
XY[ \&��)���& �FGHIJK �
L�� 
MJKNOPIOQ ROHFROHJKO� �ISTMROHJKO��� @/@�� �� ��� ���� @

�	� )
�&�% )
�
\

P.;-/ @:.-5:9B-?9104 23->1D< 202;.= 9?;-=9;07.26-8- E@:9?3.104
6 01;.8:0:E.=-C S-:=.

�� �� 1�8�9�!"� �� 1� ����:��� �� �� /���5;+��

�OIKH	
FHFMLpMqGKJr qTGpPOMGHsFII�r pIJsFMGJHFH+ �TGGJrGKOQ �FPFMOtJQ+
�--/01+ �OIKH	
FHFMLpMq+ IJsFMGJHFHGKOQ IOL�+ �,-

��� �����������	 *#M#-%9F 7� 4�3 2&5#Y&' 1� *�3 D'$5#TZ.'# !� !� |79DG N@7DA#
@>PDE>:;H 8FDU:MT 8;897I >E9DI>9;Q78<DCD BN@>EF7:;H < ;:97C@;@B7IDS KD@I7 ,, 6789#
:;< =>:<9#?797@AB@C8<DCD B:;E7@8;979>� ?@;<F>G:>H I>97I>9;<>� J:KD@I>9;<>� ?@DL788M
BN@>EF7:;H� �&� O� &�� 6MN� � =� &).(&� *��"�+,,����� -,&��&.
�,&&��&,�"��&���&��)

]>88I>9@;E>7IMS <F>88 8;897I >E9DI>9;Q78<DCD BN@>EF7:;H DN;8ME>798H I:DCDI7@#
:DS 8;897IDS DAM<:DE7::MT G;KK7@7:L;>FV:MT B@>E:7:;S% N@>E>H Q>89V <D9D@DS >G#
G;9;E:D 8D89D;9 ;P F;:7S:DS Q>89; ; N@D;PE7G7:;H I>9@;LM BN@>EF7:;H :> E7<9D@%
N@7G89>EF7::MS 8BIIDS E7<9D@> BN@>EF7:;H ; E7<9D@> E:7^:7CD EDPIB_7:;H� 67<9D@
BN@>EF7:;H P>G>798H :7F;:7S:DS KB:<L;7S% P>E;8H_7S D9 N@D;PE7G7:;H I>9@;LM DA#
@>9:DS 8EHP; ; E7<9D@> 97<B_;T <DD@G;:>9 8;897IM� ]7^>798H P>G>Q> <D:89@B;@DE>:;H
I>9@;LM :7D8DADCD N@7DA@>PDE>:;H% <D9D@D7 I>9@;LB F;:7S:DS Q>89; 8;897IM N@;ED#
G;9 < UD@G>:DEDS :D@I>FV:DS KD@I7 ;F; < N7@EDS 789789E7::DS :D@I>FV:DS KD@I7�
?7@7I7::M7 E7F;Q;:M% ETDGH_;7 E N@7DA@>PDE>:;7% NDPEDFHR9 E>@V;@DE>9V N>@>I79@M
:>89@DS<; 8;897IM% < <D9D@MI D9:D8H9 N>@>I79@M I>9@;LM BN@>EF7:;H ; I>9@;LM DA#
@>9:DS 8EHP;% ; N@;EDG;9V 8;897IB < ;:97C@;@B7IDS KD@I7� ?DG ND8F7G:7S ND:;I>7I
9><BR KD@IB% N@; <D9D@DS 8;897I> IDU79 AM9V N@D;:97C@;@DE>:> E <D:7Q:DI E;G7 ;F;
8E7G7:> < 8DED<BN:D89; NDG8;897I ADF77 :;P<;T ND@HG<DE% N@; W9DI 8BII> ND@HG<DE
NDG8;897I @>E:> ND@HG<B ;8TDG:DS 8;897IM� x8DAD7 E:;I>:;7 BG7F7:D 8FBQ>HI% <DCG>
I>9@;L> F;:7S:DS Q>89; ;I779 <DINF7<8:D 8DN@HU7::M7 8DA89E7::M7 Q;8F>% E 9DI Q;8#
F7 <@>9:M7�

*+,-.'/. $+&'#+ 8;897I> >E9DI>9;Q78<DCD BN@>EF7:;H% I:DCDI7@:>H :7F;:7S:>H G;:>#
I;Q78<>H 8;897I>% :7D8DAD7 N@7DA@>PDE>:;7% UD@G>:DE> :D@I>FV:>H KD@I> I>9@;LM%
N7@E>H 789789E7::>H :D@I>FV:>H KD@I> I>9@;LM% ;:97C@;@B7I>H KD@I> 8;897IM�

�� F?./.10.� �- 5*)* )1%A','C '24*2*)2-. /)1?,'?' +-%K12'C +'+,*5 1A,-51�
,'L*+?-&- )*&60')-A12'C A-%)1+,10' /)-(0*53 ,*-)'' 1A,-51,'L*+?-&- 6/)1A0*2'Cn
+AC%1223* + A-/)-+15' -/)*K*0*2'C K'215'L*+?-&- /-A*K*2'C ,1?'M +'+,*5! �+,*�
+,A*2235 -()1%-5 /-CA'01+@ 'K*C '+/-0@%-A1,@ ?12-2'L*+?'* /)*-()1%-A12'C K0C
0'2*.23M L1+,*. 52-&-5*)23M +'+,*5! S/*)A3* ,1?-* /)*-()1%-A12'* /)*K0-4'0
A "Vp" &! �! �! �6)@* k"ln L,- /-+064'0- +,'560-5 '++0*K-A12'. 21 {,6 ,*56 v+5!n
21/)'5*)n k�lw! �*)A3. ',-& {,'M 6+'0'. /-KA*0 �! 
! �*,-A k=l! >K21?- -+,1A10'+@
2*)*z*2235' 52-&'* A-/)-+3n )1(-,1 21K ?-,-)35' /)'A*01 ? )1%)1(-,?* 2-A3M
/-KM-K-A ' +-%K12'y 5*,-K1 )*K6?B'' /)-+,)12+,A1 /1)15*,)-A kIl ' 5*,-K1 +*L*2'.
/)-+,)12+,A1 /1)15*,)-A kpn Nl! O*0@ K1223M /-KM-K-A %1?0yL1*,+C A K*?-5/-%'B''
52-&-5*)2-. +'+,*53 21 /-K+'+,*53 5*2@z*. )1%5*)2-+,'n ?-,-)3* 5-&6, (3,@ /)-�
'2,*&)')-A123 A ?-2*L2-5 A'K* '0'n /- ?)1.2*. 5*)*n '%6L*23 K- ?-2B1! S ,1?'M
/-KM-K1M '+/-0@%6y, 10&*()1'L*+?'* 5*,-K3n ?-,-)3* -+2-A3A1y,+C 21 /)'A*K*2''
51,)'B3 0'2*.2-. L1+,' +'+,*53 ? 4-)K12-A-. U-)5*n ?-&K1 {,1 51,)'B1 '5**,n ?1?
/)1A'0-n A*W*+,A*223* )1%0'L23* +-(+,A*223* L'+01n '0' +-(+,A*2235 L'+015 51,�
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)'B3 -,A*L1*, CW'? �-)K121 2'%?-. )1%5*)2-+,'! �210'% /6(0'?1B'. '2-+,)1223M
6L*23M v+5! kDlw /-?1%10n L,- -2' )1(-,10' A ,*M 4* 21/)1A0*2'CM ' '+/-0@%-A10'
,1?'* 4* 10&*()1'L*+?'* 5*,-K3n 2- '%(*&10' )1++5-,)*2'C +06L1*An ?-&K1 +-(+,A*2�
23* L'+01 ?-5/0*?+2- +-/)C4*223*! S 21+,-CW*. )1(-,* 6+,)12*2 K1223. /)-(*0
K0C -K2-&- ?01++1 +'+,*5 1A,-51,'L*+?-&- 6/)1A0*2'C ' -M1)1?,*)'%-A123 +06L1'
?-5/0*?+2- +-/)C4*223M +-(+,A*223M L'+*0n A ,-5 L'+0* ?)1,23M!

�� G-2;91-?69 B9/970� 
1,*51,'L*+?1C 5-K*0@ +'+,*53 1A,-51,'L*+?-&-
6/)1A0*2'C -/'+3A1*,+C +'+,*5-. -(3?2-A*223M K'UU*)*2B'10@23M 6)1A2*2'.

ẋ(t) = Ax(t) +B(N(y(t)) + ψ(t)), y(t) = Cx(t) v"w

+ 21L10@235 6+0-A'*5 x(0) = x0! �K*+@ An B ' C T A*W*+,A*223* 51,)'B3 )1%5*)�
2-+,*. n× nn n×m ' m× n +--,A*,+,A*22-� x(t)n ẋ(t) ' y(t) T A*?,-)3 /*)*5*223M
)1%5*)2-+,*. n× 1n n× 1 ' m× 1 +--,A*,+,A*22-n /)'L*5 n � m� ψ(t) T A*?,-) A2*z�
2*&- A-%56W1yW*&- A-%K*.+,A'C )1%5*)2-+,' m×1! �*0'2*.21C L1+,@ +'+,*53 v"w T
{,- A*?,-) 6/)1A0*2'C u = N(y(t))n ,! *! A*?,-) N(y(t)) 2*0'2*.23M U62?B'. )1%�
5*)2-+,' m × 1! PL',1*5n L,- {0*5*2,3 51,)'B3 A -/)*K*0*23n ,! *! 51,)'B1 A
-/'+3A1*, '2*)B'-223* +A-.+,A1 -(�*?,1n 1 {0*5*2,3 51,)'B B ' C CA0Cy,+C /1�
)15*,)15' 21+,)-.?' ' 5-&6, '%5*2C,@+C A %1K1A1*53M K'1/1%-21M K0C /)'K12'C
+'+,*5* ,)*(6*53M +A-.+,A!

�)' '++0*K-A12'' +'+,*5 A'K1 v"w A142- M-,C (3 K0C 2*?-,-)3M +-L*,12'. {0*�
5*2,-A 51,)'B An B ' C '5*,@ K-+,-A*)23* +A*K*2'C - K'215'L*+?-5 /-A*K*2''
-(�*?,1n M1)1?,*)'%6*5-&- +'+,*5-. v"w! �1?-* /-A*K*2'* -/'+3A1*,+C )*z*2'*5 +'�
+,*53 v"wn 2- /-06L',@ A 1210','L*+?-5 A'K* ,1?-* )*z*2'*n ?1? /)1A'0-n 2* 6K1*,+C!
�'+0*223. 1210'% ,1?4* 2*/)-+, ' /)' -/)*K*0*223M 6+0-A'CM 5-4*, /)'A-K',@
? 2*K-+,-A*)235 )*%60@,1,15! �*.+,A',*0@2-n K'215'?1 0'2*.2-. L1+,' +'+,*53 v"w
-/)*K*0C*,+C /-+,-C22-. 51,)'B*. An 2- K14* A +'+,*5* ẋ(t) = Ax(t) 5-&6, +6W*�
+,A-A1,@ /-L,' /*)'-K'L*+?'* ?-0*(12'Cn *+0' 6 51,)'B3 A *+,@ 2*+?-0@?- L'+,-
52'53M +-(+,A*223M L'+*0n +)*K' ?-,-)3M ' 2*+-'%5*)'53* k$l! �)-5* ,-&-n A /)1�
A6y L1+,@ +'+,*53 v"w 1KK','A2- AM-K', 2*0'2*.21C U62?B'CN(y(t))n ?-,-)1C 5-4*,
(3,@ 2*-K2-%21L2-. kVl ' A U1%-A-5 /)-+,)12+,A* '5*,@ /-A*)M2-+,' /*)*?0yL*2'C!
�*01,*0@2-n L,-(3 /-A*)M2-+,' (30' /-A*)M2-+,C5' (*% ?-2,1?,1 k"#ln L,- 2* A+*&K1
A3/-02'5-n /-+?-0@?6 21 A3M-K 2*0'2*.2-&- {0*5*2,1 K*.+,A6*, A2*z2** A-%56W1y�
W** A-%K*.+,A'*! S+* {,' -+-(*22-+,' K*01y, L'+0*223. 1210'% +0-4235 ' ,)*(6y,
K-/-02',*0@23M '++0*K-A12'.!

P,1A',+C %1K1L1 /-+,)-*2'C 2*-+-(-&- /)*-()1%-A12'C +'+,*53 v"wn L,-(3 ** )*�
z*2'* 5-42- (30- /-06L',@ 1210','L*+?' K0C 21'(-0** z')-?-&- 52-4*+,A1 /1�
)15*,)-An AM-KCW'M A 51,)'B3 B ' C ?1? {0*5*2,3! �)*-()1%-A12'* (6K*5 '+?1,@
10&*()1'L*+?'5' 5*,-K15'! �6+,@ 51,)'B1 A '5**, ?-5/0*?+23* +-(+,A*223* L'+01n
A ,-5 L'+0* ?)1,23*! PL',1*5n L,- ,1?-. /-KM-K -(0*&L1*, A ,-5 L'+0* ' L'+0*223.
1210'% +'+,*5 A'K1 v"wn /-+?-0@?6 /)'5*2'5 K0C '%6L*2'C )-(1+,2-+,' +'+,*53 v"w!
�*.+,A',*0@2-n 215 +,12-AC,+C '%A*+,23 52-4*+,A1 {0*5*2,-A 51,)'B B ' Cn /)'
?-,-)3M K'215'?1 +'+,*53 /-02-+,@y -(-%)'51C! �-/-02*2'C {,'M 52-4*+,A 5-&6,
(3,@ /)*K5*,-5 K10@2*.z*&- L'+0*22-&- '++0*K-A12'C! �+0' /)'2'51,@ A- A2'51�
2'* K*?-5/-%'B'y +'+,*53 kDn ""x"=ln ,- /-K+'+,*53 2'%?'M /-)CK?-An ?1? /)1A'0-n
/-%A-0Cy, -M1)1?,*)'%-A1,@ K'215'?6 +'+,*5 /-02-+,@y k"Ix�Il!

�� G:.-5:9B-?910. 202;.=D� �%A*+,2-n L,- 2*-+-(35 /)*-()1%-A12'*5 x(t) =
Tz(t) '+M-K21C +'+,*51 v"w /)'A-K',+C ? {?A'A10*2,2-. +'+,*5* -,2-+',*0@2- z(t)n
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,! *!
ż(t) = AT z(t) +BT (N(y(t)) + ψ(t)), y(t) = CT z(t) v�w

+ 21L10@235 6+0-A'*5 z(0) = T−1x0n A ?-,-)-. AT = T−1AT n BT = T−1Bn CT = CT !
�*-+-(1C 51,)'B1 T ?12-2'L*+?-&- /)*-()1%-A12'Cn /)'A-KCW*&- 51,)'B6 A

? /*)A-. *+,*+,A*22-. 2-)510@2-. '0' 4-)K12-A-. U-)5*n -/)*K*0C*,+C 2*-K2-%21L�
2- k�pl! �+0' /)')1A2C,@ ? 260y ?-2?)*,23* {0*5*2,3 51,)'B BT ' CT n ,- 5-42-
/-06L',@ )1+W*/0*2'* +'+,*53 v�w 21 /-K+'+,*53 2'%?-. )1%5*)2-+,'n ?14K1C '%
?-,-)3M K-/6+?1*, 1210','L*+?-* '++0*K-A12'*! 
1,)'B3 BT ' CT %1A'+C, -, 51,�
)'B3 T n /-{,-56 5-42- /-K-()1,@ T ,1?'5 -()1%-5n L,-(3 /)*-()1%-A12'* /)'A-�
K'0- +'+,*56 v"w ? +'+,*5* v�w + 21/*)*K %1K12235' +A-.+,A15'! �6+,@ T = SQn
&K* S T 2*?-,-)1C 2*-+-(1C 51,)'B1 ,1?1Cn L,- S−1AS = AT n 1 Q T 51,)'B1n {0*�
5*2,3 ?-,-)-. CA0Cy,+C /1)15*,)15'! 
1,)'B1 Q %1K1*, 2*-K2-%21L2-+,@ A3(-)1
51,)'B3 T n K-0421 (3,@ 2*A3)-4K*22-. ' 6K-A0*,A-)C,@ )1A*2+,A6 ATQ = QAT
v+5! k"=lw! �,1?n Q 5-4*, (3,@ 0y(-. 2*A3)-4K*22-. 51,)'B*.n /*)*+,12-A-L2-.
+ 51,)'B*. AT ! ~0*5*2,3 51,)'B3 Q 5-42- '+/-0@%-A1,@ ?1? /*)*5*223* 52-4'�
,*0' A {0*5*2,1M 51,)'B BT ' CT n /)' {,-5 +-M)12C*,+C 6+0-A'* detQ �= 0!

�1?'5 -()1%-5n %1K1L1 +-+,-', A ,-5n L,-(3 /-+,)-',@ 51,)'B3 Q ' Q−1

,1?n L,-(3 A-+/-0@%-A1,@+C /)*'56W*+,A15' /)'A*K*2'C ? +'+,*5* v�w + 51,)'B1�
5' AT = Aj '0' AT = Ann A ?-,-)-. Aj T 51,)'B1 A 4-)K12-A-. U-)5*n An T
51,)'B1 A /*)A-. *+,*+,A*22-. 2-)510@2-. U-)5*! S /*)A-5 +06L1* T = SQn A- A,-�
)-5 +06L1* T = SQnn &K* S ' Qn T 2*A3)-4K*223* 51,)'B3 ,1?'*n L,- S−1AS = An
' Q−1

n AnQn = An! �0C ,-&- L,-(3 )1%0'L1,@ {,' +06L1'n *+0' AT = Aj n (6K*5 -(-%21�
L1,@M = SQ v,! *! T =Mwn &K* S +-+,-', '% +-(+,A*223M ' K-/-02',*0@23M A*?,-)-A
51,)'B3 A! �)-5* ,-&-nBT = BM = Q−1S−1B = Q−1BM ' CT = CM = CSQ = CMQ!

�� ,3E79C >-:/91-?-C 1-:=93R1-C S-:=D� �6+,@ 51,)'B1 A '5**, q /1)
?-5/0*?+2- +-/)C4*223M +-(+,A*223M L'+*0 'n +0*K-A1,*0@2-n n− 2q A*W*+,A*223M
+-(+,A*223M L'+*0! �-&K1 /-06L*221C '% 2** 51,)'B1 Aj (0-L2-�K'1&-210@21Cm(

AjC 0
0 AjR

)
.

�*)*+,12-A-L21C + 2*. 51,)'B1 Q ,1?4* (6K*, (0-L2-�K'1&-210@2-.m(
QC 0
0 QR

)
.

�)' {,-5 51,)'B1 QC (6K*, /*)*+,12-A-L2-. + 51,)'B*. AjC n 1 51,)'B1 QR T + 51,�
)'B*. AjR!

�1++5-,)'5 51,)'B6 AjC n L*,23. /-)CK-? ?-,-)-. 2q! �1 &01A2-. K'1&-210'

,1?-. 51,)'B3 )1+/-0-4*23 q (0-?-A A,-)-&- /-)CK?1 A'K1

(
μ −γ
γ μ

)
n +--,A*,+,A6y�

W'M ?-5/0*?+2- +-/)C4*2235 +-(+,A*2235 L'+015 μ ± iγ! �)-5* ,-&-n *+0' +)*K'
L'+*0 μ ± iγ *+,@ ?)1,23*n 21/)'5*) ?)1,2-+,' ρn ,- /-)CK-? +--,A*,+,A6yW*. '5
/-K51,)'B3 51,)'B3 AjC 2ρ × 2ρn 21 ** &01A2-. K'1&-210' +,-C, 6?1%1223* (0-?'

A,-)-&- /-)CK?1n 1 21K 2*y T (0-?' A,-)-&- /-)CK?1 A'K1 I2 =

(
1 0
0 1

)
! S3C+2'5n

?1? +,)-C,+C 51,)'B3 Q ' Q−1!
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�1++5-,)'5 51,)'B6

AjC =

⎛
⎜⎜⎝
Θ1 0 . . . 0
0 Θ2 . . . 0
. . . . . . . . . . . .
0 0 . . . Θk

⎞
⎟⎟⎠ ,

&K* Θi T (0-L23* 51,)'B3 /-)CK?1 rin 1
k∑
i=1

ri T L'+0- /1) ?-5/0*?+2- +-/)C4*223M

L'+*0 + 6L*,-5 ?)1,2-+,' {,'M /1)! �-&K1 51,)'B1

QC =

⎛
⎜⎜⎝
Q1 0 . . . 0
0 Q2 . . . 0
. . . . . . . . . . . .
0 0 . . . Qk

⎞
⎟⎟⎠ ,

%K*+@ 51,)'B3 Qi ,1?4* CA0Cy,+C (0-L235' 51,)'B15' )1%5*)2-+,' (0-?-A Θi vi =
1, kw! �0-?' Θi 5-&6, (3,@ KA6M ,'/-A!

� /*)A-56 ,'/6 -,2*+*5 (0-?

Θi =

(
μj −γj
γj μj

)
, v=w

+--,A*,+,A6yW'. 2*?)1,2-. /1)* +-(+,A*223M L'+*0 μj± iγj! �-&K1 Θi -,A*L1*, (0-?

Qi =

(
q11 q12
q21 q22

)
n 6K-A0*,A-)CyW'. )1A*2+,A6 ΘiQi = QiΘi! >L*A'K2-n 5-42- /-0-�

4',@n L,- q11 = q22 = νn q12 = −ξn q21 = ξn &K* ν ' ξ T /)-'%A-0@23* A*W*+,A*223*
L'+01 ,1?'*n L,- ν2 + ξ2 �= 0! �-&K1 51,)'B1

Qi =

(
ν −ξ
ξ ν

)
vIw

?-556,1,'A21 + (0-?-5 Θi ' 51,)'B1

Q−1
i =

1

ν2 + ξ2

(
ν ξ
−ξ ν

)
. vpw

�1 /1)15*,)3 ν ' ξ 2* 21?01K3A1y,+C K-/-02',*0@23* -&)12'L*2'Cn ?)-5* ν2+
ξ2 �= 0! �0C (0-?1 Θi /*)A-&- ,'/1 21.K*23 51,)'B3 Qi ' Q−1

i !
�0-?' A,-)-&- ,'/1 '5*y, A'K

Θi =

⎛
⎜⎜⎜⎜⎝

Φ I2 0 . . . 0 0
0 Φ I2 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . Φ I2
0 0 0 . . . 0 Φ

⎞
⎟⎟⎟⎟⎠ . vNw

�K*+@ Φ =

(
μj −γj
γj μj

)
n &K* j T 2-5*) +--,A*,+,A6yW*. ?)1,2-. /1)3 +-(+,A*223M

L'+*0 μj±iγj! �)' {,-5n *+0' ?)1,2-+,@ K122-. /1)3 )1A21 ρn ,- )1%5*)2-+,@ 51,)'�
B3 Θi *+,@ 2ρ× 2ρ! �0C A-++,12-A0*2'C (0-?-A 51,)'B3 QC n +--,A*,+,A6yW'M (0-L�
235 51,)'B15 Θi A'K1 vNwn /-+,1A'5 51,)'B6 A'K1 IΦ +H n A ?-,-)-. IΦ T (0-L2-�
K'1&-210@21C 51,)'B1 + (0-?15' I2 21 &01A2-. K'1&-210'n H T (0-L21C 51,)'B1
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+ 21KK'1&-210@yn +-+,-CW*. '% *K'2'L23M 51,)'B A,-)-&- /-)CK?1n 1 A+* -+,10@23*
(0-?' T 260*A3*n ,! *!

H =

⎛
⎜⎜⎜⎜⎝

0 I2 0 . . . 0
0 0 I2 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . I2
0 0 0 . . . 0

⎞
⎟⎟⎟⎟⎠ .

�-&K1 (0-? Qi '5**, A'K

Qi = α0IΦ + α1H + α2H
2 + · · ·+ αρ−1H

ρ−1, vDw

&K* α0n α1n α2n . . . , αρ−1 T 2*260*A3* /1)15*,)3! �-556,1,'A2-+,@ 51,)'B Θi ' Qi
/)' 'M 652-4*2'' 2* A3%3A1*, +-52*2'.! P0*K-A1,*0@2-n 51,)'B3 AjC ' QC v+
(0-?15' v=w ' vNww ?-556,')6y, 5*4K6 +-(-.!

>()1,21C 51,)'B1 Q−1
i 21M-K',+C '% )1A*2+,A1 QiQ

−1
i = I vI T *K'2'L21C 51,�

)'B1 +--,A*,+,A6yW*&- /-)CK?1wm

Q−1
i = β0IΦ + β1H + · · ·+ βρ−1H

ρ−1, v$w

1 ?-{UU'B'*2,3 β0n β1n . . . , βρ−1 A3)141y,+C L*)*% A3()1223* %21L*2'C /1)15*,)-A
α0n α1n . . . , αρ−1!

�1++5-,)'5 /)'5*)3 + /)*-()1%-A12'*5 T = SQn &K* Q T /1)15*,)'L*+?1C 51,�
)'B1!

G:0=.: �� 
1,)'B1

A =

⎛
⎝−3 0 0

0 −2 2
0 −1 0

⎞
⎠

'5**, +-(+,A*223* L'+01 λ1 = −3n λ2,3 = −1± i! �-&K1

Aj =

⎛
⎝−3 0 0

0 −1 −1
0 1 −1

⎞
⎠

' Aj = S−1AS! >(-%21L'5 A0
j =

(−1 −1
1 −1

)
! �% )1A*2+,A1 SAj = AS /-06L1*5

51,)'B6

S =

⎛
⎝1 0 0
0 0 2
0 1 1

⎞
⎠ ,

-,?6K1 '5**5n L,-

S−1 =

⎛
⎝1 0 0
0 −1/2 1
0 1/2 0

⎞
⎠ .

S )1++51,)'A1*5-5 /)'5*)* *+,@ ,-0@?- -K21 /1)1 ?-5/0*?+2- +-/)C4*223M +-(�
+,A*223M L'+*0n /-{,-56 ?-2+,)6?B'C 51,)'B3 Qn /*)*+,12-A-L2-. + 51,)'B*. Aj n

/)*K+,12*, A A'K*

(
α 0
0 α0I2

)
n &K* α �= 0n α0 �= 0n (0-? α0I2 -,A*L1*, 51,)'B* A0

j !

�-&K1

Q−1 =

⎛
⎝1/α 0 0

0 1/α0 0
0 0 1/α0

⎞
⎠ .
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�10** /)'5*2'5 A,-)-. +/-+-( /-06L*2'C Qn ,! *!

Q =

⎛
⎝α 0 0
0 ν −ξ
0 ξ ν

⎞
⎠ ,

&K* νn ξ T /)-'%A-0@23* A*W*+,A*223* L'+01 ,1?'*n L,- ν2 + ξ2 �= 0! 
1,)'B1 Q0 =(
ν −ξ
ξ ν

)
?-556,')6*, + 51,)'B*. A0

j ' Q−1
0 =

1

ν2 + ξ2

(
ν ξ
−ξ ν

)
! �6+,@ 51,)'B1 B

'5**, {0*5*2,3 bij vi = 1, 3n j = 1, 2w! �-&K1

BM = S−1B =

⎛
⎝ b11 b12
−b21/2 + b31 −b22/2 + b32

b21/2 b22/2

⎞
⎠ ,

BM = Q−1BM =

=

⎛
⎜⎜⎜⎝

b11/α b12/α
1

ν2 + ξ2
(ν(−b21/2 + b31) + ξb21/2)

1

ν2 + ξ2
(ν(−b22/2 + b32) + ξb22/2)

1

ν2 + ξ2
(−ξ(−b21/2 + b31) + νb21/2)

1

ν2 + ξ2
(−ξ(−b22/2 + b32) + νb22/2)

⎞
⎟⎟⎟⎠ =

=

⎛
⎜⎜⎜⎝

b11/α b12/α
1

ν2 + ξ2
((ξ − ν)b21/2 + νb31)

1

ν2 + ξ2
((ξ − ν)b22/2 + νb32)

1

ν2 + ξ2
((ξ + ν)b21/2− ξb31)

1

ν2 + ξ2
((ξ + ν)b22/2− ξb32)

⎞
⎟⎟⎟⎠ .

�1++5-,)'5

CM = CS =

(
c11 c12 c13
c21 c22 c23

)⎛
⎝1 0 0
0 0 2
0 1 1

⎞
⎠ =

(
c11 c13 2c12 + c13
c21 c23 2c22 + c23

)
.

�1,*5 '5**5

CM = CMQ =

(
c11 c13 2c12 + c13
c21 c23 2c22 + c23

)⎛
⎝α 0 0
0 ν −ξ
0 ξ ν

⎞
⎠ =

=

(
αc11 νc13 + ξ(2c12 + c13) −ξc13 + ν(2c12 + c13)
αc21 νc23 + ξ(2c22 + c23) −ξc23 + ν(2c22 + c23)

)
.

�6+,@

BM =

⎛
⎝1 1
0 0
0 0

⎞
⎠ .

�-&K1 b11 = b12 = 1n b21 = b22 = b31 = b32 = 0! �+0' BM = BM n ,- b11 = b12 = αn
1 -+,10@23* {0*5*2,3 260*A3*! �6+,@ ,*/*)@

BM =

⎛
⎝1 1
1 0
0 1

⎞
⎠ ,
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,-&K1 b11 = b12 = 1n b21 = 0n b22 = 2n b31 = b32 = 1! �+0' BM = BM n ,- /-06L1*5
{0*5*2,3

b11 = α, b12 = α, b21 = 2ξ, b22 = 2ν, b31 = ξ + ν, b32 = ν − ξ, vVw

&K* ξn ν T /)-'%A-0@23* A*W*+,A*223* L'+01 ,1?'*n L,- ξ2+ ν2 �= 0! �1)15*,)3 ξ ' ν
+6W*+,A*22- )1+z')Cy, A3(-) {0*5*2,-A 51,)'B3 B! �*)*.K*5 ? A3(-)6 51,)'B3 C

/- 51,)'B15 CM ' CM ! �6+,@ CM =

(
1 0 0
1 0 0

)
! �-&K1 c11 = 1n c12 = 0n c13 = 0n

c21 = 1n c22 = 0 ' c23 = 0! �-0-4'5 ,*/*)@n L,- CM = CM ! �-&K1 21(-) +-+,1A0Cy,
{0*5*2,3

c11 = α−1, c12 = 0, c13 = 0, c21 = α−1, c22 = 0, c23 = 0. v"#w

�-+0* AA*K*2'C /1)15*,)'L*+?-. 51,)'B3 Q +,10- A-%5-4235 /-06L*2'* %1K12�
2-. CM + '+/-0@%-A12'*5 /1)15*,)1 α! �)' {,-5 21(-)3 {0*5*2,-A vVw ' v"#w 51,)'B
B ' C /- A3(-)6 %21L*2'. /1)15*,)-A αn ν ' ξ K-0423 (3,@ +-&01+-A123!

G:0=.: �� �6+,@ 51,)'B1 A )1%5*)2-+,' 4 × 4 '5**, KA* -K'21?-A3* /1)3
?-5/0*?+2- +-/)C4*223M +-(+,A*223M L'+*0 A'K1 μ± iγ! �-&K1 +6W*+,A6*, 2*-+-(1C
51,)'B1 S ,1?1Cn L,-

Aj = AjC = S−1AS =

⎛
⎜⎜⎝
μ −γ 1 0
γ μ 0 1
0 0 μ −γ
0 0 γ μ

⎞
⎟⎟⎠ . v""w

�1++5-,)'5 KA1 +/-+-(1 AA*K*2'C /1)15*,)-A A /)*-()1%-A12'* +'+,*53! S /*)�
A-5 51,)'B1 v""w -,2-+',+C ?- A,-)-56 ,'/6 51,)'B Θin /-{,-56 A ?1L*+,A* Qi A3�
(')1*5 51,)'B6 /- U-)560* vDw! �-+?-0@?6 ρ = 2n '5**5 51,)'B6

Qi = α0

(
I2 0
0 I2

)
+ α1

(
0 I2
0 0

)
v"�w

+ /1)15*,)15' α0n α1 ,1?'5'n L,- α0 �= 0 ' α1 �= 0! P-&01+2- v$wn /-06L1*5 Q−1
i =

β0

(
I2 0
0 I2

)
+ β1

(
0 I2
0 0

)
! �-{UU'B'*2,3 β0 ' β1 21M-K'5 '% )1A*2+,A1 QiQ

−1
i = In

A ?-,-)-5 I T *K'2'L21C 51,)'B1 )1%5*)2-+,' 4× 4! �1?n β0 = 1/α0 ' β1 = −α1/α
2
0!

�)' ,1?-5 A3(-)* Qi '5**5 /1)15*,)3 α0 ' α1!

�1++5-,)'5 A,-)-. +/-+-(! �6+,@ AjC =

(
Φ I2
0 Φ

)
! S3(*)*5 51,)'B6 Q =(

q11 q12
q21 q22

)
,1?n L,-(3 -21 ?-556,')-A101 + 51,)'B*. Φ! �1? Q 5-42- A3()1,@ 51,�

)'B6

(
ν −ξ
ξ ν

)
n &K* ν ' ξ T /)-'%A-0@23* A*W*+,A*223* L'+01n 6K-A0*,A-)CyW'*

6+0-A'y ν2 + ξ2 �= 0! �,1?n +21L101 /-+,6/1*5 ,1? 4*n ?1? A +06L1*n ?-&K1 Θi = Φ!

�1,*5 /-06L1*5 A (0-L2-5 A'K* Qi =

(
Q I2
0 Q

)
! �-&K1 51,)'B1 Qi %1A'+', -, /1)1�

5*,)-A ν ' ξ! �)' {,-5 51,)'B1

Q−1
i =

(
Q−1 Λ
0 Q−1

)
, v"=w
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%K*+@

Q−1 =
1

ν2 + ξ2

(
ν ξ
−ξ ν

)
, Λ =

1

(ν2 + ξ2)2

(
ξ2 − ν2 −2νξ
2νξ ξ2 − ν2

)
. v"Iw

S 51,)'B* Qi {0*5*2,3 KA6M (0-?-A %1A'+C, -, ν ' ξn 1 A +--,A*,+,A6yW*. *. -()1,2-.
51,)'B* Q−1

i n +-&01+2- v"=w ' v"Iwn {0*5*2,3 ,)*M (0-?-A %1A'+C, -, ν ' ξ! �-?14*5n
?1? 5*2Cy,+C 51,)'B3 B ' C /-+0* /)'A*K*2'C 51,)'B3 A ? A'K6 v""w! �5**5
2*-+-(6y 51,)'B6 S )1%5*)2-+,' 4×4! �0C /)-+,-,3 A3?01K-? )1++5-,)'5 51,)'B6
B )1%5*)2-+,' 4×1 ' 51,)'B6 C )1%5*)2-+,' 1×4! �+0' T =M = SQn ,- BT = BM =
Q−1S−1B = Q−1BM ! �+0' 51,)'B1 S '%A*+,21n ,- 2*,)6K2- 21.,' 51,)'B6 S−1!
�-&K1 A*?,-)

BM = S−1B. v"pw

�+0' {0*5*2,3 A*?,-)1 B T {,- /1)15*,)3 21+,)-.?'n ,! *! 'M 5-42- 5*2C,@ A -/)*�
K*0*223M K'1/1%-21Mn ,-n %1K1A 4*01*53. /-+0* /)*-()1%-A12'C '+M-K2-. +'+,*53
A*?,-) BM n /-06L1*5 0'2*.26y +'+,*56 6)1A2*2'. v"pw -,2-+',*0@2- {0*5*2,-A A*?�
,-)1 B! �-?14*5n ?1? )1+z')C*, A-%5-42-+,' AA*K*2'* /1)15*,)'L*+?-. 51,)'�
B3 Q! S +'+,*5* v"pw -(-%21L'5 BM = (bM1 , b

M
2 , b

M
3 , b

M
4 )∗n &K* ∗ T +'5A-0 -/*)1B''

,)1+/-2')-A12'C! S-%@5*5 +21L101 51,)'B6 Qi ,'/1 v"�w! �5**5 51,)'B6

Q−1
i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

α 0
0 −α1

α2
0

0

0
1

α 0
0 −α1

α2
0

0 0
1

α 0
0

0 0 0
1

α 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

-,?6K1

BM = Q−1
i BM =

⎛
⎜⎜⎝
α−1
0 bM1 − α1α

−2
0 bM3

α−1
0 bM2 − α1α

−2
0 bM4

α−1
0 bM3
α−1
0 bM4

⎞
⎟⎟⎠ . v"Nw

�-/6+,'5n 2*-(M-K'5- /-06L',@ BT = (0, 0, 1, 0)∗ ' CT = (0, 0, 0, 1)! �-&K1 /)' μ = 0
'+M-K21C +'+,*51 + 51,)'B*. v""w '2,*&)')6*,+C A ?-2*L2-5 A'K*n ,! *! BT = BM '0'
BT = BM ! �+0' BT = BM n ,- v"pw T {,- +'+,*51 L*,3)*M 6)1A2*2'.

bM1 = 0, bM2 = 0, bM3 = 1, bM4 = 0 v"Dw

' + 51,)'B*. S−1! �+0' BT = BM n ,- A5*+,- +'+,*53 v"Dw A +'06 v"Nw 21M-K'5 +'+,*56⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

α−1
0 bM1 − α1α

−2
0 bM3 = 0,

α−1
0 bM2 − α1α

−2
0 bM4 = 0,

α−1
0 bM3 = 1,

α−1
0 bM4 = 0,

v"$w

&K* α0n α1 T /)-'%A-0@23* A*W*+,A*223* L'+01n -,0'L23* -, 260C! P'+,*51 v"$w
/)'A-K',+C ? A'K6

bM1 = α1, b
M
2 = 0, bM3 = α0, b

M
4 = 0. v"Vw
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>L*A'K2-n L,- +'+,*51 v"Vw %1 +L*, /1)15*,)-A α0n α1 '5**, )1+z')*22-* 52-4*+,A-
)*z*2'. -,2-+',*0@2- {0*5*2,-A A*?,-)1 B /- +)1A2*2'y + +'+,*5-. v"Dw!

�+0' )*z*2'* +'+,*53 v"Vw 2* /-KM-K',n ,- 5-42- A-+/-0@%-A1,@+C A,-)35 +/-�
+-(-5 /-+,)-*2'C Qi! P-&01+2- v"=w ' v"Iwn '5**5

Q−1
i =

1

ν2 + ξ2

⎛
⎜⎜⎜⎜⎜⎜⎝

ν ξ
ξ2 − ν2

ν2 + ξ2
−2νξ

ν2 + ξ2

−ξ ν
2νξ

ν2 + ξ2
ξ2 − ν2

ν2 + ξ2

0 0 ν ξ
0 0 −ξ ν

⎞
⎟⎟⎟⎟⎟⎟⎠
.

�-01&1*5 BM n ?1? A +'+,*5* v"$w! �-&K1 /)'M-K'5 ? +'+,*5*⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

νbM1 + ξbM2 +
ξ2 − ν2

ξ2 + ν2
bM3 − 2νξ

ξ2 + ν2
bM4 = 0,

−ξbM1 + νbM2 +
2νξ

ξ2 + ν2
bM3 +

ξ2 − ν2

ξ2 + ν2
bM4 = 0,

νbM3 + ξbM4 = ξ2 + ν2,

−ξbM3 + νbM4 = 0,

v�#w

A ?-,-)-. /1)15*,)3 ξ ' ν +AC%123 6+0-A'*5 ξ2 + ν2 �= 0!
R/)-+,'5 +'+,*56 v�#w! �% ,)*,@*&- ' L*,A*),-&- ** 6)1A2*2'. /-06L1*5n L,-

bM3 = ν ' bM4 = ξ! �-K+,1A0C*5 'M A /*)A-* ' A,-)-* 6)1A2*2'Cn ,-&K1 bM1 = 1 '
bM2 = 0! P0*K-A1,*0@2-n ,*/*)@ A5*+,- v"Dw '5**5 -,2-+',*0@2- {0*5*2,-A A*?,-)1 B
+'+,*56

bM1 = 1, bM2 = 0, bM3 = ν, bM4 = ξ v�"w

/)' 6+0-A'' ξ2 + ν2 �= 0! �10**

CT = CM = CM = CS, CT = CM = CSQ = CMQ. v��w


1,)'B1 S '%A*+,21n /-{,-56 (6K*5 +L',1,@n L,- A /*)A-5 6)1A2*2'' v��w CM =
(cM1 , c

M
2 , c

M
3 , c

M
4 )! �)*(6*,+C A3()1,@ A*?,-) CT = (0, 0, 0, 1)! �+0' CT = CM n ,- /-06�

L1*5 +'+,*56 0'2*.23M 6)1A2*2'. + 51,)'B*. S -,2-+',*0@2- {0*5*2,-A A*?,-)1 C!
�-&K1 {0*5*2,3

cM1 = 0, cM2 = 0, cM3 = 0, cM4 = 1. v�=w

�-+0* AA*K*2'C /1)15*,)'L*+?-. 51,)'B3 Qi ,'/1 v"�w /-06L1*5

CM = (α0c
M
1 , α0c

M
2 , α1c

M
1 + α0c

M
3 , α1c

M
2 + α0c

M
4 ),

-,?6K1 21M-K'5n L,-

cM1 = 0, cM2 = 0, cM3 = 0, cM4 = α−1
0 , v�Iw

&K* α0 T /)-'%A-0@2-* A*W*+,A*22-* L'+0-n -,0'L2-* -, 260C! P'+,*51 v�Iw '5**,
)1+z')*22-* 52-4*+,A- )*z*2'. /- +)1A2*2'y + 52-4*+,A-5 )*z*2'. +'+,*53 v�=w!

�)'5*2'5 A,-)-. +/-+-( AA*K*2'C 51,)'B3 Qi! �-&K1 Qi =

(
Q I2
0 Q

)
/)' Q =(

ν −ξ
ξ ν

)
! �5**5

CM = (νcM1 + ξcM2 ,−ξcM1 + νcM2 , c
M
1 + νcM3 + ξcM4 , c

M
2 − ξcM3 + νcM4 ),
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-,?6K1 /-06L1*5

cM1 = 0, cM2 = 0, cM3 = − ξ

ξ2 + ν2
, cM4 =

ν

ξ2 + ν2
, v�pw

%K*+@ ξ ' ν T /)-'%A-0@23* A*W*+,A*223* L'+01 ,1?'*n L,- ξ2 + ν2 �= 0!
RL',3A1Cn L,- 51,)'B3 An B ' C /)*-()1%6y,+C -K2-A)*5*22-n 21.K*223* {0*�

5*2,3 A*?,-)1 B K-0423 6K-A0*,A-)C,@ +'+,*515 v"Dw ' v�=w! �+0' AA-K'5 /1)15*,�
)'L*+?6y 51,)'B6n ,- /)' AA*K*2'' /*)A35 +/-+-(-5 {0*5*2,3 A*?,-)1 B K-0423
6K-A0*,A-)C,@ +'+,*515 v"Vw ' v�Iwn 1 /)' AA*K*2'' A,-)35 +/-+-(-5 T +'+,*515 v�"w
' v�pwn L*56 ' +/-+-(+,A6y, /1)15*,)3 A -(-'M +/-+-(1M AA*K*2'C /1)15*,)'L*+?'M
51,)'B Qi!

PU-)560')6*5 /)*K01&1*5-* /)1A'0- /-+,)-*2'C /1)15*,)'L*+?-. 51,)'B3 Q!
G:./3->.10. �� /�! 8���!_� A  ��8:�+�"� �:�<e+""b8! �.��+""bN

8! 9!��8! :�+�.��`���"!+8  "+��.�a 8���!_+a S :�!��6!�< � e��6�"���a "��N
8��;"�a 5��8+ AjC � �� 8���!_� :���8+��!9+��,� "+��.�,� :�+�.��`���"!< !8++�
�!6 T = SQ� ,6+ Q h .��9"�N6!�,�"��;"�< 8���!_�  .����8! Qi� i�+8+"�b ����N
��a -6���+����<c� -���!c detQ �= 0� ��! i��8 6!�,�"��;"�8- .���- Θi �!6� (3)
8���!_b AjC � ���+9�cd+8- ��8:�+�"� �:�<e+""�8- 9!�- μ ± iγ� ����+��N
�-+� .��� Qi �!6� (4)  �.���"�a 8���!_+a (5)� /�! ��8:�+�"� �:�<e+""�+ �.N
��+""�+ 9!�� ����"�+� �� 6!�,�"��;"�8- .���- Θi �!6� (6) 8���!_b AjC ���N
�+���-+� .��� Qi �!6� (7)  �.���"�a 8���!_+a (8)� � �.�!g �-9�<g �b:��"<+�<
-���!+ ΘiQi = QiΘi� ��< .����� Θi �!6� (6) 8�e"� !:��;`����; �����a :��.
:����+"!< .����� Qi� ��,6� "� ,���"�a 6!�,�"��! 8���!_b Qi ��<� .���! (4)�
� "�6 ,���"�a 6!�,�"��;c h .���! I2�

%� ,3E79C @.:?-C .2;.2;?.11-C 1-:=93R1-C S-:=D� �-+,1,-L23* 6+0-A'C
/)'A*K*2'C 51,)'B3 A ? /-K-(2-. *. ?A1%'K'1&-210@2-. 51,)'L2-. U-)5* '%A*+,23
v+5! k�plw! �)' {,-5 51,)'B1 A )1%5*)2-+,' n× n /-K-(21 51,)'B*

L = diag(An1 , An2 , . . . , Ank
), v�Nw

&K* 51,)'L23* (0-?' Anl
vl = 1, kw '5*y, )1%5*)2-+,' nl × nln /)'L*5

k∑
l=1

nl = n!

�14K1C Anl
T {,- +-/)-A-4K1yW1C 51,)'B1 '2A1)'12,2-&- 52-&-L0*21 +- +,1)z*.

+,*/*2@y nl ' ?-{UU'B'*2,-5 *K'2'B1 /)' +,1)z*. +,*/*2'! �5*y,+C A A'K6 '2A1�
)'12,23* 52-&-L0*23 51,)'B3 Iλ −A vλ T L'+0-A-. /1)15*,)wn /)' {,-5 +6551 'M
+,*/*2*. )1A21 n!

�6+,@ 51,)'B1 A ,1?1Cn L,- +6W*+,A6*, 2*A3)-4K*221C 51,)'B1 T /)*-()1%-�
A12'C x(t) = Tz(t)n /)'A-KCW*&- 51,)'B6 A ? A'K6 L = T−1AT ! �K*+@ L T /*)A1C
*+,*+,A*221C 2-)510@21C U-)51 v�Nw! �%A*+,2-n L,- 51,)'B1 T A3(')1*,+C 2*-K2-�
%21L2-! �*.+,A',*0@2-n /6+,@ T = SQn &K* S ' Q T 2*A3)-4K*223* 51,)'B3 ,1?'*n
L,- S−1AS = Ln 1 Q T 51,)'B1n -/)*K*0C*51C '% )1A*2+,A1

LQ = QL. v�Dw


1,)'B1 Q %1K1*, 2*-K2-%21L2-+,@ A3(-)1 51,)'B3 T ! 
1,)'B1 L (0-L2-�K'1&-�
210@21C! �-,-56Q = diag(Qn1 , Qn2 , . . . , Qnk

)n &K*
∑k

l=1 nl = n! P0*K-A1,*0@2-n '% v�Dw
'5**5 )1A*2+,A-

Anl
Qnl

= Qnl
Anl

. v�$w
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S K10@2*.z*5 '2K*?+ l -/6+?1*5! >(-%21L'5 L*)*% Pn 52-4*+,A- 2*A3)-4K*223M
51,)'B Qnn 6K-A0*,A-)CyW'M )1A*2+,A6 v�$w! >L*A'K2-n L,- ,1?'* Qn -()1%6y, &)6/�
/6 -,2-+',*0@2- -/*)1B'' /*)*52-4*2'C {,'M 51,)'Bn ,! *! Pn T &)6//1 1A,-5-)U'%�
5-A 51,)'B3 An! R+,12-A'5 ?-2+,)6?B'y 51,)'B3 Qn A %1A'+'5-+,' -, ** /-)CK?1 n!

�6+,@ A2 =

(
0 −a2
1 −a1

)
n &K* A2 T +-/)-A-4K1yW1C 51,)'B1 K0C 52-&-L0*�

21 f(λ) = λ2 + a1λ + a2! �-&K1 51,)'B6 Q2 =

(
x1 x2
y1 y2

)
'W*5 '% )1A*2+,A1 v�$w!

�-06L1*5 Q2 =

(
a1x+ y −a2x

x y

)
n &K* x ' y T L'+0-A3* /1)15*,)3n 6K-A0*,A-)Cy�

W'* 6+0-A'y a1xy + y2 + a2x
2 �= 0 v,! *! detQ2 �= 0wn /)' ?-,-)-5 -/)*K*0C*,+C Q−1

2 !
�10**n /6+,@ n = 3n f(λ) = λ3 + a1λ

2 + a2λ+ a3 ' 51,)'B1

A3 =

⎛
⎝0 0 −a3
1 0 −a2
0 1 −a1

⎞
⎠ .

�-&K1 51,)'B6

Q3 =

⎛
⎝x1 x2 x3
y1 y2 y3
z1 z2 z3

⎞
⎠

'W*5 '% )1A*2+,A1 v�$w! �-06L'5 +'+,*56 K*AC,' 0'2*.23M -K2-)-K23M 6)1A2*2'.
+ K*AC,@y 2*'%A*+,235' xin yin zi vi = 1, 3w! �% ** )1++5-,)*2'C 5-42- +K*01,@ +0*�
K6yW'* A3A-K3! �+0' a23(1 + a2 + a3) �= 0n ,- &)6//1 1A,-5-)U'%5-A P3 51,)'B3 A3

+-+,-', '% 51,)'B Q3 = xIn &K* x T 2*260*A-. /1)15*,)! �+0' a23(1 + a2 + a3) = 0n ,-
/)' a3 = 0 '5**5 ,)*M/1)15*,)'L*+?6y 51,)'B6

Q3 =

⎛
⎝a2x+ a1y + z 0 0

a1x+ y a1y + z −a2y
x y z

⎞
⎠ ,

A ?-,-)-. xn yn z T /1)15*,)3n 6K-A0*,A-)CyW'* 6+0-A'y (a2x + a1y + z)(a2y
2 +

a1yz + z2) �= 0! �+0' a3 = −1n a2 = 0n ,- /-06L1*5 51,)'B6 Q3n %1A'+CW6y -, KA6M
/1)15*,)-A!

>,5*,'5n L,- -(W*. U-)5603 K0C A3L'+0*2'C 51,)'B Qn 2* +6W*+,A6*,! >K21�
?-n L,-(3 /-?1%1,@n ?1? 5-42- '+/-0@%-A1,@ 51,)'B6 Qn A +06L1*n ?-&K1 51,)'B1 An
'5**, M-,C (3 KA* /1)3 ?-5/0*?+2- +-/)C4*223M +-(+,A*223M L'+*0n /*)*.K*5 ? )1+�
+5-,)*2'y +06L1C n = 4!

�6+,@ f(λ) = λ4 + a1λ
3 + a2λ

2 + a3λ+ a4! �-&K1 K0C 51,)'B3

A4 =

⎛
⎜⎜⎝
0 0 0 −a4
1 0 0 −a3
0 1 0 −a2
0 0 1 −a1

⎞
⎟⎟⎠

'% )1A*2+,A1 v�$w 21M-K'5 &)6//6 P4n ,! *! +*5*.+,A- 51,)'B Q4! �0C 51,)'B3

Q4 =

⎛
⎜⎜⎝
x1 x2 x3 x4
y1 y2 y3 y4
z1 z2 z3 z4
t1 t2 t3 t4

⎞
⎟⎟⎠
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K-042- A3/-02C,@+C )1A*2+,A-

A4Q4 = Q4A4. v�Vw

R52-4'A A4 21 Q4n /-06L1*5 51,)'B6 )1%5*)2-+,' 4×4n {0*5*2,3 ?-,-)-. %1A'+C,
-, {0*5*2,-A 51,)'B A4 ' Q4! �210-&'L2- K*01*5 K0C 51,)'B3 Q4A4! �*)*2*+*5 {0*�
5*2,3 51,)'B3 Q4A4 A 0*A6y L1+,@ )1A*2+,A1 v�Vw 21 +--,A*,+,A6yW'* 5*+,1 A 51,�
)'B* A4Q4! �-&K1 +0*A1 (6K*5 '5*,@ 51,)'B6 '% )1%2-+,*. {0*5*2,-A 51,)'B A4Q4

' Q4A4n ,! *!
A4Q4 −Q4A4, v=#w

1 +/)1A1 T 260*A6y 51,)'B6! �14K3. {0*5*2, 51,)'B3 v=#w -/)*K*0C*, 0*A6y L1+,@
-K2-&- '% 6)1A2*2'. -K2-)-K2-. +'+,*53 6)1A2*2'. K0C -/)*K*0*2'C 16 2*'%A*+,23M
x1n x2n x3n x4n y1n y2n y3n y4n z1n z2n z3n z4n t1n t2n t3 ' t4! �+0' 6)1A2*2'C A3/'+1,@ /-�
+,)-L2- A 6?1%122-5 /-)CK?* 2*'%A*+,23Mn ,- /-+,)-'5 51,)'B6 ?-{UU'B'*2,-A {,-.
+'+,*53 )1%5*)2-+,' 16 × 16! P15' ?-{UU'B'*2,3 T {,- 0'(- 260'n 0'(- -K'2 '%
?-{UU'B'*2,-A 52-&-L0*21 f(λ)! �)'5*2CC -()1,23. M-K 5*,-K1 �16++1n /)'A*K*5
51,)'B6 + /-5-W@y {0*5*2,1)23M /)*-()1%-A12'. ? 1210-&6 ,)1/*B*A'K2-. U-)53
,1?n L,- A ** /*)A3M L*,3)*M +,)-?1M A+* {0*5*2,3 260'n ?)-5* {0*5*2,-A + '2K*?�
+15' (3, 14) ' (4, 14)n /*)A3. '% 2'M )1A*2 −a2a3n 1 A,-)-. T a1a2a3! �% A'K1 {,-.
51,)'B3 +0*K6*,n L,- ** )12& )1A*2 12 '0' 13! �-,-56 /)' a1a2a3 �= 0 '0' /)' a1 = 0
' a2a3 �= 0 &)6//1 P4 (6K*, ,)*M/1)15*,)'L*+?-.n 1 /)' a2 = 0 '0' a3 = 0 -21 (6K*,
L*,3)*M/1)15*,)'L*+?-.! �6+,@n 21/)'5*)n a1a2a3 �= 0 ' +--,A*,+,A*22- a2a3 �= 0n
,-&K1 t2 = 0n ,1? ?1? t2 +--,A*,+,A6*, L*,3)21KB1,-56 +,-0(B6 51,)'B3 v=#w! ~,-
-%21L1*,n L,- A L*,3)*M /*)A3M +,)-?1M 51,)'B3 A+* {0*5*2,3 260' ' A+* {0*5*2,3
L*,3)21KB1,-&- +,-0(B1 ,1?4* )1A23 260y! R(')1C A ,1?-. 51,)'B* 260*A3* +,)-�
?' ' 260*A-. +,-0(*Bn /-+,)-'5 +'+,*56 + 51,)'B*. )1%5*)2-+,' 12 × 15! �-01&1*5
,*/*)@ t1 = xn t3 = yn t4 = zn &K* xn yn z T 2*260*A3* /1)15*,)3! �-&K1 /-06L1*5n
L,- x1 = a3x + a1y + z '% /*)A-&- 6)1A2*2'C /)*-()1%-A122-. +'+,*53n x2 = −a4x
'% A,-)-&-n x3 = 0 '% ,)*,@*&-n x4 = −a4y '% L*,A*),-&-n y1 = a2x + y '% /C,-&-n
y2 = a1y + z '% z*+,-&-n y3 = −a4x '% +*K@5-&-n y4 = −a3y '% A-+@5-&-n z1 = a1x
'% K*AC,-&-n z2 = y '% K*+C,-&-n z3 = a1y + z '% -K'221KB1,-&-n z4 = −a4x − a2y '%
KA*21KB1,-&-! �-K+,1A'5 {,' )*z*2'C A 51,)'B6 Q4m

Q4 =

⎛
⎜⎜⎝
a3x+ a1y + z −a4x 0 −a4y

a2x+ y a1y + z −a4x −a3y
a1x y a1y + z −a4x− a2y
x 0 y z

⎞
⎟⎟⎠ , v="w

A ?-,-)-. /1)15*,)3 xn yn z ∈ R\{0} ,1?'*n L,- detQ4 �= 0! �-&K1 51,)'B1 Q−1
4 0*&?-

21M-K',+C '% 51,)'B3 v="w! �+0' a1 = 0 ' a2a3 �= 0n ,- /-06L'5 K)6&6y ,)*M/1)15*,�
)'L*+?6y 51,)'B6 Q4! �+0' a2 = 0 '0' a3 = 0n ,- &)6//1 P4 L*,3)*M/1)15*,)'L*+?1C!
�210-&'L2-* 6,A*)4K*2'* +/)1A*K0'A-n *+0' a2 = a3 = 0!

�1 /)'5*)1M /-+,)-*2'C 51,)'B Q2n Q3 ' Q4 A'K2-n L,- -(W*. U-)5603 'M
-/)*K*0*2'C A %1A'+'5-+,' -, n 2* +6W*+,A6*,n ,1? ?1? A'K {,'M 51,)'B +6W*+,A*22-
%1A'+', -, A*0'L'2 a1n a2n a3n a4! >K21?-n '+/-0@%6C U-)5606 v�$wn /)-B*++ /-+,)-*2'C
&)6// 1A,-5-U'%5-A Pn 5-4*, (3,@ /)-K-04*2 K0C n � 5! >/')1C+@ 21 /)'A*K*223.
+?10C)23. 52-&-L0*2 f(λ) = λn+a1λ

n−1+· · ·+ann +,)-'5 K0C 2*&- +-/)-A-4K1yW6y
51,)'B6! �)' {,-5 21K- '5*,@ A A'K6n L,- *+0' 51,)'B3 A ' A0 '5*y, -K'21?-A3*
M1)1?,*)'+,'L*+?'* 52-&-L0*23n ,- -2' /)'A-KC,+C ? A'K6 L 2* -(C%1,*0@2- -K2'5
' ,*5 4* /)*-()1%-A12'*5!
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>,5*,'5n L,- A /)'0-4*2'CM +'+,*53 1A,-51,'L*+?-&- 6/)1A0*2'C + 51,)'�
B*. A = An A+,)*L1y,+C K-+,1,-L2- L1+,-! �1/)'5*)n *+0' A3M-K -K2-5*)2-. +'�
+,*53 n�&- /-)CK?1 + 6/)1A0*2'*5 u A /)1A-. L1+,' CA0C*,+C A%A*z*22-. +655-.
/)-'%A-K23M ,*?6W'M /*)*5*223M K- /-)CK?1 m A?0yL',*0@2- ' n > mn ,- /-+�
0* +--,A*,+,A6yW*. %15*23 /*)*5*223M /)'M-K'5 ? +'+,*5* A'K1 ẋ = Anx + BTun
y = (CT , x)n &K* BT ' CT T /)*-()1%-A1223* A*?,-)3!

G:0=.: �� �6+,@ 51,)'B1 A )1%5*)2-+,' 4 × 4 '5**, KA* /1)3 ?-5/0*?+2-
+-/)C4*223M ?-)2*. μ±iγ = −1±i vA -,0'L'* -, /)'5*)1 � %K*+@ %1K123 ?-2?)*,23*
+-(+,A*223* L'+01 51,)'B3 Aw! �-&K1 f(λ) = λ4 +4λ3 +8λ2 +8λ+4! �6+,@ 2*-+-(1C
51,)'B1 SL /)'A-K', 51,)'B6 A ? A'K6 A4n ,! *! S−1

L ASL = A4n &K*

A4 =

⎛
⎜⎜⎝
0 0 0 −4
1 0 0 −8
0 1 0 −8
0 0 1 −4

⎞
⎟⎟⎠ .

S-+/-0@%6*5+C U-)56015' '% /)'5*)1 �! �+0' SL '%A*+,21n 1 A*?,-) CT %1K12 v,! *!
CT = (0, 0, 0, 1)n ?1? A /)'5*)* �wn ,- CT = CSL = CLn *+0' 2* '+/-0@%6*5 /1)15*,�
)'L*+?6y 51,)'B6 Q4n '21L* CT = CL = CSLQ4 = CLQ4n &K* 51,)'B1 Q4 +,)-',+C
/- U-)560* v="wn ,! *!

Q4 =

⎛
⎜⎜⎝
8x+ 4y + z −4x 0 −4y

8x+ y 4y + z −4x −8y
4x y 4y + z −4x− 8y
x 0 y z

⎞
⎟⎟⎠ ,

detQ4 �= 0! >(-%21L'5 CL = (cL1 , c
L
2 , c

L
3 , c

L
4 )! �1K12 A*?,-) CL = (0, 0, 0, 1)! �10**

/-06L1*5 K0C 21M-4K*2'C cL1 n cL2 n cL3 n cL4 +'+,*56⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cL1 (8x+ 4y + z) + cL2 (8x+ y) + cL3 4x+ cL4 x = 0,

cL1 (−4x) + cL2 (4y + z) + cL3 y = 0,

cL2 (−4x) + cL3 (4y + z) + cL4 y = 0,

cL1 (−4y) + cL2 (−8y) + cL3 (−4x− 8y) + cL4 z = 1

v=�w

/)' 6+0-A'CMn L,- xn yn z ∈ R\{0} ' detQ4 �= 0! �*z*2'* cLk vk = 1, 4w T {,- )1B'-�
210@23* U62?B'' -, /1)15*,)-A xn y ' z! �1M-4K*2'* Q4 CA0C*,+C (-0** ,)6K-*5?-.
%1K1L*.n L*5 /1)15*,)'L*+?-. 51,)'B3 A +06L1* /)'A*K*2'C ? 4-)K12-A-. U-)5*!
�+0' 2* /-KM-K', +'+,*51 )*z*2'. A'K1 v�pwn ,- 5-42- -()1,',@+C ? )*z*2'y +'+,*�
53 v=�w!

PU-)560')6*5 /)1A'0- /-+,)-*2'C /1)15*,)'L*+?-&- /)*-()1%-A12'C!
G:./3->.10. �� �-�; 8���!_� A �!"+a"�a 9��! !�+8b (1) :�+�.��`���N

"!+8  "+��.�a 8���!_+a S :�!��6!�< � :+���a +�+��+""�a "��8��;"�a 5��N
8+ L �!6� (26)  8���!9"b8! .����8! Anl

� *�,6� 8���!_� :���8+��!9+��,� "+��N
.�,� :�+�.��`���"!< T = SQ� ,6+ Q h .��9"�N6!�,�"��;"�< 8���!_�  .����8! Qnl

�
i�+8+"�b ������a -6���+����<c� -���!c detQ �= 0� ��! i��8 6!�,�"��;"�8- .��N
�- Anl

����+���-+� .��� Qnl
� �b.!��+8ba !` ���+"��� Anl

Qnl
= Qnl

Anl
� j��

-���"+"!+ 6�< �:�+6+�+"!< i�+8+"��� 8���!_b Qnl
� �����b+ `��!<� �� i�+8+"N

��� 8���!_b Anl
! `"�9+"!a :���8+����� �b.!��+8bg !` -���!< detQnl

�= 0�
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&� I963J7.10.� �-)-z- '%A*+,2- kDn �Nn �Dln L,- %1K1L1 /)'A*K*2'C +'+,*53
A'K1 v"w ? +-A-?6/2-+,' /-K+'+,*5 5*2@z*. )1%5*)2-+,' '0' ? '2,*&)')6*5-56 A'K6
/)*K+,1A0C*, +-(-. L1+,- 2*)1%)*z'56y %1K1L6! �0C )1+z')*2'C 52-4*+,A1 +'+,*5
A'K1 v"wn *+0' {,- A-%5-42-n /)*K0-4*2 5*,-K AA*K*2'C A /)*-()1%-A12'* +'+,*53
52-4',*0C A A'K* /1)15*,)'L*+?-. 51,)'B3 + -/)*K*0*2235' 6+0-A'C5'n ?-,-)1C
/-%A-0C*, %1 +L*, A3(-)1 A*0'L'2 ** /1)15*,)-A )1+z')',@ 52-4*+,A- %21L*2'.
M-,C (3 L1+,' /1)15*,)-A 21+,)-.?' '+M-K2-. +'+,*53! �1 /)'5*)1M /-?1%12-n L,-
,1?1C %1K1L1 )*z1*,+C K14* A ,*M +06L1CMn ?-&K1 51,)'B1 '+M-K2-. 0'2*.2-. L1+,'
+'+,*53 '5**, ?-5/0*?+2- +-/)C4*223*n A ,-5 L'+0* ?)1,23*n +-(+,A*223* L'+01!

����������

�� @g4K. J� f� �FKTHTM�F IFNJIFrI�F uOPOzJ HFTMJJ OsHTROHJzFGKTqT MFqpNJMTsOIJQ� ��n ��C
�TG� JuP	sT HFxI�	HFTM� NJH�+ �-Y�� @�E G�

@� B4*2i)2F 0� J� � KOITIJzFGKJx �MFTLMOuTsOIJQx pMOsIFIJr HFTMJJ OsHTROHJzFGKTqT MFqp	
NJMTsOIJQ �MJ IONJzJJ KMOHI�x KTMIFr DD 
MJKNOPIOQ ROHFROHJKO J RFxOIJKO� �-Y�� �� @�� ���� 1�
�� Y�1,Y���

0� @.H*+ J� I� GHTrzJsTGHw IFNJIFrI�x MFqpNJMpFR�x GJGHFR� �uP� @	F+ JG�M� J PT�� ��C �TG�
JuP	sT SJu�	ROH� NJH�+ �-E@� 1A0 G�

1� E.H4*+ 0� 0�8 A*41..+ J� J� �FNJIFrI�F GFMsTRFxOIJuR�� ��C �O{JITGHMTFIJF+ �-�-� 1�@ G�
Y� _.-.�2? c� J� �TzI�F OIONJHJzFGKJF RFHTP� s HFTMJJ IFNJIFrI�x OsHTROHJzFGKJx GJGHFR�

��C �pPTGHMTFIJF+ �-E�� 11� G�
E� _.-.�2? c� J�8 G'3'5)2? J� I�8 Bg4)2? f� f�8 w'3q.4*+ 0� _� �NqTMJHRJzFGKJr GJIHFu

IFNJIFrI�x GJGHFR p�MOsNFIJQ� ��C �uP	sT �FIJIqM� pI	HO+ �--/� @1/ G�
�� 7�Y���� �� ��8 Y�� Y� ��8 ����� �� ��8 7��������� �� �� ��%�� )% (%"Z�! :5 �'$('�� !� @'4 �4�

?�8 �5 .C �(Z�*	g'�� !<(�'<�+ �--A� Y�Y 9�
A� #��� ]� U# �7�5 (� 4� :%!� 9� (54(!<7�' :#'.�(5'�'� g� `('� )� %ZZ$�\�('� #'$ 4� �7�5 (� 4� 
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