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1 Ââåäåíèå

Â ÷åì ñëîæíîñòü èçó÷åíèÿ ìàññèâíûõ äèíàìè÷åñêèõ ãðàôîâ è ñåòåé? Åñòü ìíîæå-
ñòâî ïàðàìåòðîâ è ñâîéñòâ, êîòîðûå äåëàþò êàæäóþ ñåòü óíèêàëüíîé. Îðèåíòèðî-
âàííîñòü, ñâÿçíîñòü, äëèíû ïóòåé, ðàñïðåäåëåíèå ñòåïåíåé âåðøèí, êîëè÷åñòâî ðåáåð,
êîëè÷åñòâî âåðøèí, äèàìåòð, èíâàðèàíòíîñòü ìàñøòàáà, êîýôôèöèåíòû êëàñòåðèçà-
öèè, íàëè÷èå "òðåóãîëüíèêîâ" , äâóäîëüíîñòü è ò.ä., è ò.ä. [1]
Ê ñîæàëåíèþ, ðàáîòàòü ñ ðåàëüíûì îáúåêòîì áûâàåò ñëîæíî, ýíåðãîçàòðàòíî, äîë-

ãî èëè äîðîãî. Â òàêîì ñëó÷àå íà ïîìîùü ìîãóò ïðèéòè ìîäåëè, êîòîðûå ìîæíî
îïèñàòü â ñòðîãèõ ìàòåìàòè÷åñêèõ òåðìèíàõ è â íèõ æå ñôîðìóëèðîâàòü îæèäàåìîå
ïîâåäåíèå ãðàôà. À óæå õîðîøèå ìàòåìàòè÷åñêèå ìîäåëè ìîãóò ïîäñêàçàòü, êàêèìè
ñâîéñòâàìè îáëàäàåò ðåàëüíûé îáúåêò.
Åñòü ìíîæåñòâî õîðîøî èçó÷åííûõ ìîäåëåé ãðàôîâ. Âîò íåñêîëüêî èç íèõ:
Ìîäåëü G(n,p)
Çàôèêñèðóåì êîëè÷åñòâî âåðøèí â ãðàôå. Çà ýòî îòâå÷àåò ïàðàìåòð n. Ñ âåðîÿò-

íîñòüþ p ∈ (0, 1) íåçàâèñèìî äëÿ êàæäîé ïàðû âåðøèí âîçíèêàåò ðåáðî [2].
Ìîäåëü G(n,|E|) èëè ìîäåëü Ýðä¼øà-Ðåíüè.
Çàôèêñèðóåì êîëè÷åñòâî âåðøèí è ðåáåð â ãðàôå. Çà ýòî îòâå÷àåò ïàðàìåòðû n è
|E|. Ñ ðàâíîé âåðîÿòíîñòüþ âûáèðàåì ãðàô ñ äàííûì ÷èñëîì âåðøèí è ðåáåð [2].

Ìîäåëü G̃n.
Ïåðâîíà÷àëüíî ó íàñ åñòü n âåðøèí è íåò ðåáåð. Â êàæäûé ìîìåíò âðåìåíè m,

áåðåì G(n, |E|), ãäå |E| = m è ãîâîðèì, ÷òî ýòî "ìîìåíòàëüíûé ñíèìîê" ýâîëþ-
öèè ãðàôà. Äðóãèìè ñëîâàìè, íà ìîìåíò âðåìåíè m íàø ãðàô íàõîäèòñÿ â òàêîì
ñîñòîÿíèè [2].
Ïðè âñåõ ñâîèõ äîñòîèíñòâàõ, ýòè ìîäåëè íå ïîäõîäÿò, íàïðèìåð, äëÿ ìîäåëèðîâà-

íèÿ ãðàôîâ ñî ñòåïåííûì çàêîíîì ðàñïðåäåëåíèÿ, ò.ê. ðåáðà ïîÿâëÿþòñÿ íåçàâèñèìî,
à íàì òðåáóåòñÿ êîððåëÿöèÿ [3].
×òî òàêîå ñòåïåííîé çàêîí ðàñïðåäåëåíèÿ?
Ïðè ñòåïåííîì ðàñïðåäåëåíèè äîëÿ âåðøèí ñòåïåíè d ïðîïîðöèîíàëüíà 1/dα äëÿ

íåêîòîðîãî ôèêñèðîâàííîãî α ≥ 0. Ñóùåñòâóåò ìíîæåñòâî ðåàëüíûõ ïðèìåðîâ ñåòåé
ñî ñòåïåííûì çàêîíîì ðàñïðåäåëåíèÿ: Âñåìèðíàÿ ñåòü WWW [4, 5, 6, 7, 8, 9], ñåòü
òåëåôîííûõ çâîíêîâ [10, 11], öèòèðîâàíèå â ñòàòüÿõ [12], ñîâìåñòíîå óïîòðåáëåíèå
ñëîâ [13, 14], áèîëîãè÷åñêèå îáìåííûå ñåòè [15]. È âñå îíè ïðåäñòàâëÿþò ïðàêòè÷å-
ñêèé èíòåðåñ.
Åñëè ãðàô îðèåíòèðîâàí, ïàðàìåòðû çàêîíîâ äëÿ âõîäÿùèõ è èñõîäÿùèõ ñòåïåíåé

ìîãóò è íå ñîâïàäàòü. Íàïðèìåð, äëÿ óçëîâ ïîäñåòè óíèâåðñèòåòà Íîòð-Äàìà (nd.edu)
ýòè ïàðàìåòðû ðàâíû 2.1 è 2.4, ñîîòâåòñòâåííî. À åñëè ðàññìàòðèâàòü ïîèñêîâóþ
ñèñòåìó Altavista êàê ãðàô, ãäå âåðøèíû � ýòî ñòàòè÷åñêèå ñòðàíèöû â ñåòè, à ðåáðà
� ññûëêè ìåæäó ýòèìè ñòðàíèöàìè, ìîæíî îáíàðóæèòü, ÷òî ýòè ïàðàìåòðû � 2.1 è
2.7.
Êàê ìîäåëèðîâàòü òàêèå ãðàôû?
Íàïðèìåð, íåêîòîðûå ãðàôû òèïà "ìèð òåñåí" îáëàäàþò äàííûì ñâîéñòâîì. Èõ

îñíîâíàÿ èäåÿ â òîì, ÷òîáû òèïè÷íîå ðàññòîÿíèå ìåæäó äâóìÿ ïðîèçâîëüíûìè âåð-
øèíàìè áûëî ïðîïîðöèîíàëüíî ëîãàðèôìó îò ÷èñëà âåðøèí. Â êà÷åñòâå ðåàëèçàöèè
ýòîé èäåè ìîæíî âçÿòü ìîäåëü Óîòñà è Ñòðîãàòñà [16], ìîäåëü Áàðìïóòèñà è Ìþððåÿ
[17] èëè Ìîíàññîíà [18], Íüþìýíà è Óîòñà [19].
Ìîäåëü Óîòñà è Ñòðîãàòñà.
Ïåðâîíà÷àëüíî ó íàñ åñòü n âåðøèí. Ñâÿçûâàåì êàæäóþ âåðøèíó ñî âñåìè ñîñå-

äÿìè íà ðàññòîÿíèè íå áîëåå íåêîòîðîãî ôèêñèðîâàííîãî k. Äëÿ êàæäîãî ðåáðà ñ
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íåêîòîðîé âåðîÿòíîñòüþ p îäèí èç êîíöîâ çàìåíÿåòñÿ íà ñëó÷àéíóþ âåðøèíó.
Çàìå÷àíèå. Â äàííîé ìîäåëè íåîáõîäèìî ñëåäèòü çà òåì, ÷òîáû íå ïîÿâëÿëèñü

ïåòëè è äâîéíûå ðåáðà.
Âîçíèêàþò âîïðîñû: åñëè íå èñïîëüçîâàòü "áëèçîñòü"ìåæäó âåðøèíàìè è íå îãðà-

íè÷èâàòü ðàññòîÿíèå, êàê åù¼ ìîæíî ìîäåëèðîâàòü òàêèå ãðàôû? Êàê êîíòðîëèðî-
âàòü ïàðàìåòðû? Êàêèìè äîïîëíèòåëüíûìè ñâîéñòâàìè îíè îáëàäàþò? Íàñòîÿùàÿ
äèïëîìíàÿ ðàáîòà, â òîì ÷èñëå, ïîñâÿùåíà ðåøåíèþ ýòèõ çàäà÷.
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2 Îïèñàíèå ìîäåëè

Áóäåì èññëåäîâàòü ñëåäóþùóþ êîíñòðóêöèþ [11], êîòîðóþ â îðèãèíàëå íàçûâàþò
ìîäåëüþ A.
Ïóñòü dini,t è d

out
j,t îáîçíà÷àþò êîëè÷åñòâî âåðøèí ñ âõîäÿùåé ñòåïåíüþ i è èñõîäÿùåé

ñòåïåíüþ j ñîîòâåòñòâåííî, à djointi,j,t ÷èñëî âåðøèí ñ âõîäÿùåé ñòåïåíüþ i è èñõîäÿùåé
ñòåïåíüþ j â ìîìåíò âðåìåíè t.
Â íà÷àëüíûé ìîìåíò âðåìåíè åñòü òîëüêî îäíà âåðøèíà ñ ïåòëåé, ò.å.

djoint1,1,1 = 1, djointi,j,1 = 0 ïðè i > 1 èëè j > 1.
Îáîçíà÷èì çà δinu,t è δoutu,t êîëè÷åñòâî èñõîäÿùèõ è âõîäÿùèõ ðåáåð âåðøèíû u â

ìîìåíò âðåìåíè t, à ÷åðåç ωinu,t è ωoutu,t íåêîòîðûé âõîäÿùèé è èñõîäÿùèé âåñ ýòîé
âåðøèíû â ýòîò æå ìîìåíò âðåìåíè, êîòîðûé ìû îïðåäåëèì äàëåå.
Ìîäåëü çàäàåòñÿ ïàðàìåòðîì α ∈ (0, 1). Íà êàæäîì âðåìåííîì øàãå ñ âåðîÿòíî-

ñòüþ 1 − α äîáàâëÿåòñÿ íîâàÿ âåðøèíà, èíà÷å ñ âåðîÿòíîñòüþ α äîáàâëÿåòñÿ ñëó-
÷àéíîå ðåáðî ìåæäó ñóùåñòâóþùèìè âåðøèíàìè. Çàìåòèì, ÷òî òîãäà îæèäàåìîå
êîëè÷åñòâî ðåáåð â ãðàôå αt, à îæèäàåìîå ÷èñëî âåðøèí ðàâíî (1− α)t.
Åñëè äîáàâëÿåòñÿ âåðøèíà, òî îíà íà÷èíàåò ñ ωinu,t = ωoutu,t = 1. Âñÿêèé ðàç, êîãäà

âåðøèíà ÿâëÿåòñÿ íà÷àëîì (êîíöîì) íîâîãî ðåáðà, èñõîäÿùèé âåñ (âõîäÿùèé âåñ)
óâåëè÷èâàåòñÿ íà 1. Òî åñòü ωinu,t = 1 + δinu,t è ω

out
u,t = 1 + δoutu,t . Çíà÷èò, îáùèé âõîäÿùèé

âåñ (èñõîäÿùèé âåñ) ãðàôà â ìîäåëè A óâåëè÷èâàåòñÿ íà 1 çà øàã. Â ìîìåíò âðåìåíè
t, êàê îáùèé âõîäÿùèé âåñ, òàê è îáùèé èñõîäÿùèé âåñ ðàâíû t. Åñëè ê ñóùåñòâó-
þùèì âåðøèíàì ïðîâîäèòñÿ ðåáðî, òî âåðîÿòíîñòü äëÿ âåðøèíû îêàçàòüñÿ íà÷àëîì
(êîíöîì) íîâîãî ðåáðà ïðîïîðöèîíàëüíà òåêóùåìó âõîäÿùåìó (èñõîäÿùåìó) âåñó.
Òî åñòü u è v âûáèðàþòñÿ â êà÷åñòâå íà÷àëà è êîíöà ðåáðà â ìîìåíò âðåìåíè t ñ
âåðîÿòíîñòÿìè

ωoutu,t∑
p

ωoutp,t

=
ωoutu,t

t
,
ωinv,t∑
p

ωinp,t
=
ωinv,t
t
.

Òàêèì îáðàçîì, ó÷èòûâàÿ, ÷òî íà÷àëî è êîíåö âûáèðàþòñÿ íåçàâèñèìî, âåðîÿò-
íîñòü òîãî, ÷òî íîâîå ðåáðî áóäåò ïðîâåäåíî ê äâóì ôèêñèðîâàííûì âåðøèíàì u è
v, ðàâíà

α
ωoutu,t ω

in
v,t

t2
= α

(1 + δoutu,t )(1 + δinv,t)

t2
.

2.1 Ìîäåëèðîâàíèå

Ìîäåëü A ïðåäñòàâèìà â âèäå ïðîñòîãî àëãîðèòìà, êîòîðûé ïîçâîëÿåò ïîëó÷èòü ìàò-
ðèöó ñìåæíîñòè èëè ñïèñîê ðåáåð ãðàôà. Ñëîæíåå, â íàøåì ñëó÷àå, âûáðàòü ñòðóê-
òóðó äàííûõ, êîòîðàÿ ïîçâîëèò áûñòðî è óäîáíî õðàíèòü èíôîðìàöèþ î ãðàôå è
ñîâåðøàòü ñëåäóþùèå îïåðàöèè: èçìåíåíèå âåñà è ïîäñ÷åò ñóììû. Ýòî íóæíî äëÿ
òîãî, ÷òîáû îïðåäåëèòü âåðøèíû ê êîòîðûì ïðîâîäèòñÿ ðåáðî.
Â äàííîì ñëó÷àå, èñïîëüçóåòñÿ íåÿâíîå äåêàðòîâî äåðåâî, íàä êîòîðûì ìîæíî

ðåàëèçîâàòü íóæíûå îïåðàöèè çà O(log2N), ãäå N êîëè÷åñòâî âåðøèí.
Â êà÷åñòâå èëëþñòðàöèè ïðèâåäåì çäåñü ïîëó÷åííóþ ðåàëèçàöèþ äëÿ α = 2/3

(Ðèñ. 1-2).
Åù¼ îäèí ïëþñ òàêîé ñòðóêòóðû äàííûõ â òîì, ÷òî ïðîãðàììà ëåãêî ìîäåðíèçè-

ðóåòñÿ äëÿ áîëåå îáùèõ ìîäåëåé [11], íàïðèìåð, ñ äðóãèìè íà÷àëüíûìè âåñàìè èëè
ðàçíûìè ïàðàìåòðàìè äëÿ âõîäÿùèõ è èñõîäÿùèõ ñòåïåíåé.
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Ðèñ. 1: t = 200 ïðè α = 2/3.

Ðèñ. 2: t = 250 ïðè α = 2/3.

3 Ðåçóëüòàòû

Ïåðâûå ïðåäëîæåíèÿ ïîñâÿùåíû àñèìïòîòè÷åñêîìó ïîâåäåíèþ ìàòåìàòè÷åñêîãî
îæèäàíèÿ íàøèõ ñëó÷àéíûõ âåëè÷èí.

Ïðåäëîæåíèå 1 Ïóñòü bi = (1− α) (i−1)!α
i−1

i∏
l=1

(1+lα)

= (1−α)(i−1)!

α
i−1∏
l=0

(( 1
α
+1)+l)

. Òîãäà

E
(
dini,t
)

= bit+ ci,t,

ãäå ci,t = o(t).

Çàìå÷àíèå. Àíàëîãè÷íûé ðåçóëüòàò ïîëó÷àåòñÿ è äëÿ doutj,t .

Ïóñòü cj = (1− α) (j−1)!α
j−1

i∏
l=1

(1+lα)

= (1−α)(j−1)!

α
j−1∏
l=0

(( 1
α
+1)+l)

. Òîãäà

E
(
doutj,t

)
= cjt+ cj,t,
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ãäå cj,t = o(t).

Âîçíèêàåò âîïðîñ: ìîæíî ëè ïîëó÷èòü áîëåå òî÷íóþ àñèìïòîòèêó äëÿ ci,t?
Ïðåäëîæåíèå 2 Â îáîçíà÷åíèÿõ ïðåäûäóùåãî ïðåäëîæåíèÿ ci,t = O (t−α).

Ëåììà 3 Ñ ïîìîùüþ ðåêêóðåíòíîãî ñîîòíîøåíèÿ çàäàäèì ñëåäóþùèå âåëè÷èíû

a1,1 =
1− α
1 + 2α

, ai,j = α
(i− 1)ai−1,j + (j − 1)ai,j−1

(1 + α(i+ j))
.

Òîãäà E
(
djointi,j,t

)
= ai,jt+ ci,j,t è âåðíû ñëåäóþùèå óòâåðæäåíèÿ

(i)

ai,j =
(1− α)(i+ j − 2)!

α
i+j∏
l=2

(
1
α

+ l
) .

(ii)

c1,1,t+1 =
α(1− α)

(1 + 2α)t
+

(
1− 2α

t
+
α

t2

)
c1,1,t,

ci,j,t = α
(i− 1)

t− 1
ci−1,j,t−1 + α

(j − 1)

t− 1
ci,j−1,t−1 + α

(i− 1)(j − 1)

t− 1
ai−1,j−1+

+α
(i− 1)(j − 1)

(t− 1)2
ci−1,j−1,t−1 + α

ij

t− 1
ai,j +

(
1− α i

t− 1
− α j

t− 1
+ α

ij

(t− 1)2

)
ci,j,t−1.

(iii) |ci,j,t| ≤ 1 ïðè t ≤ max {i, j}.
Çàìå÷àíèå. Èñïîëüçóÿ ïðåäñòàâëåíèå ïî Ãàóññó ãàììà-ôóíêöèé [20, ñòð. 211-212]

äëÿ α ∈ (0, 1), ïîëó÷èì:

ai,j ∼
(
1
α
− 1
)

Γ
(
1
α

+ 2
)

(i+ j − 1)
1
α
+2

.

Ïðåäëîæåíèå 4 Â îáîçíà÷åíèÿõ ïðåäûäóùåé ëåììû |c1,j,t| ≤ 1 è, ñëåäîâàòåëüíî,
c1,j,t = o(t).

Çàìå÷àíèå 1. Àíàëîãè÷íî, äëÿ ci,1,t èìååì:

â îáîçíà÷åíèÿõ ïðåäûäóùåé ëåììû |ci,1,t| ≤ 1 è, ñëåäîâàòåëüíî, ci,1,t = o(t).

Çàìå÷àíèå 2. Òàêèì îáðàçîì E
(
djoint1,j,t

)
= a1,jt + c1,j,t âåðíî îïèñûâàåò àñèìïòîòè-

÷åñêîå ïîâåäåíèå ìàòåìàòè÷åñêîãî îæèäàíèÿ.

Ðàññìîòðèì ïîÿâëåíèå ïåòåëü â ýòîé êîíñòðóêöèè. Çàìåòèì, ÷òî íå â êàæäîì ãðà-
ôå ñî ñòåïåííûì ðàñïðåäåëåíèåì îíè âîçìîæíû. Íàïðèìåð, ÷òî åñòü ïåòëÿ â ñî-
öèàëüíîì ãðàôå? À íåñêîëüêî òàêèõ? Î÷åâèäíî, ÷òî äëÿ òàêèõ ñåòåé ïîòðåáóåòñÿ
äðóãàÿ ìîäåëü èëè ñïîñîá ïðèõîäèòü ê íåé áåç ïîòåðè ñòåïåííîãî çàêîíà ðàñïðåäå-
ëåíèÿ. Óæå ñ ýòîé òî÷êè çðåíèÿ èíòåðåñíî, êàê ÷àñòî îíè âîçíèêàþò?
Ìû ïðåäïîëàãàåì, ÷òî íà äàííîì øàãå äîëæíî ïîÿâèòüñÿ ðåáðî. Âåðîÿòíîñòü ïî-

ÿâëåíèÿ ïåòëè äëÿ âåðøèíû ñî ñòåïåíÿìè (i, j) â ìîìåíò âðåìåíè t: ij/t2.
Âñåãî òàêèõ âåðøèí djointi,j,t è ìîæíî ïðîñóììèðîâàòü ïî ïàðàì (i, j), ÷òîáû ïîëó÷èòü

âåðîÿòíîñòü ïîÿâëåíèÿ ïåòëè: ∑
i,j

ijdjointi,j,t

t2
.
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À åñëè ïîñìîòðåòü íà ìàòåìàòè÷åñêîå îæèäàíèå, òî ïîëó÷èì ñëåäóþùåå

∑
i,j

ijE
(
djointi,j,t

)
t2

=
∑
i,j

ij(ai,jt+ ci,j,t)

t2
.

Ïîíÿòíî, ÷òî âåðîÿòíîñòü îãðàíè÷åíà è ìàòåìàòè÷åñêîå îæèäàíèå ñóùåñòâóåò. Íå
ñîâñåì ÿñíî, êàê âåäåò ñåáÿ ñóììà ijci,j,t, íî "ëèíåéíàÿ" ÷àñòü ai,j îïðåäåëåíà è
ìîæíî ñìîòðåòü êàê âåäåò ñåáÿ ñóììà ijai,j.
Ïðåäëîæåíèå 5 Ñóììà ðÿäà

∑
i,j

ijai,j ñõîäèòñÿ äëÿ α < 1/2 è ðàñõîäèòñÿ äëÿ

α ≥ 1/2.

Ïðåäëîæåíèå 6 Îáîçíà÷èì äëÿ íåêîòîðîãî α Xt(α) = Xt =
∑
ijE(djointi,j,t ) Òîãäà

(i) Xt ≥ t.
(ii) Åñòü ìîíîòîííîå âîçðàñòàíèå ïî α, ò.å. Xt(α + β) ≥ Xt(α).
(iii) Ïðè α < 1/2

Xt ≤ At,

ãäå A çàäàåòñÿ ñëåäóþùèì îáðàçîì:

t∗ =

⌊
α

1− 2α

⌋
+ 1, A = max

(
1− α

1− 2α− α
t∗
, max
t=1,··· ,t∗−1

Xt

t

)
.

À òåïåðü ïðîäåìîíñòðèðóåì ñâÿçü ìåæäó ïîÿâëåíèåì ïåòåëü è îòêëîíåíèåì
E(djointi,j,t ) îò ai,jt.
Ïðåäëîæåíèå 7 Ïðè α < 1/2 â îáîçíà÷åíèÿõ ïðåäûäóùåãî ïðåäëîæåíèÿ |ci,j,t| ≤

A/2 è, ñëåäîâàòåëüíî, ci,j,t = o(t).

Çàìå÷àíèå. Òàêèì îáðàçîì E
(
djointi,j,t

)
= ai,jt+ci,j,t âåðíî îïèñûâàåò àñèìïòîòè÷åñêîå

ïîâåäåíèå ìàòåìàòè÷åñêîãî îæèäàíèÿ.

Ïðåäëîæåíèå 8 Ïðè ∀α ∈ (0, 1) çàäàäèì ðåêóððåíòíî ñëåäóþùèå âåëè÷èíû:

c1,j = ci,1 = 1, ci,j = max {1,(
i− 1

i
ci−1,j +

j − 1

i
ci,j−1 +

(i− 1)(j − 1)

i
ai−1,j−1 +

(i− 1)(j − 1)

i2
ci−1,j−1 + jai,j

)}
.

Òîãäà |ci,j,t| ≤ ci,j è, ñëåäîâàòåëüíî, ci,j,t = o(t).

Çàìå÷àíèå. Òàêèì îáðàçîì E
(
djointi,j,t

)
= ai,jt+ci,j,t âåðíî îïèñûâàåò àñèìïòîòè÷åñêîå

ïîâåäåíèå ìàòåìàòè÷åñêîãî îæèäàíèÿ.

Ïîñ÷èòàåì äëÿ ïåðâûõ (i, j) ïðè α ≥ 1/2 çíà÷åíèÿ ci,j ïî ýòîé ðåêóððåíòíîé ôîð-
ìóëå.
Êîä ïðîãðàììû íàõîäèòñÿ â ðàçäåëå 6.1. Ïðèâåäåì çäåñü ïîëó÷åííûå èëëþñòðàöèè

è íåêîòîðûå íàáëþäåíèÿ.
(Ðèñ. 3) Îöåíêà âûøëà âåñüìà ãðóáîé, ò.÷. c10,10 > 104.
(Ðèñ. 4) Ìîæíî ñðàâíèòü îöåíêè ïðè ðàçíûõ α. Ïðîãðàììà ïîçâîëÿåò âûâåñòè è

áîëüøå ëèíèé, íî, ê ñîæàëåíèþ, îíè íàñëàèâàþòñÿ.

Ñôîðìóëèðóåì îñíîâíûå òåîðåìû, êîòîðûå áàçèðóþòñÿ íà ïðåäûäóùèõ ðåçóëüòà-
òàõ.
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Ðèñ. 3: α = 0.5 íà ãðàôèêå èçîáðàæåíû c10,j, c9,j è c8,j, ñîîòâåòñòâåííî.

Ðèñ. 4: c10,j ïðè α = 0.5 è 0.99, ñîîòâåòñòâåííî. Ïðè óâåëè÷åíèå α îöåíêà óìåíüøà-
åòñÿ, òàêæå âèäåí áûñòðûé ðîñò.

Òåîðåìà 9 Ïðè α < 1/2 äëÿ ìîäåëè A ðàñïðåäåëåíèå âõîäÿùèõ è èñõîäÿùèõ ñòå-
ïåíåé ñëåäóåò ñîîòâåòñòâóþùåìó ðàñïðåäåëåíèþ ñòåïåííîãî çàêîíà ñî ñòåïåíüþ
1 + 1/α. Ñîâìåñòíîå ðàñïðåäåëåíèå âõîäÿùèõ è èñõîäÿùèõ ñòåïåíåé ñëåäóåò ðàñ-
ïðåäåëåíèþ ñòåïåííîãî çàêîíà ñî ñòåïåíüþ 2 + 1/α. Òî÷íåå äëÿ ∀ λ > 0

Pr

(
|djointi,j,t − ai,jt| > λ

√
t+

A

2

)
< 2e−λ

2/8,

P r(|dini,t − bit| > λ
√
t+ 1) < 2e−λ

2/2,

P r(|doutj,t − cjt| > λ
√
t+ 1) < 2e−λ

2/2.

Çäåñü ai,j, bi, cj, A ñîîòâåòñòâåííî

ai,j = (1− α)
(i+ j − 2)!αi+j−2∏i+j

l=2(1 + lα)
=

( 1
α
− 1)Γ( 1

α
+ 2)

(i+ j)
1
α
+2

+ oi+j(1),

bi = (1− α)
(i− 1)!αi−1∏i
l=1(1 + lα)

=
( 1
α
− 1)Γ( 1

α
+ 1)

i
1
α
+1

+ oi(1),

cj = (1− α)
(j − 1)!αj−1∏j
l=1(1 + lα)

=
( 1
α
− 1)Γ( 1

α
+ 1)

j
1
α
+1

+ oj(1),
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A = max

(
1− α

1− 2α− α
t∗
, max
t=1,··· ,t∗−1

Xt

t

)
, ãäå t∗ =

⌊
α

1− 2α

⌋
+ 1.

Äëÿ âñåõ i, j, t îæèäàåìûå çíà÷åíèÿ E(djointi,j,t ), E(dini,t) è E(doutj,t ) óäîâëåòâîðÿþò ñëå-
äóþùèì óñëîâèÿì:

|E(djointi,j,t )− ai,jt| <
A

2
,

|E(dini,t)− bit| < 1,

|E(doutj,t )− cjt| < 1.

Òåîðåìà 10 Ïðè α ≥ 1/2 äëÿ ìîäåëè A ðàñïðåäåëåíèå âõîäÿùèõ è èñõîäÿùèõ
ñòåïåíåé ñëåäóåò ñîîòâåòñòâóþùåìó ðàñïðåäåëåíèþ ñòåïåííîãî çàêîíà ñî ñòåïå-
íüþ 1 + 1/α. Ñîâìåñòíîå ðàñïðåäåëåíèå âõîäÿùèõ è èñõîäÿùèõ ñòåïåíåé ñëåäóåò
ðàñïðåäåëåíèþ ñòåïåííîãî çàêîíà ñî ñòåïåíüþ 2 + 1/α. Òî÷íåå äëÿ ∀ λ > 0

Pr
(
|djointi,j,t − ai,jt| > λ

√
t+ ci,j

)
< 2e−λ

2/8,

P r(|dini,t − bit| > λ
√
t+ 1) < 2e−λ

2/2,

P r(|doutj,t − cjt| > λ
√
t+ 1) < 2e−λ

2/2.

Çäåñü ai,j, bi, cj, ci,j ñîîòâåòñòâåííî

ai,j = (1− α)
(i+ j − 2)!αi+j−2∏i+j

l=2(1 + lα)
=

( 1
α
− 1)Γ( 1

α
+ 2)

(i+ j)
1
α
+2

+ oi+j(1),

bi = (1− α)
(i− 1)!αi−1∏i
l=1(1 + lα)

=
( 1
α
− 1)Γ( 1

α
+ 1)

i
1
α
+1

+ oi(1),

cj = (1− α)
(j − 1)!αj−1∏j
l=1(1 + lα)

=
( 1
α
− 1)Γ( 1

α
+ 1)

j
1
α
+1

+ oj(1),

ci,j = max

{
1,

(
i− 1

i
ci−1,j +

j − 1

i
ci,j−1 +

(i− 1)(j − 1)

i
ai−1,j−1 +

(i− 1)(j − 1)

i2
ci−1,j−1 + jai,j

)}
.

Äëÿ âñåõ i, j, t îæèäàåìûå çíà÷åíèÿ E(djointi,j,t ), E(dini,t) è E(doutj,t ) óäîâëåòâîðÿþò ñëå-
äóþùèì óñëîâèÿì:

|E(djointi,j,t )− ai,jt| < ci,j,

|E(dini,t)− bit| < 1,

|E(doutj,t )− cjt| < 1.

Ìîæíî èñïîëüçîâàòü ýòó ìîäåëü äëÿ íåîðèåíòèðîâàííûõ ãðàôîâ, èãíîðèðóÿ íà-
ïðàâëåíèå ðåáåð, íî äëÿ ýòîãî íóæíî îïèñàòü ïîâåäåíèå äëÿ

∑
i+j=k

djointi,j,t .

Òåîðåìà 11 Ïðè α < 1/2 äëÿ ìîäåëè A ðàñïðåäåëåíèå ñòåïåíåé ñëåäóåò ñîîò-
âåòñòâóþùåìó ðàñïðåäåëåíèþ ñòåïåííîãî çàêîíà ñî ñòåïåíüþ 1 + 1/α. Òî÷íåå äëÿ
∀ λ > 0

Pr

(∣∣∣∣∣ ∑
i+j=k

djointi,j,t − akt

∣∣∣∣∣ > λ
√
t+

(k − 1)A

2

)
< 2e−λ

2/8.
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Çäåñü ak, A ñîîòâåòñòâåííî

ak = (1− α)
(k − 1)!αk−2∏k
l=2(1 + lα)

=

(
1
α
− 1
) (

1
α

+ 1
)

Γ
(
1
α

+ 1
)

k1+
1
α

+ ok(1),

A = max

(
1− α

1− 2α− α
t∗
, max
t=1,··· ,t∗−1

Xt

t

)
, ãäå t∗ =

⌊
α

1− 2α

⌋
+ 1.

Äëÿ âñåõ k, t: ∣∣∣∣∣ ∑
i+j=k

E(djointi,j,t )− akt

∣∣∣∣∣ < (k − 1)A

2
.

Òåîðåìà 12 Ïðè α ≥ 1/2 äëÿ ìîäåëè A ðàñïðåäåëåíèå ñòåïåíåé ñëåäóåò ñîîò-
âåòñòâóþùåìó ðàñïðåäåëåíèþ ñòåïåííîãî çàêîíà ñî ñòåïåíüþ 1 + 1/α. Òî÷íåå äëÿ
∀ λ > 0

Pr

(∣∣∣∣∣ ∑
i+j=k

djointi,j,t − akt

∣∣∣∣∣ > λ
√
t+

∑
i+j=k

ci,j

)
< 2e−λ

2/8.

Çäåñü ak, ci,j ñîîòâåòñòâåííî

ak = (1− α)
(k − 1)!αk−2∏k
l=2(1 + lα)

=

(
1
α
− 1
) (

1
α

+ 1
)

Γ
(
1
α

+ 1
)

k1+
1
α

+ ok(1),

ci,j = max

{
1,

(
i− 1

i
ci−1,j +

j − 1

i
ci,j−1 +

(i− 1)(j − 1)

i
ai−1,j−1 +

(i− 1)(j − 1)

i2
ci−1,j−1 + jai,j

)}
.

Äëÿ âñåõ k, t: ∣∣∣∣∣ ∑
i+j=k

E(djointi,j,t )− akt

∣∣∣∣∣ < ∑
i+j=k

ci,j.
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4 Äîêàçàòåëüñòâà

Äëÿ íàøèõ ñëó÷àéíûõ âåëè÷èí åñòåñòâåííåå âñåãî âçÿòü â êà÷åñòâå ýëåìåíòà ôèëü-
òðàöèè Nt = σ

(
djointi,j,t

)
ñèãìà-àëãåáðó ïîðîæäåííóþ ðàñïðåäåëåíèÿìè ñòåïåíåé â ìî-

ìåíò âðåìåíè t.
Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 1.

Èçíà÷àëüíî

din1,t = 1, dini,t = 0 ïðè i > 1.

Ïðè t ≥ 1, ïîëó÷èì

din1,t+1 =


din1,t + 1 ñ âåðîÿòíîñòüþ 1− α
din1,t − 1 ñ âåðîÿòíîñòüþ

αdin1,t
t

din1,t èíà÷å

Òàêèì îáðàçîì

E(din1,t+1|Nt) = (1− α) +
(

1− α

t

)
din1,t.

Òîãäà

E
(
din1,t+1

)
= (1− α) +

(
1− α

t

)
E
(
din1,t
)
.

Äëÿ i > 1

dini,t+1 =


dini,t + 1 ñ âåðîÿòíîñòüþ

α(i−1)dini−1,t

t

dini,t − 1 ñ âåðîÿòíîñòüþ
αidini,t
t

dini,t èíà÷å

E(dini,t+1|Nt) = α
(i− 1)

t
dini−1,t +

(
1− αi

t

)
dini,t.

Çíà÷èò

E
(
dini,t+1

)
= α

(i− 1)

t
E
(
dini−1,t

)
+

(
1− αi

t

)
E
(
dini,t
)
.

Ñíà÷àëà äëÿ i = 1

b1(t+ 1) + c1,t+1 = (1− α) +
(

1− α

t

)
(b1t+ c1,t) = (1− α) + b1t− αb1 +

(
1− α

t

)
c1,t ⇒

c1,t+1 = (1− α)− (1 + α)b1 +
(

1− α

t

)
c1,t.

Ïåðåïèøåì ðåêóððåíòíóþ ôîðìóëó äëÿ c1,t+1

c1,t+1 =
(

1− α

t

)
c1,t ⇒ c1,t =

2α

1 + α

t−1∏
l=1

(
1− α

l

)
=

2α

(1 + α)(t− 1)!

t−1∏
l=1

(l − α) .

ßñíî, ÷òî |c1,t| ≤ 1.
Èñïîëüçóÿ ïðåäñòàâëåíèå ïî Ãàóññó ãàììà-ôóíêöèé:

Γ(z) = lim
n→∞

(n− 1)!nz

z(z + 1)(z + 2) . . . (z + n− 1)
, z ∈ C\{0,−1,−2, . . . }.
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Ïðè α 6= 0, 1, ïîëó÷èì:

c1,t ∼ c1,1
t−α

Γ(−α)(−α)
.

Òàêèì îáðàçîì c1,t = o(t) è b1 âûáðàíî âåðíî.
Òåïåðü äëÿ i > 1

bi(t+ 1) + ci,t+1 = α
(i− 1)

t
(bi−1t+ ci−1,t) +

(
1− αi

t

)
(bit+ ci,t)

= α(i− 1)bi−1 + α
(i− 1)

t
ci−1,t + bit− αibi +

(
1− αi

t

)
ci,t ⇒

ci,t+1 = (α(i− 1)bi−1 − (1 + αi)bi) + α
(i− 1)

t
ci−1,t +

(
1− αi

t

)
ci,t.

Çàìåòèì, ÷òî

bi =
α(i− 1)

1 + αi
bi−1 ⇒ ci,t+1 = α

(i− 1)

t
ci−1,t +

(
1− αi

t

)
ci,t.

ßñíî, ÷òî bi ≤ 1, ò.ê. b1 ≤ 1.
Èñïîëüçóÿ ïðåäñòàâëåíèå ïî Ãàóññó ãàììà-ôóíêöèé:

Γ(z) = lim
n→∞

(n− 1)!nz

z(z + 1)(z + 2) . . . (z + n− 1)
, z ∈ C\{0,−1,−2, . . . }.

Ïðè α 6= 0, ïîëó÷èì:

bi ∼
(1− α)Γ

(
1
α

+ 1
)

αi
1
α
+1

=

(
1
α
− 1
)

Γ
(
1
α

+ 1
)

i
1
α
+1

=

(
1
α
− 1
)

Γ
(
1
α

+ 1
)

i2+
1
∆

, ãäå ∆ =
α

1− α
.

Ïðèìåíèì â äàëüíåéøåì ñëåäóþùåå "èíäóêöèîííîå" ðàññóæäåíèå: ïóñòü äëÿ bi−1
ci−1,t = o(t) è åñòü îöåíêà |ci−1,t| ≤ 1 äëÿ ∀t. Òîãäà äëÿ bi ïîëó÷åííîãî ïî ôîðìóëå
âûøå ci,t = o(t) è òàêæå âåðíà ýòà îöåíêà.
Äëÿ òîãî ÷òîáû ïîêàçàòü ýòî âîñïîëüçóåìñÿ èíäóêöèåé è äîêàæåì, ÷òî |ci,t+1| ≤ 1.
Äëÿ t ≤ i− 1 :
çà òàêîå êîëè÷åñòâî øàãîâ âåðøèíà ñ âõîäÿùåé ñòåïåíüþ i ïîÿâèòñÿ íå ìîæåò, ò.÷.

ci,t = 0− bit⇒ |ci,t| ≤ (i− 1)bi,

b1 =
1− α
1 + α

≤ 1,

ibi =
αi

(1 + αi)
· (i− 1)bi−1 ⇒

ibi ≤ (i− 1)bi−1 ≤ · · · ≤ b1 ≤ 1⇒ |ci,t| ≤ 1.

Ïðè t = i :

E
(
dini,i
)

= α
i− 1

i− 1
E
(
dini−1,i−1

)
+

(
1− α i

i− 1

)
E
(
dini,i−1

)
= αE

(
dini−1,i−1

)
⇒

E
(
dini,i
)

= αi−1 ⇒ ci,i = αi−1 − ibi ⇒ |ci,i| ≤ 1.

12



Èíäóêöèîííûé ïåðåõîä: ïóñòü äëÿ t ≥ i âåðíî. Òîãäà

0 ≤
(

1− αi
t

)
⇒ |ci,t+1| ≤ α

(i− 1)

t
|ci−1,t|+

(
1− αi

t

)
|ci,t|

≤ α
(i− 1)

t
+

(
1− αi

t

)
= 1− α

t
≤ 1.

Èíäóêöèîííûé ïåðåõîä çàâåðøåí.
Òàêèì îáðàçîì ci,t = o(t), bi âûáðàíî âåðíî è âûïîëíÿåòñÿ îöåíêà.
Àíàëîãè÷íûé ðåçóëüòàò ïîëó÷àåòñÿ è äëÿ douti,t .

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2.

ci,t+1 = α
(i− 1)

t
ci−1,t +

(
1− αi

t

)
ci,t

Äîêàæåì, ÷òî ci,t = O (t−α).
Ðàíåå áûëî äîêàçàíî, ÷òî

c1,t ∼ c1,1
t−α

Γ(−α)(−α)
, bi ∼

(1− α)Γ
(
1
α

+ 1
)

αi
1
α
+1

⇒ bii ∼
(1− α)Γ

(
1
α

+ 1
)

αi
1
α
−α

i−α.

Çíà÷èò ñóùåñòâóþò B,C > 0 :

|c1,t| ≤ Bt−α, bii ≤ Ci−α ∀i, t ∈ N.

Ðàññìîòðèì i > 1. Äëÿ t ≤ i− 1 :

ci,t = −bit⇒ |ci,t|tα = bit
1+α ≤ bii

1+α ≤ C ⇒ |ci,t| ≤ Ct−α.

Ðàññìîòðèì t = i, â êàêîì ñëó÷àå
(
1− α i

i−1

)
< 0?(

1− α i

i− 1

)
< 0⇔ i− 1

i
< α⇔ 1− α < 1

i
⇔ i <

1

1− α
,

ci,i = αi−1 − bii, íî ïîñêîëüêó çíàê bi íàì èçâåñòåí ⇒ −bii ≤ ci,i ≤ αi−1.

Ïðè i < 1
1−α

αi−1iα < α
1

1−α−1
(

1

1− α

)α
= D ⇒

|ci,i| ≤ max{C,D}i−α.

Ðàññìîòðèì ñëåäóþùóþ âñïîìîãàòåëüíóþ ôóíêöèþ:

f(x) =
(

1− α

x

)(
1 +

1

x

)α
,

lim
x→∞

(
1− α

x

)(
1 +

1

x

)α
= 1, f ′(x) =

α

x2

(
1 +

1

x

)α
− α

x2

(
1− α

x

)(
1 +

1

x

)α−1
=
α(1 + α)

x3

(
1 +

1

x

)α−1
> 0 ïðè x > 0⇒

(
1− α

x

)(
1 +

1

x

)α
≤ 1.
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Îáîçíà÷èì A = max{B,C,D}.
Åñëè

(
1− α i

i−1

)
≥ 0, òî ò.ê.

ci,i = α
(i− 1)

i− 1
ci−1,i−1 +

(
1− α i

i− 1

)
ci,i−1 ⇒ |ci,i| ≤

(
α + 1− α i

i− 1

)
A(i− 1)−α

= A

(
1− α

i− 1

)
(i− 1)−α = A

(
1− α

i− 1

)(
1 +

1

i− 1

)α
i−α = Af(i− 1)i−α ≤ Ai−α.

Èñïîëüçóåì ñëåäóþùåå "èíäóêöèîííîå" ðàññóæäåíèå: ïóñòü t ≥ i è
|ci−1,t| ≤ At−α, |ci,t| ≤ At−α. Òîãäà

ci,t+1 = α
(i− 1)

t
ci−1,t +

(
1− αi

t

)
ci,t,

0 ≤
(

1− αi
t

)
⇒ |ci,t+1| ≤ α

(i− 1)

t
|ci−1,t|+

(
1− αi

t

)
|ci,t|

≤ A
(

1− α

t

)
t−α = A

(
1− α

t

)(
1 +

1

t

)α
(t+ 1)−α = Af(t)(t+ 1)−α ≤ A(t+ 1)−α.

Ïåðåõîä äîêàçàí. Òàêèì îáðàçîì |ci,t| ≤ At−α, ò.å. ci,t = O (t−α).

Äîêàçàòåëüñòâî ëåììû 3.

Èçíà÷àëüíî

djoint1,1,1 = 1, djointi,j,1 = 0 ïðè i > 1 èëè j > 1.

Ïðè t ≥ 1, ïîëó÷èì

djoint1,1,t+1 =



djoint1,1,t + 1 ñ âåðîÿòíîñòüþ 1− α

djoint1,1,t − 1 ñ âåðîÿòíîñòüþ α

(
2
djoint1,1,t

t

(
1− djoint1,1,t

t

)
+

djoint1,1,t

t2

)
djoint1,1,t − 2 ñ âåðîÿòíîñòüþ α

((
djoint1,1,t

t

)2

− djoint1,1,t

t2

)
djoint1,1,t èíà÷å

Òàêèì îáðàçîì

E(djoint1,1,t+1|Nt) =

(
1− 2α

t
+
α

t2

)
djoint1,1,t + (1− α).

Òîãäà

E
(
djoint1,1,t+1

)
=

(
1− 2α

t
+
α

t2

)
E
(
djoint1,1,t

)
+ (1− α).
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Äëÿ (i, j) 6= (1, 1)

djointi,j,t+1 =



djointi,j,t + 2 ñ âåðîÿòíîñòüþ α
(i−1)djointi−1,j,t

t

(j−1)djointi,j−1,t

t

djointi,j,t + 1 ñ âåðîÿòíîñòüþ α
(i−1)djointi−1,j,t

t

(
1− (j−1)djointi,j−1,t

t

)
+

+α

(
1− (i−1)djointi−1,j,t

t

)
(j−1)djointi,j−1,t

t
+ α

(i−1)(j−1)djointi−1,j−1,t

t2

djointi,j,t − 1 ñ âåðîÿòíîñòüþ α
idjointi,j,t

t

(
1− jdjointi,j,t

t

)
+

+α

(
1− idjointi,j,t

t

)
jdjointi,j,t

t
+ α

ijdjointi,j,t

t2

djointi,j,t − 2 ñ âåðîÿòíîñòüþ α
ij(djointi,j,t )2

t2
− α ijd

joint
i,j,t

t2

djointi,j,t èíà÷å

Òîãäà

E(djointi,j,t+1|Nt) = α
(i− 1)

t
djointi−1,j,t + α

(j − 1)

t
djointi,j−1,t + α

(i− 1)(j − 1)

t2
djointi−1,j−1,t+

+

(
1− αi

t
− αj

t
+ α

ij

t2

)
djointi,j,t .

Çíà÷èò

E
(
djointi,j,t+1

)
= α

(i− 1)

t
E
(
djointi−1,j,t

)
+ α

(j − 1)

t
E
(
djointi,j−1,t

)
+ α

(i− 1)(j − 1)

t2
E
(
djointi−1,j−1,t

)
+

+

(
1− αi

t
− αj

t
+ α

ij

t2

)
E
(
djointi,j,t

)
.

(i) Âîçüìåì

ai,j = α
(i− 1)ai−1,j + (j − 1)ai,j−1

(1 + α(i+ j))
⇒ ai,j = (1− α)

(i+ j − 2)!αi+j−2

i+j∏
l=2

(1 + lα)

=
(1− α)(i+ j − 2)!

α
i+j∏
l=2

(
1
α

+ l
) .

Èñïîëüçóÿ ïðåäñòàâëåíèå ïî Ãàóññó ãàììà-ôóíêöèé:

Γ(z) = lim
n→∞

(n− 1)!nz

z(z + 1)(z + 2) . . . (z + n− 1)
, z ∈ C\{0,−1,−2, . . . }.

Äëÿ α ∈ (0, 1), ïîëó÷èì:

ai,j ∼
(
1
α
− 1
)

Γ
(
1
α

+ 2
)

(i+ j − 1)
1
α
+2

.

(ii)

a1,1 =
1− α
1 + 2α

⇒ c1,1 =
3α

1 + 2α
≤ 1.
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a1,1(t+1)+c1,1,t+1 = (1−α)+

(
1− 2α

t
+
α

t2

)
(a1,1t+c1,1,t) = (1−α)+a1,1t−2αa1,1+a1,1

α

t
+

+

(
1− 2α

t
+
α

t2

)
c1,1,t ⇒

c1,1,t+1 = (1− α)− (1 + 2α)a1,1 + a1,1
α

t
+

(
1− 2α

t
+
α

t2

)
c1,1,t.

Ïåðåïèøåì ðåêóððåíòíóþ ôîðìóëó äëÿ c1,1,t+1

c1,1,t+1 =
α(1− α)

(1 + 2α)t
+

(
1− 2α

t
+
α

t2

)
c1,1,t.

Òåïåðü äëÿ (i, j) 6= (1, 1)

ai,j(t+ 1) + ci,j,t+1 = α
(i− 1)

t
(ai−1,jt+ ci−1,j,t) + α

(j − 1)

t
(ai,j−1t+ ci,j−1,t) +

+α
(i− 1)(j − 1)

t2
(ai−1,j−1t+ ci−1,j−1,t) +

(
1− αi

t
− αj

t
+ α

ij

t2

)
(ai,jt+ ci,j,t)⇒

ci,j,t+1 = [α(i− 1)ai−1,j + α(j − 1)ai,j−1 − (1 + αi+ αj)ai,j] + α
(i− 1)

t
ci−1,j,t+

+α
(j − 1)

t
ci,j−1,t + α

(i− 1)(j − 1)

t2
(ai−1,j−1t+ ci−1,j−1,t) + α

ij

t
ai,j+

+

(
1− αi

t
− αj

t
+ α

ij

t2

)
ci,j,t.

Ïåðåïèøåì ðåêóððåíòíóþ ôîðìóëó äëÿ ci,j,t+1 :

ci,j,t+1 = α
(i− 1)

t
ci−1,j,t + α

(j − 1)

t
ci,j−1,t + α

(i− 1)(j − 1)

t2
(ai−1,j−1t+ ci−1,j−1,t) +

+α
ij

t
ai,j +

(
1− αi

t
− αj

t
+ α

ij

t2

)
ci,j,t.

(iii) Ïîêàæåì, ÷òî íà íà÷àëüíûõ ýòàïàõ |ci,j,t| ≤ 1.
Çàìåòèì, ÷òî

1− 2α

t
+
α

t2
>
(

1− α

t

)2
≥ 0 ïðè α ∈ (0, 1).

Äîêàæåì ïî èíäóêöèè, ÷òî |c1,1,t+1| ≤ 1. Áàçà: c1,1 = 3α
1+2α

≤ 1.
Ïóñòü |c1,1,t| ≤ 1⇒

|c1,1,t+1| ≤
α(1− α)

(1 + 2α)t
+

(
1− 2α

t
+
α

t2

)
|c1,1,t| ≤

α(1− α)

(1 + 2α)t
+

(
1− 2α

t
+
α

t2

)

= 1− (5α2t+ αt− 2α2 − α)

(1 + 2α)t2
< 1.

Çàìåòèì ñëåäóþùåå:

a1,1 =
1− α
1 + 2α

≤ 1, ijai,j = α
i(i− 1)jai−1,j + ji(j − 1)ai,j−1

(1 + α(i+ j))
.
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Èç èíäóêöèè ïî (i+ j) è ïðåäïîëîæåíèÿ, ÷òî klak,l ≤ 1 ïîëó÷èì:

ijai,j = α
i(i− 1)jai−1,j + ji(j − 1)ai,j−1

(1 + α(i+ j))
≤ α(i+ j)

(1 + α(i+ j))
≤ 1.

Âåðíåìñÿ ê ðàññìîòðåíèþ ci,j,t+1. Ïðè t ≤ i− 1 èëè t ≤ j − 1 :
çà òàêîå êîëè÷åñòâî øàãîâ âåðøèíà ñ òàêèìè âõîäÿùèìè è èñõîäÿùèìè ñòåïåíÿìè

ïîÿâèòñÿ íå ìîæåò, ò.÷.

ci,j,t = 0− ai,jt⇒ |ci,j,t| = ai,jt ≤ ijai,j ≤ 1.

Çàìåòèì, ÷òî

E
(
djointi,j,i

)
=

{
αi−1, j = i

0, j 6= i

E
(
djointi,j,j

)
=

{
αj−1, i = j

0, i 6= j

ÍÓÎ i ≥ j è t = i :

E
(
djointi,j,i

)
≤ αi−1 ⇒ −1 ≤ −iai,j ≤ ci,j,i ≤ αi−1 − iai,j ≤ 1.

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 4.

Ñëó÷àé (1, 1) óæå ðàçîáðàí â ëåììå 3.
ÍÓÎ i = 1, ò.ê. ýòî àíàëîãè÷íî j = 1. Ïåðåïèøåì ðàâåíñòâî:

c1,j,t = α
(j − 1)

t− 1
c1,j−1,t−1 + α

j

t− 1
a1,j +

(
1− α

t− 1
− α j

t− 1
+ α

j

(t− 1)2

)
c1,j,t−1.

Ïðè t > j : âîñïîëüçóåìñÿ èíäóêöèåé. Ïóñòü |c1,k,t| ≤ 1 ∀t äëÿ k < j è |c1,j,t−1| ≤ 1.
Áàçó óæå ïðîâåðèëè. Ïîêàæåì èíäóêöèîííûé ïåðåõîä:

|c1,j,t| ≤ α
(j − 1)

t− 1
|c1,j−1,t−1|+ α

j

t− 1
a1,j +

(
1− α

t− 1
− α j

t− 1
+ α

j

(t− 1)2

)
|c1,j,t−1|

≤ α
(j − 1)

t− 1
+

α

t− 1
+

(
1− α

t− 1
− α j

t− 1
+ α

j

(t− 1)2

)
=

(
1− α

t− 1
+ α

j

(t− 1)2

)
≤ 1.

Èíäóêöèîííûé ïåðåõîä çàâåðøåí.
Òàêèì îáðàçîì c1,j,t = o(t), a1,j âûáðàíî âåðíî è âûïîëíÿåòñÿ îöåíêà |c1,j,t| ≤ 1.

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 5.

∑
i+j=k

ijai,j = (1− α)
(k + 1)!αk−2

6
k∏
l=2

(1 + lα)

Èñïîëüçóÿ ïðåäñòàâëåíèå ïî Ãàóññó ãàììà-ôóíêöèé:

Γ(z) = lim
n→∞

(n− 1)!nz

z(z + 1)(z + 2) . . . (z + n− 1)
, z ∈ C\{0,−1,−2, . . . }.
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Äëÿ α ∈ (0, 1), ïîëó÷èì:

∑
i+j=k

ijai,j ∼
(
1
α
− 1
) (

1
α

) (
1
α

+ 1
)

Γ
(
1
α

)
(k + 1)k−

1
α

6
.

Ïî ïðèçíàêó ñðàâíåíèÿ ðÿä ñõîäèòñÿ åñòü 1− 1
α
< −1 è ðàñõîäèòñÿ ïðè 1− 1

α
≥ −1,

÷òî ðàâíîñèëüíî ïðåäïîëîæåíèþ.

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 6.

Ïîñ÷èòàåì Xt+1 −Xt :

1− α + α
∑
i,j

di,j,t

[
i

t

(
1− j

t

)
(ij + j − ij) +

j

t

(
1− i

t

)
(ij + i− ij)+

+
ij

t2
(ij + i+ j + 1− ij)

]
⇒

Xt+1 =

(
1 +

2α

t
+
α

t2

)
Xt + (1− α).

Îñîáåííî ýòî êðàñèâî íà ôîíå òîãî, ÷òî

E
(
djoint1,1,t+1

)
=

(
1− 2α

t
+
α

t2

)
E
(
djoint1,1,t

)
+ (1− α).

(i) Áàçà: X1 = 1.
Èíäóêöèîííûé ïåðåõîä: ïóñòü Xt ≥ t⇒

Xt+1 =

(
1 +

2α

t
+
α

t2

)
Xt + (1− α) ≥ t+ 2α +

α

t
+ 1− α ≥ t+ 1.

(ii) Áàçà: X1 = 1.
Èíäóêöèîííûé ïåðåõîä: ïóñòü Xt(α + β) ≥ Xt(α),⇒

Xt+1(α) =

(
1 +

2α

t
+
α

t2

)
Xt(α) + (1− α),

Xt+1(α + β) =

(
1 +

2(α + β)

t
+
α + β

t2

)
Xt(α + β) + (1− α− β)

≥
(

1 +
2α

t
+
α + β

t2

)
Xt(α + β) + (1− α + β) ≥

(
1 +

2α

t
+
α

t2

)
Xt(α) + (1− α).

(iii) Äëÿ t < t∗ íåðàâåíñòâî ñëåäóåò èç îïðåäåëåíèÿ A.
Äëÿ t ≥ t∗ èñïîëüçóåì èíäóêöèþ:

t(1− 2α) ≥ t∗(1− 2α) > α⇒ 1− 2α− α

t
≥ 1− 2α− α

t∗
> 0⇒

A
(

1− 2α− α

t

)
≥ A

(
1− 2α− α

t∗

)
≥ (1− α)⇒

A ≥ A
(

2α +
α

t

)
+ (1− α)⇒ A(t+ 1) ≥

(
1 +

2α

t
+
α

t2

)
At+ (1− α)
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≥
(

1 +
2α

t
+
α

t2

)
Xt + (1− α) = Xt+1.

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 7.

Ïðè t > i, t > j, (i, j) 6= (1, 1) :(
1− α i

t− 1
− α j

t− 1
+ α

ij

(t− 1)2

)
=

(
1− α + α

(
1− i

t− 1

)(
1− j

t− 1

))
≥ 0⇒

ci,j,t = α
(i− 1)

t− 1
ci−1,j,t−1 + α

(j − 1)

t− 1
ci,j−1,t−1 + α

(i− 1)(j − 1)

t− 1
ai−1,j−1+

+α
(i− 1)(j − 1)

(t− 1)2
ci−1,j−1,t−1 + α

ij

t− 1
ai,j +

(
1− α i

t− 1
− α j

t− 1
+ α

ij

(t− 1)2

)
ci,j,t−1.

Ïåðåïèøåì

ci,j,t = α
(i− 1)

t− 1
ci−1,j,t−1 + α

(j − 1)

t− 1
ci,j−1,t−1 + α

(i− 1)(j − 1)

(t− 1)2
E (di−1,j−1,t−1) +

+α
ij

(t− 1)2
E (di,j,t−1) +

(
1− α i

t− 1
− α j

t− 1

)
ci,j,t−1.

Èñïîëüçóåì èíäóêöèîííîå ïðåäïîëîæåíèå: |ck,l,t| ≤ A
2
ïðè k + l ≤ i + j − 1 è

|ci,j,t−1| ≤ A
2
,

ci,j,t = α
(i− 1)

t− 1
ci−1,j,t−1 + α

(j − 1)

t− 1
ci,j−1,t−1 +

α

(t− 1)2
[
(i− 1)(j − 1)E

(
djointi−1,j−1,t−1

)
+

+ijE
(
djointi,j,t−1

)]
+

(
1− α i

t− 1
− α j

t− 1

)
ci,j,t−1 ⇒

|ci,j,t| ≤
A

2

[
α

(i− 1)

t− 1
+ α

(j − 1)

t− 1
+ α

2

t− 1
+

(
1− α i

t− 1
− α j

t− 1

)]
=
A

2
.

Èíäóêöèîííûé ïåðåõîä çàâåðøåí.
Òàêèì îáðàçîì ci,j,t = o(t), ai,j âûáðàíî âåðíî, äëÿ α <

1
2
.

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 8.

Ïîïðîáóåì ïîëó÷èòü îöåíêó äëÿ ∀α ∈ (0, 1). Âîçìîæíî, îíà áóäåò çàâèñåòü îò (i, j).
Ïðè t > i, t > j, (i, j) 6= (1, 1) :
Ïóñòü |ci−1,j,t| ≤ ci−1,j, |ci,j−1,t| ≤ ci,j−1, |ci−1,j−1,t| ≤ ci−1,j−1 ∀t. Ðàññìîòðèì ñëåäóþ-

ùóþ âñïîìîãàòåëüíóþ ôóíêöèþ f(t) ïðè t ≥ i, t ≥ j :

f(t) =

(
i−1
t
ci−1,j + j−1

t
ci,j−1 + (i−1)(j−1)

t
ai−1,j−1 + (i−1)(j−1)

t2
ci−1,j−1 + ij

t
ai,j

)
(
− ij
t2

+ i
t

+ j
t

) .

Çàìåòèì, ÷òî −ij + t(i+ j) > 0 ïðè t ≥ i, t ≥ j, ò.å. ýòî âûðàæåíèå îñìûñëåííî.
Âîçüìåì ïðîèçâîäíóþ äëÿ ôóíêöèè âèäà At+B

Ct+D
:

A(Ct+D)− C(At+B)

(Ct+D)2
=
AD − CB
(Ct+D)2

.
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Â íàøåì ñëó÷àå A,B,C > 0, D < 0 ⇒ f ′(t) < 0. È ìàêñèìóì ïðè îãðàíè÷åíèè
t ≥ i, t ≥ j äîñòèãàåòñÿ ïðè t = max{i, j}.
Çà÷åì ýòî áûëî íóæíî?

ci,j,t = α
(i− 1)

t− 1
ci−1,j,t−1 + α

(j − 1)

t− 1
ci,j−1,t−1 + α

(i− 1)(j − 1)

t− 1
ai−1,j−1+

+α
(i− 1)(j − 1)

(t− 1)2
ci−1,j−1,t−1 + α

ij

t− 1
ai,j +

(
1− α i

t− 1
− α j

t− 1
+ α

ij

(t− 1)2

)
ci,j,t−1 ⇒

|ci,j,t| ≤ α
(i− 1)

t− 1
|ci−1,j,t−1|+ α

(j − 1)

t− 1
|ci,j−1,t−1|+ α

(i− 1)(j − 1)

t− 1
ai−1,j−1+

+α
(i− 1)(j − 1)

(t− 1)2
|ci−1,j−1,t−1|+ α

ij

t− 1
ai,j +

(
1− α i

t− 1
− α j

t− 1
+ α

ij

(t− 1)2

)
|ci,j,t−1|

Ïðè íàøèõ ïðåäïîëîæåíèÿõ:

|ci,j,t| ≤ αf(t−1)

(
i

t− 1
+

j

t− 1
− ij

(t− 1)2

)
+

(
1− α i

t− 1
− α j

t− 1
+ α

ij

(t− 1)2

)
|ci,j,t−1|

= |ci,j,t−1|+ α

(
i

t− 1
+

j

t− 1
− ij

(t− 1)2

)
(f(t− 1)− |ci,j,t−1|).

Ìîæíî ïðåäïîëîæèòü, ÷òî |ci,j,t−1| ≤ ci,j è ò.ê.
(

1− α i
t−1 − α

j
t−1 + α ij

(t−1)2

)
> 0:

|ci,j,t−1|+ α

(
i

t− 1
+

j

t− 1
− ij

(t− 1)2

)
(f(t− 1)− |ci,j,t−1|)

≤ ci,j + α

(
i

t− 1
+

j

t− 1
− ij

(t− 1)2

)
(f(t− 1)− ci,j).

ÍÓÎ i ≥ j ⇒ f(t − 1) ≤ f(i). Òîãäà ìîæíî âçÿòü ci,j = max{1, f(i)}, ïîòîìó ÷òî
|ci,j,i| ≤ 1, à ïðè òàêîì ci,j ⇒ f(t− 1)− ci,j ≤ 0.
Ïîëó÷àåì ðåêóððåíòíóþ ôîðìóëó:

ci,j = max

{
1,

(
i− 1

i
ci−1,j +

j − 1

i
ci,j−1 +

(i− 1)(j − 1)

i
ai−1,j−1 +

(i− 1)(j − 1)

i2
ci−1,j−1 + jai,j

)}
.

Ê ñîæàëåíèþ, ýòà îöåíêà çàâèñèò îò (i, j), ñ÷èòàåòñÿ ðåêóððåíòíî, à îæèäàòü, ÷òî
îíà ìåíüøå àáñîëþòíîé âåëè÷èíû - íå ïðèõîäèòñÿ. Îäíàêî, ci,j,t = o(t).

Â äàëüíåéøåì íàì ïîòðåáóåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà Åñëè X óäîâëåòâîðÿåò óñëîâèþ c−ëèïøèöåâîñòè, òîãäà ∀λ > 0 :

Pr(|Xt − E(Xt)| > λ
√
t) < 2e−λ

2/2c2 .

Â ÷àñòíîñòè, Xt ïî÷òè íàâåðíÿêà î÷åíü áëèçêî ê îæèäàåìîìó çíà÷åíèþ E(Xt) ñ
ïîãðåøíîñòüþ o(t1/2+ε) äëÿ ëþáîãî ε > 0, êîãäà t ñòðåìèòñÿ ê áåñêîíå÷íîñòè.

Äîêàçàòåëüñòâî òåîðåìû 9.

Îöåíêè äëÿ ïîãðåøíîñòè áûëè ïîëó÷åíû ðàíåå, èñïîëüçóåì èõ.
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{
|djointi,j,t − E(djointi,j,t )| > λ

√
t
}
⊃
{
djointi,j,t − ai,jt > λ

√
t+

A

2

}
∪
{
djointi,j,t − ai,jt < −λ

√
t− A

2

}
{
|dini,t − E(dini,t)| > λ

√
t
}
⊃
{
dini,t − bit > λ

√
t+ 1

}
∪
{
dini,t − bit < −λ

√
t− 1

}
{
|doutj,t − E(doutj,t )| > λ

√
t
}
⊃
{
doutj,t − cjt > λ

√
t+ 1

}
∪
{
doutj,t − cjt < −λ

√
t− 1

}
Ïðîâåðèì c−ëèïøèöåâîñòè äëÿ dini,t, d

joint
i,j,t . ßñíî, ÷òî d

in
i,t 1-ëèïøèöåâû, à d

joint
i,j,t 2-

ëèïøèöåâû, ïîñêîëüêó

din1,t+1 =


din1,t + 1 ñ âåðîÿòíîñòüþ 1− α
din1,t − 1 ñ âåðîÿòíîñòüþ

αdin1,t
t

din1,t èíà÷å

Äëÿ i > 1

dini,t+1 =


dini,t + 1 ñ âåðîÿòíîñòüþ

α(i−1)dini−1,t

t

dini,t − 1 ñ âåðîÿòíîñòüþ
αidini,t
t

dini,t èíà÷å

Ïðè t ≥ 1

djoint1,1,t+1 =



djoint1,1,t + 1 ñ âåðîÿòíîñòüþ 1− α

djoint1,1,t − 1 ñ âåðîÿòíîñòüþ α

(
2
djoint1,1,t

t

(
1− djoint1,1,t

t

)
+

djoint1,1,t

t2

)
djoint1,1,t − 2 ñ âåðîÿòíîñòüþ α

((
djoint1,1,t

t

)2

− djoint1,1,t

t2

)
djoint1,1,t èíà÷å

Äëÿ (i, j) 6= (1, 1)

djointi,j,t+1 =



djointi,j,t + 2 ñ âåðîÿòíîñòüþ α
(i−1)djointi−1,j,t

t

(j−1)djointi,j−1,t

t

djointi,j,t + 1 ñ âåðîÿòíîñòüþ α
(i−1)djointi−1,j,t

t

(
1− (j−1)djointi,j−1,t

t

)
+

+α

(
1− (i−1)djointi−1,j,t

t

)
(j−1)djointi,j−1,t

t
+ α

(i−1)(j−1)djointi−1,j−1,t

t2

djointi,j,t − 1 ñ âåðîÿòíîñòüþ α
idjointi,j,t

t

(
1− jdjointi,j,t

t

)
+

+α

(
1− idjointi,j,t

t

)
jdjointi,j,t

t
+ α

ijdjointi,j,t

t2

djointi,j,t − 2 ñ âåðîÿòíîñòüþ α
ij(djointi,j,t )2

t2
− α ijd

joint
i,j,t

t2

djointi,j,t èíà÷å

Ïîñëå ýòîãî ïðèìåíèì ëåììó è ïîëó÷èì íåðàâåíñòâà äëÿ âåðîÿòíîñòåé.

Äîêàçàòåëüñòâî òåîðåìû 10.

Îöåíêè äëÿ ïîãðåøíîñòè áûëè ïîëó÷åíû ðàíåå, èñïîëüçóåì èõ.
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{
|djointi,j,t − E(djointi,j,t )| > λ

√
t
}
⊃
{
djointi,j,t − ai,jt > λ

√
t+ ci,j

}
∪
{
djointi,j,t − ai,jt < −λ

√
t− ci,j

}
{
|dini,t − E(dini,t)| > λ

√
t
}
⊃
{
dini,t − bit > λ

√
t+ 1

}
∪
{
dini,t − bit < −λ

√
t− 1

}
{
|doutj,t − E(doutj,t )| > λ

√
t
}
⊃
{
doutj,t − cjt > λ

√
t+ 1

}
∪
{
doutj,t − cjt < −λ

√
t− 1

}
c−ëèïøèöåâîñòü ïðîâåðèëè ðàíåå ïðè äîêàçàòåëüñòâå òåîðåìû 9. Ïðèìåíèì ëåììó

è ïîëó÷èì íåðàâåíñòâà äëÿ âåðîÿòíîñòåé.

Äîêàçàòåëüñòâî òåîðåì 11 è 12.

Ïðè i+ j = k

ai,j = (1− α)
(k − 2)!αk−2∏k
l=2(1 + lα)

⇒ ak =
∑
i+j=k

ai,j = (1− α)
(k − 1)!αk−2∏k
l=2(1 + lα)

.

Èñïîëüçóÿ ïðåäñòàâëåíèå ïî Ãàóññó ãàììà-ôóíêöèé:

Γ(z) = lim
n→∞

(n− 1)!nz

z(z + 1)(z + 2) . . . (z + n− 1)
, z ∈ C\{0,−1,−2, . . . }.

Äëÿ α ∈ (0, 1), ïîëó÷èì:

ak ∼
(
1
α
− 1
) (

1
α

+ 1
)

Γ
(
1
α

+ 1
)

k1+
1
α

.

Äîêàçàòåëüñòâî óñòðîåíî àíàëîãè÷íî: îöåíêè äëÿ ci,j,t óæå åñòü, íóæíî ïðîâåðèòü
c−ëèïøèöåâîñòè äëÿ

∑
i+j=k d

joint
i,j,t . ßñíî, ÷òî îíà 2-ëèïøèöåâà, ïîòîìó ÷òî â ëþáîé

ãðóïïå ïðè òàêîé ìîäåëè íå ìîæåò ïîÿâèòüñÿ áîëüøå 2 âåðøèí.
Ïîñëå ýòîãî ïðèìåíèì ëåììó è ïîëó÷èì íåðàâåíñòâà äëÿ âåðîÿòíîñòåé.
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5 Çàêëþ÷åíèå

Â ðàáîòå áûëà ðàññìîòðåíà ìîäåëü, êîòîðóþ ìîæíî èñïîëüçîâàòü äëÿ äèíàìè÷åñêî-
ãî ìîäåëèðîâàíèÿ ìàññèâíûõ ãðàôîâ ñî ñòåïåííûì ðàñïðåäåëåíèåì ïðè óñëîâèè, ÷òî
ïàðàìåòðû äëÿ âõîäÿùèõ è èñõîäÿùèõ ñòåïåíåé ñîâïàäàþò èëè ãðàô íåîðèåíòèðî-
âàí, à ïàðàìåòð áîëüøå 2. Åñëè β òàêîé ïàðàìåòð, òî äëÿ ìîäåëèðîâàíèÿ âûáèðàåòñÿ
α = 1/(β − 1). Òàêæå âûÿâëåíà ñâÿçü âåðîÿòíîñòè ïîÿâëåíèÿ ïåòåëü è îöåíîê îòêëî-
íåíèÿ îò ñðåäíåãî êîëè÷åñòâà âåðøèí ñ ôèêñèðîâàííûìè ñòåïåíÿìè. Ñ ïîìîùüþ
ýòîãî èñïðàâëåíû îøèáêè, äîïóùåííûå ïðè äîêàçàòåëüñòâå â îðèãèíàëüíîé ñòàòüå
[11].
Îáîçíà÷èì ïåðñïåêòèâû è ñóùåñòâóþùèå âîïðîñû:

1. Ðàñïðîñòðàíÿåòñÿ ëè ðåçóëüòàò íà ìîäåëè B, C, D èç òîé æå ñòàòüè?

2. Ìîæíî ëè èñêëþ÷èòü ïåòëè è äâîéíûå ðåáðà äëÿ ïîñòðîåíèÿ ñîöèàëüíûõ ãðà-
ôîâ?

3. Ìîæíî ëè óëó÷øèòü îöåíêó äëÿ ci,j,t ïðè α ≥ 1
2
â ïðåäëîæåíèè 8?
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6 Ïðèëîæåíèÿ

6.1 Ïðèëîæåíèå À

Â äàííîì ïðèëîæåíèè ïðèâåä¼í êîä ïðîãðàììû íà ÿçûêå Python âåðñèè 3.6.1, êîòî-
ðàÿ âûïîëíÿåò ïîäñ÷¼ò ci,j èç ïðåäëîæåíèÿ 8.

import numpy as np

import random

import math

import matplotlib as mpl

#Ñëåäóþùàÿ ñòðîêà íåîáõîäèìà äëÿ ãåíåðàöèè èçîáðàæåíèé

mpl.use('Agg')

import matplotlib.pyplot as plt

#Èìïîðòèðóåì ïàêåò ñî âñïîìîãàòåëüíûìè ôóíêöèÿìè

from matplotlib import mlab

#Âåêòîð ñî çíà÷åíèÿìè àëüô

#Åñëè óêàçàòü òîëüêî îäíî çíà÷åíèå,

#âûâåäåò ãðàôèê äëÿ îäíîãî

alphas = [1/2,99/100]

#Äëÿ êàæäîãî àëüôà ñ÷èòàåì ñëåäóþùåå

for alpha in alphas:

#j íå ïðåâîñõîäèò m

m=10

#i íå ïðåâîñõîäèò n

n=10

#Çàâîäèì íóëåâûå ìàññèâû äëÿ a_{i,j} è c_{i,j}

arr1=[[0 for j in range(m)] for i in range(n)]

arr2=[[0 for j in range(m)] for i in range(n)]

#Çàäàåì a_{1,1} ïî ôîðìóëå

arr1[0][0]=(1-alpha)/(1+2*alpha)

curr = arr1[0][0]

#Òàáëèöó ìîæíî çàïîëíàòü ïî äèàãîíàëè,

#ò.ê. a_{i,j} çàâèñèò òîëüêî îò i+j

for su in range(3,m+n+1):

curr=curr*(su-2)/(1/alpha+su)

for i in range(max(1,su-m), min(n+1,su)):

j=su-i

arr1[i-1][j-1]=curr

#Èñïîëüçóåì îöåíêó åäèíèöåé äëÿ c_{i,1}

for i in range(n):

arr2[i][0]=1
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#Èñïîëüçóåì îöåíêó åäèíèöåé äëÿ c_{1,j}

for j in range(m):

arr2[0][j]=1

#Çàïîëíÿåì ïîñòðî÷íî, òàê ÷òî äëÿ (i,j)

#óæå ïîñ÷èòàíû íåîáõîäèìûå îöåíêè

for i in range(2,n+1):

for j in range(2,m+1):

if (i>=j):

arr2[i-1][j-1]=(i-1)*arr2[i-2][j-1]/i+(j-1)*arr2[i-1][j-2]/i+(i-1)

*(j-1)*arr2[i-2][j-2]/(i*i)+(i-1)*(j-1)*arr1[i-2][j-2]/i+j*arr1[i-1][j-1]

else:

arr2[i-1][j-1]=(i-1)*arr2[i-2][j-1]/j+(j-1)*arr2[i-1][j-2]/j+(i-1)

*(j-1)*arr2[i-2][j-2]/(j*j)+(i-1)*(j-1)*arr1[i-2][j-2]/j+i*arr1[i-1][j-1]

#Ãðàôè÷åñêàÿ ÷àñòü

#Õî÷åòñÿ ïîñìîòðåòü íà ïîâåäåíèå c_{i,j} ïðè

#áîëüøèõ çíà÷åíèÿõ i èëè j

#Ïîëó÷åíèå ðàâíîìåðíîé ñåòêè

xlist = range(1,m+1)

#Î÷èñòèì ãðàôèê îò ïðåäûäóùèõ ðåçóëüòàòîâ

#plt.clf()

#Ñàì ãðàôèê

plt.plot (xlist, arr2[n-1], label="%f"%(alpha))

#Ñàì ãðàôèê

#plt.plot (xlist, arr2[n-1], label="%i"%(n))

#Ñàì ãðàôèê

#plt.plot (xlist, arr2[n-2], label="%i"%(n-1))

#Ñàì ãðàôèê

#plt.plot (xlist, arr2[n-3], label="%i"%(n-2))

#Ãåíåðèðóåì íàçâàíèå â êîòîðîì øèôðóþòñÿ ïàðàìåòðû

str='plot'

for alpha in alphas:

str=str+'%f'%(alpha)

str=str+',n=%i,m=%i.png'%(n,m)

#Âûâîäèì ëåãåíäó íà ãðàôèê

plt.legend()

#Ñîõðàíÿåì ãðàôèê

plt.savefig(str)

25



Ñïèñîê ëèòåðàòóðû

[1] M. E. J. Newman. The structure and function of complex networks, 2003.
http://dx.doi.org/10.1137/S003614450342480

[2] B. Bollob�as. Random graphs. In: Probabilistic Combinatorics and its Applications,
Proceedings of Symposia in Applied Mathematics 44, 1�20. American Mathematical
Society, Providence, RI, 1991.

[3] B. Bollob�as, Modern Graph Theory, Springer-Verlag, New York, 1998.

[4] A. Barab�asi, and R. Albert, Emergence of scaling in random networks, Science (286),
509-512, 1999.

[5] A. Barab�asi, R. Albert, and H. Jeong, Scale-free characteristics of random networks:
the topology of the world wide web, Physica A 272, 173-187, 1999.

[6] S. R. Kumar et al., Trawling the web for emerging cyber communities, Proceedings
of the 8th World Wide Web Conference, Toronto, 1999.

[7] A. Broder et al., Graph structure in the web, Computer Networks 33, (1-6), 309-321,
2000.

[8] Q. Chen et al., The origin of power laws in Internet topologies revisited, in
Proceedings of the 21st Annual Joint Conference of the IEEE Computer and
Communications Societies, IEEE Computer Society, 2002.

[9] M. Faloutsos, P. Faloutsos, and C. Faloutsos, On power-law relationships of the
internet topology, Computer Communications Review 29, 251�262, 1999.

[10] W. Aiello, F. Chung, and L. Lu, A random graph model for massive graphs. In:
Proceedings of the 32nd Annual ACM Symposium on Theory of Computing, pp.
171�180, Association of Computing Machinery, New York, 2000.

[11] W. Aiello, F. Chung, L. Lu, Random evolution in massive graphs, Handbook on
Massive Data Sets, (Eds. J. Abello et al.), 2002.

http://dx.doi.org/10.1137/S003614450342480

[12] S. Redner, How popular is your paper? An empirical study of the citation distribution,
Eur. Phys. J. B 4, 131�134, 1998.

[13] S. N. Dorogovtsev, and J. F. F. Mendes, Language as an evolving word web, Proc.
R. Soc. London B 268, 2603�2606, 2001.

[14] R. Ferrer i Cancho, and R. V. Sol�e, The small world of human language, Proc. R.
Soc. London B 268, 2261�2265, 2001.

[15] H. Jeong et al., The large-scale organization of metabolic networks, Nature 407,
651�654, 2000.

[16] D. J. Watts, S. H. Strogatz, Collective dynamics of 'small-world' networks, Nature
393, 440�442, 1998.

26

http://dx.doi.org/10.1137/S003614450342480
http://dx.doi.org/10.1007/978-1-4615-0005-6_4


[17] D. Barmpoutis, and R. M. Murray, Networks with the smallest average distance and
the largest average clustering, arXiv:1007.4031, 2010.

[18] R. Monasson, Di�usion, localization, and dispersion relations on `smallworld' lattices,
European Physical Journal B, vol. 12, 555�567, 1999.

[19] M. Newman, and D. Watts, Renormalization group analysis of the smallworld
network model, Physics Letters A, vol. 263, no. 4�6, 341�346, 1999.

[20] Ï. È. Ðîìàíîâñêèé, Ðÿäû Ôóðüå. Òåîðèÿ ïîëÿ. Àíàëèòè÷åñêèå è ñïåöèàëüíûå
ôóíêöèè. Ïðåîáðàçîâàíèå Ëàïëàñà, ÔÈÇÌÀÒÃÈÇ, ñòð. 211-212, 1961.

27


	Введение
	Описание модели
	Моделирование

	Результаты
	Доказательства
	Заключение
	Приложения
	Приложение А

	Список литературы

