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�� F?./.10.� �'+?)*,23* +'+,*53 /)'-()*,1y, A+* (-0@z** %21L*2'* A ,*-)''
' /)1?,'L*+?-5 /)'5*2*2'' A %1K1L1M -/,'510@2-&- 6/)1A0*2'C ' -/,'5'%1B''! ~,-
+AC%12- + ,*5n L,- 52-&'* %1K1L' -/'+3A1y,+C K'+?)*,235' 6)1A2*2'C5'n /-+?-0@?6
21 /)1?,'?* '2U-)51B'C - +-+,-C2'' /)-B*++1 /-+,6/1*, K'+?)*,2-n ' 6/)1A0*2'*
K'215'L*+?'5 /)-B*++-5 )*10'%6*,+C L1W* A+*&- A K'+?)*,23* 5-5*2,3 A)*5*2'!
P,12K1),23. /-KM-K ? /)-*?,')-A12'y )1%0'L23M 6/)1A0C*53M +'+,*5 /)*K/-01�
&1*, /*)A-21L10@23. )1+L*, /)-&)1552-&- KA'4*2'C ' /-+0*K6yW** '++0*K-A12'*
A-%56W*223M KA'4*2'. + '+/-0@%-A12'*5 6)1A2*2'. A -,?0-2*2'CM! �1?-. /-KM-Kn
-K21?-n 2* A+*&K1 /)'A-K', ? 4*01*535 )*%60@,1,15! �)' 1210'%* A-%56W*223M KA'�
4*2'. -?1%3A1*,+Cn L,- 'M K'215'L*+?'* M1)1?,*)'+,'?' 2* A+*&K1 6K-A0*,A-)',*0@�
23 + ,-. '0' '2-. ,-L?' %)*2'Cn L,- CA0C*,+C +0*K+,A'*5 +6W*+,A*22-. %1A'+'5-+,'
A-%56W*223M KA'4*2'. -, /)-&)1552-&- KA'4*2'C! S 21+,-CW*. )1(-,* /)*K0-�
4*21 51,*51,'L*+?1C 5-K*0@n /-%A-0CyW1C /)-A-K',@ -K2-A)*5*22- -/,'5'%1B'y
/)-&)1552-&- KA'4*2'C ' 12+15(0C A-%56W*223M KA'4*2'. A K'+?)*,23M +'+,*51M!
�)' {,-5 )1++51,)'A1*,+C +-A5*+,21C -/,'5'%1B'C &01K?'M ' 2*&01K?'M U62?B'-�
210-A!

�'+?)*,235 +'+,*515 ' 'M /)'0-4*2'C5 /-+ACW*2- 52-&- )1(-, )1%23M 1A,-)-A
k"xNl! �1%A'A1y,+C KA1 /-KM-K1 ? K'+?)*,235 +'+,*515! �*)A3. -+2-A12 21 '+/-0@%-�
A12'' /)'2B'/1 -/,'510@2-+,' �! �*005121! S,-)-. /-KM-K CA0C*,+C A1)'1B'-2235
' +AC%12 + 1//1)1,-5 /)'2B'/1 51?+'5651 �! �-2,)C&'21n ?-,-)3. A/*)A3* (30 )1%�
)1(-,12 K0C )*z*2'C %1K1L -/,'510@2-&- 6/)1A0*2'C 2*/)*)3A235' K'215'L*+?'5'
+'+,*515'!

�01++'L*+?'* /-+,12-A?' %1K1L -/,'510@2-&- 6/)1A0*2'C A K'+?)*,23M +'+,*�
51M K-+,1,-L2- M-)-z- '%A*+,23 ' '++0*K-A123 k"l! ~,' %1K1L' 5-42- )1++51,)'A1,@

<© �OIKH	
FHFMLpMqGKJr qTGpPOMGHsFII�r pIJsFMGJHFH+ @/@�

7��9!CDD45(�5 $D�/�@�E0AD���/�D!9"#�/�@/@��@�/ �"=



?1? %1K1L' 6/)1A0*2'C -,K*0@235' ,)1*?,-)'C5'! �1)CK6 + 2'5' )1%)1(1,3A1y,�
+C ' 2*+,12K1),23* %1K1L' ,*-)'' -/,'510@2-&- 6/)1A0*2'Cn A L1+,2-+,'n %1K1L'
6/)1A0*2'C 12+15(0C5' ,)1*?,-)'. v/6L?15' ,)1*?,-)'.w /)' )1%0'L23M ?)',*)'CM
?1L*+,A1 A 2*/)*)3A23M ' K'+?)*,23M +'+,*51M k�n =n Dl! �1?'* %1K1L' 5-42- )1+�
+51,)'A1,@ ,1? 4*n ?1? %1K1L' 6/)1A0*2'C + 2*/-02-. '2U-)51B'*. -( '+M-K23M
K1223Mn ?-&K1 ,-L2-* 21L10@2-* +-+,-C2'* -(�*?,1 2*'%A*+,2- ' 2*-(M-K'5- 6/)1A�
0C,@ 12+15(0*5 ,)1*?,-)'.n '+M-KCW'M '% 2*?-,-)-&- K-/6+,'5-&- 21(-)1 21L10@23M
6+0-A'. 6/)1A0C*5-&- -(�*?,1! �10** '++0*K-A10'+@ 2*+,12K1),23* %1K1L' +-A5*+,�
2-. -/,'5'%1B'' /)-&)1552-&- KA'4*2'C ' 12+15(0C A-%56W*223M KA'4*2'. ?1?
A 2*/)*)3A23M k$x"#ln ,1? ' A K'+?)*,23M +'+,*51M kIxNl! �2,*)*+2-* )1%A','* /-�
06L'0' ' %1K1L' -K2-A)*5*22-. -/,'5'%1B'' &01K?'M ' 2*&01K?'M U62?B'-210-An
%1K1223M 21 /)-&)1552-5 KA'4*2'' ' /6L?* A-%56W*223M ,)1*?,-)'. A 2*/)*)3A�
23M +'+,*51M k""x"Il!

�1221C +,1,@C /-+ACW*21 /-+,)-*2'y 2-A3M 5*,-K-A -/,'5'%1B'' +AC%?' &01K�
?'M ' 2*&01K?'M U62?B'-210-A A K'+?)*,23M +'+,*51M!

�� G-2;91-?69 B9/970� �1++5-,)'5 +'+,*56 K'+?)*,23M 6)1A2*2'. +0*K6yW*�
&- A'K1m

x (k + 1) = f (k, x (k), u (k)), v"w

y (k + 1) = F (k, x (k), y (k), u (k)), v�w

k = 0, . . . , N − 1,

&K* x (k) T ��5*)23. U1%-A3. A*?,-)n M1)1?,*)'%6yW'. /)-&)1552-* KA'4*2'*�
y (k) T &�5*)23. U1%-A3. A*?,-) A-%56W*22-&- KA'4*2'C� u (k) T � �5*)23. A*?�
,-)� f (k) = f (k, x (k), u (k)) T ��5*)21C A*?,-)21C U62?B'C� F (k) = F (k, x (k),
y (k), u (k) T &�5*)21C A*?,-)21C U62?B'C! >,2-+',*0@2- f (k) /)*K/-01&1*5n L,-
/)' ?14K-5 k ∈ {0, 1, . . . , N} -21 -/)*K*0*21 ' 2*/)*)3A21 21 52-4*+,A* Ωx × U (k)
/- +-A-?6/2-+,' 1)&65*2,-A (x (k), u (k)) A5*+,* + L1+,235' /)-'%A-K235' /- 2'5!
�6K*5 ,1? 4* +L',1,@n L,- /)' ?14K-5 k ∈ {0, 1, . . . , N−1} F (k) -/)*K*0*21 ' 2*/)*�
)3A21 21 52-4*+,A* Ωx × Ωy × U (k) /- +-A-?6/2-+,' 1)&65*2,-A (x (k), y (k), u (k))
A5*+,* + L1+,235' /)-'%A-K235' K- A,-)-&- /-)CK?1 A?0yL',*0@2-! �K*+@ Ωx T -(�
01+,@ ARnn Ωy T -(01+,@ ARmn U (k) T ?-5/1?,2-* 52-4*+,A- A Rrn k = 0, 1, . . . , N−1!

�)' {,-5 /)'5*5n L,- C?-('12 Jk = J (k, x (k), y (k), u (k)) = |∂F (k,x(k),y(k),u(k))
∂y(k) | -,0'�

L*2 -, 260C /)' A+*M '%5*2*2'CM k, x (k), y (k), u (k)! �1?'5 -()1%-5n /)' %1K122-5
A*?,-)* u (k) A*?,-) x (k) ' A*?,-) y (k) -K2-%21L2- -/)*K*0Cy, U1%-A-* +-+,-C2'*
y (k + 1) A-%56W*22-. L1+,'B3 21 � �5 z1&* ' -()1,2-n /- y (k + 1) T +-+,-C2'* A-%�
56W*22-. L1+,'B3 21 /)*K3K6W*5 z1&*!

R)1A2*2'* v"w -/'+3A1*, K'215'?6 /)-&)1552-&- KA'4*2'Cn 6)1A2*2'* v�w T
A-%56W*22-&- KA'4*2'C!

�)*K/-01&1*5 K10**n L,- 21L10@2-* 6+0-A'* x (0) = x0 %1K12- (x0 ∈ Ωx ⊂ Rn)
' 21L10@2-* +-+,-C2'* +'+,*53 v�w -/'+3A1*,+C 52-4*+,A-5 M0 T ?-5/1?,235 52-�
4*+,A-5 A Rm! �-+0*K-A1,*0@2-+,@ A*?,-)-A {u (0), u (1), . . . , u (N − 1)} (6K*5 21%3�
A1,@ 6/)1A0*2'*5 ' -(-%21L1,@ K0C ?)1,?-+,' En 1 +--,A*,+,A6yW6y {,-56 6/)1A0*�
2'y /-+0*K-A1,*0@2-+,@ A*?,-)-A {x (0), x (1), . . . , x (N)} T ,)1*?,-)'*. /)-&)1552-�
&- KA'4*2'C ' -(-%21L1,@ x = x (x0, u)! �6K*5 -(-%21L1,@ L*)*% x (k) = x (k, x0, u) U1�
%-A-* +-+,-C2'* /)-&)1552-. L1+,'B3 21 � �5 z1&*! �210-&'L2-n /-+0*K-A1,*0@2-+,@
A*?,-)-A {y (0), y (1), . . . , y (N)} (6K*5 21%3A1,@ ,)1*?,-)'*. A-%56W*22-&- KA'4*2'C
' -(-%21L1,@ y (k) = y (k, x, y0, u)n 1 L*)*% y (k) = y (k, x, y0, u) T U1%-A-* +-+,-C2'*
L1+,'B3 21 � �5 z1&*!
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2-4*+,A- ,)1*?,-)'. y (x, y0, u)n +--,A*,+,A6yW'M 21L10@2-56 +-+,-C2'y x0n
6/)1A0*2'y E ' )1%0'L235 21L10@235 +-+,-C2'C5 y0 ∈ M0n (6K*5 21%3A1,@ 12�
+15(0*5 ,)1*?,-)'.n '0' /6L?-5 ,)1*?,-)'.n '0' /)-+,- /6L?-5! J1%-A-* +-+,-C2'*
/6L?1 21 � �5 z1&* (6K*5 21%3A1,@ ,1?4* +*L*2'*5 /6L?1 ,)1*?,-)'. ' -(-%21L1,@
L*)*% Mk,un ,! *!

Mk,u = {y (k) : y (k, x, y0, u), y0 ∈M0}.
R/)1A0*2'Cn 6K-A0*,A-)CyW'* 6+0-A'C5 u (k) ∈ U (k), k = 0, 1, . . . , N − 1n (6K*5

21%3A1,@ K-/6+,'535'!
�1 ,)1*?,-)'CM +'+,*53 AA*K*5 U62?B'-210 ?1L*+,A1n /-%A-0CyW'. -K2-A)*�

5*22- -B*2',@ K'215'?6 /)-&)1552-&- ' A-%56W*223M KA'4*2'. ' /)-A-K',@ 'M
+-A5*+,26y -/,'5'%1B'ym

I (u) = I1 (u) + I2 (u) , v=w

&K*

I1 (u) =
N−1∑
k=1

g (k, x (k)) + g (N, x (N)) , vIw

I2 (u) = max
y(N)∈MN,u

Φ (y (N)) . vpw

�K*+@ g (k) = g (k, x (k)), k = 1, 2, . . . , N − 1n ' gN = g (N, x (N)) T 2*/)*)3A2- K'U�
U*)*2B')6*53* U62?B'' /- x,Φ (y (N)) T 2*-,)'B1,*0@21C 2*/)*)3A2- K'UU*)*2�
B')6*51C /- ' U62?B'C!

�1z*. %1K1L*. CA0C*,+C 5'2'5'%1B'C U62?B'-2101 v=w /- A+*5 K-/6+,'535
6/)1A0*2'C5!

�1++5-,)'5 K-/6+,'53* 6/)1A0*2'C E ' ũ! P--,A*,+,A6yW'* '5 ,)1*?,-)'' (6�
K*5 -(-%21L1,@ x (x0, u) ' x̃ (x0, ũ)n ,)1*?,-)'' A-%56W*223M KA'4*2'. T y (x, y0, u)
' ỹ (x̃, y0, ũ)!

�1%2-+,@ ũ (k) − u (k) = Δu (k) (6K*5 21%3A1,@ A1)'1B'*. 6/)1A0*2'C E 21
� �5 z1&*n )1%2-+,@ Δx (k) = Δx (k, xk) = x̃ (k, x0, ũ) − x (k, x0, u) T /)')1W*2'*5
,)1*?,-)'' /)-&)1552-&- KA'4*2'C x (x0, u) 21 � �5 z1&*n 1 )1%2-+,@ Δy (k) =
Δy (k, yk) = ỹ (x̃, y0, ũ) − y (x, y0, u) T /)')1W*2'*5 ,)1*?,-)'' A-%56W*22-&- KA'4*�
2'C 21 � �5 z1&*! P--,A*,+,A*22- Δu ' Δx,Δy (6K*5 21%3A1,@ A1)'1B'*. 6/)1A0*2'C
E ' /)')1W*2'C5' ,)1*?,-)'. x (x0, u) ' y (x, y0, u)!

S +'06 +A-.+,A 2*/)*)3A2-+,' ‖Δx‖ → 0 /)' ‖Δu‖ → 0 ' ‖Δy‖ → 0 /)'
‖Δu‖ → 0 )1A2-5*)2- /- y0 ∈ M0n &K* ‖Δu‖ = maxk=0,1,...,N−1 ‖Δu (k) ‖n %K*+@

‖Δu (k) ‖ =
√
(Δu (k),Δu (k))! �-)53 Δx ' Δy -/)*K*0Cy,+C 1210-&'L2-! >(-%21L'5

L*)*% δx (k), δy (k) A1)'1B'' ,)1*?,-)'. +'+,*53 v"wn v�w /)' K-/6+,'5-. A1)'1B''
Δu ' K122-5 E! S3/'z*5 K0C +'+,*53 v"wn v�w +'+,*56 6)1A2*2'. A A1)'1B'CM

δx (k + 1) =
∂f (k)

∂x (k)
δx (k) +

∂f (k)

∂u (k)
Δu (k) , vNw

δy (k + 1) =
∂F (k)

∂x (k)
δx (k) +

∂F (k)

∂y (k)
δy (k) +

∂F (k)

∂u (k)
Δu (k) , vDw

k = 0, . . . , N − 1.
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�)' {,-5 +L',1*5n L,- '5*y, 5*+,- 21L10@23* 6+0-A'C

δx (0) = 0, δy (0) = 0. v$w

�*,)6K2- /-?1%1,@n L,- ‖Δx − δx‖ ' ‖Δy − δy‖ *+,@ A*0'L'23 (-0** A3+-?-&-
/-)CK?1 510-+,'n L*5 ‖Δu‖n )1A2-5*)2- /- y0 ∈M0 k=l!

�� F9:09U04 SE16U0-1939 I1 (u)� �1.K*5 /)')1W*2'* U62?B'-2101 vIw /)'
K-/6+,'53M 6/)1A0*2'CM E ' ũm

I1 (u+Δu)− I1 (u) =
N−1∑
k=1

g (k, x̃ (k))−
N−1∑
k=1

g (k, x (k)) + gN (x̃N )− gN (xN ) =

=

N−1∑
k=1

g (k, xk +Δxk)−
N−1∑
k=1

g (k, x (k)) + gN (xN +ΔxN )− gN (xN ) =

=

N−1∑
k=1

[
gk (xk) +

∂gk
∂xk

Δxk + o (‖Δxk‖)− gk (xk)

]
+ gN (xN ) +

∂gN
∂xN

ΔxN + o (‖ΔxN‖)−

− gN (xN ) =

N∑
k=1

∂gk
∂xk

Δxk + o (‖Δx‖) .

S3K*0CC 0'2*.23* L0*23 /- Δxk,Δuk ' 6L',3A1Cn L,- A*0'L'21 ‖Δx (k, xk) −
δx (k, xk) ‖ '5**, (-0** A3+-?'. /-)CK-? 510-+,'n L*5 ‖Δu‖n /-06L1*5 )1A*2+,A-

ΔI1 = δI1 + o (‖Δu‖) ,

&K*

δI1 =

N−1∑
k=1

∂gk
∂xk

δxk +
∂gN
∂xN

δxN . vVw

�6K*5 21%3A1,@ δI1 A1)'1B'*. U62?B'-2101 I1 (u)!
�� A223./-?910. SE16U0-1939 I2 (u)� S K122-5 )1%K*0* -/'z*5 %1K1L6

6/)1A0*2'C A K'+?)*,23M +'+,*51M /)' 5'2'51?+2-5 ?)',*)''! �1++5-,)'5 +'+,*56
v"wn v�w ' U62?B'-210 vpw!

�K*+@n ?1? 64* /)*K/-0-4'0' )12**n Φ (y (N)) = Φ (yN ) T 2*-,)'B1,*0@21C
2*/)*)3A2-�K'UU*)*2B')6*51C /- ' U62?B'Cn -/)*K*0*221C A Ωy xx A -(01+,' A Rm!

S3(*)*5 '% 52-4*+,A1M0 ,* 21L10@23* U1%-A3* +-+,-C2'C y0n ?-,-)3* A 5-5*2,
� K-+,1A0Cy, U62?B'' Φ (y (N)) 51?+'565 21 MN,u /- y (N) /)' U'?+')-A122-5
6/)1A0*2'' E ' 2*?-,-)-5 x0! �-K52-4*+,A- ,-L*? y0 52-4*+,A1 M0 -(-%21L'5 L*�
)*% Y0m

Y0 (u) = {y0 ∈M0 : Φ (y (N)) = Φ (y (N, x (x0, u), y0, u)) = max
yN∈MN,u

Φ (yN)}. v"#w

f.==9 �� �-
�; ũε = u + εΔu h 6�:-
�!8�+ -:����+"!+ :�! ε ∈ [0, ε̃), ε̃ > 0�
*�,6� :� �c.�8- δ > 0 
-d+
��-+� ε (δ) > 0 ����+� 9�� :�! ��e6�8 6�
����9"�
8���8 0 < ε < ε (δ)
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Y0 (u+ εΔu) ∈ Oδ (Y0 (u)) . v""w

f6+
; Oδ (Y0 (u)) +
�; δN���+
�"�
�; 8"�e+
��� 8��
!8-8�� 6�:-
�!8�,� -:���N
�+"!< E!

� - ? 1 % 1 , * 0 @ + , A - A*K*,+C 5*,-K-5 -, /)-,'A2-&-! PK*01*5 -()1,2-*
/)*K/-0-4*2'*m +6W*+,A6*, δ0 > 0 ,1?-*n L,- ?1?-* (3 ε 2' A%C,@n 21.K*,+C ,1?-.
A*?,-) yε (0) = y0εn L,- y0ε ∈ Y0 (u+ εΔu)n 2- y0ε ∈Oδ0 (Y0 (u))n ,! *! ‖y0ε − y0‖ � δ0
K0C 0y(-&- y0 ∈ Y0 (u)n &K* Y0 (u) -/)*K*0C*,+C A3)14*2'*5 v"#w!

�1++5-,)'5 /-+0*K-A1,*0@2-+,@ A*?,-)-A {y0εi}n 9--,A*,+,A6yW6y /-K/-+0*K-�
A1,*0@2-+,' /-0-4',*0@23M L'+*0 {εi → 0}! �1? ?1? 0y(-* -&)12'L*22-* %15?26,-*
?-2*L2-5*)2-* 52-4*+,A- -(01K1*, +A-.+,A-5 ?-5/1?,2-+,'n ,- '% /-+0*K-A1,*0@2-+�
,' {y0εi} 5-42- A3()1,@ /-K/-+0*K-A1,*0@2-+,@ {y0εj}n +M-KCW6y+C ? 2*?-,-)-56 ŷ0!
�- /)*K/-0-4*2'y y0εj ∈ Y0 (u+ εjΔu)! ~,- %21L',n L,-

Φ
(
y
(
N, x (x0, u+ εjΔu), y0εj , u+ εjΔu

))
�

� max
y0∈Y0(u)

Φ (y (N, x (x0, u+ εjΔu), y0, u+ εjΔu)) .

�*)*M-KC ? /)*K*06 /- Tn 6+,121A0'A1*5 +/)1A*K0'A-+,@ 2*)1A*2+,A1

Φ (y (N, x (x0, u), ŷ0, u)) � max
y0∈Y0(u)

Φ (y (N, x (x0, u), y0, u)) .

�- {,- %21L',n L,- ŷ0 ∈ Y0 (u)n 1 ,-&K1 '% y0εj → ŷ0 A3,*?1*,n L,- K0C (-0@z'M 2-5*)-A
T (6K*, ‖y0εj − ŷ0‖ < δ0! �-{,-56 5-42- %1/'+1,@ 2*)1A*2+,A- miny0∈Y0(u) ‖y0εj −y0‖ <
δ0! >2- /)-,'A-)*L', '+M-K2-56 /)*K/-0-4*2'yn L,- ' ,)*(-A10-+@ K-?1%1,@!

�% -(W'M +A-.+,A 2*/)*)3A2-+,' +0*K6*, +0*K6yW1C 0*551 k"pl!
f.==9 �� $8++� 8+
�� ���+"
���

lim
ε→0

max
y0∈M0

Φ (y (N, x (x0, u+ εΔu), y0, u+ εΔu)) = max
y0∈M0

Φ (y (N, x (x0, u), y0, u)) , v"�w

,6+ u + εΔu h 6�:-
�!8�+ -:����+"!+k Δu h 6�:-
�!8�< ���!�_!< 6�:-
�!8�N
,� -:����+"!< u� f�:!
; y (N, x (x0, u), y0, u) :�69+��!��+�� 9�� ' `��!
!� �� �
+a
���+����!! :��,��88"�,� 6�!e+"!< x (x0, u)!

�++0*K6*5 ,*)5'210@26y %1K1L6 6/)1A0*2'C + U62?B'-210-5 vpw! S 2*. -B*2�
?1 ?1L*+,A1 /6L?1 ,)1*?,-)'. /)-'%A-K',+C 21 ?-2*L2-5 +*L*2'' MN,u! �1++51,)'�
A1y,+C K-/6+,'53* 6/)1A0*2'C E ' ũε! S ?-2*L23. 5-5*2, k = N -2' -,-()141y,
52-4*+,A- M0 +--,A*,+,A*22- A MN,u ' MN,ũε !

S3/'z*5 /)')1W*2'* U62?B'-2101 I2 (u)n /-06L*22-* /)' A1)'1B'' 6/)1A0*2'C
E 21 A*0'L'26 εΔun ,1? L,- ũε = u+ εΔu, ε ∈ [0, ε̄), ε̄ > 0m

ΔI2 (u) = I2 (u+ εΔu)− I2 (u) = max
ỹ(N)∈MN,ũε

Φ (ỹ (N))− max
y(N)∈MN,u

Φ (y (N)) . v"=w

S +'06 +--,A*,+,A'C 52-4*+,AMN,u 'MN,ũε 52-4*+,A6M0 %1/'z*5n L,- y (N) =
yN = y (N, x (x0, u), y0, u)n ỹ (N) = ỹN = ỹ (N, x (x0, u+ εΔu), y0, u+ εΔu)n &K* x0 T
2*?-,-)-* %1K122-* %21L*2'* '% Ωx ' y0 ∈M0!

�)')1W*2'* Δx (k) ' Δy (k) /)' 6/)1A0*2'' ũε = u + εΔu 5-42- /)*K+,1A',@
A A'K* k"l
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Δx (k + 1) = εδx (k + 1) + o (ε) ,

Δy (k + 1) = εδy (k + 1) + o (ε) ,
v"Iw

&K* k = 1, 2, . . . , N − 1 ' A1)'1B'' δx ' δy 6K-A0*,A-)Cy, 6)1A2*2'C5 vNwn vDw! �0C
6/)-W*2'C %1/'+' ,15n &K* {,- 2* A3%-A*, 2*K-)1%65*2'.n (6K*5 '+/-0@%-A1,@ -K'2
' ,-, 4* +'5A-0 o (ε) K0C -(-%21L*2'C )1%0'L23M A*0'L'2 (-0** A3+-?-&- /-)CK�
?1 510-+,'n L*5 ε! �)' {,-5 -,5*,'5n L,- %K*+@ ' K10** o (ε) *+,@ A*0'L'21 (-0**
A3+-?-&- /-)CK?1 510-+,'n L*5 εn )1A2-5*)2- /- y0!

�)')1W*2'* v"=w U62?B'-2101 vpw /*)*/'z*5 +0*K6yW'5 -()1%-5m

ΔI2 (u) = max
y0∈M0

Φ (ỹ (N, x (x0, ũε), y0, u+ εΔu))− max
y0∈M0

Φ (y (N, x (x0, u), y0, u))

'0' + 6L*,-5 )12** AA*K*22-&- 52-4*+,A1 51?+'5651 T ,1?m

ΔI2 (u) = Φ (ỹ (N, x (x0, ũε), ỹ0, u+ εΔu))− Φ (y (N, x (x0, u), y0, u)) .

�K*+@ ỹ0 ∈ Y0 (u+ εΔu), y0 ∈ Y0 (u)! S +'06 v"Iw '5**5 )1A*2+,A-

ỹN = ỹ (N) = y (N, x (x0, uε), y0, u) + εδy (N, x (x0, u), y0, u) + o (ε) .

S +'06 2*/)*)3A2-. K'UU*)*2B')6*5-+,' Φ (y) /- ' 5-42- %1/'+1,@n L,-

Φ (ỹN) = Φ (yN + εδyN + o (ε)) = Φ (yN ) + ε
∂Φ (yN)

∂yN
δyN + o (ε) ,

&K* δyN = δy (N, x (x0, u), y0, u)! �-&K1 '5**5 A3)14*2'*

I2 (ũε) = max
y0∈Y0(u+εΔu)

[
Φ (yN ) + ε

∂Φ (yN )

∂yN
δyN + o (ε)

]
. v"pw

�0C /)*-()1%-A12'C v"pw A-+/-0@%6*5+C '%A*+,235 2*)1A*2+,A-5

max
y∈G

[f1 (y) + f2 (y)] � max
y∈G

f1 (y) + max
y∈G

f2 (y) .

P0*K6C 0*55* "n + -K2-. +,-)-23n 5-42- 6,A*)4K1,@n L,- 52-4*+,A- 51?+'565-A
Y0 (u+ εΔu)n &K* 0 < ε < ε (δ)n 0*4', A δ�-?)*+,2-+,' Y0 (u) A +--,A*,+,A'' + v""wn
1 /- 0*55* � A /)*K*0* /)' ε → 0 +15' 51?+'5653 +-A/1K1y, v+5! v"�ww! 
-42-
/-06L',@ +0*K6yW** A3)14*2'*m

I2 (ũε) � max
y0∈Y0(u)

Φ (yN ) + ε max
y0∈Y0(u)

{
∂Φ (yN)

∂yN
δyN

}
+ o (ε) .

�*)A3. L0*2 A /)1A-. L1+,' {,-&- 2*)1A*2+,A1 ,-4K*+,A*22- )1A*2 I (u)! P0*K-A1�
,*0@2-n

I2 (ũε)− I2 (u) � ε max
y0∈Y0(u)

{
∂Φ (yN )

∂yN
δyN

}
+ o (ε) . v"Nw

P K)6&-. +,-)-23 k"pln '5**5n L,-
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max
y∈G

[f1 (y) + f2 (y)] � max
y∈G

f1 (y) + max
y∈Q

f2 (y) , v"Dw

&K* Q = {y ∈ G|f1 (x) = maxz∈G f1 (z)}!
�+0' A ?1L*+,A* = )1++5-,)*,@ 52-4*+,A- M0n ,- l T 52-4*+,A- ,-L*? 51?+'�

5651 T A K122-5 +06L1* *+,@ Y0 (u)! �-&K1 K0C v"pw + 6L*,-5 v"Dw /-06L1*5 -()1,2-*
2*)1A*2+,A-

I2 (ũε) � I2 (u) + ε max
y0∈Y0(u)

{
∂Φ (yN)

∂yN
δyN

}
+ o (ε) .

�% 2*&- + 6L*,-5 2*)1A*2+,A1 v"Nw +0*K6*, A'K /)')1W*2'C U62?B'-2101

I2 (ũε)− I2 (u) = εδI2 + o (ε) ,

A ?-,-)-5

δI2 = max
y0∈Y0(u)

{
∂Φ (yN )

∂yN
δyN

}
. v"$w

%� A223./-?910. SE16U0-1939 I (u)� �1++5-,)'5 /)')1W*2'* U62?B'-2101
I (u) /)' K-/6+,'5-5 6/)1A0*2'' ũε = u+ εΔun '+/-0@%6C A1)'1B'' vVw ' v"$wm

I (ũε)− I (u) = εδI + o (ε) ,

%K*+@

δI2 = max
y0∈Y0(u)

{
∂Φ (yN)

∂yN
δyN +

N−1∑
k=1

∂gk
∂xk

δxk +
∂gN
∂xN

δxN

}
. v"Vw

>/,'510@2-* /- U62?B'-2106 v=w 6/)1A0*2'* -(-%21L'5 u0! >/,'510@2-+,@ u0

-%21L1*, A3/-02*2'* 6+0-A'C ΔI
(
u0
)
= I (ũ) − I

(
u0
)
� 0n &K* ũ T 0y(-* K)6&-*

K-/6+,'5-* 6/)1A0*2'*! S L1+,2-+,'n /)' ũ = ũε = u+εΔu A3/-02C*,+C 2*)1A*2+,A-
I
(
u0 + εΔu

)− I
(
u0
)
� 0 '0' 6+0-A'*

lim
ε→0

I
(
u0 + εΔu

)− I
(
u0
)

ε
� 0.

�-+0*K2** 6+0-A'* -/,'510@2-+,' %1/'z*5 +0*K6yW'5 -()1%-5m

max
y0∈Y0(u)

∂Φ (yN )

∂yN
δyN +

N−1∑
k=1

∂gk
∂xk

δxk +
∂gN
∂xN

δxN � 0. v�#w

�1++5-,)'5 +/*B'10@26y '&-0@L1,6y A1)'1B'y A'K1 Δu (j) = 0 /)' A+*M j �= kn
,1? L,�

Δu (k) = {0, . . . ,Δu (k), 0, . . . , 0}, v�"w

&K* Δu (k) ∈ K (u (k));K (u (k)) T ?-26+ K-/6+,'53M A1)'1B'. 6/)1A0CyW*&- A-%K*.�
+,A'C u (k)! �0C 52-4*+,A1 6/)1A0*2'. m ?-26+ K-/6+,'53M A1)'1B'. -/)*K*0C*,+C
,1?m

K (u) = {Δu|u+ εΔu ∈ U, 0 < ε < ε̄, u ∈ U}.
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S /)-+,)12+,A* +-+,-C2'. AA*K*5 +-/)C4*226y +'+,*56

ξT (k) = γT (k + 1)
∂F (k)

∂x (k)
+ ξT (k + 1)

∂f (k)

∂x (k)
+

∂gk
∂x (k)

, v��w

γT (k) = γT (k + 1)
∂F (k)

∂x (k)
, v�=w

A ?-,-)-. ξ (k) T A*?,-) + ?-5/-2*2,15' ξ1 (k), ξ2 (k), . . . , ξn (k)n γ (k) T A*?,-) + ?-5�
/-2*2,15' γ1 (k), γ2 (k), . . . , γm (k)! �*)*5*223* ξ (k), γ (k), k = N − 1, N − 2, . . . , 1n
-/)*K*0Cy,+C %1K12'*5 A*0'L'2 ξ (N), γ (N) 21 /-+0*K2*5 z1&*! �0C )1++51,)'A1*�
5-. %1K1L' -/,'5'%1B'' /-0-4'5n L,-

ξT (N) =
∂gN
∂xN

, γT (N) =
∂Φ (yN)

∂yN
, v�Iw

%K*+@ ∂Φ(yN )
∂yN

T &)1K'*2, U62?B'' Φ (y (N))n ∂gN
∂xN

T &)1K'*2, U62?B'' gN =

g (N, x (N))n y (N) = yN = y (N, x (x0, u), y0, u), y0 ∈ Y0 (u)!
�)*-()1%6*5 A1)'1B'y v"Vwn 6L',3A1C +-/)C4*223* 6)1A2*2'C v��wxv�Iwn 6)1A�

2*2'C A A1)'1B'CM vNwn vDw ' '+/-0@%6C '&-0@L1,6y A1)'1B'y v�"w! P-A*)z1*5 B*�
/-L?6 /)*-()1%-A12'. A /)*K/-0-4*2''n L,- A1)'1B'C 6/)1A0*2'C /)-'%A-K'01+@ 21
� �5 z1&*m

δI = max
y0∈Y0(u)

{
∂Φ (yN)

∂yN
δyN +

N−1∑
s=1

∂gs
∂xs

δxs +
∂gN
∂xN

δxN

}
=

= max
y0∈Y0(u)

{
γT (N) δyN +

N−1∑
k=1

∂gs
∂xs

δx (s) + ξT (N) δx (N)

}
=

= max
y0∈Y0(u)

{
γT (N)

[
∂F (N − 1)

∂x (N − 1)
δx (N − 1) +

∂F (N − 1)

∂y (N − 1)
δy (N − 1)

]
+

+

N−2∑
s=1

∂gs
∂xs

δx (s) +

[
ξT (N)

∂f (N − 1)

∂x (N − 1)
+

∂gN−1

∂x (N − 1)

]
δx (N − 1)

}
.

�)-K-041*5 B*/-L?6 )1A*2+,An 6L',3A1C /)' {,-5 21L10@23* 6+0-A'C v$wn
1 '5*22- δx (0) = 0 ' δy (0) = 0m

δI = max
y0∈Y0(u)

{
N−2∑
s=1

∂gs
∂xs

δxs +

+

[
γT (N)

∂F (N − 1)

∂x (N − 1)
+ ξT (N)

∂f (N − 1)

∂x (N − 1)
+

∂gN−1

∂x (N − 1)

]
δx (N − 1)+

+ γT (N)
∂F (N − 1)

∂x (N − 1)
δy (N − 1)

}
=
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= max
y0∈Y0(u)

{
N−2∑
s=1

∂gs
∂xs

δxs + ξT (N − 1) δx (N − 1) + γT (N − 1) δy (N − 1)

}
= · · · =

= max
y0∈Y0(u)

{
N−2∑
s=1

∂gs
∂xs

δxs + ξT (k + 1) δx (k + 1) + γT (k + 1) δy (k + 1)

}
= · · · =

= max
y0∈Y0(u)

{[
ξT (k + 1)

∂f (k, x (k) , u (k))

∂u (k)
+ γT (k + 1)

∂F (k, x (k) , y (k) , u (k))

∂u (k)

]
Δu (k)

}
.

v�pw
S1)'1B'C v�pw U62?B'-2101 v=w ' 6+0-A'* v�#w /-%A-0Cy, +U-)560')-A1,@ +0*�

K6yW6y ,*-)*56!
d.-:.=9� ��< ��,� 9��.b -:����+"!+ u0 =

{
u0 (0), u0 (1), . . . , u0 (N − 1)

}
.b��

�:�!8��;"b8 :� 5-"�_!�"��- (3)� "+�.g�6!8�� 9��.b :�! �
+g 6�:-
�!8bg ���!�N
_!<g -:����+"!< u0 �b:��"<��
; "+���+"
���

min
Δu(k)∈K(u0(k))

(
max

y0∈Y0(u)

{[
ξT (k + 1)

∂f
(
k, x0 (k) , u (k)

)
∂u (k)

+

+ γT (k + 1)
∂F

(
k, x0 (k) , y0 (k) , u (k)

)
∂u (k)

]
Δu (k)

})
� 0,

v�Nw

,6+ x0 (k), y0 (k) "�g�6<�
< !` 
!
�+8b v"wn v�w 
 "�9��;"b8 -
���!+8 x (0) = x0,
y (0) = y0 ∈ Y0 (u)� � 
�:�<e+""b+ :+�+8+""b+ T !` 
!
�+8b v��wn v�=w 
 ,��"!9"b8!
-
���!<8! v�Iw :�! �:�!8��;"�8 -:����+"!! u0�

�15*,'5n L,- +-/)C4*22-* 6)1A2*2'* v��w %1A'+', ?1? -, /)-&)1552-&-n ,1?
' -, A-%56W*223M KA'4*2'.! �1?'5 -()1%-5n /)' /-+,)-*2'' 5*,-K-A -/,'5'%1�
B'' K'215'?' /)-&)1552-&- ' A-%56W*223M KA'4*2'. + 6L*,-5 AA*K*22-. +AC%?'
v=w U62?B'-210-A vIw ' vpw 21 -+2-A* A1)'1B'' v�pw '0' 6+0-A'C -/,'510@2-+,' v�Nw
21 -/,'5'%1B'y /)-&)1552-&- KA'4*2'C (6K6, -?1%3A1,@ A0'C2'* ' A-%56W*223*
KA'4*2'C!

&� I963J7.10.� �1 -+2-A* A1)'1B'-22-&- /-KM-K1 (301 /-+,)-*21 K-+,1,-L2-
-(W1C 51,*51,'L*+?1C 5-K*0@ -/,'5'%1B'' /)-&)1552-&- ' A-%56W*223M KA'4*2'.
A K'+?)*,23M +'+,*51Mn ?-,-)1C 5-4*, (3,@ '+/-0@%-A121 K0C )*z*2'C )1%23M %1�
K1L -/,'5'%1B''! 
*,-K3 K'+?)*,2-. -/,'5'%1B'' K'215'L*+?'M +'+,*5 K-+,1,-L�
2- z')-?- /)*K+,1A0*23 A 0',*)1,6)*n A L1+,2-+,' A k"n =n Il! >K21?- K0C )*z*2'C
)1%0'L23M /)1?,'L*+?'M %1K1L 2*-(M-K'5- +-%K12'* +/*B'10@23M 5-K*0*. -/,'5'%1�
B''n ?-,-)3* (3 6L',3A10' +/*B'U'?6 '%6L1*53M /)-(0*5! >+-(-* %21L*2'* K1223.
/-KM-K '5**, K0C )1%2--()1%23M %1K1L 5-K*0')-A12'C ' -/,'5'%1B'' K'215'?' %1�
)C4*223M L1+,'B A )1%0'L23M 6+?-)CyW'M ' U-?6+')6yW'M +,)6?,6)1Mn /)-(0*51M
,)12+56,1B'' CK*)23M -,M-K-An CK*)2-. 5*K'B'2* ' -()1(-,?* '%-()14*2'.n 1 ,1?�
4* K0C K)6&'M %1K1L! �1%)1(-,?* ,1?'M 5-K*0*. /-+ACW*23n 21/)'5*)n )1(-,3 k"#n
""n "Nx�=l! S K122-. +,1,@* /)-K-041*,+C '++0*K-A12'* A {,-5 21/)1A0*2'' ' )1%A'�
A1*,+C 'K*C +-A5*+,2-. -/,'5'%1B'' /)-&)1552-&- ' A-%56W*223M KA'4*2'.! �)*K�
0-4*2 U62?B'-210 K-+,1,-L2- -(W*&- A'K1n /-%A-0CyW'. -B*2'A1,@ K'215'L*+?'*
M1)1?,*)'+,'?' /)-&)1552-&- KA'4*2'C ' 21'M6Kz'* /1)15*,)3 /6L?1 A ?-2*L23.
5-5*2, A)*5*2'! �-06L*223* 1210','L*+?-* /)*K+,1A0*2'* A1)'1B'' U62?B'-2101
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v�pw ' 6+0-A'* -/,'510@2-+,' v�Nw /-%A-0Cy, +,)-',@ )1%23* {UU*?,'A23* 21/)1A�
0*223* 5*,-K3 5'2'5'%1B'' )1++51,)'A1*5-&- U62?B'-2101!

����������

�� E4*�*F J� f� �NFRFIH� HFTMJJ T�HJRONwI�x PJGKMFHI�x �MTtFGGTs� ��C �OpKO+ �-�0� @YY <�
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