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2-. +-+,1A2-. ?-2+,)6?B''n +-+,-CW*. '% -(z'A?' v,-2?-. /01+,'23w ' +,*)42*�
A-. +'+,*53 v)*(*) 4*+,?-+,'w! >+-(*22-+,@ ?-2+,)6?B'' +-+,-', A ,-5n L,- )*()1
4*+,?-+,' CA0Cy,+C 2* A+/-5-&1,*0@235'n 1 -+2-A235' 2*+6W'5' {0*5*2,15' 21)C�
K6 + -(z'A?-. v/01+,'2-.wm -2' '5*y, %21L',*0@26y 4*+,?-+,@ ' +--,A*,+,A6yW'*
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%1,)6K2*2- 2*6+,-.L'A-+,@y +L*,1n +AC%122-. + )1%0'L2-. '%5*2C*5-+,@y '+?-53M
U62?B'.!

P-A)*5*223* ~S
 K1y, A-%5-42-+,@ z')-?-&- A2*K)*2'C L'+0*223M 5*,-K-A
-/)*K*0*2'C 21/)C4*2'. ' K*U-)51B'. A {0*5*2,1M ?-2+,)6?B'. +0-42-. U-)53!
P)*K' ,1?'M 5*,-K-A 21'(-0@z** /)1?,'L*+?-* %21L*2'* '5**, 5*,-K ?-2*L23M {0*�
5*2,-A v
�~w!

P /-%'B'. 
�~ ?-2+,)6?B'C /)*K+,1A0C*, +-(-. ?-5/-%'B'y )1%0'L23M ?-2*L�
23M {0*5*2,-Am -(-0-L*? 260*A-. ?)'A'%23 v/01+,'2-?wn 5-K*0')6yW'M -(z'A?6
' +,*2?' )*(*) 4*+,?-+,' T )'&*0*. ' K'1U)1&5� K'+?)*,23M +,*)42*A3M {0*5*2�
,-An '5*yW'M /)-K-0@26yn ?)6,'0@26y ' '%&'(26y 4*+,?-+,' ' 5-K*0')6yW'M /-C�
+1 )'&*0*.� K'1U)1&5 ' ,! /! S%1'5-K*.+,A'* ?-2+,)6?B'' + -/-)15' 5-K*0')6*,+C
AA*K*2'*5 +/*B'10@2-. +'+,*53 +AC%*.!

�)-K-041y,+C '++0*K-A12'C +0-42-. +-+,1A2-. ?-2+,)6?B''n +-+,-CW*. '%
/01+,'23�-(z'A?' ' +,*)42*A-. +'+,*53 T )*(*) 4*+,?-+,'! S )1(-,1M k"n �l /-06�
L*23 1210','L*+?'* )*z*2'C ?)1*A3M %1K1L K0C 6)1A2*2'. K*U-)5')-A12'C /)C5-�
6&-0@2-. /01+,'23n /-K?)*/0*22-. )*()15' 4*+,?-+,'! �1+L*,23* 5-K*0' ?-2+,)6?�
B'. )*10'%-A123 A 1210','L*+?'M )*z*2'CMn ?-,-)3* +,)-C,+C + /-5-W@y 5*,-K-A
�12,-)-A'L1 ' P,*?0-A1T�'6A'00CTJ6('2'! �*z*2'* /)*K+,1A0*2- ?1? )CK3 /-
?-5('21B'C5 )*&60C)23M ' +/*B'10@23M )1%)3A23M U62?B'.n ?-,-)3* (3+,)- +M-�
KC,+Cn ' /)'A-K', ? /)-+,-56 A3L'+0',*0@2-56 10&-)',56! S +,1,@* k=l 21 -+2-A*
&*2*,'L*+?-&- 10&-)',51 ' ,*-)'' +KA'&-A3M K*U-)51B'. /*)A-&- /-)CK?1 /)*K0-�
4*2 5*,-K -/,'5'%1B'' /-0-4*2'C )*(*) 4*+,?-. /01+,'23n -/')1yW*.+C 21 6/)6�
&-* -+2-A12'*! S )1(-,* kIl U62?B'C /)-&'(1 )*()'+,-. /)C5-6&-0@2-. /01+,'23
-/)*K*0C*,+C 5*,-K-5 �12,-)-A'L1TS01+-A1 A A'K* -,)*%?1 )CK1

∑n
i=1Wi (y)Xi (x)

+ U62?B'C5' Xi (x)n 6K-A0*,A-)CyW'5' %1K12235 ?'2*51,'L*+?'5 &)12'L235 6+0-�
A'C5n 1 U62?B'' Wi (y) 21M-KC,+C ?1? )*z*2'C K'UU*)*2B'10@23M 6)1A2*2'. L*,�
A*),-&- /-)CK?1! S /*)A-5 /)'(0'4*2'' /)*K01&1*,+C -K2-L0*221C 1//)-?+'51B'C
+ '+/-0@%-A12'*5 +/*B'10@2-. (10-L2-. U62?B'' X1 (x)n -/)*K*0C*5-. 5*,-K-5 21�
L10@23M /1)15*,)-A! S kpl )1++51,)'A1*,+C 5*,-K )*z*2'C /)-(0*53 +A-(-K23M ?-�
0*(12'. ?-+-)*()'+,3M /01+,'2! S )1(-,* kNln /)'5*2',*0@2- ? (*,-26 '0' ?-5/-�
%',235 4*0*%-(*,-2235 ?-2+,)6?B'C5n )1%)1(-,121 5-K*0@ K0C 1210'%1 /01+,'2n
6+'0*223M /1)100*0@235' (10?15'n A?0yL1C {UU*?,3 /-0%6L*+,' ' 6+1K?'! ~?+/*�
)'5*2,10@235 '++0*K-A12'C5 M1)1?,*)'+,'? '%&'(1 /)*KA1)',*0@2- 21/)C4*223M
)*()'+,3M /0', /-+ACW*21 +,1,@C kDl! S )1(-,* k$l /)*K01&1*,+C 5*,-K 21'5*2@z'M
?A1K)1,-A K0C 1210'%1 '%&'(1 /)C5-6&-0@23M )*()'+,3M /01+,'2! �*()'+,1C /01�
+,'21 /)C5-6&-0@2-. U-)53 )1++51,)'A1*,+C ?1? +-+,1A21C ?-2+,)6?B'C /01+,'21T
)*()1! �+/-0@%6*,+C 6+0-A'* +-A5*+,2-+,' /*)*5*W*2'. /01+,'23 ' )*(*)! ~UU*?,
K*U-)51B'' +KA'&1 A /01+,'21Mn 6+'0*223M /1)100*0@235' (10?15'n 1210'%')6*,+C
A kVl! �210'% /01+,'2n 6+'0*223M /1)100*0@235' (10?15'n /)-A-K',+C ' A )1(-,*
k"#l! 
-K*0@ K0C 1210'%1 /01+,'2n 1)5')-A1223M (10?15'n 6L',3A1yW1C )*%60@,'�
)6yW'* /0-+?'* +'03 ' K*U-)51B'' /01+,'23n 1 ,1?4* -+*A3* +'03 ' K*U-)51B''
(10-? '%�%1 ?-5('2')-A122-. )*1?B'' +'+,*53n '++0*K6*,+C A k""l! S )1(-,1M k"�x"Il
/)*K+,1A0*2- +)1A2*2'* KA6M 1210','L*+?'M /-KM-K-A ? 1210'%6 K*U-)5')-A12'C
/01+,'2 T 5*,-K1 1210','L*+?-. K*?-5/-%'B'' ' 5*,-K1 K*0@,1�U62?B'.!

�� G-2;91-?69 B9/970 0 .. :.H.10.� �1++51,)'A1*,+C /)C5-6&-0@21C /01�
+,'21 (0 � x � a, 0 � y � b)n /-K?)*/0�221C )*()15'n )1+/-0-4*2235' /1)100*0@2-
-+C5 x ' y /- 0'2'C5 x = xj , j = 1, 2, . . . ,K2n ' y = yi, i = 1, 2, . . . ,K1! �+0' /01�
+,'21 21&)64*21 /-/*)*L2-. 21&)6%?-. q (x, y) ' A 6+0-A'CM %1K1L' '5*y,+C *W*
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' +'03n K*.+,A6yW'* A +)*K'22-. /0-+?-+,' /01+,'23n ,- /-+0*K2'* 5-&6, -?1%1,@
%21L',*0@2-* A0'C2'* 21 '%&'( /01+,'23n ' /-,-56 /)' A3A-K* -+2-A23M )1%)*z1y�
W'M 6)1A2*2'. 'M 2*-(M-K'5- /)'2'51,@ A )1+L*,! �* -+,121A0'A1C+@ 21 /-K)-(2-+�
,CM A3A-K1 +--,A*,+,A6yW'M 6)1A2*2'. v-+-(*22-+,' 5-42- /)-+0*K',@n 21/)'5*)n
A k"px"Dlwn -,5*,'5n L,- %1K1L1 +A-K',+C ? -+2-A2-56 )1%)*z1yW*56 6)1A2*2'y -,�
2-+',*0@2- 2-)510@2-&- /)-&'(1 wm

∇4w =
q (x, y)

D
+
T ∗
1

D

∂2w

∂x2
+
T ∗
2

D

∂2w

∂y2
+

2S

D

∂2w

∂x∂y
−

−
K1∑
i=1

λ1i
∂4w

∂x4
δ (y − yi)−

K2∑
j=1

λ2j
∂4w

∂y4
δ (x− xj),

&K* D = Eh3

12(1−ν2) T B'0'2K)'L*+?1C 4�+,?-+,@ /01+,'23� E T 5-K60@ �2&1� ν T

?-{UU'B'*2, �61++-21� h T ,-0W'21 /01+,'23� λ1i = E1iJ1i

D n i = 1, 2, . . . ,K1�

λ2j =
E2jJ2j

D n j = 1, 2, . . . ,K2� E1iJ1i, E2jJ2j T '%&'(23* 4*+,?-+,' )*(*) v/)-'%A*K*�
2'* 5-K60C 6/)6&-+,' �2&1 21 5-5*2, '2*)B'' /-/*)*L2-&- +*L*2'C )*()1wn )1+/-�
0-4*223M A /*)A-5 ' A,-)-5 21/)1A0*2'CM� T ∗

1 , T
∗
2 , S T %1K1223* +'03n K*.+,A6yW'*

A /0-+?-+,' /01+,'23� δ T K*0@,1�U62?B'C �')1?1!
�6+,@ 21 /01+,'26 A ** /0-+?-+,' K*.+,A6y, +4'51yW'* '0' )1+,C&'A1yW'* +'�

03 P1i, P2j n ?-,-)3* /*)*K1y,+C L*)*% )*()1 4*+,?-+,' A -(-'M 21/)1A0*2'CM! P--,�
A*,+,A6yW'* /-&-223* 6+'0'Cn K*.+,A6yW'* /- ?)-5?15 y = 0, b ' x = 0, a (6K6,
A3)141,@+C U-)56015'

T ∗
2 =

K2∑
j=1

P2jδ (x− xj), T
∗
1 =

K1∑
i=1

P1iδ (y − yi).

R)1A2*2'* '%&'(1 + 6L*,-5 {,'M +'0 '5**, A'K

∇4w =
q (x, y)

D
−

K1∑
i=1

[
λ1i

∂4w

∂x4
+
P1i

D

∂2w

∂x2

]
δ (y − yi)−

−
K2∑
j=1

[
λ2j

∂4w

∂y4
+
P2j

D

∂2w

∂y2

]
δ (x− xj). v"w

�)12'L23* 6+0-A'C 5-&6, (3,@ 0y(3*! �+0'n 21/)'5*)n ?)-5?' x = 0, a +A-(-K23n
,- /-06L1*5 6)1A2*2'C

−D
(
∂2w

∂x2
+ ν

∂2w

∂y2

)
= g (y) ,

(
∂3w

∂x3
+ (2− ν)

∂3w

∂x∂y2

)
= 0,

1 ?-&K1 ?)-5?' y = 0, b z1)2')2- -/*),3n ,- /)' y = 0, b '5**5n L,-

−D
∂2w

∂y2
= f (x) , w = 0.
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�K*+@ U62?B'' f (x) ' g (x) %1A'+C, -, +/-+-(1 /*)*K1L' 6+'0'. L*)*% )*()1 4*+,?-+�
,'! �+0' {,' 6+'0'C /*)*K1y,+C L*)*% +)*K'226y /0-+?-+,@ /01+,'23�-(z'A?'n ,-
f (x) = g (x) = 0! �+0' 4*n 21/)'5*)n 6?1%1223* +'03 /*)*K1y,+C L*)*% B*2,)3 ,C�
4*+,' /-/*)*L23M +*L*2'. )*(*) 4*+,?-+,'n ,- '%&'(1yW'* 5-5*2,3 -, |A2*B*2,)*2�
2-&-} )1+,C4*2'C '0' +41,'C 2*-(M-K'5- 6L*+,@ A ?)1*A3M 6+0-A'CM K0C /01+,'23!
S /-+0*K2*5 +06L1* U62?B'' f (x) ' g (x) -/)*K*0Cy,+C /- U-)56015

f (x) =

K2∑
j=1

P2je2jδ (x− xj), g (y) =

K1∑
i=1

P1ie1iδ (y − yi)

' 6L',3A1y, 5-5*2,3n K*.+,A6yW'* 21 ,-)B1M )*(*) 4*+,?-+,'n A-%2'?1yW'* '%�%1
{?+B*2,)'L2-&- /)'0-4*2'C +'0 P1i ' P2j ve1i ' e2j T {?+B*2,)'+',*,3 +'0 P1i ' P2jw!
S-%5-423 ' K)6&'* +06L1' /*)*K1L' 6+'0'.n ?-&K1 5-5*2,3 2*-(M-K'5- 6L',3A1,@
?1? A &)12'L23M 6+0-A'CMn ,1? ' A )1+L*,* )*(*) 4*+,?-+,'!

�1/'z*5 -(W** )*z*2'* 6)1A2*2'C v"w A A'K*

w (x, y) =
∞∑
m=1

∞∑
n=1

qmn sin (αmx) sin (βny)

D(α2
m + β2

n)
2 −

−
∞∑
n=1

4∑
k=1

CknZβnk (x) sin (βny)−
∞∑
m=1

4∑
k=1

DkmZαmk (y) sin (αmx)−

−
∞∑
m=1

K1∑
i=1

[
λ1iα

4
m +

P1i

D
α2
m

]
wmy (yi)Ψ

∗
iαm

(y) sin (αmx)−

−
K2∑
j=1

∞∑
n=1

[
λ2jβ

4
n +

P2j

D
β2
n

]
wnx (xj) Ψ

∗
jβn

(x) sin (βny). v�w

�K*+@

qmn =
4

ab

a∫
0

b∫
0

q (x, y) sin (αmx) sin (βny) dxdy,

{Zαmk (y)} , {Zβnk (x)} T +--,A*,+,A6yW'* U62K15*2,10@23* +'+,*53 )*z*2'. -K2-�
)-K23M 6)1A2*2'. ∇4

αm
Zαmk = 0, ∇4

βn
Zβnk = 0, &K* ∇4

αm
,∇4

αm
T K'UU*)*2B'10@23*

-/*)1,-)3

∇4
αm

=

(
d2

dy2
− α2

m

)2

, ∇4
βn

=

(
d2

dx2
− β2

n

)2

,

U62?B'' Ψ∗
iαm

(y) ,Ψ∗
jβn

(x) A3L'+0Cy,+C /- U-)56015

Ψ∗
jβn

(x) = Δβn (x− xj) θ (x− xj) , Ψ
∗
iαm

(y) = Δαm (y − yi) θ (y − yi) ,

Δβn (x− xj) =
1

2β3
n

{βn (x− xj) chβn (x− xj)− shβn (x− xj)} ,

Δαm (y − yi) =
1

2α3
m

{αm (y − yi) chαm (y − yi)− shαm (y − yi)} ,

A ?-,-)3M θ T U62?B'C *K'2'L2-&- +?1L?1 �{A'+1.K1!

�FGHIJK �
L�
� 
MJKNOPIOQ ROHFROHJKO� �ISTMROHJKO��� @/@�� �� ��� ���� @ "�=



S )*z*2'* v�w AM-KC, 2*'%A*+,23* L'+0-A3* ?-{UU'B'*2,3m Ckn, Dkm T /)-'%�
A-0@23* /-+,-C223* '2,*&)')-A12'Cn -/)*K*0C*53* '% &)12'L23M 6+0-A'.n ' %21L*�
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