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�� F?./.10.� S %1K1L1M A1)'1B'-22-&- '+L'+0*2'C ' -/,'510@2-&- 6/)1A0*2'C
'5/60@+3 z')-?- '+/-0@%6y,+C ' /)*K+,1A0Cy, +-(-. 0'2*.23* U-)53n A3)141y�
W'* A1)'1B'' U62?B'-210-A L*)*% /)')1W*2'C '+?-53M A*0'L'2 k"n �l! S 21+,-CW*.
)1(-,* ,1?-. /-KM-K /)'5*2C*,+C K0C A1)'1B'-22-. %1K1L'n &K* U62?B'-210-5 CA�
0C*,+C K*.+,A'* &)1A',1B'-22-&- /-0C! �-?1%12-n L,- A1)'1B'C )1++51,)'A1*5-&-
U62?B'-2101 5-4*, (3,@ +A*K*21 ? /-A*)M2-+,2-56 '2,*&)106 2*?-,-)-. K'UU*�
)*2B'10@2-. U-)53 ,)*,@*. +,*/*2'! S/*)A3* {,1 U-)51 (301 AA*K*21 A )1(-,* k=l!
�1/'+12- 6)1A2*2'* (1012+1 '5/60@+1 ' AA*K*2 A*?,-)n ?-,-)3. 5-4*, +L',1,@+C
A*?,-)-5 /0-,2-+,' /-,-?1 '5/60@+1! �)' {,-5 /0-,2-+,@ /-,-?1 '5/60@+1 A+*&K1
1++-B'')6*,+C + 2*?-,-)35 A*?,-)235 /-0*5! S L1+,2-+,'n *+0' )1++51,)'A1*5-*
A*?,-)2-* /-0* -()1%-A12- ?1+1,*0@235' A*?,-)15' ? ?--)K'21,235 0'2'C5 A)*�
5*22-. ?--)K'21,3n ,- K1223. A*?,-) /)*K+,1A0C*, +-(-. A*?,-) /0-,2-+,' /-,-?1
{2*)&''!

S ?1L*+,A* /)-+,*.z*&- /)'5*)1 /)'A*K*2 ,-2?'. +0-. + )1A2-5*)235 )1+/)*�
K*0*2'*5 /0-,2-+,' 51++3n K0C &)1A',1B'-22-&- /-0C ?-,-)-&- 21.K*23 /-,-?' '5�
/60@+1!

�0-,2-+,@ )1+/)*K*0*2'C 51++3 )1++51,)'A1*,+C 21 -+2-A* ?-A1)'12,2-&- /-K�
M-K1n )1%)1(-,122-&- A )1(-,1M kIxNl!

�1K1L1 /-+,)-*2'C ,*2%-)2-&- 1//1)1,1 K0C -/'+12'C /-,-?1 '5/60@+1 &)1A'�
,1B'-22-&- /-0C /)*K+,1A0C*, (-0@z-. '2,*)*+n A L1+,2-+,'n A +AC%' + {?+/*)'5*2�
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/0-,2-+,' /-,-?1 {2*)&'' ' '5/60@+1 '+/-0@%-A12 ,1? 21%3A1*53. /+*AK-,*2%-)
{2*)&''�'5/60@+1! �- /)*K0-4*223. A {,-. )1(-,* /+*AK-,*2%-) 2* CA0C*,+C ,*2�
%-)-5n ' ,1?'5 -()1%-5n *&- /)'5*2*2'* A )15?1M +-A)*5*22-. ,*-)'' /)-+,)12+,A1�
A)*5*2' ?1? 2*?-A1)'12,2-&- -(�*?,1 2*?-))*?,2- + 51,*51,'L*+?-. ,-L?' %)*2'C!
�1+?-0@?- 215 '%A*+,2-n ?-A1)'12,23. 1210'% /0-,2-+,*. /-,-?-A '5/60@+1 )12** 2*
/)-A-K'0+C! >,+6,+,A'* A U'%'L*+?-. ,*-)'' ?-A1)'12,2-&- -(�*?,1n -/'+3A1yW*&-
/-,-?' {2*)&'' ' '5/60@+1 &)1A',1B'-22-&- /-0Cn -,5*L*2-n 21/)'5*)n A )1(-,* kVl!

�� F9:09U04 /.C2;?04 /34 8:9?0;9U0-11-8- @-34� �6+,@ D T 2*?-,-)1C
-(01+,@ A L*,3)*M5*)2-5 /)-+,)12+,A*�A)*5*2'! �1++5-,)'5 &)1A',1B'-22-* /-0*n
+-%K1A1*5-* 2*?-,-)35 )1+/)*K*0*2'*5 51++3 A -(01+,' D. �)1A',1B'-22-* /-0*
-/'+3A1*,+C 5*,)'L*+?'5 ,*2%-)-5 g, '5*yW'5 ?-5/-2*2,3 gik, i, k = 0, 3.

�1/'z*5 K*.+,A'* K0C '%6L1*5-. +'+,*53 A A'K* +6553 KA6M L0*2-An /*)A3.
'% ?-,-)3M *+,@ K*.+,A'* +-(+,A*22- &)1A',1B'-22-&- /-0Cn 1 A,-)-. T K*.+,A'*n
M1)1?,*)'%6yW** A%1'5-K*.+,A'* &)1A',1B'-22-&- /-0C ' 51++3m

S = Sg + Sm. v"w

�*.+,A'* +-(+,A*22- /-0C /)*K+,1A0C*,+C '%A*+,235 ?01++'L*+?'5 A3)14*2'*5 k=n $l

Sg = −α
∫
D

RΩ, v�w

� A3)14*2'* K0C Sm (6K*, %1/'+12- K10**! �K*+@

α =
c3

16πG
,

G T &)1A',1B'-221C /-+,-C221Cn c T +?-)-+,@ +A*,1 A A1?665*n R T +?10C)21C ?)'�
A'%21m

R = gijRij . v=w

�)' %1/'+' v=w ' A+*M -+,10@23M U-)560 /-0@%6*5+C /)1A'0-5 +655')-A12'C ~.2�
z,*.21n +-&01+2- ?-,-)-56 /- A+*5 +-A/1K1yW'5 A*)M2'5 ' 2'42'5 '2K*?+15 /)-�
'%A-K',+C +655')-A12'*! �10**n gij T ?-2,)1A1)'12,23* ?-5/-2*2,3 5*,)'L*+?-&-
,*2%-)1n -/)*K*0C*53* +--,2-z*2'*5

gijgjk = δik, vIw

A ?-,-)-5 δik T +'5A-03 �)-2*?*)1� Rij T ?-5/-2*2,3 ,*2%-)1 �'LL' Rn )1A23*
Rij = ∂Γkij/∂x

k−∂Γkik/∂xj+ΓkmkΓ
m
ij −ΓkmjΓ

m
ik; Γ

k
ij T +'5A-03 �)'+,-UU*0C ��&- )-K1�

Ω =
√−gdx0 ∧ dx1 ∧ dx2 ∧ dx3 T L*,3)*M5*)21C U-)51 -(�*51� g T -/)*K*0',*0@

51,)'B3 ?-5/-2*2, 5*,)'L*+?-&- ,*2%-)1� xi T ?--)K'21,3 A -(01+,' D.
S1)@')6C A3)14*2'* v"w ' /)'5*2CC /)'2B'/ +,1B'-21)2-&- K*.+,A'Cn 5-42-

/-06L',@ 6)1A2*2'* &)1A',1B'-22-&- /-0C! S )1++51,)'A1*5-5 +06L1* /)'2B'/ +,1�
B'-21)2-&- K*.+,A'C U-)560')6*,+C +0*K6yW'5 -()1%-5! �6+,@ %1K123 )1+/)*K*�
0*2'* 51++3 A -(01+,' D ' 5*,)'L*+?'. ,*2%-) gik 21 &)12'B* -(01+,' ∂D. �-&K1
&)1A',1B'-22-* /-0* K-042- (3,@ ,1?'5n L,-(3 A1)'1B'C K*.+,A'C /)' /)-'%A-0@�
2-. K-/6+,'5-. A1)'1B'' 5*,)'L*+?-&- ,*2%-)1 A26,)' -(01+,' (301 (3 )1A21 260y!

�1++5-,)'5 +21L101 A1)'1B'y Sg. �)' A1)@')-A12'' 5*,)'L*+?-&- ,*2%-)1 A1�
)'1B'' *&- ?-A1)'12,23M ' ?-2,)1A1)'12,23M ?-5/-2*2, +AC%123 0'2*.235 -()1%-5
A +--,A*,+,A'' + )1A*2+,A-5 vIwm

δgikg
kl + gimδg

ml = 0. vpw
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�6K*5 A1)@')-A1,@ ?-2,)1A1)'12,23* ?-5/-2*2,3! �)' {,-5

δSg = −α
∫
D

(δgikRik
√−g + gikδRik

√−g +

+ gikRikδ
√−g)dx0 ∧ dx1 ∧ dx2 ∧ dx3. vNw

�-+?-0@?6 δg = Δikδg
ik, &K* Δik = ggik T 10&*()1'L*+?-* K-/-02*2'* {0*5*2,1

51,)'B3 ?-2,)1A1)'12,23M ?-5/-2*2, 5*,)'L*+?-&- ,*2%-)1n '5**5 )1A*2+,A-

δ
√−g = −1

2

√−ggikδgik.

>(�*K'2CC A vNw /*)A3. ' ,)*,'. L0*23 A /-K32,*&)10@2-5 A3)14*2''n %1/'z*5
A1)'1B'y S A A'K* +6553 KA6M L0*2-Am

δSg = −α
∫
D

(
Rik − 1

2
Rgik

)
δgikΩ− α

∫
D

gikδRikΩ. vDw

�-?14*5n L,- A,-)-. L0*2 A vDw 5-42- A3)1%',@ A A'K* 2*?-,-)-&- '2,*&)101 /-
/-A*)M2-+,' ∂D, ?-,-)6y +L',1*5 K-+,1,-L2- &01K?-.! �5**5 )1A*2+,A-

δRik = δ
(∂Γlik
∂xl

− ∂Γlil
∂xk

+ ΓlikΓ
m
lm − Γmil Γ

l
km

)
.

�-,C +'5A-03 �)'+,-UU*0C Γkij 2* CA0Cy,+C ,*2%-)15'n 'M A1)'1B'' δΓkij /)*K+,1A�
0Cy, +-(-. ,*2%-)3n L,- 5-42- 6A'K*,@n 1210'%')6C %1?-2 /)*-()1%-A12'C A1)'1B'.
+'5A-0-A �)'+,-UU*0C /)' /*)*M-K* -, -K2'M ?--)K'21, ? K)6&'5! �-A1)'12,26y
/)-'%A-K26y A1)'1B'' +'5A-01 �)'+,-UU*0C /- ?--)K'21,* /)*K+,1A'5 +0*K6yW'5
-()1%-5m (

δΓlik
)
;m

=
∂δΓlik
∂xm

+ ΓlmnδΓ
n
ik − ΓnmiδΓ

l
nk − ΓnmkδΓ

l
ni.

>,+yK1 '5**5 A3)14*2'C

(
δΓlik

)
;l
=
∂δΓlik
∂xl

+ ΓllnδΓ
n
ik − ΓnliδΓ

l
nk − ΓnlkδΓ

l
ni,

(
δΓlil

)
;k
=
∂δΓlil
∂xk

+ ΓlknδΓ
n
il − ΓnkiδΓ

l
nl − ΓnklδΓ

l
ni.

�1%2-+,@ 5*4K6 2'5' )1A21

(
δΓlik

)
;l
− (

δΓlil
)
;k
=
∂δΓlik
∂xl

− ∂δΓlil
∂xk

+ ΓllnδΓ
n
ik − ΓnliδΓ

l
nk−

− ΓnlkδΓ
l
ni − ΓlknδΓ

n
il + ΓnkiδΓ

l
nl + ΓnklδΓ

l
ni =

=
(
δΓlik

)
;l
− (

δΓlil
)
;k
+ δ

(
ΓnikΓ

l
ln

)− δ
(
ΓnliΓ

l
nk

)
' +-A/1K1*, + δRik. �-&K1 /-06L'5n L,-

gikδRik = gik
(
δΓlik

)
;l
− gik

(
δΓlil

)
;k
= gik

(
δΓlik

)
;l
− gil

(
δΓmim

)
;k
=

=
(
gikδΓlik

)
;l
− (

gilδΓmim
)
;k
= Wl

;l.

�K*+@ Wl = −gikδΓlik + gilδΓmim.
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�1++5-,)'5 K'UU*)*2B'10@26y U-)56 ,)*,@*. +,*/*2' ∗W, &K* ∗ -(-%21L1*,
-/*)1,-) K610'%1B'' v�-K41w k=ln K*.+,A6yW'. /- ,1?-56 /)1A'06m

( ∗W)ijk = ΩlijkW
l.

�)' {,-5n ?1? 2*,)6K2- 6(*K',@+Cn

Wl =
1

3!
Ωijkl( ∗W)ijk ,

&K* Ωijkl = 1/Ωijkl T ?-2,)1A1)'12,23* ?-5/-2*2,3 U-)53 -(�*51! S3L'+0CC ?-A1�
)'12,26y /)-'%A-K26y A*?,-)1 W, 21M-K'5n L,-

(Wl);l = −(Ωijkl( ∗W)ijk);l = −Ωijkl( ∗Wijk);l =

= − 1√|g|ε
ijkl( ∗Wijk);l =

1√|g| (d
∗W)0123.

>,+yK1 A3,*?1*,n L,- (Wl);lΩ = d ∗W. �1?'5 -()1%-5n∫
D

(Wl);lΩ =

∫
D

d ∗W =

∫
∂D

∗W.

�*.+,A'* ,-L*L2-. L1+,'B3 51++3 m A &)1A',1B'-22-5 /-0*n KA'46W*.+C /-
,)1*?,-)'' x(λ), λ ∈ [λA, λB], )1A2- k=l

S1 = −mc
λB∫
λA

√
gikui(λ)u

k
(λ) dλ. v$w

�K*+@ u(λ) = dx/dλ. �-{,-56 '2,*&)10 2* %1A'+', -, /1)15*,)'%1B''! PL',1*5n L,-
dλ/ds > 0, &K* s T +-(+,A*22-* A)*5C L1+,'B3n λA < λB.

�-L*L21C L1+,'B1 M1)1?,*)'%6*,+C A3)-4K*2235 )1+/)*K*0*2'*5 ,-?1 51++3n
2-+',*0@ ?-,-)-&- +-A/1K1*, + ** ,)1*?,-)'*.! �6K*5 )1++51,)'A1,@ )1+/)*K*0*2'*
51++3n -/'+3A1*5-* K'UU*)*2B'10@2-. U-)5-. ,)*,@*.n ,! *! 51?+'510@2- A-%5-4�
2-.n +,*/*2'! �)' {,-5 /-K /0-,2-+,@y ,-?1 51++3 /-2'51*5 ,1?6y K'UU*)*2B'10@�
26y U-)56 ,)*,@*. +,*/*2' J, '2,*&)')-A12'* ?-,-)-. /- 2*?-,-)-. K-+,1,-L2- &01K�
?-. -)'*2,')-A122-. /-A*)M2-+,' V K1*, 51++6n /)-M-KCW6y L*)*% {,6 /-A*)M2-+,@
A 21/)1A0*2'' ** -)'*2,1B''m

m =

∫
V

J. vVw

�)-5* ,-&-n (6K*5 +L',1,@n L,- A ?14K-. ,-L?* 2*?-,-)-. /-K-(01+,' D -(01+,'
G %1K12- 2*/)*)3A2- K'UU*)*2B')6*5-* A*?,-)2-* /-0* un -/)*K*0CyW** +?-)-+,@
KA'4*2'C 51++3 A )1++51,)'A1*5-. ,-L?*! �2,*&)10@23* ?)'A3* {,-&- /-0C 5-42-
+L',1,@ 5')-A35' 0'2'C5'n AK-0@ ?-,-)3M KA'4*,+C 51++1!

�1?4* /)'5*5n L,- A D 5-42- /-+,)-',@ ,1?6y /)-+,)12+,A*22-�/-K-(26y /-�
A*)M2-+,@ V, ?-,-)1C -K2-?)1,2- /*)*+*?1*, A+* '2,*&)10@23* ?)'A3*!

�0C A3L'+0*2'C 51++3 /- U-)560* vVw )1%('A1*5 /-A*)M2-+,@n L*)*% ?-,-)6y
/)-M-K', 51++1n 21 CL*.?'n +655')6*5 /- A+*5 CL*.?15 ' /)-'%A-K'5 /)*K*0@23.
/*)*M-Kn 65*2@z1C CL*.?'! 
1++6 A 510-. CL*.?* 5-42- /)*K+,1A',@ ?1? 2*?-,-)6y
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L1+,'B6n ?-,-)-. +--,A*,+,A6*, 2*?-,-)1C '2,*&)10@21C ?)'A1Cn /)-M-KCW1C L*)*%
{,6 CL*.?6n K0C ?-,-)-. K*.+,A'* K1*,+C A3)14*2'*5 v$w! �,-(3 /-06L',@ K*.+,A'*
K0C )1+/)*K*0*2'Cn -/'+3A1*5-&- U-)5-. J, /)-+655')6*5 A5*+,- 51++3 K0C ?14K-.
CL*.?' K*.+,A'* K0C L1+,'B3n /)*K+,1A0C*5-. K122-. CL*.?-.! � ,-&K1 K*.+,A'* K0C
)1++51,)'A1*5-&- )1+/)*K*0*2'C /)'2'51*, A'K k=l

Sm = −c
∫

V ∩D

⎛
⎝ λB∫
λA

√
gikui(λ)u

k
(λ) dλ

⎞
⎠ J, v"#w

&K* V T 2*?-,-)1C /-A*)M2-+,@n /*)*+*?1yW1C /- -K2-56 )1%6 A+* ,)1*?,-)''n 1
A = x(λA) ' B = x(λB) T ,-L?' /*)*+*L*2'C ,)1*?,-)'' + &)12'B*. -(01+,' D.

�15*,'5n L,- ,1? ?1? /)' KA'4*2'' 2* /)-'+M-K', )-4K*2'C ' 62'L,-4*2'C
51++3n Luλ

J = 0, &K* Luλ
-(-%21L1*, /)-'%A-K26y �' AK-0@ A*?,-)2-&- /-0C uλ. ~,-

-%21L1*,n L,- /)' '2,*&)')-A12'' /- 0y(-. /-A*)M2-+,'n /*)*+*?1yW*. -K2-?)1,2-
A+* ,)1*?,-)''n '2,*&)10 v"#w '5**, -K2- ' ,- 4* %21L*2'*!

S1)'1B'C K*.+,A'C Sm /)' '%5*2*2'' &)1A',1B'-22-&- /-0Cn A ?-,-)-5 KA'4*,�
+C L1+,'B1n )1A21

δSm = − c

2

∫
V ∩D

⎛
⎝ λB∫
λA

ui(λ)u
k
(λ)δgik√

gikui(λ)u
k
(λ)

dλ

⎞
⎠ J.

RL',3A1Cn L,-
√
gikui(λ)u

k
(λ) = ds/dλ, '5**5 A3)14*2'*

δSm = − c

2

∫
V ∩D

⎛
⎝ λB∫
λA

ui
dxk

dλ
δgik dλ

⎞
⎠ J =

= − c

2

∫
V ∩D

⎛
⎝ λB∫
λA

ui
dxk

ds
δgik dλ

⎞
⎠ 3∑

m,n,p=0
m<n<p

Jmnp dx
m ∧ dxn ∧ dxp =

= − c

2

∫
V ∩D

⎛
⎝ λB∫
λA

ui
dxk

dλ
δgik dλ

⎞
⎠√−gjl

3∑
m,n,p=0
m<n<p

εlmnp dx
m ∧ dxn ∧ dxp.

�K*+@ u = dx/ds, j T A*?,-)n -/)*K*0C*53. '% +--,2-z*2'C

Jmnp = Ωlmnpj
l =

√−gεlmnpjl,

?-,-)3. (6K*5 21%3A1,@ A*?,-)-5 /0-,2-+,' ,-?1 51++3n 1 εlmnp T +'5A-03 �*A'T
�'A',1!

�)' '2,*&)')-A12'' AK-0@ ,)1*?,-)'' A ?1L*+,A* /1)15*,)1 λ 5-42- A%C,@ ?--)�
K'21,6 xl, ?-,-)1C A5*+,* + ?--)K'21,15' 21 /-A*)M2-+,' V -()1%6*, +'+,*56 ?--)�
K'21, A -(01+,' D. �-&K1

δSm = − c

2

∫
V ∩D

⎛
⎜⎝

xl
B∫

xl
A

uiδgil dx
l

⎞
⎟⎠√−gjl

3∑
m,n,p=0
m<n<p

εlmnp dx
m ∧ dxn ∧ dxp.
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�-+?-0@?6 Luλ
J = 0,

√−gjl 5-42- %12*+,' A- A26,)*22'. '2,*&)10! �6+,@
-)'*2,1B'C /-A*)M2-+,' %1K1*,+C A*?,-)-5 u. >,+yK1 '5**5n L,-

δSm = − c

2

∫
D

(jm)luiδgil
√−gεlmnpdxl ∧ dxm ∧ dxn ∧ dxp.

RL',3A1C +--,2-z*2'* vpwn /-06L'5n L,-

δSm =
c

2

∫
D

ĵlûiδg
ilΩ =

1

2c

∫
D

Tilδg
ilΩ,

&K* Til = c2 ĵlûi T ?-5/-2*2,3 ,*2%-)1 T, /)*K+,1A0CyW*&- +-(-. A1)'1B'-226y
/)-'%A-K26y K*.+,A'C 51++3 /- 5*,)'?*n 1 û ' ĵ T ?-A1)'12,23* A*?,-)3n +--,A*,�
+,A6yW'* A*?,-)15 u ' j : ĵl = gilj

i, ûi = giku
k.

>(�*K'2CC A+* L0*23n %1/'z*5 A1)'1B'y K*.+,A'C A A'K*

δS =

∫
D

[
−α

(
Rik − 1

2
Rgik

)
+

1

2c
Tik

]
δgikΩ + α

∫
∂D

∗W. v""w

�)' %1K122-5 6+0-A'' δgik = 0 21 &)12'B* -(01+,' D, A,-)-. '2,*&)10 A v""w
)1A*2 260y! � ,-&K1 K0C +,1B'-21)2-+,' K*.+,A'C 2*-(M-K'5- -()1W*2'* A 260@
/-K32,*&)10@2-&- A3)14*2'C A /*)A-5 '2,*&)10* A v""wm

R− 1

2
Rg =

8πG

c4
T. v"�w

R)1A2*2'* v"�w '%A*+,2- ?1? 6)1A2*2'* ~.2z,*.21!
�� T B96-19< 2-<:91.104 /34 8:9?0;9U0-11-8- @-34� �6+,@ 2-+',*0*5 )1+�

/)*K*0*2'C 51++3 CA0C*,+C 2*?-,-)1C -(01+,@ D, D ⊂ G, ' %1K123 ?--)K'21,3n ?-�
,-)3* 21%-A*5 '+M-K235'!

PL',1*5n L,- 5-42- A3()1,@ ,1?-* A*?,-)2-* /-0* vi = dxi/dμ, AK-0@ ?-,-)-&-
/*)*2-+ �' '2,*&)10@23M ?)'A3M A*?,-)2-&- /-0C u -+,1A0C*, {,' ?)'A3* +,1B'-�
21)235'! �1?-* /-0* 2*,)6K2- /-06L',@ /)' 6+0-A'' K-+,1,-L2-. &01K?-+,' /-0C u,
*+0' /*)*2*+,'n 21/)'5*)n ,-L?' /*)*+*L*2'C '2,*&)10@23M ?)'A3M + /-A*)M2-+,@y
V, /)-A*+,' +,1B'-21)23* ?)'A3*n /)-M-KCW'* L*)*% {,' ,-L?'n 1 %1,*5 A%C,@ A*?�
,-)3 +5*W*2'C ,-L*? /-+,)-*223M ?)'A3M -,2-+',*0@2- +--,A*,+,A6yW'M ,-L*? '+�
M-K23M ?)'A3M!

�)-'%A*K*5 /*)*2-+ �' /-A*)M2-+,' V ' %1K122-&- 21 2*. ,*2%-)1 J AK-0@ K122-�
&- /-0C 21 /)')1W*2'* /1)15*,)1 δμ. �)' {,-5 /*)*2*+*223* '2,*&)10@23* ?)'A3*n
/)-M-KCW'* L*)*% ,-L?' Lvx ∈ LvV, CA0Cy,+C +,1B'-21)235' /- /-+,)-*2'y!

�1++5-,)'5 A1)'1B'y K*.+,A'C Sm /)' -/'+3A1*5-5 /*)*2-+*! RL,*5n L,- A1�
)'1B'C K*.+,A'C -,K*0@2-. L1+,'B3 S1 v$w /)' '%5*2*2'' ,)1*?,-)'' /)' 6+0-A''n
L,- ,)1*?,-)'C -+,1*,+C +,1B'-21)2-.m

δS1 = (dS, v)|BAδμ = −mc(û, v)|BAδμ,

/-+?-0@?6 '5/60@+ L1+,'B3 ?1? K'UU*)*2B'10 K*.+,A'C k$l /)' )1++51,)'A1*5-5
6+0-A'' p = dS1 = −mcû.
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�-&K1 '%5*2*2'* K*.+,A'C K0C 51++3n /)-M-KCW*. L*)*% 2*?-,-)6y ,)*M5*)26y
CL*.?6 21 /-A*)M2-+,' V, -/)*K*0C*56y A*?,-)15' δx(1), δx(2), δx(3), %1K1yW'5' **
)*()1n 5-42- /)*K+,1A',@ A A'K*

δSδx(1),δx(2),δx(3)
= (p, v)|BAδμJ(δx(1), δx(2), δx(3))

+ ,-L2-+,@y K- A*0'L'2 (-0** A3+-?-&- /-)CK?1 510-+,' /- δx(k), k = 1, 2, 3. P655'�
)6C /- CL*.?15 ' /*)*M-KC ? /)*K*06n /-06L'5 A3)14*2'*

δSm =

∫
V

(p, v)|BAJ. v"=w

�+0' v *+,@ (1%'+2-* A*?,-)2-* /-0* 2*?-,-)-. ?--)K'21,3n ,- v"=w 5-42- )1+�
+51,)'A1,@ ?1? '%5*2*2'* +--,A*,+,A6yW*. ?-5/-2*2,3 '5/60@+1 K0C A+*&- )1+/)*�
K*0*2'C 51++3 A B*0-5 /)' /*)*M-K* -, /-A*)M2-+,'n 21 ?-,-)-. )1+/-0-4*23 21�
L10@23* ,-L?' ,)1*?,-)'.n ? /-A*)M2-+,'n &K* 0*41, ?-2*L23* ,-L?' ,)1*?,-)'.!

S1)'1B'y Sg /)' -/'+3A1*5-5 /*)*2-+* 5-42- %1/'+1,@n +-&01+2- A3)14*2'y
v�wn +0*K6yW'5 -()1%-5m

δSg = −α
∫
D

Lv(RΩ). v"Iw

S5*+,* + ,*5 /)' '2,*&)')-A12'' /- /*)*2*+*2235 -(01+,C5 A A3)14*2'CM v�wn
vIw 5-42- A%C,@ A ?1L*+,A* ?--)K'21, ,-L*? ?--)K'21,3 'M /)--()1%-A! P--,A*,�
+,A6yW'* ?-5/-2*2,3 +?-)-+,*. ' U-)53 /0-,2-+,' /-,-?1 51++3 /)' /*)*2-+* 2*
5*2Cy,+C! �2,*&)103 5*2Cy,+C 0'z@ %1 +L*, '%5*2*2'C ?-5/-2*2, 5*,)'L*+?-&-
,*2%-)1n ' A1)'1B'y U62?B'-2101 5-42- /)*K+,1A',@ A A'K* v""w!

PL',1C ,1?4*n L,- )1+/)*K*0*2'* 51++3 /*)*2-+',+C A5*+,* + &)1A',1B'-2235
/-0*5n ?-,-)-* '5 +-%K1*,+Cn ,! *! 6)1A2*2'C &)1A',1B'-22-&- /-0C /)-K-041y, A3�
/-02C,@+Cn /-06L'5n L,- A v""w -,0'L*2 -, 260C ,-0@?- /-A*)M2-+,23. '2,*&)10!
�-&K1n 6L',3A1Cn L,- A +--,A*,+,A'' + v"�w R = −T/(2αc), &K* T = gijTij = gijT

ij ,
21M-K'5n L,- ∫

V

(p, v)|BAJ +
1

2c

∫
D

Lv(TΩ) =

∫
∂D

∗W, v"pw

&K*
W l

(v) = α(−gikLvΓlik + gilLvΓ
m
im).

R)1A2*2'* v"pw 5-42- +L',1,@ 6)1A2*2'*5 (1012+1 '5/60@+1n 1 A*?,-)W T A*?,-)-5
/0-,2-+,' /-,-?1 '5/60@+1! �)' {,-5 '5/60@+n A,*?1yW'. A -(01+,@ D, L1+,'L2-
6M-K', 21 '%5*2*2'* '5/60@+1 51++3 ' L1+,'L2- /*)*K1*,+C &)1A',1B'-22-56 /-0y!

�� G:0=.:� T/1-:-/1DC 23-C ? -/1-:-/1-= 8:9?0;9U0-11-= @-3.� �1+�
+5-,)'5 +01(-* -K2-)-K2-* &)1A',1B'-22-* /-0*n -/'+3A1*5-* 5*,)'L*+?'5 ,*2%-�
)-5

‖gik‖ = diag(1 + 2a(x− x0),−1,−1,−1), x > x0, v"Nw

A ?--)K'21,1M x0 = ct, x1 = x, x2 = y, x3 = z. �-K +01(35 /-0*5 /-2'51*5 /-�
0* + ?--)K'21,15'n A ?-,-)3M 51,)'B1 ?-5/-2*2, 5*,)'L*+?-&- ,*2%-)1 510- -,0'�
L1*,+C -, 51,)'B3 diag(1,−1,−1,−1). S )1++51,)'A1*5-5 +06L1* {,- -%21L1*,n L,-
a(x− x0) � 1.
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�*,)6K2- 6(*K',@+Cn L,- ,*2%-) v"Nw 6K-A0*,A-)C*, 6)1A2*2'y v"�w + ,-L2-+,@y
K- L0*2-A /*)A-&- /-)CK?1 510-+,' /- a(x − x0). �1?-* /-0* 5-4*, +-%K1A1,@+C /-�
?-CW*.+C /0-+?-+,@y + )1A2-5*)235 )1+/)*K*0*2'*5 51++3n -),-&-210@2-. -+' x
' )1+/-0-4*22-. /)' x = x0. �% 6)1A2*2'C K'215'?' 0*&?- /-06L',@n L,- 6+?-)*2'*
KA'46W*.+C A ,1?-5 /-0* 51++3 '5**, ?-5/-2*2,6 AK-0@ -+' x, )1A26y w = −ac2.

�6+,@ x0 < 0. �1++5-,)'5 ,-2?'. +0-. 51++3n -),-&-210@23. -+' x, 21M-KCW'.+C
A K122-5 /-0* /)' x = 0 ' +-%K1yW'. +01(-* /-0*n 5*,)'L*+?'. ,*2%-) K0C ?-,-)-&-
%1/'z*5 A A'K*

‖gik‖ =

{
diag(1 − 2bx,−1,−1,−1), x < −d,
diag(1 + 2bx,−1,−1,−1), x > d.

�K*+@ 2d T ,-0W'21 +0-C! �-+,-C221C b -/)*K*0C*,+C /-A*)M2-+,2-. /0-,2-+,@y
51++3 σ : b = 2πGσ/c2.

�*,)6K2- /-2C,@n L,- /-0*n CA0CyW**+C )*%60@,1,-5 210-4*2'C A2*z2*&- /-0C
v"Nw ' +-(+,A*22-&- /-0C )1++51,)'A1*5-&- +0-Cn 5-42- -M1)1?,*)'%-A1,@ 5*,)'L*�
+?'5 ,*2%-)-5

‖gik‖ =

{
diag(1− 2(−a+ b)x,−1,−1,−1), x < −d,
diag(1 + 2(a+ b)x,−1,−1,−1), d > 0.

�)' {,-5 -,0'L23* -, 260C +'5A-03 �)'+,-UU*0C ��&- )-K1 )1A23

Γx00 = Γ0
0x =

{
−2(a− b)2x, x < −d,
−2(a+ b)2x, x > d.

S3L'+0CC ?-5/-2*2,3 A*?,-)1 /0-,2-+,' /-,-?1 x�?-5/-2*2,3 '5/60@+1 W(x)

vv = e(x)wn /-06L'5 W 0
(x) = 0,

W 0
(x) =

{
2(a− b)2, x < −d,
2(a+ b)2, x > d.

RK*)4'A1C /)' A3L'+0*2'' ,-0@?- &01A23* L0*23n '5**5 A3)14*2'*

∗W(x) =

{
−2(a− b)2dx0 ∧ dy ∧ dz, x < −d,
−2(a+ b)2dx0 ∧ dy ∧ dz, x > d.

S3L'+0'5 /-,-? '5/60@+1 Φln +--,A*,+,A6yW'. A*?,-)6 W(x), A 21/)1A0*2''
−e(x) L*)*% CL*.?6n 21M-KCW6y+C /)' 2*?-,-)-5 x < −d ' -()1%-A1226y A*?,-)15'
+5*W*2'C e(x0)cδt, e(y)δy, e(z)δz, &K* e(x0), e(x), e(y), e(z) T (1%'+23* A*?,-)3 ?--)K'21,
x0, x, y, z. �+0' %1K1,@ -)'*2,1B'y {0*5*2,1 ,)*M5*)2-. /-A*)M2-+,'n /)*K+,1A0Cy�
W*&- +-(-. )1++51,)'A1*56y CL*.?6n A*?,-)-5 −e(x), ,- '+?-53. /-,-? (6K*, )1A*2
∗W (e(x0), e(x), e(y)), /-+?-0@?6 A*?,-)3 e(x0), e(x), e(y) -()1%6y, 21 {,-. /-A*)M2-+,'
/)1A--)'*2,')-A1223. 21(-)! �,1?n '5**5 )1A*2+,A-

Φl =
∗W (e(x0)cδt, e(y)δy, e(z)cδz) = −2(a− b)2cδtδyδz.

S3L'+0'5 ,*/*)@ /-,-? '5/60@+1 Φr A 21/)1A0*2'' e(x) L*)*% CL*.?6n 21M-KC�
W6y+C /)' 2*?-,-)-5 x > d, -()1%-A1226y ,1?'5' 4* A*?,-)15' +5*W*2'Cn ?1?
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' )12**! S*?,-)3 e(x0), e(x), e(y) -()1%6y, 21 +--,A*,+,A6yW*. -)'*2,')-A122-. /-�
A*)M2-+,' 0*A--)'*2,')-A1223. 21(-)! �-&K1

Φr = − ∗W (e(x0)cδt, e(y)δy, e(z)δz) = 2(a− b)2cδtδyδz.

P6551)23. /-,-?n A3,*?1yW'. '% '%6L1*5-. CL*.?' %1 A)*5C δtn )1A*2

Φ = Φl +Φr = 8abcδtδyδz = −σwδtδyδz = −δmwδt.
�K*+@ δm T 51++1 CL*.?'!

�)*K/-0-4'5n L,- -/'+3A1*53. +0-. 2*/-KA'4*2! �-&K1 *&- '5/60@+ 2* 5*2C*,�
+C ' /*)A3. L0*2 A 0*A-. L1+,' 6)1A2*2'C v"pw )1A*2 260y! S3L'+0'5 ,*/*)@ A,-)-.
L0*2! �5**5

TΩ = g00c
2u0j0

√−gdx0 ∧ dx ∧ dy ∧ dz = (1 + 2ax)c2Jxyzdx
0 ∧ dx ∧ dy ∧ dz.

�2,*&)')6C /- CL*.?*n -()1%-A122-. A*?,-)15' +5*W*2'C cδte(0), δxe(x), cδye(y),
cδze(z), /-06L1*5

1

2c

∫
Lv(TΩ) = Lv

1

2
(1 + 2ax)c2δmδt = −wδmδt

+ ,-L2-+,@y K- L0*2-A (-0** A3+-?-&- /-)CK?1 510-+,' /- δx ' + 6L*,-5 ,-&-n L,-
A26,)' +0-C g00 5*2C*,+C &01K?-! �1?'5 -()1%-5n A {,-5 +06L1* 6)1A2*2'* (1012+1
v"pw A3/-02C*,+C!

�+0' 4* )1++51,)'A1*53. +0-. 6+?-)C*,+C A /)'0-4*22-5 A2*z2*5 /-0*n ,- A,-�
)-. L0*2 A 0*A-. L1+,' 6)1A2*2'C v"pw -()1W1*,+C A 260@n /-+?-0@?6 *&- 5-42- A3�
L'+0C,@ A /)-+,)12+,A*22-�A)*5*223M ?--)K'21,1M 6+?-)*22-. +'+,*53 -,+L*,1 k"#ln
1++-B'')-A122-. + ?-2&)6{2B'*. '2,*&)10@23M ?)'A3M A*?,-)2-&- /-0C u, ?-,-)3*
5-42- M1)1?,*)'%-A1,@ ?1? 5')-A3* 0'2'' 21(0yK1,*0*.n U-)5')6yW'M +'+,*56
-,+L*,1! S {,-. +'+,*5* -,+L*,1 ?-5/-2*2,3 5*,)'L*+?-&- ,*2%-)1 2* %1A'+C, -, x, '
Lv(TΩ) = 0. �*)A3. 4* L0*2 A ,1?-5 +06L1* )1A*2 '%5*2*2'y '5/60@+1 )1++51,)'�
A1*5-. CL*.?' +0-C! �-&K1 6)1A2*2'* v"pw -%21L1*,n L,- '%5*2*2'* '5/60@+1 51++3
CL*.?' )1A2- /-,-?6 '5/60@+1 &)1A',1B'-22-&- /-0Cn A,*?1yW*&- A K1226y CL*.?6!

%� I963J7.10.� S 21+,-CW*. )1(-,* 21 -+2-A* A1)'1B'-223M 5*,-K-A )1%)1(-�
,12 /-KM-Kn /-%A-0CyW'. -/'+3A1,@ /0-,2-+,' /-,-?-A '5/60@+1 &)1A',1B'-22-&-
/-0C! �)' {,-5 '5/60@+ )1++51,)'A1*,+C ,1? 4*n ?1? A A1)'1B'-22-5 '+L'+0*2''
' ,*-)'' -/,'510@2-&- 6/)1A0*2'Cn 1 '5*22-n ?1? A1)'1B'-221C /)-'%A-K21C U62?�
B'-2101 K*.+,A'C! S /)*K+,1A0*22-5 /-KM-K* '5/60@+ A+*&K1 1++-B'')6*,+C + 2*?-,-�
)35 A*?,-)235 /-0*5! SA*K*2 ,*2%-)n '2,*&)')6C ?-,-)3. /- 2*?-,-)-. %15?26,-.
/-A*)M2-+,' 5-42- A3)1%',@ A1)'1B'y K*.+,A'C &)1A',1B'-22-&- /-0C A26,)' {,-.
/-A*)M2-+,'! �1?-. ,*2%-) CA0C*,+C U1?,'L*+?' A1)'1B'-22-. /)-'%A-K2-. K*.+,A'C
/)' A1)'1B'' -(01+,'!

�1++51,)'A1*,+C )1+/)*K*0*2'* 51++3n KA'4*2'* ?-,-)-. /)-'+M-K', + -/)*K*�
0*22-. +?-)-+,@y A ?14K-. ,-L?* /)-+,)12+,A1�A)*5*2' v/30*A'K21C 51,*)'Cw! �1
-+2-A* 1210'%1 A1)'1B'' K*.+,A'C /)' +KA'&* AK-0@ 2*?-,-)-&- A*?,-)2-&- /-0C /-�
06L*2- 6)1A2*2'*n +-K*)41W** -(�*523. ' /-A*)M2-+,23* '2,*&)103! �&- 5-42-
'2,*)/)*,')-A1,@ ?1? 6)1A2*2'C (1012+1 '5/60@+1 51++3 ' &)1A',1B'-22-&- /-0Cn
/-+?-0@?6 -K2'5 '% L0*2-An K1yW'M A?01K A (1012+ +- +,-)-23 51++3n CA0C*,+C '%�
5*2*2'* '5/60@+1 {,-. 51++3! �-,-56 6/-5C26,3. ,*2%-)n ?-,-)3. '2,*&)')6*,+C
/- /-A*)M2-+,'n 5-42- 21%A1,@ /0-,2-+,@y /-,-?1 '5/60@+1 &)1A',1B'-22-&- /-0C!
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S ?1L*+,A* /)'5*)1 -/'+12 -K2-)-K23. +0-. 51++3 A- A2*z2*5 -K2-)-K2-5 &)1�
A',1B'-22-5 /-0*n K0C ?-,-)-&- 6)1A2*2'* (1012+1 '5/60@+1 A3/-02C*,+Cn L,- 5-4�
2- )1++51,)'A1,@ ?1? /-K,A*)4K*2'* /)*K+,1A0*22-&- /-KM-K1!

����������

�� E*?H4a/2? @�D�8 &*-Ha?()2F 0� A�8 A'3)4.-21b. c�0�8 I2d.?)* ^�e� �OHFROHJzFGKOQ
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