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Ââåäåíèå

Çàäà÷à ðàöèîíàëüíîãî ïðèðîäîïîëüçîâàíèÿ, à èìåííî ðàçðàáîòêà ðàç-
ëè÷íûõ ïðèðîäíûõ ðåñóðñîâ, òàêèõ êàê ïîëåçíûå èñêîïàåìûå, ëåñ, áèî-
ðåñóðñû è ò.ï., íîñèò ïðèîðèòåòíûé õàðàêòåð äëÿ ñîâðåìåííîé ýêîíîìè-
êè. Äëÿ óñïåøíîãî ðåøåíèÿ äàííîé çàäà÷è íåîáõîäèìî íàó÷èòüñÿ ñòðîèòü
ìàòåìàòè÷åñêèå ìîäåëè èçó÷àåìîãî ïðîöåññà, â êîòîðûõ äîëæíû ó÷èòû-
âàòüñÿ à) äèíàìè÷åñêàÿ ñòðóêòóðà ðàçâèòèÿ ïðîöåññà, á) ñòîõàñòè÷åñêèå
ýëåìåíòû, ñîîòâåòñòâóþùèå åãî ðåàëüíîìó ðàçâèòèþ. Äèôôåðåíöèàëüíûå
èãðû ïðåäñòàâëÿþò ñîáîé óäîáíûé ìàòåìàòè÷åñêèé àïïàðàò, ïîçâîëÿþ-
ùèé èçó÷àòü ïðîöåññ ðàçðàáîòêè ðåñóðñîâ íåñêîëüêèìè ñòîðîíàìè (èãðîêà-
ìè). Â ìîäåëÿõ òàêîãî òèïà êîíôëèêòíî-óïðàâëÿåìûé ïðîöåññ ðàçâèâàåòñÿ
íåïðåðûâíî âî âðåìåíè, ïðè÷åì â ñòàíäàðòíîé ïîñòàíîâêå èãðà çàêàí÷èâà-
åòñÿ â ôèêñèðîâàííûé çàðàíåå ìîìåíò âðåìåíè, ÷òî ñóùåñòâåííî îáåäíÿåò
ïîñòàíîâêó çàäà÷è.

Â äàííîé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî èãðà çàêàí÷èâàåòñÿ â ñëó÷àéíûé
ìîìåíò âðåìåíè T , ñôîðìèðîâàííûé îñîáûì îáðàçîì: ñëó÷àéíàÿ âåëè÷èíà
T ÿâëÿåòñÿ ìèíèìóìîì èç ñëó÷àéíûõ âåëè÷èí Ti, i = 1, . . . , n, ñîîòâåòñòâó-
þùèõ ñëó÷àéíûì ìîìåíòàì âûáûòèÿ èç èãðû èãðîêîâ i = 1, . . . , n. Òàêèì
îáðàçîì, èãðà îñòàíàâëèâàåòñÿ â ìîìåíò ïåðâîãî âûáûòèÿ èç èãðû îäíî-
ãî èç èãðîêîâ. Èñïîëüçîâàíèå òàêîãî ïîäõîäà ïîçâîëÿåò ïîñòðîèòü áîëåå
ðåàëèñòè÷íóþ ìàòåìàòè÷åñêóþ ìîäåëü.

Ïðåäïîëàãàåòñÿ, ÷òî ñëó÷àéíûå âåëè÷èíû Ti èìåþò ðàçëè÷íûå òèïû
ðàñïðåäåëåíèÿ Fi(t), êîòîðûå íåïîñðåäñòâåííî âëèÿþò íà âèä ôóíêöèîíà-
ëà âûèãðûøà, ïîä êîòîðûì â äàííîé ðàáîòå ïîíèìàåòñÿ ìàòåìàòè÷åñêîå
îæèäàíèå èíòåãðàëüíîãî âûèãðûøà.

Â I ãëàâå ðàññìîòðåí ñëó÷àé, êîãäà ôóíêöèè ðàñïðåäåëåíèÿ Fi(t),
i = 1, . . . , n, èìåþò ñòóïåí÷àòûé âèä (ñîîòâåòñòâóþùèé äèñêðåòíîìó ðàñ-
ïðåäåëåíèþ âåðîÿòíîñòåé). Ýòî îçíà÷àåò, ÷òî äëÿ èãðîêîâ i = 1, . . . , n èç-
âåñòíû âåðîÿòíîñòè îêîí÷àíèÿ èãðû pi1, p

i
2, . . . , p

i
k â êîíêðåòíûå ìîìåíòû

âðåìåíè ti1, t
i
2, . . . , t

i
k (êîòîðûå ðàçëè÷íû äëÿ ðàçëè÷íûõ èãðîêîâ). Çàäà÷à

ðàçðàáîòêè ðåñóðñîâ ñôîðìóëèðîâàíà â îáùåì ñëó÷àå äëÿ èãðû n ëèö, à
çàòåì ïîäðîáíî èçó÷åí ñëó÷àé èãðû äâóõ ëèö. Èãðà ðàññìîòðåíà â êîîïå-
ðàòèâíîé ôîðìå, à óïðàâëåíèÿ äëÿ èãðîêîâ ïðåäëàãàåòñÿ èñêàòü â êëàñ-
ñå ïðîãðàììíûõ ñòðàòåãèé. Ïðåäëîæåíî äâà ïîäõîäà, ïîçâîëÿþùèõ íàéòè
óïðàâëåíèÿ äëÿ ñëó÷àÿ ðàçðûâíîé ôóíêöèè ðàñïðåäåëåíèÿ ñòóïåí÷àòîãî
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âèäà. Ïåðâûé ïîäõîä îñíîâàí íà ïîñëåäîâàòåëüíîì èñïîëüçîâàíèè ïðèíöè-
ïà ìàêñèìóìà Ïîíòðÿãèíà: ñíà÷àëà çàäà÷à ðåøàåòñÿ íà ïîñëåäíåì èíòåð-
âàëå íåïðåðûâíîñòè ôóíêöèè ðàñïðåäåëåíèÿ, çàòåì - íà ïðåäïîñëåäíåì,
ïðè÷åì ðåçóëüòàò íà ïîñëåäíåì èíòåðâàëå çàïèñûâàåòñÿ â âèäå òåðìèíàëü-
íîãî âûèãðûøà, è ò.ä. Âòîðîé ïîäõîä îñíîâàí íà ïàðàìåòðèçàöèè äàííîé
çàäà÷è è ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ çíà÷èòåëüíî ïðîùå. Ïðîäåìîí-
ñòðèðîâàíî ïðèìåíåíèå îáîèõ ïîäõîäîâ äëÿ ñëó÷àÿ 1 è 2 ðàçðûâîâ ôóíêöèè
ðàñïðåäåëåíèÿ. Ïîêàçàíî, ÷òî ïðèìåíåíèå îáîèõ ïîäõîäîâ äàåò îäèíàêîâûå
ðåçóëüòàòû, à ñëåäîâàòåëüíî, ïðåäëàãàåòñÿ èñïîëüçîâàòü äëÿ äàëüíåéøèõ
âû÷èñëåíèé ïîäõîä, îñíîâàííûé íà ïàðàìåòðèçàöèè. Àëãîðèòì ñôîðìóëè-
ðîâàí â îáùåì âèäå äëÿ ñëó÷àÿ k ðàçðûâîâ ïåðâîãî ðîäà.

Âî II ãëàâå ðàññìîòðåíà çàäà÷à ðàçðàáîòêè ïîëåçíûõ èñêîïàåìûõ äëÿ
íåïðåðûâíîãî òèïà ðàñïðåäåëåíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî ìîìåíò îêîí÷à-
íèÿ èãðû èìååò ðàñïðåäåëåíèå Ãóìáåëÿ. Ïðè ïîìîùè ïðèíöèïà ìàêñèìóìà
Ïîíòðÿãèíà íàéäåíî ðåøåíèå çàäà÷è äëÿ ñëó÷àÿ n èãðîêîâ.

Ïîêàçàíî, ÷òî íåñìîòðÿ íà òî, ÷òî àïïàðàò äëÿ ðåøåíèÿ íåïðåðûâíûõ
çàäà÷ ïðåäñòàâëÿåòñÿ áîëåå ðàçðàáîòàííûì, ïðèìåíåíèå äèñêðåòíûõ ðàñ-
ïðåäåëåíèé (â òîì ÷èñëå äëÿ äèíàìè÷åñêèõ èãð ñ íåïðåðûâíûì âðåìåíåì)
ÿâëÿåòñÿ áîëåå ïåðñïåêòèâíûì ñ òî÷êè çðåíèÿ âû÷èñëèòåëüíûõ çàòðàò. Îñ-
íîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ïîäõîäà ê ðåøåíèþ äèô-
ôåðåíöèàëüíûõ èãð ñî ñëó÷àéíûì ìîìåíòîì îêîí÷àíèÿ äèñêðåòíîãî òèïà
è åãî ïðèìåíåíèå ê êîíêðåòíûì çàäà÷àì ðàöèîíàëüíîãî ïðèðîäîïîëüçîâà-
íèÿ.
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Îáçîð ëèòåðàòóðû

Îäíèì èç îñíîâàòåëåé òåîðèè äèôôåðåíöèàëüíûõ èãð ÿâëÿåòñÿ àìå-
ðèêàíñêèé ìàòåìàòèê Ð. Àéçåêñ. Â åãî ðàáîòå [1] âïåðâûå áûëè îïèñàíû
èãðû ïðåñëåäîâàíèÿ.

Â íàøåé ñòðàíå çíà÷èòåëüíûé âêëàä â ðàçâèòèå äèôôåðåíöèàëüíûõ
èãð âíåñëè Ïåòðîñÿí Ë. À. [2], Êðàñîâñêèé H. H. [3], Ñóááîòèí A. È. [4],
Ïîíòðÿãèí Ë. Ñ. [5].

Â êëàññè÷åñêîé òåîðèè äèôôåðåíöèàëüíûõ èãð ïðîäîëæèòåëüíîñòü
èãðû, êàê ïðàâèëî, çàäàíà è ÿâëÿåòñÿ äåòåðìèíèðîâàííîé âåëè÷èíîé [6].

Òåì íå ìåíåå, ñ òî÷êè çðåíèÿ ïðèëîæåíèé, áîëüøóþ àêòóàëüíîñòü
ïðèîáðåòàþò ìàòåìàòè÷åñêèå ìîäåëè êîíôëèêòà, êîòîðûé îêàí÷èâàåòñÿ
â ñëó÷àéíûé ìîìåíò âðåìåíè. Âïåðâûå ìîäåëè ñî ñëó÷àéíûì ìîìåíòîì
îêîí÷àíèÿ áûëè ðàññìîòðåíû â ðàáîòå Yaari [7]. Â ðàáîòå [8] áûëè âïåðâûå
èññëåäîâàíû äèôôåðåíöèàëüíûå èãðû ïðåñëåäîâàíèÿ äâóõ ëèö ñî ñëó÷àé-
íîé ïðîäîëæèòåëüíîñòüþ. Â îáùåì âèäå ïîñòàíîâêà äèôôåðåíöèàëüíîé
èãðû ñî ñëó÷àéíîé ïðîäîëæèòåëüíîñòüþ áûëà ïðåäëîæåíà â ðàáîòå Ïåò-
ðîñÿíà Ë. À., Øåâêîïëÿñ Å. Â. [9].

Äèôôåðåíöèàëüíûå èãðû ñî ñëó÷àéíûì ìîìåíòîì îêîí÷àíèÿ ÿâëÿ-
þòñÿ ðàñøèðåíèåì êëàññà äèôôåðåíöèàëüíûõ èãð ñ ïðåäïèñàííîé ïðîäîë-
æèòåëüíîñòüþ è äëÿ ñëó÷àÿ àáñîëþòíî íåïðåðûâíûõ ñëó÷àéíûõ âåëè÷èí
èçó÷åíû â [10]. Êðîìå òîãî, èíòåðåñ ïðåäñòàâëÿþò èãðû ñ àñèììåòðè÷íûìè
ôóíêöèÿìè âûèãðûøåé èãðîêîâ [11], ò. å. òå, â êîòîðûõ èãðîêè íå ÿâëÿþò-
ñÿ èäåíòè÷íûìè.

Äèôôåðåíöèàëüíûå èãðû ñî ñëó÷àéíûì ìîìåíòîì îêîí÷àíèÿ, ïîä-
÷èíÿþùèìñÿ äèñêðåòíîìó ðàñïðåäåëåíèþ, ðàññìàòðèâàþòñÿ â ðàáîòå [12].

Ïîíÿòèå ñëó÷àéíîãî ìîìåíòà îêîí÷àíèÿ ââîäèòñÿ òàêæå â ìàòåìàòè-
÷åñêîé òåîðèè íàäåæíîñòè äëÿ îïèñàíèÿ ìîìåíòà îòêàçà ñèñòåìû òåõíè÷å-
ñêèõ ýëåìåíòîâ, èñïîëüçóÿ íåïðåðûâíûå ðàñïðåäåëåíèÿ: Âåéáóëëà, ýêñïî-
íåíöèàëüíîå [13].

Îñîáûé èíòåðåñ ïðåäñòàâëÿþò ðàáîòû, èñïîëüçóþùèå ìåòîäû äèô-
ôåðåíöèàëüíûõ èãð â îáëàñòè êîíôëèêòî-óïðàâëÿåìûõ ýêîíîìè÷åñêèõ ïðî-
öåññîâ, â òîì ÷èñëå â çàäà÷àõ îïòèìàëüíîé ðàçðàáîòêè ðåñóðñîâ. Ïðèìå-
ðàìè äàííûõ ðàáîò ÿâëÿþòñÿ [14,15].

Ïîñòàíîâêà äèôôåðåíöèàëüíîé èãðû ñ ðàçðûâíîé ôóíêöèåé ðàñïðå-
äåëåíèÿ âïåðâûå áûëà ñôîðìóëèðîâàíà â ðàáîòå [16]. Èçó÷åíèþ ïðîáëå-
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ìû äèíàìè÷åñêîé óñòîé÷èâîñòè êîîïåðàòèâíîãî ðåøåíèÿ äëÿ çàäà÷ òàêîãî
òèïà ïîñâÿùåíà ðàáîòà [17]. Îñíîâíîé çàäà÷åé äàííîé âûïóñêíîé êâàëè-
ôèêàöèîííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ìåòîäîëîãè÷åñêîãî ïîäõîäà äëÿ
íàõîæäåíèÿ îïòèìàëüíûõ óïðàâëåíèé â çàäà÷àõ äàííîãî òèïà.
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Äèôôåðåíöèàëüíàÿ èãðà ðàçðàáîòêè ðåñóðñîâ

ñî ñëó÷àéíûì ìîìåíòîì îêîí÷àíèÿ

Ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó n ëèö [18]. Ïóñòü èãðà íà÷è-
íàåòñÿ â èçâåñòíûé ìîìåíò âðåìåíè t0, à çàêàí÷èâàåòñÿ â ñëó÷àéíûé ìî-
ìåíò âðåìåíè T , ãäå T ïðåäñòàâëÿåò ñîáîé ñëó÷àéíóþ âåëè÷èíó ñ èçâåñòíîé
ôóíêöèåé ðàñïðåäåëåíèÿ F (t), t ∈ [t0, Tf ], ãäå Tf ìîæåò áûòü áåñêîíå÷íûì.
Ñëó÷àéíàÿ âåëè÷èíà T ñôîðìèðîâàíà ñëåäóþùèì îáðàçîì. Ïóñòü Ti � ñëó-
÷àéíàÿ âåëè÷èíà ñ èçâåñòíîé ôóíêöèåé ðàñïðåäåëåíèÿ Fi(t), t ∈ [t0, Tf ],
i = 1, n. Ti ñîîòâåòñòâóåò ìîìåíòó îêîí÷àíèÿ ïðîöåññà äëÿ èãðîêà i, i =
1, n. Ïðåäïîëîæèì, ÷òî {Ti}ni=1 ÿâëÿþòñÿ íåçàâèñèìûìè ñëó÷àéíûìè âåëè-
÷èíàìè. Áóäåì ñ÷èòàòü, ÷òî èãðà íà÷èíàåòñÿ â ìîìåíò âðåìåíè t0 è çàêàí-
÷èâàåòñÿ â ìîìåíò îñòàíîâêè èãðû äëÿ ïåðâîãî èç èãðîêîâ, ÷òî îçíà÷àåò

T = min{T1, T2, ...Tn}. (1)

Äèíàìèêà èãðû çàäàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñî
ñòàíäàðòíûìè ïðåäïîëîæåíèÿìè íà ïðàâóþ ÷àñòü [19]:

ẋ = g(x, u1, u2, ...un), x(t0) = x0. (2)

Â ñëó÷àå ðàññìîòðåíèÿ ìîäåëè ýêñïëóàòàöèè íåâîçîáíîâëÿåìîãî ðå-
ñóðñà, äèíàìèêà îïèñûâàåò èçìåíåíèÿ äîñòóïíîãî îáúåìà ðåñóðñà x(t) ïðè
íåêîòîðîé èäåàëüíîé ïîçèöèè è îïèñûâàåòñÿ ñëåäóþùèì äèôôåðåíöèàëü-
íûì óðàâíåíèåì:

ẋ = −ge(x, u), ui ≥ 0 x(t0) = x0, (3)

ãäå óïðàâëåíèÿ ui ñîîòâåòñòâóþò �óñèëèÿì�, çàòðà÷èâàåìûì i-òûì èãðîêîì
íà èçâëå÷åíèå ðåñóðñà, à ôóíêöèÿ g(x, u) îïèñûâàåò ñêîðîñòü óáûâàíèÿ ðå-
ñóðñà.

Äëÿ àäåêâàòíîãî îïèñàíèÿ ïðîöåññà ôóíêöèÿ ge(x, u) äîëæíà óäîâëå-
òâîðÿòü ðÿäó óñëîâèé:

1. Ðåñóðñ ìîæåò òîëüêî óáûâàòü: ge(x, u) ≥ 0, ∀x, u >0,

2. ×àñòíûå ïðîèçâîäíûå ∂ge(x,u)
∂uj

> 0,

3. Ôóíêöèÿ ge(x, u) âîãíóòà ïî u:
∣∣∣∣∣∣∂2ge(x,u)∂2ujui

∣∣∣∣∣∣ ≤ 0,
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4. Ïðîöåññ äîáû÷è îêàí÷èâàåòñÿ ïðè èñ÷åðïàíèè ñîîòâåòñòâóþùåãî ðå-
ñóðñà: xi = 0⇒ (ge)i(x, u) = 0.

Âûèãðûø i-îãî èãðîêà îïðåäåëÿåòñÿ ìàòåìàòè÷åñêèì îæèäàíèåì èíòåãðàëü-
íîãî âûèãðûøà:

Ki(t0, x, u) = E(

Tf∫
t0

hi(x(t), u(t))dt), i = 1, n, (4)

ãäå hi(x, u1...un)�íåïðåðûâíàÿ ïî ñâîèì àðãóìåíòàì ïîäûíòåãðàëüíàÿ ôóíê-
öèÿ âûèãðûøà (ôóíêöèÿ ïîëåçíîñòè) èãðîêà i. Ôóíêöèÿ ìãíîâåííîãî âû-
èãðûøà i-ãî èãðîêà ïðåäñòàâëÿåòñÿ â âèäå

hi(x, u) = ri(u)− di(x), (5)

ãäå ri(u) îïèñûâàåò ìãíîâåííûé äîõîä èãðîêà, à di(x) ñîîòâåòñòâóåò ýêñ-
ïëóàòàöèîííûì ðàñõîäàì.

Â ðàáîòàõ [16,20] áûëà âûâåäåíà ôîðìóëà äëÿ ìàòåìàòè÷åñêîãî îæè-
äàíèÿ âûèãðûøà:

Ki(·) =

Tf∫
t0

(1− F (t))hi(·)dt. (6)
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Ãëàâà 1.

Ìàòåìàòè÷åñêàÿ ìîäåëü ðàçðàáîòêè ðåñóðñîâ

ñî ñëó÷àéíûì ìîìåíòîì îêîí÷àíèÿ äèñêðåòíî-

ãî òèïà

� 1.1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ÷àñòíûé ñëó÷àé ââåäåííîé âûøå èãðû, à èìåííî, èãðó
äâóõ ëèö (n = 2). Ïóñòü T1 è T2 �äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû ñ èç-
âåñòíûìè ôóíêöèÿìè ðàñïðåäåëåíèé F1(t) è F2(t) cîîòâåòñòâåííî. Ïóñòü
{t1, t2, ..., tk} è {τ1, τ2, ..., τk} � ìîìåíòû âðåìåíè, â êîòîðûå ïðîèñõîäÿò
ðàçðûâû ôóíêöèé ðàñïðåäåëåíèÿ F1(t), F2(t) ñîîòâåòñòâåííî. Ïóñòü

P{T1 = tm} = pm, P{T2 = τj} = %j, m, j = 1, k.

Â äàííîé çàäà÷å ïðåäïîëàãàåì, ÷òî èãðà çàêàí÷èâàåòñÿ â ìîìåíò ïåð-
âîé îñòàíîâêè èãðû äëÿ êàêîãî-ëèáî èç èãðîêîâ: T = min {T1, T2}. Òîãäà èç
íåçàâèñèìîñòè ñëó÷àéíûõ âåëè÷èí T1, T2 èìååì ñëåäóþùèé âèä ôóíêöèè
ðàñïðåäåëåíèÿ äëÿ ñëó÷àéíîé âåëè÷èíû T :

F (t) = 1−
2∏
l=1

(1− Fl(t)). (1.1)

Ðàññìîòðèì ÷àñòíûå ñëó÷àè ñëó÷àéíûõ âåëè÷èí T1 è T2.
I Ïóñòü F1=F2 (Ðèñ. 1.1)
Òîãäà

F (t) = 1−
2∏
i=1

(1− Fi(t)) = 1−
2∏
i=1

(1− F1(t)) = 1− (1− F1(t))
2.

Ñëåäîâàòåëüíî,

1− (1− p1)2 = (1− 1 + p1)(1 + 1− p1) = p1(2− p1),

1− (1− (p1 +p2))
2 = (1−1 +p1 +p2)(1 + 1−p1−p2) = (p1 +p2)(2−p1−p2),
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t

F1

tn

1

t1

p1

t2t2

p1 + p2

t3t3

p1 + p2 + p3

t4 . . .
0

Ðèñ. 1.1: Ôóíêöèè ðàñïðåäåëåíèÿ F1 è F2

F (t) =



0 t ≤ t1,
p̃1 = p1(2− p1) = 1− q21 t ∈ (t1, t2],
p̃2 = (p1 + p2)(2− p1 − p2) t ∈ (t2, t3],
p̃3 = (p1 + p2 + p3)(2− p1 − p2 − p3) t ∈ (t3, t4],
...

p̃n−1 =
∑n−1

i=1 pi(2−
∑n−1

i=1 pi) t ∈ (tn−1, tn],
1 t>tn.

II Ïóñòü ti=τj, íî p 6= % (Ðèñ. 1.2, 1.3).

t

F1

tn

1

t1

p1

t2t2

p1 + p2

t3t3

p1 + p2 + p3

t4 . . .
0

Ðèñ. 1.2: Ôóíêöèÿ ðàñïðåäåëåíèÿ F1

t

F2

tn

1

t1

%1

t2t2

%1 + %2

t3t3

%1 + %2 + %3

t4 . . .
0

Ðèñ. 1.3: Ôóíêöèÿ ðàñïðåäåëåíèÿ F2

Òîãäà

F (t) = 1−
2∏
i=1

(1− Fi(t)) = 1− (1− F1(t))(1− F2(t)),
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F (t) =



0 t ≤ t1,
p̃1 = 1− (1− p1)(1− %1) t ∈ (t1, t2],
p̃2 = 1− (1− (p1 + p2))(1− (%1 + %2)) t ∈ (t2, t3],
p̃3 = 1− (1− (p1 + p2 + p3))(1− (%1 + %2 + %3)) t ∈ (t3, t4],
...

p̃n−1 = 1− (1−
∑n−1

i=1 pi)(1−
∑n−1

i=1 p̂i) t ∈ (tn−1, tn],
1 t>tn.

III Ïóñòü ti+1 > τi>ti, p 6= % (Ðèñ. 1.4, 1.5).

t

F1

tn

1

t1

p1

t2t2

p1 + p2

t3t3

p1 + p2 + p3

t4 . . .
0

Ðèñ. 1.4: Ôóíêöèÿ ðàñïðåäåëåíèÿ F1

τ

F2

τn

1

τ1

%1

τ2τ2

%1 + %2

τ3τ3

%1 + %2 + %3

τ4 . . .
0

Ðèñ. 1.5: Ôóíêöèÿ ðàñïðåäåëåíèÿ F2

F (t) =



0 t ≤ t1,
p̃1 = 1− (1− p1) t ∈ (t1, τ1],
p̃2 = 1− (1− p1)(1− %1) t ∈ (τ1, t2],
p̃3 = 1− (1− (p1 + p2))(1− %1) t ∈ (t2, τ2],
p̃4 = 1− (1− (p1 + p2))(1− (%1 + %2)) t ∈ (τ2, t3],
p̃5 = 1− (1− (p1 + p2 + p3))(1− (%+ %2)) t ∈ (t3, τ3],
...

p̃n = 1− (1−
∑k

i=1 pi)(1−
∑k

i=1 %i) t ∈ (τk, tk+1] è n=2k,

p̃n = 1− (1−
∑k+1

i=1 pi)(1−
∑k

i=1 %i)
åñëè t ∈ (tk+1, τk+1] è n=2k+1, k = 0, n− 1,
1 t>tn.

Ïîñëåäíèé ñëó÷àé ìîæíî îáîáùèòü íà äðóãèå âîçìîæíûå çíà÷åíèÿ ti è τi.
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� 1.2. Ðåøåíèå çàäà÷è ñ îäíèì ñêà÷êîì. Íîâûé ìåòîä
(ïàðàìåòðèçàöèÿ)

Äëÿ ïðîñòîòû ïðåäïîëîæèì, ÷òî F1(t), F2(t) èìåþò ðàçðûâû ïåðâîãî
ðîäà â òî÷êàõ t1 = τ1, t2 = τ2 (Ðèñ. 1.6, 1.7).

t

F1

t1

p1

t2t2

1

Ðèñ. 1.6: Ôóíêöèÿ ðàñïðåäåëåíèÿ F1

t

F2

t1

%1

t2t2

1

Ðèñ. 1.7: Ôóíêöèÿ ðàñïðåäåëåíèÿ F2

Èç (1.1) ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû T èìååò âèä:

F (t) =


0 t ≤ t1,
ρ1 = 1− (1− p1)(1− %1) t1 < t ≤ t2,
1 t > t2.

t

F

t1

ρ1

t2t2

1

Ðèñ. 1.8: Ôóíêöèÿ ðàñïðåäåëåíèÿ F (t)

Èìååì ôóíêöèþ âûèãðûøà (6) èãðîêà i, i = 1, 2:

Ki(·) =

t1∫
t0

hi(x(t), u(t))dt+ (1− ρ1)
t2∫
t1

hi(x(t), u(t))dt.
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Áóäåì ïîëàãàòü, ÷òî óïðàâëÿåìûé ïðîöåññ îïèñûâàåòñÿ äèíàìèêîé, çàäàí-
íîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

ẋ(t) = −
2∑
i=1

ui(t), x(t0) = x0. (1.2)

Ñèñòåìà óðàâíåíèé (1.2) èñïîëüçóåòñÿ äëÿ ìîäåëèðîâàíèÿ ïðîöåññà äîáû-
÷è ðåñóðñîâ.
Ïóñòü ôóíêöèÿ ìãíîâåííîãî âûèãðûøà ÿâëÿåòñÿ êâàäðàòè÷íîé îòíîñè-
òåëüíî óïðàâëåíèÿ:

hi(x, u) = ri(u)− dix, ri(ui) = ui(ai −
1

2
ui), (1.3)

ai, di > 0, ∀i = 1, 2.

Áóäåì èñêàòü ðåøåíèå çàäà÷è â ïðîãðàììíûõ ñòðàòåãèÿõ [21]. Óïðàâëå-
íèÿ u ∈ U , ãäå U � âûïóêëîå êîìïàêòíîå ìíîæåñòâî. Îáëàñòüþ äîïó-
ñòèìûõ çíà÷åíèé óïðàâëåíèé ÿâëÿåòñÿ îòðåçîê: ui ∈ [0; ai]. Ïóñòü u(t) =
(u1(t), u2(t)). Ðàññìîòðèì êîîïåðàòèâíóþ ôîðìó èãðû. Òîãäà çàäà÷à îïòè-
ìàëüíîãî óïðàâëåíèÿ çàêëþ÷àåòñÿ â ìàêñèìèçàöèè ñóììàðíîãî âûèãðûøà
èãðîêîâ:

max
u1,u2

2∑
i=1

Ki(t0, x0, u1, u2) =

t1∫
t0

(h1(x
∗(t), u∗(t)) + h2(x

∗(t), u∗(t))dt+

+ (1− ρ1)
t2∫
t1

(h1(x
∗(t), u∗(t)) + h2(x

∗(t), u∗(t))dt, (1.4)

ãäå x∗(t), u∗(t) � îïòèìàëüíûå òðàåêòîðèÿ è óïðàâëåíèÿ ñîîòâåòñòâåííî.
Äëÿ ðåøåíèÿ çàäà÷è ïðèìåíèì ïðèíöèï ìàêñèìóì Ïîíòðÿãèíà [22], ïðè-
÷åì ðåøåíèå çàäà÷è íàéäåì íà äâóõ èíòåðâàëàõ I1 = [0; t1] è I2 = [t1; t2],
íà ïåðâîì èç êîòîðûõ ðåøàåòñÿ çàäà÷à ñ äâóìÿ çàêðåïëåííûìè êîíöàìè,
à íà âòîðîì � ñ íåçàêðåïëåííûì ïðàâûì êîíöîì. Â êà÷åñòâå ïàðàìåòðà
çàäà÷è ââåäåì x(t1) = x1, çíà÷åíèå äëÿ êîòîðîãî íàéäåì â êîíöå ðåøåíèÿ
èç óñëîâèÿ ìàêñèìèçàöèè (1.4).
Èíòåðâàë I1.

Ðàññìîòðèì îòäåëüíî çàäà÷ó ìàêñèìèçàöèè
t1∫
t0

(h1(x(t), u(t))+h2(x(t), u(t))dt

äëÿ äèíàìèêè (1.2) è íà÷àëüíûõ óñëîâèé x(t0) = x0, x(t1) = x1, ãäå x1
� ïàðàìåòð. Âîñïîëüçóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âûïèøåì
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ôóíêöèþ Ãàìèëüòîíà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + h1(x(t), u(t)) + h2(x(t), u(t)) =

− ψ
2∑
i=1

ui + u1(a1 −
1

2
u1) + u2(a2 −

1

2
u2)− d1x− d2x. (1.5)

Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (ai − ui) = 0,

u∗i (t) = −ψ + ai.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −1 < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [0; t1]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= d̂, d̂ = d1 + d2. (1.6)

Ñëåäîâàòåëüíî,
ψ(t) = ψ0 + d̂t,

u∗i (t) = −ψ0 − d̂t+ ai.

Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2ψ0 + 2d̂t− â, â = a1 + a2.

Âîñïîëüçóåìñÿ êðàåâûìè óñëîâèÿìè:

x(0) = x0, x(t1) = x1, (1.7)

x(t) = 2ψ0t+ d̂t2 − ât+ x0.

Íàéäåì ψ0 èç êðàåâîãî óñëîâèÿ è x(t):

ψ0 =
x1 − d̂t21 + ât1 − x0

2t1
.
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Òîãäà èñêîìàÿ îïòèìàëüíàÿ òðàåêòîðèÿ äëÿ èíòåðâàëà I1:

x∗(t)I1 =
x1 − d̂t21 + ât1 − x0

t1
t+ d̂t2 − ât+ x0 =

(x1 − x0)
t

t1
+ d̂t(t− t1) + x0. (1.8)

Îïòèìàëüíûå óïðàâëåíèÿ èãðîêîâ äëÿ èíòåðâàëà I1:

u∗i (t)I1 = −x1 − d̂t
2
1 + ât1 − x0
2t1

− d̂t+ ai. (1.9)

Èíòåðâàë I2.

Ðàññìîòðèì çàäà÷ó ìàêñèìèçàöèè
t2∫
t1

(h1(x(t), u(t)) +h2(x(t), u(t))dt äëÿ äè-

íàìèêè (1.2) è íà÷àëüíîãî óñëîâèÿ x(t1) = x1, ãäå x1 � ïàðàìåòð. Âîñïîëü-
çóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âûïèøåì ôóíêöèþ Ãàìèëüòî-
íà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + (1− ρ1)h1(x(t), u(t)) + (1− ρ1)h2(x(t), u(t)) =

−ψ
2∑
i=1

ui + (1− ρ1)u1(a1 −
1

2
u1) + (1− ρ1)u2(a2 −

1

2
u2)−

−(1− ρ1)d1x− (1− ρ1)d2x. (1.10)

Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (1− ρ1)(ai − ui) = 0,

u∗i (t) =
−ψ + (1− ρ1)ai

(1− ρ1)
.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −(1− ρ1) < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [t1; t2]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= (1− ρ1)d̂, d̂ = d1 + d2, (1.11)
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ψ(t) =

t∫
t1

(1− ρ1)d̂dt = (1− ρ1)d̂(t− t1) + ψ1.

Óñëîâèå òðàíñâåðñàëüíîñòè:
ψ(t2) = 0.

Èñïîëüçóÿ óñëîâèå òðàíñâåðñàëüíîñòè, ïîëó÷àåì,

ψ(t) = (1− ρ1)d̂(t− t2).

Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2
ψ(t)

(1− ρ1)
− â, â = a1 + a2.

Êðàåâîå óñëîâèå: x(t1) = x1,

x(t) = −2d̂t2t+ d̂t2 − ât+ 2d̂t2t1 − d̂t21 + ât1 + x1.

Èñêîìîå îïòèìàëüíîå óïðàâëåíèå:

u∗i (t)I2 = −d̂(t− t2) + ai. (1.12)

Èñêîìàÿ îïòèìàëüíàÿ òðàåêòîðèÿ:

x∗(t)I2 = −2d̂t2t+ d̂t2 − ât+ 2d̂t2t1 − d̂t21 + ât1 + x1. (1.13)

Èíòåðâàëû I1, I2
Íàéäåì x1 èç óñëîâèÿ ìàêñèìèçàöèè ñóììàðíîãî âûèãðûøà íà èíòåðâàëå
[t0; t2], ò. å.

max
x1

2∑
i=1

Ki(t0, x0, u
∗(t, x1)),

èñïîëüçóÿ ïîëó÷åííûå ðåçóëüòàòû (1.8), (1.9), (1.12), (1.13) äëÿ îïòèìàëü-
íûõ òðàåêòîðèè è óïðàâëåíèé íà èíòåðâàëàõ I1, I2 ñîîòâåòñòâåííî. Ïîä-
ñòàâëÿÿ (1.8), (1.9), (1.12), (1.13) â ïîäûíòåãðàëüíîå âûðàæåíèå (1.4), ïîñëå
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èíòåãðèðîâàíèÿ ïîëó÷àåì:

t1∫
0

(u∗1(t)I1(a1 −
1

2
u∗1(t)I1) + u∗2(t)I1(a2 −

1

2
u∗2(t)I1)− d1x∗(t)I1 − d2x∗(t)I1)dt+

+ (1− ρ1)
t2∫
t1

(u∗1(t)I2(a1 −
1

2
u∗1(t)I2) + u∗2(t)I2(a2 −

1

2
u∗2(t)I2)− d1x∗(t)I2−

− d2x∗(t)I2)dt = − x
2
1

4t1
+
x1(−ât1 + x0)

2t1
− d̂x1t1

2
+ (1− ρ1)d̂x1(t1 − t2)+

+ C(t1, t2), (1.14)

ãäå C(t1, t2)�âûðàæåíèå, íå çàâèñÿùåå îò x1.
Íåòðóäíî ïðîâåðèòü, ÷òî ìàêñèìóì â (1.14) äîñòèãàåòñÿ ïðè

x1 = −ât1 + x0 − d̂t21 + 2t1(1− ρ1)d̂(t1 − t2).

Ïîäñòàâëÿÿ ïîëó÷åííîå çíà÷åíèå äëÿ x1 â (1.8), (1.9), (1.12), (1.13), îêîí÷à-
òåëüíî ïîëó÷àåì âûðàæåíèÿ äëÿ îïòèìàëüíûõ òðàåêòîðèè è óïðàâëåíèé
íà èíòåðâàëàõ I1, I2:

x∗I1(t) = −ât+ 2(1− ρ1)d̂(t1 − t2)t+ d̂t(t− 2t1) + x0,

u∗iI1(t) = d̂t1 − (1− ρ1)d̂(t1 − t2)− d̂t+ ai, t ∈ [t0; t1],

x∗I2(t) = −2d̂t2t+ d̂t2 − ât+ 2d̂t2t1 − 2d̂t21 + x0+

+ 2t1(1− ρ1)d̂(t1 − t2),
u∗iI2(t) = −d̂(t− t2) + ai, t ∈ (t1; t2].

� 1.3. Ðåøåíèå çàäà÷è ñ îäíèì ñêà÷êîì. Ïîäõîä ñ èñ-
ïîëüçîâàíèåì òåðìèíàëüíîãî âûèãðûøà

Ðàññìîòðèì ïðåäûäóùèé ïðèìåð, íà÷èíàÿ ïîèñê ðåøåíèÿ ñî âòîðî-

ãî èíòåðâàëà I2. Çíà÷åíèå (1 − ρ1)
t2∫
t1

(h1(x(t), u(t)) + h2(x(t), u(t))dt áóäåì

ðàññìàòðèâàòü â êà÷åñòâå òåðìèíàëüíîãî âûèãðûøà äëÿ èíòåðâàëà I1. Ïîä-
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ñòàâèì (1.12), (1.13) è íàéäåì çíà÷åíèå òåðìèíàëüíîãî âûèãðûøà:

Φ(x1) = (1− ρ1)
t2∫
t1

(u∗1(t)I2(a1 −
1

2
u∗1(t)I2) + u∗2(t)I2(a2 −

1

2
u∗2(t)I2)−

−d1x∗(t)I2 − d2x∗(t)I2)dt =

=
(t1 − t2)(ρ1 − 1)

6
(3a21 + 3a22 + 2d̂2(t1 − t2)2 − 3âd̂t1 + 3âd̂t2 − 6x1d̂).

(1.15)

Èíòåðâàë I1.

Ðàññìîòðèì îòäåëüíî çàäà÷ó ìàêñèìèçàöèè
t1∫
t0

(h1(x(t), u(t))+h2(x(t), u(t))dt+

Φ(x1) äëÿ äèíàìèêè (1.2), íà÷àëüíîãî óñëîâèÿ x(t0) = x0 è òåðìèíàëüíîãî
âûèãðûøà (1.15). Âîñïîëüçóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âû-
ïèøåì ôóíêöèþ Ãàìèëüòîíà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + h1(x(t), u(t)) + h2(x(t), u(t)) =

− ψ
2∑
i=1

ui + u1(a1 −
1

2
u1) + u2(a2 −

1

2
u2)− d1x− d2x. (1.16)

Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (ai − ui) = 0,

u∗i (t) = −ψ + ai.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −1 < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [0; t1]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= d̂, d̂ = d1 + d2. (1.17)

Ñëåäîâàòåëüíî,
ψ(t) = ψ0 + d̂t,

u∗i (t) = −ψ0 − d̂t+ ai.
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Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2ψ0 + 2d̂t− â, â = a1 + a2.

Âîñïîëüçóåìñÿ êðàåâûì óñëîâèåì:

x(0) = x0, (1.18)

x(t) = 2ψ0t+ d̂t2 − ât+ x0.

Âîñïîëüçóåìñÿ óñëîâèåì òåðìèíàëüíîãî âûèãðûøà: (1.15)

ψ(t1) =
∂Φ(x1)

∂x1
,

ψ(t1) = (t1 − t2)(1− ρ1)d̂.

Òîãäà
ψ0 = d̂(−t1ρ1 − t2 + t2ρ1).

Îïòèìàëüíûå óïðàâëåíèÿ èãðîêîâ äëÿ èíòåðâàëà I1:

u∗i (t)I1 = −d̂(−t1ρ1 − t2 + t2ρ1)− d̂t+ ai. (1.19)

Îïòèìàëüíàÿ òðàåêòîðèÿ èãðîêîâ äëÿ èíòåðâàëà I1:

x∗I1(t) = 2d̂(−t1ρ1 − t2 + t2ρ1)t+ d̂t2 − ât+ x0. (1.20)

Ïîäñòàâèì íàéäåííûå îïòèìàëüíûå óïðàâëåíèÿ è òðàåêòîðèþ â

t1∫
t0

(h1(x(t), u(t)) + h2(x(t), u(t))dt+ Φ(x1).

Ïîñëå èíòåãðèðîâàíèÿ ïîëó÷àåì:

t1∫
0

(u∗1(t)I1(a1 −
1

2
u∗1(t)I1) + u∗2(t)I1(a2 −

1

2
u∗2(t)I1)− d1x∗(t)I1 − d2x∗(t)I1)dt+

+Φ(x1) = Φ(x1) + C(t1, t2), (1.21)

ãäå C(t1, t2)� âûðàæåíèå, íå çàâèñÿùåå îò x1.
Èçâåñòíî, ÷òî

x∗I1(t1) = x1.
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Òîãäà èñêîìîå x1:

x1 = 2d̂(−t1ρ1 − t2 + t2ρ1)t1 + d̂t21 − ât1 + x0 =

= −ât1 + x0 − d̂t21 + 2t1(1− ρ1)d̂(t1 − t2). (1.22)

Ïîäñòàâèì (1.22) â (1.12), (1.13) è îêîí÷àòåëüíî ïîëó÷àåì âûðàæåíèÿ äëÿ
îïòèìàëüíûõ òðàåêòîðèé è óïðàâëåíèé:

x∗I1(t) = 2d̂(−t1ρ1 − t2 + t2ρ1)t+ d̂t2 − ât+ x0 =

= −ât+ 2(1− ρ1)d̂(t1 − t2)t+ d̂t(t− 2t1) + x0,

u∗iI1(t) = −d̂(−t1ρ1 − t2 + t2ρ1)− d̂t+ ai =

= d̂t1 − (1− ρ1)d̂(t1 − t2)− d̂t+ ai, t ∈ [t0; t1],

x∗I2(t) = −2d̂t2t+ d̂t2 − ât+ 2d̂t2t1 − 2d̂t21 + x0 + 2t1(1− ρ1)d̂(t1 − t2),
u∗iI2(t) = −d̂(t− t2) + ai, t ∈ (t1; t2].

� 1.4. Ñðàâíåíèå ðåçóëüòàòîâ, àíàëèç

Ïðè ïîìîùè ìåòîäà ïàðàìåòðèçàöèè è ìåòîäà òåðìèíàëüíîãî âûèã-
ðûøà áûëè ïîëó÷åíû îäèíàêîâûå âûðàæåíèÿ äëÿ îïòèìàëüíûõ óïðàâëå-
íèé è òðàåêòîðèé äëÿ çàäà÷è ñ îäíèì ðàçðûâîì ôóíêöèè ðàñïðåäåëåíèÿ.
Â îáîèõ ïîäõîäàõ áûë ïðèìåíåí ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà.
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� 1.5. Ðåøåíèå çàäà÷è ñ äâóìÿ ñêà÷êàìè. Íîâûé ìåòîä
(ïàðàìåòðèçàöèÿ)

Ðàññìîòðèì áîëåå ñëîæíûé ñëó÷àé äèñêðåòíîãî ðàñïðåäåëåíèÿ. Ïðåä-
ïîëîæèì, ÷òî F1(t), F2(t) èìåþò ðàçðûâû ïåðâîãî ðîäà â òî÷êàõ t1 = τ1,
t2 = τ2, t3 = τ3 (Ðèñ. 1.9, 1.10).

t

F1

t1

p1

t2t2

p1 + p2

t3t3

1

Ðèñ. 1.9: Ôóíêöèÿ ðàñïðåäåëåíèÿ F1

t

F2

t1

%1

t2t2

%1 + %2

t3t3

1

Ðèñ. 1.10: Ôóíêöèÿ ðàñïðåäåëåíèÿ F2

Òîãäà

F (t) = 1−
2∏
i=1

(1− Fi(t)) = 1− (1− F1(t))(1− F2(t)),

F (t) =


0 t ≤ t1,
ρ1 = 1− (1− p1)(1− %1) t1 < t ≤ t2,
ρ2 = 1− (1− p1 − p2)(1− %1 − %2) t2 < t ≤ t3,
1 t > t3.

t

F

t1

ρ1

t2t2

ρ2

t3t3

1

Ðèñ. 1.11: Ôóíêöèÿ ðàñïðåäåëåíèÿ F (t)

21



Èìååì ôóíêöèþ âûèãðûøà (6) èãðîêà i, i = 1, 2:

Ki(·) =

t1∫
t0

hi(x(t), u(t))dt+ (1− ρ1)
t2∫
t1

hi(x(t), u(t))dt+

+(1− ρ2)
t3∫
t2

hi(x(t), u(t))dt.

Ðàññìîòðèì êîîïåðàòèâíóþ ôîðìó èãðû. Òîãäà çàäà÷à îïòèìàëüíîãî óïðàâ-
ëåíèÿ çàêëþ÷àåòñÿ â ìàêñèìèçàöèè ñóììàðíîãî âûèãðûøà èãðîêîâ:

max
u1,u2

2∑
i=1

Ki(t0, x0, u1, u2) =

t1∫
t0

(h1(x
∗(t), u∗(t)) + h2(x

∗(t), u∗(t))dt+

+(1− ρ1)
t2∫
t1

(h1(x
∗(t), u∗(t)) + h2(x

∗(t), u∗(t))d+

+(1− ρ2)
t3∫
t2

(h1(x
∗(t), u∗(t)) + h2(x

∗(t), u∗(t))dt, (1.23)

ãäå x∗(t), u∗(t) � îïòèìàëüíûå òðàåêòîðèÿ è óïðàâëåíèÿ ñîîòâåòñòâåííî.
Äëÿ ðåøåíèÿ çàäà÷è ïðèìåíèì ïðèíöèï ìàêñèìóì Ïîíòðÿãèíà, ïðè÷åì ðå-
øåíèå çàäà÷è íàéäåì íà òðåõ èíòåðâàëàõ I1 = [0; t1], I2 = [t1; t2], I3 = [t2; t3],
íà ïåðâûõ äâóõ èíòåðâàëàõ ðåøàåòñÿ çàäà÷à ñ äâóìÿ çàêðåïëåííûìè êîí-
öàìè, à íà òðåòüåì � ñ íåçàêðåïëåííûì ïðàâûì êîíöîì. Â êà÷åñòâå ïàðà-
ìåòðîâ çàäà÷è ââåäåì x(t1) = x1, x(t2) = x2, çíà÷åíèÿ äëÿ êîòîðûõ íàéäåì
â êîíöå ðåøåíèÿ èç óñëîâèÿ ìàêñèìèçàöèè (1.23).
Èíòåðâàë I1.

Ðàññìîòðèì îòäåëüíî çàäà÷ó ìàêñèìèçàöèè
t1∫
t0

(h1(x(t), u(t))+h2(x(t), u(t))dt

äëÿ äèíàìèêè (1.2) è íà÷àëüíûõ óñëîâèé x(t0) = x0, x(t1) = x1, ãäå x1
� ïàðàìåòð. Âîñïîëüçóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âûïèøåì
ôóíêöèþ Ãàìèëüòîíà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + h1(x(t), u(t)) + h2(x(t), u(t)) =

− ψ
2∑
i=1

ui + u1(a1 −
1

2
u1) + u2(a2 −

1

2
u2)− d1x− d2x. (1.24)
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Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (ai − ui) = 0,

u∗i (t) = −ψ + ai.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −1 < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [0; t1]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= d̂, d̂ = d1 + d2. (1.25)

Ñëåäîâàòåëüíî,
ψ(t) = ψ0 + d̂t,

u∗i (t) = −ψ0 − d̂t+ ai.

Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2ψ0 + 2d̂t− â, â = a1 + a2.

Âîñïîëüçóåìñÿ êðàåâûìè óñëîâèÿìè:

x(0) = x0, x(t1) = x1, (1.26)

x(t) = 2ψ0t+ d̂t2 − ât+ x0.

Íàéäåì ψ0 èç êðàåâîãî óñëîâèÿ è x(t):

ψ0 =
x1 − d̂t21 + ât1 − x0

2t1
.

Òîãäà èñêîìàÿ îïòèìàëüíàÿ òðàåêòîðèÿ äëÿ èíòåðâàëà I1:

x∗(t)I1 =
x1 − d̂t21 + ât1 − x0

t1
t+ d̂t2 − ât+ x0 =

= (x1 − x0)
t

t1
+ d̂t(t− t1) + x0. (1.27)
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Îïòèìàëüíûå óïðàâëåíèÿ èãðîêîâ äëÿ èíòåðâàëà I1:

u∗i (t)I1 = −x1 − d̂t
2
1 + ât1 − x0
2t1

− d̂t+ ai. (1.28)

Èíòåðâàë I2.

Ðàññìîòðèì îòäåëüíî çàäà÷ó ìàêñèìèçàöèè
t2∫
t1

(h1(x(t), u(t))+h2(x(t), u(t))dt

äëÿ äèíàìèêè (1.2) è íà÷àëüíûõ óñëîâèé x(t1) = x1, x(t2) = x2, ãäå x1, x2 �
ïàðàìåòðû. Âîñïîëüçóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âûïèøåì
ôóíêöèþ Ãàìèëüòîíà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + (1− ρ1)h1(x(t), u(t)) + (1− ρ1)h2(x(t), u(t)) =

−ψ
2∑
i=1

ui + (1− ρ1)u1(a1 −
1

2
u1) + (1− ρ1)u2(a2 −

1

2
u2)+

−(1− ρ1)d1x− (1− ρ1)d2x. (1.29)

Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (1− ρ1)(ai − ui) = 0,

u∗i (t) =
−ψ + (1− ρ1)ai

(1− ρ1)
.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −(1− ρ1) < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [t1; t2]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= (1− ρ1)d̂, d̂ = d1 + d2. (1.30)

Ñëåäîâàòåëüíî,

ψ(t) =

t∫
t1

(1− ρ1)d̂dt = (1− ρ1)d̂(t− t1) + ψ1.
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Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2
ψ(t)

(1− ρ1)
− â, â = a1 + a2,

x(t) = d̂t2 − 2d̂t1t+
2ψ1t

1− ρ1
− ât.

Âîñïîëüçóåìñÿ êðàåâûìè óñëîâèÿìè:

x(t1) = x1, x(t2) = x2,

x(t) = d̂t2 − 2d̂t1t+
2ψ1t

1− ρ1
− ât− d̂t21 + 2d̂t21 −

2ψ1t1
1− ρ1

+ ât1 + x1.

Íàéäåì ψ1 èç êðàåâîãî óñëîâèÿ è x(t):

ψ1 = (1− ρ1)
x2 − x1 + â(t2 − t1)− d̂(t22 − t21) + 2d̂t1(t2 − t1)

2(t2 − t1)
.

Ñëåäîâàòåëüíî,

ψ(t) = (1− ρ1)
x2 − x1 + â(t2 − t1)− d̂(t22 − t21)

2(t2 − t1)
+ (1− ρ1)d̂t.

Òîãäà èñêîìàÿ îïòèìàëüíàÿ òðàåêòîðèÿ äëÿ èíòåðâàëà I2:

x∗(t)I2 =
(x2 − x1 + â(t2 − t1)− d̂(t22 − t21))(t− t1)

t2 − t1
+ d̂(t2 − t21)−

−â(t− t1) + x1. (1.31)

Îïòèìàëüíûå óïðàâëåíèÿ èãðîêîâ äëÿ èíòåðâàëà I2:

u∗i (t)I2 = −x2 − x1 + â(t2 − t1)− d̂(t22 − t21)
2(t2 − t1)

− d̂t+ ai. (1.32)

Èíòåðâàë I3.

Ðàññìîòðèì çàäà÷ó ìàêñèìèçàöèè
t3∫
t2

(h1(x(t), u(t)) +h2(x(t), u(t))dt äëÿ äè-

íàìèêè (1.2) è íà÷àëüíîãî óñëîâèÿ x(t2) = x2, ãäå x2 � ïàðàìåòð. Âîñïîëü-
çóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âûïèøåì ôóíêöèþ Ãàìèëüòî-
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íà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + (1− ρ2)h1(x(t), u(t)) + (1− ρ2)h2(x(t), u(t)) =

−ψ
2∑
i=1

ui + (1− ρ2)u1(a1 −
1

2
u1) + (1− ρ2)u2(a2 −

1

2
u2)+

−(1− ρ2)d1x− (1− ρ2)d2x. (1.33)

Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (1− ρ2)(ai − ui) = 0,

u∗i (t) =
−ψ + (1− ρ2)ai

(1− ρ2)
.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −(1− ρ2) < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [t2; t3]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= (1− ρ2)d̂, d̂ = d1 + d2. (1.34)

Ñëåäîâàòåëüíî,

ψ(t) =

t∫
t2

(1− ρ2)d̂dt = (1− ρ2)d̂(t− t2) + ψ2.

Óñëîâèå òðàíñâåðñàëüíîñòè:
ψ(t3) = 0.

Èñïîëüçóÿ óñëîâèå òðàíñâåðñàëüíîñòè, ïîëó÷àåì,

ψ(t) = (1− ρ2)d̂(t− t3).

Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2
ψ(t)

(1− ρ2)
− â, â = a1 + a2.
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Êðàåâîå óñëîâèå: x(t2) = x2,

x(t) = −2d̂t3t+ d̂t2 − ât+ 2d̂t3t2 − d̂t22 + ât2 + x2.

Èñêîìîå îïòèìàëüíîå óïðàâëåíèå:

u∗i (t)I3 = −d̂(t− t3) + ai. (1.35)

Èñêîìàÿ îïòèìàëüíàÿ òðàåêòîðèÿ:

x∗(t)I3 = −2d̂t3t+ d̂t2 − ât+ 2d̂t3t2 − d̂t22 + ât2 + x2. (1.36)

Èíòåðâàëû I1, I2, I3
Íàéäåì x1, x2 èç óñëîâèÿ ìàêñèìèçàöèè ñóììàðíîãî âûèãðûøà íà èíòåð-
âàëå [t0; t3], ò. å.

max
x1,x2

2∑
i=1

Ki(t0, x0, u
∗(t, x1)),

èñïîëüçóÿ ïîëó÷åííûå ðåçóëüòàòû (1.27), (1.28), (1.31), (1.32), (1.35), (1.36)
äëÿ îïòèìàëüíûõ òðàåêòîðèè è óïðàâëåíèé íà èíòåðâàëàõ I1, I2, I3 ñîîò-
âåòñòâåííî. Ïîäñòàâëÿÿ (1.27), (1.28), (1.31), (1.32), (1.35), (1.36) â ïîäûí-
òåãðàëüíîå âûðàæåíèå (1.23), ïîñëå èíòåãðèðîâàíèÿ ïîëó÷àåì:

t1∫
0

(u∗1(t)I1(a1 −
1

2
u∗1(t)I1) + u∗2(t)I1(a2 −

1

2
u∗2(t)I1)− d1x∗(t)I1 − d2x∗(t)I1)dt+

(1− ρ1)
t2∫
t1

(u∗1(t)I2(a1 −
1

2
u∗1(t)I2) + u∗2(t)I2(a2 −

1

2
u∗2(t)I2)− d̂x∗(t)I2dt+

(1− ρ2)
t3∫
t2

(u∗1(t)I3(a1 −
1

2
u∗1(t)I3) + u∗2(t)I3(a2 −

1

2
u∗2(t)I3)− d̂x∗(t)I3dt =

= − x
2
1

4t1
+
x1(−ât1 + x0)

2t1
− d̂x1t1

2
+ (1− ρ1)

(
−(−x2 + x1)

2

4(t2 − t1)
+
â(−x2 + x1)

2

)
+

+ (1− ρ1)
(
d̂(x2 − x1)(t1 − t2)

2
− d̂x1(t2 − t1)

)
+ (1− ρ2)d̂x2(t2 − t3)+

+ C(t1, t2, t3, x0), (1.37)

ãäå C(t1, t2, t3, x0)�âûðàæåíèå, íå çàâèñÿùåå îò x1, x2.
Íåòðóäíî ïðîâåðèòü, ÷òî ìàêñèìóì â (1.37) äîñòèãàåòñÿ ïðè

x1 = −ât1 + x0 − d̂t21 + 2t1(1− ρ2)d̂(t2 − t3) + 2t1(1− ρ1)d̂(t1 − t2),

27



x2 = −â(t2 − t1)− d̂(t1 − t2)2 +
2(1− ρ2)d̂(t2 − t3)(t2 − t1)

1− ρ1
+ x1.

Òîãäà èñêîìûå îïòèìàëüíûå óïðàâëåíèÿ è òðàåêòîðèè:

x∗(t)I1 = 2td̂(−t1 + (1− ρ1)(t1 − t2) + (1− ρ2)(t2 − t3)) + d̂t2 − ât+ x0,

u∗i (t)I1 = d̂(t1 − (1− ρ1)(t1 − t2)− (1− ρ2)(t2 − t3))− d̂t+ ai, t ∈ [t0; t1],

x∗(t)I2 =

(
−2d̂t2 +

2(1− ρ2)d̂(t2 − t3)
1− ρ1

)
(t− t1) + d̂t2 − ât− 2d̂t21 + x0+

+ 2t1(1− ρ2)d̂(t2 − t3) + 2t1(1− ρ1)d̂(t1 − t2),

u∗i (t)I2 = d̂t2 −
(1− ρ2)d̂(t2 − t3)

1− ρ1
− d̂t+ ai, t ∈ (t1; t2],

x∗(t)I3 = d̂t2 − ât− 2d̂t3t+ 2d̂t3t2 − 2d̂t22 − 2d̂t21 + 2d̂t1t2 + x0+

+
2(1− ρ2)d̂(t2 − t3)(t2 − t1)

1− ρ1
+ 2t1(1− ρ2)d̂(t2 − t3) + 2t1(1− ρ1)d̂(t1 − t2),

u∗i (t)I3 = −d̂(t− t3) + ai, t ∈ (t2; t3].

� 1.6. Ðåøåíèå çàäà÷è ñ äâóìÿ ñêà÷êàìè. Ïîäõîä ñ
èñïîëüçîâàíèåì òåðìèíàëüíîãî âûèãðûøà

Òåïåðü ðàññìîòðèì ïðåäûäóùèé ïðèìåð ñ òî÷êè çðåíèÿ òåðìèíàëü-
íîãî âûèãðûøà. Íà÷íåì ïîèñê ðåøåíèÿ, íà÷èíàÿ ñ èíòåðâàëà I3. Çíà÷åíèå

(1 − ρ2)
t3∫
t2

(h1(x(t), u(t)) + h2(x(t), u(t))dt áóäåì ðàññìàòðèâàòü â êà÷åñòâå

òåðìèíàëüíîãî âûèãðûøà äëÿ èíòåðâàëà I2. Ïîäñòàâèì (1.35), (1.36) è íàé-
äåì çíà÷åíèå òåðìèíàëüíîãî âûèãðûøà:

Φ3(x2) = (1− ρ2)
t3∫
t2

(u∗1(t)I3(a1 −
1

2
u∗1(t)I3) + u∗2(t)I3(a2 −

1

2
u∗2(t)I3)−

−d1x∗(t)I2 − d2x∗(t)I2)dt =

(t2 − t3)(ρ2 − 1)

6
(3a21 + 3a22 + 2d̂2(t2 − t3)2 − 3âd̂t2 + 3âd̂t3 − 6x2d̂). (1.38)

Èíòåðâàë I2

Ðàññìîòðèì îòäåëüíî çàäà÷ó ìàêñèìèçàöèè
t2∫
t1

(h1(x(t), u(t))+h2(x(t), u(t))dt

äëÿ äèíàìèêè (1.2), íà÷àëüíîãî óñëîâèÿ x(t1) = x1 è òåðìèíàëüíîãî âûèã-
ðûøà (1.38). Âîñïîëüçóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âûïèøåì
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ôóíêöèþ Ãàìèëüòîíà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + (1− ρ1)h1(x(t), u(t)) + (1− ρ1)h2(x(t), u(t)) =

−ψ
2∑
i=1

ui + (1− ρ1)u1(a1 −
1

2
u1) + (1− ρ1)u2(a2 −

1

2
u2)+

−(1− ρ1)d1x− (1− ρ1)d2x. (1.39)

Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (1− ρ1)(ai − ui) = 0,

u∗i (t) =
−ψ + (1− ρ1)ai

(1− ρ1)
.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −(1− ρ1) < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [t1; t2]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= (1− ρ1)d̂, d̂ = d1 + d2. (1.40)

Ñëåäîâàòåëüíî,

ψ(t) =

t∫
t1

(1− ρ1)d̂dt = (1− ρ1)d̂(t− t1) + ψ1.

Âîñïîëüçóåìñÿ óñëîâèåì òåðìèíàëüíîãî âûèãðûøà: (1.38)

ψ(t2) =
∂Φ3(x2)

∂x2
,

ψ(t2) = (t2 − t3)(1− ρ2)d̂.

Òîãäà
ψ1 = d̂(t2 − t3)(1− ρ2)− d̂(1− ρ1)(t2 − t1),

ψ(t) = d̂(t2 − t3)(1− ρ2)− (1− ρ1)d̂t2 + d̂t(1− ρ1).
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Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2
ψ

(1− ρ1)
− â, â = a1 + a2.

Âîñïîëüçóåìñÿ êðàåâûì óñëîâèåì: x(t1) = x1. Òîãäà èñêîìàÿ îïòèìàëüíàÿ
òðàåêòîðèÿ äëÿ èíòåðâàëà I2:

x∗(t)I2 =
2d̂(t2 − t3)(1− ρ2)(t− t1)

1− ρ1
+ d̂(t2 − t21)−

−â(t− t1)− 2d̂t2(t− t1) + x1. (1.41)

Îïòèìàëüíûå óïðàâëåíèÿ èãðîêîâ äëÿ èíòåðâàëà I2:

u∗i (t)I2 = − d̂(t2 − t3)(1− ρ2)
(1− ρ1)

+ d̂t2 − d̂t+ ai. (1.42)

Ïðè ýòîì x∗(t2)I2 = x2, ñëåäîâàòåëüíî

x2 = −â(t2 − t1)− d̂(t1 − t2)2 +
2(1− ρ2)d̂(t2 − t3)(t2 − t1)

1− ρ1
+ x1. (1.43)

Òåïåðü çíà÷åíèå (1 − ρ1)
t2∫
t1

(h1(x(t), u(t)) + h2(x(t), u(t))dt + Φ3(x2) áóäåì

ðàññìàòðèâàòü â êà÷åñòâå òåðìèíàëüíîãî âûèãðûøà äëÿ èíòåðâàëà I1. Ïîä-
ñòàâèì (1.41), (1.42), (1.43) è íàéäåì çíà÷åíèå òåðìèëüíîãî âûèãðûøà:

Φ2(x1) = (1− ρ1)
t2∫
t1

(u∗1(t)I2(a1 −
1

2
u∗1(t)I2) + u∗2(t)I2(a2 −

1

2
u∗2(t)I2)− d1x∗(t)I2+

−d2x∗(t)I2)dt =

= (1− ρ1)d̂x1(t1 − t2) + (1− ρ2)(t2 − t3)d̂x1 + C(t1, t2, t3), (1.44)

ãäå C(t1, t2, t3) � âûðàæåíèå, íå çàâèñÿùåå îò x1.
Èíòåðâàë I1

Ðàññìîòðèì îòäåëüíî çàäà÷ó ìàêñèìèçàöèè
t1∫
t0

(h1(x(t), u(t))+h2(x(t), u(t))dt+

Φ2(x1) äëÿ äèíàìèêè (1.2), íà÷àëüíîãî óñëîâèÿ x(t0) = x0 è òåðìèíàëüíîãî
âûèãðûøà (1.44). Âîñïîëüçóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âû-
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ïèøåì ôóíêöèþ Ãàìèëüòîíà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + h1(x(t), u(t)) + h2(x(t), u(t)) =

− ψ
2∑
i=1

ui + u1(a1 −
1

2
u1) + u2(a2 −

1

2
u2)− d1x− d2x. (1.45)

Íàéäåì óïðàâëåíèå ìàêñèìèçèðóþùåå, ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (ai − ui) = 0,

u∗i (t) = −ψ + ai.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −1 < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà ïðè t ∈ [0; t1]. Óðàâíåíèÿ äëÿ ñîïðÿæåííîé
ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= d̂, d̂ = d1 + d2. (1.46)

Ñëåäîâàòåëüíî,
ψ(t) = ψ0 + d̂t,

u∗i (t) = −ψ0 − d̂t+ ai.

Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) = 2ψ0 + 2d̂t− â, â = a1 + a2.

Âîñïîëüçóåìñÿ êðàåâûì óñëîâèåì:

x(0) = x0, (1.47)

x(t) = 2ψ0t+ d̂t2 − ât+ x0.

Âîñïîëüçóåìñÿ óñëîâèåì òåðìèíàëüíîãî âûèãðûøà: (1.44)

ψ(t1) =
∂Φ(x1)

∂x1
,
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ψ(t1) = (t1 − t2)(1− ρ1)d̂+ (t2 − t3)(1− ρ2)d̂.

Òîãäà
ψ0 = (t1 − t2)(1− ρ1)d̂+ (t2 − t3)(1− ρ2)d̂− d̂t1.

Îïòèìàëüíûå óïðàâëåíèÿ èãðîêîâ äëÿ èíòåðâàëà I1:

u∗i (t)I1 = −(t1 − t2)(1− ρ1)d̂− (t2 − t3)(1− ρ2)d̂+ d̂t1 − d̂t+ ai. (1.48)

Îïòèìàëüíàÿ òðàåêòîðèÿ èãðîêîâ äëÿ èíòåðâàëà I1:

x∗I1(t) = 2((t1 − t2)(1− ρ1)d̂+ (t2 − t3)(1− ρ2)d̂− d̂t1)t+ d̂t2 − ât+ x0.
(1.49)

Çíàåì, ÷òî x∗I1(t1) = x1, ñëåäîâàòåëüíî,

x1 = 2((t1 − t2)(1− ρ1)d̂+ (t2 − t3)(1− ρ2)d̂)t1 − d̂t21 − ât1 + x0. (1.50)

Ïîäñòàâëÿÿ (1.43), (1.50) â (1.35), (1.36), (1.41), (1.42) ïîëó÷àåì èñêîìûå
îïòèìàëüíûå óïðàâëåíèÿ è òðàåêòîðèè:

x∗(t)I1 = 2td̂(−t1 + (1− ρ1)(t1 − t2) + (1− ρ2)(t2 − t3)) + d̂t2 − ât+ x0,

u∗i (t)I1 = d̂(t1 − (1− ρ1)(t1 − t2)− (1− ρ2)(t2 − t3))− d̂t+ ai, t ∈ [t0; t1],

x∗(t)I2 =

(
−2d̂t2 +

2(1− ρ2)d̂(t2 − t3)
1− ρ1

)
(t− t1) + d̂t2 − ât− 2d̂t21 + x0+

+ 2t1(1− ρ2)d̂(t2 − t3) + 2t1(1− ρ1)d̂(t1 − t2),

u∗i (t)I2 = − d̂(t2 − t3)(1− ρ2)
(1− ρ1)

+ d̂t2 − d̂t+ ai, t ∈ (t1; t2],

x∗(t)I3 = d̂t2 − ât− 2d̂t3t+ 2d̂t3t2 − 2d̂t22 − 2d̂t21 + 2d̂t1t2 + x0+

+
2(1− ρ2)d̂(t2 − t3)(t2 − t1)

1− ρ1
+ 2t1(1− ρ2)d̂(t2 − t3) + 2t1(1− ρ1)d̂(t1 − t2),

u∗i (t)I3 = −d̂(t− t3) + ai, t ∈ (t2; t3].

� 1.7. Ñðàâíåíèå ðåçóëüòàòîâ, àíàëèç

Ïðè ïîìîùè ìåòîäà ïàðàìåòðèçàöèè è ìåòîäà òåðìèíàëüíîãî âûèã-
ðûøà áûëè ïîëó÷åíû îäèíàêîâûå âûðàæåíèÿ äëÿ îïòèìàëüíûõ óïðàâëå-
íèé è òðàåêòîðèé äëÿ çàäà÷è ñ äâóìÿ ðàçðûâàìè ôóíêöèè ðàñïðåäåëåíèÿ.
Â îáîèõ ïîäõîäàõ áûë ïðèìåíåí ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà.
Ââèäó òîãî, ÷òî ìåòîä ïàðàìåòðèçàöèè c òî÷êè çðåíèÿ âû÷èñëåíèé ïðîùå,
ýòî äåëàåò åãî ïðèîðèòåòíûì ïðè ðåøåíèè çàäà÷ äàííîãî òèïà.
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� 1.8. Îáîáùåíèå àëãîðèòìà

Íà îñíîâå ïîëó÷åííûõ âûøå ðåçóëüòàòîâ, ìîæíî ñäåëàòü âûâîä, ÷òî
èñïîëüçîâàíèå ïàðàìåòðîâ è ðàçáèåíèå çàäà÷è íà èíòåðâàëû ïîçâîëÿåò
ïðîùå âû÷èñëèòü îïòèìàëüíûå óïðàâëåíèÿ è òðàåêòîðèè äëÿ äèôôåðåí-
öèàëüíîé èãðû ñî ñëó÷àéíûì ìîìåíòîì îêîí÷àíèÿ, ïîä÷èíÿþùèìñÿ äèñ-
êðåòíîìó ðàñïðåäåëåíèþ. Â òàêîì ñëó÷àå ðåøåíèå çàäà÷è ìîæíî ðàçáèòü
íà íåñêîëüêî ýòàïîâ.
Ïóñòü {t1, t2, ..., tk} � ìîìåíòû âðåìåíè, â êîòîðûå ïðîèñõîäÿò ðàçðûâû
ôóíêöèé ðàñïðåäåëåíèÿ äëÿ îáîèõ èãðîêîâ,

1. Íàõîæäåíèå ôóíêöèè ðàñïðåäåëåíèÿ F (t).

2. Ðåøåíèå íà èíòåðâàëå I1 = [t0; t1] ñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà
Ïîíòðÿãèíà çàäà÷è ñ çàêðåïëåííûìè êîíöàìè: x(t0) = x0, x(t1) = x1,
ãäå x1 � ââåäåííûé ïàðàìåòð.

3. Ðåøåíèå íà èíòåðâàëå Ii = [ti−1; ti] ñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà
Ïîíòðÿãèíà çàäà÷è ñ çàêðåïëåííûìè êîíöàìè: x(ti−1) = xi−1, x(ti) =
xi, i = 2, k − 1, ãäå xi−1, xi � ââåäåííûå ïàðàìåòðû.

4. Ðåøåíèå íà èíòåðâàëå Ik = [tk−1; tk] çàäà÷è ñ íåçàêðåïëåííûì ïðàâûì
êîíöîì: x(tk−1) = xk−1, ãäå xk−1 � ââåäåííûé ïàðàìåòð.

5. Íàõîæäåíèå ïàðàìåòðîâ x1, . . . , xk−1 èç óñëîâèÿ ìàêñèìèçàöèè ñóììàð-
íîãî âûèãðûøà.

6. Ïîëó÷åíèå îêîí÷àòåëüíûõ âûðàæåíèé äëÿ îïòèìàëüíûõ òðàåêòîðèé è
óïðàâëåíèé íà èíòåðâàëàõ.

Â îáùåì ñëó÷àå, ïàðàìåòðû, îïòèìàëüíûå óïðàâëåíèÿ è òðàåêòîðèè èìåþò
âèä:

x1 = −ât1 + x0 − d̂t21 +
k−1∑
i=1

2t1(1− ρi)d̂(ti − ti+1),

xi = −â(ti − ti−1)− d̂(ti−1 − ti)2 +
2(1− ρi)d̂(ti − ti+1)(ti − ti−1)

1− ρi−1
+ xi−1,

i = 2, k − 1.
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x∗(t)I1 = d̂(t2 − 2t1t)− ât+ x0 +
k−1∑
i=1

2d̂(1− ρi)(ti − ti+1)t,

u∗i (t)I1 = −
k−1∑
i=1

d̂(1− ρi)(ti − ti+1)− d̂(t− t1) + ai, t ∈ [t0; t1],

x∗(t)Ii =

(
−2d̂ti +

2(1− ρi)d̂(ti − ti+1)

1− ρi−1

)
(t− ti−1) + d̂t2 − ât−

i−1∑
l=1

2d̂t2l+

+ x0 +
i∑
l=1

2t1(1− ρl)d̂(tl − tl+1),

u∗i (t)Ii = − d̂(ti − ti+1)(1− ρi)
(1− ρi−1)

+ d̂ti − d̂t+ ai, t ∈ (ti−1; ti], i = 2, k − 1

x∗(t)Ik = d̂t2 − ât− 2d̂tkt+
k−1∑
i=1

2d̂titi+1 −
k−1∑
i=1

2d̂t2i + x0+

+
k−1∑
i=1

2t1(1− ρi)d̂(ti − ti+1) + ∗,

u∗i (t)Ik = −d̂(t− tk) + ai, t ∈ (tk−1; tk],

∗ =

{
0 k = 2,
2(1−ρk−1)d̂(tk−1−tk)(tk−1−tk−2)

1−ρk−2
k > 2.

Äàííûé àëãîðèòì ìîæíî ïðèìåíÿòü äëÿ äðóãèõ ìàòåìàòè÷åñêèõ ìîäåëåé
ñõîæåãî òèïà.
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Ãëàâà 2.

Ìàòåìàòè÷åñêàÿ ìîäåëü ðàçðàáîòêè ðåñóðñîâ

ñî ñëó÷àéíûì ìîìåíòîì îêîí÷àíèÿ íåïðåðûâ-

íîãî òèïà

� 2.1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó n ëèö, â êîòîðîé ìîìåíòû îêîí-
÷àíèÿ ïðîöåññà äëÿ èãðîêîâ ïîä÷èíÿþòñÿ íåïðåðûâíîìó ðàñïðåäåëåíèþ.
Â ýòîì ñëó÷àå èíòåãðàëüíûé âûèãðûø i-îãî èãðîêà, i = 1, n, ìîæåò áûòü
ïðåäñòàâëåí â âèäå:

Ki(x0, t0, u1, . . . , un) =

∞∫
0

t∫
0

hi(τ)dτdF (t) =

∞∫
0

(1− F (τ))hi(τ)dτ, (2.1)

åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ [20]:

1.

lim
Tf→∞

(1− F (Tf))

Tf∫
0

hi(x(t), u(t))dt = 0,

2.
∞∫
t0

∣∣∣∣∣∣
t∫

t0

hi(x(τ), u(τ))dτ

∣∣∣∣∣∣ dF (t) < +∞.

Ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó, â êîòîðîé ìîìåíò îêîí÷àíèÿ T �
ñëó÷àéíàÿ âåëè÷èíà ñ ôóíêöèåé ðàñïðåäåëåíèÿ F (t) = 1 − e−et, ÷òî ñîîò-
âåòñòâóåò ðàñïðåäåëåíèþ Ãóìáåëÿ [24] (Ðèñ. 2.1). Äèíàìèêà èãðû çàäàåòñÿ
ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé:

ẋ(t) = −
2∑
i=1

ui(t), x(t0) = x0, t0 = 0. (2.2)
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Ðèñ. 2.1: Ôóíêöèÿ ðàñïðåäåëåíèÿ F (t)

Ðàññìîòðèì êâàäðàòè÷íóþ ôóíêöèþ ìãíîâåííîãî âûèãðûøà:

hi(x, u) = ri(u(t))− dix(t), ri(ui(t)) = ui(t)(ai −
1

2
ui(t)), (2.3)

ai, di > 0, ∀i = 1, n.

Áóäåì èñêàòü ðåøåíèå çàäà÷è â ïðîãðàììíûõ ñòðàòåãèÿõ. Óïðàâëåíèÿ u ∈
U , ãäå U � âûïóêëîå êîìïàêòíîå ìíîæåñòâî. Îáëàñòüþ äîïóñòèìûõ çíà÷å-
íèé óïðàâëåíèé ÿâëÿåòñÿ îòðåçîê: ui ∈ [0; ai]. Ïóñòü u(t) = (u1(t), . . . , un(t)).
Îæèäàåìûé âûèãðûø èãðîêà i äëÿ ðàññìàòðèâàåìîé ìîäåëè èìååò âèä:

Ki(0, x0, u) =

∞∫
0

t∫
0

(ri(u(τ))− dix(τ))dτet−e
t

dt, (2.4)

êîòîðûé ìîæåò áûòü ïðåäñòàâëåí â âèäå (2.1), ïðè óñëîâèè, ÷òî áóäóò âû-
ïîëíåíû äâà óñëîâèÿ, ââåäåííûå âûøå. Äëÿ ïðîâåðêè ñóùåñòâîâàíèÿ èí-
òåãðàëà èñïîëüçóåì ñëåäóþùèå îöåíêè:

|x(t)| ≤ x0 +
n∑
i=1

ait = x0 + At, A =
n∑
i=1

ai, ri(u) ≤ a2i
2
.
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Ïðîâåðèì óñëîâèå ñõîäèìîñòè èíòåãðàëà:

∞∫
0

∣∣∣∣∣∣
t∫

0

hi(x(t), u(t))

∣∣∣∣∣∣ dF (t) =

∞∫
0

∣∣∣∣∣∣
t∫

0

ri(u(τ))− dix(τ)dτ

∣∣∣∣∣∣ et−etdt ≤
∞∫
0

t∫
0

|ri(u(τ))− dix(τ)|dτet−etdt ≤
∞∫
0

t∫
0

|ri(u(τ))|+ |dix(τ)|dτet−etdt ≤

≤
∞∫
0

(
a2i
2
t+ di(x0t+

At2

2
))et−e

t

dt. (2.5)

Äëÿ îïðåäåëåíèÿ ñõîäèìîñòè èíòåãðàëà ðàññìîòðèì îòäåëüíî èíòåãðàë

∞∫
0

tet−e
t

dt.

Èñïîëüçóåì ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì:∫
udv = uv −

∫
vdu, u = t, du = dt, dv = et−e

t

, v = −e−et.

Ñëåäîâàòåëüíî,

∞∫
0

tet−e
t

dt = −te−et|∞0 +

∞∫
0

e−e
t

dt.

Îáà ñëàãàåìûõ ñòðåìÿòñÿ ê 0 íà áåñêîíå÷íîñòè(âòîðîé � èç êâàäðàòóðíîé
ôîðìóëû Ëîáàòòî [25]). Ñëåäîâàòåëüíî äàííûé èíòåãðàë ÿâëÿåòñÿ ñõîäÿ-
ùèìñÿ.
Àíàëîãè÷íûì îáðàçîì ïðîâåðÿåòñÿ ñõîäèìîñòü

∞∫
0

t2et−e
t

dt.

Ñëåäîâàòåëüíî, èíòåãðàë (2.5) ÿâëÿåòñÿ ñõîäÿùèìñÿ.
Ïðîâåðèì âûïîëíåíèå ïåðâîãî óñëîâèÿ:

lim
Tf→∞

(1− F (Tf))

Tf∫
0

hi(x(t), u(t)dt = lim
Tf→∞

e−e
Tf

Tf∫
0

ri(u(t))− dix(t)dt.
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Ïðèìåíèì ïîëó÷åííûå ðàíåå îöåíêè:∣∣∣∣∣∣∣e−e
Tf

Tf∫
0

ri(u(t))− dix(t)dt

∣∣∣∣∣∣∣ ≤ e−e
Tf

(
a2i
2
Tf + di(x0Tf +

AT 2
f

2
)

)
.

Çàìåòèì, ÷òî

lim
Tf→∞

e−e
Tf

(
a2i
2
Tf + di(x0Tf +

AT 2
f

2
)

)
= 0,

ñëåäîâàòåëüíî, âåðíî:

lim
Tf→∞

e−e
Tf

Tf∫
0

ri(u(t))− dix(t)dt = 0,

Òàêèì îáðàçîì, îáà óñëîâèÿ âûïîëíåíû, è âûèãðûø (2.4) èìååò âèä

Ki(0, x0, u) =

∞∫
0

(ri(u(t))− dix(t))e−e
t

dt. (2.6)

� 2.2. Êîîïåðàòèâíàÿ ôîðìà èãðû

Ðàññìîòðèì êîîïåðàòèâíóþ ôîðìó èãðû. Òîãäà çàäà÷à îïòèìàëüíîãî
óïðàâëåíèÿ çàêëþ÷àåòñÿ â ìàêñèìèçàöèè ñóììàðíîãî âûèãðûøà èãðîêîâ:

max
u1,...,un

2∑
i=1

Ki(t0, x0, u1, u2) =

∞∫
t0

e−e
t

((r1(u
∗(t))− d1x∗(t))+

+ (r2(u
∗(t))− d2x∗(t)) + · · ·+ (rn(u

∗(t))− dnx∗(t)))dt (2.7)

ãäå x∗(t), u∗(t) � îïòèìàëüíûå òðàåêòîðèÿ è óïðàâëåíèÿ ñîîòâåòñòâåííî.
Âîñïîëüçóåìñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Âûïèøåì ôóíêöèþ Ãà-
ìèëüòîíà:

H(x, u, ψ) = −ψ
2∑
i=1

ui + (u1(a1 −
1

2
u1)− d1x+ u2(a2 −

1

2
u2)− d2x+ · · ·+

+ un(an −
1

2
un)− dnx)e−e

t

. (2.8)
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Íàéäåì óïðàâëåíèå, ìàêñèìèçèðóþùåå ôóíêöèþ Ãàìèëüòîíà. Âîñïîëüçó-
åìñÿ íåîáõîäèìûì óñëîâèåì ìàêñèìóìà:

∂H

∂ui
= −ψ + (ai − ui)e−e

t

= 0,

u∗i (t) =
−ψ
e−et

+ ai.

Ïðîâåðèì ôóíêöèþ Ãàìèëüòîíà íà âûïóêëîñòü:

∂2H

∂u2i
= −e−et < 0.

Ñëåäîâàòåëüíî, íàéäåííîå óïðàâëåíèå áóäåò ÿâëÿòüñÿ åäèíñòâåííîé òî÷êîé
ìàêñèìóìà äëÿ Ãàìèëüòîíèàíà.
Òîãäà óðàâíåíèå äèíàìèêè:

ẋ(t) = −
2∑
i=1

ui(t) =
2ψ

e−et
− â, â = a1 + a2 + · · ·+ an.

Óðàâíåíèÿ äëÿ ñîïðÿæåííîé ïåðåìåííîé:

∂ψ

∂t
= −∂H(x, u, ψ)

∂x
= d̂e−e

t

, d̂ = d1 + d2 + · · ·+ dn, (2.9)

ψ(t) =

t∫
0

d̂e−e
t

dt.

Äëÿ íàõîæäåíèÿ èíòåãðàëà âîñïîëüçóåìñÿ çàìåíîé ïåðåìåííûõ:

t = ln q, ψ(t) = d̂

et∫
1

e−e
ln q

d ln q = d̂

et∫
1

e−q

q
dq = d̂(Ei(−et)− Ei(−1)) + C,

ãäå Ñ � êîíñòàíòà.
Óñëîâèå òðàíñâåðñàëüíîñòè:

ψ(∞) = 0.

Èçâåñòíî, ÷òî
lim
x→∞

Ei(−x) = 0,
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ñëåäîâàòåëüíî ψ(t) = d̂Ei(−et).
Èñêîìîå îïòèìàëüíîå óïðàâëåíèå:

u∗i (t) =
−d̂Ei(−et)

e−et
+ ai, i = 1, n, Ei(−et) =

∫
e−q

q
dq|−et.

Òàêèì îáðàçîì, áûëè ïîëó÷åíû îïòèìàëüíûå óïðàâëåíèÿ äëÿ äèôôåðåí-
öèàëüíîé èãðû ñ ôóíêöèåé ðàñïðåäåëåíèÿ, ïîä÷èíÿþùåéñÿ ðàñïðåäåëåíèþ
Ãóìáåëÿ. Ïðåäïîëàãàåì, ÷òî ïàðàìåòðû ìîäåëè ai, di íàêëàäûâàþò îãðà-
íè÷åíèÿ, îáåñïå÷èâàþùèå, ÷òî u∗i (t) íàõîäÿòñÿ â [0; ai].
Ãðàôèê îïòèìàëüíîãî óïðàâëåíèÿ ïðè d̂ = 5, ai = 10 (Ðèñ. 2.2).

Ðèñ. 2.2: Îïòèìàëüíîå óïðàâëåíèå u∗i (t)
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Âûâîä

Â ðàáîòå áûë èññëåäîâàí íîâûé êëàññ äèôôåðåíöèàëüíûõ èãð ñî ñëó-
÷àéíîé ïðîäîëæèòåëüíîñòüþ. Áûëè ðàññìîòðåíû èãðû ñ äèñêðåòíûì ìî-
ìåíòîì îêîí÷àíèÿ, èìåþùèì ðàçðûâû ïåðâîãî ðîäà. Òàêæå áûëà èññëå-
äîâàíà èãðà ñ íåïðåðûâíûì ìîìåíòîì îêîí÷àíèÿ. Â èññëåäîâàíèè çàäà÷è
íàõîæäåíèÿ îïòèìàëüíûõ óïðàâëåíèé è òðàåêòîðèé áûë ïðèìåíåí ïðèí-
öèï ìàêñèìóìà Ïîíòðÿãèíà.

Ïðè èññëåäîâàíèè ïðèìåðà, â êîòîðîì ìîìåíò îêîí÷àíèÿ ïîä÷èíÿ-
åòñÿ ðàñïðåäåëåíèþ Ãóìáåëÿ, áûëè âûÿâëåíû ñëîæíîñòè ñ ïîëó÷åíèåì
àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è. Èç ÷åãî ìîæíî ñäåëàòü âûâîä, ÷òî ïðè
ìîäåëèðîâàíèè ïðîöåññà ñëåäóåò èñïîëüçîâàòü ìîäåëè èç 1 ÷àñòè äàííîé
ðàáîòû.

Äàëüíåéøåå èññëåäîâàíèå ìîæåò çàêëþ÷àòüñÿ â ðàññìîòðåíèè çàäà÷è
ñ áåñêîíå÷íûì ÷èñëîì ðàçðûâîâ ôóíêöèè ðàñïðåäåëåíèÿ äëÿ ðàçëè÷íûõ
ìàòåìàòè÷åñêèõ ìîäåëåé.
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Çàêëþ÷åíèå

Â äàííîé ðàáîòå áûëà îïèñàíà ìîäåëü èãðû, êîòîðàÿ ìîæåò áûòü èñ-
ïîëüçîâàíà äëÿ ðåøåíèÿ çàäà÷ ðàçðàáîòêè íåâîçîáíîâëÿåìûõ ïðèðîäíûõ
ðåñóðñîâ.

Â õîäå ïðîäåëàííîé ðàáîòû áûëè ïîñòðîåíû ìîäåëè äëÿ ðàçëè÷íûõ
òèïîâ ôóíêöèè ðàñïðåäåëåíèÿ ìîìåíòîâ îêîí÷àíèÿ èãðû.

Äëÿ çàäà÷ ñ äèñêðåòíûì ðàñïðåäåëåíèåì áûë ïðèìåíåí íîâûé ìåòîä
ðåøåíèÿ � ïàðàìåòðèçàöèÿ. Ñ ïîìîùüþ äàííîãî ìåòîäà áûëè íàéäåíû îï-
òèìàëüíûå óïðàâëåíèÿ, à òàêæå ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ðåçóëü-
òàòîâ ñ âûðàæåíèÿìè, ïîëó÷åííûìè ïðè ðåøåíèè çàäà÷, èñïîëüçóÿ ïîäõîä
ñ èñïîëüçîâàíèåì òåðìèíàëüíîãî âûèãðûøà.

Òàêæå â ðàáîòå áûë ïðåäëîæåí îáîáùåííûé àëãîðèòì ðåøåíèÿ çàäà-
÷è ñ êîíå÷íûì ÷èñëîì ðàçðûâîâ ñòóïåí÷àòîé ôóíêöèè ðàñïðåäåëåíèÿ.

Êðîìå òîãî, â ðàáîòå áûëà èçó÷åíà ìîäåëü, â êîòîðîé ìîìåíò îêîí÷à-
íèÿ ïîä÷èíÿåòñÿ íåïðåðûâíîìó ðàñïðåäåëåíèþ. Áûëè ïðîâåðåíû óñëîâèÿ
âîçìîæíîñòè ïðåäñòàâëåíèÿ èíòåãðàëüíîãî âûèãðûøà â óïðîùåííîì âèäå.
Â êà÷åñòâå ðàñïðåäåëåíèÿ äëÿ ñëó÷àéíîãî ìîìåíòà îêîí÷àíèÿ èãðû áûëî
èñïîëüçîâàíî ðàñïðåäåëåíèå Ãóìáåëÿ.
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