
J " Z5583F+1, -8 I6.- 6.0 :441 0.+F E8//8I0 -64 c+4Ir

Ψ(v) = F(v, v) + L(v), F(v, v) = τ
M∑
n=1

Fk(v(k), v(k)), L(v) = τ
M∑
n=1

Lk(v(k)).

`81F+-+810 hKj ,2.3.1-44 -64 58435+c4 8E . 0b2.34 E837 F(v, v)" �23-643 34.081+1, ./780-
/+-43.//H 34J4.-0 -64 ,+c41 +1 -64 I83� kl#e J" l&n" �

%,*&-X �� \1 -64 5.04 N = 0e +- 5.1 :4 068I1 -6.- I641 -64 581F+-+810 8E -64
-648347 l .34 74-e -6434 +0 . 18147J-H 5/804F .1F 581c49 02:04- U0

∂ ⊂ U∂ 0256 -6.-

Ψ(v∗) = inf
v∈U∂

Ψ(v) ∀v ∈ U0
∂ .

^64 J 3 8 8 E 8E -6+0 E.5- +0 0+7+/.3 -8 -64 J34041-4F +1 -64 I83� kl#e -648347 ;"#e J" (Kn" �

#$) � %��&� �
"�
� 
!&�3�)��, 6�� 6��&��� ��4(!6��&����� ;/;�� �� ��� ���� 0



Q49-e /4-�0 FI4// 81 . F4-.+/4F 0-2FH 8E -64 581F+-+810 8E 8J-+7./ 581-38/ .1F ,4-
-64 3.-+80 -6.- F4-437+14 8J-+7./ 581-38/" 8̂ 0+7J/+EH -64 34J34041-.-+810 8E F+0-+15-
-3.10E837.-+810e E23-643 8J43.-+810 +0 -.�41 0+72/-.14820/H E83 .// 0-.-40 y(k;u(k)) .1F
581-38/ u(k)e k = 1, 2, ...,M { 18-.-+810 y(k;u(k))e y(k;u(k))t .1F u(k) .34 34J/.54 :H y(u)e
y(u)t .1F ue 340J45-+c4/H"

[4-�0 J38c4 -64 E8//8I+1, .29+/+.3H 0-.-4741-0 h044 ./08 kl#e JJ" lCe ;Cnj"
Y,**& �� >*' 'Z* X���8'8��< �Y 'Z* 'Z*�&*_ e \* Y5�[��*� ��� u∗ = {u∗(k), k =

1, 2, ...,M} ∈ U∂ 8< 'Z* _8�8_8f8�+ *�*_*�' �Y Y5�X'8���� Ψ(v)
 'Z*� 8�*a5��8'�

Ψ′(u∗)(v − u∗) � 0 h$j

8< Y5�[��*� Y�& ��� v ∈ U∂ g �*&8��'8�* Ψ′(u∗) 8< 5��*&<'��� 8� 'Z* <*�<* �Y ]&*XZ*'�
D 3 8 8 E" O+154 u∗ +0 . 7+1+7+�+1, 4/4741- 8E E215-+81./ Ψ(v)e E83 .1H v ∈ U∂ .1F

.1H 127:43 θ ∈ (0, 1) +0 -324 +14b2./+-H Ψ(u∗) � Ψ((1− θ)u∗ + θv)e I6+56 74.10 -6.-

1

θ
[Ψ((1− θ)u∗ + θv)−Ψ(u∗)] =

1

θ
[Ψ(u∗ + θ(v − u∗))−Ψ(u∗)] � 0

.1F Ψ′(u∗)(v − u∗) � 0 .- θ → 0 I64154 +- 0682/F :4 h$j"
^64 +1c4304 0-.-4741- +0 ./08 -324" \1F44Fe /4- E83 543-.+1 �94F u ∈ U∂ 583345-/H

+14b2./+-H Ψ′(u)(v−u) � 0 E83 .1H v ∈ U∂ " *24 -8 -64 581c49+-H 8E -64 7.JJ+1, v → Ψ(v)
h044 J388E 8E -64 -648347 #j E83 .1H v ∈ U∂ 6.0 . J/.54

1

θ
[Ψ((1− θ)u+ θv) −Ψ(u)] =

1

θ
[Ψ(u∗ + θ(v − u∗))−Ψ(u∗)] � Ψ(v)−Ψ(u),

-6.- 74.10 0 � Ψ′(u)(v − u) � Ψ(v) − Ψ(u) .- θ → 0" \- E8//8I0 Ψ(v) � Ψ(u) E83 .1H
v ∈ U∂ e +" 4" u +0 . 7+1+7+�+1, 4/4741- 8E E215-+81./ Ψ(v)" �

Y,**& �� ]�& ��� v, u ∈ U∂ '�=* @��X* � &�'8�

y′(u)(v − u) = y(v)− y(u), hYj

Z*&* y′(u) 8< �*&8��'8�* 8� 'Z* <*�<* �Y ]&*XZ*' _�@@8�+ u→ y(u)"
D 3 8 8 E" �.04F 81 F4�1+-+81 #e E83 581-38/ u(k), v(k) ∈ U∂ (k = 0, 1, ...,M) +0 . 3.-+8

1

τ

∫
Γ

[(y(k; v(k))− y(k;u(k)))− (y(k − 1; v(k − 1))− y(k − 1;u(k − 1)))] η(x)dx +

+ �(y(k; v(k))− y(k;u(k)), η) =
∑
i∈I

(vi(k)− vi(k))ηi hl)j

E83 .1H E215-+81 η(x) ∈W 1
0(a,Γ){ ηi = η(x)|x∈ζi e ζi ∈ J(Γ)" P1 -64 8-643 6.1Fe I4 6.c4

1
τ

∫
Γ

[
(y(k;u(k) + ϑ(v(k) − u(k)))− y(k;u(k))) −

− (y(k − 1;u(k − 1) + ϑ(v(k − 1)− u(k − 1)))− y(k − 1;u(k − 1)))
]
η(x)dx +

+ �(y(k;u(k) + ϑ(v(k) − u(k)))− y(k;u(k)), η) = ϑ
∑
i∈I

(vi(k)− vi(k))ηi

E83 .1H ϑ ∈ (0, 1) .1F .1H E215-+81 η(x) ∈W 1
0(a,Γ){ ηi = η(x)|x=xi∈ξi e ξi ∈ J(Γ)"

�H F+c+F+1, :8-6 J.3-0 8E -64 3454+c4F 3.-+8 :H ϑ .1F 5./52/.-+1, -64 /+7+- .- ϑ→ 0e
5874 -8 -64 3.-+8

1

τ

∫
Γ

[
y′(k;u(k))(v(k)− u(k))− y′(k − 1;u(k − 1))(v(k − 1)− u(k − 1))

]
η(x)dx +

+ �(y′(k;u(k))(v(k) − u(k)), η) = (B(v(k) − u(k), η))U hllj

� %��&� �
"�
� 
!&�3�)��, 6�� 6��&��� ��4(!6��&����� ;/;�� �� ��� ���� 0 #$l



E83 .1H E215-+81 η(x) ∈ W 1
0(a,Γ){ ηi = η(x)|x=xi∈ξi e ξi ∈ J(Γ)" `87J.3+1, -64 /4E- J.3-0

8E -64 3.-+80 hl)j .1F hllje 5874 -8 -64 4b2./+-H

y′(k;u(k))(v(k) − u(k)) = y(k; v(k))− y(k;u(k)), k = 0, 1, ...,M,

-6.- 587J/4-4 -64 J388E 8E /477." �
[4- u(k) +0 -64 8J-+7./ 581-38/ E83 4.56 �94F k = 1, 2, ...,M e -641 :H c+3-24 8E h$j .1F

hYj I4 6.c4
1

2
Ψ′

k(u(k))(v(k)− u(k)) =

= (y(k;u(k))− w0(k), y
′(k;u(k))(v(k) − u(k))) + (Nu(k), v(k) − u(k))RJ =

= (y(k;u(k))− w0(k), y(k; v(k)) − y(k;u(k))) + (Nu(k), v(k)− u(k))RJ � 0 hl#j

E83 .1H v(k) ∈ U∂ "
a.-+80 hl#j E8//8I +14b2./+-H

(y(k;u(k))− w0(k), y(k; v(k))− y(k;u(k))) + (Nu(k), v(k)− u(k))RJ � 0, hl&j

08e :.04F 81 -64 c+4I hCj 8E E215-+81./ Ψ(v) .1F 3.-+8 hKje I4 5874 -8 +14b2./+-H

τ
M∑
k=1

[
(y(k;u(k))− w0(k), y(k; v(k))− y(k;u(k))) + (Nu(k), v(k)− u(k))RJ

]
� 0

hl(j
E83 .1H v(k) ∈ U∂ " ^620e +14b2./+-H hl&j +0 . 145400.3H 581F+-+81 E83 49+0-4154 8E 8J-+7./
581-38/ 8E -64 0H0-47 h(je h;j .1F 85523 -64 E8//8I+1, 0-.-4741-"

K/,)-,* �� >*' 'Z* �@@&���� �Y 'Z* 'Z*�&*_ W \* Y5�[��*�� ?@'8_�� X��'&�� 8< XZ�&�XK
'*&8f*� \� &�'8�<∫

Γ

y(k;u(k))t η(x)dx + �(y(k;u(k)), η) =
∑
i∈I

vi(k)ηi, k = 1, 2, ...,M,

Y�& ��� Y5�X'8�� η(x) ∈W 1
0(a,Γ){ ηi = η(x)|x=1∈γξi e Z*&* ξi ∈ J(Γ) ��� i ∈ I{

∑
i∈I

pi(k;u(k))(vi(k)− ui(k)) + (Nu(k), v(k)− u(k))RJ � 0, k = 0, 1, ...,M,

Y�& ��� v(k) ∈ U∂ "
,*&* y(k;u(k)) ∈W 1

0(a,Γ)e k = 0, 1, ...,M e x ∈ Γ"
8̂ J38c+F4 . 7834 F4-.+/4F F4053+J-+81 8E -64 581F+-+810 8E 49+0-4154 8E 8J-+7./ 581-38/e

I4 I+// +1-38F254 . 581�2,.-4 0-.-4 E83 -64 0H0-47 h(je h;j" \1 0J.54 W 1
0(a; Γ) -64 58154J-

8E . 581�2,.-4 0-.-4 p(k; v(k)) hk = 1, 2, ...,Mj .1F . 581�2,.-4 0H0-47 -8 . 0H0-47 h(je
h;j I+// :4 F4�14F :.04F 81 -64 149- -.0�

− 1
τ [p(k + 1; v(k + 1))− p(k; v(k))]− d

dx

(
a(x)dp(k; v(k))dx

)
+ b(x)p(k; v(k)) =

= y(k; v(k))− w0(k), k = 0, 1, ...,M − 1,
hl;j

p(M ; v(M)) = 0, p(k; v(k)) |x∈∂Γ = 0, k = 0, 1, ...,M − 1. hlCj

K/,)-,* �� dZ* <��5'8�� �Y 'Z* <�<'*_ hl;je hlCj �' <_��� *��5+Z τ 8< 5�8a5*�� �*K
[�*� �< *�*_*�'< �Y <@�X* W 1

0(a; Γ)�

#$# � %��&� �
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D 3 8 8 E" 8̂ :4 0234 8E -6+0e +- +0 4182,6 -8 34127:43 -64 3.-+80 8E -64 0H0-47 hl;je
hlCj .1F .JJ/H -64 0-.-4741- 8E -648347 l" \1F44Fe :H 56.1,+1, -64 127:43+1, :H /.I
l = M − ke k = M,M − 1, ..., 1, 0e I4 ,4- -6.- l 56.1,4 E387 0 21-+/ M .1F I4 5874 -8
-64 0H0-47

− 1
τ [p̃(l − 1; v(l − 1))− p̃(l; v(l))]− d

dx

(
a(x)dp̃(l; v(l))dx

)
+ b(x)p̃(l; v(l)) =

= y(l; v(l))− w0(l), l = 1, 2, ...,M,

p̃(0; v(0)) = 0, p̃(l; v(l)) |x∈∂Γ= 0, l = 1, 2, ...,M,

8E 34/.-+c4 p̃(l; v(l)) hl = 1, 2, ...,Mje E83 I6+56 -64 .0043-+81 8E -64 -648347 l +0 583345-"
^6+0 587J/4-40 -64 J388E 8E -64 -648347" �

�83 4.56 �94F k = 1, 2, ...,M -3.10E837 +14b2./+-H hl&j" `810+F43+1, -64 3.-+80

− 1
τ

M−1∑
k=0

[p(k + 1;u(k + 1))− p(k;u(k))][y(k; v(k))− y(k;u(k))] =

= 1
τ

M∑
k=1

{[y(k; v(k)) − y(k;u(k))]− [y(k − 1; v(k − 1))− y(k − 1;u(k − 1))]} p(k;u(k)),

M−1∑
k=0

�(p(k;u(k)), y(k; v(k))− y(k;u(k))) =
M∑
k=1

�(y(k; v(k))− y(k;u(k)), p(k;u(k))),

5874 -8 4b2./+-H

M−1∑
k=0

(y(k; v(k))− w0(k), y(k; v(k))− y(k;u(k))) =

=
M∑
k=1

∑
i∈I

pi(k;u(k))(vi(k)− ui(k)) =
M−1∑
k=0

∑
i∈I

pi(k;u(k))(vi(k)− ui(k))

h6434 pi(k;u(k)) = p(k;u(k))|x=xi∈ξi e ξi ∈ J(Γ)e +1 -6+0 581145-+81 y(0; v(0))− y(0;u(0))e
p(M ;u(M)) .1F y(0; v(0))−y(0;u(0)) 4b2./+-H �438j" ^6434E834e E387 -64 8:-.+14F 4b2./+-H
�8I0 ∑

i∈I

pi(k;u(k))(vi(k)− ui(k)) =
∑
i∈I

pi(k;u(k))(vi(k)− ui(k))

E83 4.56 �94F k = 0, 1, ...,M − 1e -641 +14b2./+-H hl&j 5.1 :4 34I3+--41 +1 -64 E837∑
i∈I

pi(k;u(k))(vi(k)− ui(k)) + (Nu(k), v(k)− u(k))RJ � 0, k = 0, 1, ...,M, hlKj

.1F +14b2./+-H hl(j +0 -3.10E8374F -8 E837

τ
M−1∑
k=0

[∑
i∈I

pi(k;u(k))(vi(k)− ui(k)) + (Nu(k), v(k)− u(k))U

]
� 0

∀ v(k) ∈ U∂ , k = 0, 1, ...,M

hl$j

h.0 .:8c4 +0 -.�41 +1-8 .55821- y(0; v(0))− y(0;u(0)) = 0 .1F p(M ;u(M)) = 0j"
^620e -64 E8//8I+1, 0-.-4741- 6.0 :441 3454+c4F"
K/,)-,* "� >*' 'Z* �@@&���� �Y 'Z* 'Z*�&*_ W \* Y5�[��*�� ?@'8_�� X��'&�� 8< XZ�&�XK

'*&8f*� \� &�'8�<∫
Γ

y(k;u(k))t η(x)dx + �(y(k;u(k)), η) =
∑
i∈I

vi(k)ηi, k = 1, 2, ...,M,

� %��&� �
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� 
!&�3�)��, 6�� 6��&��� ��4(!6��&����� ;/;�� �� ��� ���� 0 #$&



Y�& ��� Y5�X'8�� η(x) ∈W 1
0(a,Γ){ ηi = η(x)|x=1∈γξi e Z*&* ξi ∈ J(Γ) ��� i ∈ I{

∫
Γ

p(k;u(k))t η(x)dx + �(p(k;u(k)), η) =
∫
Γ

(y(k; v(k))− w0(k))η(x)dx, k = 1, 2, ...,M,

Y�& ��� Y5�X'8�� η(x) ∈W 1
0(a,Γ){∑

i∈I

pi(k;u(k))(vi(k)− ui(k)) + (Nu(k), v(k)− u(k))RJ � 0, k = 0, 1, ...,M,

Y�& ��� v(k) ∈ U∂ "
7� 'Z*<* &�'8�< y(k;u(k)), p(k;u(k)) ∈ W 1

0(a,Γ) (k = 0, 1, ...,M)e y(0; v(0)) = ϕ(x)e
p(M ; v(M)) = 0"

^64 0-.-4741-0 8E -64 -648347 ( .1F ; 34J34041- -64 581F+-+810 E83 F4-437+1+1,
8J-+7./ J8+1- 581-38/ .1F +-0 583340J81F+1, 0-.-40 y(k;u(k))e p(k;u(k))e k = 1, 2, ...,M e
E83 -64 F+G4341-+./=F+G434154 0H0-47 h(je h;j .1F -64 583340J81F+1, 581�2,.-4 0H0-47 hl;je
hlCj"

�� ;)'.6F+2)'� ^64 J.J43 5810+F430 -64 -.0� 8E 581-38/ . F+G4341-+./=F+G434154
J.3.:8/+5 4b2.-+81 I+-6 F+0-3+:2-4F J.3.74-430 81 -64 ,3.J6 +1 -64 5/.00 8E 02774F
E215-+810" Q.74/He . 0J45+./ 5.04 +0 5810+F434Fr -64 J38:/47 8E J8+1- 581-38//+1, 4G45- 81
-64 581-38//4F F+G4341-+./=F+G434154 0H0-47 h(je h;j I+-6 -64 64/J 8E 581-38/0 581541-3.-4F
+1 .// +1-431./ 18F40 8E -64 ,3.J6" ^64 0-2FH 02:0-.1-+.//H 2040 -64 581�2,.-4 0-.-4 .1F
581�2,.-4 0H0-47 hl;je hlCj E83 F+G4341-+./=F+G434154 0H0-47 h(je h;je 8:-.+14F 3.-+80 h(je
h;je hl;je hlCj .1F hl$j -6.- F4-437+14 8J-+7./ J8+1- 581-38/" \- 0682/F :4 18-4F -6.-
-64 3402/-0 J34041-4F +1 -64 I83� 5.1 :4 204F +1 -64 .1./H0+0 8E 581-38/ J38:/470 kl&mlKne
0-.:+/+�.-+81 kl$m#)n 8E F+G4341-+./ 0H0-470e .0 I4// .0 +1 -64 0-2FH 8E 14-I83�=/+�4 J38540040
8E .JJ/+4F 56.3.5-43 k#lm#;n"

����������

�� kIG`GAGIG` j� j�+ kIG`GAGIG`U l� d� fHXAT� GBAHWUS�XGJG JIUXH?@XGJG LBIU`STXH�U BUIUKGSH?@TCnGH
CHCATWV C �UBU�FV`UXHTW H IUCBITFTnTXXTWH BUIUWTAIUWH XU JIU^T ~fVXA@TCHC G^ GBAHWUS KGLXFUIV ?GXAIGS
G^ BUIUKGSH? CVCATWC bHA@ FTSUV UXF FHCAIHKLATF BUIUWTATIC GX A@T JIUB@�� �2N#��$ �Y "���# F2#2�N@'��
Z���2�N�#&� %WW1�2� !�#526�#�XN� T�6W'#2� "X�2�X2� T��#��1 F��X2NN2N+ ;/��+ `GS� �0+ HCC� ;+ BB� ;/.2;;1�
@AABCDEEFGH�GIJE�/�;�=0<E���/�ECBKL�/�;/���;/� 9gX mLCCHUX>

;� kIG`GAGIG` j� j�+ kIG`GAGIG`U l� d� wBAHWUS ?GXAIGS G^ A@T SHXTUIH�TF dU`HTI cfAGnTC CVCATW HX U
XTASHnT FGWUHX� �2N#��$ �Y "���# F2#2�N@'�� Z���2�N�#&� %WW1�2� !�#526�#�XN� T�6W'#2� "X�2�X2� T��#��1
F��X2NN2N+ ;/��+ `GS� �0+ HCC� 1+ BB� 10�2110� @AABCDEEFGH�GIJE�/�;�=0<E���/�ECBKL�/�;/���1/.

0� kIG`GAGIG` j� j� }GLXFUIV ?GXAIGS G^ U BUIUKGSH? CVCATW bHA@ FTSUV UXF FHCAIHKLATF BUIUWTATIC GX
A@T JIUB@� )�#2���#����1 T��Y2�2�X2 e"#�@�1�#& ��� T��#��1 F��X2NN2Nf �� 626��& �Y �� )� R'@�� g"TFh�
fA� kTATICKLIJ+ mLCCHU+ ;/�Z+ BB� �;=2�;<�

1� kGF`USXV f� v�+ kIG`GAGIG` j� j� fAUIAG`GT LBIU`STXHT BUIUKGSH?@TCnG� CHCATWG� C IUCBITFTSTXXVWH
BUIUWTAIUWH XU JIU^T ~fAUIAHXJ ?GXAIGS G^ U BUIUKGSH? CVCATW bHA@ FHCAIHKLATF BUIUWTATIC GX U JIUB@��
�2N#��$ �Y "���# F2#2�N@'�� Z���2�N�#&� "2��2N cb� %WW1�2� !�#526�#�XN� T�6W'#2� "X�2�X2� T��#��1
F��X2NN2N+ ;/�Z+ HCC� 0+ BB� �;=2�1;� 9gX mLCCHUX>

Z� kIG`GAGIG` j� j�+ fTIJTT` f� R�+ sGUXJ j� d� YGLXAUKST CAUKHSHAV G^ U bTUn CGSLAHGX G^ U BUIUKGSH?
FH�TITXAHUS	FH�TITX?T CVCATW bHA@ FHCAIHKLATF BUIUWTATIC GX A@T JIUB@� �2N#��$ �Y "���# F2#2�N@'�� Z��S
�2�N�#&� %WW1�2� !�#526�#�XN� T�6W'#2� "X�2�X2� T��#��1 F��X2NN2N+ ;/;/+ `GS� �=+ HCC� 1+ BB� 1/;21�1�
@AABCDEEFGH�GIJE�/�;�=0<E���/�ECBKL�/�;/;/�1/Z

=� r@UKnG ]� k�+ f@HXFVUBHX ]� g�+ kIG`GAGIG` j� j� fAUKHSHAV G^ bTUn CGSLAHGXC G^ BUIUKGSH? CVCATWC
bHA@ FHCAIHKLATF BUIUWTATIC GX A@T JIUB@� �2N#��$ �Y "���# F2#2�N@'�� Z���2�N�#&� %WW1�2� !�#526�#�XN�
T�6W'#2� "X�2�X2� T��#��1 F��X2NN2N+ ;/�.+ `GS� �Z+ HCC� 1+ BB� 1Z�21���
@AABCDEEFGH�GIJE�/�;�=0<E���/�ECBKL�/�;/�.�1/1

�� kGF`USXV f� v�+ kIG`GAGIG` j� j�+ kGF`USXV l� f� h@T ?GXAIGSSUKHSHAV G^ BUIUKGSH? CVCATWC bHA@
FTSUV UXF FHCAIHKLATF BUIUWTATIC GX A@T JIUB@� F��X2��� T�6W'#2� "X�2�N2+ ;/��+ `GS� �/0+ BB� 0;1200/�

#$( � %��&� �
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� 
!&�3�)��, 6�� 6��&��� ��4(!6��&����� ;/;�� �� ��� ���� 0



<� jGSnG`U ]� f�+ kIG`GAGIG` j� j� tTXTIUSH�TF CGSLAHGXC UXF JTXTIUSH�TF THJTX^LX?AHGXC G^ KGLXFUIV	
`USLT BIGKSTWC GX U JTGWTAIH? JIUB@� 3'NN��� !�#526�#�XN+ ;/�1+ `GS� Z<+ XG� 0+ BB� �2�0� ]̀ UHSUKST UAD
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