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1. INTRODUCTION

In this paper, we will restrict our attention to connected compact 3-manifolds M with
non-empty boundary. An ideal triangulation of M is minimal if it uses the smallest number
of tetrahedra in an ideal triangulation of M. The number of ideal tetrahedra in a minimal
ideal triangulation of M is denoted ca (M) and termed the triangulation complezity of M.

The triangulation complexity ca(M) of M is the minimal number of tetrahedra in any
ideal triangulation of M. There are remarkably few examples of exact computations of
triangulation complexity of manifolds. The following lower bound

(1) ca(M) = Bo(OM; Zy) — x (M)

on complexity is known through work of Frigerio, Martelli and Petronio [1], where it is
shown that the bound is attained by infinite families of manifolds M, with a totally
geodesic boundary component of genus g > 2 and k cusps. In particular, a minimal ideal
triangulation of M o has only a single edge [2]. An equivalent approach to complexity is via
Matveev’s theory of special spines. From this point of view, it is proved [3] that any ideal
triangulation 7 with exactly two edges such that no 3-2 Pachner moves can be applied to T
is minimal. Infinite families of such manifolds were described in [4, 5, 6]. Further research
in [7] shows that poor ideal three-edge triangulations are minimal. Moreover, a census of
connected compact 3-manifolds with non-empty boundary decomposed into at most 4 ideal
tetrahedra was given in [8, 9].

In this paper, we present a new lower bound for the triangulation complexity of connected
compact 3-manifolds M with non-empty boundary via Zs-homology (Theorem 3.1). It is
shown (Theorem 3.3) that this bound is stronger than those given by (1). We use Zo-
homology to study the combinatorics of minimal ideal triangulations of M for which our
lower bound is achieved (Theorem 4.1). The class of such manifolds is denoted by My,.

Our next task is to distinguish manifolds in Mj. We characterise edges of minimal
triangulations that yields a natural partition of the set of minimal triangulations into four
classes. A natural question to ask does a manifold in M, admits minimal triangulations of
different classes. We prove (Theorem 6.1) that the answer is negative.

Finally we prove that each manifold in My, with a few exceptions, is a hyperbolic mani-
fold with totally geodesic boundary components and some cusps (Theorem 7.2). The hyper-
bolicity of manifolds in M}, provides several results concerning the Matveev‘'s complexity
and the hyperbolic volume of these manifolds (Theorem 7.8 and Theorem 7.9).

2. TRIANGULATIONS AND SPECIAL SPINES

In this paper, we will translate freely back and forth between an ideal triangulation and
its dual special spine. We begin by recalling some definitions.

2.1. Ideal triangulations. Let T be a cell complex made out of a pairwise disjoint col-
lection of 3-simplices by gluing all of their 2-dimensional faces in pairs via simplicial maps.
The simplices prior to identification, and their vertices, edges, and faces, are called model
cells. Denote by T the i-skeleton of 7.

Note that 7 may actually not be a 3-manifold, because the link of a vertex could be any
surface, and the link of the midpoint of an edge could be a projective plane. Throughout
this paper we assume that 7 has no singularities at the midpoints of its edges. Under this
assumption, T with small open stars of its vertices removed is a compact manifold with non-
empty boundary, denoted M. Then 7A'\7A'(0) is denoted T and termed an ideal triangulation
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of M. We call T the cell complex corresponding to T. This means in particular that the
edges of T are in one-to-one correspondence with the edges of T.

We fix the following notation. Let v be a vertex and e be an edge of 7. Denote by V(v)
(resp., £(e)) the union of model vertices (resp., edges) that are identified to form v (resp.,
e). The elements of V(v) (resp., £(e)) are called pre-images of v (resp., €). Denote by d(T)
the number of edges in 7. In the sequel we always refer to d itself as the number of edges
tacitly implying that 7 is fixed.

2.2. Partially truncated triangulation. Let A be a model tetrahedron and J be a
subset of 5(0), which is called the set of ideal model vertices. A partially truncated model
tetrahedron A7 corresponding to a pair (A J) is obtained from A by removing the ideal
model vertices and small open stars of non-ideal ones. We call lateral model hexagon and
truncation model triangle the intersection of AJ respectively with a face of A and with the
link in A of a non-ideal vertex. The model edges of the triangulation model triangles, which
also belongs to the lateral model hexagons, are called boundary model edges, and the other
edges of A7 are called internal model edges. Note that, if J # (), a lateral model hexagon of
A7 may not quite be a hexagon, because some of its (closed) boundary model edges may
be missing.

Let T be an ideal triangulation of a compact 3-manifold M with non-empty boundary,
and let 7 be the corresponding cell complex. Let I be a subset of ’?-(0), the elements of [
are called ideal vertices. Define

=V

vel

For each model tetrahedron A define a set of ideal model vertices .J = A® N V(I), and
let A7 be a partially truncated model tetrahedron correspondmg to a pair (A J). Define a
partially truncated triangulation TI corresponding to a pair (T I) as a gluing of some AJss
along the lateral model hexagons induced by a simplicial pairing of the model faces of Als.

Remark 2.1. We will use the following facts down in the sequel.

e The internal edges of 771 are in one-to-one correspondence with the with the edges
of T.

e The vertices of 7 are in one-to-one correspondence with the components of OM.

° ]’7A'I | is homeomorphic to M with non-empty boundary components corresponding
to ideal vertices of 7 removed.

Note, that if I = 7A'0, then 77 coincides with ideal triangulation 7. If I = (), then 771 is
actually a truncated triangulation of M, which we denote by T*.

2.3. Special spines. A spine of a compact 3-manifold M with non-empty boundary is a
compact polyhedron P C M such that M \ P is homeomorphic to M x [0,1). A spine
P carries much information about M. In particular, P is homotopy equivalent to M and
hence determines the homotopy type of M.

We will restrict our class of spines to those called special (or, standard) spines. A compact
two-dimensional polyhedron P is said to be simple if the link of every point x in P is
homeomorphic either to a circle (such a point z is called nonsingular), to a graph consisting
of two vertices and three edges joining them (such a point z is called a triple point), or to
the complete graph K4 with four vertices (such a point x is called a true vertex). Connected
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components of the set of all nonsingular points are called 2-components of P, while connected
components of the set of all triple points are called triple lines of P. The set of singular
points of P (that is, the union of all triple lines and all true vertices) is called a singular
graph of P. A simple polyhedron is special if each of its triple line is an open 1-cell, and
each of its 2-component is an open 2-cell. A singular graph of a special polyhedron has at
least one true vertex and is a 4-regular graph. Therefore, it is natural to call the triple lines
of a special polyhedron edges.

For each 2-component ¢ of a special polyhedron P, there is a characteristic map f : D? —
P, which carries the interior of the disc D? onto ¢ homeomorphically and which restricts
to a local embedding on S' = dD?2. We will call the curve f|sp2 : dD? — P (and its image
flop2(0D?)) the boundary curve ¢ of &.

2.4. Duality between ideal triangulations and special spines. An ideal triangulation
T of a compact 3-manifold M with non-empty boundary determines in a natural way a dual
special polyhedron, which is in fact a spine of M. For each model tetrahedron A; of T, let R;
denote the union of the links of all four vertices of A; in the first barycentric subdivision.
Since the face-pairings are simplicial, gluing A;’s induces gluing the corresponding R;’s
together. We get a special spine P of M. In fact, the assignment 7 — P induces a bijection
between ideal triangulations (considered up to equivalence) and special spines (considered
up to homeomorphisms) [10].

3. LOWER BOUNDS FOR COMPLEXITY OF MANIFOLDS WITH BOUNDARY
3.1. Lower bounds via Zy-homology.

Theorem 3.1. Let M be a connected compact 3-manifold with non-empty boundary. Then
ca(M) > p1(M, Zs).

By d(P) and v(P) denote the number of 2-components and the number of true vertices
of a special polyhedron P, respectively.

Lemma 3.2. Let P be a special spine of a connected compact 3-manifold M with non-empty
boundary. Then we have:

(i) A(P) — (B2(M, Z2) + 1) = v(P) — B1(M, Zs);

(ii) d(P) > B2(M, Zo) + 1.

Proof. Since the singular graph of a special spine is 4-regular, x(P) = d(P)—v(P). Since M
is connected, we have fy(M, Zs) =1 and x(M) = 1—1(M, Z2) + f2(M, Z3). The homotopy
equivalence of P and M implies that x(M) = x(P). Thus (i) holds.

In order to prove (ii) we consider a part of the chain complex of P with Zs-coefficients:

Cy -2 0.
Recall that By = 0C5 is the group of 1-dimensional boundaries. Notice, that
(2) ao+ ...+ agp)-1) =%+ -+ Y2u(p)-1,
where ag, ..., ag(p)—1 are the 2-components and 7o, . .., Y2y(p)—1 are the edges of P. Hence

dim By > 1. Since P is 2-dimensional polyhedron, we obtain d(P) = dim C3 and dim(Ker 9) =
B2(P, Z2). Again, from homotopy equivalence of P and M we have Sa(P, Zz2) = B2(M, Zs).
The following computation provides (ii):

(3) d(P) =dimCy = dim(Ker 8) + dlm(Im 8) = BQ(P, Zg) + dim By > 62(M, Zg) + 1.
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Proof of Theorem 3.1. Let T be a minimal ideal triangulation of M. Consider the special
polyhedron P that is dual to 7. It is clear that the number of tetrahedra in 7T is equal to
v(P) due to the duality of P and 7. Hence ca(M) = v(P). Applying Lemma 3.2 to P we
obtain v(P) > (1(M, Zs). Hence ca(M) = 51(M, Zs). O

3.2. Comparing two lower bounds. Now we prove that the lower bound for ca (M) in
Theorem 3.1 is stronger than the Frigerio-Martelli-Petronio one (1).
Theorem 3.3. Let M be a connected compact 3-manifold with non-empty boundary. Then
B1(M, Z2) = Bo(OM;Zs) — x(M).
The desired inequality is derived from the following lemma.
Lemma 3.4. Let M be a connected compact 3-manifold with non-empty boundary. Then
Bo(M;Zs) +1 > Bo(OM; Zs).
Proof. Consider a part of the long exact sequence for the pair (M, OM) with Zg-coefficients:

Hi(M,0M;Zy) %5 Ho(0M;Z) %5 Ho(M; Zy).
Since Kervy = Im ¢ and M is connected, we have
Bo(OM; Zs) = dim(Im 1)) 4+ dim(Im ¢) <
< dim(Ho(M;Z3)) + dim(H(M,0M;Z3)) =
=1+ B1(M,0M; Zy).
Lefschetz duality gives a natural isomorphism Hi(M,0M;Zy) = H?(M;Zs). Since the
homology group Hs(M;Zs) is finitely generated, then the vector spaces Ho(M;Zy) and

H?(M;7Zs) are finite-dimensional and mutually dual. In particular, they have the same
dimension. Hence, B2(M;Z2) = B1(M,0M;Zs). O

Proof of Theorem 3.3. Applying Lemma 3.4 we have:
B1(M, Za) = Bo(M;Z2) + 1 — x(M) = Bo(OM; Zs) — x(M)
O

4. 3-MANIFOLDS FOR WHICH THE LOWER BOUND IN THEOREM 3.1 IS ACHIEVED AND
THEIR MINIMAL TRIANGULATIONS

Let M}, denote the set of connected compact 3-manifolds M with non-empty boundary,
which have an ideal triangulation 7 with (M, Z2) ideal tetrahedra. By theorem 3.1, T is
a minimal ideal triangulation of M.

We introduce two infinite sets 7, and 7, of ideal triangulations. Let 7 be an ideal
triangulation, and let e be its edge. We say that e is even (resp., odd) if each model face
contains even (resp., odd) number of pre-images of e. The set J consists of all the ideal
triangulations with at least two edges, one of which is odd, and the others are even. The set
7, consists of all the ideal triangulations with odd edges only. By definition, 7, N .7, = (.

Theorem 4.1. Let T be an ideal triangulation of a connected compact 3-manifold M with
non-empty boundary. Then the following are equivalent:

e T isin the union J,U Z,.



o M is in My, and T is minimal.
To prove Theorem 4.1 we will need the following lemma.

Lemma 4.2. Let T be an ideal triangulation having only odd and even edges. Then T is
connected and belongs to the union I, U J,. Moreover, if T € 7, then it has exactly one
or exactly three edges.

Proof. Since each model face contains exactly three model edges, T has at least one odd
edge. By definition, an odd edge has pre-images in every ideal model tetrahedron of 7.
Thus 7T is connected. Further arguments are obvious. O

Proof of Theorem 4.1. Let P be a special spine of M that is dual to 7. Recall that d(P) and
v(P) denote the number of 2-components and the number of true vertices of P, respectively.
Let ap, ..., aqpy—1 be the 2-components and Y, ..., V2y(p)—1 be the edges of P. Consider
a part of the chain complex of P with Zs-coefficients:

o, Lo

Recall that By = 0Cs is the group of 1-dimensional boundaries. We claim that the following
are equivalent:

(a) T is in the union 7, U Z.

)
)
) d1m31 =1.

) d(P) = (2(M, Zo) + 1.
; v(P) = p1(M, Zs).

(h) M is in My, and T is minimal.

Indeed, the implication (b)=>(a) is the statement of Lemma 4.2. The reverse implication
(a)=-(b) is clear by definition. The equivalences (b)<(c) and (f)<(g) come from the duality
between P and 7. The implication (c¢)=-(d) is evident, while the equality (2) implies the
implication (d)=-(c). The equivalence (d)<(e) is clear by (3), and (e)<(f) is a direct
corollary of Lemma 3.2. And the final equivalence (g)<(h) is obtained by Theorem 3.1 and
by the definition of Mj,. This completes the proof of the theorem. O

5. BOUNDARY OF MANIFOLDS IN M,

Now we want to describe the boundary components of manifolds in Mj, through the
combinatorics of their minimal ideal triangulations. Let M, (resp., M.) denote the set of
all connected compact 3-manifolds with boundary, which admit an ideal triangulation in
T, (resp., Z;). Theorem 4.1 provides that sets M, and M, cover M,

Throughout this section, let 7 be an ideal triangulation of a connected compact 3-
manifold M with non-empty boundary and let T be the corresponding cell complex. Addi-
tional hypotheses will be stated.

Note, that the vertices of T are in one-to-one correspondence with the components of
OM. Let v be a vertex of 7. By 9,M denote the component of 9M corresponding to v,
and by deg(v) denote the degree of v considered as a vertex of a graph T,

Firstly, we give an abstract lemma (Lemma 5.1), that provide an explicit formula for an
Euler characteristics of d,M corresponding to a vertex v of 7. After that in sections 5.1
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and 5.2 we define an edge-labeling, types of model tetrahedra, and a combinatorial data
for ideal triangulations in 7, that allows us to describe 7@ in the case when T € Z,. In
particular, we obtain a full description of the vertices of 7. Then in section 5.3 we apply
Lemma 5.1 to each vertex of 7 under an assumption that 7 € Z,. Finally, in section 5.4
we apply Lemma 5.1 to each vertex of 7 under an assumption that 7 € 7.

Lemma 5.1. Let v be a vertex of T. Then

(4) X(0y M) = deg(v) —

#V(v)
5

Proof. Consider truncated triangulation 7* of M, that obtained from T by removing the
small open stars of its vertices. Note, that external model triangles of 7* are glued to
form the triangulation of M. Denote by sg, s1, and so the number of vertices, edges and
triangles in the triangulation of 9, M. Then x (9, M) = so—$1+ 2. It is clear that 2s; = 3s,
and the external model triangles are in one-to-one correspondence to the model vertices.
Thus s9 — s1 = —%(U).

It remains to check that sg = deg(v). To prove this we claim that each internal edge of
T™* has distinct endpoints. Qn the contrary, suppose that the endpoints of some internal
edge of 7* coincides. Then 7 has a singularity in the midpoint of the corresponding edge.
This contradicts the fact that 7@\ 7O is an ideal triangulation of M. Thus the vertices
of T* are in one-to-one correspondence with the endpoints of internal edges of 7* and

so = deg(v). O

5.1. Edge-labelling and types of model tetrahedra. In this section we describe the
combinatorics of T € J,. Define an edge-labelling of 7 to be the numeration of its edges
from 0 to d — 1 such that the single odd edge of T is denoted by eg and the even edges of
T are denoted by ey,...,eq—1. We reserve a parameter i taking values in {1,...,d — 1} to
indicate the labels of edges of T.

It follows that each model face & falls into one of the following categories that are deter-

mined by the model edges contained in &.
Type A The model edges of g are the pre-images of eg.
Type B; Two model edges of g are the pre-images of e; and the third model edge is the
pre-image of ep, where i € {1,...,d — 1}.

A basic combinatorial argument provides each model tetrahedron A to fall into one of
the following categories determined by the types of model faces contained in it. We say
that A is of type B; for some i € {1,...,d — 1} (resp., A) if it contains model faces of type
B; (resp., A) only. We also say that A is of type AB; for i € {1,...,d — 1} if it contains
three model faces of type B; and one model face of type A (see Figure 1).

5.2. Combinatorial data. The set-up and notation of the previous subsection are contin-
ued. Denote by a (resp., b; or m; for each ¢ € {1,...,d—1}) the number of model tetrahedra
of type A (resp., B; or AB;). For an ideal triangulation 7, we define the combinatorial
data D(T) to be a vector
(CL, mi, bl, ey Mg—1, bdfl)
considered up to relabelling of the even edges of 7. Using D(T ), define
w(T) := #{i € N, such that i < d and b; > 0}.

Clearly, w(7) is preserved under the relabelling of edges of T.
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FIGURE 1. Model tetrahedra of types A, ABj, and B; respectively, where
bold black edges are the pre-images of e; (for some i € {1,...,d — 1}) and
the others are the preimages of ey.

Lemma 5.2. Assume that T is in J.. Then for each i < d(T) the following hold:
(i) m; +b; > 0;
(i) m; is an even number;
(iit) if &(T) > 2 then m; > 2;

Proof. Note that for each ¢ € {1,...,d — 1} £(e;) is contained in the union of all model
tetrahedra of types B; and AB;, thus (i) holds.

It is clear, that the model tetrahedra could be glued only by the model faces of the same
type. Hence for each i € {1,...,d — 1} a model tetrahedron of type B; could be glued to
the model tetrahedra of types B; and AB; only. Note that a model tetrahedron of type B;
(resp., AB;) has even (resp., odd) number of model faces of type B; (resp., AB;j), thus (ii)
holds. Finally (iii) follows from the connectivity of 7 (see Lemma 4.2). O

5.3. Boundary of M € M.. Define G, to be a connected graph with = + y edges and
y+ 1 vertices such that one vertex of G, has multiple adjacenties, while the others are the
degree-one vertices. It is clear that G, contains precisely x loops.

Assume that M is in M,. By definition, there exists a minimal ideal triangulation 7 of
M in Z,. Fix an edge-labelling of 7.

Lemma 5.3. Assume that T is in J.. Then T s isomorphic to Gy with x =w(T)+1
and y = 4(T) —w(T) — 1. Moreover, the loops of T are ey and the edges e; for i €
{1,...,4(T) — 1} such that b; > 0.

Proof. To establish the conclusion we first prove three claims, each showing that, under cer-
tain conditions, some model vertices of a model tetrahedron (or a model face) are identified
to the same vertex of 7.
Claim 1 If the three model edges incident to a model face o are identified to form the same
edge of ’7', then the three model vertices incident to ¢ are identified to form the
same vertex of 7.
Claim 2 If each pair of opposite model edges incident to a model tetrahedron A are identified
to form the same edge of 7\', then all the model vertices incident to A are identified
to form the same vertex of 7.
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Claim 3 Each model tetrahedron of type A or B; (for some i € {1,...,d —1}) in T has its
model vertices identified to form the same vertex of 7.

In(ieed, let the three model edges incident to a model face o be identified to form an edge
e of T. Suppose that e has distinct endpoints that are denoted by u and v. It follows that
each model edge incident to ¢ has endpoints on the pre-images of v and v, a contradiction.
This proves Claim 1.

Let us prove Claim 2. On the contrary, suppose that there is an edge e of T with distinct
endpoints, say u and v, that has pre-images in A. By hypothesis, there is a pair of opposite
model edges in A that are identified to form e. It follows that the model vertices of A are
pre-images of u and v. This contradicts our hypothesis and completes the proof of Claim 2.

Finally, Claim 3 follows directly from Claim 1 and Claim 2.

Now let 7 be in Z,. Recall, that an edge-labelling of T is fixed. Moreover, each model
tetrahedron is of type A, Bj, or AB; for some i € {1,...,d—1}. Since all model tetrahedra
of types A, By, and AB; (for each ¢ € {1,...,d — 1}) has pre-images ¢y, applying Claim 1
(to a model tetrahedron of type AB;j) or Claim 3 (to a model tetrahedron of type A or B;)
we obtain that the ends of ey coincide; denote this vertex by vg. It will be a vertex of T
with multiple adjacenties.

Fixie {l,...,d—1}. If b > 0, then T contains at least one model tetrahedron of type
Bj, which has pre-images of e;. Hence, by Claim 3, ends of e; coincide with vg. But if
b; = 0, then e; has one endpoint in vy and the other is a degree-one vertex. This completes
the proof. O

Corollary 5.4. Assume that T is in J.. Then OM has exactly d(T) — w(T) connected
components.

Now we apply Lemma 5.1 to M.

Lemma 5.5. Assume that T is in .. Let vy be a vertex of T with multiple adjacenties,
and let e; (for some j € {1,...,d(T) —1}) be an even edge of T. If ¢; = 0 then e; has one
end in vy and the other in a degree-ome vertex, say v. We have:

(5) x(@,M) =1 - ZL;
1 d—1 d—1
(6) X(OpM)=(d+1+w(T)) — B 4a + 4Z(mz +bi)1p,~0 + SZmi(l — 1p,50) |,
=1 =1

where

1 1 ifb;>0
520710 otherwise

stands for the characteristic function.

Proof. Due to Corollary 5.4, T() has w(7) +1 loops that are incident to vg and d —w(7) —1
edges with one end in vy. Thus deg(vg) =d + 1+ w(T).

To finish the proof we need to describe full pre-images of v and vg. We refer to the proof
of 5.3 with Claims 1,2, and 3 to obtain the following. A model vertex v belongs to V(v) if
and only if v is a vertex of a model tetrahedron of type AB; opposite to the model face of
type A, while V(vg) consists of:

e all model vertices of model tetrahedra of type A;
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e all model vertices of model tetrahedra of types B; and AB; for each i € {1,...,d—1}
such that b; > 0;
e and model vertices of model tetrahedra of type AB; that are contained in model
face of type A for each i € {1,...,d — 1} such that b; = 0.
Using the combinatorial data D(7) and the description of V(v) and V(vg) we obtain (5)
and (6). O

Lemma 5.5 provides the criteria for a component of M to be of zero Euler characteristic,
which we will use later in section 7.

Corollary 5.6. Assume thatT isin J,. Let vy be a vertex of T with multiple adjacenties,
and let e; (for some j € {1,...,d(T) —1}) be an even edge of T. If c;j =0 then e; has one
end in vy and the other in a degree-one vertex, say v. We have:
(1) x(0,M) <0, moreover x(0,M) = 0 if and only if m; =2 ;
(1) X(Ouo M) < 0 if ca(M) > 3.
Proof. Ttem (i) follows directly from Lemma 5.5.
To prove (ii) we apply (6) from Lemma 5.5 that could be rewritten as follows:

d—1 d—-1

X M) = (2= 2a) +2) (1 —m; —bi)lps0+ Y (1
=1 =1

Smi
2

)(1 —1p,50).

We will check all possible values of combinatorial data D(7") which satisfy lemma 5.2. Item
(i) of lemma 5.2 provides that terms 1 — m; — b; and 1 — 37;" are negative or equals zero
for each i € {1,...,d — 1}. The first term 2 — 2a is also negative or equals zero then a > 1.

Otherwise a = 0 and the following situations are possible.
e d>2and ¢; >0 for some j € {1,...,d — 1}. Then by item (iii) in lemma 5.2 we
have x(Oy, M) <2+ 2(1 —c¢; —m;) <0
e d>2and b =0forallie{l,...,d—1}. Then by item (iii) in lemma 5.2 we have
X(OwM) <24 (1—-3231) + (1—-222) <0
e d=2,m;=0and ¢ >3, then x(0,,M) =2+2(1—¢;) <0
Thus (ii) is proved. O

5.4. Boundary of M € M,.

Lemma 5.7. Assume that M is in M, and T is in Z,. Then OM 1is connected and
X(OM) =24(T) — 2ca(M).

Proof. Let us show that OM is connected. Since the vertices of T are in one-to-one cor-
respondence with the components of M, it is sufficient to show that T has exactly one
vertex. Since 7T belongs to .7, it has exactly one or exactly three edges, that are odd, thus
the two situations possible.

Suppose d(7) = 3, then T has exactly three edge, say e, es, and e3. Then each model
tetrahedron has three pairs of its opposite model edges identified to form edges e;, e2, and
e3. Due to Claim 2 form the proof of Lemma 5.3 each model tetrahedron has its model
vertices identified to form one vertex of 7. Thus 7 has exactly one vertex.

Now suppose d(7) = 1, then 7 has exactly one edge, say eg. Then each model tetrahedron
has its model edges identified to form eg. Applying Claim 2 form the proof of Lemma 5.3
we obtain that 7 has exactly one vertex.
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Theorem 4.1 provides that 7 is a minimal ideal triangulation of M. Thus T has exactly
ca(M) model tetrahedra. Let vg be the single vertex of T, then deg(vg) equals twice the

number of edges of 7 and #V(vg) equals to the number of model vertices, that equals to
4ea(M). This finishes the proof. O

6. EXACT COVER OF M), WITH FOUR SUBCLASSES

By Lemma 4.2, the set 7, can be divided into two pairwise disjoint subsets. One of
them consists of one-edged ideal triangulations and is denoted by .Z!. The other consists
of ideal triangulations with exactly three edges and is denoted by .7,2. The set .7, can also
be divided into two pairwise disjoint subsets. We say that an ideal triangulation T € 7, is
in 7! if w(T) = 0. Otherwise T is in .72.

The partition of .7, U .7, induces a cover of M}, with four subsets ML M2 ML and M2,
where M} (resp., M2, ML, M?) denote the set of connected compact 3-manifolds with
boundary admitting an ideal triangulation in 7! (vesp., 7.2, 7.}, Z.2). Now we show that
this cover is exact.

Theorem 6.1. The sets ML, M2, M}, and M? are pairwise disjoint and cover Mj,.

Proof. Let T}, T2, T.!, and 7.2 be ideal triangulations in .7}, 72, 7!, and .72, respectively.
We need to prove that the corresponding manifolds M}, M2 M}, and M? are pairwise
non-homeomorphic. Since these ideal triangulations are minimal (Theorem 4.1), we may
assume they consist of the same number, say n, of tetrahedra; otherwise the manifolds are
non-homeomorphic.

Recall if we are given an ideal triangulation 7 of a connected compact 3-manifold M
with non-empty boundary, we obtain the dual special spine P of M. As we noticed above
in the proof of Lemma 3.2, x(M) = x(P) = d(P) — v(P). Since the true vertices, edges and
2-components of P are in one-to-one correspondence with the tetrahedra, faces and edges
of T, respectively, we have x(M) = d(T) — t(T). Then we apply the last equality to show
that M} is different from M2, M}, and M2. In fact, x(M}) = 1 —n, while x(M2) = 3 —n,
x(M}) = d(T}) —n, and x(M?2) = d(T2) —n, where by definition d(7.') > 2 and d(72) > 2.
Hence, M} " M2 =0, M} " M} =0, and M} N M3 = 0.

Now there are three cases to consider, depending on the equality between the Euler
characteristic.

First, if x(M2) = x(M}), then d(T!) = 3. By Lemma 5.4, M} has three boundary
components, while 9M2 has only one. Hence, M2 N M} = 0.

Second, if x(M}) = x(M?2), then d(T.!) = d(72). By Lemma 5.4, 9M} has more bound-
ary components than M?2. Hence, M}! N M2 = ().

Consider the last case assuming x(M2) = x(M?2). It follows that d(7.2) = 3. Now we
switch from the ideal triangulations 7.2 and 72 to its dual special spines, denoted P and
Q, respectively.

To prove that the manifolds M2, M2 are non-homeomorphic, we use the e-invariant of
Matveev — Ovchinnikov — Sokolov (see [10, Chapter 8.1.3]), which is the homologically
trivial part of the order 5 Turaev—Viro invariant. We give the definition of the e-invariant
following [10]. Let R be a special spine of a connected compact 3-manifold M with non-
empty boundary. Denote by F(R) the set of all simple subpolyhedra of R including R and
the empty set. Set ¢ = (1 + /5)/2, a solution of the equation €2 = ¢ + 1. With each
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K € F(R) we associate its e-weight by the formula
we(K) = (—1)"E)x(E)=v(K)

where v(K) is the number of true vertices of K and x(K) is its Euler characteristic. Set

tM) = > we(K).
KeF(R)
As shown in [10], (M) is an invariant of M.

To complete the proof of the theorem we show that t(M?2) # t(M?). Let us calculate
t(M2) by its special spine P. By the compactness of a simple subpolyhedron if it contains
a point of a 2-component, then it contains the whole of it. Thus, to describe a simple
subpolyhedron of P it is enough to indicate which 2-components of P it includes (its triple
points and true vertices then will be determined uniquely). Since 72 has exactly three
edges, and each of these edges is odd, P has exactly three 2-components, denoted &1, &2,
&3, and each boundary curve J¢; passes exactly once along each edge of P. Hence, F(P) =
{0, P, Py, Py, P3}, where P; = P\¢;. It is easy to see that v(P) =n, x(P) = 3—n, v(F;) =0,
and x(P;) =2 —n, 1 <i < 3. Summing up the e-weights w.(0) = 1, w.(P) = (—1)"e3~2",
and w.(P;) = 27", we get

t(M?) =14 (=1)"e372 4 32,

Now we calculate t(M?2) by the special spine Q. Since 72 has exactly one odd edge
and two even edges, () has exactly three 2-components, denoted &y, &1, and &. Let &
corresponds to the odd edge, while & and & correspond to the even ones. We claim @ has
exactly three proper simple subpolyhedra. Indeed, two of these polyhedra are connected
closed surfaces, denoted ()1, ()2 such that each Q;, ¢ = 1 or 2, contains & and do not contain
the other 2-components of Q. Therefore, Q1 N Q2 = (). The third polyhedron, denoted Qs3,
is the union @; U Q2 (i.e. a closed surface too).

So we have F(Q) = {0,Q, Q1,Q2,Q3}, v(Q) = n, x(Q) =3—n,and v(Q;) = 0,1 < i < 3.

Summing up the e-weights we get
3
H(M2) =1+ (—1)"e®2n 4 3 ex(@),
i=1

For each i, 1 < i < 3, we claim x(Q;) > 2 — n. Indeed, let v, e, and d; denote the
number of true vertices, edges, and 2-components of P, respectively, belonging to Q);. By
construction, df =dj =1and dj =2. Weset v; =v(Q)—v;" and e; = e(Q)— e, where

e(Q) is the number of edges of Q. Since e(Q) = 2v(Q), we have
X(Q) =vf — e +df =(2—v)+ (] — o)+ (df —2).

(2
The inequality e, — v, > 1 can be easily proved by induction on v, by using the fact
that the surface ); does not contain all the edges of the special spine ). It follows that
x(Qi) > 2 —n. Hence, 362" < Y27 eX(@) and we have t(M2) # t(M2). This then
completes the proof. O

Let My denote the set of connected compact 3-manifolds M with non-empty boundary,
which have an ideal triangulation 7 with So(OM;Z2) — x(M) ideal tetrahedra. Due to the
lower bound (1), 7 is a minimal ideal triangulation of M.

Due to Theorem 3.3, M, is contained in M},. The partition of M}, into four subsets M},
M2, M} and M? provides the following.
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Theorem 6.2. The set My, is the disjoint union of M} and M.

Proof. We already know, that M, is contained in My, thus it is covered with four sets M},
M2, ML and M2 which are disjointed. Our goal is to show, that for manifolds in M2 and
M?2 the lower bound (1) is strict.

Let M be in M2 U M?2. Let T be a minimal ideal triangulation of M and P be a spine
of P dual to 7. Since M belongs to My, the lower bound from Theorem 3.1 is achieved.
Thus we are left to show that inequality in Theorem 3.3 is strict:

(7) Ba(M;Zs) + 1 > Bo(OM; Zs).

Let d be the number of 2-components of P. From duality between P and 7 we have
d(7) = d. Since P is a spine of M we have [3(M;Z2) = P2(P;Z3). Now we refer to the
proof of Theorem 4.1, where we stated and proved that items (e) and (g) are equivalent.
Thus ﬁQ(M; ZQ) =d-1

Suppose M belongs to M?2. Hence T belongs to .7, and d = d(T) = 3. From Corollary
5.4 OM is connected. Thus By(OM;Zs) = 1 and inequality (7) holds.

Suppose M belongs to M2. Hence T belongs to 7.2 and w(7) > 0. From Corollary 5.4
OM has exactly d(7) —w(7) components. Thus Byo(OM;Zy) = d —w(T) and inequality (7)
holds.

Finally it is easy to see, that for manifolds in MLUM?. the lower bound (1) is achieved. [J

7. HYPERBOLICITY OF MANIFOLDS IN M,

Let M be a compact 3-manifold with non-empty boundary. Define M to be M with
boundary components of zero Euler characteristic removed. We say M is hyperbolic if M is
a complete riemannian manifold of constant sectional curvature —1 with finite volume and
totally geodesic boundary.

Remark 7.1. It was proven in [2, 14] that if M € M} and ca(M) > 2 or M € M2 and
ca(M) > 4, then M is a hyperbolic manifold with totally geodesic boundary.

Theorem 7.2. If M € M, and ca(M) > 3, then M is a hyperbolic manifold with totally
geodesic boundary components and some cusps.

Throughout this section, let M be in M, and ca(M) > 3, T € 7 be an ideal triangula-
tion of M, and let T be the corresponding cell complex. We also fix an edge-labelling of T
described in subsection 5.1 and define I to be a subset of 7(©) such that a vertex v is in I
if and only if x(9,M) = 0. Let 71 be a partially truncated triangulation corresponding to
a pair (T, 1) (see section 2.2 for exact definition). Additional hypotheses will be stated.

Now we introduce the strategy of the proof. Recall, that 71 is glued from partially
truncated model tetrahedra A”7‘s. Each A’ corresponds to a pair (5, J), where Ais a
model tetrahedron and J = A©® n V(I). In section 7.1 we give several properties of T!
and A7‘s. In order to give M a hyperbolic structure with totally geodesic boundary we
realize A7‘s as a special geometric blocks in H? (section 7.2) and require that the structures
match under the gluings (section 7.3). In section 7.4 we show the completeness of hyperbolic
structure constructed above.

In addition, in section 7.5 we apply Theorem 7.2 to obtain the Matveev‘s complexity for
manifolds in M, and to show that two hyperbolic manifolds in M, have equal volumes if
they admit minimal ideal triangulation with the same combinatorial data.
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7.1. Properties of 7L

Lemma 7.3. Let A be a model tetrahedron, and let J = A N V(I) be the set of ideal
model vertices of A. Then the following holds.
(i) Ifﬁ is of type A or By for some i € {1,...,d— 1}, then J = (see Figures 2a and
2c¢ respectively).
(i) If A is of type ABy; for some i € {1,...,d — 1} such that m; > 2 or b; > 0, then
J =10 (see Figure 2d).
(iii) If A is of type AB; for some i € {1,...,d — 1} such that m; = 2 and b; = 0, then
J consists of one model vertex ofﬁ that is opposite to a model face of type A in A
(see Figure 2b).

Proof. By LAemma 5.3, T has one vertex with multiple adjacenties, say vy, while the other
vertices of T (if there are any) are of degree one. Under assumption of Theorem 7.2 we
have ca (M) > 3, thus by Corollary 5.6 we have (9, M) < 0.

Suppose T has an odd edge e; for some j € {1,...,d — 1} such that ¢; = 0. Then e;
has one end in vy while the other in a degree-one vertex, say v. By Corollary 5.6 we have
X(0yM) < 0 and x(0,M) = 0 if and only if m; = 2. Suppose m; = 2. Let us describe V(v).

Recall, that for each i € {1,...,d — 1} £(e;) is contained in the union of all model
tetrahedra of types B; and AB;. Since we have ¢; = 0 and m; = 2 then £(e;) is contained
in the two model tetrahedra of type AB;. Since v is a degree-one vertex, then V(v) is
contained in &(e;). Further arguments are obvious. t

Remark 7.4. The partially truncated triangulation 771 satisfies the following.

e T1is homeomorphic to M.

e The truncation model triangles of the AJss give a triangulation of components of
OM with negative Euler characteristic.

e The links of the ideal model vertices of A”*s give a triangulation of components of
OM with zero Euler characteristic.

Since the internal edges of 7T are in one-to-one correspondence with the edges of T,
the edge-labelling of 7 induces the labelling of internal edges of 77, which we denote by

e{] e ,ecflfl. Further, types of model faces, types of model tetrahedra, and the combinato-

rial data of 7 induce types of lateral model hexagons, types of partially truncated model
tetrahedra, and the combinatorial data of 7! respectively.

Remark 7.5. The internal model edges of a given partially truncated model tetrahedron
A7 can be described as the pre-images of the internal edges of 71 depending on the type
of AY.
o If AV is of type A then all its internal model edges are the pre-images of e(l) (see
Figure 2a.
o If AV is of type Bj (for some i € {1,...,d — 1}) then two of its opposite internal
model edges are the pre-images of eé, and the others are the pre-images of ei[ (see
Figure 2c).
o If A7 is of type AB; (for some ¢ € {1,...,d—1}) then the three internal model edges
of A7 that are incident to the lateral model hexagon of type A are the pre-images

of e(I] , and the others are the pre-images of eZ-I (see Figure 2d or Figure 2b if m; = 2
and bl = 0)
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(A) Type A (B) Type AB; if b, = 0 and m; = 2

(c) Type B; (D) Type AB;

FIGURE 2. Model tetrahedra of types A, B;, and AB; for some i €
{1,...,d — 1}, where the bold black internal edges are the pre-images of

eiI and the others are the pre-images of eé.

7.2. Geometric model tetrahedra. A geometric realization of a partially truncated
model tetrahedron A” is an embedding of A’ into H? such that the truncation model
triangles are geodesic triangles, the lateral model hexagons are geodesic polygons with ideal
model vertices corresponding to missing edges, and the truncation model triangles and
the lateral model hexagons lie at right angles to each other. A geometric realization of a
partially truncated model tetrahedron is called a geometric model tetrahedron.

M. Fujii proved in [8] that a geometric realization of a truncated model tetrahedron
(without ideal model vertices) is parameterized up to isometry by the set of dihedral angles
along its internal model edges, which satisfy natural restrictions. R. Frigerio and C. Petronio
generalize the result of Fujii to geometric realizations of partially truncated tetrahedra.
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Now we give the geometric realization of partially truncated model tetrahedra A7 ‘s, that
is determined by their types.

o If A7 is of type A then we realize it in H? with dihedral angle 3 along pre-images
of e}, where 8 € R with 0 < 8 < 7/3 (see Figure 2a).

o If A7 is of type B; (for some i € {1,...,d—1}) then we realize it in H* with dihedral
angles ¢; and 6; along pre-images of e} and eZ-I respectively, where ¢;,0; € R with
0<¢; <m/3and 0 < 0; < /3 (see Figure 2c).

o If A7 is of type AB; (for some i € {1,...,d — 1}) and either m; > 2 or b; > 0 then
we realize A7 in H3 with dihedral angles «; and +; along pre-images of eé and eZ-I
respectively, where a;,v; € R with 0 < «a;,7; < 7/3 (see Figure 2d).

o If A7 is of type AB; (for some i € {1,...,d—1}), m; = 2, and a; = 0 then A’ has
an ideal vertex and we realize it in H® with dihedral angles a; and v; = 7/3 along

pre-images of 66 and eiI respectively, where a; € R with 0 < «; < 7/3 (see Figure
2b).

Remark 7.6. Since a geometric realization of each partially truncated model tetrahedron
is determined by its type we will identify partially truncated model tetrahedra A”7‘s with
their geometric realizations.

7.3. Consistency. In order to construct a hyperbolic structure on M we give geometric
realization of the partially truncated model tetrahedra A”‘s, described in section 7.2, and
require the structures to match under the gluings. Firstly, we should glue partially truncated
model tetrahedra by the isometries of their lateral model hexagons such that the internal
(resp., external) model edges match to the internal (resp., external) ones. An isometry
between two lateral model hexagons exists if and only if the corresponding external model
edges have equal lengths; we will call it by length condition. The gluing of the partially
truncated model tetrahedra by the isometries of their lateral model hexagons allows us to
extend the hyperbolic structure to M with the internal edges of 77 removed. To be able
to extend the hyperbolic structure to the whole of M, we should require the total dihedral
angle around each internal edge of 71 to equal 27; we will call it by cone angle condition.
It was shown in [12] that the hyperbolic structure given on the partially truncated model
tetrahedra of 77 extends to the whole of M if and only if both length condition and cone
angle condition hold.

7.3.1. Length condition. Let us remind, that partially truncated model tetrahedra can be
glued only by lateral model hexagons of the same type. Thus all possible gluings are given
in table 1.

Type of a lateral model hexagon | Types of two partially truncated model tetrahedra

A A&A, A&AB;, AB;&AB;, AB;&AB;

B; B;&B;, AB;&AB;, AB;&B;

TABLE 1. Possible gluings of partially truncated model tetrahedra of 7T,
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In this section we describe the length condition for each possible gluing, and in section
7.3.3 we show which gluings appear in 71. Since geometric realization of the partially
truncated model tetrahedra of 7' depends only on their types, gluings of two partially
truncated model tetrahedra with the same type produce trivial length conditions. It is
worth noting, that the gluing of two partially truncated model tetrahedra along lateral
model hexagons with ideal model vertices produces trivial length conditions due to the
argument above. Thus it remains to consider gluings along lateral model hexagons without
ideal model vertices. To compute the lengths of external model edges through the dihedral
angles of a partially truncated model tetrahedron we use explicit formulas from [8].

Firstly we consider a gluing of two partially truncated model tetrahedra of types AB;
and B; along a pair of their lateral model hexagons of type B;, where i € {1,...,d — 1}.
Note, that each lateral model hexagon of type B; has two external model edges with equal
lengths, thus the length condition translates into equations:

cos?y; +cosy;  cos? f; + cos p;

(8) =

sin? Yi sin® 6,

COS Q; COSy; + cosay  cos B; cos ¢; + cos b;

9)

Now consider gluings of partially truncated model tetrahedra along lateral model hexagons
of type A. Note, that each lateral model hexagons of type A has external model edges with
equal lengths, thus each gluing will produce only one equation. More precisely, the length
condition for a gluing of two partially truncated model tetrahedra of types A and AB; (resp.,
AB; and AB;) translates into an equation (10) (resp., (11)), where 4,5 € {1,...,d — 1}
with ¢ # j.

sin q; siny; sin @; sin ¢;

cos’? B+ cosB  cos? oy + cos;

sin? 8 sin?

(10)

cos? a; + cos Yi cos? Qj + COS7y;j

11 =
(11) sin® oy sin? Q;

7.3.2. Cone angle condition. Let us describe the cone angle condition for the internal edges
of %I, which are denoted by eé, e{, e eéfl.

Firstly we consider an internal edge e! for some i € {1,...,d —1}. If m; > 0 and b; > 0
then £(ef) is contained in partially truncated model tetrahedra of types AB; and B; (see
remark 7.5). More precisely, each partially truncated model tetrahedron of type AB; (resp.,
B;) has a dihedral angle v; (resp., 6;) along all three (resp., four) pre-images of e/. Hence

the cone angle condition for e,f provides an equation:
(12) 3m,~% + 4bi9i = 2.

By Lemma 5.2 we have m; +b; > 0. If m; = 0 or b; = 0 then the corresponding term of
equation (12) vanishes. Note, that if m; = 2 and b; = 0 for some i € {1,...,d — 1} then
£ (e{ ) is contained in exactly two partially truncated model tetrahedra of type AB; which
have ideal model vertices. By definition, the dihedral angles along the pre-images of eiI
equal v; = 7/3. Thus the cone angle condition for e! holds: 3m;y; = 6(r/3) = 2.

Now, we consider the cone angle condition for eé. This time each partially truncated

model tetrahedron of 77 contains pre-images of eé (see remark 7.5). If all components of
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D(T) are greater than 0, then the cone angle condition for e{] provides an equation:
a-1
i=1
If some components of D(T) equal to 0, then the corresponding terms in equation (13)
vanish.

7.3.3. Algebraic criteria for hyperbolicity. It is time to combine all equations together. Note
that all consistency conditions depends only on the combinatorics of 71 , SO it is convenient
to consider six cases (see table 2). Define m(7) := my + ...+ mq_1, where {m;}3] are the
components of D(T). Recall, that a is a component of D(T) that equals to the number of

model tetrahedra of type A.

Cases | a |m(T) |w(T)| d(T)
1 0 0 >0 2
2 0 >0 0 2
3 0 >0 0 > 2
4 >0] >0 0 =2
) 0 >0 | >0 =2
6 >0 >0 | >0 =2

TABLE 2. Possible anatomies of 7T .

In cases 1 and 2 we have d = 2 and all partially truncated model tetrahedra are of the
same type (B1 or ABj). Thus the length condition is trivial.
In case 1 cone angle condition translates into system of equations:

46191 =27
261 ¢1 =27
Clearly (601;¢1) = (ﬁ, g) is the unique solution of this system. Moreover, 6; < /3 and
¢1 < /3 since ca (M) > 3, thus M is actually hyperbolic without singularities.
In case 2 cone angle condition translates into system of equations:

3m1’yl =27
3miag = 27

Clearly (y1;01) = (327”1, 327”1) is the unique solution of this system. Moreover, v; = a3 < 7/3

since ca (M) > 3, thus M is actually hyperbolic without singularities.

For the rest of this section we will consider case 6 while cases 3-5 could be considered in
the same way. Note that in case 6 we have a > 0 and m; > 0 for alli € {1,...,d—1} due to
Lemma 5.2. For the aim of simplicity we denote w = w(7) tacitly implying that 7 is fixed.
Using an edge relabelling if needed we suppose that b; > 0 if and only if i € {1,...,w}.
Hence equations (8) and (9) occur only for i € {1,...,w}.

The connectivity of 71 provides that the system of equations corresponding to the gluings
of partially truncated model tetrahedra along lateral model hexagons of type A is equivalent

to:

cos’ B+ cosB  cos? aq + cos Y cos? ag_1 + cos Yda—1

(14)

sin? 8 sin? aq sin® ag_1
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Geometrically this means that all external model edges of lateral model hexagons of type
A has equal lengths and this hexagons are, actually, isometric to each other. We combine
all equations together and obtain the following system:

(15a) cos? 'yl ;Fcos Vi _ cos? «9Z jcos 10} for i <u
sin” ~y; sin” 6;
(15b) cos ai‘cos ’y¢.+ cosa; _ cos 97;.COS ¢7i + cos 6; fori<u
sin oy; sin y; sin 6; sin ¢;
15 cos? B+ cos 3 B cos? o] +cosyr B cos? Qg—1 + COSvY4—1
(15¢) 2 = 2 = 2
sin” 8 sin® ay sin® ag—1
(15d) 3myy; + 4b,0; = 2w, fori<w
(15e) 3m;y; =27, forw<i<d
(15f) > (Bmiai) + Y (2biy) + 6aB = 27
i<d i<w

Recall, that i is a natural parameter. We call the solution of system (15) admissible if it
satisfies: {e}ica, {0i}i<u, B € (0,7/3) and {vi}ica, {¢i}i<w € (0,7/3]
Theorem 7.7. System (15) has an admissible solution.

Note, that property of the solution to be admissible guarantees the existence of geometric
model tetrahedra we use. Hence this solution determines a hyperbolic structure on M.

7.4. Completeness. To check completeness of the hyperbolic structure just described we
have to determine the similarity structure it induces on the boundary tori and Klein bot-
tles. By construction, each torus (Klein bottle) in M is tiled by two equilateral Euclidean
triangles. This shows us that the structure on the boundary tori (Klein bottles) are indeed
FEuclidean, so the hyperbolic structure constructed in the previous paragraph is complete,
and corresponds by Mostow's rigidity theorem to the unique complete finite-volume hyper-
bolic structure with geodesic boundary on the topological manifold M with the boundary
tori and Klein bottles removed.

7.5. Applications of hyperbolicity.

7.5.1. Matveev‘s complexity. For any compact 3-manifold M, an N-valued invariant ¢(M)
was defined by Matveev in [10] and called the complezity of M. Matveev also proved that,
when M is hyperbolic, ¢(M) equals to the ca(M). Thus the following theorem holds.

Theorem 7.8. Let M be a hyperbolic 3-manifold in My,. Then c(M) = p1(M, Zs).

7.5.2. Manifolds with same combinatorial data. Note, that different 3-manifolds in M,
might have minimal ideal triangulation with the same combinatorial data. Due to The-
orem 7.2 all 3-manifolds in M., except finite number of 3-manifolds of small complexity,
are hyperbolic with finite volume. Then the following Proposition holds.

Theorem 7.9. Let My and My be two hyperbolic 3-manifolds in M., which have minimal
ideal triangulations with the same combinatorial data. Then My and Ms have equal volumes.

Proof. Recall that hyperbolic structure on M; and M are constructed using the partially
truncated triangulations. Clearly, this partially truncated triangulations are glued from
equal number of partially truncated model tetrahedra of each type. Note, that the geometric
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realisations of partially truncated model tetrahedra and the consistency conditions depend
on the combinatorial data only. Due to the Mostow rigidity theorem consistency conditions
has a unique solutions. Thus the hyperbolic manifolds M; and M, are glued from equal
sets of geometric tetrahedra. This finishes the proof. O

8. PROOF OF THEOREM 7.7

In this section we work with system (15), so we recall that {a;, vi}ti<a, {0is ¢i}i<w and B

are the variables of the system (15) and a, {m;, b; };<4 are positive integers, which depends
on the 3-manifold we are working with. Clearly v; = 327” is a unique solution of equation

(15f) for each w < i < d. We consider a one-parameter system with parameter K > 0:

;

s 2 . 29‘
(16a) PR SR fori<w
1 4 cos; 1 4 cos ¢;
(16b) cos a; cosy; + cosay  cosb; cos ¢; + cosb; fori <
= or 1w
sin ay; sin y; sin 6; sin ¢;
2
(16¢) B R e fori<w
1+ cosy;
(16d) 3m;y; + 4b0; = 2w, for i < w
2
(16e) L%2:I( forw<i<d
1 —|—cos3—n7{i
.2
sin” 8
16f — =K
(16£) 1+ cospf

We study how solution of system (16) depends on the parameter K.

Definition 8.1. We call the solution of system (16) almost admissible if it satisfies: {a; }i<q,
{6, i, vi}icw and B € (0,7/3].

Proposition 8.2. There exists a unique K >0 (which we will call a critical value of
parameter K ) such that:
(1) V K € [0,K] system (16) has a unique almost admissible solution, that depends on
K continuously. Denote these functions as {a;(K)}icd, {0:(K), ¢:i(K), vi(K)} ic<w
and B(K). B
(2) {0;(K), vi(K)}icw take values in (0,7/4] for all K € [0, K].
(3) {i(K)}ica, {0i(K)}icw and B(K) are strictly increasing functions with respect to
K which equal zero at K = 0. B
(4) Functions {ci(K)}ica, {9i(K)}icw and B(K) take values in (0,7/3) for all K < K.
Moreover at least one of these functions reaches the value of 7/3 at K = K.

Let K be as in Proposition 8.2. Fix K < K. Then {a;(K)}ica, {0:(K), ¢i(K), 7i(K)}icw
and {y; = %}w<i<d appear to be an admissible solution of system (15) if and only if the
equation (15f) holds. Define a function of K with domain [0, K]:

F(K)=> 3mia;(K)+ Y 2bigi(K) + 6aB(K).
i<d i<w

Clearly F(K) is continuous and equation (15f) translates into equality F(K) = 2.



22

Proposition 8.3. Let K be as in Proposition 8.2. Then there exists a unique K < K such
that F(K) = 2.

Hence an admissible solution of system (15) exists. Summing up, Propositions 8.2 and
8.3 together give a proof of Theorem 7.7.

8.1. Proof of Proposition 8.2. Our goal is to evaluate each variable of system 16 as
a function of parameter K and find the value of K explicitly. We will use the following
variation of the inverse function theorem several times.

Lemma 8.4 (Theorem 3.10 in [13]). Assume G is strictly increasing and continuous on an
interval [p,q]. Let r = G(p) and s = G(q) and let H be the inverse of G. That is, for each
y in [r,s], let H(y) be that x in [p,q] such that y = G(x). Then

e H is strictly increasing on [r, s];

e H is continuous on [r,s].

Note, that system (16) breaks into independent sub-systems consisting of:
e a single equation (16f);
e a single equation (16e) for some i € N such that w < i < d;
e equations (16a), (16b), (16¢), and (16d) for some i € N such that i < w.

To each sub-system we match it‘s own critical value of parameter K such that all the
statements of Proposition 8.2 corresponding to the solution of a given sub-system hold.
Then we define K as the minimal critical value among critical values of sub-systems of
system (16). Clearly, Proposition 8.2 holds for such K.

Firstly we consider equation (16f). Applying Lemma 8.4 to function Go(B) :=

sin? 8
1+cos 8
defined on an interval [0, /3] we obtain that there exists a continuous and strictly increasing

function B(K) defined on an interval [0, Kq], where Ky := Go(m/3) is a critical value for
given sub-system.
Now we fix ¢ € N such that w < i < d and consider equation (16e) for given i. Applying

sin? a;
1-+cos ((27)/(3m;
that there exists a continuous and strictly increasing function a;(K) defined on an interval
[0, K;], there K; := G;(w/3) is a critical value for given sub-system.

Now we fix ¢ € N such that i < w and consider equations (16a), (16b), (16¢) and (16d)
for given ¢. We try to evaluate «a;, 75, 0;, and ¢; as continuous functions of K as follows.

Lemma 8.4 to function Gi(«;) = j defined on an interval [0, /3] we obtain

(1) From equations (16a) and (16d) we evaluate ; and 7; as continuous functions of an
argument ¢;. Denote this functions 9:(@) and 7;(¢;).

(2) From equation (16b) with #; and 7; considered as a continuous functions on ¢; we
evaluate a; as a continuous function of an argument ¢;. We denote this function
@;(K) and show that it is strictly increasing with respect to ¢;.

(3) Consider equation (16¢) with 7; and «; considered as a continuous functions of an
argument ¢;, and use Lemma 8.4 to obtain function ¢;(K).

(4) Finally, define functionﬁai(K) = @i(i(K)), 0:;(K) :=0;(¢i(K)), vi(K) := 7i(¢i(K))
and the critical value K;.

We begin by considering equations (16a) and (16d) with ¢; considered as a parameter
which takes values in [0, 7/3].

Lemma 8.5. For each ¢; € [0,7/3] there exist unique 6; and ~; in (0,7/4] such that
equations (16a) and (16d) hold.
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Proof. Fix ¢; € [0,7/3]. All functions appearing in the proof depend on ¢; but we will omit
this dependence since ¢; supposed to be fixed. Define:

(17) N, = sin? v; _ sin? 6;
14cosy; 1+ coso;
sin? 6; sin? 7,

We apply Lemma 8.4 to functions f;(0;) = 15 5. and g; (vi) = 1 oo defined on an interval

k3

[0,7/4] and obtain continuous strictly increasing functions 67 (N;) and ~}(N;). Note that
domain of these functions depends on ¢;, but they always contain an interval [0,0.25].
Define:

(18) Si(Ni) := 3mif; (N;) + 4b;y; (N;)

Clearly S;(N;) is continuous and strictly increasing function with respect to IV; as a linear
combination of continuous and strictly increasing functions 6 (N;) and ~(V;) with positive
coefficients. Moreover S;(0) = 0. We claim, that there exists N; € [0,0.25] such that
S;(N;) = 2m. Thus equations (16a) and (16d) hold for 6; = *(N;) and ~; = v} (NV;).

To prove the claim we apply the Bolzano‘s theorem of an intermediate value to the
function S;(N;) defined on an interval [0,0.25]. It remains to check that S;(0.25) > 2.
Direct computations provides that:

e 77(0.25) = arccos 0.75 € (0.23m,0.257),
e 07(0.25) = arcsin 1/0.25(1 + cos ¢;) € (0.2097,0.257) for any ¢; € [0,7/3].

From lemma 5.2 we have m; > 2 and b; > 1 since ¢ < w. Thus S;(0.25) > 2x. Finally 6;
and ~y; are unique for given ¢; € [0, 7/3] since function S;(XV;) is monotone. O

Lemma 8.5 allows us to define functions 97(@) and 7;(¢;) with domain [0, 7/3] that turn
equations (16a) and (16d) into tautology.

Lemma 8.6. Function 4;(¢;) (resp., é\l(qbl)) is is continuous and strictly increasing (resp.,
decreasing) with respect to ¢;.

Proof. Function 7;(¢;) and 9:(@) are analytic on the interval (0, 7/3) by the analytic implicit
function theorem, thus they are continuous.
Let us show that for arbitrary 0 < a < b < /3 we have ¥;(a) < 4;(b). On the contrary,

suppose 7;(a) = 7;(b). Recall, that functions 97(@) and 7;(¢;) turn equations (16a) and
(16d) into tautology. Thus 6;(a) < 0;(b) and we have:

sin;(a)  sin®6;(a) _ sin?6;(b)  sin®5;(b)
1+cosyi(a) 1+4cosa ~ 1-+cosb 1+ cos;(b)

PPN N N .
But from the assumption we have 1320&75((?;) > 1?;0;’%52)). Contradiction. Thus 7;(¢;) is

strictly increasing with respect to ¢;. And equation (16d) provides that 97((;51) is strictly
decreasing with respect to ¢;. (|

We rewrite equation (16b) as follows:

b )1—|—Cos%- cosB; 1 + cos ¢;
cot (o =
" sin i sinf; sin ¢;




24

Using equation (16a) and substituting functions 4;(¢;) é\z(qbz) we evaluate «; as a continuous
function of ¢; defined on an interval [0, 7/3]:

(19 Gi6r) = cot” ( 20,09 >

2sin ¢; sin i ()
Lemma 8.7. &;(¢;) is a strictly increasing function with respect to ¢;, and &;(0) = 0.

Proof. By Lemma 8.6, 4;(¢;) is strictly increasing and é\z(@) is strictly decreasing with
respect to ¢;. Moreover, they take values in (0,7/4]. Thus sin¥;(¢;) (resp., sin26;(¢;)) is a
strictly increasing (resp., decreasing) with respect to ¢;. This finishes the proof. ([l

Consider equation (16¢) with «; and 4; considered as functions of ¢;:

sin® @; (¢;)
Gi(¢j)) = ——————=K
i(¢) 1+ cosi(¢i)
Due to Lemmas 8.6 and 8.7 function G;(¢;) is continuous and strictly increasing with
respect to ¢;. Again applying Lemma 8.4 to function G;(¢;) defined on an interval [0, /3]

we obtain continuous and strictly increasing function ¢;(K) defined on an interval [0, K i(l)],
where IN(Z-(I) = G,(m/3). Define:

ai(K) = Gi(6:(K)), 0:(K) := 0;(¢i(K)), and %(K) = 5i(¢i(K)).

Clearly these are continuous functions of K defined on an interval [O,IN(Z-(D]. Moreover,

a;(K) is a strictly increasing with respect to K and «;(0) = 0 due to Lemma 8.7. Note,

that KZ.(l) may not satisfy all the properties of the critical value from Proposition 8.2 for
sub-system of equations (16a), (16b), (16¢c), and (16d) for given i. Lemma 8.5 provides
that 0;(K) and 7;(K) take values in (0,7 /4], while o;(K) may take values greater than

w/3. If ai(I?i(l)) > /3 then there exists K; such that a;(K) < 7/3 for all K € [0, K;] and
o;(K;) = /3. Otherwise define the critical value K; := I?i(l).
Finally we define critical value K as follows:

K := min K;

0<i<d—1

It is not hard to check, that Proposition 8.2 holds for such K.

8.2. Proof of Proposition 8.3. Note, that F(K) is a strictly increasing function with
respect to K as a linear combination of strictly increasing functions with positive coefficients.
Moreover F'(0) = 0.

To prove the proposition we apply the Bolzano's theorem of an intermediate value to the

function F(K) defined on an interval [0, K]. It remains to check that F(K) > 2. We finish
the proof with two following lemmas.

Lemma 8.8. If ¢;(K) = 7/3 for some i € {1,...,w}, then a;(K) > m/4.
Proof. From equation (16a) with ¢; = 7/3 we obtain:

3 3 1
sin(6;) = 5(1 —cos7;) and cos(6;) = 5C08% — 5
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Hence the equation (19) with ¢; = 7/3 could be replaced with:

V(1 —cos;)(3cosy; — 1)
sin y;

ai(pi) = cot_l(

)

By direct computations we have: «; > /4 for all ; € [0,7/3]. O

Lemma 8.9. F(K) > 2.
Proof. We would strongly rely on the fourth item of Proposition 8.2 in the proof. We know,

that at least one of functions {@;(K)}ica, {¢:i(K)}i<w or S(K) reaches the value of 7/3 at

K = K. So we consider all the possible cases. Note that by assumption we have a > 0,
m; > 2 for each i € {1,...,d — 1} and b; > 0 if and only if 1 < i < w, where w,d € N with
1<w<Ld B

o If B(K) = m/3, then:

F(K) = 3mion(K) + 6a8(K) > 601 (K) + 67/3 > 27
o If a;(K) = m/3 for some i € {1,...,d — 1}, then:
F(K) > 3moy(K) + 6a8(K) > 67/3 +668(K) > 27
e Otherwise ¢;(K) = /3 for some i € {1,...,w}. Then by Lemma 8.8 we have:
F(K) = 3moi(K) + 2bi¢ys (K) > 67 /4 + 27/3 > 27

So we have F(K) > 27 and Lemma 8.9 is proved. O
Remark 8.10. In the proof of Lemma 8.9 we use some restrictions on the combinatorial

data: a > 0, m; > 2 for each i € {1,...,d — 1} and b; > 0 if and only if 1 < i < w. This

restrictions do not hold in general case. However one can prove that F(K) > 27 without
this restrictions only using Lemma 5.2.

9. EXAMPLES

Due to Theorem 7.2 and Remark 7.1, almost all manifolds in M, except finite number of
manifolds of small complexity, are hyperbolic. In this section we give a full list of manifolds
in M, which do not satisfy the conditions of Theorem 7.2 and Remark 7.1 (Table 3). Some
manifolds in the list are actually cusped hyperbolic manifolds, which were tabulated in [15],
the others are included in computer programs ”SnapPy” [16] and ”3-Manifold Recognizer”
[17].

M cea(M) | Class | x(M) | Hi(M,Z) Spine
m000 1 M} 0 Z Figure 3a
L(4,1)\ B? 1 M? 1 Zy Figure 3b
Seifert (52, (2,1), (2,1), (2,1), (1,-1)) 2 M 1 Zo+ 7o | Figure 3c
m002 2 M. 0 Zy+7 | Figure 3d
m001 2 M? 0 Zo+ 7 Figure 3e
m025 3 M2 0 | Zo+Zy+7Z | Figure 3f

TABLE 3. List of exceptions.
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FIGURE 3. Special spines of non-hyperbolic manifolds in My,.
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