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ON TYPE I  BLOW UP FOR THE NAVIER-STOKES EQUATION NEAR THE BOUNDARY
In the graduation thesis of Mikhail Chernobai “On type I blow up for the Navier-Stokes equations near the boundary” sufficient conditions were established which guarantee that a weak solution of the Navier-Stokes equations near the boundary point possesses only type-I singularities.

The work of Mikail Chernobai is devoted to the actual and important questions of the theory of Navier-Stokes equations. Finding sufficient conditions under which the appropriate weak solution of the Navier-Stokes equations has a type I singularity in the neighborhood of a point is discussed in numerous papers. In particular, in the works of G.A. Seregin of 2003–2007 a general principle was established: if at least one of the energy scale-invariant norms of the solution in a neighborhood of a given point is finite, then all other energy scale-invariant norms in the neighborhood of this point are also finite. In 2008-2010, in the works of A.S. Mikhailov these results were extended to the case of points on the boundary of the domain. However, in comparison with these works, Mikhail Chernobai was able to significantly weaken the conditions under which the solution admits only type I singularity. Technically the boundary case is more difficult because in that situation the relationship between the pressure and the velocity field is much more complicated than in the internal case. This leads to the fact that the right-hand side of the pressure estimate includes strong (energy) norms, which does not appear in the internal case. This fact significantly complicates arguments of the proof.

Starting from 2010, researchers tried to weaken sufficient conditions for type I singularities, and the thesis of Mikail Chernobai is on a par with a series of other works devoted to this subject (Z. Lei, Q. Zhang, GA Seregin, W. Wang and others). However, in the works of the authors mentioned, certain sufficient conditions are given for the interior points of the domain. In his diploma Mikail Chernobai  studied boundary situation.

The main result of the work is the proof of the boundedness of scale-invariant energy norms for suitable solutions of the Navier-Stokes equations in a neighborhood of a point on a flat part of the boundary, provided that the scaled L_ {2, weak}  velocity field norm is uniformly bounded with respect to time. Here by L_ {2, weak} we denote the weak Lebesgue space (that is, the corresponding Lorentz space). The use of weak type Lebesgue spaces is motivated by the fact that this space contains, in particular, axisymmetric functions with behavior | u | <C / r, where r is the polar radius (distance to the axis of symmetry). The question of the smoothness of axisymmetric solutions (even with  zero angular component of the velocity) of the Navier-Stokes equations near the boundary of the domain is one of the most important open questions in the theory, and therefore the result established by Mikail Chernobai is an essential step towards solving this interesting problem.

The general scheme of the proof used by Mikhail Chernobai was developed by G.A. Seregin in 2007 and  today is standard. However, the use of weaker scale-invariant Lorentz norms instead of the standard Lebesgue norms forced the author to overcome significant technical difficulties in implementation of this scheme. In particular, for the implementation of the iterative scheme, an estimation of pressure was subjected to a cardinal revision (as compared with the preceding works of A. S. Mikhailov). Mikail Chernobai adapted the technique of working with norms of the weak type and successfully completed the proof. Moreover, the methods he found for working with norms of the weak type are universal and we can say that many other results that are known today in the theory of the Navier-Stokes equations for Lebesgue's norms can also be extended to norms of the weak type. This observation is, from my point of view, the main result of the work. Another advantage of the work is that the author in the boundary case obtained the maximum possible (for today) result - the constraint on the solution is not stronger than for the inner points.

The result of the work was published in the journal “Zapiski nauchnyh seminarov POMI”, 2018, volume 477, pp. 136-149.

I believe that this work certainly deserves an "excellent" rate.
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