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+0*K-A1,*0@2- /)'?)*/0*22-. ? 2'5 /)64'2-. v)'+! "w! �1?6y ?-5('21B'y 21%3�
A1y, +,12K1),235 0'2*.235 ,*0-5 '0' 5-K*0@y �*2*)1! ~,- +151C /)-+,1C 5-K*0@n
?-,-)1C /)*K+?1%3A1*, v6L',3A1*,n -/'+3A1*,w ?1? 6/)6&-* +-/)-,'A0*2'*n ,1? ' )*�
01?+1B'y 21/)C4*2'C! >21 2152-&- /)-W* /- +)1A2*2'y + K)6&'5' (-0** -(W'5'
5-K*0C5'n ,1?'5' ?1? -(-(W*221C 5-K*0@ 
1?+A*001 ' AC%?-6/)6&1C 5-K*0@ K)-(�
2-&- /-)CK?1 k"l!
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�*5 2* 5*2** 5-K*0@ +,12K1),2-&- 0'2*.2-&- ,*01 A*+@51 /-0*%21 K0C 1210'%1
AC%?-6/)6&-&- /-A*K*2'C 52-&'M ('-51,*)'10-An A ,-5 L'+0* /-0'?1/)-01?,-2-A3M
?1)?1+-A k�l ' &'K)-&*0*. k=xNl! S )1(-,* kDl ,)*M?-5/-2*2,21C 5-K*0@ '+/-0@%-A1�
01+@ /)' 5-K*0')-A12'' +,*2?' ?)-A*2-+2-&- +-+6K1n 1 A )1(-,* k$l (30' /)'A*K*23
{?+/*)'5*2,10@23* /-K,A*)4K*2'C ,-&-n L,- /-A*K*2'* 51,*)'101 5*4/-%A-2?-A-�
&- K'+?1 ,-4* +--,A*,+,A6*, {,-. 5-K*0'! >,5*L10-+@n L,-n /-+?-0@?6 ,1?1C 5-K*0@
+-K*)4', ,-0@?- ,)' /1)15*,)1n )*%60@,1,3n /-06L*223* + ** /-5-W@yn 0*&L* '2,*)�
/)*,')-A1,@ kVl!

RL*, 6/)6&-&- +-/)-,'A0*2'C K*U-)51B'' A5*+,* + )*01?+1B'*. 21/)C4*2'C 26�
4*2 ' /)' +-%K12'' '+?6++,A*223M %15*2',*0*. 4'A3M ,?12*.n A ,-5 L'+0* /)' +-�
%K12'' ?1)?1+-A K0C )*&*2*)1B'' '+?6++,A*223M ,?12*.n 1 ,1?4* K0C %15*23 /1,-0-�
&'L*+?'M *+,*+,A*223M ,?12*. k"#x"�l! �)' )1%)1(-,?* 51,*)'10-A K0C '5/012,1,-A
2*-(M-K'5- ,1?4* -(*+/*L',@ 'M 21K0*41W'5' 5*M12'L*+?'5' +A-.+,A15' K0C /-K�
K*)4?'n +,1('0'%1B''n K-+,1,-L2-. &'(?-+,' ' 6K-A0*,A-)',*0@2-. U62?B'' k"=l!
P/-+-(2-+,@ ,-L2- M1)1?,*)'%-A1,@ ' '%5*2C,@ 5*M12'L*+?'* +A-.+,A1 ('-51,*)'1�
0-A 5-4*, 6+?-)',@ 'M ?0'2'L*+?-* /)'5*2*2'* ' K1,@ A-%5-42-+,@ )1%)1(1,3A1,@
2-A3* ('-51,*)'103n ?-,-)3* 5-42- (6K*, '+/-0@%-A1,@ A 5*K'B'2* k"In "pl!

P0*K6*, 6/-5C26,@ )1(-,6 k"Nln A ?-,-)-. )1++51,)'A1*,+C /)'5*2*2'* ,)*M?-5�
/-2*2,2-. 5-K*0' K0C -/'+12'C /)-B*++-An /)-'+M-KCW'M A +6+,1A2-5 M)CW* A- A)*�
5C 6K1)1 /)' /1K*2''! S k"Dl {,1 5-K*0@ '+/-0@%-A101+@ K0C -/)*K*0*2'C AM-K2-&-
5*M12'L*+?-&- '5/*K12+1 0-?,*A-. ?-+,'n -?)64*22-. 5C&?-. ,?12@y! S k"$l (301
/)*K0-4*21 10@,*)21,'A21C U-)51 +,12K1),2-. 0'2*.2-. 5-K*0' ,A*)K-&- ,*01n ?-�
,-)1C /-%A-0C*, 2*/-+)*K+,A*22- +)1A2',@ {?+/*)'5*2,10@23* )*%60@,1,3 + ,*-)*,'�
L*+?'5' /1)15*,)15'! S +,1,@* k"Vl +A-.+,A1 +,12K1),2-&- 0'2*.2-&- ,*01 '%6L10'+@
+ ,-L?' %)*2'C 2*B*0-&- L'+01 +,*/*2*. +A-(-K3!

S B*0-5 {?+/*)'5*2,10@23* ' ,*-)*,'L*+?'* '++0*K-A12'C K'215'?' +,12K1),�
2-&- 0'2*.2-&- ,*01 /)-A-K'0'+@ A -+2-A2-5 K0C -B*2?' *&- )*1?B'' 21 5&2-A*2�
2- /)'0-4*226y 21&)6%?6n 1 ,1?4* A)*5*2' ' M1)1?,*)1 )*01?+1B'' 21/)C4*2'C!
S ,- 4* A)*5C L1+,-,23* +A-.+,A1 +,12K1),2-&- 0'2*.2-&- ,*01 -+,1A10'+@ 2* '+�
+0*K-A12235'! S {,-. +AC%' ' (301 /-+,1A0*21 %1K1L1 '%6L',@ *&- /-A*K*2'* /)'
A'()1B'-22-5 A-%K*.+,A''!
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2-&- ,*01 21 2*/-KA'42-5 -+2-A12'' 2642- *&- ,)*M?-5/-2*2,26y 5-K*0@ v)'+! "w
K-/-02',@ 1(+-0y,2- ,A*)K35 ,*0-5 + 51++-.n )1A2-. 51++* 5-K*0')6*5-&- -(�*?,1
v)'+! �n �w! �A'4*2'* {,-. +'+,*53 A -,+6,+,A'' /-0C +'03 ,C4*+,' -/'+3A1*,+C
+'+,*5-. KA6M 6)1A2*2'.

mẍ = −bẋ1 − c1x1,

bẋ1 + c1x1 = c2x2,
v"w

&K* x T /*)*5*W*2'* 51++3 m -,2-+',*0@2- 2*/-KA'42-&- -+2-A12'C� c1 ' c2 T
4*+,?-+,' /)64'2� b T ?-{UU'B'*2, K*5/U')-A12'C� x1 ' x2 T /*)*5*W*2'* 51++3
m %1 +L*, K*U-)51B'' ?14K-. '% /)64'2n ,! *! x = x1 + x2!
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' m IO IF�TPsJvITR TGITsOIJJn q m IO TGITsOIJJ+ �TPsFMvFIITR PFrGHsJ� sJLMOtJJ y(t)�

P'+,*51 6)1A2*2'. v"w +A-K',+C ? -K2-56 K'UU*)*2B'10@2-56 6)1A2*2'y ,)*,@�
*&- /-)CK?1

a
���

x + dẍ + bẋ+ c1x = 0,

A ?-,-)-5

a =
mb

c2
, d =

m(c1 + c2)

c2
.

�0C '++0*K-A12'C L1+,-,23M +A-.+,A +,12K1),2-&- 0'2*.2-&- ,*01 2642- /-�
5*+,',@ 5-K*0@n '%-()14*226y 21 )'+! �n �n 21 -+2-A12'*n ?-0*(0yW**+C /- %1?-26
y(t) = Y sin ωtn ?1? /-?1%12- 21 )'+! �n .! �-&K1 6)1A2*2'* KA'4*2'C {,-. +'+,*53
(6K*, -/'+3A1,@+C 6)1A2*2'*5

a
���

x + dẍ + bẋ+ c1x = bẏ + c1y, v�w

&K* x = x1 + x2 + y!
�1+,2-* )*z*2'* 6)1A2*2'C v�w K0C A3264K*223M ?-0*(12'. '5**, A'K

x = D sin(ωt+ ϕ) = A sinωt+B cosωt, v=w

%K*+@
D2 = A2 +B2. vIw
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�-K+,1A0CC v=w A v�w ' /)')1A2'A1C ?-{UU'B'*2,3 /)' +'26+1M ' ?-+'26+1M
A 0*A-. ' /)1A-. L1+,CM 6)1A2*2'Cn K0C -/)*K*0*2'C A ' Bn %1A'+CW'M -, ωn /-06L1*5
+'+,*56 6)1A2*2'.

(c1 − dω2)A− (bω − aω3)B = c1Y ,

(bω − aω3)A+ (c1 − dω2)B = bωY .
vpw

�*z1C +'+,*56 vpw -,2-+',*0@2- A ' Bn 21M-K'5n L,-

A =
ΔA

Δ
, B =

ΔB

Δ
, vNw

&K*

ΔA = (c1(c1 − dω2) + bω(bω − aω3))Y ,

ΔB = (bω(c1 − dω2)− c1(bω − aω3))Y ,

Δ = (bω − aω3)2 + (c1 − dω2)2 .

�-K+,1A'A vNw A vIwn K0C (*%)1%5*)2-. ��� )1++51,)'A1*5-. 5*M12'L*+?-. +'�
+,*53 (6K*5 '5*,@ A3)14*2'*

H(ω) =
D(ω)

Y (ω)
=

√
b2ω2 + c12

a2ω6 + (d2 − 2ab)ω4 + (b2 − 2c1d)ω2 + c12
. vDw

S -,+6,+,A'' K*5/U')-A12'Cn ,! *! /)' b = 0n -2- /)'5*, +0*K6yW'. A'Km

H(ω) =

√
c12

d2ω4 − 2c1dω2 + c12
.

�-&K1 %21L*2'* )*%-212+2-. L1+,-,3 K0C -/'+3A1*5-. +'+,*53 )1A2-

ω��� =

√
c1c2

m(c1 + c2)
.

S ,- 4* A)*5C 5-42- 6(*K',@+Cn L,- /)' 210'L'' ,)*2'C /-A3z*2'* ?-{UU'�
B'*2,1 K*5/U')-A12'C /)'A-K', ? 65*2@z*2'y 51?+'510@2-&- %21L*2'C ��� 0'z@
K- 2*?-,-)-. A*0'L'23n (-0@z*. *K'2'B3n /)' ω = ω∗! �10@2*.z** 6A*0'L*2'* ?-�
{UU'B'*2,1 K*5/U')-A12'C A3%3A1*, A-%)1+,12'* 51?+'5651 ��� A/0-,@ K- (*+�
?-2*L2-+,' /)' L1+,-,*

ω∗
���

=

√
c2
m
,

?-,-)6y ,1?4* +0*K6*, +L',1,@ )*%-212+2-.! �1?'5 -()1%-5n ��� +,12K1),2-&- 0'�
2*.2-&- ,*01 A+*&K1 '5**, 51?+'565n ?-,-)3. (-0@z* *K'2'B3! �-+0*K6yW'. )-+,
?-{UU'B'*2,1 K*5/U')-A12'C /)'A-K', ? +,)*50*2'y 51?+'5651 ��� ? 260y 21
(*+?-2*L2-+,'n ?1? /-?1%12- 21 )'+! =!

~,1 -+-(*22-+,@ ��� +,12K1),2-&- 0'2*.2-&- ,*01 A1421 K0C 52-&'M ('-0-�
&'L*+?'M 51,*)'10-An 6 ?-,-)3M ?-{UU'B'*2, K*5/U')-A12'C A3+-? 21+,-0@?-n L,-
+-(+,A*223* ?-0*(12'C /)1?,'L*+?' -,+6,+,A6y,n 1 15/0',6K1 A3264K*223M ?-0*(1�
2'. /)' L1+,-,1M A3z* ω∗ 5-4*, K-+,'&1,@ (-0@z'M %21L*2'.! �- 4* 5-42- +?1%1,@
' - 51,*)'101M T %15*2',*0CM 4'A3M ,?12*.!
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89$� =� JPI7:7:;7 z{c 8 EDP@>89>:;7I <DWKK;L;7:9> G7INK;@DE>:;H b

�� T@:./.3.10. @9:9=.;:-? =-/.30 2;91/9:;1-8- 301.C1-8- ;.39� �*/-�
+)*K+,A*22-* 21M-4K*2'* %21L*2'. /1)15*,)-A 5-K*0' +,12K1),2-&- 0'2*.2-&- ,*01
2*A-%5-42-n /-+?-0@?6 5-K*0')6*53* 51,*)'103 2* +-K*)41, A +A-*. +,)6?,6)* {0*�
5*2,-A 5-K*0' A A'K* /)64'2 ' K*5/U*)1! �-+A*22-* 21M-4K*2'* /1)15*,)-A 5-K*0'
A-%5-42- + /-5-W@y ���n /)'A*K*22-. A U-)560* vDw! P {,-. B*0@y 2642- {?+/*)'�
5*2,10@2- /-06L',@ ��� 5-K*0')6*5-&- 51,*)'101n K0C L*&- ,1?-. 51,*)'10 +0*K6*,
/-5*+,',@ 21 A'()-+,*2K ' /)-'%A*+,' '%5*)*2'* 15/0',6K3 *&- ?-0*(12'. A 2*-(M-�
K'5-5 K'1/1%-2* L1+,-,! �1,*5 2642- /-K-()1,@ %21L*2'C /1)15*,)-A 5-K*0' ,1?'5
-()1%-5n L,-(3 ��� 5-K*0' (301 ?1? 5-42- (0'4* ? ��� +15-&- 51,*)'101! �)'
{,-5 +0*K6*, 6(*K',@+Cn L,- /-06L*223. 21(-) %21L*2'. /1)15*,)-A CA0C*,+C *K'2�
+,A*2235!

P K122-. B*0@yn -(-%21L'A A %215*21,*0* U-)5603 vDw ?-{UU'B'*2, /)' ω4

L*)*% f n 1 /)' ω2 L*)*% gn 5-42- %1/'+1,@ 6)1A2*2'*

H(ω) =

√
b2ω2 + c12

a2ω6 + fω4 + gω2 + c12
.

�10** -K2'5 '% '%A*+,23M 5*,-K-A /-'+?1n 21/)'5*) 5*,-K-5 ��τ n 21.K*5 ,*
%21L*2'C ?-{UU'B'*2,-An /)' ?-,-)3M {,1 ��� (6K*, 51?+'510@2- (0'%?1 ? {?+�
/*)'5*2,10@2- /-06L*22-. ���! �*5 +1535 ?-{UU'B'*2,3 an f n gn c1 ' b (6K6,
-/)*K*0*23n 1 m '%A*+,2- /- 6+0-A'y %1K1L'! �-&K1n A+/-5'21Cn L,-

a =
mb

c2
,

/-06L'5 6)1A2*2'*

c2 =
mb

a
.

�-+0* {,-&- 5-42- +21L101 A3L'+0',@ dm

d =
m(c1 + c2)

c2
,

"D# �FGHIJK �
L�
� 
MJKNOPIOQ ROHFROHJKO� �ISTMROHJKO��� @/@�� �� ��� ���� @



1 %1,*5 f ' gm
f = d2 − 2ab , g = b2 − 2c1d.

S )*%60@,1,* 5-42- %1?0yL',@n L,- %21L*2'C A+*M /1)15*,)-A 5-K*0' +,12K1),�
2-&- 0'2*.2-&- ,*01 -/)*K*0Cy,+C *K'2+,A*2235 -()1%-5!

�� I963J7.10.� S +,1,@* /)-A*K*2- '%6L*2'* L1+,-,23M +A-.+,A +,12K1),2-&-
0'2*.2-&- ,*01! �1 -+2-A12'' 6)1A2*2'. *&- KA'4*2'C /-K K*.+,A'*5 A'()1B'' /-�
+,)-*21 ���n 6 ?-,-)-. A3K*0*2 )CK -+-(*22-+,*.! �-+,)-*2 10&-)',5 -/)*K*0*2'C
%21L*2'. /1)15*,)-A 5-K*0' +,12K1),2-&- 0'2*.2-&- ,*01n 1 ,1?4* /-?1%12-n L,-
21.K*223. 21(-) %21L*2'. CA0C*,+C *K'2+,A*2235!
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