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In this paper the mathematical modeling of the triode emission axially symmetric system on
the basis of field emitter is considered. Emitter is an ellipsoid of revolution, anode is a confocal
ellipsoidal surface of revolution. Modulator is a part of the ellipsoidal surface of revolution,
confocal with the cathode and anode surfaces. The boundary-value problem for the Laplace’s
equation in the prolate spheroidal coordinates with the boundary conditions of the first
kind is solved. The variable separation method is applied to calculate the axisymmetrical
electrostatic potential distribution. The potential distribution is represented as the Legendre
functions expansion. The expansion coefficients are the solution of the system of linear
equations. All geometrical dimensions of the system are the parameters of the problem.
Keywords: micro- and nanoelectronics, field emitter, field emission, mathematical modeling,
electrostatic potential, boundary-value problem, Legendre functions.

1. Introduction. Field emitters are extensively used as electron sources of high
current density for vacuum micro- and nanoelectronic devices [1-5]. This work is devoted
to the mathematical modeling of an axially symmetric triode system on the basis of field
emitter with ellipsoidal shape. The cathode’s and anode’s shapes are the confocal ellipsoidis
of revolution. The modulator’s shape is the part of the confocal ellipsoid of revolution
(Figure). To calculate the axially symmetric electrostatic potential distribution the variable
separation method in the prolate spheroidal coordinates («, 8) is used. In accordance with
the theory of mathematical physics the boundary value problems with the mixed boundary
conditions for the bounded domain can be reduced to the linear algebraic equations system
with constant coefficients [6, 7].

2. Mathematical model. The problem parameters: « = a3 (8 € [0, 71]) — cathode
surface; « = ag (8 € [0, w]) — anode surface; o = ay (B € [Bo, 7]) — modulator surface;
U(1;) = 0 — cathode boundary condition; U (as,8) = f(B), (8 € [Bo, m]) — modulator
boundary condition; U(as, 8) = 0 — anode boundary condition.

The electrostatic potential distribution U(c«, ) is a solution of the boundary-value
problem for the Laplace’s equation:
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Figure. Schematic representation of the triode field emission system

and boundary conditions:

; Belo, ],
; Belo, ],
U(Olg,ﬁ):f(ﬂ), BE [60>7r]a

where ¢ — focal radius.

3. Solution of the problem. To solve the boundary-value problem (1), (2) the
internal area of the system can be divide into following subdomains:

(1) — (@€, az], B0, 7);

(2) —(a € [a27 a3]7 B e [07 77]);

(3) - (a € [0117 a3]7 B e [07 /80})

Let
Ui(a, B8), «€ o, az], BE]0,n],
U(a7ﬁ) = UZ(aaﬁ)a a e [012, 063], ﬂ € [Ov 71—] (3)
Us(a, B), «€[ag, as], B€]0, Bol.

Making use of the variable separation method for the (i)-th subdomain, the potential
distribution (3), U;(a, B) (i =1, 2, 3) accordingly, can be represented as [8-11]:

Ui(o, B) = iOAnPn(cosﬁ)%,
Us(a, B) = i::oAnPn(cosﬁ)%, 4)

P_1/24ir,, (cos )
P_1/544r, (cos Bo)’

Us(a, B) = Z ByW _1/24ir,, (1, @)
m=1

where [12-14]
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Wh(z,y) = P, (coshx)@,(coshy) — P, (coshy)Q,,(coshz),
W _1j2tir, (2, y) = P_1/24ir, (cOShz)Q _1 /2447, (coshy)— (5)
— P_1/24ir,, (coshy)Q_1/24r,, (coshz);

P, (cos3) — Legendre polynomials; P_;/94;s, (cosx) — conical functions; P,(coshz),
P_1/2+ir,, (coshz) — Legendre functions of the first kinds; Q,,(coshx), Q_; /24, (coshz) —
Legendre functions of the second kinds; 7,,, — roots of a linear combination of Legendre
functions of the first and second kind:

W _1)2+ir, (a1, 3) = 0. (6)

The potential distribution U(a, 8) (3) written in the form of series in eigenfunctions
(4) satisfies the homogeneous boundary conditions on the cathode and anode surfaces
Ulai, ) =0, Ulas, 8) =0 (8 € [0, 7]).

In order to fulfil the potential distribution continuity condition and to found the
coefficients A,, and B,, in the expantions (4)—(6) the additional boundary conditions can
be used:

U3(O£2,B), O<ﬁ<ﬁ()a
U](OéQ,ﬁ) = U2(Oé2aﬂ) = (7)
f(ﬁ)v 6<60<7ra

Ul(aa/BO)a ) < a g Qg,

Ua(e, Bo), a2 < < as.

Conditions (7) and (8) provide not only potential distribution continuity, but also the
continuity of its first derivative due to the fact that the boundary points of subdomains
(1), (2) at @ = a9 are internal points of subdomain (3) for 0 < < Sy, and that
the boundary points of subdomain (3) at 8 = By (a1 < a < «a3) are internal points of
subdomain (1) for g < o < ag and subdomain (2) for as < a < as.

Making use of formulas (1), (4), (7), (8) it turns out that

0o i BTV 1 aein, (a1, 2) P_1/24ir,,(cos B) 0< B8 < fo
Z AnPn(COS B) = me1 o ’ P71/2+i'rm (COS 60) ’ ’ 9)
=0 f(8), B<pBo<m,
ZAnPn(COSﬁO)Ma (€51 gago@a
S BTV sjpiim (ansa) = { "0 Woen (10)
— i (1, ) = [e%e]
m=1 " Ve Z A, P, (cos ﬂo)iwn«l’as) ar < a<as
nlfn s Sas
=0 Wn(OQa Oég)
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The orthogonality of the eigenfunctions systems in the variables 8 (9) and « (10) leads to
the linear algebraic equations system

- —
—1/24im, (Q1, Q2)
A +1/2) B, X
" T mzz:l P_1/24ir,, (cos Bo)
Bo

X /sin(ﬁ)Pn (cos B)P_1 /2+ir,, (cos B)dB =
0

™

— (n+1/2) / sin(8) P (cos 8)(8) B, (1)
Bo

1
By, — N—m Z AnPn(COS ﬁO)X

a2

/ sinh(«) W,l/zﬂ-m (a1, )Wy (a1, ) da+

ay

1
X —
[Wn(ah%)

a3
1 —
- inh W _ . W, d ~0 19
+ Wn(ag,a3) /Sln (Oé) 1/2+i1m, (041,04) n(a7a3) o ) ( )

Qa2
(0%}
where N,, = / sinh o (W_1244r,, (01, a))2 da — eigenfunction normalization constant.
o

4. Conclusion. This paper presents the mathematical model of the rotationally
symmetrical field emission triode system on the base of field emitter with ellipsoid surface.
The anode surface is an ellipsoid of revolution, the modulator surface is a part of an
ellipsoid of revolution. To calculate the potential distribution, the boundary problem for
the Laplace equation (1), (2) was solved by the separation variables method. The internal
region of the emission system was divided into three overlapping subdomains. In each of
the subdomains, the electrostatic potential distribution was presented in the form of series
by the Legendre functions (3)-(6). Additional conditions (7), (8) ensuring the potential
continuity and its first derivative made it possible to reduce the initial boundary problem to
a system of linear equations (11), (12) relative to the unknown coefficients in the potential
expansion (4). Thus, the potential distribution is found in the entire area of the field
emission triode system.
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MareMaTndeckoe MOJIeJINPOBaHNEe TPUOJHON CUCTEMbI Ha OCHOBE
MOJIEBOTO KaToda SJIJIUIICOUIATBHOU POopPMBI*

H. B. Ezopos, E. M. Buwozpadosa

Cankrt-IleTepbyprckuii rocyjapCTBEeHHBIN YHUBEpCUTeT, Poccuiickas Pemeparus,
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JlamHasi CTaThs TOCBSAIIEHA MATEMATUIECKOMY MOJEIMPOBAHUIO OCECUMMETPUIHON TPUOI-
HON 3MUCCHOHHOW CHCTEMBI Ha OCHOBE II0JIEBOTO SMUTTEPA. DMUTTED MPECTABIAAET COOON
JITITICON] BPAIEHUsT, aHO — KOH(MOKAIBHYIO SJUIUICONIAIBHYIO IIOBEPXHOCTH BPAIIEHST,
MOY/ISITOPp — YaCTh SJIIUIICOUIAIBHON TTOBEPXHOCTH BPAINEHWS, KOH(OKAIHLHON € MOBEpX-
HOCTSIMM KaTofda u aHoma. ['panwdnas 3a7avya pemreHa i ypaBHeHus Jlamiaca B BBITSHY-

* PaboTa BbIOTIHEHA TIpu (GUHAHCOBOM mojep:kke Poccuiickoro ¢ouga GbyHIAMEHTATBHBIX UCCTIE-
nposanuii (rpant Ne 20-07-01086).
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THIX ChEepPOnIaIbHBIX KOOPANHATAX C TPAHUYHBIMU YCJIOBUSIME TepBOroO poja. st pacuera
pacIipeie/ieHns 3JeKTPOCTATUIECKOTO TIOTeHIIMAIa ObLI UCIIOIb30BAH METOJ, Pa3/Ie/IeHus 116~
pevennbix. Pacmpenenenne moTeHIMaa MPeACTABIEHO B BHUE Pa3/IOKeHUN 1o (HyHKITUIM
Jlexxannpa. Koaddurmmentsr pa3mokeHuil sBASIOTCS PENIeHNeM CUCTEMbI JIMHEHHBIX aared-
pandeckux ypasHenwuil. Bce reomerpudeckue pa3Mepbl CUCTEMBI SBJISIOTCS IapaMeTpamMu 3a-
JTadu.

Karouesvie ca06a: MEKPO- M HAHOIIEKTPOHHUKA, HOJIEBON SMUTTED, II0/I€Bas SMUCCHUS, MaTe-
MaTHYIeCKOe MOEIMPOBAHIE, SJIeKTPOCTATHIECKUI TOTEHIHAJ, TPAHUTHAS 33124, (DyHKIMN
Jlexkammpa.
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