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1 Introduction

Definition 1.1 ([CR79])

Proof system for a language L C {0, 1}* is a polynomial-time computable function

IT: : {0,1}* x {0,1}* — {0, 1} such that:
1. If z € L, then there exists y € {0, 1}* such that II(z, y) = 1.

2. If there exists y € {0, 1}* such that II(z,y) = 1 then x € L.

Propositional proof complexity theory studies proof systems for UNSAT, the language of
unsatisfiable propositional formulas. Studying lower bounds on size of such proofs is closely
related to the question whether NP and coNP coincide or not. Non-equivalence of those
classes would be equivalent to existence of hard formulas for any propositional proof system
— that is, formulas which do not have short, polynomial-size proofs.

There exists so-called Cook’s program, which proposes to prove superpolynomial lower
bounds for stronger and stronger proof systems until the techniques are developed to do it in
a general case. Currently there exist lower bounds only for some specific proof systems.

For many proof systems, the proofs describe the runs of specific classes of SAT-solving al-
gorithms. Which means that lower bounds of the size of proofs give us lower bounds on run-
ning time of SAT- solvers, as well as some other algorithms. For example, Resolution describes
DPLL algorithms [DLL62; Gol79], Cutting Planes corresponds to combinatorial optimization
[Gom58; Gom60; Gom63], Nullstellensatz and Polynomial Calculus are related to calculating
Grobner basis [CEI96; Bus+97]. For all those systems there are known lower bounds. The
majority of theorem-proving systems is based on propositional proofs as well.

Proofs of unsatisfiability of a formula are closely connected to a certain search relation:
given an assignment, it is required to find an unsatisfied clause. Formally it is defined in the
following way:

_l Definition 1.2 !

An unsatisfied clause search problem Search,, for an unsatisfiable CNF formula ¢ :=

/\ C; on n variables is defined as follows:
iel

input: an n-variable assignment z € {0,1}";

output: an element ¢ € I such that clause C; of ¢ is falsified by z.

Informally speaking, we may think that if we can solve the Search,, problem in some
computational model €, then the description of C' € € that solves Search,, is a “certificate of
unsatisfiability” of a formula (. So we may think of this model as a proof system.

We study a computational model named branching programs. A proof system based on



this model could be defined in a way described above [Kno17]. Regular Resolution, which is
the restriction of general Resolution, is, in those terms, equivalent to a read-once branching
program that searches for an unsatisfied clause [Lov+95].

Branching program is a computational model that is described by a directed acyclic graph.
In each vertex a variable is queried, and we proceed along one of the outgoing edges depending
on its value. A total assignment corresponds to a path from source to one of the sinks (a

computation path), and in the sink a value of a function is written. Let us state the formal

definition.
_| Definition 1.3 !
Let X := {z,..., 2, } be a set of propositional variables and ¢ be a finite set.

A branching program for a relation S C {0,1}" x O is a directed acyclic graph
with one source. Every sink of the graph is labeled with o € O, every inner vertex is
labeled with z; € X and it has exactly two outgoing edges labeled by 0 and 1.

Every total assignment p: X — {0,1}" to X variables induces a path in a branch-
ing program in the following way. We start in the root of the program. If the current
vertex is labeled with variable x,;, we proceed along the edge p(z;).

Let o € O be the label in the sink we ended up in. We require the following property:
(p(x1)7 ) p(wn>7 0) €5.

This is one of the most fundamental models in theoretical computer science: it captures
the space complexity of many versions of restricted and unrestricted Turing machine etc. The
read-once version queries each bit only once on every path. This model corresponds to the
eraser Turing machines. Exponential lower bounds for this model were proven in [Weg88;
7.4k86].

The connection between regular Resolution and branching programs makes it interesting
to consider some less restricted models of branching programs in application to the Search,,
problems. Some of these models were considered in [Knol7]. In this paper we focus on
(1, +k)-BPs (branching programs with bounded repetitions).

It is a natural generalization of read-once branching programs that was described in
[Sie9q]. In this model, we allow our branching programs to requery variables, but on each
computation only k input bits may be queried more than one time. There are two natural

points of view on this model:
syntactic: if we apply the restriction on every path;
semantic: if we apply the restriction on consistent paths

(for formal definition see section R.1)). The semantic version is more powerful and may capture

strong Turing machine models (for details see [JR98]).



Exponential lower bounds on (1, +k)-BP were shown in [SZ97; Sie96; SW94; JR98] for
various parameters k. Lower bounds from [JR98] hold for k = (2 (@) and the lower bound
from [Juk08] holds even for £k = (n), where n is the number of input bits. We refer the
reader to the books [Juk12; Weg00] with the detailed description of results related to branching
programs.

Described lower bounds for (1, +k)-BP are given for “complicated” functions (usually it is
characteristic functions of an error-correcting code with additional properties). In particular,
these functions are complicated in terms of the certificate complexity, which is not true for
Search,, relation, so the usual techniques do not work in this case. Despite the success in
proving lower bounds on the Resolution (and hence read-once programs) the lower bounds
for (1, +k)-BP on the Search,, are an open question even for k = 1.

Apart from small certificate complexity, there arises another issue in proving lower
bounds on Search,,. It is that (1, +k)-BP is much stronger than general Resolution on some
classes of formulas [Kno17] even for small constant k and syntactic model. This is a crucial
observation and it means that we cannot directly apply general techniques for proving lower
bounds in proof complexity like [BW01; AR03] etc., since these techniques cannot distinguish
between considered classes of formulas and other hard examples for Resolution. Hence if we
want to prove lower bound for (1, +k)-BP on Search , we need some additional arguments
in comparison to Resolution lower bounds.

In this work, we introduce a technique for proving such lower bounds on the semantic

(1, +k)-BP where k = O (logn/loglogn) where n is the number of variables.

1.1  Our results

The main result is an exponential lower bound on the size of (1, +k)-BPs in application

_ logn
to Searchw fork =0 (loglogn)'
_l Theorem 1.4 !

For all k, € N there is an unsatisfiable formula ¢ on n variable of size n”*o) such that

any semantic (1, +k)-BP solving Search,, requires size exp [Q (%)]

1.2 Technique

The key ingredients for the lower bound are:

garlands: aka (s, ¢)-chains, that is a standard technique for proving lower bounds on the
branching programs [SZ97; Sie96; SW94; JR98; Juk12];



closure: a technique that allows to make large partial restriction and keep the search

problem hard for branching programs (and proof systems) [Ale+04; AR03];

amplification: atrick from [Ale+07] that makes formula hard for regular Resolution (and read-

once branching programs) and help us to force the branching program to use

the repetitions in a very structured way;

Flow-Cut: the famous Theorem [FF56] that shows the duality between the maximum flow

and the minimum cut, that we use to extend partial assignments to total as-

signments with good properties.

Let us introduce a general sketch of the proof. In section 4.1 we define an unsatisfiable

formula Flow [[AR03] that states: in graph G we have a source of a flow but there is no sink.

We require graph G to be an algebraic expander, but, in fact, we need two properties:

« (G is a combinatorial expander; namely, each set of vertices of the size at most r =

Q (1ogn> has a lot of neighbours (this is a “local” property, since we care only about

small enough sets);

« max-balanced-cut of the graph G is large enough (this is a “global” property of the graph

G), where “balanced” means that each piece has size at least (7).

It is not clear how to show the lower bound for this formula itself and we amplify Flow,

formulas by using the trick from [Ale+07]. Denote the result of amplification by ¢.

1.

For the sake of contradiction we assume that we have a small (1, +k)-BP solving
Search,,. We generate a big family of paths and, using the upper bound on the size
of our program, we find some paths in the program that form a “garland” structure (see
section ). This idea is similar to the idea from [JR98].

. These paths correspond to some assignments and we keep our formula “hard” under

these assignments. To do it we use a modification of the “closure” technique [AR03]
(an easier version of this iterative modification was used in [Sok20]). Here we use a

combinatorial expansion of the graph G.

By using the fact that we deal with an amplified version of Flow, we show that from
the end point of paths that form the garland we cannot reach any leaf that is marked by

one of the clauses from some set 7' C (. Here we use the fact that £ is small enough.

To conclude the proof, we use the Max-Flow Min-Cut Theorem (and global properties
of our graph) to show that there should be some path from the garland to some clause

from the set T'.

See section [ for more details.



2 Preliminaries

Let X be a set of boolean variables. For a variable 2 € X we denote 2! := z and 20 := —x.
We say that «: X — {0, 1, %, 7} is a generalized partial assignment and « assigns or touches

x € Xiffa(x) € {0,1,7}. And an assignment + is an instance of « iff:
« a(z) € {0,1,x} implies y(z) = a(x);
« a(r) =7 implies y(z) € {0,1}.

If cw and 3 are two partial assignments to variables from the set X, we say that a generalized

partial assignment a« U 5: X — {0, 1, %, 7} is a joint assignment iff:
« ifa(x) = aand B(x) € {a,*}, then v U B(x) = q;
« if f(z) = aand a(x) € {a,*}, then v U B(x) = q;
« ifa(z)=aand f(z) =1 —a,thena U p(z) =7
o if a(z) = B(x) = *, then a U f(x) = *,

where a € {0, 1}.
We will also use the famous Max-Flow Min-Cut Theorem.
Theorem 2.1 (Max-Flow Min-Cut [FF56])

Let G := (V,E). For any s,t € V the maximum value of an s-t flow is equal to the

minimum capacity over all s-¢ cuts.

2.1 Branching programs

Let X := {z,, ..., x, } be a set of propositional variables and O be a finite set. A branching
program is a directed acyclic graph with one source. Every vertex of the graph is labeled by

a variable from X, or by an element of the set O with respect to the following properties:
« if a vertex is labeled by o € O, then it is a sink;

« if a vertex is labeled by a variable, then it has exactly two outgoing edges: one edge is
labeled by 0 and the other one is labeled by 1.

Every branching program B defines a function fz: {0,1}"™ — (. We assume that every
input z € {0,1}" induces a path from source to sink in a natural way. If this path ends in a
vertex with a label o € O then we define fz(2) := o.

We say that B is a branching program for the relation S C {0, 1} x O iff f is consistent
with S: namely if f5(2) = o then (z,0) € S.



Let D be a branching program and q be a path in it from the root to some node p. The
subprogram of D with the root p we denote by D(p) and define as a subgraph of D that is
reachable from p. Also for a partial assignment p we define a branching program D, as the

following transformation applied to D:

« for each variable y to which p assigns a value a, contract edges y = a and delete edges

Y = —a;
« delete all vertices that are unreachable from the root.

These operations only decrease the size of the program.
If p is a consistent path in a branching program, we denote a partial assignment that
corresponds to this path by 7,,.
Let us also define some classical restrictions of the general branching programs.
! Definition 2.2 !
Let B be a branching program. We say that B is a (syntactic) read-once branching

program or 1-BP iff on every path from the source to a sink we can see each variable
at most once.

We say that B is a (1,+k)-BP iff on every path p from the source to a sink there
is a set of variables X, of size at most k such that all other variables appear in p at
most once. And we can twist this definition a little bit and say that B is a semantic
(1, +k)-BP iff on every consistent path from p source to sink there is a set of variables

X, of size at most k such that all other variables appear in p at most once.

If a branching program B computes a boolean function, we say that it is satisfiable iff f

is not identically zero.

Theorem 2.3 (Savicky [Sav98])

There is an algorithm the check a satisfiability of a syntactic (1,+k)-BP in time

V) (4%”)1C sn].

The following algorithm also will be useful for us.

Theorem 2.4 (Savicky [Sav98])

The test whether an input branching program is a syntactic (1, +k)-BP can be done in

time @ {(%)kﬂ s].

The next observation is natural and extremely useful for proving lower bounds.



_l Lemma 2.5 !

Let D be a (1, +k)-BP for Search,,, p be a consistent path from the root to some node v.

If p has a variable x queried more than one time on it then D(v) |r,, isa(l,+(k—1))-BP

for the Search,, . The result holds for both: semantic and syntactic models.
p

Proof. A program D(v) |7-p is a program for the Search el by the correctness of the program
D. Consider a path s in D from v to some leaf. Let X be a set of variables that are queried
more than one time on s. If | X ;| = kand « ¢ X, the path ps has at least k + 1 variables that
are queried more that one time. This is a contradiction. If | X | = k and € X, note that in
D)L,
path into a path with at most k£ — 1 repetitions. [

we contract all edges that correspond to the x variable and hence we transform this



3 Expanders

We are given a graph G := (V, E). For two subsets of vertices A, B we write E(A, B) to
denote the set of pairs (v, ) where v € A, e is an edge that is incident to v and e connects v
with some vertex in B. We will think about it as about set of edges between A and B, but if
A and B intersect we count edges within intersection twice. We also use a shortcut notations
E(S):= E(S,V)and S := V '\ S. If the graph we consider is unclear from the context we
specify it as a subscript: F, (A, B).

_l Remark 3.1 !

Assuming that G is A-regular graph this definition allows us to use natural equalities:

. [E(S)| = AlS

5

- |B(A,4)] = AJA| - |E(4, A)].

We write N (v) to denote the set of neighbours of v in the graph G. We extend this
notion to sets and denote by N (S) := {v | Ju € S, (u,v) € E} the neighbourhood of a set
of vertices S C V.

A graph G := (V, E) is an (n, A, «)-algebraic expander (or just expander), if:

« the degree of any vertex v € V equals A;

+ the absolute value of the second largest eigenvalue of the adjacency matrix of G is at

most aA.

Lemma 3.2 (Mixing Lemma [AC88])

Let G := (V, E) bean (n, A, a)-expander. For any two subsets A, B C V the following
holds:

Al|A||B
24, 8) - 22BN < a7

We also need combinatorial edge expansion. We say that G := (V, E) satisfies (r, f)-
(edge) expansion property for some r, 3 > 0, if for all S C V of size at most r holds
E(S,S) > BA|S|. The Mixing Lemma says that any expander graph satisfies expansion

property for suitable parameters.

Corollary 3.3

If G := (V,FE)is an (n,A, a)-expander, then for any 0 < § < 1 — « the graph G
satisty ((1 — a — B)n, 5)-expansion property.

10



Proof. Consider some A C V of size at most (1 — a — 3)n. Note that |E(A, A)| = A|A| —
|E(A, A)|. By Mixing Lemma:
A|AJ?
B4, 4)] < S

n

+aA|A| = AlA] ('i;' + a) < AJA|(1— B).

Hence |E(A, A)| > BA|A| by Remark B.1. O

The “vertex analog” of the next proposition is well known in the literature (for example
[GMT09]). We turn it into edge version.

Proposition 3.4

Let G := (V, E) be a graph of degree A. If G satisfies (r, 3)-expansion property then
for any set S C V of size k < r there is an enumeration v;,vy,...,v;, € S and a
sequence Ry, ..., R, C E(S) such that:

¢ Rz = E({U1}7 Vv \ {Uh Vg eee 7Ui});

- |R;| > BA.

Proof. We create this sequence in reversed order. Since |S| < r, it holds that |E(S,S)| >
BA|S| and there is a vertex v, € S such that |E({v,},S)| > BA. Let R, = |E({v,},S)|,
and repeat the process for S \ {v,,}. O

11



4 Lower bounds for (1, +k%)-BP

In this section, we will prove the following theorem:

_l Theorem [1.4 !

For all k, € N there is an unsatisfiable formula ¢ on n variable of size n”*o) such that

any semantic (1, +kg)-BP solving Search,, requires size exp [Q (%)] :

Let us describe the main ideas used in the proof. To prove this Theorem we would like to
construct an exponentially big set of paths, which cannot be compactly “glued” together in
(1, +k)-BP, correctly solving Search,,.

To give a detailed plan we need an auxiliary definition.

_l Definition 4.1 !

A (-garland in a branching program is a pair of paths (a, b) from the root such that a :=

Vg1V AoVs0s5 ... GpU, and b := vobv byvybs ... byv, where a;,b,; are possibly empty

paths and paths v;a, 1v;,, and v,;b;,,v,,, are different for all 0 < j < £ (see fig. fl).

Vo

aq b1
Uy

Qo b2

Figure 1: 2-garland

Let us consider the detailed plan.

1. By induction on k£ we want to show that Search ol, 18 hard for (1, +k)-BP even after

<« » . .
some “good” restriction p.

2. For the sake of contradiction we assume that we have a small (1, +%)-BP solving
Searchwp. In the section we generate a family of paths starting from the root
of the program and find in this family a (k + 1)-garland (see fig. l). This idea is similar
to [JR98].

3. To argue that we can find a garland we generate exponentially many paths by walk-
ing from root (section {.4). During this process, we have to make sure that on these
paths our branching program cannot determine an answer (that would mean that we

cannot walk anymore). To avoid it we use the “closure” technique that is motivated by

12



technique from [Ale+04; AR03] and avoid “local contradictions”. And hence we have to

choose the formula ¢ very carefully, but we still have some freedom.

4. If we found a repetition while constructing a garland, we use Lemma P.9 and apply
induction hypothesis. This is a place where we use that formula ¢ is still hard even

after the restriction.

5. In the section t.3 we combine different parts of garland and argue about the reachability
of certain leaves. We have to make sure that the paths we consider are consistent and
that when we reach the endpoint of the garland, formula ¢ remains hard. We achieve

it by using the following properties.

. We have already removed repetitions from the garland by using Lemma P.5 and
induction hypothesis.

« To show that combinations of different parts of the garland give us consistent
paths we equip the closure technique by the notion of “strongly satisfied” (see
Section [t.1.1)) constraints. This is the second place that requires specific properties
of the formula .

At the end of this section, we will have a set of clauses € C ¢ such that leaves marked

by elements of this set should be unreachable from the endpoint of the garland.

6. For the last part (section ft.4) we consider an arbitrary path r in our garland and note
that ¢ \ € is a satisfiable formula even under the restriction 7,. It is hard to show this
property for the formulas that encode natural combinatorial principles. We use the trick

from [Ale+07] to change the formula ¢ to make sure that € is large enough.

Here we use the global structure of our formula ¢ (in our case we use the Max-Flow

Min-Cut Theorem) to satisfy all clauses in ¢ \ €.

We start with defining the hard formulas on a suitable expander graph.

4.1 Hard Formulas

Let G := (V, E) be a directed graph. Each edge e € E has the corresponding variable .,
where z, = 1 indicates that a flow of size 1 is going through an edge e. Let u be an arbitrary,
but fixed vertex of the graph.

The formula Flow, ,, consists of the following constraints written in CNF for all v € V:

Z Le — Z Le 2> C<U>7

e€E:st(e)=v e€E:en(e)=v

where e = (st(e),en(e)) and ¢: V' — {0, 1} is a labeling function:

13



« c(v) =0, forallv e V\{u};
e c(u)=1.

This formulas states: for all vertices in the graph the flow is non-negative, and at least for
one vertex it is strictly positive. It is easy to see that Flow, , is unsatisfiable. We omit index
w since in our applications it is an arbitrary vertex.

We use the most naive CNF encoding of these constraints. We represent each constraint
separately. Consider a vertex v € V and a set of edges F, := {ey,¢€q,...,e,} C E that are
incident to v. Let p,,: E, — {0, 1} be an assignment that violates the constraint in v. In this

case we add to the formula a clause C"

1- e 1- e 1- e
ze. plwe,) V2o p(@e,) VoV e p(x 3)7

and we also say that this assignment has a gap:

glpy) =c)— D> pyz)+ Y p(z,)
ecE:st(e)=v ecE:en(e)=v
For our purpose we consider Flow based on expanders. To be precise, we start with a
graph G that is an (n, A, a)-expander, where A = O(logn) and « is some fixed constant,
and replace each undirected edge by two directed edges (we say that these edges are dual).
The exact value of A depends on a value of k.

_l Remark 4.2 !

We consider only proper partial assignments p that satisfy the following property for

all pairs of dual edges (e, e’):
. plz,) € {0,1} iff p(a,) € {0, 1)
« if p(z,) = 1 then p(x,/) = 0.

We also identify supp(p) with an undirected set of edges that are assigned by p.

To make the formula somewhat “confusing” for (1, +k)-BP, we would like to add more
variables to clauses. These variables do not really affect the physical meaning of the formula,
but make it hard for (1, +k)-BP to extract additional information from repetitions on paths.
This transformation is sensitive to the exact CNF encoding of the constraints that is written

above.

14



_| Definition 4.3 !

Let G := (V, E) be an undirected graph and €, be a subset of clauses corresponding

to vertex v in Flow. Let nf: €, — (f) bke a mapping, and ¥ := {n* | v € V} bea
family of such mappings. We define Flow/, the following way:

» for each v € V we consider each C € C;

. we take n8(C) = {ey, ..., €, }, which is a set of k edges;

. we replace C by 22* clauses of the form:

/

a. a’
C'\/\/xs? v %
v ¢ Si

1

enumerated by a;, a; € {0,1}, where i € [k] and s,, s are directed copies of the

edge e,.

As described in the plan, at some point in the proof we would like to construct an assign-
ment that leaves certain clauses (to which a certain set of variables was added) unsatisfied.
For our purpose, we would like those clauses to “strongly unsatisfy” the condition in their
vertices.

Let us describe the construction of 7*. Assume that A > 50 - klogn. For each v € V we
define 1), independently. We will be interested in adding variables to clauses which correspond

to large incoming flow.

1. Let us consider a set of clauses € that corresponds to v and a proper partial assignment

.. . A
on edges incident to v with gap equal to 7 + 1.

2. Note that |C| > (AA/4) > 48/4 > pk The first inequality holds since we can choose
arbitrary A/4 + 1 incoming edges to obtain the desired gap and set all other incident

edges to zero.

k
3. There are at most ("kA) < (“TAe) < n?F different sets of k edges. Hence we can choose

a subset of B C € and define 7 to be a bijection between B and all possible choices of
sets of k edges.

Note that the existence of (1, +k)-BP of size S solving Search_ . (for any n*) implies
hde
the existence of (1, +k)-BP of size S solving Searchg,, .

4.1.1 Locally Consistent Assignments

We need a notion of “good assignments”, i.e. assignments that reduce Flow, formulas to

smaller, but “equally hard” instances.

15



Let G := (V, E) be a graph. A proper assignment p J-satisfies a set of vertices U C V' iff
for all v € U the following holds:

« p assigns all edges that are incident to v;

« p satisfies the constraint for v;

* Z p<$e)25A

ecE:st(e)=v

We also say that a proper assignment p is (7, d, 5)-locally consistent iff there is a set of

vertices Vp of size at most 7 such that:
« p O-satisfies V_;

« (V\V,, E\ supp(p)) satisfies (r, 3)-expansion property.

_l Remark 4.4 !

If p is an (r, d, 3)-locally consistent assignment for some 3 > 0, then V, is uniquely
defined.

Proof. For the sake of contradiction assume that there are two candidates A, B. Wlog A\ B #
(). Pick an arbitrary vertex v € A\ B. Since A satisfies the required properties, p assigns all
edges that are incident to v, which contradicts the fact that (V' \ B, E \ supp(p)) satisfies
(r, B)-expansion property. O

4.2 Proof of Theorem [1.4

Let G be an (n, A, a)-expander and 7 0! be a mapping defined in section 1. In this

section we prove an exponential lower bound on SearchFI Jko+1 for (1, 4kq)-BP. We assume
OWG
that n is large enough.

Let us fix some parameters:

+ A =100kylogn and A > 200;

« «:= 0.01 is the second eigenvalue of the normalized adjacency matrix of G;
« 7:= x and 8 := 0.96 is the “combinatorial expansion” of the graph G;

« /" := 0.95 is an expansion parameter that we try to maintain after removing some

vertices and edges from G

Vi = (%(5— 3)

want to assign in our partial assignment.

k+3 . . T .
) is a scaling factor that indicates the fraction of edges that we
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Note that 7 < (1 — 8 — a)n = 0.03 - n and hence by Corollary B.3 G satisfies (r, 3)-
expansion property, hence we can use all combinatorial expansion properties and tools.
To formulate the induction hypothesis we need one more definition. Let M C E and p is

a proper assignment. We say that p is y-minimal local consistent extension or (mlce) on M

iff:
« pis (r,0.6,7)-locally consistent assignment;
» supp(p) = MU E(V,);
- |E(V,, V) \ M| <~AJV,|.

Informally we may think about it in the following way: after we assign edges from M some-
how, p should assign also V, as a “minimal” set of vertices to take care of in order to be locally
consistent.

Let ¢ := FlongH. By induction on £ < k; we show the following statement. For all sets
of edges M C E of size at most v, Ar and all 5'-mlce p on M any (1, +k)-BP for Searchﬂp

Yk
has size at least 2 4(-+1) AT.
Fix some M, p, 0 < k < k; and for the sake of contradiction assume that we have a
. Yk _A
(1, +k)-BP D of size 2412 ~" for Searchw‘p.

4.2.1 Construction of the Garland

To fulfill our plan of the proof, described at the beginning of the section, we start con-
structing the garland by obtaining an exponentially big set of paths with the corresponding
assignments. Let us remind that | M| < v, Ar and p is f’-mlce on M.

We say that triple (p, U,,, 0, is y-good iff:

« pis a path from the root of the branching program;

« U is a subset of edges such that corresponding variables are queried on p, so-called

“branching variables”;

« 0, s a partial assignment such that:

- 0, extends p U Ty
- 0, is a y-mlce on M U Up;

- 0, 0.8-satisfies Vap \V,,

where 7T, 1s an assignment that corresponds to p.

17



We maintain the set of 5'-good triples 7 and an auxiliary set § of triples that appear in
the set 7 at some moment during the process. In the beginning of our construction 7 :=
{(0,0,p)} and S := P.

We repeat the following process while we have at least one triple (p,U,,,0,,) € ? such
that |U,| < v, Ar.

Consider the triple described above. Let v be the end of p and =, be the variable asked in

1. If z, was queried on p we stop the process. In this case we return “Repetition” and we

remember the path p.
2. Erase the triple (p, U, 0,,) from 2.

3. If o (x,) € {0, 1}, then we continue along the edge x, = 0,(z,). Consider a path p’
that is the extension of p along this edge, U, := U, and 0, := 0,,. Put (p’,U,/,0,/)

into 7 and § and repeat the process from the beginning.
4. If 0, (w,) = *, then it is a “branching node”, and we call this step a branching step.

(a) Let p’ be a path obtained by continuing p along the edge =, = 0, and p” be a path
obtained by continuing p along the edge x, = 1.

(b) Up/ = Up U e, Up” = Up Ue.

7 :=0,U{z, =0,2, =0}, 7" :=0,U{z, = 1,2, = 0}, where z,, is a dual
edge.

(d) (p',U,,7")is (8" — 0.01)-good triple. We extend an assignment 7’ to make this
triple 3'-good. For the formal statement see Lemma .5, Here we describe an idea.

Let R C F be a set of edges that are unassigned by 7/ (or 7”), and B C V' \ Vo,

be the maximal set of vertices that satisfies:

B[ <

- |[E(B,B)NR| < B A|B|.
Let k be an assignment on variables that correspond to edges in the set E(B) \
supp(7”) such that 7" U k 0.8-satisfies the constraints for all v € B. This assign-

ment x always exists (and moreover it is independent of the value of z_, but we

do not use this fact).

(e) We denote 0,/ := 7" UK, 0,, :== 7" Uk and put (p’,U,,0,/) and (p”,U,»,0,)

p 9% p”9p
into  and into §.

To conclude the construction we want to show the following claims.
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 Repetition case. In the first case of the proof (if we have a repetition) we can reduce
the problem to a lower bound on (1, +(k — 1))-BP.

« Correctness.  The branching step can be done and triples (p’,U,,o,) and

(p”,U,»,0,) satisfy the required properties.

« Garland extraction. Among these paths we can find an k-garland (a,b) and a locally

consistent extension of p.

Correctness. We show that if we have a triple (p, U,,, 7,,) which is 3’-good then after pro-
cessing it with our algorithm we also put in our sets 3’-good triples. Let us formulate the

general Lemma that helps us with it.

_| Lemma 4.5 !

Let (p,U,,0,) and (q,U,, 0,) be 0.9-good triples. Then there is an assignment x such
that:

« for any + that is an instance of 0, U 0, an assignment v U x is a 3’-mlce on

supp(c,,) U supp(a,);
o [supp(yU k)| < vy AT

Moreover if p = ¢ then triple (p, U,, 0, U k) is '-good.

Proof. The proof was motivated by the closure technique developed in [AR03; Ale+04]. For
the full version of the proof see Appendix [Al O

If the branching step was not done, then we do not change U and 7, and we extend the
path p according to the assignment 7 hence the triple remains 3’-good. We are left with the
branching step. Note that (p’, U/, 7") is 0.9-good and we apply Lemma 4.5 to a pair composed

of two identical triples (p’, U,/,7") and obtain « that satisfies the required properties.

Repetition case. First let us note that if there is a repetition, then £ > 0. Suppose we found
a repetition while considering a triple (p, U,,, 0,,). The size of M UU,, is at most 21, Ar and o,
is #’-mlce on M U U,,. Let v be an end node of p. The program D(U)|Up isa(l,+(k—1))-BP
by Lemma P.5. Thus by induction hypothesis we have a lower bound of

for Search_ &
Flow |0p

Vi1 _YE _A .
272 A7 > 2301727 on the size of D(v)|

» and in this case we are done.
p

Garland extraction. The following Lemma gives us a pair of triples (p, U,,, 0,,), (¢,U,,, 0,,) €
P such that (p, q) forms a (k + 1)-garland.
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_l Lemma 4.6 !

There are (p,U,,0,),(q,U,,0,) € § such that (p, ¢) forms a (k + 1)-garland.

Proof. For the proof see Appendix B [

To continue the proof we need some additional property that we can “avoid repetitions” in
this garland. We say that there is a repetition in a garland p = vop,v1PyV2P3 - Dp, 41Uk, +1
and ¢ = v(q10192V233 --- 4 +1Vk,+1 1T there is path in the garland, i.e. path r of the form
VgrqV1raVslg .. Ty 11Uk 41, Such that some variable is queried more than one time on it,
where r; € {p;, ¢;}.

Consider a path r in our garland (p, ¢) that contains a repetition and 7" C r the largest
initial segment of r without repetitions. Let v be its end node. We apply Lemma §.5 to

triples (p,U,,0,),(q,U,,0,), which gives us assignment x, and choose a instance vy of

o, U o, that is consistent with 7,,. Moreover, |supp(y U k)| < v} ;Ar, and v U & is

a (3’-mlce on supp(o,) U supp(o,). Hence by Lemma R.5 we can use the induction hy-

pothesis for (1,+k —1)-BP D(v)
Ar

|, , and formula ¢|., .. The size of D(v)|, , is at least

Q%AT > 24(ky+kl>2
For the rest of the proof we can assume that on any path r of the form described above

there are no repetitions.

4.3 Unreachable Leaves

Let us summarize what we have from the previous section. We created a pair of triples:
(p,U,,0,)and (¢,U,, o,) such that:

« (p,q) forms (k, + 1)-garland:
~ P = UpP1V1P2V2DP3 -+ Pry+1Vk 415
— 4 = Vq1Y192V243 -+ Ay +1Vk 415
4 .
« (p,U,,0,)and (q,U,,0,) are 8'-good;
« there are no repetitions on any path in the garland (p, q).

We use Lemma j.5 for (p, U,,0,) and (q,U,,0,) and get an assignment x. Let us fix an

assignment -y that is an instance of o, J o, consistent with:
o T 5

p

« values in o, that do not contradict T
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and denote ( := v U k. Note that, by construction:
¢ ‘C| < vy AT
« |[C]is (r,0.6, 5")-locally consistent.

In this section we describe a set of clauses that should be unreachable from the vertex
VUg,+1- Note that on each segment of a garland (v;p;v;,1,v;¢;v;1) We query at least one
variable in both assignments 7, and 7, and get the different values. Denote any variable that
satisfies this property by z;.

We remind that ¢ := FlowgkOH. Let ®, € be the subsets of clauses:

D := {D € Flow,, | for every e that corresponds to some z, : e € n*o*1(D)}.

and

¢ :={C € ¢ | C is obtained from some D € © by the amplification trick}.

For the sake of contradiction suppose that there is a path s from v;,_,, such that:
+ s1is a consistent path and 7, is consistent with ¢ and hence ps is also consistent;

« sendsin a clause C € €.

Consider a family of paths r; := vop1V1PoVaP5 - Pi_1V; 14;ViPi 1% 41Piy2 - Phig+1Vko 410
where i € [k, + 1]. All paths r; are consistent since there are no repetitions in the garland
(p,q). Hence if r; is inconsistent with s then on s we requery some variable z from the
segment v;_,q,v; and get an inconsistent value.

By construction, 7, is consistent with ¢, and ¢ := v U k, where 7 is an instance of 0, J 0.
If 2} appeared in v;_,¢;v;, but not in v,_;p,v; (note that it cannot appear in any other segment
of the garland, since there are no repetitions on the garland), then (0, U0, )(z;) € {0 (7}), 7}
and 7,(v}) = * thus y(x}) = o,(x}) by the choice of 7. It follows that ((z}) = o,(}) as
well, and since 7, is consistent with (, we cannot obtain an inconsistent with Ta, value for
x; while requerying it. Hence z, had appeared in v,_;p,v; as well, and on s we requeried a
variable from v;_;p,v; in consistent way. Moreover if all paths from some set {7;},.; where
L C [ky + 1] are inconsistent with s we requery at least |L| variables from the path p on the
path s. Hence at least one of the paths r; is consistent with s, where i, € [k, + 1] (or on the

path ps we requery at least k; 4 1 variables).
Remark 4.7

This is the only place there we use the property that there are no repetitions on the

garland.

Consider two paths ps and r;_s:
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« these paths are consistent;

¢ Tps<xi0) 7& Trios(mi())'

These properties imply that clause C' is not a legal answer for at least one these paths, and we

have a contradiction with the assumption that there is a consistent path from v, ., to this

clause. That gives us the desired description of leaves that should be unreachable for v;, _;.
To conclude the proof it remains to show that there should be a path from v;, , ; to at least

one leaf marked by a clause C' € €. We do it in the next section.

4.4 Directing the Flow

Let us remind that we deal with ¢ := FlowgkOH. To show that there is a path consistent
with  from vy, |, to aleaf with a label C' € € we show that (¢ \ €)] is satisfiable and hence
there should be an extension of ( that violates only clauses from €.

Remark 4.8 !

If we do not care about assignment (, the statement is trivial, since ¢ is so-called mini-

mally unsatisfiable formula (that becomes satisfiable after removing any clause). But ¢
transforms our formula to “heavily unsatisfiable” formula, since { 0.6-satisfies a lot of

vertices (that was the crucial property that we used to create a garland).

Note that by construction of n*o*! for each v € V there exists a clause D € D that had
originated from the constraint for v. For each v, we pick any such clause and denote it by D,

We divide the rest of the proof into two parts.

1. “Local part”. We find a carefully chosen large enough set of vertices U € V and an
assignment 7 O ( such that there isaset V. O (U U V,):
« (V\V_, E\ supp(7)) satisfies (r, 5")-expansion property;

« for all v € U the assignment 7 violates D,, and hence 7 assigns all edges incident

to v;

« forallv € V_\ U the assignment 7 satisfies constraint for v.
For this part we use the simplified version of technique used for the garland creation.

2. “Global part”. By using Max-Flow Min-Cut Theorem we show that 7 can be extended
to total assignment that satisfies constraints for vertices whose constraints are neither

satisfied nor falsified by 7 yet.
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Since we satisfy all the constraints of (Flow \ D), this assignment also satisfies all con-
straints in (¢ \ €)[; by the construction of the formula ¢ (clauses of ¢ are the weakened
versions of the clauses Flow).

Before we proceed with the proof let us define the “overflow”.

| Definition 4.9 |

The overflow introduced by a locally consistent assignment o is:

ofg::1+z< oo - Y xe—c(v)>.

veV, \eeE:st(e)=v ecE:en(e)=v

Note that of, < |¢| +1 <y Ar+ 1.

Local part. We start with the local part of the proof. In the beginning of our construction
Up=0,79:=(V, =V:andi:=0.
We repeat the following process while of . > 0.

1. Choose a vertex u; that is untouched by ;.

2. Let p,, be an assignment to edges that are incident to u; such that D, is unsatisfied by

Pu,-

7

3. 77 =1, U P, Since u; is untouched by 7; there is no intersection between p,, and 7;.

4. Let H; C V' \ V_ be the maximal set of vertices that satisfies:

H;| <

o [E(H;, Hi\ {u;}) \ supp(r,)| < B'AlH,].

Let x; be an assignment on variables that correspond to edges in the set E(H ) \supp(7’)
such that for all v € H;:

Yo (Tur)@)— Y (FUR)(x) = clv).

ecE:st(e)=v ecE:en(e)=v
5. Ui+l = [JvZ U {uz}, T’H—l = T, U H’i and VTi+1 = VTi U HZ U {uz}.
6. 1:=17+ 1.

Let ¢ be a number of iterations in this process. Let U := U, and 7 := 7.
At first we give an upper bound on /. Since for all ¢ an assignment x,; exactly satisfies

vertices in H, inclusion of H into V. does not change the overflow. Assignment p,, violates
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D, € D and by definition of kot

_%_lg Z pu-(xe>_

7

ecE:st(e)=u; ecE:en(e)=u;

s

5
&
e
IA

|

| B>

Hence on each iteration ofTi+1 < ole_ — % and |U| < % and —% —1<of <0.

_| Lemma 4.10 !

Forall s < 4:

» K, exists;

e V] < (3=t (supp(¢) + A[U]) and hence 7| < 525 (| supp(¢)| + AU

);

« (V\ V., E\ supp(r;)) satisfies (1, 8’)-expansion property.

Proof. This Lemma may be considered as simplified version of Lemma [t.5. For the proof see
Appendix [Al. [

10

To conclude the construction note that 7, < “Fvy, o Ar < %r for all 7 < ¢ and we always

can find the vertex untouched by 7;.

_l Remark 4.11 !

This is the only place where we use that r <

=

Global part. Let B := V, \ V. For the vertex v € V the overflow of v is defined in the
following way:

of(v) := — Z T(z,) + Z T(z,) + c(v).

e€supp(T) e€supp(T)
st(e)=u en(e)=u

We want to create an auxiliary graph. Let F'™ := {v € V \ V_ | of(v) > 0} and F~ :=
{v € V\ V. |of(v) < 0}. See fig. B.

source

7 (=

sink

comb. expansion

Figure 2: Set after assignment Figure 3: Graph G’ with cuts
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We define a graph G’ := (V' E’) on vertices V' := (V \ V) U {s} U {t}, where s is a

source and ¢ is a sink. Edges E’ include four groups:
« E\ supp(7);
« we connect s with all v € F™ by of(v) number of edges;
« we connect ¢ with all v € F'~ by —of(v) number of edges;

. if of . < 0 we choose an arbitrary set of vertices S € V' \ V__ of size |of, | and connect

all v € S with s by one more edge.
See fig. f.

_l Remark 4.12 !

1. deg(s) = deg(t);

2. fACV then E({s},A) < £ +1+ 3 of(v) and E({t},A) = — Y of(v).

vEA vEA

Proof. The first property follows from the construction of 7 and the second one follows from

definition of G’. O

Let f := deg(s). To conclude the proof we want to show that there is an s-t flow in G’ of
size f (assuming that capacity of each edge is 1) and that if this flow exists, then we have an
extension of 7 that satisfies Flow, \ ®. As we mention above together these facts imply that
(Flows \ @)

hence there is a path from v;,_, to a leaf marked by some C' € € which is a contradiction

| is satisfiable hence (Flow \ D), is satisfiable and (¢ \ €)|. is also satisfiable
with an existence of a garland and an assumption about size of the branching program.

We start with the second part. Suppose that we have a flow of size f. Fix the flow that
achieves this value. We define a total proper assignment o O 7 in the natural way. Consider
anedgee € E' U F and a = (u,v),a” = (v,u) its directed copies. If there is a flow on the

edge e:
o fromutovthenz, =1andz, = 0;

« fromvtouthenz, =0and x,, = 1.

otherwise we set r, = 0 and z,, = 0.
Note that f = deg(s) hence we use all edges that connect s with other vertices to push
the flow. That implies forallv € V' \ V_:

Yoo olz)+ Y olz) = |E(s,0)] = of(v)

ecsupp(o)\supp(T) ec€supp(o)\supp(7)
st(e)=v en(e)=v
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and hence

ecE:st(e)=v e€E:en(e)=v
and constraints for all vertices in V' \ V_ are satisfied, but 7 itself satisfied all constraints in
Flow \ © that correspond to vertices in V.. Altogether it says that o satisfies all constraints
in Flow, \ © as desired.
It remains to show that we have an s-t flow of size f in G’. To do it we use the Max-Flow
Min-Cut Theorem and show that minimal s-¢ cut has size f. Consider such a cut (S, T'), where
S, T are disjoint subsets of V'’ such that s € S and t € T'. We consider two cases:

« either S or T is small enough, then we use the (7, 3”)-expansion property that we have

after removing supp(7) and V. from G;

« S'and T are large enough, then we use the Mixing Lemma to show that even removing

supp(7) from G cannot destroy balanced cuts.
see fig. B.

/_’

+
source

Figure 4: Graph s-t cut

sink

Consider an arbitrary s-t cut SUT. Let J := S\ {s} and K := T\ {t} (see fig. H).

Consider the following cases.

1. If J = () or K = () then size of (S, T) cut equals deg(s) or deg(t) respectively and we

are done.

2. 0< |J]| <ror0< |K|<r. Wlogassume that |.J| < r. Note that:

E/(S,T) = Er({s}. K) + Eqr ({1}, J) + B/ (J, K.

Eo({s},K)= > of(v),sobyRemarky.12to give alower bound on the size of cut
veFTNK
it is enough to show that £/ (J, K) > % +14+ > of(v). But (V\V,, E\supp(7))
veFtNJ
satisfies (r, 3" )-expansion property. Hence

« forallv e V\ V_: |of(v)| <0.1-A;
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e |Eg (J,K)| =09 Al

5

that implies that |E¢/ (J,K)|— £ —1>2 3 of(v).
veFtNJ

3. |J| > r,|K| > r. Wlog assume that |J| < |K|. By Mixing Lemma:

— A
|Ec(J,J)| = Al|J|—Eg(J,J) > A]J\—E\J|2—aA|J| > AlJ|—|J|—aA|J| > 0.9-Ar,

and
|Eqr (J,K)| > |EG(J,7)| — | supp(7)| > 0.6 - Ar.

On the other hand:

f=> of(v) =

ve '+

S S ot Y e | <
veF+ ecsupp(T) ecsupp(T)
st(e)=u en(e)=u
A
| supp(7)| < 7.

Hence in all cases (S, T') has size at least f which by Max-Flow Min-Cut Theorem implies
the existence of flow in G’ of size at least f. That as mentioned above implies the desired

lower bound on the size of branching program.
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5 Conclusion

In this work, we proved the first exponential lower bound for the proof systems based on
(1, +k)-BP (Theorem [1.4).
In conclusion we want to mention some open problems. We start with the obvious ones.

1. Find a formula that is hard for (1, +k)-BP where k := n°®.

2. Find a formula that is hard for read-twice branching programs (programs that on any

path may read each variable at most twice).

Another problems are more technical, but in our opinion the solution of these problems

may lead to new techniques for proving lower bounds.

3. Find a “natural” formula that is hard for (1, +%)-BP for any k£ > 0. The main problem
with the current bound is that we amplify our formula by an 7 function. This is an

artificial trick that prevents generalization of our main Theorem.

4. More difficult question: can we prove a lower bound on random A-CNF formulas? This
is a canonical example of the hard formulas. Typically, only the “local” structure is used
for proving lower bounds on these formulas, which is one of the important barriers for

proving lower bounds on these formulas in AC,-Frege proof system.
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A Missed Lemmas

A.1 Lemma {4.5

At first we prove two auxiliary Lemmas.

_| Lemma A.1 !

If G := (V, E) satisfies (7, a)-expansion property, M C F, and S C V of size at most

r, such that |E(S, S) \ M| < bA|S| then |S| < %'

Proof. The size of S is at most , hence:
bA|S| > |E(S,S)\ M| > aA|S| — |M].
Thus |S| <

| M|
“B)A" O

(a

! Lemma@ !

Let (p,U,,0,) and (q,U,, 0,) be 0.9-good triples. Then there is an assignment x such
that:

« for any v that is an instance of 0, J 0, an assignment v U « is a 3’-mlce on

supp(o,) U supp(a,);
« |supp(y U k)| < v Ar.

Moreover if p = ¢ then triple (p, U,, 0, U k) is '-good.

Proof. Let S:=V, UV, . E, := supp(o,) Usupp(c,) and B C V'\ S be the maximal set of

vertices that satisfies:

- Bl <

- |B(B,B)\ E,| < #AlB|.

At first we give an upper bound on the size of set B.

Partial assignment o, is 0.9-mlce on M U U,,. B’A\V(,p[ > ]E(VUP,V%) \(MUU,)|and
by Lemma [A.1]

Vi 1
r< §uk_1r.

IV, | < MU, <2
T (B=p)AT (B-0)

By analogy the same holds for Vaq.
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The equality E(B, B)NE, = E(B,S)U(E(B)N|MUU,UU,|) together with | E(B, B)\
E_| < p’A|B| implies:

(1-8)A|B|-|MUU,uU,| < |E(B,S)|
By Mixing Lemma:

A
[E(B, )| < —|BJ|S| + aAv/|S]|B].

For the sake of contradiction assume that | B| > |S| thus:
A
E(B.5) < 2|B[S| + aa|B].
Altogether:
, Ar
(1—-p0")A|B| < —v_41|B| + aA|B| + 3y, Ar < 2aA|B|,
n

that contradicts the choice of o and ', hence |B| < |S| < v,_;7.

At first we show that (V' \ (SUB), E'\ (E,U E(B))) satisfies (r, 3’)-expansion property.
By contradiction, suppose that there is a set B C V' \ (S U B) of size at most 7 such that
|E(B',B)\ (E, U E(B))| < B'A|B'|.

Again by Lemma |A.1 we conclude that:

|MUU,UU,|+AlSUB| +1 <3
SV 4T - —-T.
(B—5)A T2

B <
| < :
But it implies that | B U B’| < r, moreover:

[E(BUB,BUB)\E,| <
B'AIB| + B'A|B'| =
B'A|BU B’|. B and B’ are disjoint

That contradicts the choice of B.
Now we find a proper assignment « on the E(B) \ E_ such that for all v € B:

Z x, > 0.8 A.

ecE:st(e)=v

Since 7, is an (7, 0.6, 0.9)-locally consistent assignment, then (V'\ Vo o B \supp(c,)) sat-
isfies (7, 0.9)-expansion property. By analogy we have the same property for o, that implies:
(V\S,E\ E,) satisfies (r, 0.8)-expansion property. Indeed, consider a set C' C V'\ S of size
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at most r:

|E(C,C)\ E,| = |E(C,C)| - |E(C,C) N E,|
> |E(C,C)| = |E(C,C) Nsupp(a,)| — |E(C, C) N supp(a, )|
= |E(C,C) \ supp(c,)| — 0.1- A|C]
> 0.8 A|C].
By Proposition B.4 there is an enumeration of vertices in B: vy, v,, ... ,Ug € Banda
sequence Ry, ..., Rjp C (E(B) \ E,) such that:
« Ry = E({v;}, V\{vy, 09,0, 03}) \ B
. |R;| > 0.8A.
We define x in the following way:

« foran e € R, we assign corresponding variables to direct the flow outside of the vertex
v, (i.e. if €’ is a directed copy of e that goes outside of v, we set x_, to 1 and set the dual
edge to 0);

« for all loops inside the set B we assign corresponding variables to 0.

Let 7 be an instance of 0, U0, ( := vy Uk and V; := 5 U B. We have already shown that
the graph (V' \ V, E'\ supp(()) satisfies (r, 3’)-expansion property. We want to show that

vertices in V; are 0.6-satisfied by ¢. Consider three cases.

1. v € V,. Both assignments 0, and o, extend an assignment p hence y agreed with both

assignments on edges incident to V. Thus ~y 0.6-satisfies v.
2.veV, \'V,. Let E, be a set of edges that are incident to v. At least 0.8 - A of those
edges carry outgoing flow from v in o,,. Denote those edges as E(,p.

Ifv ¢ Vaq then o, may assign at most 0.1 - A edges in F,. That means that in y at least
0.7 - A edges from Egp still carry outgoing flow from v.

Ifv e ng then o, and o, both 0.8-satisfy v. Let an C E, be the set of edges that
carry outgoing flow from v in o,. Then EUp N an > 0.6 - A, and all those edges carry

outgoing flow from v in .

Note that if o, =04 then we 0.8-satisfy v.
3. ve Vgp \ V. By analogy with the previous case.

4. v € B. We direct the flow on at least 0.8 - A edges from E, outside of v hence k

0.8-satisfies v.
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By construction V. := V,, UV, UB hence [Ve| < vp_yrand |supp(¢)| < vp_q7. In order
to check that ( is 3’-mlce note that:

|E(B7§) \ EO’| < B/A‘B| < B/A|V§|7

but
|E<37§) \ EO” = |E(V<57§> \Eo"

since 0, and o, together assign all edges that are incident to VJP U ng. Thus:
’E<V(7v§) \ Eo" < B/A‘Vd

that concludes the proof.

In case of (p, U, 0,) = (¢q,U,, 0,) it remains to show that ¢ is 3’-mlce on M UU,,. Again

we note that:
[E(B,B)\ E,| < #AlB|,

and also

B(V, [V, )\E,| <BAV, |

hence

[E(V, UB,V, UB)\E,| <BA(V, |+|B) < #/AlV, UB],

where the last inequality holds since B and Vgp are disjoint, that concludes the proof. []

A.2 Lemma .1
_| Lemma .10 !

Forall: < /:

» K, exists;

» V2. < z=grya (supp(¢) + A|U;|) and hence |7;| < z25(| supp(Q)| + AU

);

- (V\V,_,E\supp(r;)) satisfies (r, 3’)-expansion property.

Proof. We show by induction on 7 that:

« (V\V,,E\supp(r;)) satisfies (1, 8’)-expansion property;

Vo) \ (supp(Q) U E(Uy))| < B'AV, |;

« V2, < =ya (supp(¢) + A|U;]) and hence |7;] < 5255 (| supp(C)] + A|U;).

< BV,
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Assignment 7, is ( and ( is (, 0.6, 3’)-locally consistent, in particular, (V\V,, E\supp(())
satisfies (r, (3')-expansion property and E(V,, V) \ supp(¢)) = 0.
By definition of H,:

B AlH;| > |E(Hi7ﬁz' \ {w;}) \ supp(7;)| > ’E(Hfmﬁz) \ (supp(7;) U E(H;, {u;}))]

and by Lemma [A. 1]
| supp(7;) U E(H;,u;)| _ |supp(ry) U E(H;,u)| _ 1
H.| < < <= .
H=TT6 s < Bopa o sl Ty

Hence |H, UV, U {u,}| < r that together with:

|[E(H; UV, U{w;}, H; UV U{ug}) \ (supp(Q) U E(U; )| <

’E<V‘ri7[{iT‘/‘ri> \ (supp(¢) U E(U; 1))l + |E(H;, H;) \ (supp(¢) U E(Uy,4) U EV, )| <
B'AIV. |+ B AlH;| <
BAIH, UV, | <

B'AIH; UV U {u,}|

implies [V, | = |H; UV, U{u;}| < mﬂ supp(¢)| + A|U;.4]) by Lemma A1,
Also |1, | < ﬁﬂ supp(¢)| + A|U;,,|) since by construction 7, ,; assigns only edges in
supp(¢) U E(U; UV, ).

Now we show thata graph (V\V__,
For the sake of contradiction assume that there is a set S C V' '\ VTi+1 of size at most r such
that: £(S,S) \ supp(7;,,) < B'A|B].

By Lemma .1 |S| < % < 1v4_o(r +1). Hence |H; U S| < r that together with:

E\supp(T;,,)) satisfies (r, 5)-expansion property.

E(H; U S, H;US\ {u;}) \ supp(;)| <
E(H;, H; U S\ {u;}) \'supp(r;)| + E(S, H; U S\ {u,;}) \ supp(;)| <
B'AlH;| + B'AlS] =

B'A[H; US|

contradicts the choice of H,.

To conclude the proof we have to show the existence of x,. Note that (V\V, , E'\supp(7;))
satisfies (1, 3’)-expansion property. Consider an arbitrary set B C V'\ (V. U{u,}) of size at
most 7:

|E(B, B) \ (supp(r;) U E({u;}))| = B'A|B| — E(B,{u}).
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By Mixing Lemma:
A
|E(B, {u})| < Z|B| + aAVB < 0.05- A|B|,
n

and hence

|E(B, B) \ (supp(;) U E({u;}))| = 0.9 A|B|

and graph (V' \ V. \ {u;}, '\ supp(7;)) satisfies (r, 0.9)-expansion property.
By Proposition B.4 there is an enumeration of vertices in H;: vy, vy, ..., Uy, € H;and a
sequence Ry, ..., Ry | C E(H;) \ (supp(7;) U E({u;})) such that:

« Ry = E({up}, V\ {vy, 09, 03 3) \ (supp(7y) U E({u;}));

o |RZ| 2 0-9 . A
We define r, for vertices vy, ..., vy step by step, such that r; on E(v,,) satisfies the constraint:
> CUsE) - Y Uk = cu).
e€E:st(e)=vy, e€E:en(e)=vy

Since we have an access to the 0.9 - A edges and others are already assigned, we can always

choose the right values (loops are always assigned to zero). [
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B Garland in the Paths
_| Lemma@ !

There are (p,U,,0,),(q,U,,0,) € & such that (p, q) forms a (k + 1)-garland.

Proof. Note that we can describe elements in P by a sequence of bits of size s := v, Ar.
Each bit of this sequence describes an assignment for an edge e that we choose on “branching
step”. From the construction it follows that different sequences generate different paths in the
branching program and hence different elements of .

Let s), := [ 37 ]. We construct our garland by the iterative algorithm. After i-th iteration
we have a set S; of sequences of size s, such that any two of the corresponding paths form
i-garland and all paths end in the same node. The size of S; will be at least exp [s;, — ﬁsk]
foralll <i< k+1.

1. For ¢ = 1 consider all possible strings of length s, and paths that correspond to them.
The branching program has size at most 227, hence there exists a node such that at least
9k paths end there. The set S; consists of all corresponding sequences.

2. Forthestepi,2 <1 < k+1, we consider all sequencesin S, ;. Let v be the end node of
all paths corresponding to sequences in the set. To each sequence s € S, _; we append
a string u, of s, bits in such a way that for any pair 7, " € S,_; paths that corresponds

to ru,. and r’u,. differ at some node after v. Since 2°+ > |S,_;

, it is possible to do this.

For the resulting sequences, we consider the set of the corresponding paths. The set
sp(2k—i+1) s
of paths has size at least 2~ 2=, and the size of the program is at most 22%. Hence
s (2k—1)
there exists a node such that 2~"2r  paths end there. Let S, be the set of sequences

corresponding to those paths.

After k + 1 steps we have a set S, 1, [Si,1| = 2, such that any two sequences in it
correspond to a (k + 1)-garland. O

38



	Introduction
	Our results
	Technique

	Preliminaries
	Branching programs

	Expanders
	Lower bounds for [k]
	Hard Formulas
	Locally Consistent Assignments

	Proof of Theorem 1.4
	Construction of the Garland

	Unreachable Leaves
	Directing the Flow

	Conclusion
	References
	Missed Lemmas
	Lemma 4.5
	Lemma 4.10

	Garland in the Paths

