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Àííîòàöèÿ

Ðàññìàòðèâàþòñÿ àâòîíîìíûå äâóìåðíûå îäíîðîäíûå êóáè÷åñêèå ñèñòåìû, â êîòîðûõ

ìíîãî÷ëåíû â ïðàâîé ÷àñòè èìåþò ëèíåéíûé îáùèé ìíîæèòåëü èëè ÿâëÿþòñÿ âçàèìíî ïðî-

ñòûìè. Ìíîæåñòâî òàêèõ ñèñòåì ðàçáèâàåòñÿ íà êëàññû ëèíåéíîé ýêâèâàëåíòíîñòè, â êàæäîì

èç êîòîðûõ íà îñíîâàíèè îïðåäåëåííûì îáðàçîì ââåäåííûõ ïðèíöèïîâ âûäåëÿåòñÿ ïðîñòåé-

øàÿ ñèñòåìà � íîðìàëüíàÿ ôîðìà òðåòüåãî ïîðÿäêà, çàäàâàåìàÿ ìàòðèöåé êîýôôèöèåíòîâ

ñâîåé ïðàâîé ÷àñòè, êîòîðàÿ íàçûâàåòñÿ êàíîíè÷åñêîé ôîðìîé (ÊÔ). Êàæäàÿ ÊÔ èìååò ñâîþ

ñòðóêòóðó ðàñïîëîæåíèÿ íåíóëåâûõ ýëåìåíòîâ, èõ îïðåäåëåííóþ íîðìèðîâêó è êàíîíè÷åñêîå

ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé äëÿ íåíîðìèðîâàííûõ ýëåìåíòîâ, îòíîñÿùåå ÊÔ â âûáðàí-

íîìó êëàññó ýêâèâàëåíòíîñòè. Ïîìèìî êëàññèôèêàöèè äëÿ ÊÔ ïðèâîäÿòñÿ: a) óñëîâèÿ íà êî-

ýôôèöèåíòû èñõîäíîé ñèñòåìû, b) ëèíåéíûå íåîñîáûå çàìåíû, ïðåîáðàçóþùèå ïðàâóþ ÷àñòü

ñèñòåìû ïðè ýòèõ óñëîâèÿõ â âûáðàííóþ ÊÔ, c) ïîëó÷àåìûå çíà÷åíèÿ íåíîðìèðîâàííûõ ýëå-

ìåíòîâ ÊÔ. Ïðåäëîæåííàÿ êëàññèôèêàöèÿ â ïåðâóþ î÷åðåäü ñîçäàâàëàñü äëÿ ïîëó÷åíèÿ âñåõ

âîçìîæíûõ ñòðóêòóð îáîáùåííûõ íîðìàëüíûõ ôîðì ñèñòåì ñ ÊÔ â íåâîçìóùåííîé ÷àñòè. Â

ðàáîòå òàêæå ïðèâåäåíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ñèñòåì ñ ïðîñòåéøèìè ÊÔ â ïðàâîé

÷àñòè ñ îïèñàíèåì ìåòîäà åå ïîëó÷åíèÿ.

Êëþ÷åâûå ñëîâà: îäíîðîäíàÿ êóáè÷åñêàÿ ñèñòåìà, íîðìàëüíàÿ ôîðìà, êàíîíè÷åñêàÿ

ôîðìà.

Abstract

We consider autonomous two-dimensional homogeneous cubic systems in which the polynomials

in the right-hand part have a linear common factor or are mutually prime. A set of such systems is

divided into classes of linear equivalence, wherein the simplest system being a third-order normal

form is distinguished on the basis of properly introduced principles. Such a form is de�ned by the

matrix of its right-hand part coe�cients, which is called the canonical form (CF). Each CF has its

own arrangement of non-zero elements, their speci�c normalization and canonical set of permissible

values for the unnormalized elements, which relates the CF to the selected class of equivalence. In

addition to classi�cation, the CFs are provided with: a) conditions on the coe�cients of the initial

system, b) non-singular linear substitutions that reduce the right-hand part of the system under

these conditions to the selected CF, c) obtained values of CF's unnormalized elements. The proposed

classi�cation was primarily created to obtain all possible structures of generalized normal forms for

systems with CF in the unperturbed part. We also provide a topological classi�cation of systems

with the simplest CFs in the right-hand part with a description of the method for obtaining it.

Keywords: homogeneous cubic system, normal form, canonical form.
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1. Ââåäåíèå

1.1. Ïîñòàíîâêà çàäà÷è.

Ðàññìàòðèâàåì âåùåñòâåííóþ äâóìåðíóþ îäíîðîäíóþ êóáè÷åñêóþ ñèñòåìó ÎÄÓ

ẋ = P (x), (1.1)

ãäå x =

(
x1
x2

)
, P =

(
P1(x)

P2(x)

)
=

(
a1x

3
1 + b1x

2
1x2 + c1x1x

2
2 + d1x

3
2

a2x
3
1 + b2x

2
1x2 + c2x1x

2
2 + d2x

3
2

)
, P1, P2 6≡ 0.

Ïóñòü âåùåñòâåííàÿ íåîñîáàÿ ëèíåéíàÿ çàìåíà

x = Ly (detL 6= 0) (1.2)

ïðåîáðàçóåò (1.1) â ñèñòåìó

ẏ = P̃ (y) (P̃i = ãiy
3
1 + b̃iy

2
1y2 + c̃iy1y

2
2 + d̃iy

3
2, i = 1, 2). (1.3)

Â ðàáîòå [1] áûëà ïîñòàâëåíà çàäà÷à îïðåäåëåíèÿ è êîíñòðóêòèâíîãî ïîñòðîåíèÿ
êóáè÷åñêèõ íîðìàëüíûõ ôîðì âèäà (1.3), êîòîðûå ìîæíî ïîëó÷èòü èç ñèñòåìû (1.1)
ïîñðåäñòâîì çàìåí (1.2). Äëÿ ýòîãî ïîòðåáîâàëîñü îñóùåñòâèòü êëàññèôèêàöèþ ìíîæå-
ñòâà ñèñòåì (1.1) ïóòåì ðàçáèåíèÿ âåêòîðíûõ ìíîãî÷ëåíîâ P (x) íà êëàññû ëèíåéíîé
ýêâèâàëåíòíîñòè. Îñíîâíûå ëèíåéíûå èíâàðèàíòû áûëè ïîëó÷åíû [1, ðàçäåë 2].

Â [1, pàçäåëû1.2-1.4] âñåñòîðîííå èçó÷åíû ïðîáëåìû, âîçíèêàþùèå ïðè íîðìàëèçà-
öèè âîçìóùåííûõ ñèñòåì ñ ìíîãî÷ëåíàìè P â íåâîçìóùåííîé ÷àñòè, è âûÿñíåíû óñëî-
âèÿ, ïðè êîòîðûõ îíè ìèíèìèçèðóþòñÿ. Íà îñíîâàíèè ïðîâåäåííûõ èññëåäîâàíèé äëÿ
êàæäîãî êëàññà ýêâèâàëåíòíîñòè â [2, pàçäåë 1] áûëè ðàçðàáîòàíû ñòðóêòóðíûå è íîð-

ìèðîâî÷íûå ïðèíöèïû, ïîçâîëÿþùèå âïîëíå óïîðÿäî÷èòü ìíîãî÷ëåíû P̃ , ïîëó÷àåìûå
â ðåçóëüòàòå çàìåíû (1.2), è, òåì ñàìûì, òåîðåòè÷åñêè âûäåëèòü â êàæäîì êëàññå îáðà-

çóþùóþ � ñàìûé ïðîñòîé âåêòîðíûé ìíîãî÷ëåí P̃ , íàçûâàåìûé êàíîíè÷åñêîé ôîðìîé
(ÊÔ).

Îêàçàëîñü, ÷òî ëþáóþ ÊÔ ìîæíî îòîæäåñòâèòü ñ ìàòðèöåé êîýôôèöèåíòîâ ìíî-
ãî÷ëåíà P̃ , ðàñïîëîæåíèå íóëåâûõ ýëåìåíòîâ â êîòîðîé ôèêñèðîâàíî, à äëÿ íåíóëåâûõ
äîëæíû áûòü óêàçàíû êàíîíè÷åñêèå ìíîæåñòâà, îïèñûâàþùèå èõ äîïóñòèìûå çíà÷å-
íèÿ. Ñèñòåìó ñ ÊÔ â ïðàâîé ÷àñòè åñòåñòâåííî íàçûâàòü êóáè÷åñêîé íîðìàëüíîé ôîð-
ìîé.

Íàðÿäó ñ çàäà÷åé ïðàêòè÷åñêîãî íàõîæäåíèÿ âñåõ ÊÔ â [1,pàçäåë 1.1] áûëè ïî-
ñòàâëåíû òàêæå ÷åòûðå äîïîëíÿþùèå åå òåõíè÷åñêèå âû÷èñëèòåëüíûå çàäà÷è, ïîçâî-
ëÿþùèå ýôôåêòèâíî èñïîëüçîâàòü ðàçðàáîòàííóþ êëàññèôèêàöèþ íà ïðàêòèêå. Îíè
çàêëþ÷àþòñÿ â òîì, ÷òîáû äëÿ êàæäîé ÊÔ â ÿâíîì âèäå âûïèñàòü:
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a) óñëîâèÿ íà êîýôôèöèåíòû âåêòîðíîãî ìíîãî÷ëåíà P (x);

b) çàìåíó (1.2), ïðåîáðàçóþùóþ P (x) ïðè óêàçàííûõ óñëîâèÿõ â âûáðàííóþ ÊÔ;

ñ) ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ ýëåìåíòîâ ÊÔ èç êàíîíè÷åñêîãî ìíîæåñòâà;

d) ìèíèìàëüíîå êàíîíè÷åñêîå ìíîæåñòâî, â êîòîðîì îòñóòñòâóþò òå çíà÷åíèÿ ýëå-
ìåíòîâ, îò êîòîðûõ ìîæíî èçáàâèòüñÿ çàìåíîé (1.2), ñîõðàíÿþùåé ñòðóêòóðó ÊÔ.

Â [2, ð. 2] âñå ïîñòàâëåííûå çàäà÷è ðåøåíû â ñëó÷àå, êîãäà ìíîãî÷ëåíû P1 è P2

ïðîïîðöèîíàëüíû, ò. å. èìåþò îáùèé ìíîæèòåëü òðåòüåé ñòåïåíè.

Â ðàáîòàõ [3] è [4] çàäà÷è ýòè ðåøåíû, êîãäà ìíîãî÷ëåíû P1 è P2 èìåþò îáùèé
ìíîæèòåëü âòîðîé ñòåïåíè.

Îñíîâíàÿ öåëü ïðåäëàãàåìîé ðàáîòû çàêëþ÷àåòñÿ â ïîëó÷åíèè àíàëîãè÷íûõ ðå-
çóëüòàòîâ äëÿ ñëó÷àåâ, êîãäà P1 è P2 îáëàäàþò ëèíåéíûì îáùèì ìíîæèòåëåì, è êîãäà
îíè âçàèìíî ïðîñòû. Ýòè ðåçóëüòàòû îïóáëèêîâàíû â ðàáîòàõ [5] è [6].

Ñëåäóåò èìåòü â âèäó, ÷òî áîëüøîå êîëè÷åñòâî ñèìâîëüíûõ âû÷èñëåíèé, ñâÿçàí-
íûõ ñî âñåâîçìîæíûìè ëèíåéíûìè ïðåîáðàçîâàíèÿìè îäíîðîäíûõ êóáè÷åñêèõ ñèñòåì,
èõ íîðìèðîâêîé è âûäåëåíèåì îáùåãî ìíîæèòåëÿ ðàçëè÷íûõ ñòåïåíåé, à òàêæå ñ ðåøå-
íèåì ðàçëè÷íûõ àëãåáðàè÷åñêèõ ñèñòåì è óðàâíåíèé, âûñîêèõ ñòåïåíåé ñ ïàðàìåòðàìè
íåâîçìîæíî áåç ïðèìåíåíèÿ ñèìâîëüíîé ìàòåìàòèêè. Äëÿ ýòèõ öåëåé èñïîëüçóåòñÿ àíà-
ëèòè÷åñêèé ïàêåò Maple. Â íåì áûë íàïèñàí íàáîð ñòàíäàðòíûõ ïðîöåäóð, èñïîëüçóÿ
êîòîðûå äëÿ äîêàçàòåëüñòâà ïðàêòè÷åñêè êàæäîãî óòâåðæäåíèÿ áûëè ñîçäàíû ñîîòâåò-
ñòâóþùèå ïðîãðàììû Maple.

Êðîìå òîãî, â ðàáîòå [1, ð. 1] ìîæíî íàéòè áîëåå ïîäðîáíóþ ïîñòàíîâêó çàäà÷è,
êîòîðàÿ âêëþ÷àåò â ñåáÿ:

1) âûâîä ñâÿçóþùåé ñèñòåìû äëÿ âîçìóùåííûõ ñèñòåì, çàâèñÿùåé èñêëþ÷èòåëüíî
îò êîýôôèöèåíòîì ìíîãî÷ëåíà P, è âûäåëåíèå òåõ ãðóïï êîýôôèöèåíòîâ P, îáíóëåíèå
êîòîðûõ îáëåã÷àåò ðåøåíèå ñâÿçóþùåé ñèñòåìû, à çíà÷èò, ïîçâîëÿåò îñîçíàííî ñôîð-
ìóëèðîâàòü ñòðóêòóðíûå è íîðìèðîâî÷íûå ïðèíöèïû, ïîëîæåííûå â îñíîâó êëàññèôè-
êàöèè ñèñòåì (1.1), è âûäåëèòü â ëèíåéíî ýêâèâàëåíòíûõ êëàññàõ ñèñòåì ïðîñòåéøèå:
òå, ïðàâûå ÷àñòè êîòîðûõ îáðàçóþò êàíîíè÷åñêèå ôîðìû;

2) îïèñàíèå ìåòîäà ðåçîíàíñíûõ óðàâíåíèé, ïîçâîëÿþùåãî äëÿ âîçìóùåííûõ ñè-
ñòåì ñ êàêîé-ëèáî ÊÔ â íåâîçìóùåííîé ÷àñòè äàòü êîíñòðóêòèâíîå îïðåäåëåíèå îáîá-
ùåííîé íîðìàëüíîé ôîðìû ñ î÷åâèäíûì äîêàçàòåëüñòâîì åå ñóùåñòâîâàíèÿ è âûïèñàòü
â ÿâíîì âèäå âñå âîçìîæíûå ñòðóêòóðû îáîáùåííûõ íîðìàëüíûõ ôîðì, ðàçóìååòñÿ
òîëüêî äëÿ òåõ ÊÔ, äëÿ êîòîðûõ óäàåòñÿ ðåøèòü ñâÿçóþùóþ ñèñòåìó èëè õîòÿ áû âû-
ïèñàòü ðåçîíàíñíûå óðàâíåíèÿ, ãàðàíòèðóþùèå åå ñîâìåñòíîñòü;

3) îáñóæäåíèå ïðîáëåì è èìåþùèõñÿ ðåçóëüòàòîâ â áëèçêèõ ïî ïîñòàíîâêå çàäà÷àõ,
êîãäà â ñèñòåìå (1.1) ðàññìàòðèâàþòñÿ êâàçèîäíîðîäíûå âåêòîðíûå ìíîãî÷ëåíû P (x)
ñ îïðåäåëåííûìè âåñàìè ïåðåìåííûõ èëè êîãäà ñòåïåíè ìíîãî÷ëåíîâ P1 è P2 ïðèíèìàþò
âñåâîçìîæíûå çíà÷åíèÿ îò åäèíèöû äî òðåõ.

Òàêæå â ðàáîòå ðàññìàòðèâàåòñÿ ìåòîä îïðåäåëåíèÿ ôàçîâîãî ïîðòðåòà ñèñòåì (1.1)
ñ ìíîãî÷ëåíàìè P1 è P2, íå èìåþùèìè îáùåãî ìíîæèòåëÿ, è ïðîâåäåíà òîïîëîãè÷åñêàÿ
êëàññèôèêàöèÿ ñîîòâåòñòâóþùèõ ñèñòåì ñ ïðîñòåéøèìè ÊÔ â ïðàâîé ÷àñòè. Ïîâåäå-
íèå òðàåêòîðèé ñèñòåìû èññëåäóåòñÿ íà áåñêîíå÷íîñòè ñ ïîìîùüþ ïðîåêöèè íà ñôåðó
Ïóàíêàðå (ñì. [7]) ñ öåëüþ îïðåäåëèòü òîïîëîãè÷åñêóþ ñòðóêòóðó ñèñòåìû â öåëîì.

Îñòàíîâèìñÿ â çàêëþ÷åíèå íà ñòðóêòóðå ïðåäëàãàåìîé ðàáîòû.

Âî ââåäåíèè ïðèâåäåíû íåîáõîäèìûå äëÿ äàëüíåéøåãî îïðåäåëåíèÿ è ðåçóëüòàòû,
ïîëó÷åííûå â ðàáîòàõ [1, ð. 2] è [2, ð. 1].
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Ðàçäåë 2 öåëèêîì ïîñâÿùåí ñëó÷àþ, êîãäà ìíîãî÷ëåíû P1, P2 ñèñòåìû (1.1) èìåþò
âåùåñòâåííûé îáùèé ìíîæèòåëü ñòåïåíè îäèí.

Â 2.1�2.4 ïðåäëîæåíà óäîáíàÿ ôîðìà çàïèñè ñèñòåìû, ìíîæåñòâî ñèñòåì ðàçáèâà-
åòñÿ íà òðè ëèíåéíî íåýêâèâàëåíòíûõ êëàññà, è ïðèâåäåí ïîëíûé ñïèñîê êàíîíè÷åñêèõ
ôîðì ñî ñâîèìè äîïóñòèìûìè è êàíîíè÷åñêèìè ìíîæåñòâàìè.

Â 2.5�2.6 ïîñëåäîâàòåëüíî ðàññìàòðèâàåòñÿ êàæäûé èç òðåõ êëàññîâ. Äîêàçûâàþòñÿ
ñîîòâåòñòâóþùèå èì ëåììû î ñâåäåíèè ê êàíîíè÷åñêèì ôîðìàì.

Â 2.7 ñîáðàíû â åäèíóþ òåîðåìó âñå ïîëó÷åííûå ðåçóëüòàòû äëÿ ñëó÷àÿ ëèíåéíîãî
ìíîæèòåëÿ.

Â ðàçäåëå 3 ðàññìàòðèâàåòñÿ ñëó÷àé âçàèìíî ïðîñòûõ ìíîãî÷ëåíîâ P1, P2.

Â 3.1 ïðèâåäåí ñïèñîê êàíîíè÷åñêèõ ôîðì ñ m ≤ 4, ãäå m � ÷èñëî íåíóëåâûõ
ýëåìåíòîâ ôîðìû, ñî ñâîèìè êàíîíè÷åñêèìè ìíîæåñòâàìè. Ê ñîæàëåíèþ, ïîëó÷èòü ÊÔ
ñ m ≥ 5 íå ïðåäñòàâëÿåòñÿ âîçìîæíûì èç-çà íåïðåîäîëèìûõ òåõíè÷åñêèõ òðóäíîñòåé.

Â 3.2 â èññëåäîâàí âîïðîñ î òîì, ïðè êàêèõ óñëîâèÿõ èñõîäíàÿ ñèñòåìà ñâîäèòñÿ ê
êàêîé-ëèáî èç âûäåëåííûõ êàíîíè÷åñêèõ ôîðì ñ m ≤ 3. Äëÿ ýòîãî èñõîäíàÿ ñèñòåìà
ïðåäâàðèòåëüíî ñâîäèòñÿ ê ñèñòåìå ñ îäíèì íóëåâûì êîýôôèöèåíòîì è îäíèì íîðìè-
ðîâàííûì.

Íàêîíåö, â ðàçäåëå 4 ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ ôàçîâîãî ïîðòðåòà ñè-
ñòåìû (1.1) ñ P1, P2 áåç îáùåãî ìíîæèòåëÿ.

Â 4.1 êðàòêî èçëàãàåòñÿ ñïîñîá èññëåäîâàíèÿ ïîâåäåíèÿ òðàåêòîðèé ñèñòåìû íà
áåñêîíå÷íîñòè, è óêàçàí ìåòîä ïîëó÷åíèÿ òîïîëîãè÷åñêîé êëàññèôèêàöèè.

Â 4.2 ïîëó÷åíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ñèñòåì, ñîîòâåòñòâóþùèõ êàíîíè-
÷åñêèì ôîðìàì ñ m ≤ 3, à èìåííî: óêàçàíû ôàçîâûå ïîðòðåòû â êðóãå Ïóàíêàðå äëÿ
âñåõ çíà÷åíèé ïàðàìåòðîâ èç êàíîíè÷åñêèõ ìíîæåñòâ.

1.2. Ëèíåéíàÿ ýêâèâàëåíòíîñòü îäíîðîäíûõ êóáè÷åñêèõ ñèñòåì.

Ðàññìîòðèì âåùåñòâåííóþ äâóìåðíóþ îäíîðîäíóþ êóáè÷åñêóþ ñèñòåìó

ẋ = P (x) èëè ẋ = Aq[3](x), (1.4)

â êîòîðîé P =

(
P1

P2

)
=

(
a1x

3
1 + b1x

2
1x2 + c1x1x

2
2 + d1x

3
2

a2x
3
1 + b2x

2
1x2 + c2x1x

2
2 + d2x

3
2

)
, A =

(
A1

A2

)
=

(
a1 b1 c1 d1
a2 b2 c2 d2

)
,

x = colon (x1, x2), q
[3](x) = colon (x31, x

2
1x2, x1x

2
2, x

3
2), ïðè÷åì ñòðîêè A1, A2 6= 0.

Ñîãëàøåíèå 1.1. Â äàëüíåéøåì äëÿ êðàòêîñòè ìàòðèöó êîýôôèöèåíòîâ A áóäåì
îòîæäåñòâëÿòü ñ ñèñòåìîé (1.4) èëè ãîâîðèòü, ÷òî A ïîðîæäàåò ñèñòåìó (1.4).

Îïðåäåëåíèå 1.1. Ëþáîé îäíîðîäíûé ìíîãî÷ëåí ñ âåùåñòâåííûìè êîýôôèöèåí-
òàìè, ÿâëÿþùèéñÿ îáùèì ìíîæèòåëåì P1 è P2, áóäåì îáîçíà÷àòü P0. Îáùèé ìíî-
æèòåëü P0 ìàêñèìàëüíîé ñòåïåíè l (l = 1, 2, 3) áóäåì îáîçíà÷àòü P l

0. Ïðè îòñóò-
ñòâèè îáùåãî ìíîæèòåëÿ áóäåì ñ÷èòàòü, ÷òî l = 0.

Äëÿ âåêòîðîâ r =

(
r1
r2

)
, s =

(
s1
s2

)
ââåäåì ôóíêöèþ δrs =

∣∣∣∣∣r1 s1
r2 s2

∣∣∣∣∣ = r1s2 − r2s1.

Óñòàíîâèòü íàëè÷èå èëè îòñóòñòâèå îáùåãî ìíîæèòåëÿ ó ëþáûõ äâóõ ìíîãî÷ëåíîâ
ïîçâîëÿåò ôóíêöèÿ R = R(P1, P2), íàçûâàåìàÿ ðåçóëüòàíòîì:
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R =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1 c1 d1 0 0

0 a1 b1 c1 d1 0

0 0 a1 b1 c1 d1
a2 b2 c2 d2 0 0

0 a2 b2 c2 d2 0

0 0 a2 b2 c2 d2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= δ3ad + δ2acδcd + δabδ

2
bd − 2δabδadδcd − δabδbcδcd − δacδadδbd.

Óòâåðæäåíèå 1.1. Ìíîãî÷ëåíû P1, P2 èìåþò âåùåñòâåííûé îáùèé ìíîæèòåëü
P0 íåíóëåâîé ñòåïåíè òîãäà è òîëüêî òîãäà, êîãäà R(P1, P2) = 0.

Äëÿ óïðîùåíèÿ ñèñòåìû (1.4) áóäåì èñïîëüçîâàòü ëèíåéíûå íåîñîáûå çàìåíû{
x1 = r1y1 + s1y2

x2 = r2y1 + s2y2
èëè x = Ly, L =

(
r1 s1
r2 s2

)
, δ = detL 6= 0. (1.5)

Ïóñòü çàìåíà (1.5) ïðåîáðàçóåò ñèñòåìó (1.4) â ñèñòåìó

ẏ = P̃ (y) èëè ẏ = Ã q[3](y), (1.6)

ãäå P̃ =

(
P̃1

P̃2

)
=

(
ã1y

3
1 + b̃1y

2
1y2 + c̃1y1y

2
2 + d̃1y

3
2

ã2y
3
1 + b̃2y

2
1y2 + c̃2y1y

2
2 + d̃2y

3
2

)
, Ã =

(
ã1 b̃1 c̃1 d̃1
ã2 b̃2 c̃2 d̃2

)
.

Äëÿ ìíîãî÷ëåíîâ P̃1, P̃2 ïî àíàëîãèè ñ R ââåäåì ðåçóëüòàíò R̃ = R(P̃1, P̃2).

Â [1, ð. 2.2 ] äëÿ ñèñòåìû (1.6) ïîëó÷åíû ñëåäóþùèå ôîðìóëû

P̃ (y) = L−1P (Ly) = L−1Aq[3](Ly), R̃ = δ6R,

Ã = δ−1

 δP (r)s s1δ ∂P (r)
∂r1

s
+ s2δ ∂P (r)

∂r2
s

r1δ ∂P (s)
∂s1

s
+ r2δ ∂P (s)

∂s2
s

δP (s)s

−δP (r)r −s1δ ∂P (r)
∂r1

r
− s2δ ∂P (r)

∂r2
r
−r1δ ∂P (s)

∂s1
r
− r2δ ∂P (s)

∂s2
r
−δP (s)r

 .
(1.7)

Ñðåäè çàìåí (1.5), ïðåîáðàçóþùèõ (1.4) â (1.6), âûäåëèì äâå ñïåöèàëüíûå çàìåíû:(
r1 0

0 s2

)
� íîðìèðîâêà, Ã =

(
a1r

2
1 b1r1s2 c1s

2
2 d1s

3
2/r1

a2r
3
1/s2 b2r

2
1 c2r1s2 d2s

2
2

)
; (1.8)

(
0 1

1 0

)
� ïåðåíóìåðàöèÿ, Ã =

(
d2 c2 b2 a2
d1 c1 b1 a1

)
. (1.9)

Çàìå÷àíèå 1.1. Íîðìèðîâêà (1.8) èìååò ñëåäóþùèå îñîáåííîñòè:
1) íàçîâåì a2, b1, c2, d1 ýëåìåíòàìè íå÷åòíîãî çèãçàãà, a1, b2, c1, d2 � ÷åòíîãî, òîãäà ó âñåõ
ýëåìåíòîâ íå÷åòíîãî çèãçàãà ìîæíî îäíîâðåìåííî èçìåíèòü çíàê, à ó ëþáîãî ýëåìåíòà
èç ÷åòíîãî çèãçàãà çíàê èçìåíèòü íåëüçÿ;
2) ëþáîå èç îòíîøåíèé a1/b2, b1/c2, c1/d2 íà äèàãîíàëÿõ èçìåíèòü íåëüçÿ.

Çàìå÷àíèå 1.2. Åñëè â ñèñòåìå, ïîëó÷åííîé ïîñëå çàìåíû L = (r, s), ïîòðåáóåòñÿ
ïåðåíóìåðàöèÿ, òî ëó÷øå â èñõîäíîé ñèñòåìå ñðàçó ñäåëàòü çàìåíó L = (s, r).

Â òî æå âðåìÿ ïåðåíóìåðàöèÿ (1.9) ïîçâîëÿåò äîãîâîðèòüñÿ î ñëåäóþùåì.

Ñîãëàøåíèå 1.2. Â äàëüíåéøåì, íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî
â ñèñòåìå (1.4) ïðè l = 1, 2, 3,

a21 + a22 6= 0, åñëè a21 + a22 + d21 + d22 6= 0. (1.10)
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1.3. Ñòðóêòóðíûå ôîðìû.

Áàçîâûì ïîíÿòèåì ðàçâèâàåìîé òåîðèè ÿâëÿåòñÿ ïîíÿòèå ñòðóêòóðíîé ôîðìû.

Îïðåäåëåíèå 1.2. Âåùåñòâåííóþ ìàòðèöó A =

(
a1 b1 c1 d1
a2 b2 c2 d2

)
ñ íåíóëåâûìè

ñòðîêàìè áóäåì íàçûâàòü îáúåäèíåííîé ñòðóêòóðíîé m-ôîðìîé (m = 2, 8) è îáîçíà-
÷àòü USFm (united structural form), åñëè êàêèå-ëèáî m åå ýëåìåíòîâ îòëè÷íû îò íóëÿ,
à îñòàëüíûå ðàâíû íóëþ. Êîíå÷íîå ìíîæåñòâî, îáúåäèíÿþùåå âñå USFm, áóäåì îáî-
çíà÷àòü SUSFm (set of USFm).

Î÷åâèäíî, ÷òî îáúåäèíåííûå ñòðóêòóðíûå m-ôîðìû îòëè÷àþòñÿ îäíà îò äðóãîé
ðàçëè÷íûì ðàñïîëîæåíèåì ìåñò äëÿ íåíóëåâûõ ýëåìåíòîâ.

Â äàëüíåéøåì äëÿ êðàòêîñòè ëþáóþ USFm ìîæíî áóäåò çàïèñûâàòü ïî ñòðîêàì,

óêàçûâàÿ â êàæäîé òîëüêî íåíóëåâûå ýëåìåíòû, íàïð.,

(
a1 0 c1 0

0 0 0 d2

)
= (a1, c1; d2).

Ðàññìîòðèì âñåâîçìîæíûå ðàññòàíîâêè íåíóëåâûõ ýëåìåíòîâ â SUSFm (m = 2, 8).

Îïðåäåëåíèå 1.3. Èíäåêñîì ýëåìåíòà aij (i = 1, 2; j = 1, 2, 3, 4) ìàòðèöû A

áóäåì íàçûâàòü ÷èñëî, ñòîÿùåå íà ìåñòå (i, j) â ìàòðèöå

(
1 2 3 4

4 3 2 1

)
. Â ñâîþ î÷å-

ðåäü, èíäåêñîì k ìàòðèöû A áóäåì íàçûâàòü ñóììó èíäåêñîâ íåíóëåâûõ ýëåìåíòîâ A
è ïðè íåîáõîäèìîñòè ïèñàòü A[k]. Àíàëîãè÷íî ââîäÿòñÿ èíäåêñû ñòðîê A1 è A2.

Â [2, 1.1 ] äîëæíûì îáðàçîì ââåäåíû ñòðóêòóðíûå ïðèíöèïû (ÑÏ), ïîçâîëÿþùèå
âïîëíå óïîðÿäî÷èòü êîíå÷íîå ìíîæåñòâî SUSF =

⋃ 8
m=2 SUSF

m è, â òîì ÷èñëå, âñå
âõîäÿùèå â íåãî ïàðû USFm, ïîëó÷àåìûå äðóã èç äðóãà ïðè ïåðåíóìåðàöèè (1.9).

Îïðåäåëåíèå 1.4. Èç äâóõ ðàçëè÷íûõ îáúåäèíåííûõ ñòðóêòóðíûõ m-ôîðì, ïîëó-
÷àåìûõ äðóã èç äðóãà ïåðåíóìåðàöèåé, ôîðìó, ÿâëÿþùóþñÿ ñîãëàñíî ÑÏ ïðåäøåñòâó-
þùåé, áóäåì íàçûâàòü ñòðóêòóðíîé m-ôîðìîé, ïðè æåëàíèè äîáàâëÿÿ îñíîâíàÿ, è
îáîçíà÷àòü SFm, à äðóãóþ � äîïîëíèòåëüíîé è îáîçíà÷àòü SFm

a (additional SF ).

Î÷åâèäíî, ÷òî èìååòñÿ òàêæå îïðåäåëåííîå êîëè÷åñòâî "ñèììåòðè÷íûõ" ñòðóêòóð-
íûõ m-ôîðì, ò. å. òàêèõ SFm, êîòîðûå íå èçìåíÿþòñÿ â õîäå ïåðåíóìåðàöèè (1.9).

Ïîñêîëüêó ëþáàÿ ïàðà, ñîñòîÿùàÿ èç îñíîâíîé è äîïîëíèòåëüíîé ñòðóêòóðíûõ
ôîðì ëèíåéíî ýêâèâàëåíòíà, òî "õóäøàÿ" ñ òî÷êè çðåíèÿ ÑÏ äîïîëíèòåëüíàÿ ôîðìà
ñàìîñòîÿòåëüíîãî èíòåðåñà íå ïðåäñòàâëÿåò, íî èñïîëüçîâàòü åå èíîãäà áóäåò óäîáíî.

Ñîãëàøåíèå 1.3. Cîãëàñíî ââåäåííîé óïîðÿäî÷åííîñòè ñîïîñòàâèì ëþáîé îñíîâ-
íîé ñòðóêòóðíîé m-ôîðìå ïîðÿäêîâûé íîìåð i è áóäåì îáîçíà÷àòü åå SFm

i , à äîïîë-
íèòåëüíóþ ê íåé ñòðóêòóðíóþ ôîðìó � SFm

a,i.

Â [2, 1.1 ] ïðèâåäåí Ñïèñîê 1.1, ñîñòîÿùèé èç 120 óïîðÿäî÷åííûõ ñòðóêòóðíûõ
ôîðì, âõîäÿùèõ â SUSF.

Îïðåäåëåíèå 1.5. Ïðåäñòàâèòåëåì ïðîèçâîëüíîé SFm
i áóäåì íàçûâàòü ëþáóþ

÷èñëîâóþ ìàòðèöó, ñòðóêòóðà íóëåé êîòîðîé ñîâïàäàåò ñî ñòðóêòóðîé SFm
i .

Èòàê, ëþáóþ SFm
i ìîæíî òðàêòîâàòü êàê ñîâîêóïíîñòü âñåõ åå ïðåäñòàâèòåëåé.

Âàæíàÿ õàðàêòåðèñòèêà SFm
i ñâÿçàíà ñ îïðåäåëåíèåì âñåõ âîçìîæíûõ çíà÷åíèé

ìàêñèìàëüíîé ñòåïåíè îáùåãî ìíîæèòåëÿ P l
0 (ñì. îïð. 1.1), êîòîðûé ìîæíî âûíîñèòü â

ïðàâîé ÷àñòè ïîðîæäåííîé ýòîé ñòðóêòóðíîé ôîðìîé ñèñòåìû (1.4) ïðè ðàçëè÷íûõ çíà-
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÷åíèÿõ íåíóëåâûõ êîýôôèöèåíòîâ. Ïîýòîìó ìíîæåñòâî âåùåñòâåííûõ íåíóëåâûõ çíà÷å-
íèé ýëåìåíòîâ ëþáîé SFm

i ðàçîáüåì íà íåïóñòûå ìíîæåñòâà sm,li (0 ≤ l ≤ 3) ñëåäóþùèì
îáðàçîì: sm,li ñîäåðæèò òå è òîëüêî òå çíà÷åíèÿ ýëåìåíòîâ SFm

i , ïðè êîòîðûõ â ïðàâîé
÷àñòè ñèñòåìû (1.4), ïîðîæäåííîé ýòîé ôîðìîé, ìîæíî âûíåñòè îáùèé ìíîæèòåëü P l

0.

Îïðåäåëåíèå 1.6. Äëÿ ëþáîé SFm
i , çàäàâàåìîé ìàòðèöåé A, çàïèñü SFm,l

i îçíà-
÷àåò òó æå ìàòðèöó A, íî çíà÷åíèÿ åå íåíóëåâûõ ýëåìåíòîâ ïðèíàäëåæàò sm,li 6= ∅.

Èíûìè ñëîâàìè, SFm,l
i îáúåäèíÿåò òåõ è òîëüêî òåõ ïðåäñòàâèòåëåé SFm

i , ÷üè ýëå-
ìåíòû ïðèíàäëåæàò sm,li , èëè, ÷òî òî æå ñàìîå, SFm,l

i ïîðîæäàåò òîëüêî òàêèå ñèñòåìû,
ïðàâûå ÷àñòè êîòîðûõ èìåþò îáùèé ìíîæèòåëü ìàêñèìàëüíîé ñòåïåíè l.

Èç îïðåäåëåíèÿ (1.6) è òåîðåìû 2.3 [1, 2.6 ] âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1.2. SFm,l1
i ëèíåéíî íå ýêâèâàëåíòíà SFm,l2

i ïðè l1 6= l2, ò. å. ëþáûå
äâà ïðåäñòàâèòåëÿ SFm,l1

i è SFm,l2
i ëèíåéíî íå ýêâèâàëåíòíû.

Åñëè SFm
i èìååò òîëüêî îäíî ìíîæåñòâî sm,l0i 6= ∅, òî, î÷åâèäíî, SFm,l0

i = SFm
i .

1.4. Íîðìèðîâàííûå ñòðóêòóðíûå ôîðìû è äîïóñòèìûå ìíîæåñòâà.

Ñëåäóþùèì øàãîì íà ïóòè ê îïðåäåëåíèþ êàíîíè÷åñêîé ôîðìû ñòàíåò ââåäåíèå
ïîíÿòèÿ íîðìèðîâàííîé ñòðóêòóðíîé ôîðìû, îñíîâàííîãî íà íîðìèðîâêå ïðè ïîìîùè
çàìåíû (1.8) âñåõ ïðåäñòàâèòåëåé SFm,l

i ñ öåëüþ ïîëó÷åíèÿ íà äâóõ, êàê ïðàâèëî (ñì.
çàì. 1.1), äîëæíûì îáðàçîì âûáðàííûõ ìåñòàõ åäèíè÷íûõ ïî ìîäóëþ ýëåìåíòîâ.

Â [2, 1.2 ] ïðèâåäåíû íîðìèðîâî÷íûå ïðèíöèïû (ÍÏ) âûáîðà íîðìèðóåìûõ ýëåìåí-
òîâ ìàòðèöû A, ïîçâîëÿþùèå îñóùåñòâèòü íîðìèðîâêó ëþáîé èç 120 SFm

i , ò. å. îäíî-
çíà÷íî âûáðàòü â íåé ìåñòà äëÿ íîðìèðóåìûõ ýëåìåíòîâ è çíà÷åíèÿ, êîòîðûå äîëæíû
ïîëó÷èòü ýëåìåíòû íà ýòèõ ìåñòàõ ïîñëå íîðìèðîâêè. Ïðè ýòîì íîðìèðóþùàÿ çàìåíà
(1.8) îïðåäåëÿåòñÿ îäíîçíà÷íî äëÿ âñåõ SF, êðîìå SF 2,2

3 è SF 2,2
4 , äëÿ êîòîðûõ ýëåìåíò

s2 â çàìåíå ïðîèçâîëåí è ìîæåò áûòü âûáðàí, íàïðèìåð, åäèíèöåé (ñì. çàì. 1.1).

Èòàê, ïðåäñòàâèòåëè ëþáîé SFm,l
i (÷èñëîâûå ìàòðèöû çàäàííîé ñòðóêòóðû ñ ýëå-

ìåíòàìè èç sm,li ) ðàçáèâàþòñÿ íà êëàññû ýêâèâàëåíòíîñòè îòíîñèòåëüíî íîðìèðóþùèõ
çàìåí (1.8), à â êà÷åñòâå îáðàçóþùèõ áåðóòñÿ íîðìèðîâàííûå ïðåäñòàâèòåëè.

Îïðåäåëåíèå 1.7. SFm,l
i áóäåì íàçûâàòü íîðìèðîâàííîé ñòðóêòóðíîé ôîðìîé è

îáîçíà÷àòü NSFm,l
i (normalized SF), åñëè îíà îáúåäèíÿåò òîëüêî ñâîèõ íîðìèðîâàííûõ

â ñîîòâåòñòâèè ñ ÍÏ ïðåäñòàâèòåëåé.

Ñîãëàøåíèå 1.4. Ëþáóþ íîðìèðîâàííóþ ñòðóêòóðíóþ ôîðìó A áóäåì çàïè-
ñûâàòü â âèäå σB, ãäå âûíåñåííûé èç ìàòðèöû A ìíîæèòåëü σ ðàâåí çíàêó ïåð-
âîãî íîðìèðîâàííîãî ýëåìåíòà. Îñòàâøèåñÿ íåíîðìèðîâàííûìè íåíóëåâûå ýëåìåíòû
ìàòðèöû B, åñëè òàêîâûå èìåþòñÿ, áóäåì äîëæíûì îáðàçîì âûðàæàòü ÷åðåç ïåðå-
ìåííûå, íàçûâàåìûå â äàëüíåéøåì ïàðàìåòðàìè NSF è ôóíêöèè îò íèõ. Òàêæå ïðè
íåîáõîäèìîñòè áóäåì çàïèñûâàòü NSF êàê ôóíêöèþ îò ñâîèõ ïàðàìåòðîâ.

Òåì ñàìûì, ïàðàìåòðû NSF, îáîçíà÷àåìûå u, v, w, . . . , âñåãäà ïðåäïîëàãàþòñÿ îò-

ëè÷íûìè îò íóëÿ. Íàïðèìåð, NSF 5,1
7 = NSF 5,1

7 (σ, u, v) = σ

(
u v v − u 0

1 0 0 1

)
, íî ïðè

ýòîì v 6= u, èíà÷å m 6= 5.

Ñîãëàøåíèå 1.4 ïîçâîëÿåò â ìàòðèöå B, èñïîëüçóåìîé â äàëüíåéøåì äëÿ íîðìàëè-
çàöèè âîçìóùåííûõ ñèñòåì, ïîëó÷èòü ìàêñèìàëüíîå êîëè÷åñòâî åäèíèö, à ìíîæèòåëü
σ, åñëè îí îêàæåòñÿ îòðèöàòåëüíûì, çàìåíîé âðåìåíè ìîæíî ñäåëàòü ðàâíûì åäèíèöå.
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Òàê, SF 2,1
2 = (a1; c2) çàìåíîé (1.8) ìîæåò áûòü ñâåäåíà ê NSF 2,1

2 = σ

(
1 0 0 0

0 0 1 0

)
c σ = sign a1. Çäåñü íîðìèðóåìûå ýëåìåíòû ðàñïîëîæåíû íà ðàçíûõ çèãçàãàõ, è ñîãëàñíî
çàìå÷àíèþ 1.1 íà çíàê ýëåìåíòà èç ÷åòíîãî çèãçàãà ïîâëèÿòü íåâîçìîæíî, ïîýòîìó îí
âûíîñèòñÿ â âèäå ìíîæèòåëÿ σ. À çíàê íîðìèðóåìîãî ýëåìåíòà èç íå÷åòíîãî çèãçàãà
âñåãäà ìîæíî ñäåëàòü ðàâíûì σ, ÷òî è òðåáóåòñÿ â ÍÏ.

Îïðåäåëåíèå 1.8. Åñëè âñå íåíóëåâûå ýëåìåíòû SFm,l
i ðàñïîëîæåíû òîëüêî

íà îäíîì èç çèãçàãîâ, èç-çà ÷åãî âòîðîé íîðìèðîâàííûé ýëåìåíò â ìàòðèöå B ïðè åãî
íàëè÷èè ìîæåò ðàâíÿòüñÿ êàê åäèíèöå, òàê è ìèíóñ åäèíèöå (áóäåì îáîçíà÷àòü åãî
κ), òî ïîëó÷àåìóþ NSF áóäåì íàçûâàòü äâîéñòâåííîé è îáîçíà÷àòü NSFm,l

i,κ .

Îòìåòèì, ÷òî äëÿ NSFm,l
i ïî ñðàâíåíèþ ñ SFm,l

i ñóùåñòâåííî îáëåã÷àåòñÿ ïðàêòè-
÷åñêîå íàïèñàíèå óñëîâèé, ôèêñèðóþùèõ ìàêñèìàëüíóþ ñòåïåíü l îáùåãî ìíîæèòåëÿ.

Òàê, NSF 5
7 = σ

(
u v w 0

1 0 0 1

)
åñòü NSF 5,2

7 ïðè −v, w = u; NSF 5,1
7 ïðè w = v − u;

NSF 5,0
7 , åñëè íå âûïîëíÿþòñÿ ïåðå÷èñëåííûå âûøå îãðàíè÷åíèÿ íà ïàðàìåòðû.

Îïðåäåëåíèå 1.9. Çíà÷åíèÿ ïàðàìåòðîâ, ïðè êîòîðûõ îïðåäåëåíà ïðîèçâîëüíàÿ
NSFm,l

i , áóäåì íàçûâàòü äîïóñòèìûìè. Îáúåäèíåíèå äîïóñòèìûõ çíà÷åíèé ïàðàìåò-
ðîâ äëÿ êàæäîé èç ôîðì áóäåì íàçûâàòü äîïóñòèìûì ìíîæåñòâîì è îáîçíà÷àòü
psm,li (permissible set). Äîïóñòèìîå ìíîæåñòâî áóäåì íàçûâàòü òðèâèàëüíûì è îáî-
çíà÷àòü tpsm,li (trivial ps), åñëè âõîäÿùèå â íåãî ïàðàìåòðû îãðàíè÷åíèé íå èìåþò.

1.5. Êàíîíè÷åñêèå ìíîæåñòâà è êàíîíè÷åñêèå ôîðìû. Èòàê, ðàññìîòðèì
ïðîèçâîëüíóþ NSFm,l

i ìàòðèöó, èìåþùóþ m íåíóëåâûõ ýëåìåíòîâ ñ çàäàííûì ðàñïî-
ëîæåíèåì, ôèêñèðóþùèì i � åå ïîðÿäêîâûé íîìåð â SUSFm ñîãëàñíî ââåäåííûì ÑÏ.
Íàêîíåö, l � ýòî ñòåïåíü îáùåãî ìíîæèòåëÿ P l

0, êîòîðûé âûíîñèòñÿ èç ïðàâîé ÷àñòè
ñèñòåìû, ïîðîæäåííîé ëþáûì ïðåäñòàâèòåëåì NSFm,l

i . Ñîãëàñíî óòâåðæäåíèþ 1.2 l
èíâàðèàíòíà îòíîñèòåëüíî ëèíåéíûõ íåîñîáûõ çàìåí.

Îòìåòèì, ÷òî ïîëó÷åíèå íîðìèðîâàííûõ ñòðóêòóðíûõ ôîðì � ýòî ôîðìàëüíàÿ ðà-
áîòà, òðåáóþùàÿ òîëüêî íîðìèðîâêè (1.8), ò. å. çàìåíû, íå çàòðàãèâàþùåé ñòðóêòóðû
ïîðîæäàþùåé ýòè ôîðìû ìàòðèöû A.

Òåïåðü æå ñòàíåì óïðîùàòü NSFm,l
i , ñâîäÿ èõ ïîñðåäñòâîì ïîäõîäÿùèõ ëèíåéíûõ

íåîñîáûõ çàìåí (1.5) ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàðàìåòðîâ èç psm,li ê ïðåäøåñòâóþ-
ùèì ñòðóêòóðíûì ôîðìàì, ò. å. ê SF n,l

j ñ n < m èëè ñ j < i ïðè n = m.

Â ñâÿçè ñ ýòèì ñëåäóåò èìåòü â âèäó ñëåäóþùèå äâà ñîîáðàæåíèÿ.

Ñ îäíîé ñòîðîíû, ïðàêòè÷åñêè êàæäàÿ NSFm,l
i ìîæåò ñâîäèòüñÿ ê ïðåäøåñòâóþ-

ùèì SF n,l
j , ò. å. èìååò "ëèøíèõ" ïðåäñòàâèòåëåé, ëèíåéíî ýêâèâàëåíòíûõ êàêèì-ëèáî

ïðåäñòàâèòåëÿì ïðåäøåñòâóþùèõ ôîðì. Çíà÷åíèÿ ïàðàìåòðîâ, äîïóñêàþùèå òàêèõ
ïðåäñòàâèòåëåé, íàäî óäàëÿòü èç psm,li .

Ñ äðóãîé ñòîðîíû, òå NSFm,l
i , êîòîðûå ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ ñâîèõ ïà-

ðàìåòðîâ ëèíåéíî ýêâèâàëåíòíû êàêèì-ëèáî ïðåäøåñòâóþùèì ôîðìàì, ñàìîñòîÿòåëü-
íîãî èíòåðåñà íå ïðåäñòàâëÿþò, ïîñêîëüêó íå ìîãóò âûñòóïàòü â ðîëè "ïðîñòåéøèõ".

Îïðåäåëåíèå 1.10. Íåïóñòîå ìíîæåñòâî, ñîäåðæàùåå òå è òîëüêî òå çíà÷åíèÿ
ïàðàìåòðîâ èç psm,li , ïðè êîòîðûõ NSFm,l

i ëèíåéíî íå ýêâèâàëåíòíà íèêàêîé ïðåäøå-
ñòâóþùåé SF, áóäåì íàçûâàòü êàíîíè÷åñêèì è îáîçíà÷àòü csm,li (canonical set).

Îïðåäåëåíèå 1.11. Ëþáóþ NSFm,l
i áóäåì íàçûâàòü êàíîíè÷åñêîé ôîðìîé è îáî-
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çíà÷àòü CFm,l
i (canonical form), åñëè åå ïàðàìåòðû ïðèíàäëåæàò csm,li .

Òàêèì îáðàçîì, ìàòðèöû CFm,l
i è NSFm,l

i âûãëÿäÿò îäèíàêîâî, íî ïàðàìåòðû CFm,l
i

ïðèíàäëåæàò csm,li � ýòî psm,li , èç êîòîðîãî óäàëåíû òå çíà÷åíèÿ, ïàðàìåòðîâ ïðè êîòî-
ðûõ ïðåäñòàâèòåëè NSFm,l

i çàìåíàìè (1.5) ñâîäÿòñÿ ê ïðåäøåñòâóþùèì SF.

Óòâåðæäåíèå 1.3. Ëþáûå äâå êàíîíè÷åñêèå ôîðìû ëèíåéíî íå ýêâèâàëåíòíû.

Ýòî î÷åâèäíîå óòâåðæäåíèå îçíà÷àåò, ÷òî íèêàêèå äâà ïðåäñòàâèòåëÿ ðàçëè÷íûõ
CF èëè, ÷òî òî æå ñàìîå, íèêàêèå äâå ñèñòåìû (1.4), ïîðîæäåííûå ñîîòâåòñòâóþùèìè
÷èñëîâûìè ìàòðèöàìè, íå ìîãóò áûòü ñâÿçàíû ëèíåéíîé íåîñîáîé çàìåíîé.

Â ðÿäå ñëó÷àåâ êàíîíè÷åñêèå ìíîæåñòâà ïàðàìåòðîâ óäàåòñÿ äîïîëíèòåëüíî îãðà-
íè÷èòü ïðè ïîìîùè ëèíåéíûõ çàìåí, ïðåîáðàçóþùèõ CF â ñåáÿ.

Îïðåäåëåíèå 1.12. Êàíîíè÷åñêîå ìíîæåñòâî ëþáîé CF m,l
i áóäåì íàçûâàòü ìè-

íèìàëüíûì è îáîçíà÷àòü mcsm,li (minimal cs), åñëè íàéäåíà ëèíåéíàÿ íåîñîáàÿ çàìåíà,
ïðåîáðàçóþùàÿ CFm,l

i â ñåáÿ è ïîçâîëÿþùàÿ îãðàíè÷èòü çíà÷åíèÿ ýëåìåíòîâ csm,li , à
èìåííî, åñëè ýòî âîçìîæíî, òî õîòÿ áû îäèí èç íååäèíè÷íûõ ýëåìåíòîâ ïîëó÷åí
îãðàíè÷åííûì ñâåðõó è (èëè) ñíèçó è (èëè) çàôèêñèðîâàí çíàê ìíîæèòåëÿ σ.

Òàêèì îáðàçîì, åñëè CFm,l
i íå ñîäåðæèò ïàðàìåòðîâ èëè èõ íåâîçìîæíî îãðàíè-

÷èòü, òî àâòîìàòè÷åñêè csm,li = mcsm,li , ò. å. ÿâëÿåòñÿ ìèíèìàëüíûì.

Îïðåäåëåíèå 1.13. Ìíîæåñòâî, ñîäåðæàùåå òå çíà÷åíèÿ ïàðàìåòðîâ èç csm,li ,
îò êîòîðûõ óäàåòñÿ èçáàâèòüñÿ ïðè ïîìîùè ëèíåéíûõ íåîñîáûõ çàìåí, ïåðåâîäÿùèõ
CFm,l

i â ñåáÿ, áóäåì íàçûâàòü äîïîëíèòåëüíûì è îáîçíà÷àòü acsm,li (additional cs).

Òåì ñàìûì, mcsm,li = csm,li \acs
m,l
i .

Ñîãëàøåíèå 1.5. Â äàëüíåéøåì: 1) Çàïèñü �. . . ζ = [ ς1 ∨ υ1 ] . . . η = [ ς2 ∨ υ2 ] . . . �
áóäåò îçíà÷àòü, ÷òî èëè ζ = ς1, η = ς2, èëè ζ = υ1, η = υ2; 2) óñëîâèå, çàêëþ÷åííîå
â êðóãëûå ñêîáêè è çàïèñàííîå ïîñëå äðóãîãî óñëîâèÿ, íå ÿâëÿåòñÿ òðåáîâàíèåì, à ïðè-
âîäèòñÿ â êà÷åñòâå íàïîìèíàíèÿ äëÿ ëó÷øåãî âîñïðèÿòèÿ ïîñëåäóþùèõ ðàññóæäåíèé;
3) â ôîðìóëèðîâêàõ ðåçóëüòàòîâ îòëè÷èå îò íóëÿ âûðàæåíèé, ñòîÿùèõ â çíàìåíà-
òåëå, íå ÿâëÿåòñÿ ïðåäïîëîæåíèåì, à óñòàíàâëèâàåòñÿ â õîäå äîêàçàòåëüñòâà.

2. Îäíîðîäíûå êóáè÷åñêèå ñèñòåìû

ñ ëèíåéíûì îáùèì ìíîæèòåëåì

2.1. Çàïèñü è ëèíåéíàÿ ýêâèâàëåíòíîñòü ñèñòåì ïðè l = 1.

Ó ñèñòåìû (1.4) ẋ = P (x) ïðè l = 1 a21 + a22 6= 0 ñîãëàñíî ñîãëàøåíèþ1.2, èíà÷å
P0 = x1x2 è l ≥ 2, ïîýòîìó îíà ìîæåò áûòü çàïèñàíà â âèäå

ẋ = P 1
0 (x)Gq[2](x), (2.1)

ãäå îáùèé ìíîæèòåëü P 1
0 = x1 + βx2 (β ∈ R1), ìàòðèöà G =

(
p1 q1 t1
p2 q2 t2

)
, q[2] =

colon (x21, x1x2, x
2
2), ïðè ýòîì p21 + p22 6= 0, t21 + t22 6= 0, èíà÷å l > 1, à ïîñòðîåííûé ïî

ìíîãî÷ëåíàì piz
2 + qiz + ti (i = 1, 2) ðåçóëüòàíò R2 = δ2pt − δpqδqt 6= 0.

×èñëî β è ýëåìåíòû G ñèñòåìû (2.1) îäíîçíà÷íî âûðàæàþòñÿ ÷åðåç ýëåìåíòû A èç

ðàâåíñòâà

(
p1 q1 + βp1 t1 + βt1 βt1
p2 q2 + βp2 t2 + βq2 βt2

)
=

(
a1 b1 c1 d1
a2 b2 c2 d2

)
(a21 + a22 6= 0) :

β = θ∗, pi = ai, qi = bi − aiθ∗, ti = ci − biθ∗ + aiθ
2
∗ (= diθ

−1
∗ ), (2.2)
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ãäå θ∗ ∈ R1 � îáùèé íóëü ìíîãî÷ëåíîâ P
(1)
i (θ) = aiθ

3 − biθ2 + ciθ − di = 0 (i = 1, 2).

Âåùåñòâåííûé îáùèé íóëü ìíîãî÷ëåíîâ P
(1)
1 , P

(1)
2 ñóùåñòâóåò è åäèíñòâåíåí, òàê

êàê îí èìååòñÿ ó P1, P2, à ëþáîé íóëü Pi, âçÿòûé ñ îáðàòíûì çíàêîì, áóäåò íóëåì P
(1)
i .

Òåîðåìà 2.1. Ïðè l = 1 çàìåíà (1.5) x = Ly ïðåîáðàçóåò ñèñòåìó (1.4) âèäà (2.1)

ñ P 1
0 = αx1 + βx2 â ñèñòåìó (1.6) ẏ = P̃ (y) âèäà

ẏ = P̃ 1
0 (y) G̃q[2](y), (2.3)

ãäå îáùèé ìíîæèòåëü P̃ 1
0 (y) = α̃y1 + β̃y2, ìàòðèöà G̃ =

(
p̃1 q̃1 t̃1
p̃2 q̃2 t̃2

)
è ðåçóëüòàíò

R̃2 = δ2
p̃t̃
− δp̃q̃δq̃t̃ âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì:

(α̃, β̃) = (α, β)L 6= 0, G̃ = L−1GM, M =

 r21 2r1s1 s21
r1r2 δ∗ s1s2
r22 2r2s2 s22

 ,
δ∗ = r1s2 + r2s1,

detM = δ3;

R̃2 = δ2R2 6= 0 èëè α̃ = αr1 + βr2, β̃ = αs1 + βs2, (2.4)

δ G̃ =

(
r21δps + r1r2δqs + r22δts 2r1s1δps + δ∗δqs + 2r2s2δts s21δps + s1s2δqs + s22δts
r21δrp + r1r2δrq + r22δrt 2r1s1δrp + δ∗δrq + 2r2s2δrt s21δrp + s1s2δrq + s22δrt

)
.

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî ñïðàâåäëèâà ôîðìóëà

q[2](Ly) = Mq[2](y). (2.5)

Òàê, q[2](Ly) =

(r1y1 + s1y2)
2

(r1y1 + s1y2)(r2y1 + s2y2)

(r2y1 + s2y2)
2

=

 r21 2r1s1 s21
r1r2 δ∗ s1s2
r22 2r2s2 s22


 y21
y1y2
y22

= Mq[2](y).

Òåïåðü ôîðìóëà (2.3) âûòåêàåò èç ñëåäóþùåé öåïî÷êè ðàâåíñòâ:

P̃ (y)
(1.7)
= L−1P (Ly)

(2.1)
= L−1((α, β)Ly)Gq[2](Ly)

(2.5)
= ((α, β)Ly)L−1GMq[2](y)

(2.4)
=

(2.4)
= (α̃, β̃) y G̃q[2](y). �

2.2. Âûäåëåíèå êàíîíè÷åñêèõ ôîðì è èõ äîïóñòèìûõ ìíîæåñòâ. Âûäå-
ëèì èç ñïèñêà 1.1 ðàáîòû [2] ñòðóêòóðíûå ôîðìû äî SF 5,1

8 âêëþ÷èòåëüíî, îòíîñÿùè-
åñÿ ê ñëó÷àþ l = 1 (èìååòñÿ 41 òàêàÿ ôîðìà), íîðìèðóåì èõ ñîãëàñíî ââåäåííûì â
[2, ð. 1.2] íîðìèðîâî÷íûì ïðèíöèïàì (ÍÏ) è âûÿñíèì, êàêèå èç ïîëó÷åííûõ íîðìèðî-
âàííûõ ñòðóêòóðíûõ ôîðì ÿâëÿþòñÿ êàíîíè÷åñêèìè ôîðìàìè.

Óòâåðæäåíèå 2.1. Òîëüêî NSF 4,1
6 = σ

(
u 0 0 u

0 0 1 1

)
, NSF 4,1

a,15 = σ

(
1 0 0 0

1 v u 0

)
,

NSF 4,1
a,20 = σ

(
v 0 1 0

1 0 u 0

)
(uv 6= 1), NSF 4,1

22 = σ

(
u 0 0 u

0 1 1 0

)
, NSF 4,1

37 = σ

(
0 0 u u

1 1 0 0

)
,

NSF 5,1
1 = σ

(
u v v − u 0

0 0 1 1

)
, NSF 5,1

2 = σ

(
u v 0 u− v
0 0 1 1

)
, NSF 5,1

5 = σ

(
u 0 v u+ v

0 0 1 1

)
ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ ïàðàìåòðîâ ëèíåéíûìè çàìåíàìè (1.5) ñâîäÿòñÿ ê
êàêèì-ëèáî ïðåäøåñòâóþùèì ñîãëàñíî ÑÏ èç [2, p. 1.1] ñòðóêòóðíûì ôîðìàì.
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Äîêàçàòåëüñòâî. 1) NSF 4,1
6 çàìåíîé ñ s1 = −s2, r2 = 0 ñâîäèòñÿ ê SF 4,1

5 ;
2) NSF 4,1

a,15 çàìåíîé ñ r1 = −2uv−1r2, s1 = 0 ñâîäèòñÿ ê SF 3,1
a,8 ;

3) NSF 4,1
a,20 (v 6= u−1) çàìåíîé ñ s1 = 0, r2 = ur1 ñâîäèòñÿ ê SF 4,1

19 ;

4) NSF 4,1
22 çàìåíîé ñ s1 = −s2, r2 = r1 ñâîäèòñÿ ê SF 4,1

a,20;

5) NSF 4,1
37 çàìåíîé ñ s1 = −s2, r2 = r1 ïðè u = 1 ñâîäèòñÿ ê SF 3,1

9,κ , ïðè u = −1 ñâîäèòñÿ

ê SF 3,1
a,14,κ, à ïðè u 6= ±1 çàìåíîé ñ s1 = −s2, r1 = ur2 ñâîäèòñÿ ê SF 4,1

a,27;

6) NSF 5,1
1 , NSF 5,1

2 , NSF 5,1
5 çàìåíîé ñ s1 = −s2, r2 = 0 ñâîäÿòñÿ ê SF 4,1

5 .

Íåïîñðåäñòâåííîé ïðîâåðêîé óñòàíîâëåíî, ÷òî îñòàëüíûå òðèäöàòü òðè NSFm,1 ÿâ-
ëÿþòñÿ êàíîíè÷åñêèìè ôîðìàìè (ñì. îïðåäåëåíèÿ 1.7, 1.11). �

Çàìå÷àíèå 2.1. Çäåñü è â äàëüíåéøåì çàïèñü "ñâîäèòñÿ ê êàêîé-ëèáî SFm,1 "
îçíà÷àåò, ÷òî ïîëó÷åíà óêàçàííàÿ ôîðìà èëè ôîðìà, åé ïðåäøåñòâóþùàÿ, â êîòîðîé
êàêèå-òî ýëåìåíòû SFm,1 îêàçàëèñü ðàâíûìè íóëþ.

Âûïèøåì èìåþùèåñÿ CFm,1, èõ äîïóñòèìûå ìíîæåñòâà ps è êàíîíè÷åñêèå ìíî-
æåñòâà cs èç îïðåäåëåíèé 1.9, 1.10 (çàïèñè tps, tcs îçíà÷àþò îòñóòñòâèå îãðàíè÷åíèé
íà ïàðàìåòðû, âõîäÿùèå â ôîðìó). Âèä êàíîíè÷åñêèõ ôîðì áóäåò îáîñíîâàí ïîçäíåå
â óòâåðæäåíèÿõ 2.3, 2.4. Óêàæåì òàêæå ðàçëîæåíèå êàæäîé ôîðìû íà ñòðîêó (1, β) è
ìàòðèöó G, êàê ýòî ñäåëàíî â ñèñòåìå (2.1) ẋ = (α, β)xG q[2](x), è ðåçóëüòàíò R2 6= 0
ìàòðèöû G.

Ñïèñîê 2.1. Âñå CFm,1
i äî CF 5,1

8 âêëþ÷èòåëüíî ñ óêàçàíèåì êîýôôèöèåíòà β,
ìàòðèöû G, ðåçóëüòàíòà R2, ps

m,1
i è csm,1i (σ, κ = ±1, u, v, w 6= 0, α = 1, R2 6= 0).

I) 24 ôîðìû ñ β = 0 (d1, d2 = 0, G � òðè ïåðâûõ ñòîëáöà ñîîòâåòñòâóþùåé CFm,1
i ) :

1) CF 2,1
2 = σ

(
1 0 0 0

0 0 1 0

)
,
R2 = 1,

tps2,12 ;
CF 3,1

a,5 = σ

(
1 0 0 0

0 u 1 0

)
,
R2 = 1,

tps3,1a,5;

CF 3,1
a,8 = σ

(
1 0 0 0

1 0 u 0

)
,
R2 = u2,

tps3,1a,8;
2) CF 3,1

3 = σ

(
1 u 0 0

0 0 1 0

)
,
R2 = 1,

tps3,13 ;

CF 3,1
a,14,κ = σ

(
0 1 0 0

κ 0 u 0

)
,
R2 = κu,

tps3,114,κ;
CF 4,1

7 = σ

(
u v 0 0

0 1 1 0

)
,
R2 = u(u− v),
ps4,17 = {v 6= u};

CF 4,1
a,12 = σ

(
1 1 0 0

v 0 u 0

)
,
R2 = u(u+ v),

ps4,112 ={v 6= −u};
CF 4,1

a,24 = σ

(
0 1 0 0

v 1 u 0

)
,
R2 = uv,

tps4,124 ;

3) CF 2,1
9 = σ

(
0 0 1 0

1 0 0 0

)
,
R2 = 1,

tps2,19 ;
CF 3,1

6 = σ

(
u 0 1 0

0 0 1 0

)
,
R2 = u2,

tps3,16 ;

CF 3,1
11,κ = σ

(
u 0 κ 0

0 1 0 0

)
,
R2 = κu,

tps3,111,κ;
CF 3,1

17 = σ

(
u 0 1 0

1 0 0 0

)
,
R2 = 1,

tps3,117 ;

CF 3,1
a,19 = σ

(
0 0 1 0

1 0 u 0

)
,
R2 = 1,

tps3,1a,19;
CF 3,1

21 = σ

(
0 u 1 0

1 0 0 0

)
,
R2 = 1,

tps3,121 ;

CF 3,1
a,22 = σ

(
0 0 1 0

1 u 0 0

)
,
R2 = 1,

tps3,1a,22;
CF 4,1

5 = σ

(
u v 1 0

0 0 1 0

)
,
R2 = u2,

tps4,15 ;

CF 4,1
11 = σ

(
u 1 v 0

0 1 0 0

)
,
R2 = uv,

tps4,111 ;
CF 4,1

a,14 = σ

(
v 0 1 0

0 u 1 0

)
,
R2 = v(u2 + v),

ps4,114 = {v 6= −u2};

CF 4,1
19 = σ

(
u v 1 0

1 0 0 0

)
,
R2 = 1,

tps4,119 ;
CF 4,1

a,27 = σ

(
v 0 1 0

1 u 0 0

)
,
R2 = u2v + 1,

ps4,127 = {v 6= −u2};
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CF 4,1
a,29 = σ

(
0 1 1 0

v 0 u 0

)
,
R2 = v(u+ v),

ps4,129 = {v 6= −u};
CF 4,1

a,30 = σ

(
0 0 1 0

1 v u 0

)
,
R2 = 1,

tps4,130 ;

CF 4,1
a,33 = σ

(
0 1 1 0

v u 0 0

)
,
R2 = v(v − u),
ps4,133 = {v 6= u};

CF 5,1
8 = σ

(
u v w 0

0 1 1 0

)
,
R2 = u(u− v + w),

ps5,18 = {w 6= v − u};

II) 9 ôîðì ñ β = 1 è ñâîèìè G (R2 = u2 è ps = tps â ïåðâûõ øåñòè ôîðìàõ):

CF 4,1
1 = σ

(
u u 0 0

0 0 1 1

)
, σ

(
u 0 0

0 0 1

)
; CF 4,1

3 = σ

(
u 0 −u 0

0 0 1 1

)
, σ

(
u −u 0

0 0 1

)
;

CF 4,1
13 = σ

(
u 0 0 u

0 1 0 −1

)
, σ

(
u −u u

0 1 −1

)
; CF 4,1

28 = σ

(
0 u 0 −u
1 0 0 1

)
, σ

(
0 u −u
1 −1 1

)
;

CF 4,1
32 = σ

(
0 0 u u

1 0 0 1

)
, σ

(
0 0 u

1 −1 1

)
; CF 4,1

36 = σ

(
0 0 u u

1 0 −1 0

)
, σ

(
0 0 u

1 −1 0

)
;

CF 5,1
3 = σ

(
u v v − u 0

0 1 0 −1

)
, σ

(
u v − u 0

0 1 −1

)
,
R2 = uv,

ps5,13 = {v 6= u};

CF 5,1
6 = σ

(
u v 0 u− v
0 1 0 −1

)
, σ

(
u v − u u− v
0 1 −1

)
,
R2 = u2,

ps5,16 = {v 6= u};

CF 5,1
7 = σ

(
u v v − u 0

1 0 0 1

)
, σ

(
u v − u 0

1 −1 1

)
,
R2 = u2 − uv + v2,

ps5,17 = {v 6= u};

1) tcs2,12 ; cs3,15 = {u 6= 2}, cs3,18 = {u > 1/4};
2) tcs3,13 , cs3,114,κ = {(κ, u) 6= (1, 1/2)}; cs4,17 = {v 6= u, 2− u−1, 2u(u+ 1)−1},

cs4,112 = {u 6= −v, 1/2; 4v(u− 1) > 1}, cs4,124 = {u = 1/2, v < −1/2};

3) tcs2,19 , tcs2,19 ; tcs3,16 , tcs3,111,κ, tcs
3,1
17 , tcs

3,1
19 , cs3,121 = {u 6= 2}, tcs3,122 ; cs4,11 = {u 6= ±1},

cs4,13 = {u 6= −1/2,−2}; cs4,15 = {u 6= v(v − 2)/4; (u, v) 6= (1,−2), (−1/9, 1)}; cs4,111 =
{v 6= u(2u− 1)−2}, cs4,113 = {u 6= −1/3, 2/3}, cs4,114 = {v 6= u,−u2; v 6= u/2 ïðè u > −1/2},
cs4,127 = {v 6= −u−2, (u3/2 ± 23/2)u−1/2/2; (u, v) 6= 4−2/3 · (3, 1)},
cs4,119 = {u 6= v2/4, (v3 − 8)(4v)−1}, cs4,128 = {u 6= −3, −3/4, 3/2, 6, ϑ1},
cs4,129 = {u 6= −1/2; v 6= −u, u2, (1− 2u)/8, (1− 2u)2/8; (u, v) 6= (ϑ3, ϑ4)},
cs4,130 = {u 6= −v−1, (v3 − 8)(4v)−1; (u, v) 6= (2, 3), (3,−3)}, cs4,132 = {u 6= −3,−3/4, 3/8, 6},
cs4,133 = {u 6= 1; v 6= u, (4u+ 1)/2, (6u+ 1± (2u+ 1)(8u+ 1)1/2)/16},
cs4,136 = {u 6= −2, −1/8, 1± 3

√
2/4, 1/4, 4}; cs5,13 = {v 6= u, 2.41},

cs5,16 = {v 6= u, 2.42}, cs5,17 = {v 6= u, 2.43}, cs5,18 = {w 6= v − u, 2.44}.
Çäåñü çàïèñü {. . . , 2.4i} îçíà÷àåò, ÷òî çíà÷åíèÿ ïàðàìåòðîâ íå óäîâëåòâîðÿþò óñëî-

âèÿì èç ïóíêòà i) íèæå ñëåäóþùåãî óòâåðæäåíèÿ 2.4.

Ïîñêîëüêó â ñïèñîê 2.1 âõîäÿò CFm,1 òîëüêî ñ β = 0 èëè ñ β = α, âûÿñíèì ïðè
êàêèõ óñëîâèÿõ ôîðìû ñ òàêèìè β ìîãóò áûòü ïðåîáðàçîâàíû äðóã â äðóãà.

Óòâåðæäåíèå 2.2. Ïóñòü ñèñòåìà (2.1) ñ P 1
0 = αx1 + βx2 ëèíåéíîé íåîñîáîé

çàìåíîé ñâîäèòñÿ ê ñèñòåìå (2.3) ẏ = P̃ 1
0 (y) G̃q[2](y), c P̃ 1

0 = α̃x1 + β̃x2, òîãäà
1) ïðè α = 1 : β̃ = 0⇔ s1 = −βs2, 2) ïðè β = 0 : β̃ = 0⇔ s1 = 0,
3) ïðè β = 0 : α̃ = β̃ ⇔ r1 = s1 6= 0, 4) ïðè α = β : β̃ = 0⇔ s2 = −s1 6= 0.

Äîêàçàòåëüñòâî. Ïî òåîðåìå 2.1 α̃ = αr1 + βr2, β̃ = αs1 + βs2. �

Íàáîð 2.1. ×èñëîâûå êîíñòàíòû, èñïîëüçóåìûå â äàëüíåéøåì:

ϑ1 = ρ+ 20ρ−1 + 5, ϑ2 = ((
√

29 + 27)ρ2 − (10
√

29− 130)ρ+ 1000)/600, ρ = (4
√

29 + 92)1/3;
ϑ3 = ((3

√
29−17)ρ2+(4

√
29−24)ρ−16)/24, ϑ4 = ((72−13

√
29)ρ2−(9

√
29−59)ρ+72)/36,

ϑ5 = (ρ+ 4ρ−1)/6, ϑ6 = 2(2ρ2 + 9ρ+ 8)/(ρ2 − 18ρ+ 4), ρ = (20
√

29 + 108)1/3;
ϑ7 = (8ρ2 + (3

√
57− 1)ρ+ 68)/12, ϑ8 = ((

√
57 + 85)ρ2 + 32(

√
57− 1)ρ+ 640)/96,
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ϑ9 = (8ρ−1 − ρ− 1)/3, ϑ10 = ((11−
√

57)ρ2 + 4(
√

57 + 5)ρ+ 32)/96, ρ = (3
√

57 + 1)1/3;
ϑ11 = ((

√
17− 9)ρ2 − 4(

√
17 + 1)ρ− 40)/8, ϑ12 = −ρ+ 4ρ−1, ρ = (2

√
17 + 2)1/3;

ϑ13 = (ρ2 − (
√

77− 9)ρ− 16)/4, ϑ14 = −3((
√

77− 9)ρ2 − 4ρ+ 24)/8,
ϑ15 = ρ/6 + 2(3ρ)−1, ϑ16 = ((3

√
77− 25)ρ2 − (2

√
77− 6)ρ− 8)/24, ρ = (4

√
77 + 36)1/3.

2.3. Âûäåëåíèå êàíîíè÷åñêèõ è ìèíèìàëüíûõ ìíîæåñòâ äëÿ CFm,1.

Óòâåðæäåíèå 2.3. Òîëüêî ñëåäóþùèå ôîðìû ñ m ≤ 4 èç ñïèñêà 2.1 ïðè óêàçàííûõ
çíà÷åíèÿõ ïàðàìåòðîâ ñâîäÿòñÿ ê ïðåäøåñòâóþùèì ñòðóêòóðíûì ôîðìàì:

1) NSF 3,1
5 ïðè u = 2 çàìåíîé ñ r1 = −r2, s2 = 0 ñâîäèòñÿ ê SF 2,1

2 ;

2) NSF 3,1
8 ïðè u ≤ 1/4 çàìåíîé ñ s2 = (1 + (1−4u)1/2)s1/2, r2 = 0 ñâîäèòñÿ ê SF 3,1

5 ;

3) NSF 3,1
14,κ ïðè κ = 1, u = 1/2 çàìåíîé ñ r1 = 21/2r2, s2 = 0 ñâîäèòñÿ ê SF 3,1

3 ;

4) NSF 3,1
21 ïðè u = 2 çàìåíîé ñ s1 = 0, r2 = −r1 ñâîäèòñÿ ê SF 3,1

6 ;

5) NSF 4,1
1 : a) ïðè u = −1 çàìåíîé ñ r2 = 0, s2 = −s1 ñâîäèòñÿ ê SF 3,1

3 ;
b) ïðè u = 1 çàìåíîé ñ r1 = r2, s2 = −s1 ñâîäèòñÿ ê SF 3,1

11 ;

6) NSF 4,1
3 : a) ïðè u = −1/2 çàìåíîé ñ r2 = 0, s2 = −s1 ñâîäèòñÿ ê SF 3,1

3 ;
b) ïðè u = −2 çàìåíîé ñ r2 = 0, s2 = 2s1 ñâîäèòñÿ ê SF 4,1

1 ;

7) NSF 4,1
5 : a) ïðè u = 1, v = −2 çàìåíîé ñ r1 = 0, s2 = s1 ñâîäèòñÿ ê SF 3,1

22 ;
b) ïðè u = v(v − 2)/4 çàìåíîé ñ r2 = 0, s2 = (1− v/2)s1 ñâîäèòñÿ ê SF 4,1

1 ;
c) ïðè u = v(2v − 3)/9, çàìåíîé r2 = 0, s2 = (3− 2v)s1/3 ñâîäèòñÿ ê SF 4,1

3 ;

8) NSF 4,1
7 (v 6= u) : a) ïðè v = 2 − u−1 çàìåíîé ñ r1 = −u−1r2, s1 = 0 ñâîäèòñÿ

ê SF 3,1
3 ;

b) ïðè v = 2u(u+ 1)−1 çàìåíîé ñ r1 = 0, s1 = 2(u+ 1)−1s2 ñâîäèòñÿ ê SF 3,1
14,κ;

9) NSF 4,1
11 ïðè v = u(2u− 1)−2 çàìåíîé ñ s1 = 0, r2 = (1− 2u)r1 ñâîäèòñÿ ê SF 4,1

5 ;

10) NSF 4,1
12 (v 6= −u) : a) ïðè u = 1/2 çàìåíîé ñ s1 = −s2, r2 = 0 ñâîäèòñÿ ê SF 3,1

14,κ;

b) ïðè 4v(u − 1) ≤ 1 çàìåíîé ñ r2 = (1 + (1 − 4v(u − 1))1/2)(2v)−1r1, s2 = 0 ñâîäèòñÿ
ê SF 4,1

7 ;

11) NSF 4,1
13 : a) ïðè u = 2/3 çàìåíîé ñ r1 = 2r2, s2 = −s1 ñâîäèòñÿ ê SF 3,1

3 ;
b) ïðè u = −1/3 çàìåíîé ñ r1 = r2/2, s2 = −s1 ñâîäèòñÿ ê SF 4,1

11 ;

12) NSF 4,1
14 (v 6= −u2) : a) ïðè v = u/2, u > −1/2 çàìåíîé ñ r1 = (1− (2u+1)1/2)r2/2,

s1 = (1 + (2u+ 1)1/2)s2/2 ñâîäèòñÿ ê SF 4,1
1 ;

b) ïðè v = u çàìåíîé ñ r2 = r1, s2 = 0 ñâîäèòñÿ ê SF 4,1
11 ;

c) ïðè u = −1/4, v = −1/12 çàìåíîé ñ r1 = 0, s2 = 2s1 ñâîäèòñÿ ê SF 4,1
13 ;

13) NSF 4,1
19 : a) ïðè u = v2/4 çàìåíîé ñ r1 = 0, s2 = −vs1/2 ñâîäèòñÿ ê SF 3,1

19 ;
b) ïðè u = (v3 − 8)(4v)−1 çàìåíîé ñ s1 = 0, r2 = −vr1/2 ñâîäèòñÿ ê SF 3,1

6 ;

14) NSF 4,1
24 : a) ïðè u 6= 1/2 çàìåíîé ñ r2 = 0, s2 = (1− 2u)s1 ñâîäèòñÿ ê SF 4,1

12 ;
b) ïðè u = 1/2, v ≥ −1/2 çàìåíîé ñ r1 = (1 + (2v + 1)1/2)r2, s2 = 0 ñâîäèòñÿ ê SF 4,1

7 ;

15) NSF 4,1
27 (v 6= −u−2) : a) ïðè v = u/2±(u/2)−1/2 çàìåíîé ñ r1 = ±(u/2)1/2r2, s2 = 0

ñâîäèòñÿ ê SF 4,1
5 ;

b) ïðè u = 3 · 4−2/3, v = 4−2/3 çàìåíîé ñ r1 = 21/3r2, s1 = −3 · 2−2/3s2 ñâîäèòñÿ ê SF 4,1
13 ;

16) NSF 4,1
28 : a) ïðè u = −3 çàìåíîé ñ s1 = 2s2, r2 = −r1 ñâîäèòñÿ ê SF 3,1

22 ;
b) ïðè u = 6 çàìåíîé ñ r1 = 2r2, s2 = −s1 ñâîäèòñÿ ê SF 4,1

5 ;
c) ïðè u = −3/4 çàìåíîé ñ r1 = r2/2, s2 = −s1 ñâîäèòñÿ ê SF 4,1

11 ;
d) ïðè u = 3/2 çàìåíîé ñ s1 = 3s2/2, r2 = −r1 ñâîäèòñÿ ê SF 4,1

12 ;
e) ïðè u = ϑ1 çàìåíîé ñ s1 = ϑ2s2, r2 = −r1 ñâîäèòñÿ ê SF 4,1

14 ;

17) NSF 4,1
29 (v 6= −u) : a) ïðè v = u2 çàìåíîé ñ r1 = ur2, s2 = 0 ñâîäèòñÿ ê SF 4,1

11 ;

13



b) ïðè v = (1− 2u)2/8 çàìåíîé ñ r1 = (u− 1/2)r2, s2 = 0 ñâîäèòñÿ ê SF 4,1
5 ;

c) ïðè v = (1− 2u)/8 çàìåíîé ñ r2 = 0, s2 = −2s1 ñâîäèòñÿ ê SF 4,1
14 ;

d) ïðè u = ϑ3, v = ϑ4 çàìåíîé ñ r1 = ϑ5r2, s1 = ϑ6s2 ñâîäèòñÿ ê SF 4,1
13 ;

e) ïðè u = −1/2 çàìåíîé ñ s1 = −s2/2, r2 = 0 ñâîäèòñÿ ê SF 4,1
27 ;

18) NSF 4,1
30 : a) ïðè u = −v−1 çàìåíîé ñ r1 = −v−1r2, s2 = 0 ñâîäèòñÿ ê SF 4,1

11 ;
b) ïðè u = (v3 − 8)(4v)−1 çàìåíîé ñ r2 = −vr1/2, s2 = 0 ñâîäèòñÿ ê SF 4,1

5 ;
c) ïðè u = 3, v = −3 çàìåíîé ñ r1 = r2, s1 = 0 ñâîäèòñÿ ê SF 4,1

13 ;
d) ïðè u = 2, v = 3 çàìåíîé ñ r1 = −r2, s1 = 0 ñâîäèòñÿ ê SF 4,1

28 ;

19) NSF 4,1
32 : a) ïðè u = −3 çàìåíîé ñ s1 = 2s1, r2 = −r1 ñâîäèòñÿ ê SF 3,1

14 ;
b) ïðè u = 3/8 çàìåíîé ñ r2 = 2r1, s2 = −s1 ñâîäèòñÿ ê SF 4,1

5 ;
c) ïðè u = 6 çàìåíîé ñ r1 = 2r2, s2 = −s1 ñâîäèòñÿ ê SF 4,1

11 ;
d) ïðè u = −3/4 çàìåíîé ñ r2 = −r1, s2 = 2s1 ñâîäèòñÿ ê SF 4,1

30 ;

20) NSF 4,1
33 (v 6= u) : a) ïðè u = 1 çàìåíîé ñ r2 = 0, s2 = −s1 ñâîäèòñÿ ê SF 4,1

29 ;
b) ïðè v = (4u+ 1)/8 çàìåíîé ñ r2 = 0, s2 = −2s1 ñâîäèòñÿ ê SF 4,1

14 ;
c) ïðè v = (6u+ 1± (2u+ 1)(8u+ 1)1/2)/16 çàìåíîé ñ r1 = −(1± (8u+ 1)1/2)r2/4, s2 = 0
ñâîäèòñÿ ê SF 4,1

5 ;

21) NSF 4,1
36 : a) ïðè u = −1/8 çàìåíîé ñ r2 = 2r1, s2 = −s1 ñâîäèòñÿ ê SF 4,1

5 ;
b) ïðè u = 4 çàìåíîé ñ r1 = 2r2, s2 = −s1 ñâîäèòñÿ ê SF 4,1

11 ;
c) ïðè u = −2 çàìåíîé ñ s1 = 4s2/3, r2 = −r1 ñâîäèòñÿ ê SF 4,1

12 ;
d) ïðè u = 1± 3

√
2/4 çàìåíîé ñ s1 = (1± 1/

√
2)s2, r2 = −r1, ñâîäèòñÿ ê SF 4,1

14 ;
e) ïðè u = 1/4 çàìåíîé ñ r2 = −r1, s2 = 2s1 ñâîäèòñÿ ê SF 4,1

30 .

Îòìåòèì, ÷òî ñ ó÷åòîì óòâåðæäåíèÿ 2.2 ïðè ñâåäåíèè NSFm,1
i èç ñïèñêà 2.1I ê ïðåä-

øåñòâóþùèì ôîðìàì èç òîãî æå 2.1I èñïîëüçîâàëèñü òîëüêî çàìåíû ñ s1 = 0, à ïðè
ñâåäåíèè ê 2.1II � ñ r1 = s1 6= 0. Â ñâîþ î÷åðåäü, ïðè ñâåäåíèè NSFm,1

i èç ñïèñêà 2.1II

ê ïðåäøåñòâóþùèì èç 2.1I èñïîëüçîâàëèñü çàìåíû ñ s2 = −s1 6= 0.

Óòâåðæäåíèå 2.4. Òîëüêî ïðè óêàçàííûõ çíà÷åíèÿõ ïàðàìåòðîâ NSF 5,1
i èç ñïèñ-

êà 2.1 ñâîäÿòñÿ ê ïðåäøåñòâóþùèì ñîãëàñíî îäíîìó èç ÑÏ ñòðóêòóðíûì ôîðìàì:

1) NSF 5,1
3 (u 6= v) : a) ïðè v = [u − 3 ∨ 3u − 1 ∨ u + 1, u 6= 3 ] çàìåíîé ñ r2 = −r1,

[ s1 = 0 ∨ s2 = 0 ∨ s2 = (1− u)s1/2 ] ñâîäèòñÿ ê SF 4,1
14 ;

b) ïðè v = (u− 1)2u−1, u 6= −1 çàìåíîé ñ s1 = −s2, r2 = ur1 ñâîäèòñÿ ê SF 4,1
5 ;

c) ïðè v = 2(u− 1) çàìåíîé ñ r1 = 0, s2 = −s1 ñâîäèòñÿ ê SF 4,1
7 ;

d) [u = −1, v 6= −4∨v = 2u ] çàìåíîé ñ r1 = [ (v/2+1)r2∨0 ], s2 = −s1 ñâîäèòñÿ ê SF 4,1
11 ;

e) ïðè u = ϑ7, v = ϑ8 çàìåíîé ñ r1 = ϑ9r2, s1 = ϑ10s2 ñâîäèòñÿ ê SF 4,1
13 ;

f) ïðè v = 4u, u 6= −1 çàìåíîé ñ r1 = ur2, s2 = −s1 ñâîäèòñÿ ê SF 4,1
19 ;

g) ïðè v = 3(u+ 1), u 6= −5 çàìåíîé ñ s1 = (u+ 3)s2/2, r2 = −r1 ñâîäèòñÿ ê SF 4,1
27 ;

h) ïðè v = (2u2 +1±(2u+1)(5−4u)1/2)(2u+2)−1, (u, v) 6= (−5,−12) çàìåíîé ñ r2 = −r1,
s2 = (3± (5− 4u)1/2)s1/2 ñâîäèòñÿ ê SF 4,1

29 ;
i) v = u− 1± 2

√
−u, u 6= −1 çàìåíîé ñ r2 = −r1, s2 = ±

√
−us1 ñâîäèòñÿ ê SF 4,1

30 ;
j) ïðè u = −(352θ5∗ + 396θ4∗ + 839θ3∗ + 1005θ2∗ − 1297θ∗ − 105)/46, v = −(328θ5∗ + 438θ4∗ +
844θ3∗+ 1098θ2∗− 1046θ∗− 366)/23 çàìåíîé ñ r1 = θ∗r2, s2 = −(4θ5∗+ 39θ4∗+ 49θ3∗+ 111θ2∗+
31θ∗ − 60)s1/138 ñâîäèòñÿ ê SF 4,1

28 , θ∗ : 4θ6 + 7θ5 + 13θ4 + 18θ3 − 6θ2 − 9θ − 3;
k) ïðè 2u = θ2∗ − 2θ∗ + 3, 2v = −3θ3∗ + 6θ2∗ − 11θ∗ çàìåíîé ñ r1 = θ∗r2, s1 = −(θ3∗ − θ2∗ +
3θ∗ + 3)s2/2 ñâîäèòñÿ ê SF 4,1

32 , θ∗ : θ
4 − θ3 + 2θ2 + 3θ + 3;

l) v = 2(u+ 1)2(u+ 2)−1, u 6= −3 çàìåíîé ñ r2 = −r1, s2 = (u+ 2)s1 ñâîäèòñÿ ê SF 4,1
33 ;

m) ïðè 6u = −2θ3∗ − θ2∗ + 4θ∗ − 15, 3v = −4θ3∗ − 3θ2∗ + 8θ∗ − 21 çàìåíîé ñ r1 = θ∗r2,
s1 = −(2θ3∗ + 3θ2∗ + 9)s2/6 ñâîäèòñÿ ê SF 4,1

36 , θ∗ : 2θ4 + 3θ3 − 3θ2 + 9θ + 9;

2) NSF 5,1
6 (u 6= v) : a) ïðè v = 2− 3u çàìåíîé ñ r1 = 2r2, s2 = −s1 ñâîäèòñÿ ê SF 4,1

5 ;

14



b) ïðè v = (3u− 2)/2 çàìåíîé ñ r2 = 0, s2 = −s1 ñâîäèòñÿ ê SF 4,1
7 ;

c) ïðè v = (3u+ 1)/2 çàìåíîé ñ r2 = 2r1, s2 = −s1 ñâîäèòñÿ ê SF 4,1
11 ;

d) ïðè v = [ 3u− 1∨ 1− u± 2(u2− u+ 1)1/2, (u, v) 6= (8/3, 3) ] çàìåíîé ñ r2 = −r1, [ s2 =
0 ∨ s1 = (u− 2∓ (u2 − u+ 1)1/2)(u− 1)−1s2 ] ñâîäèòñÿ ê SF 4,1

14 ;
e) ïðè v = 3u+ 3, u 6= −8/3 çàìåíîé ñ s1 = 3(u+ 2)s2/2, r2 = −r1 ñâîäèòñÿ ê SF 4,1

27 ;
f) ïðè v = (−u2 − 2u ± (2u + 1)(u2 + u + 1)1/2)(u + 1)−1, (u, v) 6= (−8/3,−5) çàìåíîé
ñ r2 = −r1, s2 = (u+ 2± (u2 + u+ 1)1/2)s1/3 ñâîäèòñÿ ê SF 4,1

29 ;
g) ïðè v = [u− 1 ∨ −3u− 1 ] çàìåíîé ñ s1 = [ 0 ∨ 2s2 ], r2 = −r1 ñâîäèòñÿ ê SF 4,1

30 ;
h) ïðè v = (3u2 +4u+2)(2u+2)−1, u 6= −4/3 çàìåíîé ñ s1 = (u+2)(2u+2)−1s2, r2 = −r1
ñâîäèòñÿ ê SF 4,1

33 ;
i) ïðè v = [ (−1 ∓

√
3)(3u − 1) ∨ 1 − u ± (4u2 − 3u + 3)1/2, (u, v) 6= ((14 ± 4

√
10)/9, (4 ±

2
√

10)/3)∨(2θ3∗−4θ2∗+4θ∗+1)((θ∗−2)(2θ∗−1)θ∗)
−1, θ∗ 6= −1 ] çàìåíîé ñ r1 = [ (1±

√
3)r2/2∨

−r2∨θ∗r2 ], s2 = 〈 0∨−(4u2−9u+1±2u(4u2−3u+3)1/2)(15u−3)−1s1∨(2θ2∗−2θ∗−1)(3θ∗)
−1s1 ]

ñâîäèòñÿ ê SF 5,1
3 , θ∗ : 2(u− 1)θ3 − (5u− 7)θ2 + 2(u− 2)θ − 1;

j) ïðè u = 35/3, v = 12 çàìåíîé ñ s1 = 2s2, r2 = −4r1 ñâîäèòñÿ ê SF 4,1
13 ;

k) ïðè u = −35/3, v = −41/4 çàìåíîé ñ s1 = 2s2, r2 = −4r1 ñâîäèòñÿ ê SF 4,1
28 ;

l) ïðè u = −7/12, v = 3/2 çàìåíîé ñ r1 = 2r2, s2 = −4s1 ñâîäèòñÿ ê SF 4,1
32 ;

m) ïðè u = −5/9, v = 17/12 çàìåíîé ñ r1 = 2r2, s2 = −4s1 ñâîäèòñÿ ê SF 4,1
36 ;

3) NSF 5,1
7 (u 6= v) : a) ïðè v = 2u+ 3 çàìåíîé ñ r1 = 0, s2 = −s1 ñâîäèòñÿ ê SF 4,1

7 ;
b) ïðè u = (v − 1)(v − 3)(v − 2)−1 çàìåíîé ñ r2 = (2− v)r1, s2 = −s1 ñâîäèòñÿ ê SF 4,1

5 ;
c) ïðè v = [2u ∨ 3− u] çàìåíîé ñ r1 = [ 0 ∨ (u− 1)r2], s2 = −s1 ñâîäèòñÿ ê SF 4,1

11 ;
d) ïðè u = ϑ11, v = ϑ11 − 3 çàìåíîé ñ r1 = ϑ12r2, s1 = −(ϑ11 + 3)s2/6 ñâîäèòñÿ ê SF 4,1

13 ;
e) ïðè v = [u + 3 ∨ 2u + 2 ± (u2 + 6u + 1)1/2, (u, v) 6= (−6,−9)] çàìåíîé ñ r2 = −r1,
s1 = [ 0 ∨ (u+ 3± (u2 + 6u+ 1)1/2)s2/2 ] ñâîäèòñÿ ê SF 4,1

14 ;
f) ïðè v = 3(u− 1), u 6= 6 çàìåíîé ñ s1 = (3− u)s2/3, r2 = −r1 ñâîäèòñÿ ê SF 4,1

27 ;
g) ïðè u = −18θ4∗ − 24θ3∗ + 25θ2∗ − 16θ∗ + 4, v = −(261θ4∗ + 456θ3∗ − 187θ2∗ + 148θ∗ + 23)/5
çàìåíîé ñ r1 = θ∗r2, s2 = (9θ4∗ + 39θ3∗ + 37θ2∗ + 2θ∗ + 7)s1/15 ñâîäèòñÿ ê SF 4,1

28 , θ∗ :
9θ5∗ + 21θ4 + 4θ3 + 3θ2 + 3θ + 1;
h) ïðè v = (2u2 − 2u+ 5∓ (2u− 1)(1 + 4u)1/2)(2u− 4)−1, (u, v) 6= (6, 15) çàìåíîé ñ r2 =
−r1, s2 = (3± (1 + 4u)1/2)s1/2 ñâîäèòñÿ ê SF 4,1

29 ;
i) ïðè v = u+ 1∓ 2(u+ 1)1/2 çàìåíîé ñ r2 = −r1, s2 = ±(u+ 1)1/2s1 ñâîäèòñÿ ê SF 4,1

30 ;
j) ïðè u = ϑ13, v = ϑ14 çàìåíîé ñ r1 = ϑ15r2, s1 = ϑ16s2 ñâîäèòñÿ ê SF 4,1

32 ;
k) v = (2u2 − 4u + 3)(u − 2)−1, u 6= 3 çàìåíîé ñ r2 = −r1, s2 = −(u − 2)s1 ñâîäèòñÿ
ê SF 4,1

33 ;
l) ïðè u = −θ3∗−θ∗+2, v = −6θ3∗−2θ2∗−5θ∗+8 çàìåíîé ñ r1 = θ∗r2, s2 = −θ2∗s1 ñâîäèòñÿ
ê SF 4,1

36 , θ∗ : θ
4 + θ3 + θ2 − θ − 1;

m) ïðè u = [ v(3v − 10 ± (v2 + 12v − 12)1/2)(4v − 8)−1 ∨ (−4θ2∗ + 2(v − 1)θ∗ + 2v − 7)/3 ]
çàìåíîé ñ r1 = [ 0 ∨ (−2θ2∗ + vθ∗ − 2)r2 ], s2 = 〈(v + 2± (v2 + 12v − 12)1/2)s1/4 ∨ θ∗s1 ], ãäå
θ∗ ∈ R1− ∀ íóëü ìíîãî÷ëåíà 2θ3 − (v + 2)θ2 + 2(v + 1)θ − 3, ñâîäèòñÿ ê SF 5,1

3 ;
n) ïðè u = (θ2∗ − θ∗ − v + 1)(θ∗ − 1)−1 çàìåíîé ñ r1 = θ∗r2, s2 = ((2v − 3)θ∗ + v)(θ2∗ − (v −
2)θ∗− 2)−1s1 ñâîäèòñÿ ê SF 5,1

6 , θ∗ : θ
4− (2v− 3)θ3 + (v− 3)(v+ 1)θ2 + (3v2− 6v+ 4)θ+ v2;

4) NSF 5,1
8 (w 6= v−u) : a) ïðè v = −2 çàìåíîé ñ r1 = 0, s1 = ws2 ñâîäèòñÿ ê SF 4,1

27 ;
b) ïðè v = [ (2u−1)/2∨ (2u−1)(3u−1)−1 ], w = [ (u−2)/4∨−(2u−1)(3u−1)−2 ] çàìåíîé
ñ r1 = [−r2/2 ∨ −(3u− 1)−1r2 ], s2 = [ 0 ∨ (3u− 1)(u− 1)(2u− 1)−1s1 ] ñâîäèòñÿ ê SF 4,1

3 ;
c) w = v(uv − 2u+ 1)(2u− 1)−2 çàìåíîé ñ s1 = 0, r2 = (1− 2u)v−1r1 ñâîäèòñÿ ê SF 4,1

5 ;
d) ïðè w = −v(u− 1)−1 çàìåíîé ñ s1 = 0, r2 = −(u− 1)v−1r1 ñâîäèòñÿ ê SF 4,1

11 ;
e) ïðè [ v = (3u − 1)/2, w = (3u − 2)/4 ∨ u = (w3/2 ± 1)(w1/2 ∓ 2)−2w−1/2, v = (2w +
1)(∓w1/2 + 2)−1 ] çàìåíîé ñ s1 = [−s2/2 ∨ ∓w1/2s2 ], r2 = [ 0 ∨ (−1± 2w1/2)w−1/2(w1/2 ∓
2)−1r1 ] ñâîäèòñÿ ê SF 4,1

13 ;

15



f) ïðè w = v(v−2)(4u−4)−1 çàìåíîé ñ r1 = 0, s1 = (2−v)(2u−2)−1s2 ñâîäèòñÿ ê SF 4,1
14 ;

g) ïðè w = v çàìåíîé ñ r1 = vr2, s1 = 0 ñâîäèòñÿ ê SF 4,1
19 ;

h) ïðè u = −((16w+ 18)θ2∗+ (4w2−2w)θ∗+w3 + 14w2 + 30w+ 9)w−1(w+ 6)−2, v = (wθ2∗−
2wθ∗+w2 +4w−3)(w+6)−1 çàìåíîé ñ s1 = θ∗s2, r2 = (6θ2∗+2wθ∗+2w+3)(w(w+6))−1r1
ñâîäèòñÿ ê SF 4,1

28 , θ∗ : 2θ3 + (2w + 1)θ + w;
i) ïðè w = (v + 2)(uv + v − 2u)(2u + 1)−2 çàìåíîé ñ r1 = 0, s1 = −(v + 2)(2u + 1)−1s2
ñâîäèòñÿ ê SF 4,1

29 ;
j) ïðè w = v2(4u)−1 çàìåíîé ñ r1 = 0, s1 = −v(2u)−1s2 ñâîäèòñÿ ê SF 4,1

30 ;
k) ïðè u = (v2 + 2 ∓ (v + 1)%)(3v − 6)−1, w = −(v + 1)(v ± %) çàìåíîé ñ r1 = (v ± %)r2,
s1 = (−v − 2∓ 2%)s2/3, ãäå % = (v2 + v − 2)1/2, ñâîäèòñÿ ê SF 4,1

32 ;
l) ïðè w = −(v + 1)u−1 çàìåíîé ñ r1 = 0, s1 = −(v + 1)u−1s2 ñâîäèòñÿ ê SF 4,1

33 ;
m) ïðè v = −(2u2 + 4u + 1)(3u + 1)−1(u + 1)−1, w = −(5u2 + 4u + 1)(3u + 1)−2(u + 1)−1

çàìåíîé ñ s1 = −(2u+ 1)(3u+ 1)−1(u+ 1)−1s2, r2 = (3u+ 1)r1 ñâîäèòñÿ ê SF 4,1
36 ;

n) ïðè [ v = −(wθ2∗ − θ∗+ u− 1)θ−1∗ ∨w = v(2uv− 3u+ 1)(3u− 1)−2 ∨w = (2v− u− 1)/4 ]
çàìåíîé ñ r2 = [ θ∗r1 ∨ (1 − 3u)v−1r1 ∨ 0 ], s2 = [ (u − 1)(wθ∗)

−1s1 ∨ 0 ∨ −2s1 ] ñâîäèòñÿ
ê SF 5,1

3 , θ∗ : w
2θ3 − wθ2 − w(u+ 1)θ − u+ 1;

o) ïðè w = [ v − 3u/4 ∨ −((v − 1)θ∗ + u − 1)θ−2∗ ] çàìåíîé ñ r2 = [ 0 ∨ θ∗r1 ], s2 =
[−2s1∨−θ∗(vθ∗+3u−1)(vθ∗+u−1)−1s1 ] ñâîäèòñÿ ê SF 5,1

6 , θ∗ : v
2θ3 +(v2 +2uv−2v)θ2 +

(6uv − 2v − 3u2 − 2u+ 1)θ + 5u2 − 6u+ 1;
p) ïðè [w = v(3uv − 3u + 1)(3u − 1)−2 ∨ u = (v2 − v + 7)/9, w = 2 ∨ u = ((13v −
16w − 6)θ2∗ + (4vw − v2 − 2w + 2v − 3)θ∗ + 8w2 − 2vw + 3w)(3θ∗)

−2 ] çàìåíîé ñ r1 =
[−v(3u − 1)−1r2 ∨ −r2 ∨ θ∗r2 ], s2 = [ 0 ∨ (v − 2)s1/3 ∨ −(θ2∗ + (2v − 1)θ∗ + w)(3wθ∗)

−1s1 ]
ñâîäèòñÿ ê SF 5,1

7 , θ∗ : θ
3 + (2v − 4w − 1)θ2 + w(v − 1)θ + 2w2.

Óòâåðæäåíèå 2.5. Òîëüêî â ñëåäóþùèõ CFm,1 èç ñïèñêà 2.1 óäàåòñÿ îãðàíè÷èòü
çíà÷åíèÿ ïàðàìåòðîâ â csm,1, à èìåííî:

1) â CF 3,1
3 ïðè u = 2 çàìåíà ñ r1 = −1, s1 = 0, r2, s2 = 1, à â CF 3,1

14,κ çàìåíà
ñ r1,−s2 = 1, s1, r2 = 0 èçìåíÿþò çíàê σ;

2) â CF 3,1
5 ïðè u∗ = u < 1 çàìåíà ñ r1 = 1, s1 = 1 − u∗, r2 = 0, s2 = 1 äàåò

u = 2− u∗ (u > 1, u 6= 2);

3) â CF 4,1
1 ïðè σ∗ = σ, u∗ = u çàìåíà ñ r1, s2 = 0, s1, r2 = |u∗|−1/2 äàåò σ =

σ∗ signu∗, u = u−1∗ (|u| < 1);

4) â CF 4,1
7 (v 6= 2−u−1) ïðè σ∗ = σ, u∗ = u çàìåíà ñ r1 = |v−1|1/2|u∗v−2u∗+ 1|−1/2,

s1 = 0, r2 = (1 − u∗)(v − 1)−1r1, s2 = (v − 1)−1(u∗v − 2u∗ + 1)r1 äàåò σ = σ∗ sign((v −
1)(u∗v− 2u∗+ 1)), u = (v−u∗)(u∗v− 2u∗+ 1)−1 è òåì æå v; à çíà÷èò, äëÿ ∀ v 6= 1, åñëè
u∗ ≤ 1, òî u ≥ 1, òàê êàê u′(u∗) = −(v − 1)2(u∗v − 2u∗ + 1)−2 < 0 è u(1) = 1.

Ñëåäñòâèå 2.1. Â ñèëó îïðåäåëåíèÿ 1.13 èç [2] èìååì: acs3,13 = {σ = −1 ïðè u = 2},
acs3,15 = {u < 1}, acs3,114,κ = {σ = −1}, acs4,11 = {|u| > 1}, acs4,17 = {u < 1 ïðè v 6= 1},
ó îñòàëüíûõ êàíîíè÷åñêèõ ôîðì èç ñïèñêà 2.1 mcsm,1 = csm,1.

Íàáîð 2.2. Êîíñòàíòû, ìíîãî÷ëåíû è çàìåíû, èñïîëüçóåìûå â äàëüíåéøåì:

1) κ1 = p̃21 − 4p̃2, κ2 = p̃1(1 + |p̃−11 |κ
1/2
1 );

2) κ3 = p̃2(q̃1 − 2)2 − q̃22, κ4 = q̃22 + 4p̃2, κ5 = q̃2(1 + |q̃2|−1κ1/2
4 ),

κ6 = q̃22 + 4p̃2(q̃1 − 1), κ7 = −q̃2(1 + |q̃2|−1κ1/2
6 )(2p̃2)

−1, κ8 = q̃1 − (κ6 + |q̃2|κ1/2
6 )(2p̃2)

−1;

3I) κ9 = t̃22 + p̃1t̃1 + q̃1t̃2, κ10 = q̃1 + 2t̃2, κ11 = q̃2t̃1 − p̃1t̃1 − q̃1t̃2, κ12 = q̃2t̃1 − q̃1t̃2,
κ13 = p̃1t̃1 − t̃22, κ14 = 2t̃22 + q̃2t̃1 − p̃1t̃1, κ15 = 2t̃22 + q̃2t̃1, κ16 = t̃22 + q̃2t̃1, κ17 = q̃21 − 4p̃1t̃1,
κ18 = 4p̃1t̃1 − q̃21 + 2q̃1t̃2 − 4q̃2t̃1, κ19 = 4p̃1t̃1 − q̃21 − 2q̃1t̃2, κ20 = q̃1t̃2 − 2q̃2t̃1,

κ±21 = −q̃1 ± κ1/2
17 , κ±22 = q̃21 − 4p̃1t̃1 + q̃1t̃2 ± (q̃1 + t̃2)κ1/2

17 , κ±23 = κ10 ± κ1/2
17 ,
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κ±24 = 4p̃1t̃1 − q̃21 − 2q̃1t̃2 + 2q̃2t̃1 ± κ10κ1/2
17 , κ25 = (2t̃2 − q̃1)2 + 8q̃2t̃1,

κ±26 = κ10 ± κ1/2
25 , κ±27 = 2t̃2 − q̃1 ± κ1/2

25 , κ±28 = 8p̃1t̃1 − q̃21 + 2q̃1t̃2 − 4q̃2t̃1 ± q̃1κ1/2
25 ,

κ±29 = 8p̃1t̃1 − q̃21 + 4q̃2t̃1 + 4t̃22 ± κ10κ1/2
25 , κ±30 = 4q̃2t̃1 − q̃1t̃2 + 2t̃22 ± t̃2κ

1/2
25 ;

3II) κ31 = t̃22 + 4p̃1t̃1, κ±32 = t̃2 ± κ1/2
31 , κ±33 = (q̃2t̃1)

1/2 ± 2t̃2, κ±34 = (q̃2t̃1)
1/2 ± t̃2,

κ±35 = q̃2t̃1 ± (q̃2t̃1)
1/2t̃2 + t̃22, κ36 = 9θ∗ − 2q̃21 + q̃1t̃2 + t̃22, κ37 = 3θ∗ − q̃21 − q̃1t̃2 − t̃22,

κ38 = 9θ2∗ − 3(q̃21 − 2q̃1t̃2 − 2t̃22)θ∗ − t̃2(2q̃1 + t̃2)(2q̃
2
1 + 4q̃1t̃2 + 3t̃22) + q̃2t̃1κ2

10,

κ39 = θ∗ + q̃1t̃2 + t̃22, κ40 = q̃21 + q̃1t̃2 − 2t̃22, κ±41 = (2q̃1 + t̃2 ± κ1/2
40 )(q̃1 + t̃2)/3,

κ±42 = κ±41 + q̃1t̃2 + t̃22, κ±43 = 3κ±41 − q̃21 − q̃1t̃2 − t̃22, κ44 = q̃21 + 3q̃1t̃2 + 2t̃22,

κ±45 = (q̃1 + t̃2 ± κ1/2
44 )(2q̃1 + 3t̃2), κ±46 = κ±45 + 2q̃21 + 9t̃2(q̃1 + t̃2), κ±47 = κ±45 + q̃1t̃2 + t̃22;

κ48 = q̃1q̃2 + t̃2(q̃2 − 3p̃1), κ49 = 3p̃1t̃2 − q̃2(2q̃1 + t̃2), κ50 = 4p̃1t̃1 − q̃21 + t̃22,
κ51 = p̃1t̃1 − q̃1t̃2 + t̃22, κ52 = p̃1t̃1 + q̃1t̃2 − q̃21, κ53 = q̃1t̃2 − q̃2t̃1, κ54 = 2q̃1t̃2 − 4q̃2t̃1 − t̃22,
κ55 = t̃21θ

4
∗ + t̃1(t̃2 + q̃1)θ

3
∗ + (5q̃1t̃2 − 2t̃22 − 7q̃2t̃1 − 2q̃21)θ2∗ + q̃2(t̃2 + q̃1)θ∗ + q̃22,

κ56 = 4t̃1θ
2
∗ + (2q̃1 − t̃2)θ∗ + q̃2, κ57 = t̃1t̃2θ

2
∗ + (2q̃1t̃2 − 3q̃2t̃1 − t̃22)θ∗ + q̃2t̃2,

κ58 = 2t̃21θ
3
∗ + t̃1(q̃1 − t̃2)θ2∗ + (2q̃1t̃2 − 4q̃2t̃1 − t̃22)θ∗ + q̃2t̃2,

κ59 = 2t̃21θ
4
∗ + 5t̃1(q̃1 + t̃2)θ

3
∗ + (2q̃21 + 10q̃2t̃1 − 5q̃1t̃2 + 2t̃22)θ

2
∗ − q̃2(q̃1 + t̃2)θ∗ − q̃22,

κ60 = 3p̃1q̃1 + (q̃2 − 3p̃1)t̃2, κ61 = q̃1q̃2 + (q̃2 − 3p̃1)t̃2,
κ62 = t̃1t̃2θ

3
∗ + (5t̃1q̃2 + 2t̃22 − 4q̃1t̃2)θ

2
∗ − q̃2(2q̃1 + t̃2)θ∗ − q̃22, κ63 = 2t̃1θ

2
∗ + (q̃1 − 2t̃2)θ∗ − q̃2;

S1(θ) = 27θ3− 3(7q̃1 + 5t̃2)(q̃1− t̃2)θ2 + (q̃21 − 4q̃1t̃2− 3t̃22)(2q̃1 + t̃2)
2θ+ t̃2(q̃1 + t̃2)(q̃

2
1 + q̃1t2 +

t̃22)(2q̃1 + t̃2)
2; S2(θ) = t̃1t̃2θ

3 + (5q̃2t̃1 − 4q̃1t̃2 + 2t̃22)θ
2 − q̃2(2q̃1 + t̃2)θ − q̃22,

S3(θ) = 2t̃21θ
3 + (q̃1 − t̃2)t̃1θ2 + (2q̃1t̃2 − 4q̃2t̃1 − t̃22)θ + t̃2q̃2;

J1
0 = {r1 = 1, s1 = −β, r2 = 0, s2 = 1}, J1

1 ={r1 = 1, s1 = 0, r2 = −q̂2(2t̂2)−1, s2 = t̂−12 },
J1
2 = {r1 = 1, s1 = 0, r2 = −p̂1q̂−11 , s2 = t̂−12 }, J1

3 = {r1 = 1, s1 = 0, r2 = θ∗, s2 = 1};

1) L2,1
2 = {r1 = |p̃1|−1/2, s1, r2 = 0, s2 = p̃1r1};

L3,1
5 = {r1 = 0, s1 = |p̃1|−1/2, r2 = p̃1s1, s2 = κ2s1/2};

L3,1
8 = {r1, s2 = 0, s1 = |p̃1|−1/2, r2 = p̃2p̃

−1
1 s1};

2) L13,1
3 = {r1 = (q̃1 − 2)(q̃1q̃2)

−1s2, s1 = 0, r2 = q̃−11 s2, s2 = |q̃1q̃2|1/2|q̃1 − 2|−1/2},
L23,1

3 = {r1 = (4p̃2)
−1/4, s1 = 0, r2 = p̃

1/2
2 r1, s2 = (4p̃2)

1/4};
L3,1
14,κ = {r1, s2 = 0, s1 = |p̃2|−1/4|q̃1|3/4q̃−11 , r2 = |p̃2|1/4|q̃1|−3/4},

L14,1
7 = {r1 = |q̃2|−1/2, s1 = 0, r2 = κ5r1/2, s2 = q̃2r1},

L24,1
7 = {r1 = κ7r2, s1 = 0, r2 = |κ7κ8|−1/2, s2 = κ8r2},

L4,1
12 = {r1 = 0, s1 = |q̃1 − 2|1/2|q̃1q̃2|−1/2, r2, s2 = q̃2(q̃1 − 2)−1s1},

L4,1
24 = {r1, s2 = 0, s1 = |q̃2|−1/2, r2 = q̃2s1/2},

3I) L2,1
9 = {r1 = −t̃1|t̃1|−1/2t̃−12 , s1 = 0, r2 = t̃−11 t̃2r1, s2 = |t̃1|−1/2},

L13,1
6 = {r1 = 2t̃1κ−110 |t̃1|−1/2, s1 = 0, r2 = −q̃1(2t̃1)−1r1, s2 = |t̃1|−1/2},

L23,1
6 = {r1 = t̃1|t̃1|−1/2t̃−12 , s1, r2 = 0, s2 = |t̃1|−1/2},

L13,1
11,κ = {r1 = |q̃2|−1/2, s1, r2 = 0, s2 = |t̃1|−1/2},

L23,1
11,κ = {r1 = |p̃1|−1/2, s1 = 0, r2 = t̃−11 t̃2r1, s2 = |t̃1|−1/2};

L3,1
17 = {r1 = −(p̃1t̃2)

−1/3|t̃1|1/6, s1 = 0, r2 = t̃−11 t̃2r1, s2 = |t̃1|−1/2};
L3,1
19 = {r1 = 0, s1 = −22/3|t̃1|5/6(q̃21 t̃1t̃2)−1/3, r2 = |t̃1|−1/2, s2 = −q̃1(2t̃1)−1s1};

L3,1
21 = {r1 = t̃1|t̃1|−1/2(t̃22(q̃1 + t̃2))

−1/3, s1 = 0, r2 = t̃−11 t̃2r1, s2 = |t̃1|−1/2};
L3,1
22 = {r1 = 0, s1 = t̃1(κ16t̃2)

−1/3|t̃1|−1/2, r2 = |t̃1|−1/2, s2 = t̃−11 t̃2s1};
L14,1

5 = {r1 = 4(κ∓26)−1t̃−11 |t̃1|−1/2, s1 = 0, r2 = κ±27(4t̃1)−1r1, s2 = |t̃1|−1/2},
L24,1

5 = {r1 = t̃1t̃
−1
2 |t̃1|−1/2, s1, r2 = 0, s2 = |t̃1|−1/2};

L14,1
11 = {r1 = |q̃2|−1/2, s1, r2 = 0, s2 = q̃−11 q̃2|q̃2|−1/2},

L24,1
11 = {r1 = |κ12|−1/2|t̃1|1/2, s1 = 0, r2 = t̃−11 t̃2r1, s2 = κ12t̃

−1
1 κ−110 r1};

L14,1
14 = {r1 = 0, s1 = 2t̃1κ−110 |t̃1|−1/2, r2 = |t̃1|−1/2, s2 = −q̃1(2t̃1)−1s1},

L24,1
14 = {r1, s2 = 0, s1 = t̃1|t̃1|−1/2t̃−12 , r2 = |t̃1|−1/2};
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L4,1
19 = {r1 = −|t̃1|1/6(p̃1t̃2)−1/3, s1 = 0, r2 = t̃−11 t̃2r1, s2 = |t̃1|−1/2};

L4,1
27 = {r1 = 0, s1 = |t̃1|5/6(κ14t̃1t̃2)

−1/3, r2 = |t̃1|−1/2, s2 = t̃−11 t̃2s1};
L4,1
29 = {r1 = 0, s1 = ±κ−1/217 t̃1|t̃1|−1/2, r2 = |t̃1|−1/2, s2 = κ±21(2t̃1)−1s1};

L4,1
30 = {r1 = 0, s1 = 2|t̃1|5/6(2κ20t̃1q̃1)

−1/3, r2 = |t̃1|−1/2, s2 = −q̃1(2t̃1)−1s1};
L4,1
33 = {r1 = 0, s1 = t̃1κ−110 |t̃1|−1/2, r2 = |t̃1|−1/2, s2 = t̃−11 t̃2s1};

L5,1
8 = {r1 = |q̃2|−1/2, s1, r2 = 0, s2 = q̃2|q̃2|−1/2t̃−12 };

3II) L14,1
1 ={r1 = s1, s1 = κ−1/431 |2t̃1(κ±32)−1|1/2, r2 = κ∓32(2t̃1)−1s1, s2 = κ±32(2t̃1)−1s1},

L24,1
1 = {r1 = s1, s1 = |p̃1|−1/2, r2 = κ±32(2t̃1)−1s1, s2 = 0};

L14,1
3 = {r1 = s1, s1 = |(3q̃1 − t̃2)(q̃1 − t̃2)t̃−11 |−1/2, r2 = q̃1t̃

−1
1 s1, s2 = (t̃2 − 2q̃1)t̃

−1
1 s1},

L24,1
3 = {r1 = s1, s1 =

√
3 |(2q̃1 − 3t̃2)t̃2t̃

−1
1 |−1/2, r2 = 0, s2 = −(2q̃1 − 3t̃2)(3t̃1)

−1s1},
L34,1

3 = {r1 = s1, s1 = 4|(2q̃1 − 3t̃2)(2q̃1 + t̃2)t̃
−1
1 |−1/2, r2 = −(2q̃1 − 3t̃2)(4t̃1)

−1s1, s2 = 0};
L14,1

13 = {r1 = s1, s1 = 2 |(2q̃1 − t̃2)t̃2t̃−11 |−1/2, r2 = 0, s2 = −(2q̃1 − t̃2)(2t̃1)−1s1},
L24,1

13 = {r1 = s1, s1 = ±(q̃2t̃1)
1/2q̃−12 s2, r2 = −(2(q̃2t̃1)

1/2 ± t̃2)(κ±33)−1s2,
s2 = (q̃2t̃1)

1/4κ±33(3κ±35)−1/2|κ±34t̃1|−1/2};
L4,1
28 = {r1 = s1, s1 = κ10|κ39κ36t̃

−1
1 |−1/2, r2 = −(3θ∗ + 2q̃1t̃2 + t̃22)(t̃1κ10)

−1s1,
s2 = (6θ∗ − q̃1t̃2 − 2q̃21)(t̃1κ10)

−1s1};
L4,1
32 ={r1 = s1, s1 = |t̃1|1/2|κ±42|−1/2, r2 =−(q̃1 + t̃2)t̃

−1
1 s1, s2 =(3κ±41 − q̃21 + t̃22)(t̃1κ10)

−1s1};
L4,1
36 = {r1 = s1, s1 = |t̃1|1/2|κ±46|−1/2, r2 = −(2q̃1 + 3t̃2)t̃

−1
1 s1,

s2 = (κ±45 + 2q̃1t̃2 + 3t̃22)(t̃1κ10)
−1s1};

L15,1
3 = {r1, s1 = |p̃1|−1/2, r2 = (q̃2 − 3p̃1)q̃

−1
1 s1, s2 = 0},

L25,1
3 = {r1, s1 = |q̃2|−1/2, r2 = 0, s2 = −2q̃2t̃

−1
2 s1},

L35,1
3 = {r1, s1 = (q̃1 − t̃2)|κ50p̃1|−1/2, r2 = −(2p̃1t̃1 − q̃1t̃2 + t̃22)(t̃1(q̃1 − t̃2))−1s1,

s2 = (2p̃1t̃1 + q̃1t̃2 − q̃21)(t̃1(q̃1 − t̃2))−1s1};
L15,1

6 = {r1, s1 = |q̃2|−1/2, r2 = 0, s2 = −2q̃2t̃
−1
2 s1},

L25,1
6 = {r1, s1 = 3θ∗|κ59t̃

−1
1 |−1/2, r2 = −(t̃1θ

2
∗ + (2q̃1 − t̃2)θ∗ + q̃2)(3t̃1θ∗)

−1s1, s2 = θ∗s1};
L15,1

7 = {r1, s1 = |p̃1|−1/2, r2 = (q̃2 − 3p̃1)q̃
−1
1 s1, s2 = 0},

L25,1
7 = {r1, s1 =

√
3|κ63|−1/2, r2 = θ∗s1, s2 = −(t̃1θ

2
∗ + (2q̃1 − t̃2)θ∗ + q̃2)(3t̃1θ∗)

−1s1}.

2.4. Òðè êëàññà ëèíåéíîé ýêâèâàëåíòíîñòè ñèñòåì ïðè l = 1. Ñèñòåìà (1.4)
ẋ = Aq[3](x) ïðè l = 1 ñîãëàñíî (2.2) îäíîçíà÷íî ïðåäñòàâèìà â âèäå (2.1):

ẋ = (x1 + βx2)

(
p1x

2
1 + q1x1x2 + t1x

2
2

p2x
2
1 + q2x1x2 + t2x

2
2

)
= P 1

0 (x)Gq[2](x), G =

(
p1 q1 t1
p2 q2 t2

)
, (2.6)

ïðè÷åì ó íåå R2 = δ2pt − δpqδqt 6= 0, òàê êàê l = 1, à çíà÷èò, p21 + p22 6= 0 è t21 + t22 6= 0.

Ïî òåîðåìå 2.1 ëþáàÿ çàìåíà (1.5) x = Ly ñ detL = δ 6= 0 ïðåîáðàçóåò ñèñòåìó

(2.6) â ñèñòåìó (1.6) ẏ = Ã q[3](y) âèäà (2.3), â êîòîðîé ñèìâîë ˜ çàìåíåí íà ñèìâîë ˆ ,
ò. å. â ñèñòåìó

ẏ = (α̂y1 + β̂y2)

(
p̂1y

2
1 + q̂1y1y2 + t̂1y

2
2

p̂2y
2
1 + q̂2y1y2 + t̂2y

2
2

)
= P̂ 1

0 (y) Ĝ q[2](y) (2.7)

èëè Â =

(
â1 b̂1 ĉ1 d̂1
â2 b̂2 ĉ2 d̂2

)
, ãäå ñîãëàñíî (2.4) ìàòðèöà Ĝ =

(
p̂1 q̂1 t̂1
p̂2 q̂2 t̂2

)
= L−1GM,

R̂2 = δ2
p̂t̂
− δp̂q̂δq̂t̂ = δ2R2 6= 0, α̂ = r1 + βr2, β̂ = s1 + βs2 (α̂2 + β̂2 6= 0), ìàòðèöà Â èç

(1.7).

Ìàòðèöà Â óïðîñòèòñÿ, åñëè â çàìåíå (1.5) ïîëîæèòü s1 = −βs2, ïîëó÷àÿ β̂ = 0.

18



Â ÷àñòíîñòè, çàìåíà J1
0 ïðåîáðàçóåò ñèñòåìó (2.6) â ñèñòåìó

Â =

(
â1 b̂1 ĉ1 d̂1
â2 b̂2 ĉ2 d̂2

)
=

(
p̂1 q̂1 t̂1 0

p̂2 q̂2 t̂2 0

)
, (α̂, β̂) = (1, 0), Ĝ =

(
p̂1 q̂1 t̂1
p̂2 q̂2 t̂2

)
, (2.8)

â êîòîðîé p̂1 = p1 + βp2, q̂1 = q1 + β(q2 − 2p1)− 2β2p2, t̂1 = t1 + β(t2 − q1)− β2q2 + β3p2,

p̂2 = p2, q̂2 = q2 − 2βp2, t̂2 = t2 − βq2 + β2p2 (p̂21 + p̂22 6= 0, t̂21 + t̂22 6= 0, R̂2 = R2 6= 0).

Î÷åâèäíûì äîñòîèíñòâîì ñèñòåìû (2.8) ïîìèìî ðàâåíñòâà íóëþ ýëåìåíòîâ d̂1 è
d̂2, ñâÿçàííîãî ñ ðàâåíñòâîì íóëþ ÷èñëà β̂, ÿâëÿåòñÿ ñîâïàäåíèå ïåðâûõ òðåõ ñòîëáöîâ
ìàòðèöû Â ñ ìàòðèöåé Ĝ. Èìåííî òàêîé ñòðóêòóðîé îáëàäàþò äâàäöàòü ÷åòûðå CF èç
ïåðâîé ÷àñòè ñïèñêà 2.1. Ó îñòàëüíûõ äåâÿòè CF èç ýòîãî ñïèñêà ᾰ = β̆.

Ñäåëàâ â (2.8) ïðîèçâîëüíóþ çàìåíó (1.5) ñ s1 = 0 (r1, s2 6= 0), ïîëó÷àåì ñèñòåìó

Ã =

(
p̂1r

2
1 + q̂1r1r2 + t̂1r

2
2 (q̂1r1 + 2t̂1r2)s2 t̂1s

2
2 0

−S0(r
−1
1 r2)r

3
1s
−1
2 q̂2r

2
1 − (q̂1 − 2t̂2)r1r2 − 2t̂1r

2
2 (t̂2r1 − t̂1r2)s2 0

)
, (2.9)

ãäå S0(θ) = t̂1θ
3 + (q̂1 − t̂2)θ2 + (p̂1 − q̂2)θ − p̂2, p̂21 + p̂22, t̂

2
1 + t̂22 6= 0, ã21 + ã22, c̃

2
1 + c̃22 6= 0.

Âèä ñèñòåìû (2.9) äåìîíñòðèðóåò öåëåñîîáðàçíîñòü ðàçáèåíèÿ ìíîæåñòâà ñèñòåì
(2.8) íà òðè íåïåðåñåêàþùèõñÿ êëàññà:

1) t̂1 = 0, q̂1 = 0; 2) t̂1 = 0, q̂1 6= 0; 3) t̂1 6= 0.

Âûäåëåííûå êëàññû ëèíåéíî íåýêâèâàëåíòíû, òàê êàê åñëè ïðîèçâîëüíàÿ çàìåíà
ñâÿçûâàåò äâå ñèñòåìû âèäà (2.8), òî â íåé s1 = 0 ïî óòâåðæäåíèþ 2.2 ï. 2, è òîãäà
èíâàðèàíòíîñòü óñëîâèé 1)�3) âûòåêàåò èç âèäà ñèñòåìû (2.9).

Ïîñìîòðèì, êàêóþ íàèáîëåå ïðîñòóþ ñèñòåìó (2.9) âñåãäà ìîæíî ïîëó÷èòü â êàæ-
äîì èç ýòèõ êëàññîâ, èìåÿ â âèäó, ÷òî ïðè t̂1 = 0 (t̂2 6= 0) ñèñòåìà (2.9) èìååò âèä(

(p̂1r1 + q̂1r2)r1 q̂1r1s2 0 0

(p̂2r
2
1 − (p̂1 − q̂2)r1r2 − (q̂1 − t̂2)r22)r1s−12 (q̂2r1 + (2t̂2 − q̂1)r2)r1 t̂2r1s2 0

)
. (2.10)

1) t̂1 = 0, q̂1 = 0 (p̂1 6= 0, t̂2 6= 0). Òîãäà ñèñòåìà (2.10) ïðèìåò âèä(
p̂1r

2
1 0 0 0

(p̂2r
2
1 + (q̂2 − p̂1)r1r2 + t̂2r

2
2)r1s

−1
2 (q̂2r1 + 2t̂2r2)r1 t̂2r1s2 0

)
è â íåé âñåãäà ìîæíî ïî-

ëó÷èòü b̃2 = 0, c̃2 = 1. Â ÷àñòíîñòè, çàìåíà J1
1 ïðåîáðàçóåò ñèñòåìó (2.8) â ñèñòåìó

Ã1 =

(
p̃1 0 0 0

p̃2 0 1 0

)
,

p̃1 = p̂1 (6= 0),

p̃2 = (2p̂1q̂2 + 4p̂2t̂2 − q̂22)/4.
(2.11)

Ïðè p̃2 6= 0 ñèñòåìà Ã1 ÿâëÿåòñÿ SF
3,1
a,8 .

2) t̂1 = 0, q̂1 6= 0 (t̂2 6= 0). Òîãäà â (2.10) âñåãäà ìîæíî ïîëó÷èòü ã1 = 0, c̃2 = 1.
Â ÷àñòíîñòè, çàìåíà J1

2 ïðåîáðàçóåò ñèñòåìó (2.8) â ñèñòåìó

Ã2 =

(
0 q̃1 0 0

p̃2 q̃2 1 0

)
,
q̃1 = q̂1t̂

−1
2 (6= 0), q̃2 = p̂1 + q̂2 − 2p̂1q̂

−1
1 t̂2,

p̃2 = q̂−21 t̂2(t̂2p̂
2
1 − q̂2q̂1p̂1 + p̂2q̂

2
1) (6= 0).

(2.12)

Ïðè q̃2 6= 0 ñèñòåìà Ã2 ÿâëÿåòñÿ SF
4,1
a,24.
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3) t̂1 6= 0. Òîãäà â (2.9) ìîæíî ïîëó÷èòü ã2 = 0. Â ÷àñòíîñòè, çàìåíà J1
3 , ãäå θ∗ ∈

R1 � íóëü S0(θ), ïðåîáðàçóåò (2.8) â ñèñòåìó (2.9)

Ã3 =

(
p̃1 q̃1 t̃1 0

0 q̃2 t̃2 0

)
;

p̃1 = p̂1 + q̂1θ∗ + t̂1θ
2
∗ ( 6= 0), q̃1 = q̂1 + 2t̂1θ∗, t̃1 = t̂1 (6= 0),

q̃2 = q̂2 − (q̂1 − 2t̂2)θ∗ − 2t̂1θ
2
∗, t̃2 = t̂2 − t̂1θ∗.

(2.13)

Ïðè q̃1, q̃2, t̃2 6= 0 ñèñòåìà Ã3 ÿâëÿåòñÿ SF 5,1
8 . Â ñâîþ î÷åðåäü, ïðè q̃2 = 0 � ýòî SF 4,1

5 ,
ïðè t̃2 = 0 � ýòî SF 4,1

11 , ïðè q̃1 = 0 � ýòî SF 4,1
a,14.

Íèæå äëÿ êàæäîé èç ñèñòåì (2.11), (2.12), (2.13) â ñîîòâåòñòâóþùåé ëåììå áóäóò
íàéäåíû óñëîâèÿ íà êîýôôèöèåíòû è çàìåíû (1.5), ñâîäÿùèå âûáðàííóþ ñèñòåìó ïðè
ýòèõ óñëîâèÿõ êî âñåì âîçìîæíûì CF èç ñïèñêà 2.1, çàïèñûâàåìûì â âèäå

Ă =

(
ă1 b̆1 c̆1 d̆1
ă2 b̆2 c̆2 d̆2

)
, (ᾰ, β̆). (2.14)

Èõ ýëåìåíòû âû÷èñëÿþòñÿ ïî òåì æå ôîðìóëàì, ÷òî âûïèñàíû äëÿ ñèñòåìû (2.7).

Ðàññóæäåíèÿ êàæäûé ðàç áóäóò ðàçäåëåíû íà äâà ýòàïà.

Íà ýòàïå I áóäóò ðàññìàòðèâàòüñÿ ïðîèçâîëüíûå çàìåíû (1.5) ñ s1 = 0, ñâîäÿùèå
èñõîäíûå ñèñòåìû ñîãëàñíî óòâåðæäåíèþ 2.2, ï. 2 ê ñèñòåìàì (2.14) ñ β̆ = 0.

Îñíîâûâàÿñü íà ïîëíîì ïåðåáîðå äîïóñòèìûõ çíà÷åíèé ýëåìåíòîâ èñõîäíîé ñèñòå-
ìû, áóäóò íàéäåíû òå èç íèõ, ïðè êîòîðûõ ÿâíî âûïèñàííûìè çàìåíàìè áóäóò ïîëó÷åíû
CF èç ïåðâîé ÷àñòè ñïèñêà 2.1 è çíà÷åíèÿ èõ ýëåìåíòîâ èç cs.

Íà ýòàïå II íåïîñðåäñòâåííî äëÿ êàæäîé CF èç âòîðîé ÷àñòè ñïèñêà 2.1, ïðåä-
øåñòâóþùåé èñõîäíîé ñèñòåìå, áóäóò óñòàíàâëèâàòüñÿ çàìåíà ñ r1 = s1 6= 0, ñîãëàñíî
óòâåðæäåíèþ 2.2, ï. 3 ãàðàíòèðóþùàÿ ðàâåíñòâî ᾰ = β̆, è óñëîâèÿ äëÿ ïîïàäàíèÿ èç
èñõîäíîé ñèñòåìû â âûáðàííóþ CF.

Ïðè ýòîì â ôîðìóëèðîâêàõ ïîñëåäóþùèõ óòâåðæäåíèé: a) ñ ó÷åòîì çàìå÷àíèÿ 1.2
ñòîëáöû r è s çàìåíû (1.5) áóäóò ìåíÿòüñÿ ìåñòàìè, åñëè ïîëó÷àåìûå CF îêàæóòñÿ
äîïîëíèòåëüíûìè; b) ññûëêîé íà ñîîòâåòñòâóþùèé ïóíêò óòâåðæäåíèÿ 2.3 èç ìíîæå-
ñòâà çíà÷åíèé ýëåìåíòîâ èñõîäíîé ñèñòåìû áóäóò óäàëÿòüñÿ òå, êîòîðûå ïðèíàäëåæàò
äîïóñòèìûì ìíîæåñòâàì, íî íå ïðèíàäëåæàò êàíîíè÷åñêèì ìíîæåñòâàì.

2.5. Ñâåäåíèå ñèñòåì èç ïåðâûõ äâóõ êëàññîâ ê CFm,1 (m = 2,3,4).

Ëåììà 2.1. Ëþáàÿ ñèñòåìà (2.8) ñ t̂1 = 0, q̂1 = 0 ëèíåéíî ýêâèâàëåíòíà êàêîé-
ëèáî CFm,1

i èç ñïèñêà 2.11. Íèæå äëÿ êàæäîé èç òðåõ òàêèõ CFm,1
i ïðèâåäåíû: a)

óñëîâèÿ íà êîýôôèöèåíòû p̃1( 6= 0), p̃2 ñèñòåìû (2.11), ïîëó÷åííîé èç (2.8) çàìåíîé
J1
1 , b) çàìåíà (1.5), ïðåîáðàçóþùàÿ ïðàâóþ ÷àñòü (2.11) ïðè óêàçàííûõ óñëîâèÿõ â
âûáðàííóþ ôîðìó, c) ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ σ è ïàðàìåòðîâ èç csm,1i :

CF 2,1
2 : a) p̃2 = 0, b) L2,1

2 , c) σ = sign p̃1;

CF 3,1
5 : a) p̃2 6= 0, κ1 ≥ 0, b) L3,1

5 , c) σ = sign p̃1, u = κ2p̃
−1
1 ;

CF 3,1
8 : a) p̃2 6= 0, κ1 < 0, b) L3,1

8 , c) σ = sign p̃1, u = p̃2p̃
−2
1 .

Äîêàçàòåëüñòâî. Â ñëó÷àå 1), êîãäà â (2.8) t̂1 = 0, q̂1 = 0 (p̂1 6= 0, t̂2 6= 0),
èç ñèñòåìû (2.11) çàìåíîé (1.5) ñ s1 = 0 ïîëó÷àåì ñèñòåìó (2.14) âèäà(

p̃1r
2
1 0 0 0

(p̃2r
2
1 − p̃1r1r2 + r22)r1s

−1
2 2r1r2 r1s2 0

)
(p̃1 6= 0). (2.15)
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1) b̆2 = 0⇔ r2 = 0. Òîãäà ñèñòåìà (2.15) ïðèíèìàåò âèä

(
p̃1r

2
1 0 0 0

p̃2r
3
1s
−1
2 0 r1s2 0

)
.

11) ă2 = 0⇔ p̃2 = 0. Òîãäà ïðè r1 = |p̃1|−1/2, s2 = p̃1r1 � ýòî CF
2,1
2 ñ σ = sign p̃1.

12) ă2 6= 0⇔ p̃2 6= 0. Òîãäà ïðè r1 = |p̃1|−1/2, s2 = p̃2p̃
−1
1 r1 ïîëó÷åííàÿ ñèñòåìà � ýòî

NSF 3,1
a,8 ñ σ = sign p̃1, u = p̃2p̃

−2
1 .

2) ă2 = 0⇔ {κ1 = p̃21−4p̃2 ≥ 0, 2r2 = κ2r1} (r2 6= 0, òàê êàê κ2 6= 0). Òîãäà ñèñòåìà

(2.15) ïðèíèìàåò âèä

(
p̃1r

2
1 0 0 0

0 κ2r
2
1 r1s2 0

)
. Ïðè r1 = |p̃1|−1/2, s2 = p̃1r1 � ýòî CF 3,1

a,5 ñ

σ = sign p̃1, u = κ2p̃
−1
1 (= 1 + |p̃1|−1κ1/2

1 ) ïðè óñëîâèè, ÷òî u 6= 2 (ñì. óòâåðæäåíèå 2.3,

ï. 1) ⇔ |p̃1| 6= κ1/2
1 ⇔ p̃2 6= 0.

Ïîñêîëüêó SF 3,1
a,5 ïðåäøåñòâóåò SF 3,1

a,8 , â 12) ïîïàäàåì, åñëè κ1 = p̃21 − 4p̃2 < 0, ò. å.

ìèíóåì 2). Òîãäà NSF 3,1
a,8 = CF 3,1

a,8 , òàê êàê u = p̃2p̃
−2
1 > 1/4. (ñì. óòâåðæäåíèå 2.3, ï. 2).

II. Ñèñòåìà (2.11) ïðåäøåñòâóåò âñåì äåâÿòè CF èç âòîðîé ÷àñòè ñïèñêà 2.1. �

Ëåììà 2.2. Ëþáàÿ ñèñòåìà (2.8) ñ t̂1 = 0, q̂1 6= 0 ëèíåéíî ýêâèâàëåíòíà êàêîé-
ëèáî CFm,1

i èç ñïèñêà 2.12. Íèæå äëÿ êàæäîé èç ïÿòè òàêèõ CFm,1
i ïðèâåäåíû: a) óñëî-

âèÿ íà êîýôôèöèåíòû q̃1(6=0), p̃2(6=0), q̃2 ñèñòåìû (2.12), ïîëó÷åííîé èç (2.8) çàìåíîé
J1
2 , b) çàìåíà (1.5), ïðåîáðàçóþùàÿ ïðàâóþ ÷àñòü (2.12) ïðè óêàçàííûõ óñëîâèÿõ â âû-
áðàííóþ ôîðìó, c) ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ σ è ïàðàìåòðîâ èç csm,1i :

CF 3,1
3 : 1) a) q̃1 6= 2, κ3 = 0, b) L13,1

3 , c) σ = sign((q̃1 − 2)q̃1q̃2), u = q̃1;
2) a) p̃2 > 0, q̃1 = 2, q̃2 = 0, b) L23,1

3 , c) σ = 1, u = 2;

CF 3,1
14,κ : a) p̃2 < 0, åñëè q̃1 = 2, q̃2 = 0, b) L3,1

14,κ c) κ = sign(p̃2q̃1), u = q̃−11 ;

CF 4,1
7 : 1) a) q̃1 = 2, κ4 ≥ 0, q̃2 6= 0, b) L14,1

7 , c) σ = sign q̃2, u = κ5q̃
−1
2 , v = 2;

2) a) q̃1 6= 2, q̃2 6= 0, κ6 ≥ 0, κ8 6= 0, b) L24,1
7 , c) σ = sign(κ7κ8), u = κ−18 q̃1, v = q̃1;

CF 4,1
12 : a) q̃1 6= 2, q̃2 6= 0, 4κ3(1− q̃1) > q̃21 q̃

2
2, b) L

4,1
12 , c) σ = sign(q̃1q̃2(q̃1− 2)), u = q̃−11 ,

v = κ3q̃
−1
1 q̃−22 ;

CF 4,1
24 : a) q̃1 = 2, κ4 < 0, q̃2 6= 0, b) L4,1

24 , c) σ = sign q̃2, u = 1/2, v = 2p̃2q̃
−2
2 .

Äîêàçàòåëüñòâî. I. Â ñëó÷àå 2), êîãäà â (2.8) t̂1 = 0, q̂1 6= 0 (t̂2 6= 0), èç ñèñòåìû
(2.12) çàìåíîé (1.5) ñ s1 = 0 (r1, s2 6= 0) ïîëó÷àåì ñèñòåìó (2.14) âèäà(

q̃1r1r2 q̃1r1s2 0 0

(p̃2r
2
1 + q̃2r1r2 − (q̃1 − 1)r22)r1s

−1
2 q̃2r

2
1 − (q̃1 − 2)r1r2 r1s2 0

)
(p̃2, q̃1 6= 0). (2.16)

1) ă1 = 0⇔ r2 = 0. Òîãäà (2.16) ïðèíèìàåò âèä

(
0 q̃1r1s2 0 0

p̃2r
3
1s
−1
2 q̃2r

2
1 r1s2 0

)
.

11) b̆2 = 0 ⇔ q̃2 = 0. Òîãäà ïðè r1 = |p̃2|−1/4|q̃1|3/4q̃−11 , s2 = |p̃2|1/4|q̃1|−3/4 � ýòî
NSF 3,1

a,14,κ ñ κ = sign(p̃2q̃1), u = q̃−11 .

12) b̆2 6= 0⇔ q̃2 6= 0. Òîãäà ïðè r1 = |q̃2|−1/2, s2 = q̃−11 q̃2r1 � ýòî NSF
4,1
a,24 ñ σ = sign q̃2,

u = q̃−11 , v = p̃2q̃1q̃
−2
2 . È ñèñòåìû, êîòîðûì îíà ïðåäøåñòâóåò, íå èíòåðåñíû.

2) ă1 6= 0⇔ r2 6= 0.

21) q̃1 = 2. Òîãäà ñèñòåìà (2.16) ïðèíèìàåò âèä:(
2r1r2 2r1s2 0 0

(p̃2r
2
1 + q̃2r1r2 − r22)r1s−12 q̃2r

2
1 r1s2 0

)
. (2.17)

21



21
1) b̆2 = 0 ⇔ q̃2 = 0. Òîãäà ñèñòåìà (2.17) èìååò âèä(

2r1r2 2r1s2 0 0

(p̃2r
2
1 − r22)r1s−12 0 r1s2 0

)
.

21a
1 ) ă2 = 0⇔ {p̃2 > 0, r2 = p̃

1/2
2 r1}. Ïðè r1 = s−12 , s2 = (4p̃2)

1/4 � ýòî CF 3,1
3 ñ σ = 1,

u = 2.

Ïîñêîëüêó SF 3,1
3 ïðåäøåñòâóåò SF 3,1

14,κ, â 11) ïîïàäàåì ïðè q̃1 = 2, åñëè p̃2 < 0. Òîãäà

NSF 3,1
a,14,κ = CF 3,1

a,14,κ, òàê êàê κ = sign(p̃2q̃1) = −1 ïðè u = q̃−11 = 1/2 (ñì. óòâåðæäåíèå
2.3, ï. 3).

21b
1 ) p̃2 < 0. Òîãäà ñëó÷àé ă2 6= 0 ñ ïîïàäàíèåì â SF 4,1

a,12 ìîæíî íå ðàññìàòðèâàòü,

òàê êàê ïðè r2 = 0 âñåãäà ïîïàäàåì â 11) ñ SF
3,1
a,14,κ.

22
1) b̆2 6= 0⇔ q̃2 6= 0. Åñëè ïðè ýòîì è ă2 6= 0, òî ïîëó÷àåì SF 5,1

a,10.

22a
1 ) ă2 = 0 ⇔ {κ4 = q̃22 + 4p̃2 ≥ 0, 2r2 = κ5r1} (κ5 = q̃2(1 + |q̃2|−1κ1/2

4 ) 6= 0).

Òîãäà (2.17) èìååò âèä

(
κ5r

2
1 2r1s2 0 0

0 q̃2r
2
1 r1s2 0

)
. Ïðè r1 = |q̃2|−1/2, s2 = q̃2r1 � ýòî CF

4,1
7

ñ σ = signq̃2, v = 2, u = κ5q̃
−1
2 , òàê êàê 2−u−1, 2u(u+ 1)−1 6= 2 = v (ñì. óòâåðæäåíèå 2.3,

ï. 8).

22) q̃1 6= 2 â ñèñòåìå (2.16).

21
2) b̆2 = 0⇔ r2 = q̃2(q̃1 − 2)−1r1. Òîãäà ñèñòåìà (2.16) ïðèíèìàåò âèä:(

q̃1q̃2(q̃1 − 2)−1r21 q̃1r1s2 0 0

κ3(q̃1 − 2)−2r31s
−1
2 0 r1s2 0

)
(p̃2, q̃1 6= 0). (2.18)

21a
2 ) ă2 = 0 ⇔ κ3 = p̃2(q̃1 − 2)2 − q̃22 = 0 (q̃2 6= 0). Òîãäà ïðè r1 = |q̃1 − 2|1/2|q̃1q̃2|−1/2,

s2 = q̃1q̃2(q̃1 − 2)−1r1 ñèñòåìà (2.18) � ýòî CF
3,1
3 ñ σ = sign(q̃1q̃2(q̃1 − 2)), u = q̃1.

21b
2 ) ă2 6= 0⇔ κ3 6= 0, ă1 6= 0⇔ q̃2 6= 0. Ïðè r1 = |q̃1−2|1/2|q̃1q̃2|−1/2, s2 = q̃2(q̃1−2)−1r1

ñèñòåìà (2.18) � ýòî CF 4,1
a,12 ñ σ = sign(q̃1q̃2(q̃1 − 2)), u = q̃−11 (6= 1/2), v = κ3q̃

−1
1 q̃−22 , åñëè

ïî óòâåðæäåíèþ 2.3, ï. 10 4v(u− 1) > 1⇔ 4κ3(1− q̃1) > q̃21 q̃
2
2.

22
2) b̆2 6= 0. Åñëè ïðè ýòîì è ă2 6= 0, òî ïîëó÷àåì SF 5,1

a,10.

22a
2 ) ă2 = 0 ⇔ {κ6 = q̃22 + 4p̃2(q̃1 − 1) ≥ 0, κ7 = −q̃2(1 + |q̃2|−1κ1/2

6 )(2p̃2)
−1 6= 0,

r1 = κ7r2}, κ7 6= 0⇔ q̃2 6= 0. Òîãäà ñèñòåìà (2.16) èìååò âèä κ7

(
q̃1r

2
2 q̃1r2s2 0 0

0 κ8r
2
2 r2s2 0

)
.

Òåïåðü b̆2 6= 0 ⇔ κ8 = (2p̃2q̃1 − κ6 − |q̃2|κ1/2
6 )(2p̃2)

−1 6= 0 ⇔ q̃22 6= p̃2(q̃1 − 2)2 ⇔ κ3 6= 0.
Ïðè s2 = κ8r2, r2 = |κ7κ8|−1/2 � ýòî NSF 4,1

7 ñ σ = sign(κ7κ8), u = κ−18 q̃1, v = q̃1 (v− u =

−q̃1κ−18 (q̃22 +κ6 + 2|q̃2|κ1/2
6 )(4p̃2)

−1 6= 0). Ñîãëàñíî óòâåðæäåíèþ 2.3, ï. 8 NSF 4,1
7 = CF 4,1

7 ,

åñëè v 6= (2u− 1)u−1 ⇔ 2p̃2q̃1(1− q̃1) +κ6 + |q̃2|κ1/2
6 6= 0⇔ q̃22 6= p̃2(q̃1− 2)2 ⇔ κ8 6= 0, ÷òî

âåðíî, è åñëè v 6= 2u(u+ 1)−1 ⇔ q̃1(q̃
2
2 + |q̃2|κ1/2

6 ) 6= 0⇔ q̃2 6= 0.

Âåðíåìñÿ ê NSF 4,1
a,24 èç 12), êîãäà q̃2 6= 0. Ñîãëàñíî 21

2) ïðè q̃1 6= 2 ìîæíî ïåðåéòè

ê NSF 3,1
3 èëè NSF 4,1

a,12. À ïðè q̃1 = 2 è κ4 = q̃22 + 4p̃2 ≥ 0 ñîãëàñíî 22a
1 ) ìîæíî ïåðåéòè

ê NSF 4,1
7 . Ïîýòîìó NSF 4,1

a,24 = CF 4,1
a,24 ïðè q̃1 = 2 è κ4 < 0, òàê êàê òîãäà u = q̃−11 = 1/2 è

v = 2p̃2q̃
−2
2 < −1/2 (ñì. óòâåðæäåíèå 2.3, ï. 14).

II. Èòàê, ñèñòåìà (2.12) ñâîäèòñÿ ê SF 4,1
24 ïðè q̃2 6= 0 è ê SF 3,1

14 ïðè q̃2 = 0 (èëè
ïðåäøåñòâóþùèì). Ïîýòîìó åå èìååò ñìûñë ñâîäèòü òîëüêî ê CF 4,1

1 , CF 4,1
3 , CF 4,1

13 èç
ñïèñêà 2.1II ïðè q̃2 6= 0, ïðè÷åì ïî óòâåðæäåíèþ 2.2, ï. 3 çàìåíîé (1.5) ñ r1 = s1 6= 0.

22



CF 4,1
1 . Ñèñòåìà óðàâíåíèé c̆1, d̆1, ă2, b̆2 = 0 ñîâìåñòíà òîëüêî ïðè óñëîâèÿõ q̃2 = 0,

p̃2 = s22s
−2
1 , q̃1 = 2, ÷òî ïðåâðàùàåò (2.12) â SF 3,1

3 , ïðåäøåñòâóþùóþ CF 4,1
1 .

CF 4,1
3 . Ñèñòåìà óðàâíåíèé b̆1, d̆1, ă2, b̆2 = 0 òîëüêî ïðè óñëîâèÿõ p̃2 = 4q̃22, q̃1 = 3/2

çàìåíîé ñ r1 = s1, s1 = (6|q̃2|)−1/2, r2 = −2q̃2s1, s2 = 4q̃2s1 ñâîäèòñÿ ê NSF
4,1
3 ñ u = −1/2,

êîòîðàÿ, â ñâîþ î÷åðåäü, ïî óòâåðæäåíèþ 2.3, ï. 6 ñâîäèòñÿ ê SF 3,1
3 .

CF 4,1
13 . Ñèñòåìà óðàâíåíèé b̆1, c̆1, ă2, c̆2 = 0 òîëüêî ïðè óñëîâèÿõ p̃2 = 4q̃22/9, q̃1 = 1/2

çàìåíîé ñ r1 = s1, s1 = |q2|−1/2, r2 = −4q2s1/3, s2 = 2q2s1/3 ñâîäèòñÿ ê NSF 4,1
13 ñ u = 2/3,

êîòîðàÿ ñîãëàñíî óòâåðæäåíèþ 2.3, ï. 11 ñâîäèòñÿ ê SF 3,1
3 .

Â èòîãå, çàìåíû, ñâîäÿùèå (2.12) ê CF 4,1
1 , CF 4,1

3 , CF 4,1
13 îòñóòñòâóþò. �

2.6. Ñâåäåíèå ñèñòåì èç òðåòüåãî êëàññà ê CFm,1.

Äîãîâîðèìñÿ, ÷òî ïðèâîäèìûå íèæå óñëîâèÿ íà êîýôôèöèåíòû èñõîäíîé ñèñòåìû,
èìåþùèå âèä ξ±1 = 0, ξ∓2 6= 0, îçíà÷àþò, ÷òî ξ+1 = 0, ξ−2 6= 0 èëè ξ−1 = 0, ξ+2 6= 0, è âûáîð
èõ ïåðâîãî èëè âòîðîãî âåðõíåãî çíàêà âëå÷åò çà ñîáîé òàêîé æå âûáîð â ïðèâåäåí-
íûõ äàëåå êîýôôèöèåíòàõ çàìåíû è ïîëó÷àåìûõ çíà÷åíèÿõ ïàðàìåòðîâ êàíîíè÷åñêîé
ôîðìû.

Ëåììà 2.3. Ëþáàÿ ñèñòåìà (2.8) ñ t̂1 6= 0 ëèíåéíî ýêâèâàëåíòíà êàêîé-ëèáî
êàíîíè÷åñêîé ôîðìå èç ñïèñêîâ 2.13, 2.1II. Íèæå äëÿ êàæäîé èç äâàäöàòè ïÿòè òàêèõ
CFm,1

i ïðèâåäåíû: a) óñëîâèÿ íà êîýôôèöèåíòû p̃1 (6= 0), t̃1 (6= 0), q̃1, q̃2, t̃2 (q̃22 + t̃22 6= 0)
ñèñòåìû (2.13), ïîëó÷åííîé èç (2.8) çàìåíîé J1

3 , b) çàìåíà (1.5), ïðåîáðàçóþùàÿ ïðàâóþ
÷àñòü (2.13) ïðè óêàçàííûõ óñëîâèÿõ â âûáðàííóþ ôîðìó, c) ïîëó÷àåìûå ïðè ýòîì
çíà÷åíèÿ σ è ïàðàìåòðîâ èç csm,1i :

CF 2,1
9 : a) κ10 = 0, κ13 = 0, κ15 = 0, b) L2,1

9 , c) σ = sign t̃1;

CF 3,1
22 : a) κ10 = 0, κ13 = 0, κ15 6= 0, b) L3,1

22 , c) σ = sign t̃1, u = κ15(κ16t̃2)
−2/3;

CF 3,1
17 : a) κ10 = 0, κ15 = 0, κ13 6= 0, b) L3,1

17 , c) σ = sign t̃1, u = κ13(p̃1t̃1t̃2)
−2/3;

CF 3,1
11,κ : 1) a) q̃1 = 0, t̃2 = 0, b) L13,1

11,κ, c) σ = sign q̃2, κ = sign(t̃1q̃2), u = p̃1q̃
−1
2 ;

2) a) κ10 = 0, t̃2 6= 0, κ14 = 0, b) L23,1
11,κ, c) σ = sign p̃1, κ = sign(p̃1t̃1), u = κ13(p̃1t̃1)

−1;

CF 4,1
27 : a) κ10 = 0, t̃2 6= 0, κ13 6= 0, κ14 6= 0, κ15 6= 0, 2.315, b) L

4,1
27 , c) σ = sign t̃1,

u = κ15(κ14t̃2)
−2/3, v = κ13(κ14t̃2)

−2/3;

CF 3,1
21 : a) κ10 6= 0, q̃1 6= 0, κ12 = 0, κ9 = 0, b) L3,1

21 , c) σ = sign t̃1, u = κ10(q̃1 +

t̃2)
−1/3t̃

−2/3
2 ;

CF 4,1
19 : a) κ10 6= 0, q̃1 6= 0, κ12 = 0, κ9 6= 0, κ17 6= 0, κ19 6= 0, b) L4,1

19 , c) σ = sign t̃1,
u = κ9(p̃1t̃1t̃2)

−2/3, v = −(q̃1 + 2t̃2)(p̃1t̃1t̃2)
−1/3;

CF 4,1
33 : a) κ10 6= 0, κ12 6= 0, κ9 = 0, 2.320, b) L

4,1
33 , c) σ = sign t̃1, u = κ12κ−210 ,

v = κ16t̃2κ−310 ;

CF 4,1
11 : 1) a) t̃2 = 0, q̃1 6= 0, 2.39, b) L14,1

11 , c) σ = sign q̃2, u = p̃1q̃
−1
2 , v = q̃−21 q̃2t̃1;

2) a) κ10 6= 0, t̃2 6= 0, κ11 = 0, 2.39, b) L24,1
11 , c) σ = sign(κ12t̃1), u = κ16κ−112 , v = κ12κ−210 ;

CF 3,1
19 : a) κ10 6= 0, κ12,κ17 = 0, b) L3,1

19 , c) σ = sign t̃1, u = −κ10(2q̃
2
1 t̃2)

−1/3;

CF 3,1
6 : 1) a) κ12 = 0, κ19 = 0, b) L13,1

6 , c) σ = sign t̃1, u = 2q̃1t̃2κ−210 ;
2) a) q̃1 = 0, q̃2 = 0, b) L23,1

6 , c) σ = sign t̃1, u = p̃1t̃1t̃
−2
2 ;

CF 4,1
30 : a) κ10 6= 0, κ12 6= 0, κ17 = 0, 2.318, b) L

4,1
30 , c) u = κ10(2κ20q̃1)

−1/3, v =
4κ12(2κ20q̃1)

−2/3, σ = sign t̃1;

CF 4,1
14 : 1) a) κ10 6= 0, q̃1 6= 0, κ12 6= 0, κ18 = 0, 2.312, b) L14,1

14 , c) σ = sign t̃1,
u = 4κ12κ−210 , v = −2κ20κ−210 ;
2) a) q̃1 = 0, q̃2 6= 0, t̃2 6= 0, 2.312, b) L24,1

14 , c) σ = sign t̃1, u = q̃2t̃1t̃
−2
2 , v = p̃1t̃1t̃

−2
2 ;
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CF 4,1
29 : a) κ17 > 0, κ±24 = 0, κ∓23 6= 0, 2.317, b) L

4,1
29 , c) σ = sign t̃1, u = ±κ∓23κ

−1/2
17 /2,

v = ±κ±21κ∓22κ
−3/2
17 /4;

CF 4,1
5 : 1) a) q̃2 6= 0, κ25 ≥ 0, κ±28 = 0, 2.37, b) L14,1

5 , c) σ = sign t̃1, u = 4κ±30(κ∓26)−2,
v = 2κ±26(κ∓26)−1;
2) a) ïðè q̃1 6= 0, q̃2 = 0, 2.37, b) L24,1

5 , c) σ = sign t̃1, u = p̃1t̃1t̃
−2
2 , v = q̃1t̃

−1
2 ;

CF 5,1
8 : a) q̃1 6= 0, q̃2 6= 0, t̃2 6= 0, 2.44, b) íîðìèðîâêà L

5,1
8 , c) σ = sign q̃2, u = p̃1q̃

−1
2 ,

v = q̃1t̃
−1
2 , w = q̃2t̃1t̃

−2
2 ;

CF 4,1
1 : 1) a) q̃1 = 0, q̃2 = 2p̃1, t̃2 6= 0, κ31 > 0, 2.35, b) L14,1

1 , c) σ = ±sign(κ±32t̃1),
u =−κ∓32(κ±32)−1;
2) a) q̃2 = 0, t̃2 6= 0, κ31 ≥ 0, q̃1 = κ∓32, 2.35, b) L24,1

1 , c) σ = sign p̃1, u = κ±32t̃2(2p̃1t̃1)−1;
CF 4,1

3 : 1) a) p̃1 = q̃1(q̃1 − t̃2)t̃
−1
1 , q̃2 = q̃1(3q̃1 − 2t̃2)t̃

−1
1 , t̃2 6= 3q̃1, q̃

2
2 + t̃22 6= 0, 2.36,

b) L14,1
3 , c) σ = sign(t̃1(3q̃1 − t̃2)(q̃1 − t̃2)), u = q̃1(q̃1 − t̃2)−1;

2) a) p̃1 = q̃1(2q̃1− 3t̃2)(9t̃1)
−1, q̃2 = 0, t̃2 6= 0, 2.36, b) L24,1

3 , c) σ = −sign(t̃1t̃2(2q̃1− 3t̃2)),
u = −q̃1(3t̃2)−1;
3) a) p̃1 = (2q̃1 − 3t̃2)(2q̃1 + t̃2)(16t̃1)

−1, q̃2 = t̃2(2q̃1 − 3t̃2)(8t̃1)
−1, t̃2 6= 0, 2.36, b) L34,1

3 ,
c) σ = sign((2q̃1 − 3t̃2)(2q̃1 + t̃2)t̃1), u = −2t̃2(2q̃1 + t̃2)

−1;

CF 4,1
13 : 1) a) p̃1 = (4q̃21 − t̃22)(12t̃1)

−1, t̃2 6= 0, q̃2 = (2q̃1 − t̃2)t̃2(4t̃1)−1, 2.311, b) L14,1
13 ,

c) σ = sign((2q̃1 − t̃2)t̃2t̃1), u = (2q̃1 + t̃2)(3t̃2)
−1;

2) a) t̃2 6= 0, q̃2t̃1 > 0, p̃1 = (q̃2t̃1)
1/2κ∓34κ±35(κ±33)−2t̃−11 , åñëè κ±33 6= 0, q̃1 = ±(2q̃2t̃1 +

t̃22)(κ±33)−1, κ±34 6= 0, 2.311, b) L24,1
13 , c) σ = −sign(κ±34t̃1), u = −κ∓34κ±33(3κ±35)−1;

CF 4,1
28 : a) q̃1 6= 0,−t̃2,−2t̃2, q̃2 6= 0, t̃2 6= 0, p̃1 = θ∗t̃

−1
1 , κ38 = 0, κ36,κ37,κ39 6= 0, θ∗ :

S1(θ), 2.316, b) L
4,1
28 , c) σ = sign(κ36κ39t̃1), u = −κ37κ−139 ;

CF 4,1
32 : a) q̃1 6= 0,−t̃2,−2t̃2, q̃2 6= 0, t̃2 6= 0, κ40 ≥ 0, κ±41 6= 0, p̃1 = κ±41t̃−11 , q̃2 =

((q̃1 + t̃2)
2 − 3κ±41)t̃−11 , κ±42 6= 0, κ±43 6= 0, 2.319, b) L

4,1
32 , c) σ = sign(κ±42t̃1), u = 3κ±43κ−210 ;

CF 4,1
36 : a) q̃1 6= 0,−t̃2,−3t̃2/2,−2t̃2, q̃2 6= 0, t̃2 6= 0, κ44 ≥ 0, κ±45 6= 0, p̃1 = κ±45t̃−11 ,

q̃2 = −(3κ±45+2q̃1t̃2+3t̃22)t̃
−1
1 , κ±46 6= 0, κ±47 6= 0, 2.321, b) L

4,1
36 , c) σ = sign(κ±46t̃1), u = κ±47κ−210 ;

CF 5,1
3 : 1) a) q̃2 6= 0, 3p̃1, t̃1 = q̃1(2p̃1q̃1 + t̃2q̃2 − 3t̃2p̃1)(q̃2 − 3p̃1)

−2, t̃2 6= 0, κ48 6=
0,−q̃1q̃2, 2.41, b) L15,1

3 , c) σ = −sign p̃1, u = −κ48(p̃1q̃1)
−1, v = −(q̃1q̃2 + κ48)(p̃1q̃1)

−1;
2) a) q̃2 6= 0, t̃1 = −t̃2(p̃1t̃2 − 2q̃1q̃2 + q̃2t̃2)(2q̃2)

−2, q̃1 6= 0, t̃2 6= 0, κ49 6= 0, p̃1t̃2, 2.41,
b) L25,1

3 , c) σ = sign q̃2, u = p̃1q̃
−1
2 , v = κ49(q̃2t̃2)

−1;
3) a) q̃1 6= 0, t̃2, q̃2 = (t̃2q̃

3
1−(p̃1t̃1+2t̃22)q̃

2
1−t̃2(2p̃1t̃1−t̃22)q̃1+p̃1t̃1(4p̃1t̃1+3t̃22))t̃

−1
1 (q̃1−t̃2)−2 6= 0,

t̃2 6= 0, κ50 6= 0, κ51 6= 0, κ52 6= 0, 2.41, b) L35,1
3 , c) σ = −sign(κ50p̃1), u = −κ51(p̃1t̃1)

−1,
v = −(q̃1 − t̃2)2(p̃1t̃1)−1;

CF 5,1
6 : 1) a) q̃1 6= 0, t̃2 6= 0, p̃1 = 4κ53q̃2t̃

−2
2 /3, κ54 6= 0, 4κ53 6= 3κ54, 2.42, b) L15,1

6 ,
c) σ = sign q̃2, u = 4κ53(3t̃

2
2)
−1, v = κ54t̃

−2
2 ;

2) a) q̃1 6= 0, q̃2 6= 0, t̃2 6= 0, p̃1 = −κ55(9t̃1θ
2
∗)
−1, κ56 6= 0, κ57 6= 0, κ58 6= 0, κ59 6= 0,

κ57 6= κ58, θ∗ : S2(θ), 2.42, b) L25,1
6 , c) σ = −sign(κ59t̃1), u = 3κ57θ∗κ−159 , v = 3κ58θ∗κ−159 ;

CF 5,1
7 : 1) a) q̃2 6= 0, 3p̃1, t̃2 6= 0, t̃1 = κ60q̃1(q̃2−3p̃1)

−2, κ61 6= 0,−q̃1q̃2, 2.43, b) L15,1
7 ,

c) σ = sign p̃1, u = κ61(p̃1q̃1)
−1, v = (κ61 + q̃1q̃2)(p̃1q̃1)

−1;
2) a) q̃1 6= 0, q̃2 6= 0, t̃2 6= 0, p̃1 = −κ55(9t̃1θ

2
∗)
−1, κ56 6= 0, κ59 6= 0, 3κ62, κ62 6= 0, κ63 6= 0,

θ∗ : S3(θ), 2.43, b) L25,1
7 , c) σ = signκ63, u = κ59(3κ63t̃1θ

2
∗)
−1, v = κ62(κ63t̃1θ

2
∗)
−1.

Çäåñü çàïèñü 2.3i îçíà÷àåò, ÷òî ýëåìåíòû ñèñòåìû (2.13) òàêîâû, ÷òî çíà÷å-
íèÿ ïàðàìåòðîâ, âõîäÿùèõ â åå êàíîíè÷åñêóþ ôîðìó, íå óäîâëåòâîðÿþò óñëîâèÿìè
èç ïóíêòà i) óòâåðæäåíèÿ 2.3. Çàïèñü 2.4j ïîíèìàåòñÿ àíàëîãè÷íî.

Äîêàçàòåëüñòâî. I. Â ñëó÷àå 3), êîãäà â (2.8) t̂1 6= 0, èç ñèñòåìû (2.13) çàìå-
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íîé (1.5) ñ s1 = 0 (r1, s2 6= 0) ïîëó÷àåì ñèñòåìó (2.14) ñ t̃1, p̃1 6= 0 (ă21 + ă22, c̆1 6= 0) âèäà(
p̃1r

2
1 + q̃1r1r2 + t̃1r

2
2 (q̃1r1 + 2t̃1r2)s2 t̃1s

2
2 0

((q̃2 −p̃1)r21 +(t̃2 −q̃1)r1r2 − t̃1r22)r2s−12 q̃2r
2
1 −(q̃1 − 2t̃2)r1r2 − 2t̃1r

2
2 (t̃2r1− t̃1r2)s2 0

)
(2.19)

1) c̆2 = 0⇔ r2 = t̃−11 t̃2r1. Òîãäà ñèñòåìà (2.19) ïðèíèìàåò âèä:(
κ9t̃
−1
1 r21 κ10r1s2 t̃1s

2
2 0

κ11t̃2t̃
−2
1 r31s

−1
2 κ12t̃

−1
1 r21 0 0

)
. (2.20)

11) b̆1 = 0⇔ κ10 = 0⇔ q̃1 = −2t̃2. Òîãäà ñèñòåìà (2.20) ïðèíèìàåò âèä:(
κ13t̃

−1
1 r21 0 t̃1s

2
2 0

κ14t̃2t̃
−2
1 r31s

−1
2 κ15t̃

−1
1 r21 0 0

)
. (2.21)

11
1) ă1 = 0 ⇔ κ13 = 0 ⇔ p̃1 = t̃−11 t̃22 (ă2 6= 0). Òîãäà ñèñòåìà (2.21) èìååò âèä(

0 0 t̃1s
2
2 0

κ16t̃2t̃
−2
1 r31s

−1
2 κ15t̃

−1
1 r21 0 0

)
.

11a
1 ) b̆2 = 0 ⇔ κ15 = 0 ⇔ q̃2 = −2t̃22t̃

−1
1 . Ïðè r1 = −t̃1|t̃1|−1/2t̃−12 , s2 = |t̃1|−1/2 � ýòî

CF 2,1
9 ñ σ = sign t̃1.

11b
1 ) b̆2 6= 0 ⇔ κ15 6= 0 ⇔ q̃2 6= −2t̃22t̃

−1
1 . Ïðè r1 = t̃1(κ16t̃2)

−1/3|t̃1|−1/2, s2 = |t̃1|−1/2 �
ýòî CF 3,1

a,22 ñ σ = sign t̃1, u = κ15(κ16t̃2)
−2/3.

12
1) b̆2 = 0 ⇔ κ15 = 0 ⇔ q̃2 = −2t̃22t̃

−1
1 (ă2 6= 0). Òîãäà ñèñòåìà (2.21) èìååò âèä(

κ13t̃
−1
1 r21 0 t̃1s

2
2 0

−p̃1t̃2t̃−11 r31s
−1
2 0 0 0

)
è ă1 6= 0 ⇔ κ13 6= 0 ⇔ p̃1 6= t̃−11 t̃22. Ïðè s2 = |t̃1|−1/2,

r1 = −(p̃1t̃2)
−1/3|t̃1|1/6 � ýòî CF 3,1

17 ñ σ = sign t̃1, u = κ13(p̃1t̃1t̃2)
−2/3.

13
1) ă2 = 0⇔ {t̃2 = 0 èëè t̃2 6= 0, κ14 = 0⇔ q̃2 = (p̃1t̃1 − 2t̃22)t̃

−1
1 } (ă1, b̆2 6= 0).

13a
1 ) t̃2 = 0. Òîãäà ñèñòåìà (2.21) =

(
p̃1r

2
1 0 t̃1s

2
2 0

0 q̃2r
2
1 0 0

)
(q̃2 6= 0). Ïðè r1 = |q̃2|−1/2,

s2 = |t̃1|−1/2 � ýòî CF 3,1
11,κ ñ σ = sign q̃2, κ = sign(t̃1q̃2), u = p̃1q̃

−1
2 .

13b
1 ) t̃2 6= 0, κ14 = 0 ⇔ q̃2 = (p̃1t̃1 − 2t̃22)t̃

−1
1 . Òîãäà ñèñòåìà (2.21) èìååò âèä(

κ13t̃
−1
1 r21 0 t̃1s

2
2 0

0 p̃1r
2
1 0 0

)
(κ13 = p̃1t̃1 − t̃22 6= 0). Ïðè r1 = |p̃1|−1/2, s2 = |t̃1|−1/2 �

ýòî CF 3,1
11,κ ñ σ = sign p̃1, κ = sign(p̃1t̃1), u = κ13(p̃1t̃1)

−1.

14
1) ă1 6= 0 ⇔ κ13 6= 0, ă2 6= 0 ⇔ κ14t̃2 6= 0, b̆2 6= 0 ⇔ κ15 6= 0. Òîãäà ñèñòåìà (2.21)

ïðè r1 = |t̃1|5/6(κ14t̃1t̃2)
−1/3, s2 = |t̃1|−1/2 � ýòî NSF 4,1

a,27 ñ σ = sign t̃1, u = κ15(κ14t̃2)
−2/3,

v = κ13(κ14t̃2)
−2/3. Òåïåðü NSF 4,1

a,27 = CF 4,1
a,27, åñëè íå âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ

2.3, ï. 15.

12) b̆1 6= 0⇔ q̃1 6= −2t̃2.

11
2) b̆2 = 0⇔ κ12 = 0⇔ q̃2 = q̃1t̃2t̃

−1
1 (ă2 6= 0). Òîãäà ñèñòåìà (2.20) ïðèíèìàåò âèä:(

κ9t̃
−1
1 r21 κ10r1s2 t̃1s

2
2 0

−p̃1t̃2t̃−11 r31s
−1
2 0 0 0

)
(p̃1, t̃1, t̃2 6= 0). (2.22)
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11a
2 ) ă1 = 0 ⇔ κ9 = 0 ⇔ p̃1 = −(q̃1 + t̃2)t̃2t̃

−1
1 (6= 0). Òîãäà ñèñòåìà (2.22) èìååò âèä(

0 κ10r1s2 t̃1s
2
2 0

(q̃1+ t̃2)t̃
2
2t̃
−2
1 r31s

−1
2 0 0 0

)
. Ïðè r1 = t̃1|t̃1|−1/2(t̃22(q̃1 + t̃2))

−1/3, s2 = |t̃1|−1/2 � ýòî

NSF 3,1
21 ñ σ = sign t̃1, u = κ10(q̃1 + t̃2)

−1/3t̃
−2/3
2 .

NSF 3,1
21 = CF 3,1

21 ïðè q̃1 6= 0 ñîãëàñíî óòâåðæäåíèþ 2.3, ï. 4, òàê êàê q̃1 = 0⇔ u = 2.

11b
2 ) ă1 6= 0⇔ κ9 6= 0. Òîãäà ïðè r1 = −|t̃1|1/6(p̃1t̃2)−1/3, s2 = |t̃1|−1/2 ñèñòåìà (2.22) �

ýòî NSF 4,1
19 ñ σ = sign t̃1, u = κ9(p̃1t̃1t̃2)

−2/3, v = −κ10(p̃1t̃1t̃2)
−1/3.

Òåïåðü NSF 4,1
19 = CF 4,1

19 ïðè κ17 6= 0 è κ19q̃1 6= 0 ñîãëàñíî óòâåðæäåíèþ 2.3, ï. 13,
òàê êàê κ17 = 4p̃1t̃1 − q̃21 = 0⇔ 4u = v2, à 4uv = v3 − 8⇔ κ19q̃1 = 0.

12
2) ă1 = 0 ⇔ κ9 = 0 ⇔ p̃1 = −(q̃1 + t̃2)t̃2t̃

−1
1 (ă2 6= 0). Òîãäà ñèñòåìà (2.20) èìååò

âèä

(
0 κ10r1s2 t̃1s

2
2 0

κ16t̃2t̃
−2
1 r31s

−1
2 κ12t̃

−1
1 r21 0 0

)
. Åñëè b̆2 6= 0 ⇔ κ12 6= 0 ⇔ q̃2 6= q̃1t̃2t̃

−1
1 , òî ïðè

r1 = t̃1κ−110 |t̃1|−1/2, s2 = |t̃1|−1/2 ïîëó÷àåì NSF 4,1
a,33 ñ σ = sign t̃1, u = κ12κ−210 , v = κ16t̃2κ−310 .

È NSF 4,1
a,33 = CF 4,1

a,33, åñëè íå âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ 2.3, ï. 20.

13
2) ă2 = 0⇔ {t̃2 = 0 èëè t̃2 6= 0, κ11 = 0⇔ κ12 − p̃1t̃1 = 0} (ă1, b̆2 6= 0).

13a
2 ) t̃2 = 0 (q̃2 6= 0). Òîãäà (2.20) =

(
p̃1r

2
1 q̃1r1s2 t̃1s

2
2 0

0 q̃2r
2
1 0 0

)
è b̆1 6= 0 ⇔ q̃1 6= 0. Ïðè

r1 = |q̃2|−1/2, s2 = q̃−11 q̃2|q̃2|−1/2 � ýòî NSF 4,1
11 ñ σ = sign q̃2, u = p̃1q̃

−1
2 , v = q̃−21 q̃2t̃1.

13b
2 ) t̃2 6= 0, κ11 = 0 ⇔ p̃1 = κ12t̃

−1
1 . Òîãäà (2.20) =

(
κ16t̃

−1
1 r21 κ10r1s2 t̃1s

2
2 0

0 κ12t̃
−1
1 r21 0 0

)
(κ12 = q̃2t̃1 − q̃1t̃2 6= 0, κ16 = t̃22 + q̃2t̃1 6= 0). Ïðè r1 = |κ12|−1/2|t̃1|1/2, s2 = κ12t̃

−1
1 κ−110 r1

ñèñòåìà (2.20) � ýòî NSF 4,1
11 ñ σ = sign(t̃1κ12), u = κ16κ−112 , v = κ12κ−210 .

Â îáîèõ ñëó÷àÿõ NSF 4,1
11 =CF 4,1

11 ïðè íåâûïîëíåíèè óñëîâèé óòâåðæäåíèÿ 2.3, ï. 9.

14
2) ă1, ă2, b̆1, b̆2 6= 0. Òîãäà ñèñòåìà (2.20) � ýòî íå ïðåäñòàâëÿþùàÿ èíòåðåñà SF 5,1

a,20.

2) c̆2 6= 0, b̆1 = 0⇔ r2 = −q̃1(2t̃1)−1r1. Òîãäà ñèñòåìà (2.19) ïðèìåò âèä:(
−κ17(4t̃1)

−1r21 0 t̃1s
2
2 0

κ18q̃1(8t̃
2
1)
−1r31s

−1
2 κ12t̃

−1
1 r21 κ10r1s2/2 0

)
(p̃1, t̃1 6= 0), κ10 = q̃1 + 2t̃2 6= 0. (2.23)

21) b̆2 = 0⇔ κ12 = 0⇔ q̃2 = q̃1t̃2t̃
−1
1 . Òîãäà ñèñòåìà (2.23) ïðèìåò âèä:(

−κ17(4t̃1)
−1r21 0 t̃1s

2
2 0

κ19q̃1(8t̃
2
1)
−1r31s

−1
2 0 κ10r1s2/2 0

)
. (2.24)

21
1) ă1 = 0 ⇔ κ17 = 0 ⇔ p̃1 = q̃21(4t̃1)

−1 (ă2 6= 0). Òîãäà ñèñòåìà (2.24) èìååò

âèä

(
0 0 t̃1s

2
2 0

−q̃21 t̃2(4t̃21)−1r31s−12 0 κ10r1s2/2 0

)
(q̃1, t̃2 6= 0). Ïðè r1 = −22/3|t̃1|5/6(q̃21 t̃1t̃2)−1/3,

s2 = |t̃1|−1/2 � ýòî CF 3,1
a,19 ñ σ = sign t̃1, u = −κ10(2q̃

2
1 t̃2)

−1/3.

22
1) ă2 = 0⇔ {q̃1 = 0 èëè κ19 = 0⇔ p̃1 = q̃1(q̃1 + 2t̃2)(4t̃1)

−1 (q̃1 6= 0)} (ă1, c̆2 6= 0).

22a
1 ) q̃1 = 0. Òîãäà (2.24) =

(
p̃1r

2
1 0 t̃1s

2
2 0

0 0 t̃2r1s2 0

)
è κ10 6= 0 ⇔ t̃2 6= 0, κ12 = 0 ⇔

q̃2 = 0. Ïðè r1 = t̃1|t̃1|−1/2t̃−12 , s2 = |t̃1|−1/2 � ýòî CF 3,1
6 ñ σ = sign t̃1, u = p̃1t̃1t̃

−2
2 .
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22b
1 ) κ19 = 0 ⇔ p̃1 = q̃1κ10(4t̃1)

−1. Òîãäà (2.24) =

(
q̃1t̃2(2t̃1)

−1r21 0 t̃1s
2
2 0

0 0 κ10r1s2/2 0

)
(q̃1, t̃2,κ10 6= 0). Ïðè r1 = 2t̃1κ−110 s2, s2 = |t̃1|−1/2 � ýòî CF 3,1

6 ñ σ = sign t̃1, u = 2q̃1t̃2κ−210 .

23
1) c̆2 6= 0 ⇔ κ10 6= 0, ă1 6= 0 ⇔ κ17 6= 0, ă2 6= 0 ⇔ q̃1κ19 6= 0. Òîãäà ñèñòåìà

(2.24) ïðè s2 = |t̃1|−1/2, r1 = 2t̃1(q1κ19)
−1/3s2, r2 = −q̃1(q̃1κ19)

−1/3s2 � ýòî NSF 4,1
a,20 =

σ

(
v∗ 0 1 0

1 0 u∗ 0

)
ñ σ = sign t1, u∗ = κ10(q̃1κ19)

−1/3, v∗ = −κ17(q̃1κ19)
−2/3 (v∗ 6= u−1∗ ). Íî

NSF 4,1
a,20 ïðè v∗ 6= −u2∗ çàìåíîé (1.5) ñ r1 = (1 − u∗v∗)

−1/3, s1 = 0, r2 = u∗r1, s2 = 1

ñâîäèòñÿ ê CF 4,1
19 ñ u = (u2∗ + v∗)(1 − u∗v∗)

−2/3, v = 2u∗(1 − u∗v∗)
−1/3, à ïðè v∗ = −u2∗

(u∗ 6= −1) � ñâîäèòñÿ ê CF 3,1
21 ñ u = 2u∗(1 + u3∗)

−1/3. Ïîñêîëüêó v∗ = −u2∗ ⇔ κ9 = 0,
óñëîâèÿ ñâåäåíèÿ NSF 4,1

a,20 ê CF 4,1
19 ñîâïàäàþò ñ óæå ïðèâåäåííûìè â 11b

2 ), à ê CF 3,1
21 �

òàêèå æå, êàê â 11a
2 ).

22) ă1 = 0 ⇔ κ17 = 0 ⇔ p̃1 = q̃21(4t̃1)
−1 (ă2 6= 0). Òîãäà ñèñòåìà (2.23) èìååò âèä(

0 0 t̃1s
2
2 0

κ20q̃1(4t̃
2
1)
−1r31s

−1
2 κ12t̃

−1
1 r21 κ10r1s2/2 0

)
(q̃1,κ20 6= 0). Òåïåðü c̆2 6= 0 ⇔ κ10 6= 0,

b̆2 6= 0 ⇔ κ12 6= 0. Òîãäà ïðè r1 = 2|t̃1|5/6(2κ20t̃1q̃1)
−1/3, s2 = |t̃1|−1/2 � ýòî NSF 4,1

a,30

ñ σ = sign t̃1, u = κ10(2κ20q̃1)
−1/3, v = 4κ12(2κ20q̃1)

−2/3. Òåïåðü NSF 4,1
a,30 = CF 4,1

a,30, åñëè íå
âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ 2.3, ï. 18.

23) ă2 = 0⇔ {q̃1 = 0 èëè q̃1 6= 0, κ18 = 0⇔ p̃1 = q̃1(q̃1 − 2t̃2)(4t̃1)
−1 + q̃2} (ă1 6= 0).

21
3) q̃1 = 0. Òîãäà ñèñòåìà (2.23) =

(
p̃1r

2
1 0 t̃1s

2
2 0

0 q̃2r
2
1 t̃2r1s2 0

)
. Òåïåðü b̆2 6= 0⇔ q̃2 6= 0,

c̆2 6= 0 ⇔ t̃2 6= 0. Òîãäà ïðè r1 = t̃1|t̃1|−1/2t̃−12 , s2 = |t̃1|−1/2 � ýòî NSF 4,1
a,14 ñ σ = sign t̃1,

u = q̃2t̃1t̃
−2
2 , v = p̃1t̃1t̃

−2
2 . È NSF 4,1

a,14 = CF 4,1
a,14 ïðè íåâûïîëíåíèè óòâåðæäåíèÿ 2.3, ï. 12.

22
3) q̃1 6= 0, κ18 = 0 ⇔ p̃1 = q̃1(q̃1 − 2t̃2)(4t̃1)

−1 + q̃2. Òîãäà ñèñòåìà (2.23) èìååò âèä(
−κ20(2t̃1)

−1r21 0 t̃1s
2
2 0

0 κ12t̃
−1
1 r21 κ10r1s2/2 0

)
. Òåïåðü b̆2 6= 0 ⇔ κ12 6= 0, c̆2 6= 0 ⇔ κ10 6= 0.

Òîãäà ïðè r1 = 2t̃1κ−110 |t̃1|−1/2, s2 = |t̃1|−1/2 � ýòî NSF 4,1
a,14 ñ σ = sign t̃1, u = 4κ12κ−210 ,

v = −2κ20κ−210 . È NSF 4,1
a,14 = CF 4,1

a,14, åñëè íå âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ 2.3,
ï. 12.

24) ă1, ă2, b̆2, c̆2 6= 0. Òîãäà ñèñòåìà (2.23) � ýòî íå ïðåäñòàâëÿþùàÿ èíòåðåñà SF 5,1
a,16.

3) ă1 = 0⇔ {κ17 = q̃21 − 4p̃1t̃1 ≥ 0, r2 = κ±21(2t̃1)−1r1} (ă2 6= 0). Òîãäà ñèñòåìà (2.19)
ïðèìåò âèä: (

0 ±κ1/2
17 r1s2 t̃1s

2
2 0

κ±21(−κ20 ± t̃2κ1/2
17 )(4t̃21)

−1r31s
−1
2 κ±24(2t̃1)−1r21 κ∓23r1s2/2 0

)
. (2.25)

31) b̆2 = 0⇔ κ±24 = 0⇔ q̃2 = (q̃21−4p̃1t̃1 + 2q̃1t̃2∓ (q̃1 + 2t̃2)κ1/2
17 )(2t̃1)

−1. Òîãäà ñèñòåìà

(2.25) èìååò âèä

(
0 ±κ1/2

17 r1s2 t̃1s
2
2 0

κ±21κ∓22(4t̃21)−1r31s−12 0 κ∓23r1s2/2 0

)
(κ±21,κ∓22 6= 0). Òåïåðü

b̆1 6= 0 ⇔ κ17 6= 0, c̆2 6= 0 ⇔ κ∓23 6= 0. Ïðè r1 = ±κ−1/217 t̃1|t̃1|−1/2, s2 = |t̃1|−1/2 � ýòî

NSF 4,1
a,29 ñ σ = sign t̃1, u = ±κ∓23κ

−1/2
17 /2, v = ±κ±21κ∓22κ

−3/2
17 /4. È NSF 4,1

a,29 = CF 4,1
a,29, åñëè íå

âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ 2.3, ï. 17.

32) b̆1, b̆2, c̆2, ă2 6= 0. Òîãäà ñèñòåìà (2.25) � ýòî SF 5,1
a,23.
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4) Ñëó÷àé b̆2 = 0 óäîáíî ðàññìàòðèâàòü îòäåëüíî äëÿ q̃2 = 0 è q̃2 6= 0.

41) q̃2 = 0. Òîãäà b̆2 = 0⇔ {r2 = 0 èëè r2 = (2t̃2 − q̃1)(2t̃1)−1r1 6= 0}.

41
1) r2 = 0. Òîãäà ñèñòåìà (2.19) ïðèíèìàåò âèä

(
p̃1r

2
1 q̃1r1s2 t̃1s

2
2 0

0 0 t̃2r1s2 0

)
. Òåïåðü

b̆1 6= 0⇔ q̃1 6= 0. Ïðè r1 = t̃1t̃
−1
2 |t̃1|−1/2, s2 = |t̃1|−1/2 � ýòî NSF 4,1

5 ñ σ = sign t̃1, u = p̃1t̃1t̃
−2
2 ,

v = q̃1t̃
−1
2 . È NSF 4,1

5 = CF 4,1
5 åñëè íå âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ 2.3, ï.7.

42
1) r2 = −(q̃1 − 2t̃2)(2t̃1)

−1r1 6= 0. Òîãäà ñèñòåìà (2.19) ïðèíèìàåò âèä(
(4p̃1t̃1 − q̃21 + 4t̃22)(4t̃1)

−1r21 2t̃2r1s2 t̃1s
2
2 0

(4p̃1t̃1 − q̃21 + 2q̃1t̃2)(q̃1 − 2t̃2)(8t̃
2
1)
−1r31s

−1
2 0 q̃1r1s2/2 0

)
.

Òåïåðü, åñëè ă2 = 0 ⇔ p̃1 = q̃1(q̃1 − 2t̃2)(4t̃1)
−1 (q̃1 6= 0, 2t̃2), ïîëó÷àåì ñèñòåìó(

−t̃2(q̃1 − 2t̃2)(2t̃1)
−1r21 2t̃2r1s2 t̃1s

2
2 0

0 0 q̃1r1s2/2 0

)
(t̃2 6= 0). Ïðè r1 = 2q̃−11 t̃1|t̃1|−1/2, s2 =

|t̃1|−1/2 � ýòî NSF 4,1
5 ñ σ = sign t̃1, u = −2(q̃1 − 2t̃2)q̃

−2
1 t̃2, v = 4q̃−11 t̃2. Â ðåçóëüòàòå ñíîâà

ïîëó÷åíà NSF 4,1
5 , íî ñ äîïîëíèòåëüíûì îãðàíè÷åíèåì q̃1 6= 2t̃2 íà ýëåìåíòû (2.19).

42) q̃2 6= 0. Òîãäà b̆2 = 0⇔ {κ25 = (2t̃2 − q̃1)2 + 8q̃2t̃1 ≥ 0, r2 = κ±27(4t̃1)−1r1}, ïðè÷åì
κ+
27κ−27 6= 0, è ñèñòåìà (2.19) ïðèíèìàåò âèä:(

κ±29(8t̃1)−1r21 κ±26r1s2/2 t̃1s
2
2 0

−κ±27κ±28(32t̃21)
−1r31s

−1
2 0 κ∓26r1s2/4 0

)
. (2.26)

41
2) ă2 = 0 ⇔ p̃1 = (q̃21 − 2q̃1t̃2 + 4t̃1q̃2 ∓ q̃1κ1/2

25 )(8t̃1)
−1 ⇔ κ±28 = 0. Òîãäà ñè-

ñòåìà (2.26) =

(
κ±30(4t̃1)−1r21 κ±26r1s2/2 t̃1s

2
2 0

0 0 κ∓26r1s2/4 0

)
(κ±30,κ∓26 6= 0). Ïðè s2 = |t̃1|−1/2,

r1 = 4(κ∓26)−1t̃−11 |t̃1|−1/2 � ýòî NSF 4,1
5 ñ σ = sign t̃1, u = 4κ±30(κ∓26)−2, v = 2κ±26(κ∓26)−1. È

NSF 4,1
5 = CF 4,1

5 åñëè íå âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ 2.3, ï.7.

42
2) ă2, ă1, b̆1, c̆2 6= 0. Òîãäà ñèñòåìà (2.26) � ýòî íå ïðåäñòàâëÿþùàÿ èíòåðåñà SF 5,1

14 .

5) ă2 = 0. Òîãäà ïðè r2 = 0 ñèñòåìà (2.19) èìååò âèä

(
p̃1r

2
1 q̃1r1s2 t̃1s

2
2 0

0 q̃2r
2
1 t̃2r1s2 0

)
.

Ïîýòîìó ïðè q̃1 6= 0, q̃2 6= 0, t̃2 6= 0 è r1 = |q̃2|−1/2, s2 = q̃2|q̃2|−1/2t̃−12 � ýòî NSF 5,1
8

ñ σ = sign q̃2, u = p̃1q̃
−1
2 , v = q̃1t̃

−1
2 , w = q̃2t̃1t̃

−2
2 .

II. Áóäåì ñâîäèòü ñèñòåìó (2.13) (p̃1, t̃1 6= 0) çàìåíîé (1.5) ñ r1 = s1 6= 0 ê êàæäîé
èç øåñòè NSF 4,1 âèäà (2.14) èç âòîðîé ÷àñòè ñïèñêà 2.1.

NSF 4,1
1 . Ñèñòåìà óðàâíåíèé c̆1, d̆1, ă2, b̆2 = 0 ñîâìåñòíà â äâóõ ñëó÷àÿõ.

1) q̃1 = 0, q̃2 = 2p̃1, p̃1 = −t̃1r2s2s−21 , t̃2 = t̃1(r2 + s2)s
−1
1 , t̃2 6= 0, èíà÷å (2.13) �

ýòî SF 3,1. Äâà ïîñëåäíèõ óñëîâèÿ ðàçðåøèìû îòíîñèòåëüíî r2, s2 : r2 = κ∓32(2t̃1)−1s1,
s2 = κ±32(2t̃1)−1s1 ñ κ±32 = t2 ± κ1/2

31 (κ−32κ+
32 6= 0), ïðè÷åì κ31 = t̃22 + 4p̃1t̃1 > 0, èíà÷å

δ = 0. Òîãäà ñèñòåìà (2.14) èìååò âèä
± κ1/2

31

2t̃1
s21

(
−κ∓32 −κ∓32 0 0

0 0 κ±32 κ±32

)
. Ïðè s1 =

κ−1/431 |2t̃1(κ±32)−1|1/2 � ýòî NSF
4,1
1 ñ σ = ±sign(κ±32t̃1), u = −κ∓32(κ±32)−1.

2) q̃2 = 0, t̃2 6= 0, èíà÷å (2.13) � ýòî SF 3,1. Ïðè κ31 ≥ 0, q̃1 = κ∓32, s2 = 0, r2 =

κ±32(2t̃1)−1s1 (κ−32κ+
32 6= 0) ñèñòåìà (2.14) = s21

(
κ±32t̃2(2t̃1)−1 κ±32t̃2(2t̃1)−1 0 0

0 0 p̃1 p̃1

)
. Ïðè

s1 = |p̃1|−1/2 � ýòî NSF 4,1
1 ñ σ = sign p̃1, u = κ±32t̃2(2p̃1t̃1)−1.
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NSF 4,1
3 . Ñèñòåìà óðàâíåíèé b̆1, d̆1, ă2, b̆2 = 0 ñîâìåñòíà â òðåõ ñëó÷àÿõ.

1) p̃1 = q̃1(q̃1 − t̃2)t̃−11 (6= 0) q̃2 = q̃1(3q̃1 − 2t̃2)t̃
−1
1 , s2 = (t̃2 − 2q̃1)t̃

−1
1 s1, r2 = q̃1t̃

−1
1 s1,

ïðè÷åì 3q̃1 − t̃2 6= 0, èíà÷å δ = 0 è q̃22 + t̃22 6= 0, èíà÷å (2.13) � ýòî SF 3,1. Òîãäà ñèñòåìà

(2.14) èìååò âèä
3q̃1 − t̃2
t̃1

s21

(
q̃1 0 −q̃1 0

0 0 q̃1 − t̃2 q̃1 − t̃2

)
. Ïðè s1 = |t̃−11 (3q̃1− t̃2)(q̃1− t̃2)|−1/2

� ýòî NSF 4,1
3 ñ σ = sign(t̃1(3q̃1 − t̃2)(q̃1 − t̃2)), u = q̃1(q̃1 − t̃2)−1.

2) p̃1 = q̃1(2q̃1 − 3t̃2)(9t̃1)
−1( 6= 0), q̃2 = 0, r2 = 0, s2 = −(2q̃1 − 3t̃2)(3t̃1)

−1s1, ïðè÷åì

t̃2 6= 0, èíà÷å (2.13) � SF 3,1. Òîãäà ñèñòåìà (2.14) =
2q̃1 − 3t̃2

9t̃1
s21

(
q̃1 0 −q̃1 0

0 0 −3t̃2 −3t̃2

)
.

Ïðè s1 =
√

3 |(2q̃1−3t̃2)t̃2t̃
−1
1 |−1/2 � ýòî NSF

4,1
3 ñ σ = −sign(t̃1t̃2(2q̃1−3t̃2)), u = −q̃1(3t̃2)−1.

3) p̃1 = (2q̃1−3t̃2)(2q̃1+t̃2)(16t̃1)
−1( 6= 0), q̃2 = (2q̃1−3t̃2)t̃2(8t̃1)

−1, s2 = 0, r2 = −(2q̃1−
3t̃2)(4t̃1)

−1s1, ïðè÷åì t̃2 6= 0, èíà÷å q̃2 = 0 è (2.13) � ýòî SF 3,1. Òîãäà ñèñòåìà (2.14) èìååò

âèä
2q̃1 − 3t̃2

16t̃1
s21

(
−2t̃2 0 2t̃2 0

0 0 2q̃1 + t̃2 2q̃1 + t̃2

)
. Ïðè s1 = 4|t̃−11 (2q̃1 − 3t̃2)(2q̃1 + t̃2)|−1/2 �

ýòî NSF 4,1
3 ñ σ = sign(t̃1(2q̃1 − 3t̃2)(2q̃1 + t̃2)), u = −2t̃2(2q̃1 + t̃2)

−1.

NSF 4,1
13 . Ñèñòåìà óðàâíåíèé b̆1, c̆1, ă2, c̆2 = 0 ñîâìåñòíà â òðåõ ñëó÷àÿõ.

1) p̃1 = (4q̃21 − t̃22)(12t̃1)
−1( 6= 0), t̃2 6= 0, q̃2 = (2q̃1 − t̃2)t̃2(4t̃1)

−1 (q̃2 6= 0), r2 = 0,

s2 = −(2q̃1 − t̃2)(2t̃1)−1s1, òîãäà ñèñòåìà (2.14) =
2q̃1 − t̃2

12t̃1
s21

(
2q̃1 + t̃2 0 0 2q̃1 + t̃2

0 3t̃2 0 −3t̃2

)
.

Ïðè s1 = 2 |(2q̃1− t̃2)t̃2t̃−11 |−1/2 � ýòî NSF
4,1
13 ñ σ = sign((2q̃1− t̃2)t̃2t̃1), u = (2q̃1 + t̃2)(3t̃2)

−1.

2) s1 = −t̃2q̃−12 (2r2+s2)(r2+2s2)
−1s2 (6= 0), p̃1 = q̃2(r2+s2)(r

2
2+r2s2+s

2
2)(2r2+s2)

−1s−22 ,
q̃1 = t̃2(3r

2
2 + 4r2s2 + 2s22)((r2 + 2s2)s2)

−1, t̃1 = t̃22q̃
−1
2 (2r2 + s2)

2(r2 + 2s2)
−2.

Â ïîñëåäíåì ðàâåíñòâå t̃2 6= 0, q̃2t̃1 > 0 è îíî ðàçðåøèìî îòíîñèòåëüíî r2 õîòÿ áû
îäíèì èç äâóõ ñïîñîáîâ: r2 = −(2(q̃2t̃1)

1/2 ± t̃2)(κ±33)−1s2, òàê êàê (κ−33)2 + (κ+
33)

2 6= 0.
Òîãäà s1 = ±(q̃2t̃1)

1/2q̃−12 s2, p̃1 = (q̃2t̃1)
1/2κ∓34κ±35(κ±33)−2t̃−11 , q̃1 = ±(2q̃2t̃1 + t̃22)(κ±33)−1,

ãäå κ±34 6= 0, èíà÷å δ = 0. Ïîýòîìó (2.14) =
κ±34t̃1 s22

(q̃2t̃1)1/2(κ±33)2

(
κ∓34κ±33 0 0 κ∓34κ±33

0 −3κ±35 0 3κ±35

)
ñ κ±33 = (q̃2t̃1)

1/2 ± 2t̃2, κ±34 = (q̃2t̃1)
1/2 ± t̃2, κ±35 = q̃2t̃1 ± (q̃2t̃1)

1/2t̃2 + t̃22 > 0. Ïðè s2 =
(q̃2t̃1)

1/4κ±33(3κ±35)−1/2|κ±34t̃1|−1/2 � ýòî NSF
4,1
13 ñ σ = −sign(κ±34t̃1), u = −κ∓34κ±33(3κ±35)−1.

3) r2 = −2s2, t̃2 = 0, p̃1 = q̃2, q̃1 = 2q̃2s1s
−1
2 , t̃1 = q̃2s

2
1s
−2
2 , ò. å. (2.13) � ýòî SF 4,1

11 .

Ê îñòàëüíûì øåñòè NSFm,1 èç ñïèñêà 2.1II ñèñòåìó (2.13) èìååò ñìûñë ñâîäèòü
òîëüêî ïðè óñëîâèÿõ q̃1 6= 0, q̃2 6= 0, t̃2 6= 0, èíà÷å (2.13) èì ïðåäøåñòâóåò.

NSF 4,1
28 . 1) κ10 = q̃1 + 2t̃2 6= 0. Ñèñòåìà óðàâíåíèé ă1, c̆1, b̆2, c̆2 = 0 îäíîçíà÷íî

ðàçðåøèìà îòíîñèòåëüíî p̃2, q̃2, r2, s2.Èìååì: p̃2 = S1(p̃1t̃1) t̃
−2
1 κ−310 , q̃2 = −(9(p̃1t̃1)

2−3(q̃21−
2q̃1t̃2−2t̃22)p̃1t̃1− t̃2(t̃2 +2q̃1)(2q̃

2
1 +4q̃1t̃2 +3t̃22))t̃

−1
1 κ−210 , r2 = −(3p̃1t̃1 +2q̃1t̃2 + t̃22)(t̃1κ10)

−1s1,
s2 = (6p̃1t̃1 − q̃1t̃2 − 2q̃21)(t̃1κ10)

−1s1.

Óñëîâèå p̃2 = 0 äîñòèãàåòñÿ, êîãäà S1(θ) èìååò âåùåñòâåííûé íóëü θ∗ 6= 0 ⇔ q̃1 6=
−t̃2, òàê êàê ïðè q̃1 = −t̃2 ìíîãî÷ëåí S1(θ) = (27θ2 − 12t̃22θ + 2t̃42)θ è íåíóëåâûõ êîðíåé
íå èìååò. Ïîýòîìó ∀ θ∗ ïîëîæèì p̃1 = θ∗t̃

−1
1 . Çàìåíèì òàêæå p̃1t̃1 íà θ∗ â q̃2, r2, s2. Òîãäà

ñèñòåìà (2.14) =
κ36s

2
1

t̃1κ2
10

(
0 −κ37 0 κ37

κ39 0 0 κ39

)
ñ κ36 = 9θ∗ − 2q̃21 + q̃1t̃2 + t̃22 6= 0⇔ r2 6= s2,

κ37 = 3θ∗ − q̃21 − q̃1t̃2 − t̃22 6= 0, κ39 = θ∗ + q̃1t̃2 + t̃22 6= 0, èíà÷å R2 = 0. Ïðè s1 =
κ10|κ39κ36t̃

−1
1 |−1/2 � ýòî NSF

4,1
28 ñ σ = sign(κ39κ36t̃1), u = −κ−139 κ37 (u 6= −3).
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2) q̃1 = −2t̃2. Ñèñòåìà óðàâíåíèé ă1, c̆1, b̆2, c̆2 = 0 îäíîçíà÷íî ðàçðåøèìà îòíî-
ñèòåëüíî p̃1, p̃2, q̃2, s2. Èìååì: p̃1 = t̃22t̃

−1
1 , p̃2 = −((r2t̃1)

3 − 4s1t̃2(r2t̃1)
2 + 5(s1t̃2)

2r2t̃1 −
3(s1t̃2)

3)t̃−21 s−31 , q̃2 = −((r2t̃1)
2 − 2s1t̃2r2t̃1 + 3(s1t̃2)

2)t̃−11 s−21 , s2 = −(2r2t̃1 − 3s1t̃2)t̃
−1
1 .

Ïóñòü x0 � âåùåñòâåííûé êîðåíü óðàâíåíèÿ x3 − 4x2 + 5x − 3 = 0, òîãäà p̃2 = 0 ⇔

r2 = x0t̃2t̃
−1
1 s1. Íî è áåç ýòîãî óñëîâèÿ ñèñòåìà (2.14) =

(t̃2s1 − t̃1r2)2

t̃1

(
0 −3 0 3

1 0 0 1

)
è

â ïîëó÷àåìîé NSF 4,1
28 áóäåò u = −3, ïðè êîòîðîì îíà ñâîäèòñÿ ê SF 3,1

22 .

NSF 4,1
32 . Ñèñòåìà óðàâíåíèé ă1, b̆1, b̆2, c̆2 = 0 îäíîçíà÷íî ðàçðåøèìà îòíîñèòåëüíî p̃2,

q̃2, r2, s2 ïðè κ10 = q̃1 + 2t̃2 6= 0. Èìååì: p̃2 = S∗(p̃1t̃1) t̃
−2
1 κ−110 , q̃2 = ((q̃1 + t̃2)

2 − 3p̃1t̃1)t̃
−1
1 ,

r2 = −(q̃1 + t̃2)t̃
−1
1 s1, s2 = (3p̃1t̃1 − q̃21 + t̃22)(t̃1κ10)

−1s1, ãäå S∗(θ) = 3θ2 − 2(2q̃1 + t̃2)(q̃1 +
t̃2)θ + (q̃21 + q̃1t2 + t̃22)(q̃1 + t̃2)

2.

Óñëîâèå p̃2 = 0 äîñòèãàåòñÿ, êîãäà S∗(θ) èìååò âåùåñòâåííûé íóëü θ∗ 6= 0 ⇔ q̃1 6=
−t̃2, κ40 = q̃21 + q̃1t̃2 − 2t̃22 ≥ 0. Òîãäà θ∗ = κ±41 = (2q̃1 + t̃2 ± κ1/2

40 )(q̃1 + t̃2)/3 6= 0, p̃1 =

κ±41t̃−11 , â q̃2, s2 çàìåíèì p̃1t̃1 íà κ±41, è ñèñòåìà (2.14) =
κ±42s21
t̃1

(
0 0 3κ±43κ−210 3κ±43κ−210

1 0 0 1

)
ñ κ±42 = κ±41 + q̃1t̃2 + t̃22 6= 0 ⇔ r2 6= s2, κ±43 = 3κ±41 − q̃21 − q̃1t̃2 − t̃22 6= 0, èíà÷å R2 = 0.
Ïðè s1 = |t̃1|1/2|κ±42|−1/2 � ýòî NSF

4,1
32 ñ σ = sign(κ±42t̃1), u = 3κ±43κ−210 .

NSF 4,1
36 . Ñèñòåìà óðàâíåíèé ă1, b̆1, b̆2, d̆2 = 0 îäíîçíà÷íî ðàçðåøèìà îòíîñèòåëüíî

p̃2, q̃2, r2, s2 ïðè κ10 = q̃1 + 2t̃2 6= 0. Èìååì: q̃2 = −(3p̃1t̃1 + 2q̃1t̃2 + 3t̃22)t̃
−1
1 , r2 = −(2q̃1 +

3t̃2)t̃
−1
1 s1, s2 = (p̃1t̃1 + 2q̃1t̃2 + 3t̃22)(t̃1κ10)

−1s1, p̃2 = S∗(p̃1t̃1) t̃
−2
1 κ−110 , ãäå S∗(θ) = θ2 − 2(q̃1 +

t̃2)(2q̃1 + 3t̃2)θ − t̃2(q̃1 + t̃2)(2q̃1 + 3t̃2)
2.

Óñëîâèå p̃2 = 0 äîñòèãàåòñÿ, êîãäà S∗(θ) èìååò âåùåñòâåííûé íóëü θ∗ 6= 0 ⇔
q̃1 6= −t̃2, q̃1 6= −3t̃2/2, κ44 = q̃21 + 3q̃1t̃2 + 2t̃22 ≥ 0. Òîãäà θ∗ = κ±45 = (q̃1 + t̃2 ±
κ1/2

44 )(2q̃1 + 3t̃2) 6= 0, p̃1 = κ±45t̃−11 , â q̃2, s2 âìåñòî p̃1t̃1 ñòîèò κ±45 è ñèñòåìà (2.14) èìå-

åò âèä
κ±46s21
t̃1κ2

10

(
0 0 κ±47 κ±47
κ2

10 0 −κ2
10 0

)
ñ κ±46 = κ±45 + 2q̃21 + 9t̃2(q̃1 + t̃2) 6= 0 ⇔ r2 6= s2,

κ±47 = κ±45 + q̃1t̃2 + t̃22 6= 0, èíà÷å R2 = 0. Ïðè s1 = |t̃1|1/2|κ±46|−1/2 � ýòî NSF 4,1
36

ñ σ = sign(κ±46t̃1), u = κ±47κ−210 .

NSF 5,1
3 . Ñèñòåìà óðàâíåíèé d̆1, ă2, c̆2 = 0 ñîâìåñòíà â òðåõ ñëó÷àÿõ.

1) s2 = 0, r2 = (q̃2 − 3p̃1)q̃
−1
1 s1, q̃2 6= 3p̃1, èíà÷å r2 = s2, t̃1 = q̃1(2p̃1q̃1 + t̃2q̃2 −

3t̃2p̃1)(q̃2 − 3p̃1)
−2 6= 0. Òîãäà ñèñòåìà (2.14) = s21

(
κ48q̃

−1
1 (q̃1q̃2 + κ48)q̃

−1
1 q̃2 0

0 −p̃1 0 p̃1

)
ñ

κ48 = q̃1q̃2+t̃2(q̃2−3p̃1), ïðè ýòîì κ48 6= 0 è q̃1q̃2+κ48 6= 0, èíà÷å R2 = 0. Ïðè s1 = |p̃1|−1/2 �
ýòî NSF 5,1

3 ñ σ = −sign p̃1, u = −κ48(p̃1q̃1)
−1, v = −(q̃1q̃2 +κ48)(p̃1q̃1)

−1 (c̆1 = −q̃2p̃−11 6= 0).

2) r2 = 0, s2 = −2q̃2t̃
−1
2 s1, t̃1 = −t̃2(p̃1t̃2 − 2q̃1q̃2 + q̃2t̃2)(2q̃2)

−2 6= 0. Òîãäà ñèñòåìà

(2.14) èìååò âèä s21

(
p̃1 κ49t̃

−1
2 (κ49 − p̃1t̃2)t̃−12 0

0 q̃2 0 −q̃2

)
ñ κ49 = 3p̃1t̃2 − q̃2(2q̃1 + t̃2) 6= 0,

èíà÷å R2 = 0. Ïðè s1 = |q̃2|−1/2 � ýòî NSF 5,1
3 ñ σ = sign q̃2, u = p̃1q̃

−1
2 , v = κ49(q̃2t̃2)

−1,
c̆1 = v − u = (κ49 − p̃1t̃2)(q̃2t̃2)−1 6= 0⇔ κ49 − p̃1t̃2 6= 0.

3) p̃1 = (t̃1r2 − t̃2s1)(r2 + s2)s
−2
1 /2 (r2 + s2 6= 0), q̃1 = −(t̃1(r2 + s2) − t̃2s1)s

−1
1 ,

q̃2 = (t̃1(r2− s2)r2− t̃2(r2 + s2)s1)s
−2
1 /2, ïîýòîìó −t̃1(r2 + s2)s

−1
1 = q̃1− t̃2 6= 0. Äâà ïåðâûõ

ðàâåíñòâà ðàçðåøèìû îòíîñèòåëüíî r2, s2 : r2 = −(2p̃1t̃1 − q̃1t̃2 + t̃22)(t̃1(q̃1 − t̃2))
−1s1,

s2 = (2p̃1t̃1 + q̃1t̃2− q̃21)(t̃1(q̃1− t̃2))−1s1. Òîãäà q̃2 = (t̃2q̃
3
1 − (p̃1t̃1 + 2t̃22)q̃

2
1 − t̃2(2p̃1t̃1− t̃22)q̃1 +
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p̃1t̃1(4p̃1t̃1 + 3t̃22))t̃
−1
1 (q̃1 − t̃2)−2, ñèñòåìà (2.14) =

κ50s
2
1

t̃1(q̃1 − t̃2)2

(
κ51 (q̃1 − t̃2)2 −κ52 0

0 −p̃1 0 p̃1

)
ñ

κ50 = 4p̃1t̃1− q̃21 + t̃22 6= 0⇔ r2 6= s2, κ52 = p̃1t̃1 + q̃1t̃2− q̃21, κ51 = p̃1t̃1− q̃1t̃2 + t̃22 6= 0, èíà÷å
R2 = 0. Ïðè s1 = (q̃1 − t̃2)|κ50p̃1|−1/2 � ýòî NSF 5,1

3 ñ σ = −sign(κ50p̃1), u = −κ51(p̃1t̃1)
−1,

v = −(q̃1 − t̃2)2(p̃1t̃1)−1, c̆1 = v − u = κ52(p̃1t̃1)
−1 6= 0⇔ κ52 6= 0.

NSF 5,1
6 . Äëÿ ñèñòåìû (2.14) áóäåì ðåøàòü ñèñòåìó óðàâíåíèé c̆1, ă2, c̆2 = 0.

Ýëåìåíò ă2 = 0 â äâóõ ñëó÷àÿõ.

1) r2 = 0. Òîãäà ñèñòåìà óðàâíåíèé c̆1, c̆2 = 0 îäíîçíà÷íî ðàçðåøèìà îòíîñèòåëüíî
p̃1, s2 : p̃1 = 4κ53q̃2t̃

−2
2 /3 6= 0 (κ53 = q̃1t̃2 − q̃2t̃1 6= 0), s2 = −2q̃2t̃

−1
2 s1, è (2.14) èìååò âèä

q̃2

3t̃22
s21

(
4κ53 3κ54 0 4κ53 − 3κ54

0 3t̃22 0 −3t̃22

)
ñ κ54 = 2q̃1t̃2− 4q̃2t̃1− t̃22 6= 0. Ïðè s1 = |q̃2|−1/2 � ýòî

NSF 5,1
6 ñ σ = sign q̃2, u = 4κ53(3t̃

2
2)
−1, v = κ54t̃

−2
2 , d̆1 6= 0⇔ 4κ53 6= 3κ54.

2) p̃1 = −(t̃1r
2
2 + (q̃1 − t̃2)s1r2 − q̃2s21)s−21 . Ïîëîæèì â çàìåíå (1.5) r2 = ηs1, s2 = θs1

(η 6= θ). Òîãäà â ñèñòåìå (2.14) ă2 = 0 ïðè p̃1 = −(t̃1η
2 + (q̃1− t̃2)η− q̃2). Òåïåðü c̆1 = 0⇔

η = −(t̃1θ
2 + (2q̃1 − t̃2)θ + q̃2)(3t̃1θ)

−1, ïîýòîìó c̆2 = S2(θ).

Ïîëîæèì θ = θ∗, ãäå θ∗ ∈ R1 � ëþáîé êîðåíü óðàâíåíèÿ S2(θ) = 0 (θ∗ 6= 0), òîãäà
p̃1 = −κ55(9t̃1θ

2
∗)
−1 6= 0, è ïðè r2 = −(t̃1θ

2
∗ + (2q̃1 − t̃2)θ∗ + q̃2)(3t̃1θ∗)

−1s1, s2 = θ∗s1,
κ56 = 4t̃1θ

2
∗ + (2q̃1− t̃2)θ∗+ q̃2 6= 0 ⇔ r2 6= s2, èìååì: c̆2 = 0, b̆2 + d̆2 = S2(θ∗) = 0. Ïîýòîìó

ñèñòåìà (2.14) èìååò âèä −
s21

9t̃1θ2∗

(
3κ57θ∗ 3κ58θ∗ 0 3(κ57 − κ58)θ∗

0 κ59 0 −κ59

)
ñ κ57 6= 0, κ58 6= 0,

κ59 6= 0. Òåïåðü ïðè s1 = 3θ∗|κ59t̃
−1
1 |−1/2 � ýòî NSF

5,1
6 ñ σ = −sign(κ59t̃1), u = 3κ57θ∗κ−159 ,

v = 3κ58θ∗κ−159 , d̆1 6= 0⇔ κ57 6= κ58.

NSF 5,1
7 . Äëÿ ñèñòåìû (2.14) áóäåì ðåøàòü ñèñòåìó óðàâíåíèé d̆1, b̆2, c̆2 = 0.

Ýëåìåíò d̆1 = 0 â äâóõ ñëó÷àÿõ.

1) s2 = 0. Òîãäà ñèñòåìà óðàâíåíèé b̆2, c̆2 = 0 îäíîçíà÷íî ðàçðåøèìà îòíîñèòåëüíî
t̃1, r2 : r2 = (q̃2 − 3p̃1)q̃

−1
1 s1, t̃1 = κ60q̃1(q̃2 − 3p̃1)

−2 6= 0 (κ60 = 3p̃1q̃1 + (q̃2 − 3p̃1)t̃2 6= 0), è

ñèñòåìà (2.14) ïðèíèìàåò âèä s21

(
κ61q̃

−1
1 (κ61 + q̃1q̃2)q̃

−1
1 q̃2 0

p̃1 0 0 p̃1

)
ñ κ61 = q̃1q̃2 + (q̃2 −

3p̃1)t̃2 6= 0,κ61+q̃1q̃2 6= 0. Ïðè s1 = |p̃1|−1/2 � ýòî NSF 5,1
7 ñ σ = sign p̃1, u = κ61(p̃1q̃1)

−1, v =
(κ61 + q̃1q̃2)(p̃1q̃1)

−1.

2) p̃1 = −(t̃1s
2
2 + (q̃1 − t̃2)s1s2 − q̃2s21)s−21 . Ïîëîæèì â çàìåíå (1.5) r2 = θs1, s2 = ηs1

(θ 6= η). Òîãäà â ïîëó÷àåìîé ñèñòåìå (2.14) d̆1 = 0⇔ p̃1 = −t̃1η2− (q̃1− t̃2)η+ q̃2. Òåïåðü
b̆2 = 0⇔ η = −(t̃1θ

2 + (2q̃1 − t̃2)θ + q̃2)(3t̃1θ)
−1, ïîýòîìó c̆2 = S3(θ).

Ïîëîæèì θ = θ∗, ãäå θ∗ ∈ R1 � ëþáîé êîðåíü óðàâíåíèÿ S3(θ) = 0 (θ∗ 6= 0), òîãäà
p̃1 = −κ55(9t̃1θ

2
∗)
−1 6= 0, è ïðè r2 = θ∗s1, s2 = −(t̃1θ

2
∗ + (2q̃1 − t̃2)θ∗ + q̃2)(3t̃1θ∗)

−1s1,
κ56 = 4t̃1θ

2
∗ + (2q̃1 − t̃2)θ∗ + q̃2 6= 0 ⇔ r2 6= s2 èìååì: c̆2 = 0, ă2 − d̆2 = S3(θ∗) = 0. Òîãäà

ñèñòåìà (2.14) = s21

(
κ59(9t̃1θ

2
∗)
−1 κ62(3t̃1θ

2
∗)
−1 (3κ62 − κ59)(9t̃1θ

2
∗)
−1 0

κ63/3 0 0 κ63/3

)
ñ κ59 6= 0,

κ62 6= 0, κ63 = 2t̃1θ
2
∗ + (q̃1 − 2t̃2)θ∗ − q̃2 6= 0, èíà÷å R2 = 0. Ïðè s1 =

√
3|κ63|−1/2 � ýòî

NSF 5,1
7 ñ σ = signκ63, u = κ59(3κ63t̃1θ

2
∗)
−1, v = κ62(κ63t̃1θ

2
∗)
−1, c̆1 6= 0⇔ κ59 6= 3κ62.

2.7. Îáîáùåíèå ðåçóëüòàòîâ äëÿ ñëó÷àÿ l = 1.

Ñôîðìóëèðóåì òåîðåìó, îáîáùàþùóþ ðåçóëüòàòû â ëåììàõ 2.1, 2.2, 2.3.

Òåîðåìà 2.2. Ïðè l = 1 ëþáàÿ ñèñòåìà (1.4), çàïèñàííàÿ â âèäå (2.6) ñîãëàñíî
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(2.2), ëèíåéíî ýêâèâàëåíòíà êàêîé-ëèáî CFm,1
i èç ñïèñêà 2.1. Íèæå äëÿ êàæäîé CFm,1

i

ïðèâåäåíû: a) óñëîâèÿ íà êîýôôèöèåíòû β, pi, qi, ti (i = 1, 2) ñèñòåìû (2.6) ñ R2 = δ2pt−
δpqδqt 6= 0, b) çàìåíû (1.5), ïðåîáðàçóþùèå (2.6) ïðè óêàçàííûõ óñëîâèÿõ â âûáðàííóþ
ôîðìó, c) ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ σ è ïàðàìåòðîâ èç csm,1i :

CF 2,1
2 : (2.6) ïðè t̂1 = 0, q̂1 = 0 ñ t̂1, q̂1 èç (2.8), â (2.11) p̃2 = 0 çàìåíàìè J1

0 , J
1
1 , L

2,1
2

ñâîäèòñÿ ê CF 2,1
2 ñ σ = sign p̃1;

CF 3,1
5 : (2.6) ïðè t̂1 = 0, q̂1 = 0 ñ t̂1, q̂1 èç (2.8), â (2.11) p̃2 6= 0, κ1 ≥ 0 çàìåíàìè

J1
0 , J

1
1 , L

3,1
5 ñâîäèòñÿ ê CF 3,1

5 ñ σ = sign p̃1, u = κ2p̃
−1
1 ;

CF 3,1
8 : (2.6) ïðè t̂1 = 0, q̂1 = 0 ñ t̂1, q̂1 èç (2.8), â (2.11) p̃2 6= 0, κ1 < 0 çàìåíàìè

J1
0 , J

1
1 , L

3,1
8 ñâîäèòñÿ ê CF 3,1

8 ñ σ = sign p̃1, u = p̃2p̃
−2
1 ;

CF 3,1
3 : (2.6) ïðè t̂1 = 0, q̂1 6= 0 ñ t̂1, q̂1 èç (2.8), â (2.12): 1) q̃1 6= 2, κ3 = 0 çàìåíàìè

J1
0 , J

1
2 , L13,1

3 ñâîäèòñÿ ê CF 3,1
3 ñ σ = sign((q̃1 − 2)q̃1q̃2), u = q̃1;

2) p̃2 > 0, q̃1 = 2, q̃2 = 0 çàìåíàìè J1
0 , J

1
2 , L23,1

3 ñâîäèòñÿ ê CF 3,1
3 ñ σ = 1, u = 2;

CF 3,1
14,κ : (2.6) ïðè t̂1 = 0, q̂1 6= 0 ñ t̂1, q̂1 èç (2.8), â (2.12) p̃2 < 0, åñëè q̃1 = 2, q̃2 = 0

çàìåíàìè J1
0 , J

1
2 , L

3,1
14,κ ñâîäèòñÿ ê CF 3,1

14,κ ñ κ = sign(p̃2q̃1), u = q̃−11 ;

CF 4,1
7 : (2.6) ïðè t̂1 = 0, q̂1 6= 0 ñ t̂1, q̂1 èç (2.8), â (2.12): 1) q̃1 = 2, κ4 ≥ 0, q̃2 6= 0

çàìåíàìè J1
0 , J

1
2 , L14,1

7 ñâîäèòñÿ ê CF 4,1
7 ñ σ = sign q̃2, u = κ5q̃

−1
2 , v = 2;

2) q̃1 6= 2, q̃2 6= 0, κ6 ≥ 0 çàìåíàìè J1
0 , J

1
2 , L24,1

7 ñâîäèòñÿ ê CF 4,1
7 ñ σ = sign (κ7κ8),

u = κ−18 q̃1, v = q̃1;

CF 4,1
12 : (2.6) ïðè t̂1 = 0, q̂1 6= 0 ñ t̂1, q̂1 èç (2.8), â (2.12) q̃1 6= 2, q̃2 6= 0, 4κ3(1 −

q̃1) > q̃21 q̃
2
2, çàìåíàìè J1

0 , J
1
2 , L

4,1
12 ñâîäèòñÿ ê CF 4,1

12 ñ σ = sign(q̃1q̃2(q̃1 − 2)), u = q̃−11 ,
v = κ3q̃

−1
1 q̃−22 ;

CF 4,1
24 : (2.6) ïðè t̂1 = 0, q̂1 6= 0 ñ t̂1, q̂1 èç (2.8), â (2.12) q̃1 = 2, κ4 < 0, q̃2 6= 0

çàìåíàìè J1
0 , J

1
2 , L

4,1
24 ñâîäèòñÿ ê CF 4,1

24 ñ σ = sign q̃2, u = 1/2, v = 2p̃2q̃
−2
2 ;

CF 2,1
9 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10,κ13,κ15 = 0 çàìåíàìè J1

0 , J
1
3 , L

2,1
9

ñâîäèòñÿ ê CF 2,1
9 ñ σ = sign t̃1;

CF 3,1
22 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10,κ13 = 0, κ15 6= 0 çàìåíàìè J1

0 , J
1
3 , L

3,1
22

ñâîäèòñÿ ê CF 3,1
22 ñ σ = sign t̃1, u = κ15(κ16t̃2)

−2/3;

CF 3,1
17 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10,κ15 = 0, κ13 6= 0 çàìåíàìè J1

0 , J
1
3 , L

3,1
17

ñâîäèòñÿ ê CF 3,1
17 ñ σ = sign t̃1, u = κ13(p̃1t̃1t̃2)

−2/3;

CF 3,1
11,κ : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) q̃1 = 0, t̃2 = 0 çàìåíàìè J1

0 , J
1
3 , L13,1

11,κ

ñâîäèòñÿ ê CF 3,1
11,κ ñ σ = sign q̃2, κ = sign(t̃1q̃2), u = p̃1q̃

−1
2 ;

2) κ10 = 0, t̃2 6= 0, κ14 = 0 çàìåíàìè J1
0 , J

1
3 , L23,1

11,κ ñâîäèòñÿ ê CF 3,1
11,κ ñ σ = sign p̃1,

κ = sign(p̃1t̃1), u = κ13(p̃1t̃1)
−1;

CF 4,1
27 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10 = 0, t̃2 6= 0, κ13,κ14,κ15 6= 0, 2.315 çàìå-

íàìè J1
0 , J

1
3 , L

4,1
27 ñâîäèòñÿ ê CF 4,1

27 ñ σ = sign t̃1, u = κ15(κ14t̃2)
−2/3, v = κ13(κ14t̃2)

−2/3;

CF 3,1
21 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10 6= 0, q̃1 6= 0, κ12 = 0, κ9 = 0 çàìåíàìè

J1
0 , J

1
3 , L

3,1
21 ñâîäèòñÿ ê CF 3,1

21 ñ σ = sign t̃1, u = κ10(q̃1 + t̃2)
−1/3t̃

−2/3
2 ;

CF 4,1
19 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10 6= 0, q̃1 6= 0, κ12 = 0, κ9 6= 0, κ17 6= 0,

κ19 6= 0, 2.313 çàìåíàìè J
1
0 , J

1
3 , L

4,1
19 ñâîäèòñÿ ê CF 4,1

19 ñ σ = sign t̃1, u = κ9(p̃1t̃1t̃2)
−2/3,

v = −(q̃1 + 2t̃2)(p̃1t̃1t̃2)
−1/3;

CF 4,1
33 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10 6= 0, κ12 6= 0, κ9 = 0, 2.320 çàìåíàìè

J1
0 , J

1
3 , L

4,1
33 ñâîäèòñÿ ê CF 4,1

33 ñ σ = sign t̃1, u = κ12κ−210 , v = κ16t̃2κ−310 ;

CF 4,1
11 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) t̃2 = 0, q̃1 6= 0, 2.39 çàìåíàìè
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J1
0 , J

1
3 , L14,1

11 ñâîäèòñÿ ê CF 4,1
11 ñ σ = sign q̃2, u = p̃1q̃

−1
2 , v = q̃−21 q̃2t̃1;

2) κ10 6= 0, t̃2 6= 0, κ11 = 0, 2.39 çàìåíàìè J1
0 , J

1
3 , L24,1

11 ñâîäèòñÿ ê CF 4,1
11 ñ σ =

sign(κ12t̃1), u = κ16κ−112 , v = κ12κ−210 ;

CF 3,1
19 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10 6= 0, κ12,κ17 = 0 çàìåíàìè J1

0 , J
1
3 , L

3,1
19

ñâîäèòñÿ ê CF 3,1
19 ñ σ = sign t̃1, u = −κ10(2q̃

2
1 t̃2)

−1/3;

CF 3,1
6 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) κ12,κ19 = 0, çàìåíàìè J1

0 , J
1
3 , L13,1

6

ñâîäèòñÿ ê CF 3,1
6 ñ σ = sign t̃1, u = 2q̃1t̃2κ−210 ;

2) q̃1 = 0, q̃2 = 0, çàìåíàìè J1
0 , J

1
3 , L23,1

6 ñâîäèòñÿ ê CF 3,1
6 ñ σ = sign t̃1, u = p̃1t̃1t̃

−2
2 ;

CF 4,1
30 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ10 6= 0, κ12 6= 0, κ17 = 0, 2.318 çàìåíàìè

J1
0 , J

1
3 , L

4,1
30 ñâîäèòñÿ ê CF 4,1

30 ñ σ = sign t̃1, u = κ10(2κ20q̃1)
−1/3, v = 4κ12(2κ20q̃1)

−2/3;

CF 4,1
14 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) κ10 6= 0, q̃1 6= 0, κ12 6= 0, κ18 = 0, 2.312

çàìåíàìè J1
0 , J

1
3 , L14,1

14 ñâîäèòñÿ ê CF 4,1
14 ñ σ = sign t̃1, u = 4κ12κ−210 , v = −2κ20κ−210 ;

2) q̃1 = 0, q̃2 6= 0, t̃2 6= 0, 2.312 çàìåíàìè J1
0 , J

1
3 , L24,1

14 ñâîäèòñÿ ê CF 4,1
14 ñ σ = sign t̃1,

u = q̃2t̃1t̃
−2
2 , v = p̃1t̃1t̃

−2
2 ;

CF 4,1
29 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) κ17 > 0, κ±24 = 0, κ∓23 6= 0, 2.317 çàìåíàìè

J1
0 , J

1
3 , L

4,1
29 ñâîäèòñÿ ê CF 4,1

29 ñ σ = sign t̃1, u = ±κ∓23κ
−1/2
17 /2, v = ±κ±21κ∓22κ

−3/2
17 /4;

CF 4,1
5 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) q̃2 6= 0, κ25 ≥ 0, κ±28 = 0, 2.37 çàìåíàìè

J1
0 , J

1
3 , L14,1

5 ñâîäèòñÿ ê CF 4,1
5 ñ σ = sign t̃1, u = 4κ±30(κ∓26)−2, v = 2κ±26(κ∓26)−1;

2) q̃1 6= 0, q̃2 = 0, 2.37 çàìåíàìè J
1
0 , J

1
3 , L24,1

5 ñâîäèòñÿ ê CF 4,1
5 ñ σ = sign t̃1, u = p̃1t̃1t̃

−2
2 ,

v = q̃1t̃
−1
2 ;

CF 4,1
1 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) ïðè q̃1 = 0, q̃2 = 2p̃1, t̃2 6= 0, κ31 > 0,

2.35 çàìåíàìè J
1
0 , J

1
3 , L14,1

1 ñâîäèòñÿ ê CF 4,1
1 σ = ±sign(κ±32t̃1), u = −κ∓32(κ±32)−1;

2) q̃2 = 0, t̃2 6= 0, κ31 ≥ 0, q̃1 = κ∓32, 2.35 çàìåíàìè J1
0 , J

1
3 , L24,1

1 ñâîäèòñÿ ê CF 4,1
1

ñ σ = sign p̃1, u = κ±32t̃2(2p̃1t̃1)−1;
CF 4,1

3 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) p̃1 = q̃1(q̃1− t̃2)t̃−11 , q̃2 = q̃1(3q̃1− 2t̃2)t̃
−1
1 ,

t̃2 6= 3q̃1, q̃
2
2 + t̃22 6= 0, 2.36 çàìåíàìè J1

0 , J
1
3 , L14,1

3 ñâîäèòñÿ ê CF 4,1
3 ñ σ = sign(t̃1(3q̃1 −

t̃2)(q̃1 − t̃2)), u = q̃1(q̃1 − t̃2)−1;
2) p̃1 = q̃1(2q̃1− 3t̃2)(9t̃1)

−1, q̃2 = 0, t̃2 6= 0, 2.36 çàìåíàìè J
1
0 , J

1
3 , L24,1

3 ñâîäèòñÿ ê CF 4,1
3

ñ σ = −sign(t̃1t̃2(2q̃1 − 3t̃2)), u = −q̃1(3t̃2)−1;
3) p̃1 = (2q̃1 − 3t̃2)(2q̃1 + t̃2)(16t̃1)

−1, q̃2 = t̃2(2q̃1 − 3t̃2)(8t̃1)
−1, t̃2 6= 0, 2.36 çàìåíàìè

J1
0 , J

1
3 , L34,1

3 ñâîäèòñÿ ê CF 4,1
3 ñ σ = sign((2q̃1 − 3t̃2)(2q̃1 + t̃2)t̃1), u = −2t̃2(2q̃1 + t̃2)

−1;

CF 4,1
13 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) p̃1 = (4q̃21 − t̃22)(12t̃1)

−1, t̃2 6= 0, q̃2 =
(2q̃1−t̃2)t̃2(4t̃1)−1, 2.311 çàìåíàìè J

1
0 , J

1
3 , L14,1

13 ñâîäèòñÿ ê CF 4,1
13 ñ σ = sign((2q̃1−t̃2)t̃2t̃1),

u = (2q̃1 + t̃2)(3t̃2)
−1;

2) t̃2 6= 0, q̃2t̃1 > 0, p̃1 = (q̃2t̃1)
1/2κ∓34κ±35(κ±33)−2t̃−11 , åñëè κ±33 6= 0, q̃1 = ±(2q̃2t̃1+ t̃22)(κ±33)−1,

κ±34 6= 0, 2.311 çàìåíàìè J1
0 , J1

3 , L24,1
13 ñâîäèòñÿ ê CF 4,1

13 ñ σ = −sign(κ±34t̃1), u =
−κ∓34κ±33(3κ±35)−1;

CF 4,1
28 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) q̃1 6= 0,−t̃2,−2t̃2, q̃2 6= 0, t̃2 6= 0, p̃1 =

θ∗t̃
−1
1 , κ38 = 0, κ36,κ37,κ39 6= 0, ãäå θ∗ ∈ R1 � ëþáîé íóëü S1(θ), 2.316 çàìåíàìè

J1
0 , J

1
3 , L

4,1
28 ñâîäèòñÿ ê CF 4,1

28 ñ σ = sign(κ36κ39t̃1), u = −κ37κ−139 ;

CF 4,1
32 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) q̃1 6= 0,−t̃2,−2t̃2, q̃2 6= 0, t̃2 6= 0, κ40 ≥ 0,

κ±41 6= 0, p̃1 = κ±41t̃−11 , q̃2 = ((q̃1 + t̃2)
2 − 3κ±41)t̃−11 , κ±42 6= 0, κ±43 6= 0, 2.319 çàìåíàìè

J1
0 , J

1
3 , L

4,1
32 ñâîäèòñÿ ê CF 4,1

32 ñ σ = sign(κ±42t̃1), u = 3κ±43κ−210 ;

CF 4,1
36 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) q̃1 6= 0,−t̃2,−3t̃2/2,−2t̃2, q̃2 6= 0, t̃2 6= 0,

κ44 ≥ 0, κ±45 6= 0, p̃1 = κ±45t̃−11 , q̃2 = −(3κ±45 + 2q̃1t̃2 + 3t̃22)t̃
−1
1 , κ±46 6= 0, κ±47 6= 0, 2.321

çàìåíàìè J1
0 , J

1
3 , L

4,1
36 ñâîäèòñÿ ê CF 4,1

36 ñ σ = sign(κ±46t̃1), u = κ±47κ−210 .
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CF 5,1
3 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) q̃2 6= 0, 3p̃1, t̃1 = q̃1(2p̃1q̃1 + t̃2q̃2 −

3t̃2p̃1)(q̃2 − 3p̃1)
−2, t̃2 6= 0, κ48 6= 0,−q̃1q̃2, 2.41 çàìåíàìè J

1
0 , J

1
3 , L15,1

3 ñâîäèòñÿ ê CF 5,1
3

ñ σ = −sign p̃1, u = −κ48(p̃1q̃1)
−1, v = −(q̃1q̃2 + κ48)(p̃1q̃1)

−1;
2) q̃2 6= 0, t̃1 = −t̃2(p̃1t̃2 − 2q̃1q̃2 + q̃2t̃2)(2q̃2)

−2, q̃1 6= 0, t̃2 6= 0, κ49 6= 0, p̃1t̃2, 2.41 çàìåíàìè
J1
0 , J

1
3 , L25,1

3 ñâîäèòñÿ ê CF 5,1
3 ñ σ = sign q̃2, u = p̃1q̃

−1
2 , v = κ49(q̃2t̃2)

−1;
3) q̃1 6= 0, t̃2, q̃2 = (t̃2q̃

3
1−(p̃1t̃1+2t̃22)q̃

2
1− t̃2(2p̃1t̃1− t̃22)q̃1+ p̃1t̃1(4p̃1t̃1+3t̃22))t̃

−1
1 (q̃1− t̃2)−2 6= 0,

t̃2 6= 0, κ50 6= 0, κ51 6= 0, κ52 6= 0, 2.41 çàìåíàìè J1
0 , J

1
3 , L35,1

3 ñâîäèòñÿ ê CF 5,1
3

ñ σ = −sign(κ50p̃1), u = −κ51(p̃1t̃1)
−1, v = −(q̃1 − t̃2)2(p̃1t̃1)−1;

CF 5,1
6 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) q̃1 6= 0, t̃2 6= 0, p̃1 = 4κ53q̃2t̃

−1
2 /3, κ54 6= 0,

4κ53 6= 3κ54, 2.42 çàìåíàìè J
1
0 , J

1
3 , L15,1

6 ñâîäèòñÿ ê CF 5,1
6 ñ σ = sign q̃2, u = 4κ53(3t̃

2
2)
−1,

v = κ54t̃
−2
2 ;

2) q̃1 6= 0, q̃2 6= 0, t̃2 6= 0, p̃1 = −κ55(9t̃1θ
2
∗)
−1, κ56 6= 0, κ57 6= 0,κ58, κ58 6= 0, κ59 6= 0,

ãäå θ∗ ∈ R1 � ëþáîé íóëü S2(θ), 2.42 çàìåíàìè J1
0 , J

1
3 , L25,1

6 ñâîäèòñÿ ê CF 5,1
6 ñ σ =

−sign(κ59t̃1), u = 3κ57θ∗κ−159 , v = 3κ58θ∗κ−159 ;

CF 5,1
7 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13): 1) q̃2 6= 0, 3p̃1, t̃1 = κ60q̃1(q̃2 − 3p̃1)

−2,
t̃2 6= 0, κ61 6= 0,−q̃1q̃2, 2.43 çàìåíàìè J1

0 , J
1
3 , L15,1

7 ñâîäèòñÿ ê CF 5,1
7 ñ σ = sign p̃1,

u = κ61(p̃1q̃1)
−1, v = (κ61 + q̃1q̃2)(p̃1q̃1)

−1;
2) q̃1 6= 0, q̃2 6= 0, t̃2 6= 0, p̃1 = −κ55(9t̃1θ

2
∗)
−1, κ56 6= 0, κ59 6= 0, 3κ62, κ62 6= 0, κ63 6= 0, ãäå

θ∗ ∈ R1 � ëþáîé íóëü S3(θ), 2.43 çàìåíàìè J
1
0 , J

1
3 , L25,1

7 ñâîäèòñÿ ê CF 5,1
7 ñ σ = signκ63,

u = κ59(3κ63t̃1θ
2
∗)
−1, v = κ62(κ63t̃1θ

2
∗)
−1;

CF 5,1
8 : (2.6) ïðè t̂1 6= 0 èç (2.8), â (2.13) q̃1 6= 0, q̃2 6= 0, t̃2 6= 0, 2.44 çàìåíàìè

J1
0 , J

1
3 , L

5,1
8 ñâîäèòñÿ ê CF 5,1

8 ñ σ = sign q̃2, u = p̃1q̃
−1
2 , v = q̃1t̃

−1
2 , w = q̃2t̃1t̃

−2
2 .

Çäåñü çàïèñü 2.3i îçíà÷àåò, ÷òî ýëåìåíòû ñèñòåìû (2.13) òàêîâû, ÷òî ïàðàìåò-
ðû, ïîëó÷åííûå äëÿ åå CFm,1

k (m = 3, 4), íå óäîâëåòâîðÿþò óñëîâèÿìè èç ïóíêòà i)
óòâåðæäåíèÿ 2.3; àíàëîãè÷íî � çàïèñü 2.4j äëÿ CF 5,1

k ; êîíñòàíòû ϑ, κ, ìíîãî÷ëåíû
S(θ) è ëèíåéíûå çàìåíû J, L ïðèâåäåíû â íàáîðàõ 2.1 è 2.2.

3. Îäíîðîäíûå êóáè÷åñêèå ñèñòåìû áåç îáùåãî ìíîæèòåëÿ.

3.1. Âûäåëåíèå êàíîíè÷åñêèõ ôîðì è èõ êàíîíè÷åñêèõ ìíîæåñòâ.

Âûäåëèì èç ñïèñêà 1.1 ðàáîòû [2] ñòðóêòóðíûå ôîðìû SFm,0
i c m = 2, 3, 4, îòíîñÿ-

ùèåñÿ ê ñëó÷àþ l = 0 (èìåþòñÿ 32 òàêèå ôîðìû), íîðìèðóåì èõ ñîãëàñíî íîðìèðîâî÷-
íûì ïðèíöèïàì è âûÿñíèì, êàêèå èç ïîëó÷åííûõ íîðìèðîâàííûõ ñòðóêòóðíûõ ôîðì
ÿâëÿþòñÿ êàíîíè÷åñêèìè ôîðìàìè.

Óòâåðæäåíèå 3.1. Òîëüêî NSF 4,0
4 = σ

(
u v 0 1

0 0 0 1

)
è NSF 4,0

9 = σ

(
u 0 v 1

0 0 0 1

)
ïðè âñåõ íåíóëåâûõ çíà÷åíèÿõ ïàðàìåòðîâ u, v çàìåíàìè (1.5) ñâîäÿòñÿ ê êàêèì-ëèáî
ïðåäøåñòâóþùèì ñîãëàñíî ñòðóêòóðíûì ïðèíöèïàì ñòðóêòóðíûì ôîðìàì.

Äîêàçàòåëüñòâî. NSF 4,0
4 è NSF 4,0

9 çàìåíîé ñ r2 = 0, s2 = θ∗s1, â êîòîðîé
θ∗ : θ3 − θ2 + vθ + u, ñâîäèòñÿ ê SF 4,0

2 . Ïðîâåðêà ïîêàçûâàåò, ÷òî îñòàëüíûå òðèäöàòü
NSFm,0 (m = 2, 3, 4) ÿâëÿþòñÿ CFm,0. �

Çàìå÷àíèå 3.1. Çäåñü è â äàëüíåéøåì 1) çàïèñü "ñâîäèòñÿ ê êàêîé-ëèáî SFm,0"
îçíà÷àåò, ÷òî ïîëó÷åíà óêàçàííàÿ ôîðìà èëè îäíà èç ïðåäøåñòâóþùèõ åé ôîðì; 2) çà-
ïèñü "θ∗ : ïîëèíîì îò θ" îçíà÷àåò, ÷òî θ∗ � ëþáîé âåùåñòâåííûé íóëü ïîëèíîìà.

Âûïèøåì âñå êàíîíè÷åñêèå ôîðìû, èõ êàíîíè÷åñêèå ìíîæåñòâà è ðåçóëüòàíòû R,
ïðè÷åì âèä csm,0 áóäåò îáîñíîâàí íèæå â óòâåðæäåíèè 3.2.
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Ñïèñîê 3.1. Òðèäöàòü CFm,0
i , csm,0, èõ R (m = 2, 3, 4; σ, κ = ±1; R, u, v 6= 0).

CF 2,0
1,κ = σ

(
κ 0 0 0

0 0 0 1

)
2

, CF 2,0
10,κ = σ

(
0 0 0 κ

1 0 0 0

)
8

; CF 3,0
1 = σ

(
u 1 0 0

0 0 0 1

)
4

;

CF 3,0
2,κ = σ

(
κ 0 u 0

0 0 0 1

)
5

, CF 3,0
4 = σ

(
u 0 0 1

0 0 0 1

)
6

, CF 3,0
9 = σ

(
1 0 0 u

0 0 1 0

)
7

,

CF 3,0
15 = σ

(
u 0 0 1

0 1 0 0

)
8

, CF 3,0
20 = σ

(
1 0 0 u

1 0 0 0

)
9

, CF 3,0
23,κ = σ

(
0 u 0 κ

1 0 0 0

)
10

,

CF 3,0
24 = σ

(
0 0 1 u

1 0 0 0

)
11

, CF 4,0
1 = σ

(
u v 0 0

0 0 1 1

)
6

; CF 4,0
2 = σ

(
u 1 v 0

0 0 0 1

)
7

,

CF 4,0
3 = σ

(
u 0 v 0

0 0 1 1

)
7

, CF 4,0
6 = σ

(
u 0 0 v

0 0 1 1

)
8

, CF 4,0
8,κ = σ

(
u 0 v 0

0 1 0 κ

)
8

,

CF 4,0
10 = σ

(
1 u 0 v

0 0 1 0

)
9

, CF 4,0
13 = σ

(
u 0 0 1

0 1 0 v

)
9

, CF 4,0
16 = σ

(
u 0 1 v

0 0 1 0

)
10

,

CF 4,0
17 = σ

(
u v 0 1

0 1 0 0

)
10

, CF 4,0
21 = σ

(
u 0 0 v

1 0 0 1

)
10

, CF 4,0
22 = σ

(
u 0 0 v

0 1 1 0

)
10

,

CF 4,0
25 = σ

(
u 0 v 1

0 1 0 0

)
11

, CF 4,0
26 = σ

(
1 u 0 v

1 0 0 0

)
11

, CF 4,0
28 = σ

(
0 u 0 v

1 0 0 1

)
11

,

CF 4,0
31 = σ

(
u 0 1 v

1 0 0 0

)
12

, CF 4,0
32 = σ

(
0 0 u v

1 0 0 1

)
12

, CF 4,0
34,κ = σ

(
0 u 0 v

1 0 κ 0

)
12

,

CF 4,0
35 = σ

(
0 u 1 v

1 0 0 0

)
13

, CF 4,0
36 = σ

(
0 0 1 u

1 0 v 0

)
13

, CF 4,0
37 = σ

(
0 0 u v

1 1 0 0

)
14

;

tcs2,01,κ, R = κ; tcs2,010,κ, R = −κ; tcs3,01 , R = u3; cs3,02,κ = {u 6= 3/2 ïðè κ = −1}, R = 1;

tcs3,04 , R = u3; tcs3,09 , R = −u; tcs3,015 , R = u; tcs3,020,, R = −u3; tcs3,023,κ, R = −κ;

tcs3,024 , R = −u3; cs4,01 = {v 6= u; (u, v) 6= (1/9, 1), (1/3, 1), (−1/9,−1)}, R = u2(u− v);
cs4,02 = {v 6= (3u)−1, 1 + 2(9u)−1, (12u+ 1± (1− 8u)1/2)(8u)−1}, R = u3;
cs4,03 = {v 6= −u, 3/2± (−2u)−1/2}, R = u2(u+ v);
cs4,06 = {v 6= u, (9u+ 2)u−2/27}, R = u2(u− v);
cs4,08,κ = {v 6= uκ; (κ, u, v) 6= (1,−1/3,−3); v 6= κ(3u − 2)(2u − 1)−1 ïðè κ(1 − 2u) > 0},
R = uκ(uκ− v)2;
cs4,010 = {u 6= 1; v 6= (2u− 1)2(2− u)/27, u2(3− 2u)/27; (u, v) 6= (2/3, 4/729)}, R = −v;
cs4,013 = {v 6= −u−2/3; u 6= 2/3 ïðè 3((θ2∗ − 4v)/2θ∗)

2 + 12v ≤ 0, θ∗ : θ3 + 3vθ − 3},
R = u(u2v3 + 1);
cs4,016 = {(u, v) 6= (1/3,−2/3); v 6= (1− 9u± (1− 3u)(1− 12u)1/2)u−2/27}, R = −u2v;
cs4,017 = {(u, v) 6= (1/3,−61/3); v 6= 21/3(2− 3u)u−1/3/2}, R = u;
cs4,021 = {v 6= u; v 6= u−2 ïðè u > 0}, R = (u− v)3;
cs4,022 = {(u, v) 6= (1/3, 1/6); v 6= u, (2u − 1)(3u − 2)−3,−16u2(u − 1)−1(3u + 1)−3},
R = uv(v − u);
cs4,025 = {(u, v) 6= (1/3, 32/3), (5/9, 31/3), ((θ3∗+1)θ−3∗ /2, (θ3∗−3)(2θ∗)

−1), θ∗ : θ
9−θ6+15θ3+9},

R = u;
cs4,026 = {(u, v) 6= (9/8,−27/32), (−18, 216)}, R = −v3;
cs4,028 = {v 6= −u; (u, v) 6= (3(2 ±

√
2)2/3/2,∓2−1/2(2 ±

√
2)1/3), (3 · 2−1/3(±

√
5 − 1)1/3,

(28± 12
√

5)1/3/2), (32/3,−31/3)}, R = −u3 − v3;
cs4,031 = {(u, v) 6= (−21/3/6,−21/3/3), (21/3/3, 21/3/3)}, R = −v3;
cs4,032 = {(u, v) 6= (3,−1)}, R = u3 − v3;
cs4,034,κ = {v 6= uκ; (u, v) 6= (−κ, 1/3), ((

√
5 + 3κ)/2,−(3 +

√
5κ)/18), (2κ +

√
3,−(2 +
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√
3κ)/3); (v, κ) 6= (u/9, 1); (u, v, κ) 6= (1,−1/9,−1); v 6= −(2u − κ)(u − 2κ)/9 ïðè u >

κ/2; u 6= κ ïðè v > 0; (u, κ) 6= (−1, 1) ïðè v ≥ −1/9; (u, κ) 6= (1,−1) ïðè v ∈
(−∞,−1) ∪ (0,+∞)}, R = −v(uκ− v)2;
cs4,035 = {(u, v) 6= (2 · (3/5)1/3, 2 · 75−1/3/3), (31/6(

√
3± 1)/2, 3−1/6(±3−

√
3)/6); v 6= (3u)−1},

R = −v3;
cs4,036 = {v 6= −u2; (u, v) 6= ((2/81)1/3,−(3/2)1/3), (−2−5/3, 2−4/3), ((8/3 ± 2

√
2)1/3/3, (3 ±

3
√

2)1/3), (22/3,−21/3), (−2θ4∗, (1− 3θ3∗)θ
−1
∗ ), θ∗ : 54θ9 − 18θ6 + 1}, R = −u(u2 + v);

cs4,037 = {v 6= u; (u, v) 6= (1/9,−1/81); v 6= u2 ïðè u > 0; v 6= −u2, u(4u ∓ (3u −
1)(−u)1/2)(9u+ 1)−1 ïðè u < 0}, R = v2(u− v).

Óòâåðæäåíèå 3.2. Òîëüêî ïðè óêàçàííûõ çíà÷åíèÿõ ïàðàìåòðîâ ïðèâåäåííûå íè-
æå NSFm,0

i ñâîäÿòñÿ ê ïðåäøåñòâóþùèì ñîãëàñíî ÑÏ ñòðóêòóðíûì ôîðìàì:

1) NSF 3,0
2,κ ïðè u = 3/2, κ = −1 çàìåíîé ñ r2 = 0, s2 =

√
2s1 ñâîäèòñÿ ê SF 3,0

1 ;

2) NSF 4,0
1 : a) ïðè u = 1/9, v = 1 çàìåíîé ñ r1 = −3r2, s1 = 0 ñâîäèòñÿ ê SF 3,0

1 ;
b) ïðè u = 1/3, v = 1 çàìåíîé ñ r2 = 0, s2 = −s1 ñâîäèòñÿ ê SF 3,0

9 ; c) ïðè u = −1/9,
v = −1 çàìåíîé ñ r1 = 3r2, s1 = −3s2 ñâîäèòñÿ ê SF 3,0

23 ;

3) NSF 4,0
2 : a) ïðè v = (12u + 1 ± (1 − 8u)1/2)(8u)−1 çàìåíîé ñ r2 = 0, s2 = (−1 ±

(1− 8u)1/2)s1/2 ñâîäèòñÿ ê SF 3,0
1 ; b) ïðè v = 1 + 2(9u)−1 çàìåíîé ñ r2 = 0, s2 = −3us1

ñâîäèòñÿ ê SF 3,0
2 ; c) ïðè v = (3u)−1 çàìåíîé ñ r2 = 0, s2 = −3us1 ñâîäèòñÿ ê SF 3,0

4 ;

4) NSF 4,0
3 ïðè v = 3/2 ± (−2u)−1/2 çàìåíîé ñ r1 = ±(−2u)−1/2r2, s2 = 0 ñâîäèòñÿ

ê SF 4,0
1 ;

5) NSF 4,0
6 ïðè v = (9u+ 2)u−2/27 çàìåíîé ñ r2 = 0, s2 = 3us1 ñâîäèòñÿ ê SF 4,0

1 ;

6) NSF 4,0
8,κ : a) ïðè κ = 1, u = −1/3, v = −3 çàìåíîé ñ r1 = −

√
3r2, s1 =

√
3s2

ñâîäèòñÿ ê SF 2,0
10 ; b) ïðè v = κ(3u − 2)(2u − 1)−1, κ(1 − 2u) > 0 çàìåíîé ñ r2 =

(κ(1− 2u))1/2r1, s2 = −(κ(1− 2u))1/2s1 ñâîäèòñÿ ê SF 4,0
1 ;

7) NSF 4,0
10 : a) ïðè v = (2u − 1)2(2 − u)/27 çàìåíîé ñ r1 = (1 − 2u)r2/3, s2 = 0

ñâîäèòñÿ ê SF 4,0
1 ; b) ïðè v = u2(3 − 2u)/27 çàìåíîé ñ r2 = 0, s2 = −3u−1s1 ñâîäèòñÿ

ê SF 4,0
3 ; c) ïðè u = 2/3, v = 4/729 çàìåíîé ñ r2 = −9r1, s2 = 9s1/2 ñâîäèòñÿ ê SF 4,0

3 ;
d) ïðè u = 1 çàìåíîé ñ r2 = 0, s2 = −3s1 ñâîäèòñÿ ê SF 4,0

6 ;

8) NSF 4,0
13 ïðè u = 2/3, 3((θ2∗ − 4v)/2θ∗)

2 + 12v ≤ 0, θ∗ : θ3 + 3vθ − 3 çàìåíîé
ñ r1 = −(θ2∗ − 4v)/4θ∗ + (−3((θ2∗ − 4v)/2θ∗)

2 − 12v)1/2/2, s1 = θ∗s2 ñâîäèòñÿ ê SF 4,0
1 ;

9) NSF 4,0
16 : a) ïðè u = 1/3, v = −2/3 çàìåíîé ñ r1 = 2r2, s1 = −s2 ñâîäèòñÿ

ê SF 3,0
15 ; b) ïðè u ≤ 1/12, v = (1 − 9u ± (1 − 3u)(1 − 12u)1/2)u−2/27 çàìåíîé ñ r1 =

(1± (1− 12u)1/2)(6u)−1r2, s2 = 0 ñâîäèòñÿ ê SF 4,0
1 ;

10) NSF 4,0
17 : a) ïðè u = 1/3, v = −61/3 çàìåíîé ñ r1 = −(60 + 36

√
3)1/3r2/2, s1 =

((9
√

3 − 15)/2)1/3s2 ñâîäèòñÿ ê SF 4,0
8 ; b) ïðè v = 21/3(2 − 3u)u−1/3/2 çàìåíîé ñ r2 =

(u/2)1/3r1, s2 = −(4u)1/3s1 ñâîäèòñÿ ê SF 4,0
16 ;

11) NSF 4,0
21 ïðè u > 0, v = u−2 çàìåíîé ñ r2 = −u1/2r1, s2 = u1/2s2 ñâîäèòñÿ ê SF 4,0

8 ;

12) NSF 4,0
22 : a) ïðè u = 1/3, v = 1/6 çàìåíîé ñ r2 = 0, s2 = −2s1 ñâîäèòñÿ ê SF 4,0

8 ;
b) ïðè v = (2u−1)(3u−2)−3 çàìåíîé ñ r2 = (3u−2)r1, s2 = u(3u−2)(1−2u)−1s1 ñâîäèòñÿ
ê SF 4,0

16 ; c) ïðè v = −16u2(u − 1)−1(3u + 1)−3 çàìåíîé ñ r2 = (u − 1)(3u + 1)(4u)−1r1,
s2 = −(3u+ 1)s1/2 ñâîäèòñÿ ê SF 4,0

17 ;

13) NSF 4,0
25 : a) ïðè u = 1/3, v = 32/3 çàìåíîé ñ r1 = −31/3r2, s2 = 0 ñâîäèòñÿ

ê SF 4,0
2 ; b) ïðè u = 5/9, v = 31/3 çàìåíîé ñ r1 = 32/3r2, s1 = −32/3s2/2 ñâîäèòñÿ

ê SF 4,0
3 ; c) ïðè u = (θ3∗ + 1)θ−3∗ /2, v = (θ3∗ − 3)(2θ∗)

−1, θ∗ : θ9 − θ6 + 15θ3 + 9 çàìåíîé ñ
r1 = θ∗r2, s2 = −(θ3∗ + 1)(2θ∗)

−1s1 ñâîäèòñÿ ê SF 4,0
10 ;
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14) NSF 4,0
26 : a) ïðè u = 9/8, v = −27/32 çàìåíîé ñ r1 = 3r2/2, s1 = −3s2/4 ñâîäèòñÿ

ê SF 4,0
10 ; b) ïðè u = −18, v = 216 çàìåíîé ñ r1 = 3r2, s1 = −6s2 ñâîäèòñÿ ê SF 4,0

25 ;

15) NSF 4,0
28 : a) ïðè u = 3(2 ±

√
2)2/3/2, v = ∓2−1/2(2 ±

√
2)1/3 çàìåíîé ñ r1 =

(2 ±
√

2)1/3r2, s2 = −(2 ±
√

2)2/3s1 ñâîäèòñÿ ê SF 4,0
3 ; b) ïðè u = 3 · 2−1/3(±

√
5 − 1)1/3,

v = (28 ± 12
√

5)1/3/2 çàìåíîé ñ r1 = −(28 ± 12
√

5)1/3r2/2, s1 = 2−1/3(3 ∓
√

5)1/3s2,
ñâîäèòñÿ ê SF 4,0

13 ; c) ïðè u = 32/3, v = −31/3 çàìåíîé ñ r1 = −31/3r2, s1 = 0 ñâîäèòñÿ
ê SF 4,0

25 ;

16) NSF 4,0
31 : a) ïðè u = −21/3/6, v = −21/3/3 çàìåíîé ñ r2 = 22/3r1, s1 = −21/3s2

ñâîäèòñÿ ê SF 4,0
10 ; b) ïðè u, v = 21/3/3 çàìåíîé ñ r1 = 21/3r2, s2 = −22/3s1 ñâîäèòñÿ

ê SF 4,0
25 ;

17) NSF 4,0
32 ïðè u = 3, v = −1 çàìåíîé ñ r1 = r2, s1 = −s2 ñâîäèòñÿ ê SF 4,0

6 ;

18) NSF 4,0
34,κ : a) ïðè u = −κ, v = 1/3 çàìåíîé ñ r1 = (6

√
3−9κ)1/2r2/3, s1 = −(6

√
3−

9κ)1/2(2 +
√

3κ)s2/3 ñâîäèòñÿ ê SF 3,0
15 ; b) ïðè u > κ/2, v = −(2u−κ)(u− 2κ)/9 çàìåíîé

ñ r1 = (6u−3κ)1/2r2/3, s1 = −(6u−3κ)1/2s2/3 ñâîäèòñÿ ê SF 4,0
1 ; c) ïðè u = (

√
5+3κ)/2,

v = −(3 +
√

5κ)/18 çàìåíîé ñ r1 = (6
√

5− 6κ)1/2(3 +
√

5κ)r2/12, s1 = −(6
√

5− 6κ)1/2s2/6
ñâîäèòñÿ ê SF 4,0

3 ; d) ïðè u = κ, v > 0 çàìåíîé ñ r1 = v1/4r2, s1 = −v1/4s2 ñâîäèòñÿ
ê SF 4,0

8 ; e) ïðè u = 1, v = −1/9, κ = −1 çàìåíîé ñ s1 =
√

3(1 +
√

2)s2/3, r2 =
−
√

3(1 +
√

2)r1 ñâîäèòñÿ ê SF 4,0
8 ; f) ïðè u = 2κ +

√
3, v = −(2 +

√
3κ)/3 çàìåíîé

ñ r1 = (6
√

3 + 9κ)1/2r2/3, s2 = −(2
√

3 + 3κ)1/2s1 ñâîäèòñÿ ê SF 4,0
16 ; g) ïðè v = u/9, κ = 1

çàìåíîé ñ r2 =
√

3r1, s2 = −
√

3s1 ñâîäèòñÿ ê SF 4,0
21 ; h) ïðè u = −1, v ≥ −1/9, κ = 1

çàìåíîé ñ r1 = (6v + 2 + 2`)1/2r2/2, s2 = −(6v + 2 + 2`)1/2(3v − 1 + `)(8v)−1s1 ñâîäèòñÿ
ê SF 4,0

32 , ` = ((v + 1)(9v + 1))1/2; i) ïðè u = 1, v ∈ (−∞,−1) ∪ (0,+∞), κ = −1 çàìåíîé
ñ r1 = (−6v−2+2`)1/2r2/2, s2 = −(−6v−2+2`)1/2(−3v+1+`)(8v)−1s1 ñâîäèòñÿ ê SF

4,0
32 ,

` = ((v + 1)(9v + 1))1/2;

19) NSF 4,0
35 : a) ïðè u = 2 · (3/5)1/3, v = 2 · 75−1/3/3 çàìåíîé ñ r1 = −15−1/3(5 +

2
√

5)1/3r2, s1 = 15−1/3(2
√

5 − 5)1/3s2 ñâîäèòñÿ ê SF 4,0
1 ; b) ïðè u = 31/6(

√
3 ± 1)/2,

v = 3−1/6(±3−
√

3)/6 çàìåíîé ñ r1 = ∓3−1/6r2, s1 = −31/3(3∓
√

3)s2/6 ñâîäèòñÿ ê SF 4,0
10 ;

c) ïðè v = (3u)−1 çàìåíîé ñ s1 = 0, r2 = −ur1 ñâîäèòñÿ ê SF 4,0
21 ;

20) NSF 4,0
36 : a) ïðè u = −2θ4∗, v = (1−3θ3∗)θ

−1
∗ çàìåíîé ñ r1 = θ∗r2, s1 = 2θ∗(3θ

3
∗−1)s2,

θ∗ : 54θ9− 18θ6 + 1 ñâîäèòñÿ ê SF 4,0
3 ; b) ïðè u = (2/81)1/3, v = −(3/2)1/3 çàìåíîé ñ r1 =

3−1/3(4 ± 2
√

5)1/3r2, s1 = 3−1/3(4 ∓ 2
√

5)1/3s2 ñâîäèòñÿ ê SF 4,0
8 ; c) ïðè u = −2−5/3, v =

2−4/3 çàìåíîé ñ s1 = −21/3s2, r2 = 22/3r1 ñâîäèòñÿ ê SF 4,0
10 ; d) ïðè u = (8/3± 2

√
2)1/3/3,

v = (3 ± 3
√

2)1/3 çàìåíîé ñ r1 = (36 ∓ 18
√

2)1/3r2/3, s1 = (−1 ∓ 2
√

2/3)1/3s2 ñâîäèòñÿ
ê SF 4,0

13 ; e) ïðè u = 22/3, v = −21/3 çàìåíîé ñ r1 = 22/3r2, s2 = −2−1/3s1 ñâîäèòñÿ
ê SF 4,0

25 ;

21) NSF 4,0
37 : a) ïðè u = 1/9, v = −1/81 çàìåíîé ñ r1 = (−1 +

√
5)r2/6, s1 =

(−1 −
√

5)s2/6 ñâîäèòñÿ ê SF 4,0
1 ; b) ïðè v = u2, u > 0 çàìåíîé ñ r1 = −u1/2r2, s1 =

u1/2s2 ñâîäèòñÿ ê SF 4,0
8 ; c) ïðè v = u(4u ∓ (3u − 1)(−u)1/2)(9u + 1)−1, u < 0 çàìåíîé

ñ r1 = ±(−u)1/2r2, s1 = 2u(±(−u)1/2 − 3u)−1s2 ñâîäèòñÿ ê SF 4,0
28 ; d) ïðè v = −u2, u < 0

çàìåíîé ñ r1 = (−u)1/2r2, s1 = −(−u)1/2s2 ñâîäèòñÿ ê SF 4,0
34 .

Òåïåðü íàéäåì ëèíåéíûå çàìåíû (1.5), êîòîðûå, ñîõðàíÿÿ èññëåäóåìóþ CFm,0
i

(m = 2, 3, 4), ìåíÿþò â íåé çíà÷åíèÿ ïàðàìåòðîâ ñ öåëüþ ìàêñèìàëüíî îãðàíè÷èòü
èõ âîçìîæíûå çíà÷åíèÿ.

Óòâåðæäåíèå 3.3. Òîëüêî â ñëåäóþùèõ ñëó÷àÿõ â CFm,0
i çàìåíîé (1.5) óäàåòñÿ

èçìåíèòü çíà÷åíèå σ c −1 íà +1 ïðè ñîõðàíåíèè çíà÷åíèé îñòàëüíûõ ïàðàìåòðîâ:
CF 2,0

1,κ ñ κ = −1, çàìåíà ñ r1, s2 = 0, s1, r2 = 1;

CF 2,0
10,κ, çàìåíà ñ −r1, s2 = −1, s1, r2 = 0;
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CF 3,0
15 ñ u = −1/3, çàìåíà ñ r1,−s2 = 3−1/2, s1 = 21/33−1/6, r2 = 22/33−5/6;

CF 3,0
23,κ, çàìåíà ñ r1,−s2 = 1, s1, r2 = 0;

CF 4,0
3 ñ u = −2/9, v = 3, çàìåíà ñ −r1, s2 = 5−1/2, s1 = −6 · 5−1/2, r2 = −2 · 5−1/2/3;

CF 4,0
34,κ ñ u = −κ, v = −1, çàìåíà ñ r1, s2 = 0, s1, r2 = 1;

CF 4,0
35 ñ u = −(3/2)1/3, v = 21/33−4/3, çàìåíà ñ r1, s2 = 1, s1 = −(2/3)1/3, r2 = 121/3.

Óòâåðæäåíèå 3.4. Â ñëåäóþùèõ ÷åòûðåõ CFm,0
i çàìåíîé (1.5) óäàåòñÿ èçìåíèòü

çíà÷åíèå ïàðàìåòðîâ u, v :

1) CF 4,0
1 ñ σ = σ∗, u = u∗, v = v∗ çàìåíîé ñ r1, s2 = 0, s1 = |u∗|1/2u−1∗ , s2 = |u∗|1/2v−1∗

ñâîäèòñÿ ê ñåáå ñ σ = σ∗ signu∗, u = u∗v
−2
∗ , v = v−1∗ ; â ÷àñòíîñòè, ïðè |v∗| > 1 ìîæíî

ïîëó÷èòü |v| < 1;

2) CF 4,0
8,κ ñ κ = κ∗, σ = σ∗, u = u∗, v = v∗ çàìåíîé ñ r1, s2 = 0, s1 = |u∗|−1/2,

r2 = |v∗|−1/2 ñâîäèòñÿ ê ñåáå ñ κ = sign(u∗v∗), σ = σ∗ sign v∗, u = κ∗v
−1
∗ , v = κ∗u

−1
∗ ;

â ÷àñòíîñòè, ïðè |u∗|, |v∗| > 1 ìîæíî ïîëó÷èòü |u|, |v| < 1;

3) CF 4,0
21 ñ σ = σ∗, u = u∗, v = v∗ çàìåíîé ñ r1, s2 = 0, s1 = |u∗|−1/2, r2 =

u∗|u∗|−7/6|v∗|−1/3 ñâîäèòñÿ ê ñåáå ñ σ = σ∗ signu∗, u = u
−1/3
∗ v

−2/3
∗ , v = v

1/3
∗ u

−4/3
∗ ; â ÷àñò-

íîñòè, ïðè |u∗| > 1, 1 < |v∗| < u4∗ ìîæíî ïîëó÷èòü |u|, |v| < 1;

4) CF 4,0
34,κ ñ u = u∗, v = v∗, κ = κ∗ çàìåíîé ñ r1, s2 = 0, s1 = v|uv|−3/4, r2 = |uv|−1/4

ñâîäèòñÿ ê ñåáå ñ κ = sign(u∗v∗), u = u−1∗ κκ∗, v = v∗u
−2
∗ è òåì æå σ; â ÷àñòíîñòè, ïðè

|u∗| > 1 ìîæíî ïîëó÷èòü |u| < 1.

3.2. Ñâåäåíèå èñõîäíîé ñèñòåìû ê êàæäîé èç CFm,0 ïðè m = 2,3.

Íàáîð 3.1. Êîíñòàíòû è ëèíåéíûå íåîñîáûå çàìåíû, èñïîëüçóåìûå íèæå:

ψ1 = 3ã21 + 4b̃1, ψ2 = 27d̃22 − 4b̃31, ψ3 = 3ã1 + (36c̃1)
1/3, ψ4 = d̃1 + 22/3d̃

4/3
2 , ψ5 =

(−3c̃1ã
−1
1 )1/2;

L1 = {r1 = 0, s1 = 33/2d1, r2 = 31/2, s2 = −31/2c1}, L2 = {r1 = 31/2, s1 = −31/2b2,
r2 = 0, s2 = 33/2a2}, L3 = {r1 = ζ, s1 = (−b2ζ2 + (b1 − 2c2)ζ + 2c1 − 3d2)ζ/3, r2 = 1,
s2 = ((2b2 − 3a1)ζ

2 + (c2 − 2b1)ζ − c1)/3}, ãäå ζ � ëþáîå âåùåñòâåííîå îòëè÷íîå îò íóëÿ
÷èñëî, íå ÿâëÿþùååñÿ íóëåì ìíîãî÷ëåíà Q = (a1 − b2)ζ2 + (b1 − c2)ζ + c1 − d2;

L2,0
1;1 = {r1 = (3ã1 − (3ψ1)

1/2)r2/6, s1 = (3ã1 + (3ψ1)
1/2)s2/6, r2 = 3

√
2ψ
−1/2
1 |3ã1 −

(3ψ1)
1/2|−1/2, s2 = 3

√
2ψ
−1/2
1 |3ã1 + (3ψ1)

1/2|−1/2},
L2,0
10;1 = {r1 = |d̃1|−1/8, s1, r2 = 0, s2 = r31},

L2,0
10;2 = {r1 = (9d̃2 + (3ψ2)

1/2)(6b̃1)
−1r2, s1 = (9d̃2 − (3ψ2)

1/2)(6b̃1)
−1s2, s2 = ψ2(9d̃2 +

(3ψ2)
1/2)b̃−31 r32/18, r2 = 21/4ψ

−1/2
2 |9d̃2 + (3ψ2)

1/2|−1/4|3b̃1|7/8},
L3,0
1;1 = {r1 = η∗r2, s1 = θ∗s2, r2 = (ã1 − η∗)(η∗ − θ∗)−1(η∗ + θ∗ − ã1)−1|ã1 − η∗|−1/2/3,

s2 = (η∗ − θ∗)−1|ã1 − η∗|−1/2},
L3,0
2;1 = {r1 = η∗r2, s1 = θ∗s2, r2 =

√
2(η∗− θ∗)−1|ã1− 3η∗− θ∗|−1/2, s2 = (η∗− θ∗)−1|ã1−

η∗|−1/2,
L3,0
4;1 = {r1, s2 = 0, s1 = |ã1|−1/2, r2 = ã−11 |ã1|−1/2}, L3,0

4;2 = {r1 = −3d̃1r2c̃
−1
1 , s1 = 0,

r2 = −s2, s2 =
√

3|c̃1|−1/2}, L3,0
4;3 = {r1 = η∗r2, s1 = θ∗s2, r2 = (η∗ + θ∗ − ã1)(ã1 − η∗)−1s2,

s2 = (η∗ − θ∗)−1|ã1 − η∗|−1/2},
L3,0
9;1 = {r1, s2 = 0, s1 = d̃2|d̃2|−1/2b̃−11 , r2 = |d̃2|−1/2}, L3,0

9;2 = {r1 = η∗r2, s1 = θ∗s2,

r2 =
√

3(η∗ − θ∗)|ã1 + 2η∗|−1/2, s2 = −(ã1 + 2η∗)(ã1 − η∗)−1r2/3}, L3,0
9;3 = {r1 = −θ∗r2/2,

s1 = θ∗s2, r2 = 61/3c̃
−1/3
1 |ψ3|−1/2, s2 = 2ψ3(ψ3 − 9ã1)

−1/3},
L3,0
15;1 = {r1, s2 = 0, s1 = c̃

1/3
1 |c̃1|−1/2, r2 = |c̃1|−1/2}, L3,0

15;2 = {r1 = 0, s1 = −c̃1c̃−12 s2,
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r2 = |c̃1|−1/2, s2 = −31/3c̃2(3c̃
2
1 + c̃32)

−1/3|c̃1|−1/2}, L3,0
15;3 = {r1 = |c̃1|1/2c̃−12 , s1 = 0, r2 =

c̃2c̃
−1
1 r1, s2 = −31/3|c̃1|1/2c̃−11 }, L3,0

15;4 = {r1 = η∗r2, s1 = θ∗s2, r2 = |ã1 − η∗|−1/2(η∗ − θ∗)−1,
s2 = (3ã1 − 3η∗)

1/3(η∗ + 3θ∗ − ã1)
−1/3r2}, L3,0

15;5 = {r1 = ±(−c̃2/3)1/2r2, s1 = ±31/2(b̃1 +

c̃2)(−c̃2)−1/2s2/6, r2 = 2(−3c̃2)
1/4(b̃1 + 3c̃2)

−1, s2 = −24/3(−3c̃2)
7/12(b̃1 − c̃2)−1/3(b̃1 + 3c̃2)},

L3,0
15;6 = {r1 = −(4d̃2)

1/3r2, s1 = (d̃2/2)1/3s2, r2 = 21/3d̃
−1/3
2 |ã1+(4d̃2)

1/3|−1/2/3, s2 = 61/3(ã1+

(4d̃2)
1/3)1/3((4d̃2)

1/3 − 2ã1)
−1/3r2},

L3,0
20;1 = {r1 = η∗r2, s1 = θ∗s2, r2 = |ã1|−1/2(η∗ − θ∗)−1, s2 = (η∗ − ã1)ã−11 r2}, L3,0

20;2 =

{r1 = |ã1|−1/2, s1, r2 = 0, s2 = |ã1|−1/2ã−11 }, L3,0
20;3 = {r1, s2 = 0, s1 = d̃1|d̃2|−1/2d̃−12 ,

r2 = |d̃2|−1/2}, L3,0
20;4 = {r1 = (4d̃2)

1/3r2/2, r2 = 21/3|ã1|−1/2d̃−1/32 /3, s1 = −(4d̃2)
1/3s2, s2 =

(1−21/3ã1d̃
−1/3
2 )ã−11 |ã1|−1/2/3}, L

3,0
20;5 = {r1 = −θ∗r2/2, s1 = θ∗s2, r2 = 36|(b̃1θ2∗−4d̃1)θ∗|1/2,

s2 = 972b̃1(b̃1θ
2
∗−4d̃1)θ

2
∗r2}, L

3,0
20;6 = {r1 = 0, s1 = −d̃1/31 ã

−1/3
1 , r2 = d̃

−1/3
1 |ã1|−1/6, s2 = −r2},

L3,0
23;1 = {r1, s2 = 0, s1 = d̃1|d̃1|−9/8, r2 = |d̃1|−3/8}, L3,0

23;2 = {r1 = |d̃1|−1/8, s1, r2 = 0,

s2 = |d̃1|−3/8}, L3,0
23;3 = {r1 = 25/8|d̃2|1/2|ψ4|−1/2/3, s1 = (d̃2/2)1/3s2, r2 = −r1s2(2s1)−1,

s2 = −25/24|d̃2|3/2ψ4d̃
−4/3
2 |ψ4|−3/2/3}, L3,0

23;4 = {r1 = 0, s1 = d̃1r
3
2, r2 = 21/8|2d̃31 − d̃42|1/8,

s2 = d̃2d̃
−1
1 s1}, L3,0

23;5 = {r1 = η∗r2, s1 = θ∗s2, r2 = 21/8(η∗ − θ∗)−1|ã1 + 2θ∗|−1/8|ã1 − η∗|−3/8,
s2 = (η∗ − ã1)(η∗ − θ∗)

2r32}, L3,0
23;6 = {r1 = −2(c̃1/18)1/3r2, r2 =

√
6|c̃1|−1/4|(9ã1 +

182/3c̃
1/3
1 )3(181/3ã1c̃

2/3
1 − 2c̃1)|−1/8, s1 = −(c̃1/18)1/3s2, s2 = −c̃2/31 (9 · 18−2/3ã1 + c̃1)r

3
2/9},

L3,0
23;7 = {r1 = ∓(−d̃1)1/4r2, s1 = ±(−d̃1)1/4s2, s2 = 4(±d̃1 + (−d̃1)1/4d̃2)(−d̃1)−1/4r32,

r2 = (−2d̃1)
1/8|2d̃1 ± (−d̃1)1/4d̃2|−1/8|d̃1 ± (−d̃1)1/4d̃2|−3/8/2}, L3,0

23;8 = {r1 = −(4d̃2)
1/3r2,

s1 = (d̃2/2)1/3s2, r2 = 211/24d̃
−1/3
2 |ã1 + (4d̃2)

1/3|−1/2/3, s2 = −9 · 2−2/3d̃2/32 (ã1 + (4d̃2)
1/3)r32},

L3,0
23;9 = {r1 = ±(−c̃2/3)1/2r2, s1 = ∓b̃1(−3c̃2)

−1/2s2, r2 = 33/4|c̃2|3/8|b̃1 + c̃2|−1/8(b̃1 − c̃2)−1,
s2 = ∓(b̃1 − c̃2)

2(−3c̃2)
−1/2r32/3}, L3,0

23;10 = {r1 = ±(−3d̃1c̃2)
1/2c̃−12 r2, s1 = 0, r2 =

31/4|c̃2|1/2|d̃1|−1/4|2c̃22 − 9d̃1|−3/8, s2 = ∓d̃1(2c̃22 − 9d̃1)(−3d̃1c̃2)
−1/2c̃−12 r32},

L3,0
24;1 = {r1 = 0, s1 = d̃1d̃

−1
2 s2, r2 = −3−1/6|d̃2|−1/2, s2 = |3d̃2|−1/2}, L3,0

24;2 =

{r1 = c̃
1/3
1 |c̃1|−1/2, s1, r2 = 0, s2 = |c̃1|−1/2}, L3,0

24;3 = {r1 = ã1r2, s1 = |3ã1|−1/2,
r2 = 3−1/6ã

1/3
1 |ã1|−1/2(d̃1 − 2ã41)

−1/3, s2 = 0}, L3,0
24;4 = {r2 = 2(4d̃2)

−1/3r1, r1 = (2/3)7/6

d̃
1/3
2 |d̃2|1/6(21/3d̃1 + 3d̃

4/3
2 )1/3|21/3d̃1 + 3d̃

4/3
2 |−1/2(d̃

4/3
2 − 21/3d̃1)

−1/3, s1 = −(4d̃2)
1/3s2, s2 =

(2/3)3/2|d̃2|1/6|21/3d̃1 + 3d̃
4/3
2 |−1/2}, L

3,0
24;5 = {r1 = η∗r2, s1 = θ∗s2, s2 = |3ã1|−1/2(η∗ − θ∗)−1},

r2 = 3−1/6ã
1/3
1 |ã1|−1/2(η∗ − θ∗)

−1(η∗ − ã1)
−1/3, L3,0

24;6 = {r1 = ∓(−c̃1(3ã1)−1)1/2r2, s1 =

±(−c̃1(3ã1)−1)1/2s2, s2 = |c̃1|−1/2/2, r2 = ∓32/3ã
1/3
1 |c̃1|−1/2(ψ5 ± 3ã1)

−1/3/2}.

Åñòåñòâåííî ñíà÷àëà óïðîñòèòü èñõîäíóþ ñèñòåìó (1.4) ïåðåä ïîèñêîì çàìåí, ñâî-
äÿùèõ åå â âûäåëåííûå êàíîíè÷åñêèå ôîðìû. Äëÿ ýòîãî ìíîæåñòâî ñèñòåì (1.4) ñ R 6= 0
ðàçîáüåì íà òðè íåïåðåñåêàþùèõñÿ êëàññà:

1] d1 6= 0, 2] d1 = 0, a2 6= 0; 3] d1 = a2 = 0.

Ëåììà 3.4. Ëþáàÿ ñèñòåìà (1.4) èç êëàññà k] çàìåíîé Lk ñâîäèòñÿ ê ñèñòåìå

Ã =

(
ã1 b̃1 c̃1 d̃1
1 0 c̃2 d̃2

)
, (3.1)
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â êîòîðîé

1] : b̃1 = −9c1d2 + 9c2d1, c̃1 = 9b1c1d1 + 27b2d
2
1 − 3c31 + 9c21d2 − 18c1c2d1,

d̃1 = c1(27a1d
2
1 − 9b1c1d1 − 27b2d

2
1 + 2c31 − 3c21d2 + 9c1c2d1) + 81a2d

3
1,

ã1 = c1 + 3d2, c̃2 = 9b1d1 − 3c21, d̃2 = 27a1d
2
1 − 9b1c1d1 + 2c31 ïðè d1 6= 0;

2] : b̃1 = −9a1b2 + 9b1a2, c̃1 = 9a1b
2
2 − 18b1a2b2 + 27c1a

2
2 + 9a2b2c2 − 3b32,

ã1 = 3a1 + b2, d̃1 = b2(27a22d2 − 3a1b
2
2 + 9b1a2b2 − 27c1a

2
2 − 9a2b2c2 + 2b32),

c̃2 = 9a2c2 − 3b22, d̃2 = 27a22d2 − 9a2b2c2 + 2b32 ïðè d1 = 0, a2 6= 0;

3] : 3ã1 = (3a1 + b2)r
2
1 + (2b1 + 2c2)r1 + c1 + 3d2,

b̃1 = −a1b2r41 − 2a1c2r
3
1 + (−3a1d2 − b1c2 + b2c1)r

2
1 − 2b1d2r1 − c1d2,

9c̃1 = (3a1b
2
2 − b32)r61 + 3b2c2(3a1 − b2)r51 + ((−3a1 + 3b2)b

2
1 + 3a1b1c2 + 3b22c1+

+(−15a1c1 + 9a1d2 − 3c22)b2 + 9a21c1 + 6a1c
2
2)r

4
1 + (−2b31 + 3b21c2+

+(3a1c1 + 9a1d2 − 6b2d2 + 3c22)b1 − 6a1c1c2 + 9a1c2d2 + 3c2b2d2 − 2c32)r
3
1+

+((−3c1 + 6d2)b
2
1 + 3b1c2d2 + (3c21 − 15c1d2 + 9d22)b2 + (9a1d2 + 3c22)c1 − 3c22d2)r

2
1−

−3b1c1(c1 − 3d2)r1 − c21(c1 − 3d2),

81d̃1 = (−r21b2 + r1(b1 − 2c2) + 2c1 − 3d2)((3a1 − 2b2)r
2
1 + r1(2b1 − c2) + c1)

(b22r
4
1 + b2r

3
1(b1 + c2) + ((−7c1 + 9d2)b2 + 9a1(c1 − d2)− 2b21 + 5b1c2 − 2c22)r

2
1+

+c1r1(b1 + c2) + c21),

3c̃2 = −b22r41 + (−b21 + b1c2 + (c1 + 3d2)b2 + 3a1(c1 − 3d2)− c22)r21+
+(2b1b2 − c2(3a1 + b2))r

3
1 + ((−c1 − 3d2)b1 + 2c1c2)r1 − c21,

27d̃2 = 2b32r
6
1 + (−6b1b

2
2 + (3(3a1 + b2))b2c2)r

5
1 + (6b21b2 − 3c2(2b2 + 3a1)b1+

+(−3c1 + 18d2)b
2
2 + (−9a1c1 − 27a1d2 − 3c22)b2 + 27a21d2 + 18a1c

2
2)r

4
1+

+(−2b31 + 3b21c2 + ((6c1 − 36d2)b2 + 9a1c1 + 27a1d2 + 3c22)b1−
−36((−6c1 − 9d2)b2 + 36a1c1 − 27a1d2 + 2c22)c2)r

3
1 + ((−3c1 + 18d2)b

2
1−

−3(2c1 + 3d2)c2b1 − 3c1(c1 + 3d2)b2 + 18a1c
2
1 + (−27a1d2 + 6c22)c1 + 27a1d

2
2)r

2
1+

+3c1((c1 + 3d2)b1 − 2c1c2)r1 + 2c31 ïðè d1 = a2 = 0.

Òåîðåìà 3.1. Äëÿ ëþáîé CFm,0
i (m = 2, 3) èç ñïèñêà 3.1 óêàçàíû: a) óñëîâèÿ íà

êîýôôèöèåíòû ñèñòåìû (3.1), b) çàìåíà Lm,0i , ïðåîáðàçóþùàÿ (3.1) ïðè óêàçàííûõ
óñëîâèÿõ â CFm,0

i , c) ïîëó÷àåìûå â ðåçóëüòàòå çíà÷åíèÿ ïàðàìåòðîâ èç csm,0i :

CF 2,0
1,κ : a) c̃1 = 0, d̃1 = b̃21/9, c̃2 = b̃1, d̃2 = −ã1b̃1/3, ψ1 > 0, b) L2;1

1 , c) κ = −sign b̃1,

σ = sign(3ã1 + (3ψ1)
1/2);

CF 2,0
10,κ : 1) a) ã1 = 0, b̃1 = 0, c̃1 = 0, c̃2 = 0, d̃2 = 0, b) L2,0

10;1, c) κ = sign d̃1, σ = 1;

2) a) ã1 = 0, c̃1 = −3d̃2, d̃1 = (27d̃22 − b̃31)(9b̃1)−1, c̃2 = −b̃1, ψ2 > 0, b) L2,0
10;2, c) σ = 1,

κ = sign b̃1;

CF 3,0
1 : a) ψ1 ≥ 0, 3η2∗(ã1 − η∗)

2 − 4c̃1η∗ ≥ 0, d̃1 = θ∗η∗(2θ∗η∗ + η∗ã1 + 2θ2∗ − η2∗ −
2θ∗ã1), c̃2 = 3(ã1 − η∗)(θ∗ − η∗) − 3θ2∗, d̃2 = 2θ3∗ + (ã1 − η∗)(η

2
∗ + η∗θ∗ − 2θ2∗), ãäå θ∗ :

3η∗θ
2 − 3η∗(ã1 − η∗)θ + c̃1 = 0, η∗ = (3ã1 ± (3ψ1)

1/2)/6, b) L3,0
1;1, c) σ = sign(ã1 − η∗),

u = (3η∗ + 2θ∗ − 2ã1)(ã1 − η∗)(η∗ + θ∗ − ã1)−2/9;

CF 3,0
2,κ : a) ψ1 ≥ 0, (6η∗− 3ã1)

2− 12(3ã1η∗− 3η2∗ + 2c̃2) ≥ 0, ã1 6= η∗+ θ∗, c̃1 = 3η∗(η∗+

θ∗)(ã1−η∗−θ∗)/2, d̃1 = θ∗η∗(η
2
∗+4η∗θ∗+θ

2
∗−ã1(η∗+θ∗))/2, d2 = ((2η∗+θ∗)(η∗−θ∗)ã1+(η∗+

θ∗)(θ
2
∗+3η∗θ∗−2η2∗))/2, ãäå θ∗ : 3θ2+(6η∗−3ã1)θ+3ã1η∗−3η2∗+2c̃2, η∗ = (3ã1±(3ψ1)

1/2)/6,
b) L3,0

2;1, c) κ = −σ sign(ã1 − 3η∗ − θ∗), σ = sign(ã1 − η∗), u = 3(ã1 − η∗ − θ∗)(ã1 − η∗)−1/2;

CF 3,0
4 : 1) a) b̃1 = 0, c̃1 = 0, d̃1 = 0, c̃2 = 0, b) L3,0

4;1, c) σ = sign ã1, u = d̃2ã
−3
1 ;

2) a) ã1 = (c̃41 − 81d̃31)(27d̃21c̃1)
−1, b̃1 = c̃21d̃

−2
1 /3, c̃2, d̃2 = 0, b) L3,0

4;2, c) σ = sign c̃1, u =
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−81d̃31c̃
−4
1 ;

3) a) ã1 6= η∗ + θ∗, b̃1 = 3η2∗ − 3ã1η∗, d̃1 = η4∗ + (θ∗ − ã1)η3∗ − θ2∗η2∗, d̃2 = η∗θ∗(η∗ + θ∗), ãäå
η∗ : 3η3 − 3ã1η

2 − c̃2η + c̃1, θ∗ = −c̃2η−1∗ /3, b) L3,0
4;3, c) σ = sign(ã1 − η∗), u = η∗(η∗ + θ∗ −

ã1)
2(ã1 − η∗)−3;
CF 3,0

9 : 1) a) ã1 = 0, c̃1 = 0, d̃1 = 0, c̃2 = 0, b) L3,0
9;1, c σ = sign d̃2, u = d̃22b̃

−3
1 ;

2) a) c̃1 = η∗θ∗(ã1−4η∗)+2η2∗(ã1−η∗), d̃1 = (η∗(ã1+2η∗)θ
2
∗−η2∗(2ã1−5η∗)θ∗−2η3∗(ã1−η∗))/3,

d̃2 = ((ã1+2η∗)θ
2
∗+η∗(ã1+2η∗)θ∗−2η2∗(ã1−η∗))/3, ãäå η∗ : 3η3−(3ã21+2b̃1+ c̃2)η−ã1(b̃1− c̃2),

θ∗ = −(η2∗ − ã1η∗ + c̃2)(ã1 + 2η∗)
−1, b) L3,0

9;2, c) σ = sign(ã1 + 2η∗), u = (ã1 + 2η∗)
2(2ã1 −

2η∗ − 3θ∗)(ã1 − η∗)−3/27;
3) a) b̃1 = 0, d̃1 = ã1c̃1/3, c̃2 = 3θ∗(θ∗ − 2ã1)/4, d̃2 = c̃1/3, ãäå θ∗ = −(4c̃1/3)1/3, b) L3,0

9;3, c)
σ = signψ3, u = 16ψ3

3(9ã1 − ψ3)
−3/27;

CF 3,0
15 : 1) a) ã1 = 0, b̃1 = 0, d̃1 = 0, c̃2 = 0, b) L3,0

15;1, c) σ = sign c̃1, u = d̃2c̃
−1
1 ;

2) a) ã1 = c̃22c̃
−1
1 , b̃1 = 2c̃2, d̃1 = 0, d̃2 = 2c̃1/3, b) L

3,0
15;2, c) σ = sign c̃1, u = 2/3;

3) a) ã1 = (c̃21 + c̃32)(c̃1c̃2)
−1, b̃1 = −c̃2, d̃1 = −c̃21c̃−12 /3, d̃2 = −c̃1/3, b) L3,0

15;3, c) σ = sign c̃1,

u = (3c̃21 + 2c̃32)c̃
−3
2 /3;

4) a) (3ã21+2b̃1+2c̃2)
2+12ã21(b̃1−2c̃2) ≥ 0, c̃1 = (ã1−η∗)θ2∗+(ã1−4η∗)η∗θ∗+(ã1−η∗)η2∗, d̃1 =

−((ã1−4η∗)(η∗+θ∗)η∗θ∗+(ã1−η∗)η3∗)/3, d̃2 = ((2ã1+η∗)θ
2
∗−(ã1−4η∗)η∗θ∗−(ã1−η∗)η2∗)/3,

ãäå η∗ : 3ã1η
2 − (3ã21 + 2b̃1 + 2c̃2)η − ã1(b̃1 − 2c̃2), θ∗ = −(b̃1 + c̃2)(3ã1)

−1, b) L3,0
15;4, c)

σ = sign(ã1 − η∗), u = (2ã1 + η∗)(ã1 − η∗)−1/3;
5) a) ã1 = ∓2(−c̃2/3)1/2, c̃1 = ∓31/2(b̃1−c̃2)2(−c̃2)−1/2/12, d̃1 = (b̃21+c̃22)/18, d̃2 = ∓31/2(b̃21+
6b̃1c̃2 + c̃22)(−c̃2)−1/2/36, b) L3,0

15;5, c) σ = ∓1, u = 1/3;

6) a) b̃1 = 0, c̃1 = 3d̃
2/3
2 (2−2/3ã1 − d̃

1/3
2 ), d̃1 = ã1d̃2, c̃2 = −3 · 2−1/3ã1d̃1/32 , b) L3,0

15;6, c)

σ = sign(ã1 + (4d̃2)
1/3), u = (2ã1 − (4d̃2)

1/3)(ã1 + (4d̃2)
1/3)−1/3;

CF 3,0
20 : 1) a) b̃1 6= 0, c̃1 = 3(ã1 − η∗)θ

2
∗ − 3η2∗θ∗, d̃1 = (η∗ − ã1)θ

3
∗ + η2∗θ

2
∗ + η3∗θ∗,

d̃2 = η∗θ∗(η∗ + θ∗), ãäå η∗ = ã1c̃2(b̃1 + c̃2)
−1, θ∗ = −(b̃1 + c̃2)ã

−1
1 /3, b) L3,0

20;1, c) σ = sign ã1,

u = b̃31ã
−2
1 (b̃1 + c̃2)

−2/3;
2) a) b̃1 = 0, c̃1 = 0, c̃2 = 0, d̃2 = 0, d̃1 6= 0, b) L3,0

20;2, c) σ = sign ã1, u = d̃1ã
−4
1 ;

3) a) ã1 = 0, b̃1 = 0, c̃1 = 0, c̃2 = 0, d̃1 6= 0, d̃1 6= 0, b) L3,0
20;3, c) σ = sign d̃2, u = d̃31d̃

−4
2 ;

4) a) d̃2 6= 2ã31, b̃1 = 3(d̃2/2)1/3(2ã1 − (4d̃2)
1/3), c̃1 = 3(ã1(4d̃2)

2/3 − 3d̃2), d̃1 = d̃2(8ã1 −
3(4d̃2)

1/3)/2, c̃2 = 3(4d̃2)
2/3/2, b) L3,0

20;4, c) u = (21/3ã1 − d̃1/32 )3(d̃2/2)1/3ã−41 , σ = sign ã1;

5) a) ã1 = −(3θ2∗ + 2b̃1)(6θ∗)
−1, c̃1 = (b̃1θ

2
∗ − 6d̃1)θ

−1
∗ , c̃2 = −4(b̃1θ

2
∗ − 3d̃1)θ

−2
∗ , d̃2 = 2(b̃1θ

2
∗ −

3d̃1)(3θ∗)
−1, b̃1θ

2
∗ 6= 3d̃1, 4d̃1; 4b̃21 + 18d̃1 ≥ 0, ãäå θ∗ : 3θ4 + 8b̃1θ

2 − 24d̃1, b) L3,0
20;5, c)

σ = sign(b̃1θ
2
∗ − 4d̃1)θ∗, u = −211320(b̃1θ∗ − 3d̃1)θ

6
∗ b̃

3
1(b̃1θ

2
∗ − 4d̃1)

4;

6) a) b̃1 = 3ã
2/3
1 d̃

1/3
1 , c̃1 = 3ã

1/3
1 d̃

2/3
1 , c̃2 = 0, d̃2 = 0, b) L3,0

20;6, c) σ = sign ã1, u = d̃
1/3
1 ã

−4/3
1 ;

CF 3,0
23,κ : 1) a) ã1 = 0, b̃1 = 0, c̃1 = 0, c̃2 6= 0, d̃2 = 0, b) L3,0

23;1, c) σ = 1, κ = sign d̃1,

u = d̃1c̃2|d̃1|−3/2;
2) a) ã1 = 0, b̃1 6= 0, c̃1 = 0, c̃2 = 0, d̃2 = 0, b) L3,0

23;2, c) σ = 1, κ = sign d̃1, u = b̃1|d̃1|−1/2;
3) a) ã1 = −22/3(21/3d̃1 + 3d̃

4/3
2 )d̃−12 , ã1 6= 0, b̃1 = 3 · 22/3(d̃1 + 2d̃

4/3
2 )d̃

−2/3
2 , c̃1 =

3(24/3d̃1 + 5d̃
4/3
2 )d̃

−1/3
2 , c̃2 = −3(3 · 21/3d̃1 + 7d̃

4/3
2 )(2d̃2)

−2/3, b) L3,0
23;3, c) σ = 1, κ = −1,

u = 3 · 2−5/6(21/3d̃1 + 3d̃
4/3
2 )ψ−14 ;

4) a) ã1 = −d̃32d̃−21 , b̃1 = 3d̃22d̃
−1
1 , c̃1 = −3d̃2, c̃2 = −3d̃22d̃

−1
1 /2, d̃2 6= 0, b) L3,0

23;4, c) σ = 1,

κ = sign(2d̃31 − d̃42), u = 3d̃22|4d̃31 − 2d̃42|−1/2;
5) a) d̃1 = (η∗− ã1)θ3∗+(η∗− ã1)η∗θ2∗+(2η∗+ ã1)η

2
∗θ∗/2+ ã1η

3
∗/2, c̃2 = 3ã1(θ∗−η∗)/2−3η∗θ∗,

d̃2 = (η∗ − ã1)θ
2
∗ + (2η∗ + ã1)η∗θ∗/2 + ã1η

2
∗/2, ãäå η∗ = (3ã1θ∗ + b̃1)(3θ∗)

−1, θ∗ : (9ã21 +
6b̃1)θ

3 + (9ã31 + 9ã1b̃1 + 6c̃1)θ
2 + (6ã21b̃1 + 2b̃21), b) L

3,0
23;5, c) σ = 1, κ = sign(η∗− ã1)(ã1 + 2θ∗),

u = 3ã1(ã1 − η∗)|ã1 − η∗|−3/2|2ã1 + 4θ∗|−1/2;
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6) a) ã1 6= 0, b̃1 = 181/3(181/3ã1c̃
1/3
1 + 2c̃

2/3
1 )/6, d̃1 = c̃1(7 · 182/3c̃

1/3
1 − 27ã1)/162,

c̃2 = 182/3c̃
1/3
1 (9ã1 − 2 · 182/3c̃

1/3
1 )/108, d̃2 = (181/3ã1c̃

2/3
1 − 3c̃1)/9, b) L3,0

23;6, c) σ = 1,

κ = −sign(9ã1 + 182/3c̃
1/3
1 )(181/3ã1c̃

2/3
1 − 2c̃1), u = 3 · 182/3ã1c̃

4/3
1 (9ã1 + 182/3c̃

1/3
1 )|c̃1|−1|(9ã1 +

182/3c̃
1/3
1 )3(181/3ã1c̃

2/3
1 − 2c̃1)|−1/2/2;

7) a) ã1 = −d̃2(−d̃1)−1/2, b̃1 = 3(d̃1 ± (−d̃1)1/4d̃2))(−d̃1)−1/2, c̃1 = 0, c̃2 = −b̃1, d̃1 < 0,
b) L3,0

23;7, c) σ = 1, κ = −sign(d̃1 ± (−d̃1)1/4d̃2)(2d̃1 ± (−d̃1)1/4d̃2), u = 3(−d̃1)1/4(±d̃1 +

(−d̃1)1/4d̃2)d̃2|d̃1 ± (−d̃1)1/4d̃2|−3/2|4d̃1 ± 2(−d̃1)1/4d̃2|−1/2;
8) a) ã1 6= 0, b̃1 = −3 · 2−1/3d̃

1/3
2 (ã1 + (4d̃2)

1/3), c̃1 = −3d̃
2/3
2 (21/3ã1 + d̃

1/3
2 ), c̃2 =

3 · 22/3d̃
1/3
2 (3ã1 + 25/3d̃

1/3
2 )/4, d̃1 = −d̃2(ã1 + 3(4d̃2)

1/3)/2, b) L3,0
23;8, c) σ = 1, κ = −1,

u = 3 · 2−1/2ã1(ã1 + (4d̃2)
1/3)−1;

9) a) ã1 = ±2(−c̃2/3)1/2, c̃1 = ±(b̃21 − c̃22)(−3c̃2)
−1/2, d̃1 = −(b̃31 + b̃21c̃2 − 2b̃1c̃

2
2 − c̃32)(9c̃2)−1,

c̃2 < 0, d̃2 = ∓(b̃21 − 2b̃1c̃2 − c̃22)(−3c̃2)
−1/2/3, b) L3,0

23;9, c) σ = 1, κ = −sign c̃2(b̃1 + c̃2),

u = −3|c̃2|3/2c̃−12 |b̃1 + c̃2|−1/2;
10) a) ã1 = ∓2c̃22(−3d̃1c̃2)

−1/2/3, c̃1 = −3d̃2, d̃2 = ±d̃1c̃2(−3d̃1c̃2)
−1/2, d̃1c̃2 < 0, b) L3,0

23;10,

c) σ = 1, κ = −sign(2c̃22 − 9d̃1), u = −3d̃1c̃2(2c̃
2
2 − 9d̃1)|2c̃22 − 9d̃1|−3/2|d̃1|−1;

CF 3,0
24 : 1) a) d̃2 6= 0, ã1 = −d̃32d̃−21 , b̃1 = 3d̃22d̃

−1
1 , c̃1 = −3d̃2, c̃2 = −3d̃22d̃

−1
1 , b) L3,0

24;1, c)

σ = −sign d̃2, u = 9−2/3(d̃31 − 2d̃42)d̃
−4
2 ;

2) a) ã1 = 0, b̃1 = 0, d̃1 6= 0, c̃2 = 0, d̃2 = 0, b) L3,0
24;2, c) σ = sign c̃1, u = d̃1c̃

−4/3
1 ;

3) a) b̃1 = 0, c̃1 = −3ã31, c̃2 = −3ã21, d̃2 = 2ã31, b) L3,0
24;3, c) σ = sign ã1, u =

(d̃1 − 2ã41)
1/3(3ã1)

−4/3;

4) a) ã1 = (2d̃1 + 3 · 41/3d̃
4/3
2 )(8d̃2)

−1, b̃1 = 3 · 2−5/3(21/3d̃1 − d̃
4/3
2 )d̃

−2/3
2 , c̃1 = 24(21/3d̃1 −

5d̃
4/3
2 )d̃

−1/3
2 , c̃2 = −3 · 2−8/3(3 · 21/3d̃1 + d̃

4/3
2 )d̃

−2/3
2 , d̃1 6= 2−1/3d̃

4/3
2 , b) L3,0

24;4, c) σ =

sign d̃2(2
1/3d̃1 + 3d̃

4/3
2 ), u = −2 · 3−4/3(21/3d̃1 − d̃4/32 )4/3(21/3d̃1 + 3d̃

4/3
2 )−4/3;

5) a) c̃1 = 3(ã1 − η∗)(η∗ + θ∗)θ∗ − 3ã1η
2
∗, d̃1 = (η∗ − ã1)(η

2
∗ + η∗θ∗ + θ2∗)θ∗ + 2ã1η

3
∗,

d̃2 = (η∗ − ã1)(η∗ + θ∗)θ∗ + 2ã1η
2
∗, ãäå η∗ = −(b̃1 + c̃2)(3ã1)

−1, θ∗ = −ã1b̃1(3ã21 + b̃1 + c̃2)
−1,

b) L3,0
24;5, c) σ = sign ã1, u = 3−4/3(η∗ − ã1)1/3(2ã1 + θ∗)

−2/3ã
−4/3
1 ;

6) a) b̃1 = c̃1ã
−1
1 ∓ ψ5ã1, d̃1 = c̃1(±3ψ5ã

2
1 − c̃1)ã−21 /9, c̃2 = ±2ψ5ã1 − c̃1ã−11 , d̃2 = −2c̃1/3,

ã1c̃1 < 0, b) L3,0
24;6, c) CF

3,0
24 ñ σ = −sign c̃1, u = −3−5/3(2ψ5ã

2
1 − c̃1)(ψ5 + 3ã1)

1/3ã
−7/3
1 ψ−15 ;

Â ðåçóëüòàòå äëÿ ëþáîé ñèñòåìû (1.4) ñ R 6= 0, èñïîëüçóÿ ëåììó 3.4 è òåîðåìó 3.1,
ìîæíî óñòàíîâèòü ýêâèâàëåíòíà ëè îíà êàêîé-ëèáî CFm,0

i (m = 2, 3) èç ñïèñêà 3.1 è
â ñëó÷àå ïîëîæèòåëüíîãî îòâåòà óêàçàòü êîìïîçèöèþ çàìåí, ñâîäÿùóþ åå ê ëèíåéíî
ýêâèâàëåíòíîé CFm,0

i , à òàêæå êîíêðåòíûå çíà÷åíèÿ ïàðàìåòðîâ èç csm,0i .

4. Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ

îäíîðîäíûõ êóáè÷åñêèõ ñèñòåì ñ l = 0.

4.1. Îïèñàíèå ìåòîäà ïîëó÷åíèÿ òîïîëîãè÷åñêîé êëàññèôèêàöèè.

Â êà÷åñòâå äîïîëíåíèÿ ê ïðîâåäåííîé êëàññèôèêàöèè ñèñòåì (1.4) ïðåäëàãàåò-
ñÿ ïðîâåñòè òîïîëîãè÷åñêóþ êëàññèôèêàöèþ ñèñòåì, ñîîòâåòñòâóþùèõ êàíîíè÷åñêèì
ôîðìàì èç ñïèñêà 3.1 ñ äâóìÿ è òðåìÿ íåíóëåâûìè ýëåìåíòàìè (m = 2, 3).

Ðàññìîòðèì ñèñòåìó (1.4) ñ âçàèìíî ïðîñòûìè ìíîãî÷ëåíàìè â ïðàâîé ÷àñòè, ò. å.
ñ l = 0 :

ẋ1 = P1(x1, x2), ẋ2 = P2(x1, x2) (R(P1, P2) 6= 0), (4.1)

Îïðåäåëÿòü ôàçîâûé ïîðòðåò ñèñòåìû (4.1) áóäåì ñ ïîìîùüþ ïðîåêöèè ïëîñêîñòè
íà ñôåðó Ïóàíêàðå, ò. å. íà ñôåðó åäèíè÷íîãî ðàäèóñà, êàñàþùóþñÿ ïëîñêîñòè x1, x2 â
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íóëå (ïîäðîáíåå ñì. [7, � 13]). Êàæäîé òî÷êå ïëîñêîñòè ñîïîñòàâëÿþòñÿ äâå òî÷êè ñôåðû,
ëåæàùèå íà ïðÿìîé, ïðîõîäÿùåé ÷åðåç äàííóþ òî÷êó è öåíòð ñôåðû (òî÷êåM ñîîòâåò-
ñòâóþòM1, M2 íà ðèñ. 1). Áóäåì îòîæäåñòâëÿòü äèàìåòðàëüíî ïðîòèâîïîëîæíûå òî÷êè
ñôåðû. Îðòîãîíàëüíàÿ ïðîåêöèÿ íèæíåé ïîëóñôåðû íà ïëîñêîñòü x1, x2 äàåò óäîáíóþ
äëÿ ðàññìîòðåíèÿ ìîäåëü ñèñòåìû (4.1) â åäèíè÷íîì êðóãå, êîòîðûé áóäåì íàçûâàòü
êðóãîì Ïóàíêàðå.

Ïðåîáðàçîâàíèå
x1 = 1/z, x2 = y/z (4.2)

ïîçâîëÿåò èññëåäîâàòü ñèñòåìó â îêðåñòíîñòè ýêâàòîðà. Ïåðåìåííûå y, z ñîîòâåòñòâóþò
ïðÿìîóãîëüíûì êîîðäèíàòàì â ïëîñêîñòè γ (ñì. ðèñ. 1), êàñàþùåéñÿ ñôåðû è ïåðïåí-
äèêóëÿðíîé îñè x1. Ïðè ýòîì îñü y ïàðàëëåëüíà îñè x2. Ïðåîáðàçîâàíèå (4.2) ÿâëÿåòñÿ
ïðîåêöèåé òî÷åê ñôåðû, îòíîñèòåëüíî åå öåíòðà, íà ïëîñêîñòü γ. Çàìåòèì, ÷òî (4.2)
íå îïðåäåëåíî äëÿ òî÷åê ýêâàòîðà, ñîîòâåòñòâóþùèì êîíöàì îñè x2, äëÿ èõ èçó÷åíèÿ
íóæíî ïîëîæèòü x1 = y/z, x2 = 1/z.

Çàìåíà (4.2) ïðèâîäèò ñèñòåìó (4.1) ê âèäó

ẏ = (P2(1, y)− yP1(1, y))z−2, ż = −P1(1, y)z−1. (4.3)

Ââîäÿ íîâûé ïàðàìåòð âðåìåíè dτ = dt/z2, ïîëó÷àåì ñèñòåìó (4.3) â âèäå

dy/dτ = P2(1, y)− yP1(1, y), dz/dτ = −zP1(1, y), (4.4)

ãäå ïðàâûå ÷àñòè îïðåäåëåíû íà ýêâàòîðå ïðè z = 0. Îñîáûå òî÷êè íà ýêâàòîðå íàõîäÿò-
ñÿ èç óðàâíåíèÿ P2(1, y)−yP1(1, y) = 0. Ïîñëåäóþùèå óòâåðæäåíèÿ ïîçâîëÿò óñòàíîâèòü
âèä ôàçîâîãî ïîðòðåòà ñèñòåì (4.1) è (4.4).

x1

γ

x2 z

yM1

M

M2

C

Ðèñ. 1.

Óòâåðæäåíèå 4.1. Âåùåñòâåííûå ëèíåéíûå ìíîæèòåëè îäíîðîäíîãî ìíîãî÷ëåíà
F (x1, x2) = x1P2(x1, x2)− x2P1(x1, x2) ÿâëÿþòñÿ èíòåãðàëàìè ñèñòåìû.

Äîêàçàòåëüñòâî. Ïóñòü ëèíåéíûé ìíîæèòåëü ìîæíî ïðåäñòàâèòü â âèäå x2 −
kx1 = 0, èíà÷å ñëó÷àé x1 − kx2 = 0 ðàññìàòðèâàåòñÿ àíàëîãè÷íî. Òîãäà F (x1, kx1) =
x1P2(x1, kx1)−kx1P1(x1, kx1) = x41(P2(1, k)−kP1(1, k)) ≡ 0. Â ñâîþ î÷åðåäü, ïðîèçâîäíàÿ
â ñèëó ñèñòåìû ẋ2 − kẋ1 = P2(x1, kx1)− kP1(x1, kx1) = x31(P2(1, k)− kP1(1, k)) ≡ 0. �

Ñëåäñòâèå 4.1. Îòêðûòûå ëó÷è èç íóëÿ âäîëü íàïðàâëåíèé, ñîîòâåòñòâóþùèõ
âåùåñòâåííûì ìíîæèòåëÿì F (x1, x2), ÿâëÿþòñÿ òðàåêòîðèÿìè ñèñòåìû. Äàëåå áó-
äåì íàçûâàòü èõ èíâàðèàíòíûìè ëó÷àìè.
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Çàìå÷àíèå 4.1. Âåùåñòâåííûå ëèíåéíûå ìíîæèòåëè ìíîãî÷ëåíà F (x1, x2) ÿâëÿ-
þòñÿ íàïðàâëåíèÿìè, âäîëü êîòîðûõ òðàåêòîðèè ìîãóò ñòðåìèòüñÿ ê ñîñòîÿíèþ ðàâíî-
âåñèÿ â íóëå (ñì. [7, � 20]).

Çàìå÷àíèå 4.2. Îñîáûå òî÷êè íà ýêâàòîðå è èíâàðèàíòíûå ëó÷è ñîîòâåòñòâóþò
êîðíÿì îäíîãî è òîãî æå îäíîðîäíîãî ïîëèíîìà F (x1, x2). Êàæäîé ïàðå äèàìåòðàëüíî
ïðîòèâîïîëîæíûõ îñîáûõ òî÷åê ñîîòâåòñòâóåò ñòðåìÿùàÿñÿ ê íèì ïàðà èíâàðèàíòíûõ
ëó÷åé, è íàîáîðîò.

Óòâåðæäåíèå 4.2. Îñîáûå òî÷êè íà ýêâàòîðå ÿâëÿþòñÿ óçëàìè, ñåäëàìè èëè
ñåäëî-óçëàìè.

Äîêàçàòåëüñòâî. Ïóñòü (y0, 0) � îñîáàÿ òî÷êà, òîãäà P2(1, y0) − y0P1(1, y0) = 0.
Ìàòðèöà ëèíåéíîé ÷àñòè ñèñòåìû (4.4) â òî÷êå (y0, 0) èìååò âèä d

dy
(F (1, y))(y0) 0

0 −P1(1, y0)

 . (4.5)

Çàìåòèì, ÷òî åñëè P1(1, y0) = 0, òîãäà è P2(1, y0) = 0, íî ìíîãî÷ëåíû P1 è P2 âçàèìíî
ïðîñòû. Ïîýòîìó P1(1, y0) 6= 0, è ó ìàòðèöû åñòü õîòÿ áû îäíî íåíóëåâîå ñîáñòâåííîå
÷èñëî (ñì. [7, �21]). �

Óòâåðæäåíèå 4.3. Óêàçàíèå òèïà îñîáûõ òî÷åê íà ýêâàòîðå â ñåêòîðå, îáðà-
çîâàííîì äâóìÿ ïîñëåäîâàòåëüíûìè èíâàðèàíòíûìè ëó÷àìè, îïðåäåëÿåò ïðåäåëüíûå
ìíîæåñòâà òðàåêòîðèé â äàííîì ñåêòîðå.

Äîêàçàòåëüñòâî. Òàê êàê âíóòðè ñåêòîðà íåò èíâàðèàíòíûõ ëó÷åé, ïðîèçâîëü-
íàÿ òðàåêòîðèÿ ϕ(t) â ñåêòîðå ïåðåñåêàåò âñå ëó÷è èç íóëÿ. Â ñèëó îäíîðîäíîñòè ëþáóþ
òðàåêòîðèþ ìîæíî ïðåäñòàâèòü â âèäå λϕ(t) (λ > 0), ïîýòîìó ïðåäåëüíûå ìíîæåñòâà
ñîâïàäàþò äëÿ âñåõ òðàåêòîðèé â ñåêòîðå. Îñîáûå òî÷êè ýêâàòîðà ëîêàëüíî âî âíóò-
ðåííîñòè ñåêòîðà èìåþò õàðàêòåð èëè óçëà, èëè ñåäëà. Äâà ñåäëà îïðåäåëÿþò ýëëèï-
òè÷åñêèé ñåêòîð â íóëå, äâà óçëà � ãèïåðáîëè÷åñêèé, óçåë è ñåäëî � ïàðàáîëè÷åñêèé
(ðèñ. 2). �

0 S

S

0 N

N

Ðèñ. 2.
0 N

S

Óòâåðæäåíèå 4.4. Ïóñòü y0 � êîðåíü F (1, y) ïåðâîé êðàòíîñòè. Îñîáàÿ òî÷êà
(y0, 0) íà ýêâàòîðå â ñèñòåìå (4.4) ÿâëÿåòñÿ óçëîì, åñëè ôóíêöèÿ

P2(1, y)− yP1(1, y)

P1(1, y)

ìåíÿåò çíàê, ïðîõîäÿ ÷åðåç ýòó òî÷êó ïðè âîçðàñòàíèè y, ñ ïëþñà íà ìèíóñ, è ñåäëîì,
åñëè ñ ìèíóñà íà ïëþñ.

Äîêàçàòåëüñòâî. Êàê ïîêàçàíî â óòâåðæäåíèè 4.2, P1(1, y0) 6= 0, ïîýòîìó ñóùå-
ñòâóåò îêðåñòíîñòü òî÷êè y0, â êîòîðîé P1(1, y) 6= 0 è ó ìíîãî÷ëåíà P2(1, y)−yP1(1, y) íåò
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êîðíåé îòëè÷íûõ îò y0. ×èñëèòåëü óêàçàííîé ôóíêöèè ñìåíèò çíàê ïðè ïðîõîæäåíèè
òî÷êè y0 êàê êîðíÿ ïåðâîé êðàòíîñòè, à çíàê çíàìåíàòåëÿ ôèêñèðîâàí. Îñòàëîñü ëèøü
çàìåòèòü, ÷òî çíàê çíàìåíàòåëÿ P1(1, y) â äàííîé îêðåñòíîñòè óêàçûâàåò íàïðàâëåíèå
òðàåêòîðèé íà ñîîòâåòñòâóþùèõ èíâàðèàíòíûõ ëó÷àõ â ñèñòåìå (4.4): ïðè P1(1, y) > 0
òðàåêòîðèè ñòðåìÿòñÿ ê (y0, 0) ïðè τ → +∞, à â ñëó÷àå P1(1, y) < 0 � ïðè τ → −∞.
×èñëèòåëü ïîëîæèòåëåí èëè îòðèöàòåëåí, êîãäà òðàåêòîðèÿ íà ýêâàòîðå â ñîîòâåòñòâó-
þùåé òî÷êå íàïðàâëåíà âäîëü îñè y èëè ïðîòèâ íåå. Âû÷èñëåíèå èòîãîâîãî çíàêà äðîáè
äëÿ ñåäëîâîé è óçëîâîé îñîáûõ òî÷åê äîêàçûâàåò óòâåðæäåíèå. �

Óòâåðæäåíèå 4.5. Ïóñòü ó ìíîãî÷ëåíà F (x1, x2) = x1P2(x1, x2)−x2P1(x1, x2) íåò
âåùåñòâåííûõ êîðíåé, è

I =

∞∫
−∞

P1(1, y)

P2(1, y)− P1(1, y)y
dy.

òîãäà ñîîòâåòñòâóþùàÿ ñèñòåìà ÿâëÿåòñÿ ãëîáàëüíûì öåíòðîì, åñëè I = 0, èëè
ôîêóñîì ïðè I 6= 0.

Äîêàçàòåëüñòâî. Ïðîâåäåì ïîëÿðíóþ çàìåíó x1 = r cos θ, x2 = r sin θ â ñèñòåìå
(4.1). Òàê êàê ó ìíîãî÷ëåíà F íåò âåùåñòâåííûõ êîðíåé, θ̇ 6= 0. Ïîýòîìó ïîñëå óïðîùå-
íèé ïîëó÷àåì óðàâíåíèå

dr

dθ
= rS(θ) = r

P1(cos θ, sin θ) cos θ + P2(cos θ, sin θ) sin θ

P2(cos θ, sin θ) cos θ − P1(cos θ, sin θ) sin θ
.

Îáîçíà÷èì çà ϕ(θ, x) ðåøåíèå çàäà÷è Êîøè ϕ(0, x) = x, (x 6= 0). Òðàåêòîðèè ñèñòåìû
íå èìåþò ïðåäåëüíûõ íàïðàâëåíèé íè â íóëå, íè íà áåñêîíå÷íîñòè, òî åñòü îïðåäåëåíû
íà âñåé îñè θ. Ïîäñòàâëÿÿ ϕ â óðàâíåíèå è ðåøàÿ åãî, ïîëó÷àåì

dϕ

dθ
= ϕ(θ, x)S(θ), ϕ(θ, x) = c(x)e

θ∫
0

S(θ) dθ
,

ϕ(0, x) = x ⇒ c(x) = x ⇒ ϕ(θ, x) = x e

θ∫
0

S(θ) dθ
.

Òåïåðü âûïèøåì íåîáõîäèìîå óñëîâèå çàìêíóòîñòè òðàåêòîðèè:

ϕ(2π, x)− ϕ(0, x) = 0⇔ x(e

2π∫
0

S(θ) dθ
− 1) = 0⇔

2π∫
0

S(θ) dθ = 0;

2π∫
0

S(θ) dθ =
2π∫
0

P1(cos θ, sin θ) cos θ + P2(cos θ, sin θ) sin θ

P2(cos θ, sin θ) cos θ − P1(cos θ, sin θ) sin θ
dθ =

= 2
π/2∫
−π/2

P1(1, tg θ) + P2(1, tg θ) tg θ

P2(1, tg θ)− P1(1, tg θ) tg θ
dθ

y=tg θ
= 2

∞∫
−∞

P1(1, y) + P2(1, y)y

(1 + y2)(P2(1, y)− P1(1, y)y)
dy =

= 2
∞∫
−∞

y

1 + y2
dy + 2

∞∫
−∞

P1(1, y)

P2(1, y)− P1(1, y)y
dy = 2

∞∫
−∞

P1(1, y)

P2(1, y)− P1(1, y)y
dy.

Ïîëó÷åííîå óñëîâèå íå çàâèñèò îò âûáîðà íà÷àëüíûõ äàííûõ, ïîýòîìó I = 0 îçíà-
÷àåò çàìêíóòîñòü âñåõ òðàåêòîðèé ñèñòåìû, ïîìèìî îñîáîé òî÷êè â íóëå, à I 6= 0 �
îòñóòñòâèå çàìêíóòûõ òðàåêòîðèé. �

Â èòîãå, äëÿ îïðåäåëåíèÿ ôàçîâîãî ïîðòðåòà êàêîé-ëèáî ñèñòåìû (4.1) ñ êàíîíè÷å-
ñêîé ôîðìîé â ïðàâîé ÷àñòè ïðåäïðèíèìàþòñÿ ñëåäóþùèå äåéñòâèÿ.

1. Â ïåðâóþ î÷åðåäü, ïðîâîäÿòñÿ çàìåíû x1 = 1/z, x2 = y/z è x1 = y/z, x2 = 1/z.
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2. Èçó÷àþòñÿ êîðíè ìíîãî÷ëåíîâ P2(1, y)−P1(1, y)y è P1(y, 1)−P2(y, 1)y, ÷òîáû îïðå-
äåëèòü âñå âåùåñòâåííûå ëèíåéíûå ìíîæèòåëè F (x1, x2) = x1P2(x1, x2)− x2P1(x1, x2).

3. Åñëè âåùåñòâåííûõ êîðíåé íåò, ñ ïîìîùüþ óòâåðæäåíèÿ 4.5 óñòàíàâëèâàåòñÿ,
ÿâëÿåòñÿ ñèñòåìà ãëîáàëüíûì öåíòðîì èëè ôîêóñîì.

4. Â ñëó÷àå èõ íàëè÷èÿ, åñëè êîðíè âûïèñûâàþòñÿ â ðàäèêàëàõ áåç êîìïëåêñíî-
çíà÷íûõ âûðàæåíèé, òî íåçàâèñèìî îò èõ êðàòíîñòè òèï îñîáûõ òî÷åê îïðåäåëÿåòñÿ èç
ìàòðèöû (4.5).

5. Åñëè âûðàæåíèÿ äëÿ êîðíåé íå ïîçâîëÿþò îïðåäåëèòü çíàê ñîáñòâåííûõ ÷è-
ñåë ìàòðèöû (4.5), òî òèï ñîîòâåòñòâóþùèõ îñîáûõ òî÷åê óñòàíàâëèâàåòñÿ ñ ïîìîùüþ
óòâåðæäåíèÿ 4.4 ïóòåì ïîñòðîåíèÿ ðÿäà Øòóðìà äëÿ ìíîãî÷ëåíà P2(1, y) − P1(1, y).
Ïðè ýòîì, ñëó÷àè íàëè÷èÿ ó íåãî êðàòíûõ êîðíåé ðàçáèðàþòñÿ îòäåëüíî ïî ïóíêòó 4.

4.2. Ôàçîâûå ïîðòðåòû ñèñòåì ñ êàæäîé èç CFm,0 ïðè m = 2,3.

Â ñèëó óòâåðæäåíèÿ 4.3 ôàçîâûé ïîðòðåò ñèñòåìû (4.1) áóäåì îòîæäåñòâëÿòü ñ
ïîñëåäîâàòåëüíîñòüþ òèïîâ îñîáûõ òî÷åê íà ýêâàòîðå â âåðõíåé ïîëóïëîñêîñòè x2 ≥ 0
ïðè îáõîäå ïðîòèâ ÷àñîâîé ñòðåëêè: N � óçåë, S � ñåäëî, NS � ñåäëî-óçåë, SN � óçåë-
ñåäëî. Ïðè îòñóòñòâèè îñîáûõ òî÷åê îáîçíà÷èì ôîêóñ è öåíòð çà F è C ñîîòâåòñòâåííî.

Äâà ôàçîâûõ ïîðòðåòà áóäåì íàçûâàòü òîæäåñòâåííûìè, åñëè ìåæäó íèìè ñóùå-
ñòâóåò ãîìåîìîðôèçì, ïåðåâîäÿùèé òðàåêòîðèè â òðàåêòîðèè.

Òåîðåìà 4.1. Ñèñòåìû (4.1), ñîîòâåòñòâóþùèå êàíîíè÷åñêèì ôîðìàì ñ m = 2, 3
èç ñïèñêà 3.1 èìåþò ñëåäóþùèå ôàçîâûå ïîðòðåòû â êðóãå Ïóàíêàðå ïðè óêàçàííûõ
çíà÷åíèÿõ ïàðàìåòðîâ. Â ñêîáêàõ óêàçàíû òîæäåñòâåííûå èì ïîðòðåòû íà ðèñóíêàõ
íèæå.

CF 2,0
1,κ = σ

(
κ 0 0 0

0 0 0 1

)
: (1) N S N S; CF 2,0

10,κ = σ

(
0 0 0 κ

1 0 0 0

)
:
(6) N N ïðè κ = 1,

(12) C ïðè κ = −1;

CF 3,0
1 = σ

(
u 1 0 0

0 0 0 1

)
:
(6) N N ïðè u < −1/4, (4) N NS N ïðè u = −1/4,
(2) N N S N ïðè − 1/4 < u < 0, (1) N S N S ïðè u > 0;

CF 3,0
2,κ = σ

(
κ 0 u 0

0 0 0 1

)
:
(1) N S N S ïðè κ = 1, u < 1, (7) N S ïðè κ = 1, u ≥ 1,

(6) N N ïðè κ = −1, u ≤ 1, (2) N N S N ïðè κ = −1, u > 1;

CF 3,0
4 = σ

(
u 0 0 1

0 0 0 1

)
:
(6) N N ïðè u < 0, (1) N S N S ïðè 0 < u < 4/27,

(5) N SN S ïðè u = 4/27, (7) N S ïðè u > 4/27;

CF 3,0
9 = σ

(
1 0 0 u

0 0 1 0

)
:
(7) N S ïðè u < 0, (2) N S N N ïðè 0 < u < 4/27,

(4) N SN N ïðè u = 4/27, (6) N N ïðè u > 4/27;

CF 3,0
15 = σ

(
u 0 0 1

0 1 0 0

)
:
(6) N N ïðè u < 0, (7) S N ïðè 0 < u < 1,

(10) SN ïðè u = 1, (7) N S ïðè u > 1;

CF 3,0
20 = σ

(
1 0 0 u

1 0 0 0

)
:
(11) F ïðè u < −27/256, (10) NS ïðè u = −27/256,
(7) N S ïðè − 27/256 < u < 0, (6) N N ïðè u > 0;

CF 3,0
23,κ = σ

(
0 u 0 κ

1 0 0 0

)
:
(6) N N ïðè κ = 1, (12) C ïðè κ = −1, u < 2,

(9) NS SN ïðè κ = −1, u = 2, (3) N S S N ïðè κ = −1, u > 2;

CF 3,0
24 = σ

(
0 0 1 u

1 0 0 0

)
:
(11) F ïðè u < −3/44/3, (10) NS ïðè u = −3/44/3,
(7) N S ïðè κ = −1, −3/44/3 < u < 0, (6) N N ïðè u > 0.
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S

7. S

S

8.

NS

SN

9.

SN

10.

F

11.

C

12.

5. Çàêëþ÷åíèå.

Òàêèì îáðàçîì, ïîëíîñòüþ ðåøåíû âñå ïîñòàâëåííûå â [1] çàäà÷è êëàññèôèêàöèè äëÿ
ñëó÷àÿ l = 1 : â ñïèñêå 2.1 ïðåäñòàâëåíû âñå êàíîíè÷åñêèå ôîðìû ñî ñâîèìè êàíîíè÷å-
ñêèìè ìíîæåñòâàìè çíà÷åíèé ïàðàìåòðîâ, â òåîðåìå 2.2 äëÿ êàæäîé èç êàíîíè÷åñêèõ
ôîðì äàíû óñëîâèÿ íà êîýôôèöèåíòû èñõîäíîé ñèñòåìû, çàìåíû, ñâîäÿùèå ñèñòåìó â
ñîîòâåòñòâóþùóþ ôîðìó, ïîëó÷àåìûå çíà÷åíèÿ êîýôôèöèåíòîâ ôîðìû.

Äëÿ ñèñòåì (1.1) ñ l = 0 çàäà÷à ðåøåíà ÷àñòè÷íî: â ñïèñêå 3.1 ïðåäñòàâëåíû êàíî-
íè÷åñêèå ôîðìû ñ m ≤ 4 ñî ñâîèìè êàíîíè÷åñêèìè ìíîæåñòâàìè çíà÷åíèé ïàðàìåòðîâ,
â ëåììå 3.4 è òåîðåìå 3.1 äëÿ êàíîíè÷åñêèõ ôîðì ñ m ≤ 3 ñîäåðæàòñÿ óñëîâèÿ íà êî-
ýôôèöèåíòû èñõîäíîé ñèñòåìû, çàìåíû, ñâîäÿùèå ñèñòåìó â ñîîòâåòñòâóþùóþ ôîðìó,
ïîëó÷àåìûå çíà÷åíèÿ êîýôôèöèåíòîâ ôîðìû. Äëÿ êàíîíè÷åñêèõ ôîðì ñ m ≤ 3 òàê-
æå ïîëó÷åíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ â êðóãå Ïóàíêàðå äëÿ âñåõ âîçìîæíûõ
çíà÷åíèé ïàðàìåòðîâ.

Â çàâåðøåíèå, îòìåòèì ðàáîòû ïî òîïîëîãè÷åñêîé êëàññèôèêàöèè îäíîðîäíûõ ïî-
ëèíîìèàëüíûõ ñèñòåì ñ èñïîëüçîâàíèåì ïðîåêöèè íà ñôåðó Ïóàíêàðå.

Â ðàáîòå [8] ìíîæåñòâî ñèñòåì (4.1) ðàçáèòî íà äåñÿòü ëèíåéíî íåýêâèâàëåíòíûõ
êëàññîâ ñ ÿâíî âûïèñàííûìè îáðàçóþùèìè, ïîñëå ÷åãî äëÿ ïðåäñòàâèòåëåé êàæäîãî èç
êëàññîâ ïðè l = 0 íàéäåíû âñå âîçìîæíûå ôàçîâûå ïîðòðåòû â êðóãå Ïóàíêàðå. Òàêæå
â íåé ïðèâåäåí îáùèé ñïèñîê âñåõ ôàçîâûõ ïîðòðåòîâ îäíîðîäíûõ êóáè÷åñêèõ ñèñòåì.

Â [9] ïðîâåäåíà êëàññèôèêàöèÿ è ïîëó÷åíû ôàçîâûå ïîðòðåòû â êðóãå Ïóàíêàðå
äâóìåðíûõ êâàäðàòè÷íî-êóáè÷åñêèõ îäíîðîäíûõ ñèñòåì, íå èìåþùèõ îáùåãî ìíîæè-
òåëÿ.
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