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�� F?./.10.� �*-)'C U62?B'-210-A �C/62-A1T�)1+-A+?-&- '2,*2+'A2- )1%�
A'A1*,+C 21L'21C + +*)*K'23 �� A! k"l! �1?n K0C 0'2*.23M +,1B'-21)23M +'+,*5
+ %1/1%K3A12'*5 A +,1,@* k�l /-+,)-*23 ,1? 21%3A1*53* U62?B'-2103 /-02-&- ,'/1m
'M /)-'%A-K21C AK-0@ )*z*2'. +'+,*53 +-A/1K1*, + %1)12** %1K12235 -,)'B1,*0@2-�
-/)*K*0*2235 U62?B'-210-5 -(W*&- A'K1n 1 /-0-4',*0@21C -/)*K*0*22-+,@ CA0C*,�
+C 2*-(M-K'535 ' K-+,1,-L235 6+0-A'*5 {?+/-2*2B'10@2-. 6+,-.L'A-+,'! �0&-)',5
/-+,)-*2'C ,1?'M U62?B'-210-A K0C )1%0'L23M ?01++-A 0'2*.23M +'+,*5n A ,-5 L'+�
0* K0C +'+,*5 + )1+/)*K*0*2235 %1/1%K3A12'*5 ' +'+,*5 2*.,)10@2-&- ,'/1n 1 ,1?4*
-(%-) /)'0-4*2'.n A ?-,-)3M -2' /)'5*2Cy,+Cn /)'A*K*2 A 5-2-&)1U'' S! �! �1�
)',-2-A1 k=l! �0C 2*+,1B'-21)23M 0'2*.23M +'+,*5 +6W*+,A6*, -&)-52-* 52-4*+,A-
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?-2+,)6?B'. U62?B'-210-A �C/62-A1T�)1+-A+?-&-n ?-,-)3* /)'A-KC, ? K-+,1,-L�
235 6+0-A'C5 6+,-.L'A-+,' A ,*)5'21M 0'2*.23M 51,)'L23M 2*)1A*2+,A v+5!n 21�
/)'5*)n kIlw! �*?-,-)3* '% ,1?'M 6+0-A'. M-,C ' CA0Cy,+C 0'z@ K-+,1,-L235'n 2-
K-+,1,-L2- {UU*?,'A23 21 /)1?,'?* ' + ,-L?' %)*2'C /)-A*)?' /)-W* |,-L23M}
6+0-A'.n -+2-A1223M 21 U62?B'-2101M /-02-&- ,'/1!

S 2*K1A2'M )1(-,1M vkpn Nln +5! ,1?4* kDlw U62?B'-2103 /-02-&- ,'/1 (30' /-�
+,)-*23 ' K0C +'+,*5 + %1/1%K3A12'*5n /)1A3* L1+,' ?-,-)3M /)*K+,1A0Cy, +-(-.
-K2-)-K23* U62?B'' /-)CK?1n +,)-&- (-0@z*&- *K'2'B3! �1?'* +'+,*53 -(01K1y,
'2,*)*+235 +A-.+,A-5m '% 1+'5/,-,'L*+?-. 6+,-.L'A-+,' +--,A*,+,A6yW*. -K2-)-K�
2-. +'+,*53 + 260*A35' %1/1%K3A12'C5' +0*K6*, 1+'5/,-,'L*+?1C 6+,-.L'A-+,@
260*A-&- )*z*2'C K'UU*)*2B'10@2-�)1%2-+,2-. +'+,*53 /)' 0y(3M 2*/)*)3A23M
' -&)12'L*223M %1/1%K3A12'CM k$x"#l! ~,-, )*%60@,1,n /-06L*223. + /-5-W@y 5*�
,-K1 U62?B'. �C/62-A1 ' ,*-)*53 �1%65'M'21n K-/6+?1*, -(-(W*2'* 21 2*?-,-)3*
?01++3 +'+,*5n /)1A3* L1+,' ?-,-)3M +-K*)41, 2*+,1B'-21)23* A-%56W*2'C /-)CK�
?-An 5*2@z'M '0' )1A23M /-)CK?15 -K2-)-K2-+,' /)1A3M L1+,*. k$ln 1 ,1?4* 21 2*?-�
,-)3* ?01++3 +0-423M +'+,*5 + %1/1%K3A12'*5 kVl! �)' {,-5 /-+,)-*2'* U62?B'-21�
0-A �C/62-A1T�)1+-A+?-&- K0C -K2-)-K23M +'+,*5n + -K2-. +,-)-23n /-K,A*)4K1*,
)*%60@,1,3n /-06L*223* 5*,-K-5 �1%65'M'21n 1 + K)6&-. T -,?)3A1*, A-%5-42-+,'
K0C )*z*2'C z')-?-&- ?01++1 /)'?01K23M %1K1Ln A ?-,-)3M ,)1K'B'-22- /)'5*�
2Cy,+C U62?B'-2103! S L1+,2-+,'n 2*-(M-K'53* ' K-+,1,-L23* 6+0-A'C 1+'5/,-�
,'L*+?-. 6+,-.L'A-+,' ' 2*6+,-.L'A-+,' 260*A-&- )*z*2'C K0C -K2-)-K23M +'+,*5
+ /-)CK?15' -K2-)-K2-+,' /)1A3M L1+,*.n +,)-&- (�-0@z'5' *K'2'B3n +U-)560')-�
A123 ' K-?1%123 A ,*)5'21M U62?B'-210-A /-02-&- ,'/1 A )1(-,* k""l! >(-(W*2'C
U62?B'-210-A �C/62-A1T�)1+-A+?-&- 21 ?01++ -(-(W*22-�-K2-)-K23M +'+,*5 + %1�
/1%K3A12'*5 /-06L*23 A +,1,@CM k"�n "=l! S k"Il /)'A*K*23 2*?-,-)3* /-0*%23* +A-.�
+,A1 -(-(W*22-�-K2-)-K23M K'UU*)*2B'10@2-�)1%2-+,23M +'+,*5!

S 21+,-CW*. )1(-,* /-06L*2- 2*,)'A'10@2-* -(-(W*2'* ?-2+,)6?B'. U62?B'-�
210-A �C/62-A1T�)1+-A+?-&-n /)*K0-4*223M A kNln 21 ?01++ -K2-)-K23M +'+,*5
+ 2*+?-0@?'5' +-+)*K-,-L*2235' %1/1%K3A12'C5'n /-)CK-? -K2-)-K2-+,' /)1A3M
L1+,*. ?-,-)3M +,)-&- (-0@z* *K'2'B3! �1? ' )12**n /)*K/-01&1*,+Cn L,- +--,A*,�
+,A6yW1C +'+,*51 -(3?2-A*223M K'UU*)*2B'10@23M 6)1A2*2'.n A ?-,-)-. %1/1%K3�
A12'C /-0-4*23 )1A235' 260yn 1+'5/,-,'L*+?' 6+,-.L'A1! �-?1%12-n L,- /-+,)-*2�
23* U62?B'-2103 6K-A0*,A-)Cy, 6+0-A'C5 ?01++'L*+?-. ,*-)*53 �)1+-A+?-&- v+5!n
21/)'5*)n k=n ,*-)*51 "!$ 21 +! ��lwn 1 ,1?4* 5-&6, (3,@ /)'5*2*23 ? )*z*2'y %1K1�
L' -( -B*2?* -(01+,' /)',C4*2'C 260*A-&- )*z*2'C ' ? /-+,)-*2'y -B*2-? )*z*2'.
-K2-)-K23M +'+,*5!

�� G-2;91-?69 B9/970 0 @:./?9:0;.3R1D. 2?./.104� �1++5-,)'5 +'+,*56
-K2-)-K23M K'UU*)*2B'10@23M 6)1A2*2'. + 2*+?-0@?'5' +-+)*K-,-L*2235' %1/1%�
K3A12'C5'm

ẋ(t) = f(x(t), x(t − h1), . . . , x(t− hm)), t � 0. v"w

�K*+@ x(t) ∈ R
n, 0 = h0 < h1 < . . . < hm = h T /-+,-C223* %1/1%K3A12'Cn 1 21�

L10@23* U62?B'' A3(')1y,+C '% /)-+,)12+,A1 2*/)*)3A23M U62?B'. C([−h, 0],Rn).
�6+,@ A*?,-)�U62?B'C f(�) = f(y0, y1, . . . , ym), yj ∈ R

n, 2*/)*)3A21n 6K-A0*,A-)C*,
6+0-A'y �'/z'B1 /- +A-'5 1)&65*2,15 ' CA0C*,+C /-0-4',*0@2- -K2-)-K2-. U62?�
B'*. /-)CK?1 μ > 1, ,! *!

f(cy0, cy1, . . . , cym) = cμf(y0, y1, . . . , ym) ∀ c > 0, ∀ yj ∈ R
n.
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�15*,'5n L,- '% -K2-)-K2-+,' U62?B'' f +0*K6*, +6W*+,A-A12'* 260*A-&- )*z*2'C 6
+'+,*53 v"w! �)*K/-0-4'5 ,1?4*n L,- +6W*+,A6y, 2*/)*)3A23* L1+,23* /)-'%A-K�
23*

∂f(�)

∂yj
, j = 0,m− 1.

P'+,*5* v"w +--,A*,+,A6*, +0*K6yW1C +'+,*51 -(3?2-A*223M K'UU*)*2B'10@23M
6)1A2*2'.n A ?-,-)-. A+* %1/1%K3A12'C /-0-4*23 )1A235' 260ym

ẋ(t) = f(x(t), x(t), . . . , x(t)). v�w

�6+,@ +'+,*51 v�w 1+'5/,-,'L*+?' 6+,-.L'A1! �%A*+,2- k$n "#ln L,- A {,-5 +06L1*
260*A-* )*z*2'* +'+,*53 v"w ,1?4* 1+'5/,-,'L*+?' 6+,-.L'A- /)' 0y(3M %21L*2'CM
%1/1%K3A12'.! S )1(-,* kpl K0C +'+,*53 A'K1 v"w K-?1%123 2*-(M-K'53* ' K-+,1,-L�
23* 6+0-A'C 1+'5/,-,'L*+?-. 6+,-.L'A-+,' 260*A-&- )*z*2'C A ,*)5'21M U62?B'-�
210-A �C/62-A1T�)1+-A+?-&-! O*0@y K122-. )1(-,3 CA0C*,+C /-+,)-*2'* A CA2-5
A'K* U62?B'-210-An /)'&-K23M K0C 1210'%1 6+,-.L'A-+,' )*z*2'. +'+,*53 v"w!

�%A*+,2- k"pn "Nln L,- *+0' +'+,*51 v�w 1+'5/,-,'L*+?' 6+,-.L'A1n ,- K0C 2**
+6W*+,A6*, /-0-4',*0@2- -K2-)-K21C /-)CK?1 γ � 2 ' KA14K3 2*/)*)3A2- K'UU*�
)*2B')6*51C U62?B'C �C/62-A1n 6K-A0*,A-)CyW1C 6)1A2*2'y

(
∂V (y)

∂y

)T
f(y, y, . . . , y) = −w(y), y ∈ R

n.

�K*+@ w(y) T /-0-4',*0@2- -/)*K*0*221C ' /-0-4',*0@2- -K2-)-K21C /-)CK?1 γ +
μ− 1 U62?B'C! �-{,-56 +6W*+,A6*, ?-2+,12,1 < > 0 ,1?1Cn L,-

w(y) � <‖y‖γ+μ−1.

S +'06 -K2-)-K2-+,' U62?B'C V (y) ' ** /)-'%A-K23* /*)A-&- ' A,-)-&- /-)CK?-A
K-/6+?1y, -B*2?' +0*K6yW*&- A'K1m

k0‖y‖γ � V (y) � k1‖y‖γ,
∥∥∥∥∂V (y)

∂y

∥∥∥∥ � k2‖y‖γ−1,

∥∥∥∥∂2V (y)

∂y2

∥∥∥∥ � k3‖y‖γ−2, v=w

&K* kj > 0, j = 0, 3. � A +'06 -K2-)-K2-+,' U62?B'' f +6W*+,A6y, %21L*2'C pj > 0
' qjk > 0 ,1?'*n L,-

‖f(�)‖ �
m∑
j=0

pj‖yj‖μ,
∥∥∥∥∂f(�)∂yj

∥∥∥∥ �
m∑
k=0

qjk‖yk‖μ−1. vIw

�� G-2;:-.10. SE16U0-193-? f4@E1-?9 g h:92-?26-8-� �1 -+2-A* ?-2�
+,)6?B'. U62?B'-210-An /)*K0-4*223M A )1(-,* kNl v+5! ,1?4* kDlwn /-+,)-'5 U62?�
B'-210

v(ϕ) = V (ϕ(0)) +

(
∂V (y)

∂y

)T ∣∣∣∣∣
y=ϕ(0)

g(ϕ) +

m∑
j=1

0∫
−hj

(<
(j)
1 + (hj + θ)<

(j)
2 )‖ϕ(θ)‖γ+μ−1dθ,

vpw
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A ?-,-)-5 <
(j)
1 ,<

(j)
2 > 0, j = 1,m, ,1?-A3n L,- <0 = < −

m∑
j=1

(
<

(j)
1 + hj<

(j)
2

)
> 0,

1 U62?B'-210 g(ϕ) '5**, A'K

g(ϕ) =

0∫
−hm

f(�)

∣∣∣∣ yj = ϕ(0), j = 0,m− 1

ym = ϕ(θ)

dθ+

+

m−1∑
k=1

0∫
−hk

⎛
⎜⎝f(�)

∣∣∣∣yj = ϕ(0), j = 0, k − 1

yj = ϕ(θ + hk − hj), j = k,m

− f(�)

∣∣∣∣yj = ϕ(0), j = 0, k

yj = ϕ(θ + hk − hj), j = k + 1,m

⎞
⎟⎠ dθ.

�1L2*5 +- A+/-5-&1,*0@2-. 0*553n ?-,-)1C /-,)*(6*,+C /)' -B*2?* U62?B'-21�
01 vpw ' *&- /)-'%A-K2-. AK-0@ )*z*2'. +'+,*53 v"w!

f.==9 �� ^-"�_!�"�� g(ϕ) 6�:-
��+� �_+"�-

g(ϕ) � g0‖ϕ(0)‖μ +

m∑
k=1

gk

0∫
−hk

‖ϕ(θ)‖μdθ, vNw

,6+

g0 = 2

m−1∑
k=1

k−1∑
j=0

hkpj +

m−1∑
k=1

hkpk + hm

m−1∑
j=0

pj , gk = (2k − 1)pk, k = 1,m.

� - ? 1 % 1 , * 0 @ + , A -! S-+/-0@%6*5+C /*)A35 '% 2*)1A*2+,A vIwm

g(ϕ) �
0∫

−hm

⎛
⎝m−1∑
j=0

pj‖ϕ(0)‖μ + pm‖ϕ(θ)‖μ
⎞
⎠ dθ+

+

m−1∑
k=1

0∫
−hk

⎛
⎝k−1∑
j=0

pj‖ϕ(0)‖μ +
m∑
j=k

pj‖ϕ(θ + hk − hj)‖μ+

+
k∑
j=0

pj‖ϕ(0)‖μ +
m∑

j=k+1

pj‖ϕ(θ + hk − hj)‖μ
⎞
⎠ dθ �

� g0‖ϕ(0)‖μ +

m∑
k=1

pk

0∫
−hk

‖ϕ(θ)‖μdθ + 2

m−1∑
k=1

m∑
j=k+1

pj

0∫
−hk

‖ϕ(θ + hk − hj)‖μdθ.

�)*-()1%6*5 /-+0*K2yy +6556 ,1?'5 -()1%-5m

2

m−1∑
k=1

m∑
j=k+1

pj

0∫
−hk

‖ϕ(θ + hk − hj)‖μdθ � 2

m−1∑
k=1

m∑
j=k+1

pj

0∫
−hj

‖ϕ(s)‖μds =

= 2

m∑
j=2

j−1∑
k=1

pj

0∫
−hj

‖ϕ(s)‖μds = 2

m∑
j=1

(j − 1)pj

0∫
−hj

‖ϕ(s)‖μds.

>(�*K'2'A +01&1*53*n /-06L'5 ,)*(6*56y -B*2?6! �
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f.==9 �� ���!`��6"�< 5-"�_!�"��� vpw �6��; �+3+"!a 
!
�+8b v"w 6�:-
��+�

�+6-cd-c �_+"�-Y

dv(xt)

dt
� −

m∑
j=0

βj‖x(t− hj)‖γ+μ−1 −
m∑
j=1

βm+j

0∫
−hj

‖x(t+ θ)‖γ+μ−1dθ

� ���+
�"�
�! ‖xt‖h � H1, ,6+

β0 = <0 − pχHμ−1
1 , χ = k3<g̃ + k2<λ̃,

βj = <
(j)
1 − pjχH

μ−1
1 , βm+j = <

(j)
2 − p(k3gj + k2λj)H

μ−1
1 , j = 1,m.

1�"
��"�� H1 `6+
; �b.��"� !` -
���!< :���e!�+�;"�
�! �+�!9!" βj , j = 0, 2m,

� �b��e+"!< 6�< p, <g̃, <λ̃, λj , j = 0,m, ��+6+"b :�! 6���`��+�;
��+�
� - ? 1 % 1 , * 0 @ + , A -! �)-K'UU*)*2B')6*5 /-+0*K-A1,*0@2- ?14K-* '%

+01&1*53M U62?B'-2101! �0C /*)A-&- +01&1*5-&- '5**5 A3)14*2'*

dI1
dt

=
dV (x(t))

dt
=

(
∂V (y)

∂y

)T ∣∣∣∣∣
y=x(t)

f(x(t), x(t − h1), . . . , x(t− hm)).

�10**n /)-'%A-K21C A,-)-&- +01&1*5-&- )1A21

dI2
dt

=

(
∂V (y)

∂y

)T ∣∣∣∣∣
y=x(t)

dg(xt)

dt
+ Λ1,

Λ1 = fT (x(t), x(t − h1), . . . , x(t− hm))
∂2V (y)

∂y2

∣∣∣∣∣
y=x(t)

g(xt).

�1/'z*5 U62?B'-210 g(ϕ) AK-0@ )*z*2'. +'+,*53 v"wm

g(xt) =

t∫
t−hm

f(�)

∣∣∣∣ yj = x(t), j = 0,m− 1

ym = x(s)

ds+

+

m−1∑
k=1

t∫
t−hk

⎛
⎜⎝f(�)

∣∣∣∣yj = x(t), j = 0, k − 1

yj = x(s+ hk − hj), j = k,m

− f(�)

∣∣∣∣yj = x(t), j = 0, k

yj = x(s+ hk − hj), j = k + 1,m

⎞
⎟⎠ ds

' A3L'+0'5 *&- /)-'%A-K26ym

dg(xt)

dt
= f(x(t), x(t), . . . , x(t)) − f(�)

∣∣∣∣ yj = x(t), j = 0,m − 1

ym = x(t− hm)

+

+

t∫
t−hm

m−1∑
l=0

∂f(�)

∂yl

∣∣∣∣ yj = x(t), j = 0,m− 1

ym = x(s)

ds f(x(t), x(t − h1), . . . , x(t− hm))−

−
m−1∑
k=1

⎛
⎜⎝f(�)

∣∣∣∣yj = x(t), j = 0, k − 1

yj = x(t− hj), j = k,m

− f(�)

∣∣∣∣yj = x(t), j = 0, k

yj = x(t− hj), j = k + 1,m

⎞
⎟⎠+
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+

m−1∑
k=1

t∫
t−hk

⎛
⎜⎝k−1∑
l=0

∂f(�)

∂yl

∣∣∣∣yj = x(t), j = 0, k − 1

yj = x(s+ hk − hj), j = k,m

−

−
k∑
l=0

∂f(�)

∂yl

∣∣∣∣yj = x(t), j = 0, k

yj = x(s+ hk − hj), j = k + 1, m

⎞
⎟⎠ ds f(x(t), x(t − h1), . . . , x(t− hm)) =

= f(x(t), x(t), . . . , x(t))− f(x(t), x(t − h1), . . . , x(t− hm)) + Λ2,

&K*

Λ2 =

(
m∑
k=1

t∫
t−hk

k−1∑
l=0

∂f(�)

∂yl

∣∣∣∣yj = x(t), j = 0, k − 1

yj = x(s+ hk − hj), j = k,m

ds−

−
m−1∑
k=1

t∫
t−hk

k∑
l=0

∂f(�)

∂yl

∣∣∣∣yj = x(t), j = 0, k

yj = x(s+ hk − hj), j = k + 1,m

ds

)
f(x(t), x(t − h1), . . . , x(t− hm)).

�1?-2*Bn /)-'%A-K21C ,)*,@*&- +01&1*5-&- U62?B'-2101 vpw AK-0@ )*z*2'. +'+,*53
v"w )1A21

dI3
dt

=
d

dt

m∑
j=1

t∫
t−hj

(<
(j)
1 + (hj + s− t)<

(j)
2 )‖x(s)‖γ+μ−1ds =

m∑
j=1

(
<

(j)
1 + hj<

(j)
2

)
×

× ‖x(t)‖γ+μ−1 −
m∑
j=1

<
(j)
1 ‖x(t− hj)‖γ+μ−1 −

m∑
j=1

<
(j)
2

0∫
−hj

‖x(t+ θ)‖γ+μ−1dθ.

>?-2L1,*0@2-n +-()1A A+* +01&1*53* A5*+,*n /-06L'5n L,-

dv(xt)

dt
= −w(x(t)) + Λ1 +

(
∂V (y)

∂y

)T ∣∣∣∣∣
y=x(t)

Λ2 +
dI3
dt

�

� −<0‖x(t)‖γ+μ−1 −
m∑
j=1

<
(j)
1 ‖x(t− hj)‖γ+μ−1 −

m∑
j=1

<
(j)
2

0∫
−hj

‖x(t+ θ)‖γ+μ−1dθ+

+Λ1 +

(
∂V (y)

∂y

)T ∣∣∣∣∣
y=x(t)

Λ2. vDw

>B*2'5 %21?-2*-/)*K*0*223* +01&1*53* A U-)560* vDw! �0C +01&1*5-&- Λ1 + 6L*,-5
-B*2-? v=wn vIw ' vNw '5**5 2*)1A*2+,A-

Λ1 � k3‖x(t)‖γ−2

⎛
⎝ m∑
j=0

pj‖x(t− hj)‖μ
⎞
⎠
⎛
⎝g0‖x(t)‖μ +

m∑
k=1

gk

0∫
−hk

‖x(t+ θ)‖μdθ
⎞
⎠ �

� k3

⎛
⎝pg̃‖x(t)‖γ+2μ−2 + g̃

m∑
j=1

pj‖x(t− hj)‖γ+2μ−2 + p

m∑
k=1

gk

0∫
−hk

‖x(t+ θ)‖γ+2μ−2dθ

⎞
⎠ ,
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&K* p =
m∑
j=0

pj ; g̃ = g0 +
m∑
k=1

gkhk. �10**n AA*K*5 ?-2+,12,3

λ0 =

m−1∑
k=1

hk

⎛
⎝2

k−1∑
l=0

k−1∑
j=0

qlj +

k−1∑
j=0

(qkj + qjk) + qkk

⎞
⎠+ hm

m−1∑
l=0

m−1∑
j=0

qlj ,

λ1 = q01, λj = (2j − 1)q0j + 2

j−1∑
l=1

(j − l)qlj , j = 2,m.

>(-%21L'5 2-)56 )1%2-+,' 51,)'Bn +-K*)41W*.+C A +01&1*5-5 Λ2, L*)*% J ' -B*2'5
**m

J =

∥∥∥∥∥∥∥
m∑
k=1

0∫
−hk

k−1∑
l=0

∂f(�)

∂yl

∣∣∣∣yj = x(t), j = 0, k − 1

yj = x(t+ θ + hk − hj), j = k,m

dθ −

−
m−1∑
k=1

0∫
−hk

k∑
l=0

∂f(�)

∂yl

∣∣∣∣yj = x(t), j = 0, k

yj = x(t+ θ + hk − hj), j = k + 1,m

dθ

∥∥∥∥∥∥∥ �

�
m∑
k=1

k−1∑
l=0

0∫
−hk

⎛
⎝k−1∑
j=0

qlj‖x(t)‖μ−1 +
m∑
j=k

qlj‖x(t+ θ + hk − hj)‖μ−1

⎞
⎠ dθ+

+

m−1∑
k=1

k∑
l=0

0∫
−hk

⎛
⎝ k∑
j=0

qlj‖x(t)‖μ−1 +

m∑
j=k+1

qlj‖x(t+ θ + hk − hj)‖μ−1

⎞
⎠ dθ =

= λ0‖x(t)‖μ−1 +

m∑
k=1

k−1∑
l=0

m∑
j=k

qlj

0∫
−hk

‖x(t+ θ + hk − hj)‖μ−1dθ+

+

m−1∑
k=1

k∑
l=0

m∑
j=k+1

qlj

0∫
−hk

‖x(t+ θ + hk − hj)‖μ−1dθ.

S /-+0*K2'M KA6M +6551M A-+/-0@%6*5+C -B*2?-.

0∫
−hk

‖x(t+ θ + hk − hj)‖μ−1dθ �
0∫

−hj

‖x(t+ s)‖μ−1ds

' /-5*2C*5 /-)CK-? +655')-A12'C! �0C {,-&- %1/'z*5 )1A*2+,A1

m∑
k=1

m∑
j=k

k−1∑
l=0

alj =
m∑
j=1

j∑
k=1

k−1∑
l=0

alj =
m∑
j=1

j−1∑
l=0

j∑
k=l+1

alj =
m∑
j=1

j−1∑
l=0

(j − l)alj ,

m−1∑
k=1

m∑
j=k+1

k∑
l=0

blj =

m∑
j=2

j−1∑
k=1

k∑
l=0

blj =

m∑
j=2

(
j−1∑
l=1

j−1∑
k=l

blj +

j−1∑
k=1

b0j

)
=
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=

m∑
j=2

(
j−1∑
l=1

(j − l)blj + (j − 1)b0j

)
. v$w

�)'5*2'A )1A*2+,A1 v$w ? -B*2?* J, /-06L'5 2*)1A*2+,A-

J � λ0‖x(t)‖μ−1 +
m∑
j=1

λj

0∫
−hj

‖x(t+ θ)‖μ−1dθ.

P0*K-A1,*0@2-n

(
∂V (y)

∂y

)T ∣∣∣∣∣
y=x(t)

Λ2 � J · k2‖x(t)‖γ−1
m∑
k=0

pk‖x(t− hk)‖μ �

� k2

⎛
⎝pλ̃‖x(t)‖γ+2μ−2 + λ̃

m∑
j=1

pj‖x(t− hj)‖γ+2μ−2 + p
m∑
k=1

λk

0∫
−hk

‖x(t+ θ)‖γ+2μ−2dθ

⎞
⎠ ,

&K* λ̃ = λ0 +
m∑
k=1

λkhk. >?-2L1,*0@2-n -(�*K'2'A A+* +01&1*53*n +-K*)41W'*+C A /)-�

'%A-K2-.n /-06L'5 ,)*(6*56y -B*2?6! �

f.==9 �� ^-"�_!�"�� vpw 6�:-
��+� �_+"�- 
"!`- �!6�

v(ϕ) � α0‖ϕ(0)‖γ +
m∑
j=1

αj

0∫
−hj

‖ϕ(θ)‖γ+μ−1dθ

� ���+
�"�
�! ‖ϕ‖h � H2. f6+
;

α0 = k0 − k2

⎛
⎝g0Hμ−1

2 +
1

p

m∑
j=1

gjhjH
γ(p−1)−p
2

⎞
⎠ ,

αj = <
(j)
1 − k2(p− 1)gj

p
H

μp
p−1−(γ+μ−1)

2 , j = 1,m,

:���8+�� p > 1 ������ 9��
γ + μ− 1

μ
<

p

p− 1
< γ, � 9!
�� H2 > 0 �b.��"� !
g�6<

!` -
���!a αj > 0, j = 0,m.
� - ? 1 % 1 , * 0 @ + , A -! �0C /*)A-&- ' ,)*,@*&- +01&1*53M U62?B'-2101 vpw

'5**5 -B*2?'

I1 = V (ϕ(0)) � k0‖ϕ(0)‖γ , I3 �
m∑
j=1

<
(j)
1

0∫
−hj

‖ϕ(θ)‖γ+μ−1dθ.

>B*2'5 1(+-0y,26y A*0'L'26 A,-)-&- +01&1*5-&- +A*)M6 + /-5-W@y 0*553 "m

|I2| � k2‖ϕ(0)‖γ−1

⎛
⎜⎝g0‖ϕ(0)‖μ + m∑

j=1

gj

0∫
−hj

‖ϕ(θ)‖μdθ

⎞
⎟⎠ =

"V# �FGHIJK �
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= k2g0‖ϕ(0)‖γ+μ−1 + k2

m∑
j=1

gj

0∫
−hj

‖ϕ(0)‖γ−1‖ϕ(θ)‖μdθ.

S-+/-0@%6*5+C 2*)1A*2+,A-5 �2&1 /-K %21?-5 ?14K-&- '% '2,*&)10-Am

‖ϕ(0)‖γ−1‖ϕ(θ)‖μ � 1

p
‖ϕ(0)‖(γ−1)p +

p− 1

p
‖ϕ(θ)‖ μp

p−1 ,

&K* p > 1. �15*,'5n L,- A 6+0-A'CM 0*553

(γ − 1)p > γ,
μp

p− 1
> γ + μ− 1,

' /1)15*,) p 5-4*, (3,@ A3()12 ,1?'5 -()1%-5 /)' 0y(3M %21L*2'CM γ � 2 ' μ > 1.
�-&K1 /-06L'5n L,-

|I2| � k2g0‖ϕ(0)‖γ+μ−1 +
k2
p

m∑
j=1

gjhj‖ϕ(0)‖(γ−1)p +
k2(p− 1)

p

m∑
j=1

gj

0∫
−hj

‖ϕ(θ)‖ μp
p−1 dθ.

>?-2L1,*0@2-n /-0@%6C+@ 2*)1A*2+,A-5 I2 � −|I2|, 21M-K'5 ,)*(6*56y -B*2?6! �

f.==9 �� ^-"�_!�"�� vpw 6�:-
��+� �_+"�- 
�+�g- �!6�

v(ϕ) � k1‖ϕ(0)‖γ + δ‖ϕ‖γ+μ−1
h ,

,6+ δ = k2g̃ +
m∑
j=1

(
<

(j)
1 + hj<

(j)
2

)
hj .

� - ? 1 % 1 , * 0 @ + , A -! >B*2'5 U62?B'-210 vpw +A*)M6m

v(ϕ) � k1‖ϕ(0)‖γ + k2‖ϕ(0)‖γ−1

⎛
⎝g0‖ϕ(0)‖μ + m∑

k=1

gk

0∫
−hk

‖ϕ(θ)‖μdθ
⎞
⎠+

+

m∑
j=1

(
<

(j)
1 + hj<

(j)
2

) 0∫
−hj

‖ϕ(θ)‖γ+μ−1dθ � k1‖ϕ(0)‖γ + δ‖ϕ‖γ+μ−1
h , vVw

L,- ' ,)*(-A10-+@ K-?1%1,@! �

�*553 �xI -%21L1y,n L,- U62?B'-210 vpw 6K-A0*,A-)C*, 6+0-A'C5 ?01++'L*+?-.
,*-)*53 �)1+-A+?-&- v+5!n 21/)'5*)n k=n ,*-)*51 "!$ 21 +! ��lwn 1 %21L',n -2 5-4*, (3,@
'+/-0@%-A12 K0C K-?1%1,*0@+,A1 1+'5/,-,'L*+?-. 6+,-.L'A-+,' 260*A-&- )*z*2'C
+'+,*53 v"w! �)6&'5' +0-A15'n +/)1A*K0'A1 +0*K6yW1C ,*-)*51!

d.-:.=9 �� /
�! 
!
�+8� v�w �
!8:���!9+
�! -
��a9!��� �� "-�+��+ �+3+"!+

!
�+8b v"w �
!8:���!9+
�! -
��a9!�� :�! �c.bg `"�9+"!<g `�:�`6b��"!a hj � 0,
j = 1,m.

I9=.7910.� �*-)*51 " K0C -K2-)-K23M +'+,*5 + -K2'5 %1/1%K3A12'*5 K-?1%121
A )1(-,* kVl + /-5-W@y 5*,-K1 U62?B'. �C/62-A1T�1%65'M'21! S +,1,@* k"#l 6/-�
5'21*,+C A-%5-42-+,@ -(-(W*2'C )*%60@,1,1 21 +06L1. +'+,*5 + 2*+?-0@?'5' %1/1%�
K3A12'C5' A'K1 v"w! �-{,-56 B*0@ 21+,-CW*&- '++0*K-A12'C %1?0yL1*,+C 2* +,-0@?-
A K-?1%1,*0@+,A* ,*-)*53 "n +?-0@?- A /-+,)-*2'' U62?B'-210-A �C/62-A1T�)1�
+-A+?-&- K0C +'+,*5 A'K1 v"wn ?-,-)3* 5-&6, (3,@ /)'5*2*23 /)' )*z*2'' z')-?-&-
?01++1 /)'?01K23M %1K1L!
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�� TU.169 -5392;0 @:0;4>.104� �)'5*2'5 U62?B'-210 vpw ? %1K1L* -( -B*2�
?* -(01+,' /)',C4*2'C 260*A-&- )*z*2'C +'+,*53 v"w! �+/-0@%6*53. /-KM-K CA0C*,�
+C ?01++'L*+?'5 v+5!n 21/)'5*)n )1(-,3 k"Dn "$lwn /)' {,-5 /)'5*2*2'* U62?B'-2101
A'K1 vpw /-%A-0C*, /-+,)-',@ ?-2+,)6?,'A26y -B*2?6!

d.-:.=9 �� �-
�; 
!
�+8� v�w �
!8:���!9+
�! -
��a9!��� H = min{H1, H2},
� Δ T :���e!�+�;"ba ���+"; -���"+"!<

k1Δ
γ + δΔγ+μ−1 = α0H

γ . v"#w

*�,6� 8"�e+
���

Ω =
{
ϕ ∈ C[−h,0]

∣∣∣ ‖ϕ‖h < Δ
}
⊂ A =

{
ϕ ∈ C[−h,0]

∣∣∣ x(t, ϕ) −−−−→
t→+∞ 0

}
.

��-,!8! 
����8!� 8"�e+
��� Ω +
�; �_+"�� �.��
�! :�!�<e+"!< A "-�+��,� �+N
3+"!< 
!
�+8b v"w�

�-+?-0@?6 K0C /-+,)-*2'C -B*2?' -(01+,' /)',C4*2'C '+/-0@%6y,+C -B*2?1
U62?B'-2101 +A*)M6 '% 0*553 I ' -B*2?1 +2'%6 A'K1 v(ϕ) � α0‖ϕ(0)‖γ , +,)6?,6)1
?-,-)3M +-A/1K1*, +- +,)6?,6)-. +--,A*,+,A6yW'M -B*2-? K0C +06L1C -K2-&- %1/1%�
K3A12'Cn ,- K-?1%1,*0@+,A- ,*-)*53 � K-+0-A2- /-A,-)C*, K-?1%1,*0@+,A- 1210-&'L�
2-&- 6,A*)4K*2'C K0C +'+,*5 + -K2'5 %1/1%K3A12'*5 v+5! ,*-)*56 "N ' +0*K+,A'* "D
A )1(-,* k""lw!

%� TU.160 :.H.10C� �)'5*2'5 U62?B'-210 vpw ? %1K1L* - /-+,)-*2'' -B*2-?
)*z*2'. +'+,*53 v"w! �0C {,-&- -(-(W'5 /-KM-Kn )1%)1(-,1223. A +,1,@* k"Vl K0C
+'+,*5 + -K2'5 %1/1%K3A12'*5!

�6+,@ H = min{H1, H2}. �% K-?1%1,*0@+,A1 ,*-)*53 � +0*K6*,n L,- ‖ϕ‖h < Δ
A0*L*, ‖x(t, ϕ)‖ < H K0C A+*M t � 0. �-+,)-'5 -B*2?' )*z*2'.n 21L10@23* U62?B''
?-,-)3M 6K-A0*,A-)Cy, 6+0-A'y ‖ϕ‖h < Δ. �)'5*2'A 2*)1A*2+,A- �2&1 ? -B*2?*
vVwn /-06L'5n L,- U62?B'-210 vpw K-/6+?1*, -B*2?6 +A*)M6 A'K1

v(xt) � ω

⎛
⎜⎝‖x(t)‖γ +

m∑
j=1

0∫
−hj

‖x(t+ θ)‖γdθ

⎞
⎟⎠ , ω > 0, v""w

AK-0@ ,1?'M )*z*2'.! �)-5* ,-&-n '% 0*553 � +0*K6*, +6W*+,A-A12'* β > 0 ,1?-&-n
L,-

dv(xt)

dt
� −β

⎛
⎜⎝‖x(t)‖γ+μ−1 +

m∑
j=1

0∫
−hj

‖x(t+ θ)‖γ+μ−1dθ

⎞
⎟⎠ . v"�w

�0C ,-&- L,-(3 +AC%1,@ %21L*2'* +15-&- U62?B'-2101 ' *&- /)-'%A-K2-. AK-0@ )*�
z*2'. +'+,*53n 6K-A0*,A-)CyW'M 6+0-A'y ‖xt‖h < H, t � 0, A-+/-0@%6*5+C 2*)1A*2�
+,A-5 ⎛

⎝ m∑
j=0

aj

⎞
⎠
l

� (m+ 1)l−1
m∑
j=0

alj , l =
γ + μ− 1

γ
,

' 2*)1A*2+,A-5 ��0@K*)1⎛
⎜⎝

0∫
−hj

‖x(t+ θ)‖γdθ

⎞
⎟⎠

γ+μ−1
γ

� h
μ−1
γ

j

0∫
−hj

‖x(t+ θ)‖γ+μ−1dθ.
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>?-2L1,*0@2-n -(�*K'2'A -B*2?' v""w ' v"�wn 21M-K'5n L,-

dv(xt)

dt
� −ζv γ+μ−1

γ (xt),

&K*

ζ =
β

ω
γ+μ−1

γ L
> 0, L =

(
(m+ 1)max{1, h}

)(μ−1)/γ

.

�10**n /-A,-)CC )1++64K*2'C +,1,@' k"Vln /-06L'5 +0*K6yW'. )*%60@,1,!
d.-:.=9 �� �-
�; 
!
�+8� v�w �
!8:���!9+
�! -
��a9!��� H = min{H1, H2},

� Δ T :���e!�+�;"ba ���+"; -���"+"!< v"#w� *�,6� 6�< �+3+"!a 
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