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Ǳ����������

� ¤ ç¨ª ¯à¥¤ § ç¥ ¤«ï ¥¬ â¥¬ â¨ç¥áª¨å ä ªã«ìâ¥â®¢ ã¨-

¢¥àá¨â¥â , £¤¥ â¥®à¨ï ¢¥à®ïâ®áâ¥© á®áâ ¢«ï¥â ç áâì ªãàá  ¢ëáè¥©

¬ â¥¬ â¨ª¨ ¨ ¨§ãç ¥âáï ¢ á®ªà é¥®¬ ®¡ê¥¬¥. �« ¢ ï æ¥«ì § -

¤ ç¨ª  | ¯®¬®çì ¯à¥¯®¤ ¢ â¥«ï¬ ¢ ¯à®¢¥¤¥¨¨ ª®âà®«ìëå à -

¡®â, ®á®¡¥® ¤®¬ è¨å (¨¤¨¢¨¤ã «ìëå ¤®¬ è¨å § ¤ ¨©), ª®-

£¤  ¢®§¨ª ¥â ¥®¡å®¤¨¬®áâì ¨¬¥âì ¡®«ìè®¥ ª®«¨ç¥áâ¢® ¢ à¨ â®¢

¯® ª �¤®© â¥¬¥. � ¤ ®¬ á¡®à¨ª¥ ¯® ª �¤®© â¥¬¥ ¨¬¥¥âáï 30 ¤®-

áâ â®ç® à ¢®æ¥ëå § ¤ ç. �¡é¥¥ ç¨á«® ª®âà®«ìëå § ¤ ¨© 20.

�¨ ®å¢ âë¢ îâ á«¥¤ãîé¨¥ à §¤¥«ë â¥®à¨¨ ¢¥à®ïâ®áâ¥©: ª« áá¨-

ç¥áª¨© ¨ £¥®¬¥âà¨ç¥áª¨© á¯®á®¡ë ¢ëç¨á«¥¨ï ¢¥à®ïâ®áâ¥©, â¥®à¥-

¬ë á«®�¥¨ï ¨ ã¬®�¥¨ï ¢¥à®ïâ®áâ¥©, ä®à¬ã«  ¯®«®© ¢¥à®ïâ-

®áâ¨ ¨ ä®à¬ã«  � ©¥á , áå¥¬  �¥àã««¨ («®ª «ì ï ¨ ¨â¥£à «ì-

 ï â¥®à¥¬ë �ã ¢à  { � ¯« á ), ®¤®¬¥àë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë

(¤¨áªà¥âë¥ ¨ ¥¯à¥àë¢ë¥), äãªæ¨ï à á¯à¥¤¥«¥¨ï, ¯«®â®áâì

¢¥à®ïâ®áâ¨, ç¨á«®¢ë¥ å à ªâ¥à¨áâ¨ª¨ á«ãç ©ëå ¢¥«¨ç¨, äãª-

æ¨¨ ®â á«ãç ©ëå ¢¥«¨ç¨. �á®¡®¥ ¢¨¬ ¨¥ ã¤¥«¥® ®à¬ «ì®¬ã

à á¯à¥¤¥«¥¨î ¢¥à®ïâ®áâ¨. �®âà®«ìë¥ § ¤ ¨ï N

o
N

o
16{20 á®-

¤¥à� â § ¤ ç¨   à §ë¥ â¥¬ë.

� ¤ ç¨ª ¬®�¥â ¡ëâì â ª�¥ ¯®«¥§¥ ¯à¥¯®¤ ¢ â¥«ï¬ § ®çëå

®â¤¥«¥¨©. � «¨ç¨¥ ¢ § ¤ ç¨ª¥ ®â¢¥â®¢ ¤¥« ¥â ¥£® ¯®«¥§ë¬ ¨

«¨æ ¬ á ¬®áâ®ïâ¥«ì® ¨§ãç îé¨¬ â¥®à¨î ¢¥à®ïâ®áâ¥©. Ǳà¨¬¥àë

à¥è¥¨©   «®£¨çëå § ¤ ç ¬®�®  ©â¨ ¢ ª¨£ å, á¯¨á®ª ª®â®àëå

 å®¤¨âáï ¢ ª®æ¥ ¡à®èîàë.
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����������� �������

�®âà®«ì®¥ § ¤ ¨¥ N

o
1

�¥ªâ®  ¡¨à ¥â ç¥âëà¥å§ çë© ®¬¥à â¥«¥ä® . � ª®¢  ¢¥à®-

ïâ®áâì  ¡à âì ¥£® ¯à ¢¨«ì® á ¯¥à¢®£® à § , ¥á«¨ ® § ¥â, çâ®:

1.1. ®¬¥à  ç¨ ¥âáï   21, ¤¢¥ ¤àã£¨¥ æ¨äàë ¥ç¥âë¥ ¨ ®¤¨-

 ª®¢ëå æ¨äà ¢ ®¬¥à¥ ¥â?

1.2. ®¬¥à  ç¨ ¥âáï á 2, ¢á¥ ¥£® æ¨äàë ç¥âë¥ ¨ ¨å áã¬¬ 

à ¢  8?

1.3. ¢á¥ æ¨äàë ®¬¥à  ¥ç¥âë¥ ¨ à §ë¥?

1.4. ¢á¥ æ¨äàë ®¬¥à  ¥ç¥âë¥, ¤¢¥ ¯®á«¥¤¨¥ ®¤¨ ª®¢ë¥ ¨

¡®«¥¥ ®¤¨ ª®¢ëå æ¨äà ¥â?

1.5. ¢á¥ æ¨äàë ¢ ®¬¥à¥ à §ë¥, ¯à¨ç¥¬ ¤¢¥ ¯¥à¢ë¥ æ¨äàë ¥-

ç¥âë¥,   ¤¢¥ ¯®á«¥¤¨¥ | ç¥âë¥?

1.6. ¯¥à¢ë¥ ¤¢¥ æ¨äàë ®¬¥à  ®¤¨ ª®¢ë¥ ¥ç¥âë¥ ¨ ¡®«¥¥

®¤¨ ª®¢ëå æ¨äà ¥â?

1.7. ¯¥à¢ ï ¨ âà¥âìï æ¨äàë ®¤¨ ª®¢ë¥ ¥ç¥âë¥,   ¢â®à ï ¨

ç¥â¢¥àâ ï ç¥âë¥ à §ë¥?

1.8. ®¬¥à ç¨â ¥âáï ®¤¨ ª®¢® á«¥¢   ¯à ¢® ¨ á¯à ¢   «¥¢® ¨

¢ ¥¬ ¥â ã«¥©?

1.9. ®¬¥à  ç¨ ¥âáï á æ¨äàë 5 ¨ ¤¥«¨âáï   50?

1.10. ¢á¥ æ¨äàë ®¬¥à  ¥ç¥âë¥ ¨ à®¢® âà¨ ¨§ ¨å ¯ïâ¥àª¨?

1.11. ®¬¥à  ç¨ ¥âáï á 1 ¨ ¢á¥ æ¨äàë ®¬¥à  à §ë¥?

1.12. ¢á¥ æ¨äàë ®¬¥à  ¥ç¥âë¥?

1.13. ¢á¥ æ¨äàë ®¬¥à  à §ë¥, ¯¥à¢ ï 2 ¨ ®¤  ¨§ ¤¢ãå ¯®á«¥¤-

¨å (® ¥ ®¡¥) 5?

1.14. âà¨ æ¨äàë ®¬¥à  ¢®áì¬¥àª¨, áâ®ïé¨¥ ¯®¤àï¤ ¨ ®¤  æ¨-

äà  ¥ç¥â ï?

1.15. ¢ ®¬¥à¥ ¥áâì à®¢® ¤¢¥ ¢®áì¬¥àª¨, áâ®ïé¨¥ ¯®¤àï¤ ¨ ¤¢¥

¤àã£¨¥ æ¨äàë ¥ç¥âë¥?

1.16. ®¬¥à á®áâ®¨â ¨§ ¤¢ãå ¯®á«¥¤®¢ â¥«ìëå ¯ à ®¤¨ ª®¢ëå

¥ç¥âëå æ¨äà?

1.17. ¯¥à¢ë¥ ¤¢¥ æ¨äàë ®¬¥à  ®¤¨ ª®¢ë¥ ¨ ¥ç¥âë¥, âà¥âìï

¨ ç¥â¢¥àâ ï | ¥ã«¥¢ë¥, ç¥âë¥ ¨ à §ë¥?

1.18. ¢ ®¬¥à¥ ®âáãâáâ¢ãîâ ã«¨ ¨ áã¬¬  ¢á¥å ¥£® æ¨äà à ¢  6?

1.19. ¯¥à¢ ï æ¨äà  ®¬¥à  5, ¯®á«¥¤ïï 0, ¢â®à ï ¨ âà¥âìï |

¥ã«¥¢ë¥, ç¥âë¥ ¨ à §ë¥?

1.20. ®¬¥à  ç¨ ¥âáï á ¥ç¥â®© æ¨äàë, ¨ ª �¤ ï á«¥¤ãîé ï

æ¨äà  ¡®«ìè¥ ¯à¥¤ë¤ãé¥©   1?
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1.21. ®¬¥à ¥ á®¤¥à�¨â ã«¥©, ¨ ¢á¥ ¥£® æ¨äàë ¤¥«ïâáï   3?

1.22. ®¬¥à ¥ á®¤¥à�¨â ã«¥©, ¨ ¢á¥ ¥£® æ¨äàë ç¥âë¥ ¨ à §-

ë¥?

1.23. ¯¥à¢ ï æ¨äà  ®¬¥à  7, ¯®á«¥¤ïï 0, áã¬¬  ¢â®à®© ¨ âà¥-

âì¥© à ¢  á¥¬¨?

1.24. ®¬¥à  ç¨ ¥âáï á ¥ç¥â®© æ¨äàë, ¨§ âà¥å ¤àã£¨å æ¨äà

¤¢  ã«ï, áâ®ïé¨¥ ¯®¤àï¤ ¨ ®¤  ç¥â ï æ¨äà  ®â«¨ç ï ®â ã«ï?

1.25. ®¬¥à á®áâ®¨â ¨§ âà¥å ¥¤¨¨æ ¨ ®¤®© ¥ç¥â®© æ¨äàë

®â«¨ç®© ®â 1?

1.26. ®¬¥à  ç¨ ¥âáï á ¥ç¥â®© æ¨äàë ¨ á®¤¥à�¨â ¥ ¬¥¥¥

¤¢ãå ã«¥©?

1.27. ¯à®¨§¢¥¤¥¨¥ ¯¥à¢ëå ¤¢ãå æ¨äà ®¬¥à  8,   âà¥âì¥© ¨ ç¥-

â¢¥àâ®© æ¨äà 16?

1.28. ¯¥à¢ë¥ âà¨ æ¨äàë ®¬¥à  ¥ç¥âë¥, ¯à¨ç¥¬ à®¢® ¤¢¥ ¨§

¨å ¤¥¢ïâª¨,   ¯®á«¥¤ïï æ¨äà  ç¥â ï?

1.29. ®¬¥à á®áâ®¨â ¨§ ¥¤¨¨æë, ¯ïâ¥àª¨ ¨ ¤¢ãå á¥¬¥à®ª?

1.30. ®¬¥à á®áâ®¨â ¨§ ç¥âëà¥å à §«¨çëå æ¨äà 0, 1, 2, 3 ¨

 ç¨ ¥âáï á ¥ç¥â®© æ¨äàë?

�®âà®«ì®¥ § ¤ ¨¥ N

o
2

�§ ª®«®¤ë ª àâ ¢ 36 «¨áâ®¢, ¯® 9 ª àâ ª �¤®© ¨§ ç¥âëà¥å ¬ áâ¥©,

®¤®¢à¥¬¥® ¨§¢«¥ª îâ âà¨ ª àâë. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®:

2.1. íâ¨ ª àâë à §ëå ¬ áâ¥©?

2.2. íâ¨ ª àâë "ªà áëå" ¬ áâ¥© (¡ã¡ë ¨«¨ ç¥à¢ë)?

2.3. áà¥¤¨ íâ¨å ª àâ ¤¢¥ ª àâë "ªà áëå" ¬ áâ¥© (¡ã¡ë ¨«¨

ç¥à¢ë) ¨ ®¤  ¬ áâ¨ âà¥ä?

2.4. áà¥¤¨ íâ¨å ª àâ à®¢® ¤¢¥ ª àâ¨ª¨ (âã§ â®�¥ ª àâ¨ª )?

2.5. áà¥¤¨ íâ¨å ª àâ å®âï ¡ë ®¤¨ âã§?

2.6. áà¥¤¨ íâ¨å ª àâ ¥â ª àâ¨®ª (âã§ â®�¥ ª àâ¨ª )?

2.7. áà¥¤¨ íâ¨å ª àâ ®¤  ª àâ  "ç¥àëå" ¬ áâ¥© (¯¨ª¨ ¨«¨ âà¥-

äë) ¨ ¤¢¥ ¬ áâ¨ ¡ã¡ë?

2.8. ¢á¥ íâ¨ âà¨ ª àâë à §ë¥ ¯® áâ àè¨áâ¢ã?

2.9. áà¥¤¨ íâ¨å ª àâ ¤¢¥ è¥áâ¥àª¨ ¨ ®¤  ª àâ¨ª  (âã§ â®�¥

ª àâ¨ª )?

2.10. íâ¨ ª àâë á¥¬¥àª , ¤ ¬  ¨ âã§?

2.11. áà¥¤¨ íâ¨å ª àâ ¤¢¥ ¨ â®«ìª® ¤¢¥ ª àâë ®¤®© ¬ áâ¨?

2.12. áà¥¤¨ íâ¨å ª àâ à®¢® ¤¢  âã§ ?

2.13. íâ® âà¨ è¥áâ¥àª¨?
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2.14. áà¥¤¨ íâ¨å ª àâ å®âï ¡ë ¤¢¥ ª àâë "ªà áëå" ¬ áâ¥© (¡ã¡-

ë ¨«¨ ç¥à¢ë)?

2.15. áà¥¤¨ íâ¨å ª àâ ¥â ª àâë ¬ áâ¨ ¯¨ª¨?

2.16. áà¥¤¨ íâ¨å ª àâ å®âï ¡ë ¤¢  âã§ ?

2.17. ¢á¥ íâ¨ ª àâë ®¤®© ¬ áâ¨?

2.18. ¢á¥ íâ¨ ª àâë ®¤¨ ª®¢ë¥ ¯® áâ àè¨áâ¢ã?

2.19. å®âï ¡ë ¤¢¥ ¨§ íâ¨å ª àâ ®¤¨ ª®¢ë¥ ¯® áâ àè¨áâ¢ã?

2.20. ¨§ íâ¨å ª àâ ¤¢¥ ¨ â®«ìª® ¤¢¥ ª àâë ®¤¨ ª®¢ë¥ ¯® áâ à-

è¨áâ¢ã?

2.21. íâ® ª àâ¨ª¨, ¯à¨ç¥¬ ¢á¥ à §«¨ç®£® áâ àè¨áâ¢  (âã§

â®�¥ ª àâ¨ª )?

2.22. áà¥¤¨ íâ¨å ª àâ â®«ìª® ª®à®«¨ ¨ âã§ë?

2.23. áà¥¤¨ íâ¨å ª àâ ¥â âã§®¢?

2.24. íâ¨ âà¨ ª àâë ®¤®£® æ¢¥â  (¢á¥ "ªà áë¥" ¨«¨ ¢á¥ "ç¥à-

ë¥")?

2.25. áà¥¤¨ íâ¨å ª àâ ¤¢  âã§  ¨ ®¤¨ ª®à®«ì?

2.26. íâ¨ âà¨ ª àâë á®¤¥à� â ¯ àã ª®à®«ì{¤ ¬  ®¤®© ¬ áâ¨?

2.27. íâ¨ âà¨ ª àâë á®¤¥à� â ¯ àã ª®à®«ì{¤ ¬  ®¤®© ¬ áâ¨ ¨

«î¡®£® âã§ ?

2.28. íâ¨ âà¨ ª àâë ®¤®© ¬ áâ¨ ¨ ¨§ ¨å à®¢® ®¤  ª àâ¨ª 

(âã§ â®�¥ ª àâ¨ª )?

2.29. íâ¨ âà¨ ª àâë á®¤¥à� â ¯ àã âã§{ª®à®«ì ®¤®© ¬ áâ¨ ¨

¥é¥ ®¤®£® âã§ ?

2.30. áà¥¤¨ íâ¨å ª àâ à®¢® ®¤¨ âã§ ¨ ¥â ª®à®«¥© ¨ ¤ ¬?

�®âà®«ì®¥ § ¤ ¨¥ N

o
3

3.1. �  áâ®à®¥ BC âà¥ã£®«ì¨ª  ABC ¯à®¨§¢®«ì® ¢ë¡¨à ¥âáï

â®çª  D ¨ á®¥¤¨ï¥âáï á ¢¥àè¨®© A. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

¯«®é ¤ì âà¥ã£®«ì¨ª  ADC ¡ã¤¥â ¥ ¬¥¥¥ 1/4 ¯«®é ¤¨ âà¥ã£®«ì-
¨ª  ABC?

3.2. � ¯àï¬®ã£®«ì¨ª¥ ABCD   áâ®à®¥ BC ¯à®¨§¢®«ì® ¢ë¡¨-

à ¥âáï â®çª  M ¨ á®¥¤¨ï¥âáï á ¢¥àè¨®© A. � ª®¢  ¢¥à®ïâ®áâì

â®£®, çâ® ¯«®é ¤ì ¯®«ãç¨¢è¥©áï ¯à¨ íâ®¬ âà ¯¥æ¨¨ AMCD á®áâ -

¢¨â ¥ ¡®«¥¥ 3/4 ®â ¯«®é ¤¨ ¯àï¬®ã£®«ì¨ª  ABCD?

3.3. � ¯ à ««¥«®£à ¬¬¥ ABCD   áâ®à®¥ BC á«ãç ©® ¢ë¡¨à -

îâ â®çªã M ¨ á®¥¤¨ïîâ ¥¥ á ¢¥àè¨®© A. � ª®¢  ¢¥à®ïâ®áâì â®£®,

çâ® ¯«®é ¤ì âà ¯¥æ¨¨ AMCD á®áâ ¢¨â ¥ ¬¥¥¥ 2/3 ®â ¯«®é ¤¨

¯ à ««¥«®£à ¬¬  ABCD?
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3.4. Ǳ®«ãªàã£ ®£à ¨ç¥ ¤ã£®© AℓC ¨ ¤¨ ¬¥âà®¬ AC. �  ¤ã-

£¥ AℓC á«ãç ©® ¢ë¡¨à îâ â®çªã Z, ª®â®àãî á®¥¤¨ïîâ á â®ç-

ª®© O | æ¥âà®¬ ªàã£ . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì

á¥ªâ®à  AZO ¥ ¯à¥¢§®©¤¥â 1/3 ¯«®é ¤¨ ¯®«ãªàã£ ?

3.5. �¬¥îâáï ¤¢¥ ª®æ¥âà¨ç¥áª¨¥ ®ªàã�®áâ¨ á æ¥âà®¬ ¢ â®ç-

ª¥ O ¨ à ¤¨ãá ¬¨ 0 < r < R. � ¤¨ãá r ¢ë¡à  á«ãç ©®. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì ¯®«ãç¨¢è¥£®áï ¯à¨ íâ®¬ ª®«ìæ  á®-

áâ ¢¨â ¥ ¬¥¥¥ ¯®«®¢¨ë ¯«®é ¤¨ ªàã£  à ¤¨ãá  R?

3.6. �¥¥à ¬®�¥â ¡ëâì à §¢¥àãâ   ã£®« α, £¤¥ 0 6 α 6 2π.
�£®« ¢ë¡¨à ¥âáï á«ãç ©®, ® ¥ ¬¥¥¥ π/2. � ª®¢  ¢¥à®ïâ®áâì

â®£®, çâ® ã£®« à §¢®à®â  ¢¥¥à  α ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨î

2π/3 6 α 6 π?

3.7. � âà ¯¥æ¨¨ ABCD ¨�¥¥ ®á®¢ ¨¥ AD = 2a, ¢¥àå¥¥ |
BC = a. �  ®á®¢ ¨¨ BC á«ãç ©® ¢ë¡¨à ¥âáï â®çª  M ¨ á®¥¤¨-

ï¥âáï á ¢¥àè¨®© A. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì âà¥-

ã£®«ì¨ª  ABM ¥ ¯à¥¢§®©¤¥â 1/9 ¯«®é ¤¨ âà ¯¥æ¨¨ ABCD?

3.8. � âà ¯¥æ¨¨ ABCD ¨�¥¥ ®á®¢ ¨¥ AD = 2a, ¢¥àå¥¥ |
BC = a. �  ®á®¢ ¨¨ BC á«ãç ©® ¢ë¡¨à ¥âáï â®çª  M ¨ á®¥¤¨-

ï¥âáï á ¢¥àè¨®© A. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì âà ¯¥-

æ¨¨ AMCD á®áâ ¢¨â ¥ ¬¥¥¥ 4/5 ¯«®é ¤¨ âà ¯¥æ¨¨ ABCD?

3.9. � âà ¯¥æ¨¨ ABCD ¨�¥¥ ®á®¢ ¨¥ AD = 2a, ¢¥àå¥¥ |
BC = a. �  ®á®¢ ¨¨ BC á«ãç ©® ¢ë¡¨à ¥âáï â®çª  M ¨ á®¥¤¨-

ï¥âáï á â®çª®© N | á¥à¥¤¨®© áâ®à®ë AD. � ª®¢  ¢¥à®ïâ®áâì

â®£®, çâ® ¯«®é ¤ì âà ¯¥æ¨¨ NMCD á®áâ ¢¨â ¥ ¬¥¥¥ 17/45 ¯«®é -
¤¨ âà ¯¥æ¨¨ ABCD?

3.10. � âà¥ã£®«ì¨ª¥ ABC   áâ®à®¥ BC á«ãç ©® ¢ë¡¨à ¥âáï

â®çª  M ¨ á®¥¤¨ï¥âáï á â®çª®© N | á¥à¥¤¨®© áâ®à®ë AC. � ª®-

¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì âà¥ã£®«ì¨ª  MNC á®áâ ¢¨â ¥

¡®«¥¥ 3/8 ¯«®é ¤¨ âà¥ã£®«ì¨ª  ABC?

3.11. � âà¥ã£®«ì¨ª¥ ABC â®çª  M ¯à¨ ¤«¥�¨â áâ®à®¥ AC

¨ 4AM = AC. �  áâ®à®¥ BC á«ãç ©® ¢ë¡¨à ¥âáï â®çª  N ¨ á®-

¥¤¨ï¥âáï á â®çª®© M. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì âà¥-

ã£®«ì¨ª  MNC ¡ã¤¥â ¥ ¬¥¥¥ ¯®«®¢¨ë ¨ ¥ ¡®«¥¥ 5/8 ¯«®é ¤¨
âà¥ã£®«ì¨ª  ABC?

3.12. �  áâ®à®¥ AB âà¥ã£®«ì¨ª  ABC á«ãç ©® ¢ë¡à   â®ç-

ª  M, ç¥à¥§ ª®â®àãî ¯à®¢¥¤¥  ¯àï¬ ï, ¯ à ««¥«ì ï AC, ¤® ¯¥-

à¥á¥ç¥¨ï á® áâ®à®®© BC ¢ â®çª¥ N. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®
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¯«®é ¤ì âà¥ã£®«ì¨ª  MBN á®áâ ¢¨â ¥ ¬¥¥¥ 16/25 ¯«®é ¤¨ âà¥-
ã£®«ì¨ª  ABC?

3.13. � ¯àï¬®ã£®«ìë© âà¥ã£®«ì¨ª á ª â¥â ¬¨ 3 ¨ 4 á«ãç ©-

® ¡à®è¥  â®çª  M. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® â®çª  M ¡ã¤¥â

ã¤ «¥  ®â £¨¯®â¥ã§ë âà¥ã£®«ì¨ª  ¥ ¡®«¥¥, ç¥¬   2/5?

3.14. � ª¢ ¤à â ABCD á® áâ®à®®© a á«ãç ©® ¡à®è¥  â®çª  M.

� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® â®çª  M ¡ã¤¥â ã¤ «¥  ®â ¤¨ £® «¨

ª¢ ¤à â  AC ¥ ¡®«¥¥, ç¥¬  

√
2a/8?

3.15. � ªàã£ à ¤¨ãá  R á«ãç ©® ¡à®á îâ â®çªã. � ª®¢  ¢¥à®-

ïâ®áâì â®£®, çâ® à ááâ®ï¨¥ d ¤® íâ®© â®çª¨ ®â æ¥âà  ªàã£  ¡ã¤¥â
ã¤®¢«¥â¢®àïâì ¥à ¢¥áâ¢ã R/3 6 d 6 R/2?

3.16. � ¯àï¬®ã£®«ì®¬ âà¥ã£®«ì¨ª¥ ABC ª â¥âë AC ¨ BC à ¢-

ë 4 ¨ 3 á®®â¢¥âáâ¢¥®. �  AC á«ãç ©® ¢ë¡¨à îâ â®çªã M ¨

¯à®¢®¤ïâ ç¥à¥§ ¥¥ ¯àï¬ãî, ¯ à ««¥«ìãî áâ®à®¥ BC, ¤® ¯¥à¥á¥-

ç¥¨ï á £¨¯®â¥ã§®© AB ¢ â®çª¥ N. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

áã¬¬  ¤«¨ ®âà¥§ª®¢ AM ¨ AN ¥ ¯à¥¢§®©¤¥â 6?

3.17. � âà¥ã£®«ì¨ª¥ ABC áâ®à®ë BC = 2AC = 2a. �  áâ®à®-
¥ AC á«ãç ©® ¢ë¡¨à îâ â®çªã M ¨ ¯à®¢®¤ïâ ç¥à¥§ ¥¥ ¯àï¬ãî,

¯ à ««¥«ìãî áâ®à®¥ AB, ¤® ¯¥à¥á¥ç¥¨ï á® áâ®à®®© BC ¢ â®ç-

ª¥ N. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® MC + CN 6 6a/5?

3.18. � âà¥ã£®«ì¨ª¥ ABC áâ®à®  AB = 12, ã£®« ¯à¨ ¢¥àè¨¥ A

à ¢¥ π/6. �  áâ®à®¥ AB á«ãç ©® ¢ë¡¨à îâ â®çªã M ¨ ¯à®¢®-

¤ïâ ç¥à¥§ ¥¥ ¯àï¬ãî, ¯ à ««¥«ìãî áâ®à®¥ AC, ¤® ¯¥à¥á¥ç¥¨ï

¢ â®çª¥ N á ¢ëá®â®© âà¥ã£®«ì¨ª  ABC, ®¯ãé¥®© ¨§ ¢¥àè¨ë B.

� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® MB + BN 6 12 ?

3.19. � à ¢®áâ®à®¥¬ âà¥ã£®«ì¨ª¥ ABC   áâ®à®¥ AB á«ã-

ç ©® ¢ë¡à   â®çª  M. �§ íâ®© â®çª¨   áâ®à®ã BC ®¯ãé¥ ¯¥à-

¯¥¤¨ªã«ïà MN. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì âà¥ã£®«ì-

¨ª  BMN ¥ ¯à¥¢§®©¤¥â 1/9 ¯«®é ¤¨ âà¥ã£®«ì¨ª  ABC?

3.20. � ¯àï¬®ã£®«ì®¬ âà¥ã£®«ì¨ª¥ ABC ã£®« ¯à¨ ¢¥àè¨¥ A

à ¢¥ π/6. �  ª â¥â¥ AC á«ãç ©® ¢ë¡¨à îâ â®çªã M ¨ ®¯ãáª îâ

¨§ ¥¥ ¯¥à¯¥¤¨ªã«ïà MN   £¨¯®â¥ã§ã AB. � ª®¢  ¢¥à®ïâ®áâì

â®£®, çâ® ¯«®é ¤ì âà¥ã£®«ì¨ª  AMN ¡ã¤¥â ¥ ¬¥¥¥ 1/16 ¯«®é ¤¨
âà¥ã£®«ì¨ª  ABC?

3.21. � ¯àï¬®ã£®«ì®¬ âà¥ã£®«ì¨ª¥ ABC ª â¥âë AC ¨ CB à ¢-

ë 4 ¨ 3 á®®â¢¥âáâ¢¥®. �®çª  M «¥�¨â   ª â¥â¥ CB   à ááâ®-

ï¨¨ 1 ®â â®çª¨ C. �  £¨¯®â¥ã§¥ AB á«ãç ©® ¢ë¡¨à îâ â®çªã N
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¨ á®¥¤¨ïîâ ¥¥ á â®çª®© M. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì

âà¥ã£®«ì¨ª  MNB ¥ ¯à¥¢§®©¤¥â 4?

3.22. � à ¢®áâ®à®¥¬ âà¥ã£®«ì¨ª¥ ABC   ¯¥à¯¥¤¨ªã«ïà¥,

®¯ãé¥®¬ ¨§ ¢¥àè¨ë B   áâ®à®ã AC, á«ãç ©® ¢ë¡à   â®ç-

ª  M. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì s ®ªàã�®áâ¨ á æ¥-

âà®¬ ¢ â®çª¥ M ¢¯¨á ®© ¢ ã£®« ABC ¨ S | ¯«®é ¤ì âà¥ã£®«ì¨ª 

ABC ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ¥à ¢¥áâ¢ã s 6
√
3πS/27?

3.23. �¬¥îâáï ç¥âëà¥ ª®æ¥âà¨ç¥áª¨¥ ®ªàã�®áâ¨ à ¤¨ãá®¢ 3,

6, 9 ¨ 12. �«ãç ©® ¡à®á îâ â®çªã ¢  ¨¡®«ìè¨© ¨§ ªàã£®¢. � ª®¢ë

¢¥à®ïâ®áâ¨ ¯®¯ ¤ ¨ï ¢ ª �¤ãî ¨§ ç¥âëà¥å §® (¢ãâà¥¨© ªàã£

¨ âà¨ ª®«ìæ )?

3.24. �àã£ à §¤¥«¥   12 à ¢ëå á¥ªâ®à®¢, ¨§ ª®â®àëå 4 á ¤¥-

¥�ë¬¨ ¢ë¨£àëè ¬¨, 4 | á ¢¥é¥¢ë¬¨ ¨ 4 | ¯à®¨£àëèë¥. Ǳ®

®ªàã�®áâ¨ íâ®£® ªàã£  ¤¢¨�¥âáï â®çª , ª®â®à ï á«ãç ©® ®áâ  -

¢«¨¢ ¥âáï   ¤ã£¥, á®®â¢¥âáâ¢ãîé¥© ®¤®¬ã ¨§ á¥ªâ®à®¢. � ª®¢ 

¢¥à®ïâ®áâì 1) ¥ ¯à®¨£à âì; 2) ¯®«ãç¨âì ¤¥¥�ë© ¢ë¨£àëè?

3.25. �  ¯®«ã®ªàã�®áâ¨ AB á«ãç ©® ¢ë¡à   â®çª  M. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® ¬®¤ã«ì à §®áâ¨ ¤«¨ ¤ã£ íâ®© ¯®«ã®ªàã�-

®áâ¨ AM ¨ MB ¥ ¯à¥¢§®©¤¥â 1/4 ¤«¨ë ¢á¥© ¯®«ã®ªàã�®áâ¨?

3.26. � ª¢ ¤à â¥ á® áâ®à®®© 2a á«ãç ©® ¢ë¡¨à îâ â®çªã O,

ï¢«ïîéãîáï æ¥âà®¬ ®ªàã�®áâ¨ à ¤¨ãá  r = a/2. � ª®¢  ¢¥à®ïâ-
®áâì â®£®, çâ® ®ªàã�®áâì ¡ã¤¥â ¨¬¥âì å®âï ¡ë ®¤ã ®¡éãî â®çªã

á ª ª®©-¨¡ã¤ì áâ®à®®© ª¢ ¤à â ?

3.27. �§ ªàã£  á æ¥âà®¬ ¢ â®çª¥ O ¨ à ¤¨ãá®¬ R ¢ëà¥§   ¥£®

ç¥â¢¥àâì ¯® à ¤¨ãá ¬ OA ¨ OB. � ®áâ ¢è¥©áï ç áâ¨ ªàã£  á«ãç ©®

¢ë¡¨à îâ â®çªã M ¨ ¯à®¢®¤ïâ ç¥à¥§ ¥¥ ¤ã£ã ®ªàã�®áâ¨ á æ¥âà®¬

¢ â®çª¥ O ¤® ¯¥à¥á¥ç¥¨ï á à ¤¨ãá ¬¨ OA ¨ OB ¢ â®çª å N ¨ P

á®®â¢¥âáâ¢¥®. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¤ã£  NMP ¡ã¤¥â ¥

¬¥¥¥ 1/4 ¨ ¥ ¡®«¥¥ 1/2 ¤«¨ë ¯®«®© ®ªàã�®áâ¨ à ¤¨ãá  R?

3.28. �§ ªàã£  à ¤¨ãá  R á æ¥âà®¬ ¢ â®çª¥ O ¢ëà¥§   ¥£® ç¥-

â¢¥àâì ¯® à ¤¨ãá ¬ OA ¨ OB. �  à ¤¨ãá¥ OA á«ãç ©® ¢ë¡à  

â®çª  M, ç¥à¥§ ª®â®àãî ¢ ®áâ ¢è¥©áï ç áâ¨ ªàã£  ¯à®¢¥¤¥  ¤ã£ 

®ªàã�®áâ¨ á æ¥âà®¬ ¢ â®çª¥ O ¤® ¯¥à¥á¥ç¥¨ï á à ¤¨ãá®¬ OB ¢

â®çª¥ N. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì ä¨£ãàë ®¡à §®¢ -

®© ®âà¥§ª ¬¨ OM, ON ¨ ¤ã£®© ®ªàã�®áâ¨ à ¤¨ãá  OM ¡ã¤¥â ¥

¬¥¥¥ 1/16 ¨ ¥ ¡®«¥¥ 1/4 ¯«®é ¤¨ ¢á¥£® ªàã£  à ¤¨ãá  R?

3.29. �§ ªàã£  à ¤¨ãá  R á æ¥âà®¬ ¢ â®çª¥ O ¢ëà¥§   ¥£® è¥-

áâ ï ç áâì ¯® à ¤¨ãá ¬ OA ¨ OB. �  à ¤¨ãá¥ OA á«ãç ©® ¢ë¡à  
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â®çª  M, ç¥à¥§ ª®â®àãî ¢ ®áâ ¢è¥©áï ç áâ¨ ªàã£  ¯à®¢¥¤¥  ¤ã£ 

®ªàã�®áâ¨ á æ¥âà®¬ ¢ â®çª¥ O ¤® ¯¥à¥á¥ç¥¨ï á à ¤¨ãá®¬ OB ¢

â®çª¥ N. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì ä¨£ãàë ®¡à §®¢ -

®© ®âà¥§ª ¬¨ OM, ON ¨ ¤ã£®© ®ªàã�®áâ¨ à ¤¨ãá  OM ¡ã¤¥â ¥

¬¥¥¥ 1/24 ¨ ¥ ¡®«¥¥ 1/6 ¯«®é ¤¨ ¢á¥£® ªàã£  à ¤¨ãá  R?

3.30. �§ ªàã£  à ¤¨ãá  R á æ¥âà®¬ ¢ â®çª¥ O ¢ëà¥§   ¥£® âà¥âì

¯® à ¤¨ãá ¬ OA ¨ OB. �  à ¤¨ãá¥ OA á«ãç ©® ¢ë¡à   â®çª  M,

ç¥à¥§ ª®â®àãî ¢ ®áâ ¢è¥©áï ç áâ¨ ªàã£  ¯à®¢¥¤¥  ¤ã£  ®ªàã�®-

áâ¨ á æ¥âà®¬ ¢ â®çª¥ O ¤® ¯¥à¥á¥ç¥¨ï á à ¤¨ãá®¬ OB ¢ â®çª¥ N.

� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì ä¨£ãàë ®¡à §®¢ ®© ®âà¥§-

ª ¬¨ OM, ON ¨ ¤ã£®© ®ªàã�®áâ¨ à ¤¨ãá  OM ¡ã¤¥â ¥ ¬¥¥¥ 1/12
¨ ¥ ¡®«¥¥ 1/3 ¯«®é ¤¨ ¢á¥£® ªàã£  à ¤¨ãá  R?

�®âà®«ì®¥ § ¤ ¨¥ N

o
4

� ¯àï¬®ã£®«ì¨ª¥, ¢¥àè¨ ¬¨ ª®â®à®£® ï¢«ïîâáï â®çª¨ O(0, 0),
A(0, 3), B(2, 3) ¨ C(2, 0) á«ãç ©® ¢ë¡¨à îâ â®çªã M(x, y). � ª®¢ 
¢¥à®ïâ®áâì â®£®, çâ® ¤«ï x ¨ y ¢ë¯®«¥ë ãá«®¢¨ï:

4.1.

{

x+ y > 3,

y > x+ 1.
4.10.

{

y 6 3x,

y > 1.
4.19.

{

2x+ 1 > y,

x > 1/2.

4.2.

{

2x+ y > 3,

x > 1.
4.11.

{

2y > x,

y 6 3x.
4.20.

{

2x+ 1 > y,

x+ y > 3.

4.3.

{

y 6 1,

y 6 x.
4.12.

{

x+ y > 1,

y − x 6 1.
4.21.

{

x+ 2 > y,

x+ y > 2.

4.4.

{

y 6 2,

y 6 x+ 1.
4.13.

{

y − x 6 1,

x+ 2y > 2.
4.22.

{

x+ 2 > y,

2x+ 1 6 y.

4.5.

{

y 6 x+ 2,

y + x 6 4.
4.14.

{

2x+ y > 2,

x 6 1.
4.23.

{

x+ y > 2,

x+ y 6 3.

4.6.

{

y 6 x+ 1,

y > x.
4.15.

{

2x+ y > 2,

2y − x > 2.
4.24.

{

x+ 2 > y,

x+ 1 6 y.

4.7.

{

2y 6 x+ 2,

y > x.
4.16.

{

2x+ 1 > y,

y > 3/2.
4.25.

{

x+ 2 > y,

y + 3x 6 6.

4.8.

{

y + 1 > x,

x+ y 6 4.
4.17.

{

2x+ 1 > y,

y > x.
4.26.

{

x+ y 6 3,

y 6 x+ 1.

4.9.

{

2y 6 x,

x > 1.
4.18.

{

2x+ 1 > y,

x 6 3/2.
4.27.

{

x+ 1 > y,

3x 6 y + 3.
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4.28.

{

x+ y > 2,

y 6 5/2.
4.29.

{

x+ y > 2,

y > x.
4.30.

{

3x > y + 3,

x+ y > 2.

�®âà®«ì®¥ § ¤ ¨¥ N

o
5

5.1. �«ï ¡®àì¡ë á ¢à¥¤¨â¥«ï¬¨ ãà®� ï ¯®á«¥¤®¢ â¥«ì® ¯à¨¬¥-

ïîâ ¤¢  ¯à¥¯ à â , ª®â®àë¥ ¤¥©áâ¢ãîâ ¥§ ¢¨á¨¬®. Ǳ¥à¢ë© ã¨-

çâ®� ¥â ¢à¥¤¨â¥«¥© á ¢¥à®ïâ®áâìî α, ¢â®à®© | á ¢¥à®ïâ®áâìî β.
� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) å®âï ¡ë ®¤¨ ¯à¥¯ à â ®ª �¥âáï

íää¥ªâ¨¢ë¬; 2) ®¤¨ ¨ â®«ìª® ®¤¨ ¯à¥¯ à â ®ª �¥âáï íää¥ªâ¨¢-

ë¬?

5.2. � ª®¬ ¤¥ âà¨ ¨£à®ª . �  á®à¥¢®¢ ¨ïå ¨£à®ª¨ ¥§ ¢¨á¨-

¬® ¤àã£ ®â ¤àã£  ãá¯¥è® ¢ë¯®«ïîâ á¢®¨ § ¤ ¨ï á ¢¥à®ïâ®áâï¬¨

α
1

, α
2

¨ α
3

. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ¢á¥ âà¨ § ¤ ¨ï ¢ë-

¯®«¥ë ¢¥à®; 2) à®¢® ®¤® § ¤ ¨¥ ¢ë¯®«¥® ¢¥à®; 3) å®âï ¡ë

®¤® § ¤ ¨¥ ¢ë¯®«¥® ¢¥à®?

5.3. �ë¡ ª A ®áâ ¢¨« ¢ à¥ª¥   ®çì ¤¢¥ ¤®ª¨,   àë¡ ª B| ®¤ã.

�¥à®ïâ®áâì ¯®©¬ âì àë¡ã   ª �¤ãî ¤®ªã àë¡ ª  A à ¢  α,  
àë¡ ª  B | β. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ãâà®¬ 1) àë¡ ª A

¢ëâ é¨â àë¡ ¡®«ìè¥ ç¥¬ àë¡ ª B; 2) àë¡ ª B ¢ëâ é¨â àë¡ ¡®«ìè¥

ç¥¬ àë¡ ª A?

5.4. �¥ªâ® ¯à¨®¡à¥« 3 í«¥ªâà®« ¬¯®çª¨, ª �¤ ï ¨§ ª®â®àëå

ï¢«ï¥âáï ¨á¯à ¢®© á ¢¥à®ïâ®áâìî α. � ª®¢  ¢¥à®ïâ®áâì â®£®,

çâ® 1) ¢á¥ 3 « ¬¯®çª¨ ¡à ª®¢ ë¥; 2) ¨á¯à ¢ëå « ¬¯®ç¥ª ¥ ¬¥-

¥¥ ¤¢ãå?

5.5. � ç¥áâ¢® ¨§¤¥«¨ï ¯à®¢¥àï¥âáï ¤¢ã¬ï ª®âà®«¥à ¬¨ ¥§ ¢¨-

á¨¬® ¨ ¯à¨§ ¥âáï ª®¤¨æ¨®ë¬, ¥á«¨ ®¡  à¥§ã«ìâ â  ¯®«®�¨â¥«ì-

ë. �¥à®ïâ®áâì ¯®«®�¨â¥«ì®£® à¥§ã«ìâ â  ¯à¨ ¯à®¢¥àª¥ ¯¥à¢ë¬

ª®âà®«¥à®¬ à ¢  α,   ¢â®àë¬ | β. �«ãç ©® ¢ë¡à ® âà¨ ¨§-

¤¥«¨ï. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ¢á¥ âà¨ ¨§¤¥«¨ï ¯à¨§ ë

ª®¤¨æ¨®ë¬¨; 2) ª®¤¨æ¨®ë¬ ¨§¤¥«¨¥¬ ¯à¨§ ® ¥ ¡®«¥¥ ®¤-

®£®?

5.6. �§-§  ¥¨á¯à ¢®áâ¨ «¨äâ, ®â¯à ¢«ï¥¬ë©   ¯ïâë© íâ �,

®áâ  ¢«¨¢ ¥âáï   ¯ïâ®¬ íâ �¥ á ¢¥à®ïâ®áâìî α < 1, ¨ á à ¢ë¬¨

¢¥à®ïâ®áâï¬¨   ç¥â¢¥àâ®¬ ¨ è¥áâ®¬. �à®¥ ¯ áá �¨à®¢ ¯®®ç¥à¥¤-

® ¯ëâ îâáï   «¨äâ¥ ¯®¯ áâì   ¯ïâë© íâ �. � ª®¢  ¢¥à®ïâ®áâì

â®£®, çâ® 1) ¢á¥ âà®¥ ¯ áá �¨à®¢ ¯®¯ ¤ãâ   à §ë¥ íâ �¨; 2)  

¯ïâë© íâ � ¯®¯ ¤¥â ¥ ¡®«¥¥ ®¤®£® ¯ áá �¨à ?
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5.7. � �¤ë© ¨§ ç¥âëà¥å ®â¤ëå îé¨å ¥§ ¢¨á¨¬® ®â ¤àã£¨å ¬®-

�¥â ¯®©â¨   ¯«ï�, ¢ £®àë ¨«¨ ®áâ âìáï ¢ £®áâ¨¨æ¥. �â¤ëå  

¯«ï�¥ ª �¤ë© ¢ë¡¨à ¥â á ¢¥à®ïâ®áâìî α, ¯®å®¤ ¢ £®àë á ¢¥à®-

ïâ®áâìî β. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢ á«ãç ©® ¢ë¡à ë©

¤¥ì 1) ¢á¥ ç¥â¢¥à® á¤¥« îâ ®¤¨ ª®¢ë© ¢ë¡®à; 2) ¥ ¡®«¥¥ ¤¢ãå ¨§

¨å ®ª �¥âáï   ¯«ï�¥?

5.8. �¨æ®, ¯®á¥â¨¢è¥¥ ¬ £ §¨, ¯à¨®¡à¥â ¥â â¥«¥¢¨§®à ä¨à¬ë

A, B ¨«¨ C á ¢¥à®ïâ®áâï¬¨ α, β ¨ γ á®®â¢¥âáâ¢¥®, ¨«¨ ¢®¢á¥ ¥

¤¥« ¥â ¯®ªã¯ª¨. � ¬ £ §¨¥ âà®¥ ¯®á¥â¨â¥«¥©. � ª®¢  ¢¥à®ïâ®áâì

â®£®, çâ® 1) ¢á¥ âà®¥ ¯à¨®¡à¥âãâ â¥«¥¢¨§®àë ®¤®© ä¨à¬ë; 2) à®¢-

® ¤¢®¥ ¯à¨®¡à¥«¨ â¥«¥¢¨§®àë ®¤¨ ª®¢®© ä¨à¬ë; 3) à®¢® ®¤¨

¯®ªã¯ â¥«ì ¯à¨®¡à¥« â¥«¥¢¨§®à.

5.9. �¨æ®, ¯®á¥â¨¢è¥¥ ¬ £ §¨, á ¢¥à®ïâ®áâìî α ¤¥« ¥â ¯®ªã¯-

ªã. � ¬ £ §¨¥ ¯ïâì ¯®á¥â¨â¥«¥©. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

1) ¡ã¤¥â á¤¥«   å®âï ¡ë ®¤  ¯®ªã¯ª ; 2) ¡ã¤¥â á¤¥« ® ¥ ¬¥¥¥

âà¥å ¯®ªã¯®ª?

5.10. � ¬ £ §¨¥ ¨¬¥îâáï âà¨ ®â¤¥«  A, B ¨ C. �¨æ® ¯®á¥â¨¢è¥¥

¬ £ §¨, ¤¥« ¥â ¯®ªã¯ªã ¢ ª �¤®¬ ¨§ íâ¨å ®â¤¥«®¢, ¥§ ¢¨á¨¬® ®â

¯®á¥é¥¨ï ®áâ «ìëå ®â¤¥«®¢, á ¢¥à®ïâ®áâï¬¨ α, β ¨ γ (á®®â¢¥â-

áâ¢¥®). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ¯®ªã¯ª  á¤¥«   å®âï ¡ë

¢ ®¤®¬ ®â¤¥«¥; 2) ¯®ªã¯ª¨ á¤¥« ë ¥ ¬¥¥¥, ç¥¬ ¢ ¤¢ãå ®â¤¥« å?

5.11. � £®à®¤¥ ¨¬¥îâáï âà¨ ã¨¢¥à¬ £  A, B ¨ C. �ãà¨áâë ¯à¨

�¥« ¨¨ ¨¬¥îâ ¢®§¬®�®áâì ¯®á¥â¨âì â®«ìª® ®¤¨ ¨§ ¨å. �â¨ ã¨-

¢¥à¬ £¨ âãà¨áâ ¯®á¥é ¥â á ¢¥à®ïâ®áâï¬¨ α, β ¨ γ á®®â¢¥âáâ¢¥®

¨«¨ ¢®¢á¥ ®âª §ë¢ ¥âáï ®â ¯®á¥é¥¨ï. � £®à®¤ ¯à¨¥å «¨ âà¨ ¥§ -

ª®¬ëå ¤àã£ á ¤àã£®¬ âãà¨áâ . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ¢á¥

®¨ ¯®á¥âïâ ®¤¨ ã¨¢¥à¬ £; 2) ¤¢®¥ ¨§ ¨å ¯®©¤ãâ ¢ à §ë¥ ã¨-

¢¥à¬ £¨ ¨ ®¤¨ ®âª �¥âáï ®â ¯®á¥é¥¨ï?

5.12. �ë¡ ª ®áâ ¢¨« ¢ à¥ª¥   ®çì ¤¢¥ ¤®ª¨. �¥à®ïâ®áâì

¯®©¬ âì àë¡ã   ª �¤ãî ¨§ ¨å à ¢  p. � ª®¢  ¢¥à®ïâ®áâì â®£®,
çâ® ãâà®¬ 1) ® ¢ëâ é¨â å®âï ¡ë ®¤ã àë¡ã; 2) å®âï ¡ë ®¤  ¨§

¤®®ª ®ª �¥âáï ¡¥§ àë¡ë.

5.13. � ª®««¥ªæ¨®¥à  ¥ áâ¥¥ ¢¨áïâ âà®¥ ç á®¢, ª®â®àë¥ ¯®ª -

§ë¢ îâ ¢¥à®¥ ¢à¥¬ï ¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  á ¢¥à®ïâ®áâï¬¨ α,
β ¨ γ. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢ â®â ¬®¬¥â, ª®£¤  ª®««¥ªæ¨-
®¥à á¬®âà¨â   íâ¨ ç áë 1) ¨ ®¤¨ ¨å ¨å ¥ ¯®ª §ë¢ îâ ¢¥à®¥

¢à¥¬ï; 2) ®¤¨ ¨ â®«ìª® ®¤¨ ç áë ¯®ª §ë¢ îâ ¢¥à®¥ ¢à¥¬ï?
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5.14. � £®à®¤¥, £¤¥ âãà¨áâë ¯à®¢®¤ïâ ¥¤¥«î, ¢ «î¡ë¥ áãâª¨

 â¬®áä¥àë¥ ®á ¤ª¨ ¢®§¬®�ë á ¢¥à®ïâ®áâìî α. � ª®¢  ¢¥à®ïâ-
®áâì â®£®, çâ® 1) ¢ ¯¥à¢ë¥ ¤¢®¥ áãâ®ª ®á ¤ª®¢ ¥ ¡ã¤¥â; 2) ¢ â¥ç¥¨¨

¥¤¥«¨ ¡ã¤¥â ¥ ¡®«¥¥ ®¤®£® ¤®�¤«¨¢®£® ¤ï?

5.15. � £®à®¤¥, £¤¥ âãà¨áâë ¯à®¢®¤ïâ ¥¤¥«î, ¢ «î¡ë¥ áãâª¨

 â¬®áä¥àë¥ ®á ¤ª¨ ¢®§¬®�ë á ¢¥à®ïâ®áâìî α. � ª®¢  ¢¥à®ïâ-
®áâì â®£®, çâ® 1) ¢ ¯®á«¥¤¨¥ âà®¥ áãâ®ª ®á ¤ª®¢ ¥ ¡ã¤¥â; 2) ¤®�¤-

«¨¢ëå áãâ®ª ¡ã¤¥â ¥ ¡®«¥¥ ¤¢ãå?

5.16. � £®à®¤¥, £¤¥ âãà¨áâë ¯à®¢®¤ïâ ¥¤¥«î, ¢ «î¡ë¥ áãâª¨

 â¬®áä¥àë¥ ®á ¤ª¨ ¢®§¬®�ë á ¢¥à®ïâ®áâìî α. � ª®¢  ¢¥à®-

ïâ®áâì â®£®, çâ® 1) ®á ¤ª¨ ¡ã¤ãâ â®«ìª® ¢ ¯¥à¢ë¥ ¨«¨ â®«ìª® ¢

¯®á«¥¤¨¥ áãâª¨; 2) ¡ã¤¥â ¥ ¬¥¥¥ ¯ïâ¨ áãâ®ª ¯®¤àï¤ ¡¥§ ¤®�¤ï?

5.17. � £®à®¤¥, £¤¥ âãà¨áâë ¯à®¢®¤ïâ ¥¤¥«î, ¢ «î¡ë¥ áãâª¨

 â¬®áä¥àë¥ ®á ¤ª¨ ¢®§¬®�ë á ¢¥à®ïâ®áâìî α. � ª®¢  ¢¥à®-

ïâ®áâì â®£®, çâ® 1) â®«ìª® ¯¥à¢ë¥ âà®¥ áãâ®ª ¡ã¤ãâ ¡¥§ ¤®�¤ï;

2) ¡ã¤¥â ¥ ¬¥¥¥ è¥áâ¨ áãâ®ª ¯®¤àï¤ ¡¥§ ¤®�¤ï?

5.18. � ¥ª®â®à®© £àã¯¯¥ «î¤¥© £®«ã¡ë¥ ¨ ª à¨¥ £« §  ¢áâà¥-

ç îâáï á ¢¥à®ïâ®áâï¬¨ α ¨ β á®®â¢¥âáâ¢¥®. � ®áâ «ìëå «î¤¥©

íâ®© £àã¯¯ë £« §  á¥àë¥. �«ãç ©® ¢ë¡à ® âà¨ ç¥«®¢¥ª . � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® áà¥¤¨ ¨å 1) ¢á¥ ¨¬¥îâ £« §  à §®£® æ¢¥â ;

2) à®¢® ¤¢®¥ ¨¬¥îâ £« §  ®¤®£® æ¢¥â , ¯à¨ç¥¬ ¥ á¥àë¥?

5.19. � ¥ª®â®à®© £àã¯¯¥ «î¤¥© £®«ã¡ë¥ ¨ ª à¨¥ £« §  ¢áâà¥-

ç îâáï á ¢¥à®ïâ®áâï¬¨ α ¨ β á®®â¢¥âáâ¢¥®. � ®áâ «ìëå «î¤¥©

íâ®© £àã¯¯ë £« §  á¥àë¥. �«ãç ©® ¢ë¡à ® ¯ïâì ç¥«®¢¥ª. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® áà¥¤¨ ¨å 1) ¢á¥ ¨¬¥îâ £« §  á¥à®£® æ¢¥â ;

2) à®¢® ã ®¤®£® £« §  ª à¨¥ ¨ ¥ ¡®«¥¥ ¤¢ãå £®«ã¡®£« §ëå?

5.20. � ¥ª®â®à®© £àã¯¯¥ «î¤¥© £®«ã¡ë¥ ¨ ª à¨¥ £« §  ¢áâà¥-

ç îâáï á ¢¥à®ïâ®áâï¬¨ α ¨ β á®®â¢¥âáâ¢¥®. � ®áâ «ìëå «î¤¥©

íâ®© £àã¯¯ë £« §  á¥àë¥. �«ãç ©® ¢ë¡à ® ¯ïâì ç¥«®¢¥ª. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® áà¥¤¨ ¨å 1) ¢á¥ ¨¬¥îâ £« §  ®¤®£® æ¢¥â ,

¯à¨ç¥¬ ¥ á¥àë¥; 2) á¥à®£« §ëå ¥ ¬¥¥¥ âà¥å?

5.21. � ¥ª®â®à®© £àã¯¯¥ «î¤¥© £®«ã¡ë¥ ¨ ª à¨¥ £« §  ¢áâà¥-

ç îâáï á ¢¥à®ïâ®áâï¬¨ α ¨ β á®®â¢¥âáâ¢¥®. � ®áâ «ìëå «î¤¥©

íâ®© £àã¯¯ë £« §  á¥àë¥. �«ãç ©® ¢ë¡à ® ¯ïâì ç¥«®¢¥ª. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® áà¥¤¨ ¨å 1) à®¢® ®¤¨ ¨¬¥¥â ª à¨¥ £« § ;

2) ¥ ¬¥¥¥ âà¥å £®«ã¡®£« §ëå ¨ ¨ ®¤®£® ª à¥£« §®£®?

5.22. � ¥ª®â®à®© £àã¯¯¥ «î¤¥© £®«ã¡ë¥ ¨ ª à¨¥ £« §  ¢áâà¥-

ç îâáï á ¢¥à®ïâ®áâï¬¨ α ¨ β á®®â¢¥âáâ¢¥®. � ®áâ «ìëå «î¤¥©
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íâ®© £àã¯¯ë £« §  á¥àë¥. �«ãç ©® ¢ë¡à ® ¯ïâì ç¥«®¢¥ª. � ª®¢ 

¢¥à®ïâ®áâì, çâ® áà¥¤¨ ¨å 1) à®¢® ¤¢®¥ ¨¬¥îâ ª à¨¥ £« § ; 2) ¥

¡®«¥¥ ¤¢ãå £®«ã¡®£« §ëå ¨ ¨ ®¤®£® ª à¥£« §®£®?

5.23. �¢¥ á¥áâà¥ª¨ � à¨  ¨ � âï ¯®á«¥ § ¢âà ª  ¬®îâ á¢®î

¯®áã¤ã. � �¤ ï ¬®¥â á¢®¨ â à¥«ªã ¨ ç èªã. �¥à®ïâ®áâì â®£®,

çâ® � à¨  à §¡¨¢ ¥â ª �¤ë© ¨§ ¯à¥¤¬¥â®¢ à ¢  α,   � âï | β.
� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ¨ç¥£® ¥ ¡ã¤¥â à §¡¨â®; 2) ¡ã¤¥â

à §¡¨â à®¢® ®¤¨ ¯à¥¤¬¥â?

5.24. �àã¤¨¥ ¯®¯ ¤ ¥â ¢ æ¥«ì ¯à¨ ª �¤®¬ ¢ëáâà¥«¥ á ¢¥à®ïâ®-

áâìî p. Ǳà®¨§¢®¤¨âáï âà¨ ¢ëáâà¥« . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®
1) ¥ ¡ã¤¥â ¨ ®¤®£® ¯®¯ ¤ ¨ï; 2) ¡ã¤¥â ¥ ¬¥¥¥ ¤¢ãå ¯®¯ ¤ ¨©?

5.25. �àã¤¨¥ ¯®¯ ¤ ¥â ¢ æ¥«ì ¯à¨ ª �¤®¬ ¢ëáâà¥«¥ á ¢¥à®ïâ-

®áâìî p ¨ ¨¬¥¥â ¡®¥§ ¯ á   6 ¢ëáâà¥«®¢. �âà¥«ì¡  ¢¥¤¥âáï ¤®

¯¥à¢®£® ¯®¯ ¤ ¨ï. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ®àã¤¨¥ ¨§à á-

å®¤ã¥â ¢¥áì á¢®© ¡®¥§ ¯ á; 2) ¡ã¤¥â ¯à®¨§¢¥¤¥® ¥ ¡®«¥¥ ç¥âëà¥å

¢ëáâà¥«®¢?

5.26. �¥¬¥  á®àâ  A ¢áå®¤ïâ á ¢¥à®ïâ®áâìî α,   á¥¬¥  á®à-

â  B á ¢¥à®ïâ®áâìî β. Ǳ®á¥ï® ¯® 5 á¥¬ï ª �¤®£® á®àâ . � ª®¢ 
¢¥à®ïâ®áâì â®£®, çâ® 1) ¢§®©¤ãâ ¢á¥ á¥¬¥  á®àâ  A ¨ à®¢® ®¤®

á®àâ  B; 2) ¡ã¤¥â à®¢® 7 ¢áå®¤®¢, ¯à¨ç¥¬ 4 ®¤®£® ¨§ á®àâ®¢ ¨ 3

¤àã£®£®?

5.27. �¥¬¥  á®àâ  A ¢áå®¤ïâ á ¢¥à®ïâ®áâìî α,   á¥¬¥  á®àâ  B
á ¢¥à®ïâ®áâìî β. Ǳ®á¥ï® ¯® 5 á¥¬ï ª �¤®£® á®àâ . � ª®¢  ¢¥à®-
ïâ®áâì â®£®, çâ® 1) ¢§®©¤ãâ ¢á¥ á¥¬¥  á®àâ  B ¨ à®¢® ¤¢  á®àâ  A;

2) ¢§®©¤¥â å®âï ¡ë ®¤® á¥¬ï á®àâ  A ¨ ¥ ¡®«¥¥ ¤¢ãå á®àâ  B?

5.28. �¥¬¥  á®àâ  A ¢áå®¤ïâ á ¢¥à®ïâ®áâìî α,   á¥¬¥  á®à-

â  B á ¢¥à®ïâ®áâìî β. Ǳ®á¥ï® ¯® 5 á¥¬ï ª �¤®£® á®àâ . � ª®¢ 
¢¥à®ïâ®áâì â®£®, çâ® 1) ¢§®©¤ãâ à®¢® 5 á¥¬ï, ¯à¨ç¥¬ ¢á¥ ®¤®£®

á®àâ ; 2) ®¡é¥¥ ç¨á«® ¢áå®¤®¢ ¡ã¤¥â à ¢® âà¥¬?

5.29. �âà¥«ª¨ A ¨ B ¯®¯ ¤ îâ ª �¤ë© ¢ á¢®î ¬¨è¥ì á ¢¥à®-

ïâ®áâï¬¨ α ¨ β á®®â¢¥âáâ¢¥®. � �¤ë© áâà¥«®ª ¤¥« ¥â ¯® á¢®¥©

¬¨è¥¨ âà¨ ¢ëáâà¥« . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ª �¤ë©

áâà¥«®ª ¯®¯ ¤¥â ¢ ¬¨è¥ì â®«ìª® 1 à §; 2) ã áâà¥«ª  A ¯®¯ ¤ ¨©

¡ã¤¥â   ®¤® ¡®«ìè¥, ç¥¬ ã áâà¥«ª  B?

5.30. �âà¥«ª¨ A ¨ B ¯®¯ ¤ îâ ª �¤ë© ¢ á¢®î ¬¨è¥ì á ¢¥à®-

ïâ®áâï¬¨ α ¨ β á®®â¢¥âáâ¢¥®. � �¤ë© áâà¥«®ª ¤¥« ¥â ¯® á¢®¥©

¬¨è¥¨ âà¨ ¢ëáâà¥« . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® 1) ®¡é¥¥ ª®-
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«¨ç¥áâ¢® ¯®¯ ¤ ¨© ¡ã¤¥â à ¢® ®¤®¬ã; 2) ª®«¨ç¥áâ¢® ¯®¯ ¤ ¨©

ã áâà¥«ª®¢ A ¨ B ¡ã¤¥â ®¤¨ ª®¢ë¬ ¨ ®â«¨çë¬ ®â ã«ï?

�®âà®«ì®¥ § ¤ ¨¥ N

o
6

� ¯¥à¢®© ãà¥ a ¡¥«ëå è à¨ª®¢ ¨ b ç¥àëå, ¢® ¢â®à®© | c ¡¥«ëå
¨ d ç¥àëå, ¢ âà¥âì¥© | e ¡¥«ëå ¨ f ç¥àëå. � ã£ ¤ ¢ë¡¨à ¥âáï

ãà  ¨ ¨§ ¥¥ 2 è à¨ª . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ®¨:

6.1. ®¡  ¡¥«ë¥ (a = 5, b = 4, c = 3, d = 1, e = 2, f = 1)?

6.2. à §ëå æ¢¥â®¢ (a = 3, b = 2, c = 2, d = 3, e = 1, f = 2)?

6.3. ®¤®£® æ¢¥â  (a = 3, b = 7, c = 7, d = 1, e = 2, f = 1)?

6.4. ®¤®£® æ¢¥â  (a = 1, b = 1, c = 2, d = 3, e = 3, f = 4)?

6.5. à §ëå æ¢¥â®¢ (a = 1, b = 1, c = 1, d = 2, e = 1, f = 3)?

6.6. ®¡  ç¥àë¥ (a = 3, b = 2, c = 6, d = 5, e = 7, f = 5)?

6.7. ®¡  ç¥àë¥ (a = 1, b = 3, c = 1, d = 2, e = 1, f = 1)?

6.8. à §ëå æ¢¥â®¢ (a = 2, b = 3, c = 3, d = 2, e = 1, f = 1)?

6.9. à §ëå æ¢¥â®¢ (a = 3, b = 2, c = 1, d = 1, e = 5, f = 1)?

6.10. à §ëå æ¢¥â®¢ (a = 1, b = 4, c = 1, d = 1, e = 2, f = 3)?

6.11. à §ëå æ¢¥â®¢ (a = 4, b = 3, c = 2, d = 7, e = 3, f = 2)?

6.12. ®¡  ¡¥«ë¥ (a = 3, b = 8, c = 1, d = 1, e = 2, f = 2)?

6.13. ®¡  ç¥àë¥ (a = 1, b = 4, c = 2, d = 3, e = 2, f = 4)?

6.14. ®¡  ç¥àë¥ (a = 2, b = 2, c = 1, d = 3, e = 3, f = 4)?

6.15. à §ëå æ¢¥â®¢ (a = 7, b = 1, c = 8, d = 1, e = 3, f = 1)?

6.16. ®¡  ¡¥«ë¥ (a = 2, b = 0, c = 3, d = 1, e = 2, f = 1)?

6.17. ®¡  ¡¥«ë¥ (a = 1, b = 1, c = 3, d = 6, e = 2, f = 2)?

6.18. ®¤®£® æ¢¥â  (a = 3, b = 0, c = 3, d = 3, e = 2, f = 3)?

6.19. ®¤®£® æ¢¥â  (a = 2, b = 2, c = 1, d = 1, e = 3, f = 3)?

6.20. ®¤®£® æ¢¥â  (a = 2, b = 2, c = 3, d = 1, e = 1, f = 3)?

6.21. ®¤®£® æ¢¥â  (a = 1, b = 1, c = 1, d = 2, e = 3, f = 2)?

6.22. ®¡  ¡¥«ë¥ (a = 3, b = 2, c = 7, d = 1, e = 3, f = 2)?

6.23. ®¤®£® æ¢¥â  (a = 2, b = 2, c = 3, d = 2, e = 3, f = 4)?

6.24. ®¤®£® æ¢¥â  (a = 1, b = 2, c = 2, d = 1, e = 2, f = 2)?

6.25. ®¤®£® æ¢¥â  (a = 2, b = 0, c = 3, d = 3, e = 3, f = 6)?

6.26. ®¡  ¡¥«ë¥ (a = 7, b = 1, c = 8, d = 2, e = 1, f = 2)?

6.27. ®¡  ¡¥«ë¥ (a = 8, b = 1, c = 8, d = 2, e = 3, f = 1)?

6.28. ®¡  ¡¥«ë¥ (a = 2, b = 1, c = 3, d = 2, e = 3, f = 1)?

6.29. ®¡  ¡¥«ë¥ (a = 1, b = 3, c = 2, d = 1, e = 3, f = 1)?

6.30. ®¡  ¡¥«ë¥ (a = 2, b = 3, c = 3, d = 8, e = 3, f = 1)?
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�®âà®«ì®¥ § ¤ ¨¥ N

o
7

7.1{7.30. � ¯à¥¤¯®«®�¥¨¨, çâ® ®áãé¥áâ¢¨«®áì á®¡ëâ¨¥ § ¤ -

¨ï N

o
6,  ©â¨ ãá«®¢ãî ¢¥à®ïâ®áâì â®£®, çâ® è àë ¨§¢«¥ª «¨áì

¨§ ¯¥à¢®© ãàë.

�®âà®«ì®¥ § ¤ ¨¥ N

o
8

Ǳà®¨§¢®¤¨âáï á¥à¨ï ¨§ n ¢ëáâà¥«®¢ ¯® ¬¨è¥¨ á ¢¥à®ïâ®áâìî

¯®¯ ¤ ¨ï ¢ ª �¤®¬ ¢ëáâà¥«¥ p. Ǳà¥¤¯®« £ ï, çâ® à¥§ã«ìâ âë ¢ë-

áâà¥«®¢ | á®¡ëâ¨ï ¥§ ¢¨á¨¬ë¥ ¢ á®¢®ªã¯®áâ¨,  ©â¨ ¢¥à®ïâ®áâì

â®£®, çâ®:

8.1. ¡ã¤¥â à®¢® 3 ¯®¯ ¤ ¨ï (n = 5, p = 1/10)?
8.2. ¡ã¤¥â à®¢® 4 ¯®¯ ¤ ¨ï (n = 5, p = 1/5)?
8.3. ¡ã¤¥â à®¢® 5 ¯®¯ ¤ ¨© (n = 6, p = 2/3)?
8.4. ¡ã¤¥â ¥ ¡®«¥¥ 2 ¯®¯ ¤ ¨© (n = 4, p = 1/10)?
8.5. ¡ã¤¥â å®âï ¡ë 2 ¯®¯ ¤ ¨ï (n = 4, p = 1/4)?
8.6. ¡ã¤¥â à®¢® 2 ¯®¯ ¤ ¨ï (n = 5, p = 1/2)?
8.7. ¯®¯ ¤ ¨© ¡ã¤¥â ¥ 4 (n = 6, p = 1/6)?
8.8. ¯®¯ ¤ ¨© ¡ã¤¥â ¥ 4 (n = 8, p = 1/2)?
8.9. ¯®¯ ¤ ¨© ¡ã¤¥â ¥ 2 (n = 5, p = 1/3)?
8.10. ¡ã¤¥â ¥ ¡®«¥¥ ¤¢ãå ¯®¯ ¤ ¨© (n = 6, p = 1/2)?
8.11. ¡ã¤¥â ¥ ¡®«¥¥ âà¥å ¯®¯ ¤ ¨© (n = 9, p = 1/3)?
8.12. ¡ã¤¥â å®âï ¡ë 2 ¯®¯ ¤ ¨ï (n = 5, p = 1/7)?
8.13. ¡ã¤¥â å®âï ¡ë 2 ¯®¯ ¤ ¨ï (n = 6, p = 2/3)?
8.14. ¡ã¤¥â à®¢® 4 ¯®¯ ¤ ¨ï (n = 7, p = 1/3)?
8.15. ¡ã¤¥â à®¢® 4 ¯®¯ ¤ ¨ï (n = 6, p = 2/5)?
8.16. ¡ã¤¥â à®¢® 3 ¯®¯ ¤ ¨ï (n = 5, p = 1/6)?
8.17. ¡ã¤¥â à®¢® 5 ¯®¯ ¤ ¨ï (n = 6, p = 4/5)?
8.18. ¡ã¤¥â ¥ ¡®«¥¥ ç¥âëà¥å ¯®¯ ¤ ¨© (n = 6, p = 1/2)?
8.19. ¡ã¤¥â ¥ ¡®«¥¥ ¯ïâ¨ ¯®¯ ¤ ¨© (n = 6, p = 1/3)?
8.20. ¡ã¤¥â ¥ ¡®«¥¥ ®¤®£® ¯®¯ ¤ ¨ï (n = 4, p = 1/10)?
8.21. ¡ã¤¥â ¥ ¡®«¥¥ ®¤®£® ¯®¯ ¤ ¨ï (n = 5, p = 1/3)?
8.22. ¡ã¤¥â à®¢® 3 ¯®¯ ¤ ¨ï (n = 4, p = 3/8)?
8.23. ¡ã¤¥â à®¢® 2 ¯®¯ ¤ ¨ï (n = 4, p = 4/5)?
8.24. ¡ã¤¥â ¥ ¬¥¥¥ ¤¢ãå ¯®¯ ¤ ¨© (n = 5, p = 3/4)?
8.25. ¡ã¤¥â ¥ ¡®«¥¥ ¤¢ãå ¯®¯ ¤ ¨© (n = 5, p = 1/3)?
8.26. ¡ã¤¥â ¥ ¡®«¥¥ ç¥âëà¥å ¯®¯ ¤ ¨© (n = 6, p = 1/3)?
8.27. ¡ã¤¥â ¥ ¡®«¥¥ ®¤®£® ¯®¯ ¤ ¨ï (n = 8, p = 1/2)?
8.28. ¡ã¤¥â ¥ ¡®«¥¥ ¤¢ãå ¯®¯ ¤ ¨© (n = 4, p = 2/5)?
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8.29. ¡ã¤¥â ¥ ¡®«¥¥ ®¤®£® ¯®¯ ¤ ¨ï (n = 5, p = 2/5)?
8.30. ¡ã¤¥â å®âï ¡ë 2 ¯®¯ ¤ ¨ï (n = 6, p = 1/4)?

�®âà®«ì®¥ § ¤ ¨¥ N

o
9

Ǳ®á �¥® n á¥¬ï, ¢áå®�¥áâì ª®â®àëå ®æ¥¨¢ ¥âáï ¢¥à®ïâ®-

áâìî p. �á¯®«ì§ãï «®ª «ìãî â¥®à¥¬ã �ã ¢à {� ¯« á  ¯à¨¡«¨-

�¥® ¢ëç¨á«¨âì ¢¥à®ïâ®áâì â®£®, çâ® ¡ã¤¥â à®¢®m ¢áå®¤®¢ ¥á«¨:

9.1. n = 514, m = 270, p = 27/52. 9.16. n = 463, m = 318, p = 33/49.
9.2. n = 505, m = 195, p = 19/49. 9.17. n = 544, m = 253, p = 11/24.
9.3. n = 493, m = 298, p = 17/28. 9.18. n = 519, m = 245, p = 6/13.
9.4. n = 484, m = 223, p = 8/17. 9.19. n = 492, m = 140, p = 8/27.
9.5. n = 462, m = 334, p = 37/51. 9.20. n = 499, m = 137, p = 16/59.
9.6. n = 523, m = 229, p = 24/55. 9.21. n = 483, m = 135, p = 11/40.
9.7. n = 545, m = 347, p = 26/41. 9.22. n = 483, m = 310, p = 37/58.
9.8. n = 506, m = 209, p = 21/50. 9.23. n = 469, m = 315, p = 35/53.
9.9. n = 496, m = 233, p = 19/40. 9.24. n = 450, m = 311, p = 30/43.
9.10. n = 459, m = 322, p = 19/27. 9.25. n = 549, m = 232, p = 25/58.
9.11. n = 524, m = 326, p = 5/8. 9.26. n = 471, m = 320, p = 2/3.
9.12. n = 470, m = 148, p = 5/16. 9.27. n = 481, m = 138, p = 7/25.
9.13. n = 466, m = 314, p = 31/45. 9.28. n = 471, m = 353, p = 31/42.
9.14. n = 510, m = 141, p = 11/41. 9.29. n = 520, m = 366, p = 5/7.
9.15. n = 485, m = 334, p = 35/51. 9.30. n = 457, m = 229, p = 1/2.
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Ǳ®á �¥® n á¥¬ï, ¢áå®�¥áâì ª®â®àëå ®æ¥¨¢ ¥âáï ¢¥à®ïâ®-

áâìî p. �á¯®«ì§ãï ¨â¥£à «ìãî â¥®à¥¬ã �ã ¢à {� ¯« á  ¯à¨-

¡«¨�¥® ®æ¥¨âì ¢¥à®ïâ®áâì â®£®, çâ® m, ç¨á«® ¢áå®¤®¢, ¡ã¤¥â

ã¤®¢«¥â¢®àïâì ¥à ¢¥áâ¢ã m
1

6 m < m
2

¥á«¨:

10.1. n = 460, m
1

= 181, m
2

= 356, p = 2/5.
10.2. n = 451, m

1

= 301, m
2

= 424, p = 20/29.
10.3. n = 462, m

1

= 95, m
2

= 325, p = 32/45.
10.4. n = 515, m

1

= 282, m
2

= 354, p = 11/16.
10.5. n = 482, m

1

= 203, m
2

= 287, p = 25/42.
10.6. n = 453, m

1

= 233, m
2

= 264, p = 15/28.
10.7. n = 498, m

1

= 158, m
2

= 277, p = 3/10.
10.8. n = 479, m

1

= 88, m
2

= 225, p = 21/43.
10.9. n = 487, m

1

= 107, m
2

= 194, p = 17/41.
10.10. n = 530, m

1

= 179, m
2

= 349, p = 37/56.
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10.11. n = 505, m
1

= 67, m
2

= 235, p = 21/47.
10.12. n = 510, m

1

= 324, m
2

= 478, p = 29/47.
10.13. n = 454, m

1

= 220, m
2

= 401, p = 19/40.
10.14. n = 537, m

1

= 196, m
2

= 202, p = 21/58.
10.15. n = 456, m

1

= 245, m
2

= 324, p = 21/41.
10.16. n = 480, m

1

= 275, m
2

= 305, p = 29/44.
10.17. n = 500, m

1

= 151, m
2

= 272, p = 15/46.
10.18. n = 511, m

1

= 211, m
2

= 361, p = 31/43.
10.19. n = 495, m

1

= 128, m
2

= 286, p = 31/52.
10.20. n = 465, m

1

= 179, m
2

= 390, p = 7/19.
10.21. n = 491, m

1

= 169, m
2

= 366, p = 8/23.
10.22. n = 468, m

1

= 192, m
2

= 265, p = 33/59.
10.23. n = 469, m

1

= 130, m
2

= 298, p = 35/54.
10.24. n = 466, m

1

= 90, m
2

= 157, p = 13/41.
10.25. n = 475, m

1

= 165, m
2

= 212, p = 15/43.
10.26. n = 511, m

1

= 176, m
2

= 345, p = 33/49.
10.27. n = 482, m

1

= 34, m
2

= 243, p = 1/2.
10.28. n = 467, m

1

= 174, m
2

= 226, p = 19/55.
10.29. n = 495, m

1

= 318, m
2

= 330, p = 9/14.
10.30. n = 467, m

1

= 254, m
2

= 311, p = 14/25.
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� ª®à§¨¥ «¥� â n
1

ªà áëå ¨ n
2

§¥«¥ëå ï¡«®ª. �«ï £®áâ¥©

á«ãç ©ë¬ ®¡à §®¬ ¢ë¡¨à îâ m (0 < m < n
1

+ n
2

) ï¡«®ª ¨ ª« ¤ãâ

¢ ¢ §ã. �®«¨ç¥áâ¢® ªà áëå ï¡«®ª ¢ ¢ §¥ | á«ãç © ï ¢¥«¨ç¨  X .

� ¯¨á âì àï¤ à á¯à¥¤¥«¥¨ï X , ¯®áâà®¨âì £à ä¨ª äãªæ¨¨ à á¯à¥-

¤¥«¥¨ï X ,  ©â¨ EX ¨ DX , ¥á«¨:

11.1. n
1

= 2, n
2

= 3, m = 2. 11.13. n
1

= 2, n
2

= 5, m = 3.

11.2. n
1

= 2, n
2

= 4, m = 3. 11.14. n
1

= 2, n
2

= 5, m = 4.

11.3. n
1

= 3, n
2

= 2, m = 2. 11.15. n
1

= 2, n
2

= 5, m = 5.

11.4. n
1

= 3, n
2

= 2, m = 3. 11.16. n
1

= 3, n
2

= 5, m = 3.

11.5. n
1

= 3, n
2

= 4, m = 2. 11.17. n
1

= 3, n
2

= 5, m = 4.

11.6. n
1

= 3, n
2

= 4, m = 3. 11.18. n
1

= 3, n
2

= 5, m = 5.

11.7. n
1

= 3, n
2

= 4, m = 4. 11.19. n
1

= 4, n
2

= 2, m = 2.

11.8. n
1

= 3, n
2

= 4, m = 5. 11.20. n
1

= 4, n
2

= 2, m = 3.

11.9. n
1

= 5, n
2

= 3, m = 2. 11.21. n
1

= 4, n
2

= 2, m = 4.

11.10. n
1

= 4, n
2

= 3, m = 3. 11.22. n
1

= 6, n
2

= 2, m = 4.

11.11. n
1

= 4, n
2

= 3, m = 4. 11.23. n
1

= 6, n
2

= 2, m = 5.

11.12. n
1

= 4, n
2

= 3, m = 5. 11.24. n
1

= 6, n
2

= 2, m = 6.
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11.25. n
1

= 3, n
2

= 3, m = 3. 11.28. n
1

= 6, n
2

= 6, m = 3.

11.26. n
1

= 3, n
2

= 3, m = 4. 11.29. n
1

= 6, n
2

= 6, m = 4.

11.27. n
1

= 3, n
2

= 3, m = 5. 11.30. n
1

= 6, n
2

= 6, m = 5.
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Ǳ«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë X § ¤   á®®â®è¥-

¨¥¬ f(x) =

{

axα, ¥á«¨ x ∈ (β
1

, β
2

),

0, ¥á«¨ x ∈ (−∞, β
1

) ∪ (β
2

,+∞).
� ©â¨ a,

F (x) | äãªæ¨î à á¯à¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨ë X , ¯®áâà®-

¨âì £à ä¨ª¨ äãªæ¨© f(x) ¨ F (x), ¢ëç¨á«¨âì EX ¨ DX , ¥á«¨:

12.1{12.10. 12.11{12.20. 12.21{12.30.

α = 2. α = 3. α = −4, β
2

= +∞.

12.1. β
1

= −1, β
2

= 2. 12.11. β
1

= 0, β
2

= 2. 12.21. β
1

= 1.

12.2. β
1

= −2, β
2

= 3. 12.12. β
1

= 0, β
2

= 4. 12.22. β
1

= 2.

12.3. β
1

= −2, β
2

= 1. 12.13. β
1

= −2, β
2

= 0. 12.23. β
1

= 3.

12.4. β
1

= −3, β
2

= 2. 12.14. β
1

= −4, β
2

= 0. 12.24. β
1

= 4.

12.5. β
1

= −3, β
2

= 3. 12.15. β
1

= 1, β
2

= 3. 12.25. β
1

= 5.

12.6. β
1

= −4, β
2

= 2. 12.16. β
1

= −3, β
2

= −1. 12.26. β
1

= 6.

12.7. β
1

= −2, β
2

= 4. 12.17. β
1

= 1, β
2

= 5. 12.27. β
1

= 7.

12.8. β
1

= −5, β
2

= −3. 12.18. β
1

= −5, β
2

= −1. 12.28. β
1

= 8.

12.9. β
1

= −5, β
2

= −1. 12.19. β
1

= 2, β
2

= 4. 12.29. β
1

= 9.

12.10. β
1

= −5, β
2

= 1. 12.20. β
1

= −4, β
2

= −2. 12.30. β
1

= 10.
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�«ãç © ï ¢¥«¨ç¨  X ∈ N(1; 2). �«ãç © ï ¢¥«¨ç¨  Y á¢ï§ -

  á X äãªæ¨® «ì®© § ¢¨á¨¬®áâìî Y = kX + b. � ©â¨ g(y) |
¯«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë Y , EY , DY = σ2Y . � ¯®-

¬®éìî â ¡«¨æ ¯à¨¡«¨�¥® ¢ëç¨á«¨âì p = P
{

|Y − EY | < δσY

}

¨ P{B}, ¥á«¨:
13.1. k = 2, b = −1, δ = 0,9 , B = {Y < 1} ∪ {Y > 8}.
13.2. k = 3, b = −1, δ = 1,0 , B = {1 6 Y < 20}.
13.3. k = 3, b = 2, δ = 1,1 , B = {Y < −1,5} ∪ {Y > 5}.
13.4. k = −1, b = −1, δ = 1,2 , B = {−2 6 Y < 40}.
13.5. k = 2, b = −3, δ = 1,3 , B = {Y < −6} ∪ {Y > 0,5}.
13.6. k = 2, b = −4, δ = 1,4 , B = {−4 6 Y < 10}.
13.7. k = −2, b = 3, δ = 1,5 , B = {−1 6 Y < 22}.
13.8. k = −5, b = 6, δ = 1,6 , B = {−1 6 Y < 18}.
13.9. k = 7, b = −5, δ = 1,7 , B = {Y < 3,2}.
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13.10. k = 4, b = −2, δ = 1,8 , B = {−20 6 Y < 3,5}.
13.11. k = 4, b = −5, δ = 1,9 , B = {−30 6 Y < 0,5}.
13.12. k = 4, b = 6, δ = 2,0 , B = {−1 6 Y < 90}.
13.13. k = −4, b = 3, δ = 2,1 , B = {−6 6 Y < 70}.
13.14. k = −4, b = 2, δ = 2,2 , B = {−8 6 Y < 60}.
13.15. k = −4, b = 1, δ = 2,3 , B = {−4,5 6 Y < 60}.
13.16. k = 2, b = 1, δ = 2,4 , B = {−6 6 Y < 70}.
13.17. k = 2, b = 4, δ = 2,5 , B = {−70 6 Y < 9}.
13.18. k = −2, b = 4, δ = 2,6 , B = {−60 6 Y < 4}.
13.19. k = −2, b = 1, δ = 2,7 , B = {−3 6 Y < 40}.
13.20. k = 5, b = 1, δ = 0,95 , B = {−1 6 Y < 6} ∪ {Y > 20}.
13.21. k = 5, b = −1, δ = 0,85 , B = {−10 6 Y < 50}.
13.22. k = 6, b = −3, δ = 1,15 , B = {−10 6 Y < 0} ∪ {Y > 3}.
13.23. k = 6, b = −4, δ = 2,25 , B = {−1 6 Y < 42}.
13.24. k = 6, b = 3, δ = 2,35 , B = {−10 6 Y < 66}.
13.25. k = 6, b = −2, δ = 2,45 , B = {−8 6 Y < 4} ∪ {Y > 25}.
13.26. k = 6, b = −9, δ = 2,55 , B = {−70 6 Y < −3} ∪ {Y > 18}.
13.27. k = 6, b = −7, δ = 0,65 , B = {−11 6 Y < 0} ∪ {Y > 24}.
13.28. k = 6, b = 2, δ = 0,55 , B = {0 6 Y < 8} ∪ {Y > 18}.
13.29. k = 6, b = −1, δ = 0,75 , B = {−2 6 Y < 5} ∪ {Y > 30}.
13.30. k = 6, b = 4, δ = 2,75 , B = {0 6 Y < 10} ∪ {Y > 25}.
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Ǳ«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë X § ¤   á®®â®è¥-

¨¥¬ f(x) =

{

kx, ¥á«¨ x ∈ (a, b),

0, ¥á«¨ x ∈ (−∞, a) ∪ (b,+∞).
�«ãç © ï ¢¥«¨ç¨-

  Y á¢ï§   á X äãªæ¨® «ì®© § ¢¨á¨¬®áâìî Y = X2

. � ©-

â¨ g(y) | ¯«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë Y , G(y) |
äãªæ¨î à á¯à¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨ë Y , EY , DY ,
p = P (Y < EY/3), ¥á«¨:
14.1. k = 1/2, a = 0, b = 2. 14.10. k = −1/2, a = −2, b = 0.

14.2. k = 2/9, a = 0, b = 3. 14.11. k = −2/9, a = −3, b = 0.

14.3. k = 1/8, a = 0, b = 4. 14.12. k = −1/8, a = −4, b = 0.

14.4. k = 2/25, a = 0, b = 5. 14.13. k = −2/25, a = −5, b = 0.

14.5. k = 1/18, a = 0, b = 6. 14.14. k = −1/18, a = −6, b = 0.

14.6. k = 2/49, a = 0, b = 7. 14.15. k = −2/49, a = −7, b = 0.

14.7. k = 1/32, a = 0, b = 8. 14.16. k = −1/32, a = −8, b = 0.

14.8. k = 2/81, a = 0, b = 9. 14.17. k = −2/81, a = −9, b = 0.

14.9. k = 1/50, a = 0, b = 10. 14.18. k = −1/50, a = −10, b = 0.
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14.19. k = 1/4, a = 1, b = 3. 14.25. k = 1/6, a = 2, b = 4.

14.20. k = −1/4, a = −3, b = −1. 14.26. k = −1/6, a = −4, b = −2.
14.21. k = 1/12, a = 1, b = 5. 14.27. k = 2/5, a = 2, b = 3.

14.22. k = −1/12, a = −5, b = −1. 14.28. k = 2/21, a = 2, b = 5.

14.23. k = 1/24, a = 1, b = 7. 14.29. k = 2/15, a = 1, b = 4.

14.24. k = −1/24, a = −7, b = −1. 14.30. k = 2/3, a = 1, b = 2.

�®âà®«ì®¥ § ¤ ¨¥ N

o
15

�«ãç ©ë¥ ¢¥«¨ç¨ë X , Y ¨ Z ¥§ ¢¨á¨¬ë ¢ á®¢®ªã¯®áâ¨. Ǳà¨

íâ®¬ X ¨ Y à á¯à¥¤¥«¥ë ®à¬ «ì®, á ãª § ë¬¨ ¨�¥ ¬ â¥¬ â¨-

ç¥áª¨¬¨ ®�¨¤ ¨ï¬¨ ¨ áà¥¤¥ª¢ ¤à â¨ç¥áª¨¬¨ ®âª«®¥¨ï¬¨,   Z
à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨â¥à¢ «¥ (a, b). � ©â¨ ¬ â¥¬ â¨ç¥-

áª®¥ ®�¨¤ ¨¥ ¨ ¤¨á¯¥àá¨î á«ãç ©®© ¢¥«¨ç¨ë V , ¥á«¨:
15.1. EX = −1, σ(X) = 2, EY = 0, σ(Y ) = 3, a = 2, b = 4,

V = 2X − 3Y + Z − 4.

15.2. EX = 0, σ(Y ) = 2, EY = −1, σ(Y ) = 3, a = 2, b = 6,

V = −2X + 3Y + Z − 5.

15.3. X ∈ N(−2; 1), Y ∈ N(−3; 2), a = −2, b = 0,

V = 2X − 3Y − Z + 4.

15.4. X ∈ N(−2; 2), Y ∈ N(−1; 3), a = 0, b = 2,

V = −2X − 3Y + Z + 5.

15.5. X ∈ N(−3; 2), Y ∈ N(0; 3), a = −1, b = 3,

V = −X + 2Y − Z + 6.

15.6. X ∈ N(−2; 3), Y ∈ N(−2; 6), a = −1, b = 5,

V = X − 2Y − Z + 6.

15.7. X ∈ N(−1; 4), Y ∈ N(−2; 4), a = −2, b = 4,

V = X − 2Y + Z + 6.

15.8. X ∈ N(4; 1), Y ∈ N(2; 2), a = −3, b = 1,

V = −X − 2Y + Z + 6.

15.9. X ∈ N(−2; 3), Y ∈ N(−1; 2), a = −5, b = −1,
V = 2X + 5Y − Z − 8.

15.10. X ∈ N(−2; 3), Y ∈ N(−1; 2), a = −5, b = −1,
V = −2X + 5Y − Z + 8.

15.11. X ∈ N(−2; 3), Y ∈ N(−1; 2), a = −5, b = −1,
V = 2X − 5Y − Z − 8.

15.12. X ∈ N(−5; 1), Y ∈ N(0; 3), a = −4, b = 2,
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V = −3X + 4Y + Z − 12.

15.13. X ∈ N(−5; 1), Y ∈ N(0; 3), a = −4, b = 2,

V = 3X − 4Y + Z + 12.

15.14. X ∈ N(−5; 1), Y ∈ N(0; 3), a = −4, b = 2,

V = X − 4Y + 2Z − 15.

15.15. X ∈ N(−5; 1), Y ∈ N(−1; 5), a = −6, b = 2,

V = X + Y + Z + 1.

15.16. X ∈ N(6; 2), Y ∈ N(−1; 2), a = −2, b = 6,

V = 2X − 3Y + 2Z − 9.

15.17. X ∈ N(6; 2), Y ∈ N(−1; 2), a = −2, b = 6,

V = −2X + 3Y + 2Z − 3.

15.18. X ∈ N(6; 2), Y ∈ N(−1; 2), a = −2, b = 6,

V = 2X + 3Y − 2Z + 9.

15.19. X ∈ N(−6; 2), Y ∈ N(2; 1), a = 2, b = 6,

V = 5X + 6Y − 2Z − 1.

15.20. X ∈ N(−6; 2), Y ∈ N(2; 1), a = 2, b = 6,

V = −5X + 6Y + 2Z − 1.

15.21. X ∈ N(6; 2), Y ∈ N(0; 4), a = 2, b = 8,

V = 4X − 3Y + 7Z + 5.

15.22. X ∈ N(6; 2), Y ∈ N(0; 4), a = 2, b = 8,

V = −4X − 3Y + 7Z − 5.

15.23. X ∈ N(6; 2), Y ∈ N(0; 4), a = 2, b = 8,

V = 2X − 5Y + 3Z + 6.

15.24. X ∈ N(6; 2), Y ∈ N(0; 4), a = 2, b = 8,

V = −2X + 5Y + 3Z + 6.

15.25. X ∈ N(6; 2), Y ∈ N(0; 4), a = 2, b = 8,

V = −2X + 5Y − 3Z − 6.

15.26. X ∈ N(−2; 6), Y ∈ N(4; 4), a = 10, b = 16,

V = 3X − 7Y + Z − 11.

15.27. X ∈ N(−2; 6), Y ∈ N(4; 4), a = 10, b = 16,

V = −3X + 7Y + Z − 11.

15.28. X ∈ N(−2; 6), Y ∈ N(4; 2), a = −16, b = −10,
V = −X + 3Y − 2Z + 15.

15.29. X ∈ N(−2; 6), Y ∈ N(4; 2), a = −16, b = −10,
V = X − 3Y + 2Z − 15.
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15.30. X ∈ N(−2; 6), Y ∈ N(4; 2), a = −16, b = −10,
V = X − 3Y − 2Z + 15.
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16.1. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ç¨á«® ®çª®¢, ¢ë¯ ¢è¨å

¯à¨ ¡à®á ¨¨ ¨£à «ì®© ª®áâ¨, ¡ã¤¥â ¡®«ìè¥ ç¥¬ 30/7 ¨ ¬¥ìè¥

ç¥¬ 53/7?

16.2. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯à¨ ®¤®¢à¥¬¥®¬ ¡à®á ¨¨

¤¢ãå ®¤¨ ª®¢ëå ¨£à «ìëå ª®áâ¥© ¢ë¯ ¤ãâ ¥¤¨¨æ  ¨ âà®©ª ?

16.3. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ®¤® ®çª® ¢ë¯ ¤¥â å®âï ¡ë

®¤¨ à § ¯à¨ âà¥å ¡à®á ¨ïå ¨£à «ì®© ª®áâ¨?

16.4. �¤®¢à¥¬¥® ¡à®á îâ âà¨ ¨£à «ìëå ª®áâ¨. � ª®¢  ¢¥à®-

ïâ®áâì â®£®, çâ® áã¬¬ à®¥ ç¨á«® ¢ë¯ ¢è¨å ®çª®¢ ¡ã¤¥â ¥ ¬¥ì-

è¥ 16?

16.5. �¤®¢à¥¬¥® ¯®¤¡à áë¢ ¥âáï á¨¬¬¥âà¨ç ï ¬®¥â  ¨

¨£à «ì ï ª®áâì. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ç¨á«® ®çª®¢   ¢¥àå-

¥© £à ¨ ¨£à «ì®© ª®áâ¨ ¡ã¤¥â ®â«¨ç® ®â ¯ïâ¨, ¨ ¢¬¥áâ¥ á íâ¨¬

¬®¥â  ã¯ ¤¥â æ¨äà®© ¢¢¥àå?

16.6. �¤®¢à¥¬¥® ¯®¤¡à áë¢ ¥âáï ¬®¥â  ¨ ¨£à «ì ï ª®áâì.

�§¢¥áâ®, çâ® ¬®¥â  ã¯ «  £¥à¡®¬ ¢¢¥àå. � ª®¢  ¢¥à®ïâ®áâì â®£®,

çâ® ç¨á«® ®çª®¢   ¢¥àå¥© £à ¨ ªã¡¨ª  ¤¥«¨âáï   âà¨?

16.7. � �¤ ï ¨§ âà¥å ª«¥â®ç¥ª ¬®�¥â ¡ëâì á à ¢®© ¢¥à®ïâ®-

áâìî à áªà è¥  ¢ ®¤¨ ¨§ ¯ïâ¨ æ¢¥â®¢ (ªà áë©, á¨¨©, §¥«¥ë©,

�¥«âë©, ¡¥«ë©). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢á¥ âà¨ ª«¥â®çª¨

¡ã¤ãâ à áªà è¥ë ¢ �¥«âë© æ¢¥â?

16.8. � �¤ ï ¨§ âà¥å ª«¥â®ç¥ª ¬®�¥â ¡ëâì á à ¢®© ¢¥à®ïâ®-

áâìî à áªà è¥  ¢ ®¤¨ ¨§ ¯ïâ¨ æ¢¥â®¢ (ªà áë©, á¨¨©, §¥«¥ë©,

�¥«âë©, ¡¥«ë©). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢á¥ âà¨ ª«¥â®çª¨

¡ã¤ãâ à áªà è¥ë ¢ à §ë¥ æ¢¥â ?

16.9. � �¤ ï ¨§ ¯ïâ¨ ª«¥â®ç¥ª ¬®�¥â ¡ëâì á à ¢®© ¢¥à®ïâ®-

áâìî à áªà è¥  ¢ ®¤¨ ¨§ ¯ïâ¨ æ¢¥â®¢ (ªà áë©, á¨¨©, §¥«¥ë©,

�¥«âë©, ¡¥«ë©). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢á¥ ¯ïâì ª«¥â®ç¥ª

¡ã¤ãâ à áªà è¥ë ¢ à §ë¥ æ¢¥â ?

16.10. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡à   ª àâ  ®¯à¥¤¥«ïîé ï ª®§ëàãî ¬ áâì. � ª®¢  ¢¥-

à®ïâ®áâì â®£®, çâ® ¢ ¤àã£¨å á«ãç ©® ¢ë¡à ëå è¥áâ¨ ª àâ å

®ª �¥âáï à®¢® ¤¢  ª®§ëàï?
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16.11. �§ ª®«®¤ë ¢ 37 «¨áâ®¢, ¢ ª®â®à®©  å®¤¨âáï 9 ª àâ ª -

�¤®© ¬ áâ¨ ¨ ¤�®ª¥à, á«ãç ©ë¬ ®¡à §®¬ ¢ë¡¨à ¥âáï ¯ïâì ª àâ.

� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® áà¥¤¨ íâ¨å ¯ïâ¨ ª àâ ®ª �¥âáï ¤�®-

ª¥à ¨ ®áâ «ìë¥ ç¥âëà¥ ª àâë ¡ã¤ãâ ®¤¨ ª®¢ë¥ ¯® áâ àè¨áâ¢ã?

16.12. �§ ª®«®¤ë ª àâ ¢ 37 «¨áâ®¢, (9 ª àâ ª �¤®© ¨§ ç¥âë-

à¥å ¬ áâ¥© ¨ ¤�®ª¥à), ®¤®¢à¥¬¥® ¨§¢«¥ª îâ ¯ïâì ª àâ. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® å®âï ¡ë ç¥âëà¥ ¨§ ¢ëâ é¥ëå ¯ïâ¨ ª àâ

®¤¨ ª®¢ë¥ ¯® áâ àè¨áâ¢ã? ��®ª¥à, ¥á«¨ ® ¨§¢«¥ç¥, áç¨â ¥âáï

ç¥â¢¥àâ®© (¨«¨ ¤ �¥ ¯ïâ®©!) ª àâ®© ã�®£® áâ àè¨áâ¢ .

16.13. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡¨à îâ ç¥âëà¥ ª àâë. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® íâ®

¨«¨ ç¥âëà¥ ª®à®«ï ¨«¨ ç¥âëà¥ âã§ ?

16.14. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡¨à îâ ¤¢¥ ª àâë. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® íâ®

ª àâë ¨«¨ ®¤¨ ª®¢®© ¬ áâ¨ ¨«¨ ®¤¨ ª®¢ë¥ ¯® áâ àè¨áâ¢ã?

16.15. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡¨à îâ âà¨ ª àâë. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® íâ¨

ª àâë ¥ ï¢«ïîâáï âà¥¬ï ¤ ¬ ¬¨?

16.16. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡¨à îâ ç¥âëà¥ ª àâë. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® íâ¨

ª àâë «¨¡® ®¤®© ¬ áâ¨, «¨¡® ¢á¥ ï¢«ïîâáï ª àâ¨ª ¬¨ (âã§ â®�¥

ª àâ¨ª )?

16.17. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡¨à îâ è¥áâì ª àâ. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ®¨ ¢á¥

®¤®© ¬ áâ¨, ¥ ï¢«ïîé¥©áï ¬ áâìî ¯¨ª¨?

16.18. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡¨à îâ ç¥âëà¥ ª àâë. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

å®âï ¡ë âà¨ ¨§ ¨å ®¤¨ ª®¢ë¥ ¯® áâ àè¨áâ¢ã?

16.19. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ á«ãç ©ë¬

®¡à §®¬ ¢ë¡¨à îâ ¤¢¥ ª àâë. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® íâ¨

ª àâë ®¤®© ¬ áâ¨, ¥á«¨ ®¤  ¨§ ¨å á¥¬¥àª  ¯¨ª?

16.20. �§ ª®«®¤ë ¢ 36 «¨áâ®¢ ¯® 9 ª àâ ª �¤®© ¬ áâ¨ ¢ëâ áª¨¢ -

îâ ¯®á«¥¤®¢ â¥«ì® ¤¢¥ ª àâë. �§¢¥áâ®, çâ® ¯¥à¢ ï ¨§¢«¥ç¥ ï

ª àâ  ¥ âã§. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® áà¥¤¨ ¨§¢«¥ç¥ëå ª àâ

å®âï ¡ë ®¤  ¬ áâ¨ âà¥äë?

16.21. �§ ª®«®¤ë ª àâ ¢ 37 «¨áâ®¢, (9 ª àâ ª �¤®© ¨§ ç¥âëà¥å

¬ áâ¥© ¨ ¤�®ª¥à), ®¤®¢à¥¬¥® ¨§¢«¥ª îâ ¯ïâì ª àâ. � ª®¢  ¢¥à®-
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ïâ®áâì â®£®, çâ® ¢á¥ ¢ëâ é¥ë¥ ¯ïâì ª àâ ®¤®© ¬ áâ¨? ��®ª¥à,

¥á«¨ ® ¢ë¡à , áç¨â ¥âáï ª àâ®© ã�®© ¬ áâ¨.

16.22. � ¯¥à¢®© ãà¥ 7 ¡¥«ëå è à®¢ ¨ 2 ç¥àëå, ¢® ¢â®à®© 3

¡¥«ëå ¨ 1 ç¥àë©, ¢ âà¥âì¥© 2 ¡¥«ëå ¨ 3 ç¥àëå. Ǳ®¤¡à áë¢ ¥âáï

¬®¥â . �á«¨ ¢ë¯ ¤ ¥â £¥à¡, â® ¢ë¡¨à ¥âáï âà¥âìï ãà ,   ¥á«¨ æ¨-

äà , â®  ã£ ¤ ¢ë¡¨à ¥âáï ®¤  ¨§ ¤¢ãå ¯¥à¢ëå ãà. �§ ¢ë¡à ®©

ãàë  ã£ ¤ ¢ëâ áª¨¢ ¥âáï ®¤¨ è à. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

® ¡¥«ë©?

16.23. � ¯¥à¢®© ãà¥ 2 ¡¥«ëå è à  ¨ 1 ç¥àë©,   ¢® ¢â®à®© 3 ¡¥-

«ëå ¨ 2 ç¥àëå. � ã£ ¤ ¢ë¡à   ãà  ¨ ¨§ ¥¥  ã£ ¤ ¢ëãâ è à.

� ®ª § «áï ¡¥«ë¬. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® á«¥¤ãîé¨© è à,

¢ëâ é¥ë© ¨§ â®© �¥ ãàë ®ª �¥âáï ¡¥«ë¬?

16.24. � ¯¥à¢®© ãà¥ 4 ¡¥«ëå è à  ¨ 5 ç¥àëå, ¢® ¢â®à®© 1 ¡¥«ë©

(ç¥àëå ¥â), ¢ âà¥âì¥© 1 ¡¥«ë© ¨ 1 ç¥àë©. � ã£ ¤ ¢ë¡à   ãà  ¨

¨§ ¥¥  ã£ ¤ ¢ëãâ è à. � ®ª § «áï ¡¥«ë¬. � ª®¢  ¢¥à®ïâ®áâì

â®£®, çâ® è à ¨§¢«¥ª «áï ¨§ ¢â®à®© ãàë?

16.25. � ¯àï¬®ã£®«ì¨ª¥ ABCD áâ®à®ë AB = CD = 2,

BC = AD = 3. �  áâ®à® å AD ¨ BC á«ãç ©® ¨ ¥§ ¢¨á¨¬® ¢ë-

¡¨à îâ â®çª¨ M ¨ N á®®â¢¥âáâ¢¥®. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

¯«®é ¤ì âà ¯¥æ¨¨ ABNM á®áâ ¢¨â ¥ ¡®«¥¥ 2

1

2

?

16.26. � ¯àï¬®ã£®«ì¨ª¥ ABCD áâ®à®ë AB = CD = 2,

BC = AD = 3. �  áâ®à® å AB ¨ BC á«ãç ©® ¨ ¥§ ¢¨á¨¬® ¢ë-

¡¨à îâ â®çª¨ M ¨ N á®®â¢¥âáâ¢¥®. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

áã¬¬  ¤«¨ ®âà¥§ª®¢ MB ¨ BN ¡ã¤¥â ¥ ¬¥¥¥ 2

1

2

?

16.27. � ¯àï¬®ã£®«ì¨ª¥ ABCD áâ®à®ë AB = CD = 2,

BC = AD = 3. �  áâ®à® å AB ¨ BC á«ãç ©® ¨ ¥§ ¢¨á¨¬® ¢ë-

¡¨à îâ â®çª¨ M ¨ N á®®â¢¥âáâ¢¥®. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

|MB −BN | 6 1?

16.28. � ¯àï¬®ã£®«ì¨ª¥ ABCD   áâ®à® å AB ¨ BC á«ãç ©-

® ¨ ¥§ ¢¨á¨¬® ¢ë¡¨à îâ ¯® â®çª¥ M ¨ N á®®â¢¥âáâ¢¥®. �â¨

â®çª¨ á®¥¤¨ïîâ ®âà¥§ª®¬ ¯àï¬®©. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

¯«®é ¤ì ¯ïâ¨ã£®«ì¨ª  AMNCD á®áâ ¢¨â ¥ ¬¥¥¥ 3/4 ¯«®é ¤¨

¯àï¬®ã£®«ì¨ª  ABCD?

16.29. �  ª â¥â å AC ¨ BC ¯àï¬®ã£®«ì®£® âà¥ã£®«ì¨ª  ABC

á«ãç ©® ¨ ¥§ ¢¨á¨¬® ¢ë¡¨à îâ ¯® â®çª¥ ¨ á®¥¤¨ïîâ ¨å ®âà¥§ª®¬

¯àï¬®©. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¯«®é ¤ì ¯®«ãç îé¥£®áï ¯à¨

íâ®¬ ¯àï¬®ã£®«ì®£® âà¥ã£®«ì¨ª  á®áâ ¢¨â ¥ ¡®«¥¥ 1/4 ¯«®é ¤¨
âà¥ã£®«ì¨ª  ABC?
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16.30. � ¯àï¬®ã£®«ì¨ª¥ ABCD   áâ®à®¥ AD = a ¨ ¯ à ««¥«ì-
®© ¥© BC á«ãç ©® ¨ ¥§ ¢¨á¨¬® ¢ë¡¨à îâ â®çª¨ M ¨ N á®®â¢¥â-

áâ¢¥®. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® AM + BN 6 3

2

a?

�®âà®«ì®¥ § ¤ ¨¥ N

o
17

17.1. �à¨ £à ¨ ¥¯à ¢¨«ì®© âà¥ã£®«ì®© ¯¨à ¬¨¤ë à áªà -

è¥ë ¢ á¨¨©, ªà áë© ¨ §¥«¥ë© æ¢¥â ,     ç¥â¢¥àâ®© £à ¨ ¥áâì

ãç áâª¨ à áªà è¥ë¥ ¢® ¢á¥ íâ¨ âà¨ æ¢¥â . Ǳà¨ ¯®¤¡à áë¢ ¨¨ ¯¨-

à ¬¨¤ë ®  ¯ ¤ ¥â   á¨îî £à ì á ¢¥à®ïâ®áâìî 1/10,   ªà áãî
á ¢¥à®ïâ®áâìî 1/5,   §¥«¥ãî á ¢¥à®ïâ®áâìî 3/10, ¨   à §®æ¢¥â-
ãî £à ì á ¢¥à®ïâ®áâìî 2/5. �¯à¥¤¥«¨âì, ï¢«ïîâáï «¨ ¯®¯ à®

¥§ ¢¨á¨¬ë¬¨ á«¥¤ãîé¨¥ á®¡ëâ¨ï: A |   â®© £à ¨,   ª®â®àãî

ã¯ «  ¯¨à ¬¨¤  ¯à¨áãâáâ¢ã¥â á¨¨© æ¢¥â; B |   â®© £à ¨,  

ª®â®àãî ã¯ «  ¯¨à ¬¨¤  ¯à¨áãâáâ¢ã¥â ªà áë© æ¢¥â; C |   â®©

£à ¨,   ª®â®àãî ã¯ «  ¯¨à ¬¨¤  ¯à¨áãâáâ¢ã¥â §¥«¥ë© æ¢¥â.

17.2. � �¤ ï ¨§ è¥áâ¨ £à ¥© ¤¥âáª®£® ªã¡¨ª  ¬®�¥â ¡ëâì á

à ¢®© ¢¥à®ïâ®áâìî § ªà è¥  ¨§£®â®¢¨â¥«¥¬ ¢ «î¡®© ¨§ è¥áâ¨

æ¢¥â®¢ (á¨¨©, £®«ã¡®©, ä¨®«¥â®¢ë©, ªà áë©, �¥«âë©, §¥«¥ë©).

�ã¡¨ª «¥�¨â ¨ ¯ïâì ¥£® ¢¨¤¨¬ëå £à ¥© ¨¬¥îâ £®«ã¡®© æ¢¥â. Ǳ®á«¥

¯®¤¡à áë¢ ¨ï ªã¡¨ª ã¯ « â ª, çâ® ¯ïâì ¥£® ¢¨¤¨¬ëå £à ¥© á®¢ 

£®«ã¡ë¥. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¨ è¥áâ ï ¥¢¨¤¨¬ ï £à ì

ªã¡¨ª  â®�¥ § ªà è¥  ¢ £®«ã¡®© æ¢¥â?

17.3. � �¤ ï ¨§ è¥áâ¨ £à ¥© ¤¥âáª®£® ªã¡¨ª  ¬®�¥â ¡ëâì á

à ¢®© ¢¥à®ïâ®áâìî § ªà è¥  ¨§£®â®¢¨â¥«¥¬ ¢ «î¡®© ¨§ è¥áâ¨

æ¢¥â®¢ (á¨¨©, £®«ã¡®©, ä¨®«¥â®¢ë©, ªà áë©, �¥«âë©, §¥«¥ë©).

�ã¡¨ª «¥�¨â ¨ ¯ïâì ¥£® ¢¨¤¨¬ëå £à ¥© ¨¬¥îâ £®«ã¡®© æ¢¥â. Ǳ®á«¥

¯®¤¡à áë¢ ¨ï ªã¡¨ª ã¯ « â ª, çâ® ¯ïâì ¥£® ¢¨¤¨¬ëå £à ¥© á®¢ 

£®«ã¡ë¥. Ǳ®¢â®à®¥ ¯®¤¡à áë¢ ¨¥ ªã¡¨ª  ¯à¨¢¥«® ª â ª®¬ã �¥

à¥§ã«ìâ âã. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¨ è¥áâ ï ¥¢¨¤¨¬ ï £à ì

ªã¡¨ª  â®�¥ § ªà è¥  ¢ £®«ã¡®© æ¢¥â?

17.4. � �¤ ï ¨§ è¥áâ¨ £à ¥© ¤¥âáª®£® ªã¡¨ª  ¬®�¥â ¡ëâì á

à ¢®© ¢¥à®ïâ®áâìî § ªà è¥  ¨§£®â®¢¨â¥«¥¬ ¢ «î¡®© ¨§ è¥áâ¨

æ¢¥â®¢ (á¨¨©, £®«ã¡®©, ä¨®«¥â®¢ë©, ªà áë©, �¥«âë©, §¥«¥ë©).

�ã¡¨ª «¥�¨â â ª, çâ® ¨§ ¯ïâ¨ ¥£® ¢¨¤¨¬ëå £à ¥© âà¨, ¨¬¥îé¨¥

®¡éãî ¢¥àè¨ã, ªà áë¥,   ¤¢¥ ¤àã£¨¥ §¥«¥ë¥. Ǳ®á«¥ ¯®¤¡à áë-

¢ ¨ï ªã¡¨ª ã¯ « â ª, çâ® á®¢  ¨§ ¯ïâ¨ ¥£® ¢¨¤¨¬ëå £à ¥© âà¨

¨¬¥îé¨¥ ®¡éãî ¢¥àè¨ã ªà áë¥,   ¤¢¥ ¤àã£¨¥ §¥«¥ë¥. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® è¥áâ ï ¥¢¨¤¨¬ ï £à ì ªã¡¨ª  § ªà è¥  ¢

§¥«¥ë© æ¢¥â?
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17.5. �«ï ¥ª®â®àëå ¤¢ãå à ¢®á¨«ìëå è å¬ âëå á®¯¥à¨ª®¢

¢¥à®ïâ®áâì â®£®, çâ® ¯ àâ¨ï § ª®ç¨âáï ¯®¡¥¤®© ¡¥«ëå à ¢  2/5,
¯®¡¥¤®© ç¥àëå 1/4, ¨ ¨çì¥© 7/20. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢
¬ âç¥ ¨§ ¤¢ãå ¯ àâ¨© á®¯¥à¨ª, ¨£à ¢è¨© ¡¥«ë¬¨ ¯¥à¢ãî ¯ àâ¨î

¯®¡¥¤¨â á® áç¥â®¬ 2 : 0 ? � è å¬ â å ¯¥à¥¤ ª �¤®© á«¥¤ãîé¥©

¯ àâ¨¥© á®¯¥à¨ª¨ ¬¥ïîâáï ä¨£ãà ¬¨.

17.6. �«ï ¥ª®â®àëå ¤¢ãå à ¢®á¨«ìëå è å¬ âëå á®¯¥à¨ª®¢

¢¥à®ïâ®áâì â®£®, çâ® ¯ àâ¨ï § ª®ç¨âáï ¯®¡¥¤®© ¡¥«ëå à ¢  2/5,
¯®¡¥¤®© ç¥àëå 1/4, ¨ ¨çì¥© 7/20. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢
¬ âç¥ ¨§ âà¥å ¯ àâ¨© á®¯¥à¨ª, ¨£à ¢è¨© ¡¥«ë¬¨ ¯¥à¢ãî ¯ àâ¨î,

¯®¡¥¤¨â á® áç¥â®¬ 3 : 0 ? � è å¬ â å ¯¥à¥¤ ª �¤®© á«¥¤ãîé¥©

¯ àâ¨¥© á®¯¥à¨ª¨ ¬¥ïîâáï ä¨£ãà ¬¨.

17.7. �«ï ¥ª®â®àëå ¤¢ãå à ¢®á¨«ìëå è å¬ âëå á®¯¥à¨ª®¢

¢¥à®ïâ®áâì â®£®, çâ® ¯ àâ¨ï § ª®ç¨âáï ¯®¡¥¤®© ¡¥«ëå à ¢  2/5,
¯®¡¥¤®© ç¥àëå 1/4 , ¨ ¨çì¥© 7/20. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ¢
¬ âç¥ ¨§ ¤¢ãå ¯ àâ¨© ¯®¡¥¤¨â á®¯¥à¨ª, ¨£à ¢è¨© ¡¥«ë¬¨ ¯¥à¢ãî

¯ àâ¨î? � è å¬ â å ¯¥à¥¤ ª �¤®© á«¥¤ãîé¥© ¯ àâ¨¥© á®¯¥à¨ª¨

¬¥ïîâáï ä¨£ãà ¬¨.

17.8. Ǳà®¨§¢®¤¨âáï á¥à¨ï ¨§ 4 ¢ëáâà¥«®¢ ¯® ¬¨è¥¨ á ¢¥à®ïâ-

®áâìî ¯®¯ ¤ ¨ï ¢ ª �¤®¬ ¢ëáâà¥«¥ 1/8. Ǳà¥¤¯®« £ ï, çâ® à¥-

§ã«ìâ âë ¢ëáâà¥«®¢ | á®¡ëâ¨ï ¥§ ¢¨á¨¬ë¥ ¢ á®¢®ªã¯®áâ¨  ©â¨

¢¥à®ïâ®áâì â®£®, çâ® ¡ã¤¥â à®¢® 2 ¯®¯ ¤ ¨ï?

17.9. Ǳà®¨§¢®¤¨âáï á¥à¨ï ¨§ 5 ¢ëáâà¥«®¢ ¯® ¬¨è¥¨ á ¢¥à®ïâ-

®áâìî ¯®¯ ¤ ¨ï ¢ ª �¤®¬ ¢ëáâà¥«¥ 4/5. Ǳà¥¤¯®« £ ï, çâ® à¥-

§ã«ìâ âë ¢ëáâà¥«®¢ | á®¡ëâ¨ï ¥§ ¢¨á¨¬ë¥ ¢ á®¢®ªã¯®áâ¨  ©â¨

¢¥à®ïâ®áâì â®£®, çâ® ¡ã¤¥â ¥ ¡®«¥¥ 1 ¯à®¬ å ?

17.10. �®à¥¢ãîâáï ¤¢  à ¢®á¨«ìëå áâà¥«ª . �¥à®ïâ®áâì

¯®¯ ¤ ¨ï ¢ ¬¨è¥ì ¤«ï ª �¤®£® ¨§ ¨å à ¢  5/6. � �¤ë© ¨§ ¨å
¤¥« ¥â ¯® ¤¢  ¢ëáâà¥« . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® á®à¥¢®¢ ¨¥

§ ª®ç¨âáï ¢¨çìî?

17.11. �¥à®ïâ®áâì ¯®¡¥¤¨âì ¥ª®â®à®£® á®¯¥à¨ª  ¢ ®â¤¥«ì®

¢§ïâ®© ¯ àâ¨¨ ¯®  áâ®«ì®¬ã â¥¨áã à ¢  2/3 (¨çìï ¥¢®§¬®�-
 ). � ª®¢  ¢¥à®ïâ®áâì ¯®¡¥¤¨âì ¢ ¬ âç¥ ¤® âà¥å ¯®¡¥¤?

17.12. Ǳà¥¤¯®« £ ¥âáï ¨£à âì ¢  áâ®«ìë© â¥¨á á á®¯¥à¨-

ª®¬, ¢¥à®ïâ®áâì ¢ë¨£à âì ã ª®â®à®£® ¢ ®â¤¥«ì® ¢§ïâ®© ¯ àâ¨¨ |

¨§¢¥áâ ï ¢¥«¨ç¨  à ¢ ï p (¨çìï ¢  áâ®«ì®¬ â¥¨á¥ ¥¢®§-

¬®� ). �â® ¢ § ¢¨á¨¬®áâ¨ ®â p ¢¥à®ïâ¥¥ ¢ë¨£à âì: ¬ âç ¨§ âà¥å
¯ àâ¨© ¨«¨ ®¤ã ¯ àâ¨î?
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17.13. Ǳà®¨§¢®¤¨âáï á¥à¨ï ¨§ 500 ¥§ ¢¨á¨¬ëå ¨á¯ëâ ¨©. �¥-

à®ïâ®áâì ãá¯¥å  ¢ ®¤®¬ ¨á¯ëâ ¨¨ 3/5. �á¯®«ì§ãï «®ª «ìãî

â¥®à¥¬ã �ã ¢à {� ¯« á  ¯à¨¡«¨�¥® ¢ëç¨á«¨âì ¢¥à®ïâ®áâì â®-

£®, çâ® ¡ã¤¥â à®¢® 300 ãá¯¥å®¢?

17.14. Ǳà®¨§¢®¤¨âáï á¥à¨ï ¨§ 500 ¥§ ¢¨á¨¬ëå ¨á¯ëâ ¨©. �¥-

à®ïâ®áâì ãá¯¥å  ¢ ®¤®¬ ¨á¯ëâ ¨¨ 3/5. �á¯®«ì§ãï ¨â¥£à «ìãî
â¥®à¥¬ã �ã ¢à {� ¯« á  ¯à¨¡«¨�¥® ®æ¥¨âì ¢¥à®ïâ®áâì â®£®,

çâ® ç¨á«® ãá¯¥å®¢ ¡ã¤¥â ¥ ¬¥¥¥ 310?

17.15. Ǳà®¨§¢®¤¨âáï á¥à¨ï ¨§ 500 ¥§ ¢¨á¨¬ëå ¨á¯ëâ ¨©. �¥-

à®ïâ®áâì ãá¯¥å  ¢ ®¤®¬ ¨á¯ëâ ¨¨ 3/5. �á¯®«ì§ãï ¨â¥£à «ì-

ãî â¥®à¥¬ã �ã ¢à {� ¯« á  ¯à¨¡«¨�¥® ®æ¥¨âì ¢¥à®ïâ®áâì

â®£®, çâ® ç¨á«® ãá¯¥å®¢ m ¡ã¤¥â ã¤®¢«¥â¢®àïâì ¥à ¢¥áâ¢ã

200 6 m < 290?

17.16. �«ãç © ï ¢¥«¨ç¨  X | áã¬¬  ç¨á«  ãá¯¥å®¢ ¨ ç¨á« 

¥ã¤ ç ¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨§ âà¥å ¥§ ¢¨á¨¬ëå ¨á¯ëâ ¨© á ¤¢ã-

¬ï ¨áå®¤ ¬¨. � ©â¨ EX ¨ DX .

17.17. �¥áâì £à ¥© ªã¡¨ª  ¯®¬¥ç¥ë æ¨äà ¬¨ 0, 1, 1, 2, 3, 6.

�«ãç © ï ¢¥«¨ç¨  X | ç¨á«® ®ª §ë¢ îé¥¥áï   ¢¥àå¥© £à ¨

ªã¡¨ª  ¯à¨ ¥£® ¡à®á ¨¨. � ©â¨ EX ¨ DX .

17.18. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , ¢á¥£¤  ¯à¨-

¨¬ îé ï § ç¥¨¥ 1. � ©â¨ EX ¨ DX .

17.19. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï áã¬-

¬ à®¬ã ç¨á«ã ®çª®¢, ¢ë¯ ¢è¨å ¯à¨ ®¤®¢à¥¬¥®¬ ¡à®á ¨¨ ¤¢ãå

¨£à «ìëå ª®áâ¥©. � ©â¨ EX ¨ DX .

17.20. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ª¢ -

¤à âã ç¨á«  ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨.

� ©â¨ ¥¥ ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥.

17.21. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , ¯à¨¨¬ î-

é ï § ç¥¨ï 1, 2, 3, 4, 5 á ¢¥à®ïâ®áâï¬¨ ¯à®¯®àæ¨® «ìë¬¨ 1, 4,

4, 2, 2 á®®â¢¥âáâ¢¥®. � ©â¨ ¥¥ âà¥â¨© æ¥âà «ìë© ¬®¬¥â.

17.22. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , ¯à¨¨¬ î-

é ï § ç¥¨ï 1, 2, 3, 4, 5 á ¢¥à®ïâ®áâï¬¨ ¯à®¯®àæ¨® «ìë¬¨ 1, 4,

4, 2, 2 á®®â¢¥âáâ¢¥®. � ©â¨ ¥¥ ç¥â¢¥àâë© æ¥âà «ìë© ¬®¬¥â.

17.23. � ©â¨ íªáæ¥áá á«ãç ©®© ¢¥«¨ç¨ë, à ¢®© ç¨á«ã £¥à¡®¢

¢ë¯ ¢è¨å ¯à¨ ¡à®á ¨¨ ®¤®© á¨¬¬¥âà¨ç®© ¬®¥âë.

17.24. � ©â¨ íªáæ¥áá á«ãç ©®© ¢¥«¨ç¨ë, à ¢®© ç¨á«ã £¥à-

¡®¢ ¢ë¯ ¢è¨å ¯à¨ ¡à®á ¨¨ ®¤®© ¥á¨¬¬¥âà¨ç®© ¬®¥âë (¢¥à®-

ïâ®áâì ¢ë¯ ¤¥¨ï £¥à¡  à ¢  p).
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17.25. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ª¢ -

¤à âã ç¨á«  ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨.

� ©â¨ ¥¥ íªáæ¥áá.

17.26. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ¤¥-

«¥®¬ã   n ç¨á«ã £¥à¡®¢ ¢ë¯ ¢è¨å ¯à¨ ®¤®¢à¥¬¥®¬ ¡à®á ¨¨

n ¬®¥â. � ©â¨ EX ¨ DX .

17.27. � ©â¨  á¨¬¬¥âà¨î á«ãç ©®© ¢¥«¨ç¨ë, à ¢®© ç¨á«ã

£¥à¡®¢, ¢ë¯ ¢è¨å ¯à¨ ¡à®á ¨¨ ®¤®© ¥á¨¬¬¥âà¨ç®© ¬®¥âë (¢¥-

à®ïâ®áâì ¢ë¯ ¤¥¨ï £¥à¡  à ¢  p).

17.28. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ª¢ -

¤à âã ç¨á«  ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨.

� ©â¨ ¥¥ ¤¨á¯¥àá¨î.

17.29. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ªã¡ã

ç¨á«  ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨. � ©â¨ ¥¥

¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥.

17.30. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ª¢ -

¤à âã ç¨á«  ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨.

� ©â¨ ¥¥  á¨¬¬¥âà¨î.

�®âà®«ì®¥ § ¤ ¨¥ N

o
18

18.1. � ©â¨ áà¥¤¥¥ ª¢ ¤à â¨ç¥áª®¥ ®âª«®¥¨¥ á«ãç ©®© ¢¥«¨-

ç¨ë à ¢®© ç¨á«ã £¥à¡®¢, ¢ë¯ ¢è¨å ¯à¨ ¡à®á ¨¨ n ®¤¨ ª®¢ëå

¥á¨¬¬¥âà¨çëå ¬®¥â (¢¥à®ïâ®áâì ¢ë¯ ¤¥¨ï £¥à¡    ®¤®© â -

ª®© ¬®¥â¥ ¨§¢¥áâ ï ¢¥«¨ç¨  à ¢ ï p).

18.2. �®¥â  ¡ë«  ¯®¤¡à®è¥  106 à §, ¨§ ¨å ®  ã¯ «  64 à § 

£¥à¡®¬ ¢¢¥àå ¨ 42 à §  æ¨äà®©. �®¯ãáâ¨¬® «¨ â ª®¥ ®âª«®¥¨¥ ®â

áà¥¤¥£® ¤«ï á¨¬¬¥âà¨ç®© ¬®¥âë á â®çª¨ §à¥¨ï ¯à ¢¨«  "âà¥å

á¨£¬"?

18.3. �¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨  X ¯à¨¨¬ ¥â æ¥«®ç¨á«¥-

ë¥ § ç¥¨ï ®â 0 ¤® 6 á à ¢ë¬¨ ¢¥à®ïâ®áâï¬¨. � ª®¢  ¢¥à®ïâ-

®áâì â®£®, çâ® X = EX?

18.4. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨  à ¢ ï áã¬-

¬ à®¬ã ç¨á«ã ®çª®¢, ¢ë¯ ¢è¨å ¯à¨ ®¤®¢à¥¬¥®¬ ¡à®á ¨¨ ¤¢ãå

¨£à «ìëå ª®áâ¥©. � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® X > EX?

18.5. ǱãáâìX ¨ Y | ¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ¯à¨¨¬ -

îé¨¥ § ç¥¨ï ç¨á«  ®çª®¢   ¢¥àå¨å £à ïå ªà á®£® ¨ §¥«¥®£®

29



ªã¡¨ª®¢ á®®â¢¥âáâ¢¥® ¯à¨ ¨å ®¤®¢à¥¬¥®¬ ¡à®á ¨¨. � ª®¢ 

¢¥à®ïâ®áâì â®£®, çâ® ®¤®¢à¥¬¥® X 6 4 ¨ Y 6 5?

18.6. �«ãç © ï ¢¥«¨ç¨  | ®¬¥à ¯¥à¢®£® ¡à®á ¨ï á¨¬¬¥-

âà¨ç®© ¬®¥âë, ¯à¨ ª®â®à®¬ ¢ë¯ ¤ ¥â £¥à¡. � ©â¨ ¥¥ ¬ â¥¬ â¨-

ç¥áª®¥ ®�¨¤ ¨¥.

18.7. �¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨  ¯à¨¨¬ ¥â § ç¥¨¥ 0 á

¢¥à®ïâ®áâìî 5/6 ¨ § ç¥¨¥ 1 á ¢¥à®ïâ®áâìî 1/6. � ©â¨ äãªæ¨î
à á¯à¥¤¥«¥¨ï ¨ ¯®áâà®¨âì ¥¥ £à ä¨ª.

18.8. �«ãç © ï ¢¥«¨ç¨  ¯à¨¨¬ ¥â â®«ìª® ®¤® § ç¥¨¥ 6

á ¢¥à®ïâ®áâìî 1. � ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï ¨ ¯®áâà®¨âì ¥¥

£à ä¨ª.

18.9. �¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨  ¯à¨¨¬ ¥â § ç¥¨ï 3 ¨ 4

á ¢¥à®ïâ®áâï¬¨ à ¢ë¬¨ 1/2. � ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï ¨

¯®áâà®¨âì ¥¥ £à ä¨ª.

18.10. �«ãç © ï ¢¥«¨ç¨  | ç¨á«® £¥à¡®¢, ¢ë¯ ¢è¨å ¯à¨ ¡à®-

á ¨¨ ¤¢ãå á¨¬¬¥âà¨çëå ¬®¥â. � ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï ¨

¯®áâà®¨âì ¥¥ £à ä¨ª.

18.11. �«ãç © ï ¢¥«¨ç¨  | ç¨á«® £¥à¡®¢, ¢ë¯ ¢è¨å ¯à¨ ¡à®-

á ¨¨ âà¥å á¨¬¬¥âà¨çëå ¬®¥â. � ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï ¨

¯®áâà®¨âì ¥¥ £à ä¨ª.

18.12. �¥á¨¬¬¥âà¨ç ï ¬®¥â  ¯ ¤ ¥â £¥à¡®¬ ¢¢¥àå á ¢¥à®ïâ-

®áâìî 2/3 ¨ à¥èª®© á ¢¥à®ïâ®áâìî 1/3. �«ãç © ï ¢¥«¨ç¨  |

ç¨á«® £¥à¡®¢, ¢ë¯ ¢è¨å ¯à¨ ¤¢ãªà â®¬ ¡à®á ¨¨ â ª®© ¬®¥âë.

� ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï ¨ ¯®áâà®¨âì ¥¥ £à ä¨ª.

18.13. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï áà¥¤-

¥¬ã  à¨ä¬¥â¨ç¥áª®¬ã ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¨å £à ïå âà¥å ®¤-

®¢à¥¬¥® ¡à®è¥ëå ¨£à «ìëå ª®áâïå. � ©â¨ EX ¨ DX .

18.14. �¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨  X | ç¨á«® ¢ë¯ ¢è¨å

£¥à¡®¢ ¯à¨ ¡à®á ¨¨ âà¥å á¨¬¬¥âà¨çëå ¬®¥â. �«ãç © ï ¢¥«¨ç¨-

  Y á¢ï§   á X á®®â®è¥¨¥¬ Y = X2

. � ©â¨ EY .

18.15. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ã¤¢®-

¥®¬ã ç¨á«ã ®çª®¢, ¢ë¯ ¢è¨å ¯à¨ ¡à®á ¨¨ ¨£à «ì®© ª®áâ¨. � ©-

â¨ EX ¨ DX .

18.16. Ǳãáâì X ¨ Y | ¥§ ¢¨á¨¬ë¥ ®¤¨ ª®¢® à á¯à¥¤¥«¥ë¥

¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ¯à¨¨¬ îé¨¥ § ç¥¨ï 2 ¨ 3 á

¢¥à®ïâ®áâï¬¨ 1/2. �«ãç © ï ¢¥«¨ç¨  Z = X · Y . � ©â¨ EZ
¨ DZ.
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18.17. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ç¨-

á«ã ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨,   Y |

¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ç¨á«ã £¥à¡®¢ ¢ë¯ ¢è¨å

¯à¨ ¡à®á ¨¨ ®¤®© á¨¬¬¥âà¨ç®© ¬®¥âë. �«ãç © ï ¢¥«¨ç¨ 

Z = X+Y . � ©â¨   «¨â¨ç¥áª¨© ¢¨¤ ¨ ¯®áâà®¨âì £à ä¨ª ¥¥ äãª-
æ¨¨ à á¯à¥¤¥«¥¨ï. � ©â¨ EZ ¨ DZ.

18.18. Ǳãáâì X ¨ Y | ¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, à ¢-

ë¥ ¤®áâ®¨áâ¢ã ¬®¥âë, ã¬®�¥®¬ã   ç¨á«® £¥à¡®¢, ¢ë¯ ¢è¨å

¯à¨ ®¤®ªà â®¬ ¡à®á ¨¨ ª®¯¥©ª¨ ¨ ¤¢ãåª®¯¥¥ç®© ¬®¥âë á®®â-

¢¥âáâ¢¥®. � ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨ë

Z = X + Y ¨ ¯®áâà®¨âì ¥¥ £à ä¨ª.

18.19. Ǳãáâì X ¨ Y | ¥§ ¢¨á¨¬ë¥ ®¤¨ ª®¢® à á¯à¥¤¥«¥ë¥

¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ª �¤ ï ¨§ ª®â®àëå à ¢  ç¨á«ã

£¥à¡®¢, ¢ë¯ ¤ îé¨å ¯à¨ ¡à®á ¨¨ ¤¢ãå á¨¬¬¥âà¨çëå ¬®¥â. � ©-

â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨ë Z = X · Y ¨ ¯®-

áâà®¨âì ¥¥ £à ä¨ª.

18.20. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨  à ¢ ï ç¨á«ã

®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨,   Y | ¤¨áªà¥â-

 ï á«ãç © ï ¢¥«¨ç¨  à ¢ ï ç¨á«ã £¥à¡®¢ ¢ë¯ ¢è¨å ¯à¨ ¡à®á -

¨¨ ®¤®© á¨¬¬¥âà¨ç®© ¬®¥âë. � ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï

á«ãç ©®© ¢¥«¨ç¨ë Z = X − Y ¨ ¯®áâà®¨âì ¥¥ £à ä¨ª. � ©â¨ EZ
¨ DZ.

18.21. Ǳãáâì X ¨ Y | ¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ¯à¨¨-

¬ îé¨¥ § ç¥¨ï ç¨á«  ®çª®¢   ¢¥àå¨å £à ïå ªà á®£® ¨ §¥«¥-

®£® ªã¡¨ª®¢ á®®â¢¥âáâ¢¥® ¯à¨ ¨å ®¤®¢à¥¬¥®¬ ¡à®á ¨¨. �«ã-

ç © ï ¢¥«¨ç¨  Z = X − Y . � ©â¨ DZ.

18.22. Ǳãáâì X ¨ Y | ¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ¯à¨¨-

¬ îé¨¥ § ç¥¨ï ç¨á«  ®çª®¢   ¢¥àå¨å £à ïå ªà á®£® ¨ §¥«¥-

®£® ªã¡¨ª®¢ á®®â¢¥âáâ¢¥® ¯à¨ ¨å ®¤®¢à¥¬¥®¬ ¡à®á ¨¨. �«ã-

ç © ï ¢¥«¨ç¨  Z = |X − Y |. � ©â¨ EZ ¨ DZ.

18.23. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ç¨-

á«ã ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨. �«ãç © ï

¢¥«¨ç¨  Y = X . � ©â¨ ª®¢ à¨ æ¨î X ¨ Y .

18.24. Ǳãáâì X ¨ Y | ¥§ ¢¨á¨¬ë¥ ®¤¨ ª®¢® à á¯à¥¤¥«¥ë¥

¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ª �¤ ï ¨§ ª®â®àëå à ¢  ç¨á«ã

£¥à¡®¢, ¢ë¯ ¤ îé¨å ¯à¨ ®¤®ªà â®¬ ¡à®á ¨¨ ®¤®© á¨¬¬¥âà¨ç-

®© ¬®¥âë. �«ãç © ï ¢¥«¨ç¨  Z = X+Y . � ©â¨ ª®¢ à¨ æ¨î X
¨ Z.
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18.25. Ǳãáâì X ¨ Y | ¥§ ¢¨á¨¬ë¥ ®¤¨ ª®¢® à á¯à¥¤¥«¥ë¥

¤¨áªà¥âë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë, ª �¤ ï ¨§ ª®â®àëå à ¢  ç¨á«ã

£¥à¡®¢, ¢ë¯ ¤ îé¨å ¯à¨ ®¤®ªà â®¬ ¡à®á ¨¨ ®¤®© á¨¬¬¥âà¨ç-

®© ¬®¥âë. �«ãç © ï ¢¥«¨ç¨  Z = X · Y . � ©â¨ ª®¢ à¨ æ¨î X
¨ Z.

18.26. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , à ¢ ï ç¨-

á«ã ®çª®¢ ¢ë¯ ¢è¨å   ¢¥àå¥© £à ¨ ¨£à «ì®© ª®áâ¨. �«ãç © ï

¢¥«¨ç¨  Y = (X − EX)

2

. � ©â¨ ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨-

ç¨ X ¨ Y .

18.27. Ǳãáâì X | ¤¨áªà¥â ï á«ãç © ï ¢¥«¨ç¨ , ¯à¨¨¬ î-

é ï § ç¥¨ï −1, 0, 1 á à ¢ë¬¨ ¢¥à®ïâ®áâï¬¨. �«ãç © ï ¢¥«¨-
ç¨  Y = X2

. � ©â¨ ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

18.28. �¬¥¥âáï n ¯®¯ à® ¥§ ¢¨á¨¬ëå ®¤¨ ª®¢® à á¯à¥¤¥«¥-

ëå á«ãç ©ëå ¢¥«¨ç¨ Xi (i = 1, 2, . . . , n) á ¯ à ¬¥âà ¬¨ EXi = a
¨ DXi = σ2. � ©â¨ ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥ ¨ ¤¨á¯¥àá¨î á«ãç ©-

®© ¢¥«¨ç¨ë Y , à ¢®© áà¥¤¥¬ã  à¨ä¬¥â¨ç¥áª®¬ã íâ¨å á«ãç ©-

ëå ¢¥«¨ç¨.

18.29. �¬¥¥âáï n ¯®¯ à® ¥§ ¢¨á¨¬ëå ®¤¨ ª®¢® à á¯à¥¤¥«¥-

ëå á«ãç ©ëå ¢¥«¨ç¨ Xi (i = 1, 2, . . . , n) á ¯ à ¬¥âà ¬¨ EXi = a
¨ DXi = σ2. � ©â¨ ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥ á«ãç ©®© ¢¥«¨ç¨ë,
à ¢®© áã¬¬¥ ª¢ ¤à â®¢ íâ¨å á«ãç ©ëå ¢¥«¨ç¨.

18.30. Ǳ«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë X § ¤  

á®®â®è¥¨¥¬ f(x) =

{

Cxe−x, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0.
� ©â¨ ¯®áâ®ï-

ãî C. �¯à¥¤¥«¨âì çâ® ¡®«ìè¥: EX ¨«¨  à£ã¬¥â x, ¯à¨ ª®â®à®¬

äãªæ¨ï f(x) ¤®áâ¨£ ¥â á¢®¥£®  ¨¡®«ìè¥£® § ç¥¨ï.

�®âà®«ì®¥ § ¤ ¨¥ N

o
19

19.1. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (0, 1). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® X ¯à¨¬¥â § ç¥¨¥

¬¥ìè¥ ε?

19.2. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (−1, 3). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® X ¯à¨¬¥â § ç¥¨¥

¨§ ¯à®¬¥�ãâª  [1, 2)?

19.3. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (−1, 3). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® X ¯à¨¬¥â § ç¥¨¥

¨§ ¨â¥à¢ «  (1/3, 1/2)?
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19.4. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (0, 4). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® X ¯à¨¬¥â § ç¥¨¥ ¨§

¯à®¬¥�ãâª  (0, 1℄?

19.5. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (−6,−1). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® X ¯à¨¬¥â § ç¥¨¥

¨§ ®âà¥§ª  [−2,−1℄?
19.6. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (a, b). � ©â¨ ¢¥à®ïâ®áâì â®£®, çâ® EX < X < EX +

√
DX .

19.7. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (0, 1). �«ãç © ï ¢¥«¨ç¨  Y á¢ï§   á X á®®â®è¥¨¥¬

Y = 2X . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® Y < 2/5?

19.8. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (0, 1). Ǳ®¤®¡à âì å®âï ¡ë ®¤ã äãªæ¨î f(x) â ªãî, çâ®
á«ãç © ï ¢¥«¨ç¨  Y = f(X) ¡ã¤¥â ¨¬¥âì à ¢®¬¥à®¥ à á¯à¥¤¥-

«¥¨¥   ¨â¥à¢ «¥ (1, 4).

19.9. � ©â¨ ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥ ¨ ¤¨á¯¥àá¨î à ¢®¬¥à®

à á¯à¥¤¥«¥®©   ¨â¥à¢ «¥ (−12, 12) á«ãç ©®© ¢¥«¨ç¨ë.
19.10. � ©â¨ íªáæ¥áá á«ãç ©®© ¢¥«¨ç¨ë à ¢®¬¥à® à á¯à¥¤¥-

«¥®©   ¨â¥à¢ «¥ (a, b).

19.11. �«ãç ©ë¥ ¢¥«¨ç¨ë X ¨ Y ¥§ ¢¨á¨¬ë¥ ¨ à ¢®¬¥à®

à á¯à¥¤¥«¥ë¥   ¨â¥à¢ « å (−1, 4) ¨ (1, 3) á®®â¢¥âáâ¢¥®. �«ã-
ç © ï ¢¥«¨ç¨  Z = X + Y . � ©â¨ ¥¥ ¯«®â®áâì ¢¥à®ïâ®áâ¨,

äãªæ¨î à á¯à¥¤¥«¥¨ï ¨ ¯®áâà®¨âì ¨å £à ä¨ª¨.

19.12. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = 2X − 1. � ©-

â¨ EY ¨ DY .

19.13. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(a, b) á«ãç © ï ¢¥«¨ç¨ . � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

|X − EX | >
√
DX?

19.14. �«ãç ©ë¥ ¢¥«¨ç¨ë X ¨ Y ¥§ ¢¨á¨¬ë¥ ¨ à ¢®¬¥à®

à á¯à¥¤¥«¥ë¥   ¨â¥à¢ «¥ (0, 1). �«ãç © ï ¢¥«¨ç¨  Z = X ·Y .
� ©â¨ ¥¥ ¯«®â®áâì ¢¥à®ïâ®áâ¨, äãªæ¨î à á¯à¥¤¥«¥¨ï ¨ ¯®áâà®-

¨âì ¨å £à ä¨ª¨.

19.15. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = X . � ©â¨

ª®¢ à¨ æ¨î X ¨ Y .
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19.16. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = 1−X . � ©â¨

ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.17. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = (X − EX)

2

.

� ©â¨ ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.18. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(−2, 2) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = X2

. � ©-

â¨ ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.19. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = 3X−5. � ©â¨

ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.20. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = X2

. � ©â¨

ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.21. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = −X2

. � ©-

â¨ ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.22. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(1, 2) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = X2

. � ©â¨

ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.23. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(1, 2) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = −X2

. � ©-

â¨ ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.24. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y =

√
X. � ©â¨

ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.25. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(0, 1) á«ãç © ï ¢¥«¨ç¨ . �«ãç © ï ¢¥«¨ç¨  Y = −
√
X. � ©â¨

ª®íää¨æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

19.26. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  à ¢®¬¥à®   ¨-

â¥à¢ «¥ (0, 1). Ǳ®¤®¡à âì å®âï ¡ë ®¤ã äãªæ¨î f(x) â ªãî, çâ®
á«ãç © ï ¢¥«¨ç¨  Y = f(X) ¡ã¤¥â ¨¬¥âì ¯®ª § â¥«ì®¥ à á¯à¥-

¤¥«¥¨¥ á ¯«®â®áâìî ¢¥à®ïâ®áâ¨ f(x) =

{

λe−λx, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0.

19.27. Ǳãáâì X | á«ãç © ï ¢¥«¨ç¨ , à ¢®¬¥à® à á¯à¥¤¥-

«¥ ï   ¨â¥à¢ «¥ (0, 1),   Y | ¥§ ¢¨á¨¬ ï á ¥© ¤¨áªà¥â ï
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á«ãç © ï ¢¥«¨ç¨ , ¯à¨¨¬ îé ï § ç¥¨ï 0, 1 ¨ 3 á ¢¥à®ïâ®-

áâï¬¨ 1/2, 1/3 ¨ 1

6

á®®â¢¥âáâ¢¥®. � ©â¨ äãªæ¨î à á¯à¥¤¥«¥¨ï

á«ãç ©®© ¢¥«¨ç¨ë Z = X + Y ¨ ¯®áâà®¨âì ¥¥ £à ä¨ª.

19.28. Ǳãáâì X | à ¢®¬¥à® à á¯à¥¤¥«¥ ï   ¨â¥à¢ «¥

(a, b) á«ãç © ï ¢¥«¨ç¨ ,   Y |¥§ ¢¨á¨¬ ï á ¥© á«ãç © ï ¢¥«¨-

ç¨  à á¯à¥¤¥«¥ ï ¯® ¯®ª § â¥«ì®¬ã § ª®ã á ¯«®â®áâìî ¢¥à®-

ïâ®áâ¨ f(x) =

{

λe−λx, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0.
� ©â¨ ª®¢ à¨ æ¨î X ¨ Y .

19.29. Ǳ®¥§¤  ¬¥âà® á«¥¤ãîâ áâà®£® ¯® £à ä¨ªã á ¨â¥à¢ «®¬ 5

¬¨ãâ. Ǳ áá �¨à ¯à¨å®¤¨â   ¯« âä®à¬ã ¢ á«ãç ©ë© ¬®¬¥â ¢à¥-

¬¥¨. � ©â¨ ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥ ¢à¥¬¥¨ ®�¨¤ ¨ï ¯®¥§¤ .

19.30. �  ¥ª®â®à®¬ ¯¥à¥ªà¥áâª¥ ªà áë© ¨ §¥«¥ë© á¨£ «ë

á¢¥â®ä®à  £®àïâ ¯® 30 á¥ªã¤, �¥«âë©, ¢ª«îç îé¨©áï ¤¢ �¤ë § 

æ¨ª«, ®¡  à §  ¯® 5 á¥ªã¤. Ǳ¥è¥å®¤ ¯®¤å®¤¨â ª ¯¥à¥ªà¥áâªã ¢ á«ã-

ç ©ë© ¬®¬¥â ¢à¥¬¥¨. � ©â¨ ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥ ¢à¥¬¥¨

®�¨¤ ¨ï ¯¥à¥å®¤  ã«¨æë, ¥á«¨  ç¨ âì ¤¢¨�¥¨¥ à §à¥è ¥âáï

â®«ìª® ¯® §¥«¥®¬ã á¨£ «ã á¢¥â®ä®à .

�®âà®«ì®¥ § ¤ ¨¥ N

o
20

20.1. �«ãç © ï ¢¥«¨ç¨  ¨¬¥¥â á¨¬¬¥âà¨ç®¥ âà¥ã£®«ì®¥ à á-

¯à¥¤¥«¥¨¥   ¨â¥à¢ «¥ (a, b). � ©â¨  ¨¡®«ìè¥¥ § ç¥¨¥ ¥¥ ¯«®â-
®áâ¨ ¢¥à®ïâ®áâ¨.

20.2. �«ãç © ï ¢¥«¨ç¨  ¨¬¥¥â á¨¬¬¥âà¨ç®¥ âà¥ã£®«ì®¥ à á-

¯à¥¤¥«¥¨¥   ¨â¥à¢ «¥ (a, b). � ©â¨ ¥¥ ¤¨á¯¥àá¨î.

20.3. �«ãç © ï ¢¥«¨ç¨  ¨¬¥¥â á¨¬¬¥âà¨ç®¥ âà¥ã£®«ì®¥ à á-

¯à¥¤¥«¥¨¥   ¨â¥à¢ «¥ (a, b). � ©â¨ ¥¥ íªáæ¥áá.

20.4. �«ãç © ï ¢¥«¨ç¨  X ¨¬¥¥â á¨¬¬¥âà¨ç®¥ âà¥ã£®«ì®¥

à á¯à¥¤¥«¥¨¥   ¨â¥à¢ «¥ (a, b). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

|X − EX | < 2

√
DX?

20.5. �«ãç © ï ¢¥«¨ç¨  X ¨¬¥¥â á¨¬¬¥âà¨ç®¥ âà¥ã£®«ì®¥

à á¯à¥¤¥«¥¨¥   ¨â¥à¢ «¥ (a, b). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ®

|X − EX | >
√
DX?

20.6. Ǳ«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë X § ¤  

á®®â®è¥¨¥¬ f(x) =

{ √
2− x, ¥á«¨ x ∈

(

0,
√
2

)

,

0 , ¥á«¨ x ∈ (−∞, 0) ∪
(√

2,+∞
)

.
� ©â¨  á¨¬¬¥âà¨î X .
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20.7. Ǳ«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë X § ¤   á®-

®â®è¥¨¥¬ f(x) =

{ √
2− x, ¥á«¨ x ∈

(

0,
√
2

)

,

0 , ¥á«¨ x ∈ (−∞, 0) ∪
(√

2 ,+∞
)

.
� ©â¨ íªáæ¥áá X .

20.8. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  ®à¬ «ì®

X ∈ N(0; 1). � ©â¨ ¢¥à®ïâ®áâì â®£®, çâ® á«ãç © ï ¢¥«¨ç¨  ¯à¨-

¬¥â § ç¥¨¥ à ¢®¥ á¢®¥¬ã ¬ â¥¬ â¨ç¥áª®¬ã ®�¨¤ ¨î?

20.9. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  ®à¬ «ì®

X ∈ N(a;σ). � ©â¨ ¯à¨¡«¨�¥® ¯® â ¡«¨æ ¬ ¢¥à®ïâ®áâì â®£®,

çâ® EX < X < EX +

√
DX?

20.10. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  ®à¬ «ì®

X ∈ N(a;σ). � ©â¨ ¯à¨¡«¨�¥® ¯® â ¡«¨æ ¬ ¢¥à®ïâ®áâì â®£®,

çâ® EX < X < EX + 2

√
DX?

20.11. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  ®à¬ «ì®

X ∈ N(a;σ). � ©â¨ ¯à¨¡«¨�¥® ¯® â ¡«¨æ ¬ ¢¥à®ïâ®áâì â®£®,

çâ® EX < X < EX + 3

√
DX?

20.12. Ǳ«®â®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë X § ¤   á®-

®â®è¥¨¥¬ f(x) =

{

Ce−(x−a)2/
(

2σ2
), ¥á«¨ |x− a| < σ,

0 , ¥á«¨ |x− a| > σ.
� ©â¨

¯® â ¡«¨æ ¬ ¯à¨¡«¨�¥ë¥ § ç¥¨ï C ¨ p = P
{

|X − a| < σ/2
}

.

20.13. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  ®à¬ «ì®

X ∈ N(0; 1). Ǳ®¤®¡à âì å®âï ¡ë ®¤ã äãªæ¨î f(x) â ªãî, çâ®
á«ãç © ï ¢¥«¨ç¨  Y = f(X) ¡ã¤¥â ¨¬¥âì ®à¬ «ì®¥ à á¯à¥¤¥«¥-

¨¥ Y ∈ N(0; 3).

20.14. �¢¥ ¥§ ¢¨á¨¬ë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë X ¨ Y ¨¬¥îâ ®à-

¬ «ì®¥ à á¯à¥¤¥«¥¨¥ X, Y ∈ N(0; 1). � ª®¢  ¢¥à®ïâ®áâì â®£®,

çâ® ®¤®¢à¥¬¥® X < −1 ¨ Y < −1?
20.15. �«ãç ©ë¥ ¢¥«¨ç¨ë X ¨ Y ¥§ ¢¨á¨¬ë¥ ¨ ®à¬ «ì®

à á¯à¥¤¥«¥ë¥ X, Y ∈ N(2; 2). � ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ®¤®-

¢à¥¬¥® 0 6 X < 2 ¨ 0 6 Y < 1?

20.16. Ǳãáâì X | ®à¬ «ì® à á¯à¥¤¥«¥ ï á«ãç © ï ¢¥«¨-

ç¨  X ∈ N(0; 1),   Y | ¥§ ¢¨á¨¬ ï á ¥© ¤¨áªà¥â ï á«ãç © ï

¢¥«¨ç¨ , à ¢ ï ç¨á«ã ¢ë¯ ¢è¨å £¥à¡®¢ ¯à¨ ¡à®á ¨¨ ¤¢ãå ¬®¥â.

� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® ®¤®¢à¥¬¥® X = 0 ¨ Y = 0?

20.17. �§¢¥áâ®, çâ® á«ãç © ï ¢¥«¨ç¨  Z, à ¢ ï áã¬¬¥

¤¢ãå ¥§ ¢¨á¨¬ëå ®à¬ «ì® à á¯à¥¤¥«¥ëå á«ãç ©ëå ¢¥«¨ç¨
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X ∈ N(aX ;σX) ¨ Y ∈ N(aY ;σY ), ¥áâì ®à¬ «ì® à á¯à¥¤¥«¥ ï

á«ãç © ï ¢¥«¨ç¨  Z ∈ N(aZ ;σZ) ¨ σZ =

√

σ2X + σ2Y . � ©â¨ ¯«®â-
®áâì ¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë à ¢®© áà¥¤¥¬ã  à¨ä¬¥â¨-

ç¥áª®¬ã âà¥å ¢§ ¨¬® ¥§ ¢¨á¨¬ëå ®¤¨ ª®¢® à á¯à¥¤¥«¥ëå ®à-

¬ «ìëå á«ãç ©ëå ¢¥«¨ç¨ X
1

, X
2

, X
3

∈ N(2; 4).

20.18. Ǳãáâì X | ®à¬ «ì® à á¯à¥¤¥«¥ ï á«ãç © ï ¢¥«¨-

ç¨  X ∈ N(3; 2). �«ãç © ï ¢¥«¨ç¨  Y = 2X − 7. � ©â¨ EY
¨ DY .

20.19. Ǳãáâì X | ®à¬ «ì® à á¯à¥¤¥«¥ ï á«ãç © ï ¢¥«¨-

ç¨  X ∈ N(2; 1). �«ãç © ï ¢¥«¨ç¨  Y = 2X . � ©â¨ EY ¨ DY .

20.20. Ǳãáâì X | ®à¬ «ì® à á¯à¥¤¥«¥ ï á«ãç © ï ¢¥«¨-

ç¨  X ∈ N(1; 2). � ©â¨ ¯à¨¡«¨�¥® ¢¥à®ïâ®áâì â®£®, çâ® X > 3.

20.21. ǱãáâìX | ®à¬ «ì® à á¯à¥¤¥«¥ ï á«ãç © ï ¢¥«¨ç¨-

  X ∈ N(0; 2). � ©â¨ ¯à¨¡«¨�¥® ¢¥à®ïâ®áâì â®£®, çâ® X > EX .

20.22. Ǳãáâì X | ®à¬ «ì® à á¯à¥¤¥«¥ ï á«ãç © ï ¢¥-

«¨ç¨  X ∈ N(a;σ). � ©â¨ ¯à¨¡«¨�¥® ¢¥à®ïâ®áâì â®£®, çâ®

|X − a| > σ.

20.23. Ǳãáâì X | ®à¬ «ì® à á¯à¥¤¥«¥ ï á«ãç © ï ¢¥«¨-

ç¨  X ∈ N(1; 1). �«ãç © ï ¢¥«¨ç¨  Y = 2−X . � ©â¨ ª®íää¨-

æ¨¥â ª®àà¥«ïæ¨¨ ¢¥«¨ç¨ X ¨ Y .

20.24. Ǳãáâì X | ®à¬ «ì® à á¯à¥¤¥«¥ ï ®à¬ «ì® à á-

¯à¥¤¥«¥ ï X ∈ N(0; 1). �«ãç © ï ¢¥«¨ç¨  Y = |X |. � ©â¨

¯«®â®áâì ¢¥à®ïâ®áâ¨ Y ¨ EY .

20.25. �«ãç © ï ¢¥«¨ç¨  X ¨¬¥¥â ¯®ª § â¥«ì®¥ à á¯à¥¤¥-

«¥¨¥ á ¯«®â®áâìî ¢¥à®ïâ®áâ¨ f(x) =

{

λe−λx, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0.
� ª®¢  ¢¥à®ïâ®áâì â®£®, çâ® X < EX?

20.26. �«ãç © ï ¢¥«¨ç¨  X à á¯à¥¤¥«¥  ¯® ¯®ª § â¥«ì®¬ã

§ ª®ã á ¯«®â®áâìî ¢¥à®ïâ®áâ¨ f(x) =

{

λe−λx, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0.
�«ãç © ï ¢¥«¨ç¨  Y = X2

. � ©â¨ äãªæ¨î g(y) | ¯«®â®áâì

¢¥à®ïâ®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë Y .

20.27. � ©â¨  á¨¬¬¥âà¨î á«ãç ©®© ¢¥«¨ç¨ë à á¯à¥¤¥«¥-

®© ¯® ¯®ª § â¥«ì®¬ã § ª®ã á ¯«®â®áâìî ¢¥à®ïâ®áâ¨

f(x) =

{

λe−λx, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0.
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20.28. � ©â¨ íªáæ¥áá á«ãç ©®© ¢¥«¨ç¨ë, à á¯à¥¤¥«¥-

®© ¯® ¯®ª § â¥«ì®¬ã § ª®ã á ¯«®â®áâìî ¢¥à®ïâ®áâ¨

f(x) =

{

λe−λx, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0.

20.29. Ǳãáâì X | á«ãç © ï ¢¥«¨ç¨ , à á¯à¥¤¥«¥ ï ¯® ¯®ª -

§ â¥«ì®¬ã § ª®ã á ¯«®â®áâìî ¢¥à®ïâ®áâ¨

f(x) =

{

λe−λx, ¥á«¨ x > 0,

0 , ¥á«¨ x < 0,
  Y | ¢¥«¨ç¨ , ¢á¥£¤  ¯à¨¨¬ -

îé ï § ç¥¨¥ à ¢®¥ 5. � ©â¨ ª®¢ à¨ æ¨î X ¨ Y .

20.30. Ǳ«®â®áâì ¢¥à®ïâ®áâ¨ ¯®«®�¨â¥«ì®© á«ãç ©®© ¢¥«¨-

ç¨ë X § ¤   á®®â®è¥¨¥¬ fX(x) =

{

f(x), ¥á«¨ x > 0,

0 , ¥á«¨ x < 0,
£¤¥

f(x) | ¨§¢¥áâ ï äãªæ¨ï. �«ãç © ï ¢¥«¨ç¨  Y á¢ï§   á X

á®®â®è¥¨¥¬ Y =

√
X. � ©â¨ äãªæ¨î g(y) | ¯«®â®áâì ¢¥à®ïâ-

®áâ¨ á«ãç ©®© ¢¥«¨ç¨ë Y .

������

1.1. 1/12. 1.2. 1/10. 1.3. 1/120. 1.4. 1/60. 1.5. 1/400. 1.6. 1/360.
1.7. 1/100. 1.8. 1/81. 1.9. 1/20. 1.10. 1/16. 1.11. 1/504.
1.12. 1/625. 1.13. 1/112. 1.14. 1/10. 1.15. 1/75. 1.16. 1/25.
1.17. 1/60. 1.18. 1/10. 1.19. 1/12. 1.20. 1/3. 1.21. 1/81.
1.22. 1/24. 1.23. 1/8. 1.24. 1/40. 1.25. 1/16. 1.26. 1/140.
1.27. 1/12. 1.28. 1/60. 1.29. 1/12. 1.30. 1/12.

2.1. 243/595. 2.2. 4/35. 2.3. 27/140. 2.4. 40/119. 2.5. 109/357.
2.6. 19/119. 2.7. 54/595. 2.8. 64/85. 2.9. 8/595. 2.10. 16/1785.
2.11. 324/595. 2.12. 16/595. 2.13. 1/1785. 2.14. 1/2.
2.15. 195/476. 2.16. 7/255. 2.17. 4/85. 2.18. 3/595. 2.19. 21/85.
2.20. 144/595. 2.21. 64/1785. 2.22. 2/255. 2.23. 248/357.
2.24. 8/35. 2.25. 2/595. 2.26. 2/105. 2.27. 4/1785. 2.28. 8/357.
2.29. 1/595. 2.30. 92/595.

3.1. 3/4. 3.2. 1/2. 3.3. 2/3. 3.4. 1/3. 3.5. 1/
√
2. 3.6. 2/9.

3.7. 1/3. 3.8. 3/5. 3.9. 13/15. 3.10. 3/4. 3.11. 1/6. 3.12. 1/5.
3.13. 11/36. 3.14. 7/16. 3.15. 5/36. 3.16. 2/3. 3.17. 2/5.

3.18. 2/3. 3.19.

√
2/3. 3.20. 1 − 1/(2

√
3). 3.21. 1. 3.22. 2

√
3/9.

3.23. 1/16; 3/16; 5/16; 7/16. 3.24. 1) 2/3; 2) 1/3. 3.25. 1/4.

3.26. 3/4. 3.27. 1/3. 3.28. 1/(2
√
3). 3.29. 1/(2

√
5). 3.30. 1/(2

√
2).
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4.1. 1/6. 4.2. 11/24. 4.3. 1/4. 4.4. 7/12. 4.5. 5/6. 4.6. 1/3.
4.7. 1/6. 4.8. 5/6. 4.9. 1/8. 4.10. 4/9. 4.11. 7/12. 4.12. 7/12.
4.13. 1/2. 4.14. 1/3. 4.15. 7/15. 4.16. 11/32. 4.17. 1/2.
4.18. 7/12. 4.19. 17/24. 4.20. 5/18. 4.21. 7/12. 4.22. 1/12.
4.23. 1/3. 4.24. 1/4. 4.25. 2/3. 4.26. 1/2. 4.27. 5/12. 4.28. 1/2.
4.29. 1/2. 4.30. 3/16.

5.1. 1) 1 − (1 − α)(1 − β); 2) α(1 − β) + β(1 − α). 5.2. 1) α
1

α
2

α
3

;

2) α
1

(1 − α
2

)(1 − α
3

) + α
2

(1 − α
1

)(1 − α
3

) + α
3

(1 − α
1

)(1 − α
2

);

3) 1− (1−α
1

)(1−α
2

)(1−α
3

). 5.3. 1) α2

+2α(1−α)β; 2) β(1−α)2.
5.4. 1) (1 − α)3; 2) α3

+ 3α2

(1 − α). 5.5. 1) (αβ)3;
2) (1−αβ)3+3αβ(1−αβ)2. 5.6. 1) 3α(1−α)2/2; 2) (1−α)3+3α(1−α)2.
5.7. 1) α4

+ β4 + (1−α− β)4; 2) (1−α)4 +4α(1− α)3 +6α2

(1− α)2.
5.8. 1) α3

+β3+γ3; 2) 3
(

αβ(1−α−β)+αγ(1−α−γ)+βγ(1−β−γ)
)

;

3) 3(α+β+γ)(1−α−β−γ)2. 5.9. 1) 1−(1−α)5; 2) α5

+5α4

(1−α)+
+10α3

(1−α)2. 5.10. 1) 1− (1−α)(1−β)(1−γ); 2) αβ+γ
(

α(1−β)+

+β(1−α)
)

. 5.11. 1) α3

+β3+ γ3; 2) 6(1−α−β− γ)(αβ+αγ+βγ).

5.12. 1) 1 − (1 − p)2; 2) 1 − p2. 5.13. 1) (1 − α)(1 − β)(1 − γ);
2) α(1 − β)(1 − γ) + β(1 − α)(1 − γ) + γ(1 − α)(1 − β).
5.14. 1) (1 − α)2; 2) (1 − α)7 + 7α(1 − α)6. 5.15. 1) (1 − α)3;
2) (1−α)7+7α(1−α)6+21α2

(1−α)5. 5.16. 1) 2α(1−α)6; 2) (1−α)7+
+2α(1 − α)6 + 3α2

(1 − α)5. 5.17. 1) α4

(1 − α)3; 2) (1 − α)7+
+6α(1− α)6. 5.18. 1) 6αβ(1 − α − β); 2) 3

(

α2

(1− α) + β2(1− β)
)

.

5.19. 1) (1 − α − β)5; 2) 5β
(

(1− α− β)4 + 4α(1− α− β)3+

+6α2

(1− α− β)2
)

. 5.20. 1) α5

+ β5; 2) (1 − α − β)5+

+5(1− α− β)4(α+ β) + 10(1− α− β)3(α+ β)2. 5.21. 1) 5β(1− β)4;
2) α5

+ 5α4

(1 − α − β) + 10α3

(1 − α − β)2. 5.22. 1) 10β2(1 − β)3;
2) (1−α−β)5+5α(1−α−β)4+10α2

(1−α−β)3. 5.23. 1) (1−α)2(1−β)2;
2) 2

(

α(1− α)(1− β)2 + β(1− β)(1− α)2
)

. 5.24. 1) (1 − p)3;

2) p3+3p2(1−p). 5.25. 1) (1−p)5; 2) p+p(1−p)+p(1−p)2+p(1−p)3.
5.26. 1) 5α5β(1−β)4; 2) 50α4

(1−α)β3(1−β)2+50α3

(1−α)2β4(1−β).
5.27. 1) 10α2β5(1 − α)3; 2)

(

1− (1− α)5
) (

(1− β)5 + 5β(1− β)4+

+10β2(1− β)3
)

. 5.28. 1) α5

(1 − β)5 + β5(1 − α)5;

2) 10α3

(1−α)2(1−β)5+50α2β(1−α)3(1−β)4+50αβ2(1−α)4(1−β)3+
+10β3(1 − α)5(1 − β)2. 5.29. 1) 9αβ(1 − α)2(1 − β)2;
2) 3α(1 − α)2(1 − β)3 + 9α2β(1 − α)(1 − β)2 + 3α3β2(1 − β).
5.30. 1) 3α(1 − α)2(1 − β)3 + 3β(1 − α)3(1 − β)2;
2) 9αβ(1− α)2(1− β)2 + 9α2β2(1− α)(1− β) + α3β3.

39



6.1. 10/27. 6.2. 28/45. 6.3. 97/180. 6.4. 29/105. 6.5. 13/18.
6.6. 13/90. 6.7. 5/18. 6.8. 11/15. 6.9. 29/45. 6.10. 2/3.
6.11. 983/1890. 6.12. 73/990. 6.13. 13/30. 6.14. 20/63.
6.15. 35/108. 6.16. 11/18. 6.17. 1/12. 6.18. 3/5. 6.19. 11/45.
6.20. 4/9. 6.21. 11/45. 6.22. 9/20. 6.23. 122/315. 6.24. 1/3.
6.25. 19/30. 6.26. 247/540. 6.27. 19/30. 6.28. 17/45. 6.29. 5/18.
6.30. 12/55.

7.1. 1/4. 7.2. 9/28. 7.3. 32/97. 7.4. 0. 7.5. 6/13. 7.6. 3/13.
7.7. 3/5. 7.8. 3/11. 7.9. 9/29. 7.10. 1/5. 7.11. 360/983.
7.12. 18/73. 7.13. 6/13. 7.14. 7/40. 7.15. 9/35. 7.16. 6/11.
7.17. 0. 7.18. 5/9. 7.19. 5/11. 7.20. 1/4. 7.21. 0. 7.22. 2/9.
7.23. 35/122. 7.24. 1/3. 7.25. 10/19. 7.26. 135/247. 7.27. 70/171.
7.28. 5/17. 7.29. 0. 7.30. 11/72.

8.1. 81/10000. 8.2. 4/625. 8.3. 64/243. 8.4. 9963/10000.
8.5. 67/256. 8.6. 5/16. 8.7. 48281/48656. 8.8. 93/128. 8.9. 163/243.
8.10. 11/32. 8.11. 12800/19683. 8.12. 2551/16807. 8.13. 716/729.
8.14. 280/2187. 8.15. 432/3125. 8.16. 125/3888. 8.17. 6144/15625.
8.18. 29/32. 8.19. 715/716. 8.20. 9308/10000. 8.21. 112/243.
8.22. 135/1024. 8.23. 96/625. 8.24. 63/64. 8.25. 64/81.
8.26. 716/729. 8.27. 9/256. 8.28. 513/625. 8.29. 1053/3125.
8.30. 2809/4096.

9.1. 0,0339. 9.2. 0,0363. 9.3. 0,0365. 9.4. 0,0331. 9.5. 0,0413.
9.6. 0,0351. 9.7. 0,0352. 9.8. 0,0342. 9.9. 0,0349. 9.10. 0,0406.
9.11. 0,0357. 9.12. 0,0395. 9.13. 0,0312. 9.14. 0,0366. 9.15. 0,0388.
9.16. 0,0328. 9.17. 0,0327. 9.18. 0,0313. 9.19. 0,0335. 9.20. 0,0396.
9.21. 0,0397. 9.22. 0,0372. 9.23. 0,0341. 9.24. 0,0391. 9.25. 0,0317.
9.26. 0,0328. 9.27. 0,0383. 9.28. 0,0357. 9.29. 0,0337. 9.30. 0,0373.

10.1. 0,6124. 10.2. 0,8465. 10.3. 0,3584. 10.4. 0,4976. 10.5. 0,5035.
10.6. 0,7968. 10.7. 0,2002. 10.8. 0,2072. 10.9. 0,2330.
10.10. 0,4569. 10.11. 0,7990. 10.12. 0,1980. 10.13. 0,3413.
10.14. 0,1956. 10.15. 0,1419. 10.16. 0,1369. 10.17. 0,8747.
10.18. 0,2329. 10.19. 0,2024. 10.20. 0,2300. 10.21. 0,5671.
10.22. 0,6185. 10.23. 0,2815. 10.24. 0,8213. 10.25. 0,5268.
10.26. 0,5322. 10.27. 0,5723. 10.28. 0,1087. 10.29. 0,3736.
10.30. 0,7584.
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11.1. X :

xi 0 1 2

pi 3/10 3/5 1/10
; F (x) =



















0, ¥á«¨ x 6 0,

3/10, ¥á«¨ 0 < x 6 1,

9/10, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 4/5; DX = 9/25.11.2. X :

xi 0 1 2

pi 1/5 3/5 1/5
;

F (x) =



















0, ¥á«¨ x 6 0,

1/5, ¥á«¨ 0 < x 6 1,

4/5, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 1; DX = 2/5.

11.3. X :

xi 0 1 2

pi 1/10 3/5 3/10
; F (x) =



















0, ¥á«¨ x 6 0,

1/10, ¥á«¨ 0 < x 6 1,

7/10, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 6/5; DX = 9/25. 11.4. X :

xi 1 2 3

pi 3/10 3/5 1/10
;

F (x) =



















0, ¥á«¨ x 6 1,

3/10, ¥á«¨ 1 < x 6 2,

9/10, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 9/5; DX = 9/25.

11.5. X :

xi 0 1 2

pi 2/7 4/7 1/7
; F (x) =



















0, ¥á«¨ x 6 0,

2/7, ¥á«¨ 0 < x 6 1,

6/7, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 6/7; DX = 20/49. 11.6. X :

xi 0 1 2 3

pi 4/35 18/35 12/35 1/35
;

F (x) =



























0, ¥á«¨ x 6 0,

4/35, ¥á«¨ 0 < x 6 1,

22/35, , ¥á«¨ 1 < x 6 2,

34/35, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 9/7; DX = 24/49.
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11.7. X :

xi 0 1 2 3

pi 1/35 12/35 18/35 4/35
;

F (x) =



























0, ¥á«¨ x 6 0,

1/35, ¥á«¨ 0 < x 6 1,

13/35, ¥á«¨ 1 < x 6 2,

31/35, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 12/7; DX = 24/49.

11.8. X :

xi 1 2 3

pi 1/7 4/7 2/7
; F (x) =



















0, ¥á«¨ x 6 1,

1/7, ¥á«¨ 1 < x 6 2,

5/7, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 15/7; DX = 20/49. 11.9. X :

xi 0 1 2

pi 3/28 15/28 5/14
;

F (x) =



















0, ¥á«¨ x 6 0,

3/28, ¥á«¨ 0 < x 6 1,

9/14, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 5/4; DX = 45/112.

11.10. X :

xi 0 1 2 3

pi 1/35 12/35 18/35 4/35
;

F (x) =



























0, ¥á«¨ x 6 0,

1/35, ¥á«¨ 0 < x 6 1,

13/35, ¥á«¨ 1 < x 6 2,

31/35, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 12/7; DX = 24/49.

11.11. X :

xi 1 2 3 4

pi 4/35 18/35 12/35 1/35
;

F (x) =



























0, ¥á«¨ x 6 1,

4/35, ¥á«¨ 1 < x 6 2,

22/35, ¥á«¨ 2 < x 6 3,

34/35, ¥á«¨ 3 < x 6 4,

1, ¥á«¨ x > 4;

EX = 16/7; DX = 24/49.
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11.12. X :

xi 2 3 4

pi 2/7 4/7 1/7
; F (x) =



















0, ¥á«¨ x 6 2,

2/7, ¥á«¨ 2 < x 6 3,

6/7, ¥á«¨ 3 < x 6 4,

1, ¥á«¨ x > 4;

EX = 20/7; DX = 20/49. 11.13. X :

xi 0 1 2

pi 2/7 4/7 1/7
;

F (x) =



















0, ¥á«¨ x 6 0,

2/7, ¥á«¨ 0 < x 6 1,

6/7, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 6/7; DX = 20/49.

11.14. X :

xi 0 1 2

pi 1/7 4/7 2/7
; F (x) =



















0, ¥á«¨ x 6 0,

1/7, ¥á«¨ 0 < x 6 1,

5/7, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 8/7; DX = 20/49.11.15. X :

xi 0 1 2

pi 1/21 10/21 10/21
;

F (x) =



















0, ¥á«¨ x 6 0,

1/21, ¥á«¨ 0 < x 6 1,

11/21, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 10/7; DX = 50/147.

11.16. X :

xi 0 1 2 3

pi 5/28 15/28 15/56 1/56
;

F (x) =



























0, ¥á«¨ x 6 0,

5/28, ¥á«¨ 0 < x 6 1,

5/7, ¥á«¨ 1 < x 6 2,

55/56, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 9/8; DX = 225/448.

11.17. X :

xi 0 1 2 3

pi 1/14 3/7 3/7 1/14
;
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F (x) =



























0, ¥á«¨ x 6 0,

1/14, ¥á«¨ 0 < x 6 1,

1/2, ¥á«¨ 1 < x 6 2,

13/14, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 3/2; DX = 15/28.

11.18. X :

xi 0 1 2 3

pi 1/56 15/56 15/28 5/28
;

F (x) =



























0, ¥á«¨ x 6 0,

1/56, ¥á«¨ 0 < x 6 1,

2/7, ¥á«¨ 1 < x 6 2,

23/28, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 15/8; DX = 225/448.

11.19. X :

xi 0 1 2

pi 1/15 8/15 2/5
; F (x) =



















0, ¥á«¨ x 6 0,

1/15, ¥á«¨ 0 < x 6 1,

3/5, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 4/3; DX = 16/45. 11.20. X :

xi 1 2 3

pi 1/5 3/5 1/5
;

F (x) =



















0, ¥á«¨ x 6 1,

1/5, ¥á«¨ 1 < x 6 2,

4/5, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 2; DX = 2/5.

11.21. X :

xi 2 3 4

pi 2/5 8/15 1/15
; F (x) =



















0, ¥á«¨ x 6 2,

2/5, ¥á«¨ 2 < x 6 3,

14/15, ¥á«¨ 3 < x 6 4,

1, ¥á«¨ x > 4;

EX = 8/3; DX = 16/45. 11.22. X :

xi 2 3 4

pi 3/14 4/7 3/14
;

F (x) =



















0, ¥á«¨ x 6 2,

3/14, ¥á«¨ 2 < x 6 3,

11/14, ¥á«¨ 3 < x 6 4,

1, ¥á«¨ x > 4;

EX = 3; DX = 3/7.
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11.23. X :

xi 3 4 5

pi 5/14 15/28 3/28
; F (x) =



















0, ¥á«¨ x 6 3,

5/14, ¥á«¨ 3 < x 6 4,

25/28, ¥á«¨ 4 < x 6 5,

1, ¥á«¨ x > 5;

EX = 15/4; DX = 45/112. 11.24. X :

xi 4 5 6

pi 15/28 3/7 1/28
;

F (x) =



















0, ¥á«¨ x 6 4,

15/28, ¥á«¨ 4 < x 6 5,

27/28, ¥á«¨ 5 < x 6 6,

1, ¥á«¨ x > 6;

EX = 9/2; DX = 9/28.

11.25. X :

xi 0 1 2 3

pi 1/20 9/20 9/20 1/20
;

F (x) =



























0, ¥á«¨ x 6 0,

1/20, ¥á«¨ 0 < x 6 1,

1/2, ¥á«¨ 1 < x 6 2,

19/20, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 3/2; DX = 9/20.

11.26. X :

xi 1 2 3

pi 1/5 3/5 1/5
; F (x) =



















0, ¥á«¨ x 6 1,

1/5, ¥á«¨ 1 < x 6 2,

4/5, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 2; DX = 2/5. 11.27. X :

xi 2 3

pi 1/2 1/2
;

F (x) =











0, ¥á«¨ x 6 2,

1/2, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 5/2; DX = 1/4.

11.28. X :

xi 0 1 2 3

pi 1/11 9/22 9/22 1/11
;
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F (x) =



























0, ¥á«¨ x 6 0,

1/11, ¥á«¨ 0 < x 6 1,

1/2, ¥á«¨ 1 < x 6 2,

10/11, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 3/2; DX = 27/44.

11.29. X :

xi 0 1 2 3 4

pi 1/33 8/33 5/11 8/33 1/33
;

F (x) =







































0, ¥á«¨ x 6 0,

1/33, ¥á«¨ 0 < x 6 1,

3/11, ¥á«¨ 1 < x 6 2,

8/11, ¥á«¨ 2 < x 6 3,

32/33, ¥á«¨ 3 < x 6 4,

1, ¥á«¨ x > 4;

EX = 2; DX = 8/11.

11.30. X :

xi 0 1 2 3 4 5

pi 1/132 5/44 25/66 25/66 5/44 1/132
;

F (x) =















































0, ¥á«¨ x 6 0,

1/132, ¥á«¨ 0 < x 6 1,

4/33, ¥á«¨ 1 < x 6 2,

1/2, ¥á«¨ 2 < x 6 3,

29/33, ¥á«¨ 3 < x 6 4,

131/132, ¥á«¨ 4 < x 6 5

1, ¥á«¨ x > 5;

EX = 5/2; DX = 35/44.

12.1. a = 1/3; F (x) =











0, ¥á«¨ x 6 −1,
(

x3 + 1

)

/9, ¥á«¨ − 1 < x 6 2,

1, ¥á«¨ x > 2;

EX = 5/4; DX = 51/80.12.2. a = 3/35;

F (x) =











0, ¥á«¨ x 6 −2,
(

x3 + 8

)

/35, ¥á«¨ − 2 < x 6 3,

1, ¥á«¨ x > 3;

EX = 39/28; DX = 2175/784. 12.3. a = 1/3;
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F (x) =











0, ¥á«¨ x 6 −2,
(

x3 + 8

)

/9, ¥á«¨ − 2 < x 6 1,

1, ¥á«¨ x > 1;

EX = −5/4; DX = 51/80.

12.4. a = 3/35; F (x) =











0, ¥á«¨ x 6 −3,
(

x3 + 27

)

/35, ¥á«¨ − 3 < x 6 2,

1, ¥á«¨ x > 2;

EX = −39/28; DX = 2175/784. 12.5. a = 1/18;

F (x) =











0, ¥á«¨ x 6 −3,
(

x3 + 27

)

/54, ¥á«¨ − 3 < x 6 3,

1, ¥á«¨ x > 3;

EX = 0; DX = 27/5.

12.6. a = 1/24; F (x) =











0, ¥á«¨ x 6 −4,
(

x3 + 64

)

/72, ¥á«¨ − 4 < x 6 2,

1, ¥á«¨ x > 2;

EX = −5/2; DX = 51/20. 12.7. a = 1/24;

F (x) =











0, ¥á«¨ x 6 −2,
(

x3 + 8

)

/72, ¥á«¨ − 2 < x 6 4,

1, ¥á«¨ x > 4;

EX = 5/2; DX = 51/20.

12.8. a = 3/98; F (x) =











0, ¥á«¨ x 6 −5,
(

x3 + 125

)

/98, ¥á«¨ − 5 < x 6 −3,
1, ¥á«¨ x > −3;

EX = −204/49; DX = 3747/12005. 12.9. a = 3/124;

F (x) =











0, ¥á«¨ x 6 −5,
(

x3 + 125

)

/124, ¥á«¨ − 5 < x 6 −1,
1, ¥á«¨ x > −1;

EX = −117/31; DX = 4188/4805. 12.10. a = 1/42;

F (x) =











0, ¥á«¨ x 6 −5,
(

x3 + 125

)

/126, ¥á«¨ − 5 < x 6 1,

1, ¥á«¨ x > 1;

EX = −26/7;

DX = 267/245. 12.11. a = 1/4; F (x) =











0, ¥á«¨ x 6 0,

x4/16, ¥á«¨ 0 < x 6 2,

1, ¥á«¨ x > 2;

EX = 8/5; DX = 8/75. 12.12. a = 1/64;
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F (x) =











0, ¥á«¨ x 6 0,

x4/256, ¥á«¨ 0 < x 6 4,

1, ¥á«¨ x > 4;

EX = 16/5; DX = 32/75.

12.13. a = −1/4; F (x) =











0, ¥á«¨ x 6 −2,
(

16− x4
)

/16, ¥á«¨ − 2 < x 6 0,

1, ¥á«¨ x > 0;

EX = −8/5; DX = 8/75. 12.14. a = −1/64;

F (x) =











0, ¥á«¨ x 6 −4,
(

256− x4
)

/256, ¥á«¨ − 4 < x 6 0,

1, ¥á«¨ x > 0;

EX = −16/5; DX = 32/75. 12.15. a = 1/20;

F (x) =











0, ¥á«¨ x 6 1,
(

x4 − 1

)

/80, ¥á«¨ 1 < x 6 3,

1, ¥á«¨ x > 3;

EX = 121/50; DX = 1577/7500. 12.16. a = −1/20;

F (x) =











0, ¥á«¨ x 6 −3,
(

81− x4
)

/80, ¥á«¨ − 3 < x 6 −1,
1, ¥á«¨ x > −1;

EX = −121/50; DX = 1577/7500. 12.17. a = 1/156;

F (x) =











0, ¥á«¨ x 6 1,
(

x4 − 1

)

/624, ¥á«¨ 1 < x 6 5,

1, ¥á«¨ x > 5;

EX = 781/195; DX = 24764/38025. 12.18. a = −1/156;

F (x) =











0, ¥á«¨ x 6 −5,
(

625− x4
)

/624, ¥á«¨ − 5 < x 6 −1,
1, ¥á«¨ x > −1;

EX = −781/195; DX = 24764/38025. 12.19. a = 1/60;

F (x) =











0, ¥á«¨ x 6 2,
(

x4 − 16

)

/240, ¥á«¨ 2 < x 6 4,

1, ¥á«¨ x > 4;

EX = 248/75; DX = 1496/5625. 12.20. a = −1/60;
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F (x) =











0, ¥á«¨ x 6 −4,
(

256− x4
)

/240, ¥á«¨ − 4 < x 6 −2,
1, ¥á«¨ x > −2;

EX = −248/75;

DX = 1496/5625. 12.21. a = 3; F (x) =

{

0, ¥á«¨ x 6 1,

1− 1/x3, ¥á«¨ x > 1;

EX = 3/2; DX = 3/4. 12.22. a = 24;

F (x) =

{

0, ¥á«¨ x 6 2,

1− 8/x3, ¥á«¨ x > 2;

EX = 3; DX = 3.

12.23. a = 81; F (x) =

{

0, ¥á«¨ x 6 3,

1− 27/x3, ¥á«¨ x > 3;

EX = 9/2;

DX = 27/4. 12.24. a = 192; F (x) =

{

0, ¥á«¨ x 6 4,

1− 64/x3, ¥á«¨ x > 4;

EX = 6; DX = 12. 12.25. a = 375;

F (x) =

{

0, ¥á«¨ x 6 5,

1− 125/x3, ¥á«¨ x > 5;

EX = 15/2; DX = 75/4.

12.26. a = 648; F (x) =

{

0, ¥á«¨ x 6 6,

1− 216/x3, ¥á«¨ x > 6;

EX = 9;

DX = 27. 12.27. a = 1029; F (x) =

{

0, ¥á«¨ x 6 7,

1− 343/x3, ¥á«¨ x > 7;

EX = 21/2; DX = 147/4. 12.28. a = 1536;

F (x) =

{

0, ¥á«¨ x 6 8,

1− 512/x3, ¥á«¨ x > 8;

EX = 12; DX = 48.

12.29. a = 2187; F (x) =

{

0, ¥á«¨ x 6 9,

1− 729/x3, ¥á«¨ x > 9;

EX = 27/2;

DX = 243/4. 12.30. a = 3000; F (x) =

{

0, ¥á«¨ x 6 10,

1− 1000/x3, ¥á«¨ x > 10;

EX = 15; DX = 75.

13.1. g(y) = 1/
(

4

√
2π

)

· e−(y−1)

2/32
; EY = 1; DY = 16; p ≈ 0,6319;

P{B} ≈ 0,5401. 13.2. g(y) = 1/
(

6

√
2π

)

· e−(y−2)

2/72
;

EY = 2; DY = 36; p ≈ 0,6827; P{B} ≈ 0,5648.

13.3. g(y) = 1/
(

6

√
2π

)

· e−(y−5)

2/72
; EY = 5; DY = 36; p ≈ 0,7287;

P{B} ≈ 0,6393. 13.4. g(y) = 1/
(

2

√
2π

)

· e−(y+2)

2/8
;

EY = −2; DY = 4; p ≈ 0,7699; P{B} ≈ 0,5000.

13.5. g(y) = 1/
(

4

√
2π

)

· e−(y+1)

2/32
; EY = −1; DY = 16; p ≈ 0,8064;
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P{B} ≈ 0,4595. 13.6. g(y) = 1/
(

4

√
2π

)

· e−(y+2)

2/32
;

EY = −2; DY = 16; p ≈ 0,8385; P{B} ≈ 0,6901.

13.7. g(y) = 1/
(

4

√
2π

)

· e−(y−1)

2/32
; EY = 1; DY = 16; p ≈ 0,8664;

P{B} ≈ 0,6915. 13.8. g(y) = 1/
(

10

√
2π

)

· e−(y−1)

2/200
;

EY = 1; DY = 100; p ≈ 0,8904; P{B} ≈ 0,5347.

13.9. g(y) = 1/
(

14

√
2π

)

·e−(y−2)

2/392
; EY = 2; DY = 196; p ≈ 0,9109;

P{B} ≈ 0,5342. 13.10. g(y) = 1/
(

8

√
2π

)

· e−(y−2)

2/128
;

EY = 2; DY = 64; p ≈ 0,9281; P{B} ≈ 0,5714.

13.11. g(y) = 1/
(

8

√
2π

)

· e−(y+1)

2/128
; EY = −1; DY = 64;

p ≈ 0,9426; P{B} ≈ 0,5742. 13.12. g(y) = 1/
(

8

√
2π

)

· e−(y−10)

2/128
;

EY = 10; DY = 64; p ≈ 0,9545; P{B} ≈ 0,9154.

13.13. g(y) = 1/
(

8

√
2π

)

·e−(y+1)

2/128
; EY = −1; DY = 64; p ≈ 0,9643;

P{B} ≈ 0,7340. 13.14. g(y) = 1/
(

8

√
2π

)

· e−(y+2)

2/128
;

EY = −2; DY = 64; p ≈ 0,9722; P{B} ≈ 0,7734.

13.15. g(y) = 1/
(

8

√
2π

)

·e−(y+3)

2/128
; EY = −3; DY = 64; p ≈ 0,9786;

P{B} ≈ 0,5744. 13.16. g(y) = 1/
(

4

√
2π

)

· e−(y−3)

2/32
;

EY = 3; DY = 16; p ≈ 0,9836; P{B} ≈ 0,9878.

13.17. g(y) = 1/
(

4

√
2π

)

· e−(y−6)

2/32
; EY = 6; DY = 16; p ≈ 0,9876;

P{B} ≈ 0,7734. 13.18. g(y) = 1/
(

4

√
2π

)

· e−(y−2)

2/32
;

EY = 2; DY = 16; p ≈ 0,9907; P{B} ≈ 0,6915.

13.19. g(y) = 1/
(

4

√
2π

)

e−(y+1)

2/32
; EY = −1; DY = 16; p ≈ 0,9931;

P{B} ≈ 0,6915. 13.20. g(y) = 1/
(

10

√
2π

)

· e−(y−6)

2/200
;

EY = 6; DY = 100; p ≈ 0,6579; P{B} ≈ 0,3388.

13.21. g(y) = 1/
(

10

√
2π

)

· e−(y−4)

2/200
; EY = 4; DY = 100;

p ≈ 0,6047; P{B} ≈ 0,9192. 13.22. g(y) = 1/
(

12

√
2π

)

· e−(y−3)

2/288
;

EY = 3; DY = 144; p ≈ 0,7499; P{B} ≈ 0,7620.

13.23. g(y) = 1/
(

12

√
2π

)

· e−(y−2)

2/288
; EY = 2; DY = 144;

p ≈ 0,9756; P{B} ≈ 0,5983. 13.24. g(y) = 1/
(

12

√
2π

)

· e−(y−9)

2/288
;

EY = 9; DY = 144; p ≈ 0,9812; P{B} ≈ 0,9433.

13.25. g(y) = 1/
(

12

√
2π

)

· e−(y−4)

2/288
; EY = 4; DY = 144;

p ≈ 0,9857; P{B} ≈ 0,3814. 13.26. g(y) = 1/
(

12

√
2π

)

· e−(y+3)

2/288
;

EY = −3; DY = 144; p ≈ 0,9892; P{B} ≈ 0,5401.

13.27. g(y) = 1/
(

12

√
2π

)

· e−(y+1)

2/288
; EY = −1; DY = 144;

p ≈ 0,4843; P{B} ≈ 0,3495. 13.28. g(y) = 1/
(

12

√
2π

)

· e−(y−8)

2/288
;

EY = 8; DY = 144; p ≈ 0,4177; P{B} ≈ 0,4498.

13.29. g(y) = 1/
(

12

√
2π

)

· e−(y−5)

2/288
; EY = 5; DY = 144;
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p ≈ 0,5467; P{B} ≈ 0,2388. 13.30. g(y) = 1/
(

12

√
2π

)

· e−(y−10)

2/288
;

EY = 10; DY = 144; p ≈ 0,9940; P{B} ≈ 0,4033.

14.1. g(y) =











0, ¥á«¨ y < 0,

1/4, ¥á«¨ 0 < y < 4,

0, ¥á«¨ y > 4;

G(y) =











0, ¥á«¨ y 6 0,

y/4, ¥á«¨ 0 < y 6 4,

1, ¥á«¨ y > 4;

EY = 2; DY = 4/3; p = 1/6. 14.2. g(y) =











0, ¥á«¨ y < 0,

1/9, ¥á«¨ 0 < y < 9,

0, ¥á«¨ y > 9;

G(y) =











0, ¥á«¨ y 6 0,

y/9, ¥á«¨ 0 < y 6 9,

1, ¥á«¨ y > 9;

EY = 9/2; DY = 27/4; p = 1/6.

14.3. g(y) =











0, ¥á«¨ y < 0,

1/16, ¥á«¨ 0 < y < 16,

0, ¥á«¨ y > 16;

G(y) =











0, ¥á«¨ y 6 0,

y/16, ¥á«¨ 0 < y 6 16,

1, ¥á«¨ y > 16;

EY = 8; DY = 64/3; p = 1/6.

14.4. g(y) =











0, ¥á«¨ y < 0,

1/25, ¥á«¨ 0 < y < 25,

0, ¥á«¨ y > 25;

G(y) =











0, ¥á«¨ y 6 0,

y/25, ¥á«¨ 0 < y 6 25,

1, ¥á«¨ y > 25;

EY = 25/2; DY = 625/12; p = 1/6.

14.5. g(y) =











0, ¥á«¨ y < 0,

1/36, ¥á«¨ 0 < y < 36,

0, ¥á«¨ y > 36;

G(y) =











0, ¥á«¨ y 6 0,

y/36, ¥á«¨ 0 < y 6 36,

1, ¥á«¨ y > 36;

EY = 18; DY = 108; p = 1/6.

14.6. g(y) =











0, ¥á«¨ y < 0,

1/49, ¥á«¨ 0 < y < 49,

0, ¥á«¨ y > 49;
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G(y) =











0, ¥á«¨ y 6 0,

y/49, ¥á«¨ 0 < y 6 49,

1, ¥á«¨ y > 49;

EY = 49/2; DY = 2401/12;

p = 1/6. 14.7. g(y) =











0, ¥á«¨ y < 0,

1/64, ¥á«¨ 0 < y < 64,

0, ¥á«¨ y > 64;

G(y) =











0, ¥á«¨ y 6 0,

y/64, ¥á«¨ 0 < y 6 64,

1, ¥á«¨ y > 64;

EY = 32; DY = 1024/3; p = 1/6.

14.8. g(y) =











0, ¥á«¨ y < 0,

1/81, ¥á«¨ 0 < y < 81,

0, ¥á«¨ y > 81;

G(y) =











0, ¥á«¨ y 6 0,

y/81, ¥á«¨ 0 < y 6 81,

1, ¥á«¨ y > 81;

EY = 81/2; DY = 2187/4; p = 1/6.

14.9. g(y) =











0, ¥á«¨ y < 0,

1/100, ¥á«¨ 0 < y < 100,

0, ¥á«¨ y > 100;

G(y) =











0, ¥á«¨ y 6 0,

y/100, ¥á«¨ 0 < y 6 100,

1, ¥á«¨ y > 100;

EY = 50; DY = 2500/3; p = 1/6.

14.10. g(y) =











0, ¥á«¨ y < 0,

1/4, ¥á«¨ 0 < y < 4,

0, ¥á«¨ y > 4;

G(y) =











0, ¥á«¨ y 6 0,

y/4, ¥á«¨ 0 < y 6 4,

1, ¥á«¨ y > 4;

EY = 2; DY = 4/3; p = 1/6.

14.11. g(y) =











0, ¥á«¨ y < 0,

1/9, ¥á«¨ 0 < y < 9,

0, ¥á«¨ y > 9;
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G(y) =











0, ¥á«¨ y 6 0,

y/9, ¥á«¨ 0 < y 6 9,

1, ¥á«¨ y > 9;

EY = 9/2; DY = 27/4; p = 1/6.

14.12. g(y) =











0, ¥á«¨ y < 0,

1/16, ¥á«¨ 0 < y < 16,

0, ¥á«¨ y > 16;

G(y) =











0, ¥á«¨ y 6 0,

y/16, ¥á«¨ 0 < y 6 16,

1, ¥á«¨ y > 16;

EY = 8; DY = 64/3; p = 1/6.

14.13. g(y) =











0, ¥á«¨ y < 0,

1/25, ¥á«¨ 0 < y < 25,

0, ¥á«¨ y > 25;

G(y) =











0, ¥á«¨ y 6 0,

y/25, ¥á«¨ 0 < y 6 25,

1, ¥á«¨ y > 25;

EY = 25/2; DY = 625/12; p = 1/6.

14.14. g(y) =











0, ¥á«¨ y < 0,

1/36, ¥á«¨ 0 < y < 36,

0, ¥á«¨ y > 36;

G(y) =











0, ¥á«¨ y 6 0,

y/36, ¥á«¨ 0 < y 6 36,

1, ¥á«¨ y > 36;

EY = 18; DY = 108; p = 1/6.

14.15. g(y) =











0, ¥á«¨ y < 0,

1/49, ¥á«¨ 0 < y < 49,

0, ¥á«¨ y > 49;

G(y) =











0, ¥á«¨ y 6 0,

y/49, ¥á«¨ 0 < y 6 49,

1, ¥á«¨ y > 49;

EY = 49/2; DY = 2401/12;

p = 1/6. 14.16. g(y) =











0, ¥á«¨ y < 0,

1/64, ¥á«¨ 0 < y < 64,

0, ¥á«¨ y > 64;
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G(y) =











0, ¥á«¨ y 6 0,

y/64, ¥á«¨ 0 < y 6 64,

1, ¥á«¨ y > 64;

EY = 32; DY = 1024/3; p = 1/6.

14.17. g(y) =











0, ¥á«¨ y < 0,

1/81, ¥á«¨ 0 < y < 81,

0, ¥á«¨ y > 81;

G(y) =











0, ¥á«¨ y 6 0,

y/81, ¥á«¨ 0 < y 6 81,

1, ¥á«¨ y > 81;

EY = 81/2; DY = 2187/4; p = 1/6.

14.18. g(y) =











0, ¥á«¨ y < 0,

1/100, ¥á«¨ 0 < y < 100,

0, ¥á«¨ y > 100;

G(y) =











0, ¥á«¨ y 6 0,

y/100, ¥á«¨ 0 < y 6 100,

1, ¥á«¨ y > 100;

EY = 50; DY = 2500/3; p = 1/6.

14.19. g(y) =











0, ¥á«¨ y < 1,

1/8, ¥á«¨ 1 < y < 9,

0, ¥á«¨ y > 9;

G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/8 , ¥á«¨ 1 < y 6 9,

1, ¥á«¨ y > 9;

EY = 5; DY = 16/3; p = 1/12.

14.20. g(y) =











0, ¥á«¨ y < 1,

1/8, ¥á«¨ 1 < y < 9,

0, ¥á«¨ y > 9;

G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/8 , ¥á«¨ 1 < y 6 9,

1, ¥á«¨ y > 9;

EY = 5; DY = 16/3; p = 1/12.

14.21. g(y) =











0, ¥á«¨ y < 1,

1/24, ¥á«¨ 1 < y < 25,

0, ¥á«¨ y > 25;
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G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/24, ¥á«¨ 1 < y 6 25,

1, ¥á«¨ y > 25;

EY = 13; DY = 48; p = 5/36.

14.22. g(y) =











0, ¥á«¨ y < 1,

1/24, ¥á«¨ 1 < y < 25,

0, ¥á«¨ y > 25;

G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/24, ¥á«¨ 1 < y 6 25,

1, ¥á«¨ y > 25;

EY = 13; DY = 48; p = 5/36.

14.23. g(y) =











0, ¥á«¨ y < 1,

1/48, ¥á«¨ 1 < y < 49,

0, ¥á«¨ y > 49;

G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/48, ¥á«¨ 1 < y 6 49,

1, ¥á«¨ y > 49;

EY = 25; DY = 192;

p = 11/72. 14.24. g(y) =











0, ¥á«¨ y < 1,

1/48, ¥á«¨ 1 < y < 49,

0, ¥á«¨ y > 49;

G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/48, ¥á«¨ 1 < y 6 49,

1, ¥á«¨ y > 49;

EY = 25; DY = 192;

p = 11/72. 14.25. g(y) =











0, ¥á«¨ y < 4,

1/12, ¥á«¨ 4 < y < 16,

0, ¥á«¨ y > 16;

G(y) =











0, ¥á«¨ y 6 4,

(y − 4)/12, ¥á«¨ 4 < y 6 16,

1, ¥á«¨ y > 16;

EY = 10; DY = 12; p = 0.

14.26. g(y) =











0, ¥á«¨ y < 4,

1/12, ¥á«¨ 4 < y < 16,

0, ¥á«¨ y > 16;
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G(y) =











0, ¥á«¨ y 6 4,

(y − 4)/12, ¥á«¨ 4 < y 6 16,

1, ¥á«¨ y > 16;

EY = 10; DY = 12; p = 0.

14.27. g(y) =











0, ¥á«¨ y < 4,

1/5, ¥á«¨ 4 < y < 9,

0, ¥á«¨ y > 9;

G(y) =











0, ¥á«¨ y 6 4,

(y − 4)/5, ¥á«¨ 4 < y 6 9,

1, ¥á«¨ y > 9;

EY = 13/2; DY = 25/12; p = 0.

14.28. g(y) =











0, ¥á«¨ y < 4,

1/21, ¥á«¨ 4 < y < 25,

0, ¥á«¨ y > 25;

G(y) =











0, ¥á«¨ y 6 4,

(y − 4)/21, ¥á«¨ 4 < y 6 25,

1, ¥á«¨ y > 25;

EY = 29/2; DY = 147/4;

p = 5/126. 14.29. g(y) =











0, ¥á«¨ y < 1,

1/15, ¥á«¨ 1 < y < 16,

0, ¥á«¨ y > 16;

G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/15, ¥á«¨ 1 < y 6 16,

1, ¥á«¨ y > 16;

EY = 17/2; DY = 75/4;

p = 11/90. 14.30. g(y) =











0, ¥á«¨ y < 1,

1/3 , ¥á«¨ 1 < y < 4,

0, ¥á«¨ y > 4;

G(y) =











0, ¥á«¨ y 6 1,

(y − 1)/3, ¥á«¨ 1 < y 6 4,

1, ¥á«¨ y > 4;

EY = 5/2; DY = 3/4; p = 0.

15.1. EV = −3; DV = 292/3. 15.2. EV = −4; DV = 295/3.
15.3. EV = 10; DV = 121/3. 15.4. EV = 13; DV = 292/3.
15.5. EV = 8; DV = 124/3. 15.6. EV = 6; DV = 156.

15.7. EV = 10; DV = 83. 15.8. EV = −3; DV = 55/3.
15.9. EV = −14; DV = 412/3. 15.10. EV = 10; DV = 412/3.
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15.11. EV = −4; DV = 412/3. 15.12. EV = 2; DV = 156.

15.13. EV = −4; DV = 156. 15.14. EV = −22; DV = 157.

15.15. EV = −7; DV = 94/3. 15.16. EV = 10; DV = 220/3.
15.17. EV = −14; DV = 220/3. 15.18. EV = 14; DV = 220/3.
15.19. EV = −27; DV = 424/3. 15.20. EV = 49; DV = 424/3.
15.21. EV = 64; DV = 355. 15.22. EV = 6; DV = 355.

15.23. EV = 33; DV = 443. 15.24. EV = 9; DV = 443.

15.25. EV = −33; DV = 443. 15.26. EV = −32; DV = 1111.

15.27. EV = 36; DV = 1111. 15.28. EV = 55; DV = 84.

15.29. EV = −55; DV = 84. 15.30. EV = 27; DV = 84.

16.1. 1/3. 16.2. 1/18. 16.3. 91/216. 16.4. 5/108. 16.5. 5/12.
16.6. 1/3. 16.7. 1/125. 16.8. 12/25. 16.9. 24/625.
16.10. 1755/5797. 16.11. 1/48433. 16.12. 129/48433.
16.13. 2/58905. 16.14. 11/35. 16.15. 1784/1785. 16.16. 464/11781.
16.17. 3/23188. 16.18. 129/6545. 16.19. 8/35. 16.20. 31/70.
16.21. 16/6919. 16.22. 419/720. 16.23. 1/2. 16.24. 18/35.
16.25. 25/72. 16.26. 1/2. 16.27. 7/12. 16.28. (1 + ln 2)/2.
16.29. (1 + ln 4)/4. 16.30. 7/8.

17.1. �¥ ï¢«ïîâáï. 17.2. 6/11. 17.3. 36/41. 17.4. 1/3. 17.5. 1/10.
17.6. 1/25. 17.7. 131/400. 17.8. 147/2048. 17.9. 2304/3125.
17.10. 121/216. 17.11. 64/81. 17.12. �á«¨ p ∈ (1/2, 1), â® ¢¥-

à®ïâ¥¥ ¢ë¨£à âì ¬ âç, ¥á«¨ p ∈ (0, 1/2), | ®¤ã ¯ àâ¨î, ¥á«¨

p ∈ {0, 1/2, 1}, â® ¢¥à®ïâ®áâ¨ ¢ë¨£à âì ¬ âç ¨ ®¤ã ¯ àâ¨î ®¤¨ -

ª®¢ë¥. 17.13. 0,0364. 17.14. 0,1807. 17.15. 0,1807.
17.16. EX = 3; DX = 0. 17.17. EX = 13/6; DX = 137/36.
17.18. EX = 1; DX = 0. 17.19. EX = 7; DX = 35/6.
17.20. 91/6; 17.21. 6/13. 17.22. 54/13. 17.23. −2.
17.24.

(

1− 6p+ 6p2
)

/
(

p(1 − p)
)

. 17.25. −49290/45253.
17.26. EX = 1/2; DX = 1/(4n). 17.27. (1 − 2p)/

√

p(1− p).

17.28. 5369/36; 17.29. 147/2; 17.30. 15296
√
5369/2217397.

18.1.

√

np(1− p). 18.2. �®¯ãáâ¨¬®. 18.3. 1/7. 18.4. 7/12;

18.5. 1/6. 18.6. 2. 18.7. F (x) =











0, ¥á«¨ x 6 0,

5/6, ¥á«¨ 0 < x 6 1,

1, ¥á«¨ x > 1.

18.8. F (x) =

{

0, ¥á«¨ x 6 6,

1, ¥á«¨ x > 6.
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18.9. F (x) =











0, ¥á«¨ x 6 3,

1/2, ¥á«¨ 3 < x 6 4,

1, ¥á«¨ x > 4.

18.10. F (x) =



















0, ¥á«¨ x 6 0

1/4, ¥á«¨ 0 < x 6 1,

3/4, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2.

18.11. F (x) =



























0, ¥á«¨ x 6 0

1/8, ¥á«¨ 0 < x 6 1,

1/2, ¥á«¨ 1 < x 6 2,

7/8, ¥á«¨ 2 < x 6 3,

1, ¥á«¨ x > 3.

18.12. F (x) =



















0, ¥á«¨ x 6 0

1/9, ¥á«¨ 0 < x 6 1,

5/9, ¥á«¨ 1 < x 6 2,

1, ¥á«¨ x > 2.

18.13. EX = 7/2;

DX = 35/36. 18.14. 3. 18.15. EX = 7; DX = 35/3.
18.16. EZ = 25/4; DZ = 51/16.

18.17. F (z) =



























































0, ¥á«¨ z 6 1

1/12, ¥á«¨ 1 < z 6 2,

1/4, ¥á«¨ 2 < z 6 3,

5/12, ¥á«¨ 3 < z 6 4,

7/12, ¥á«¨ 4 < z 6 5,

3/4, ¥á«¨ 5 < z 6 6,

11/12, ¥á«¨ 6 < z 6 7,

1, ¥á«¨ z > 7;

EZ = 4; DZ = 19/6.

18.18. F (z) =



























0, ¥á«¨ z 6 0

1/4, ¥á«¨ 0 < z 6 1,

1/2, ¥á«¨ 1 < z 6 3,

3/4, ¥á«¨ 3 < z 6 4,

1, ¥á«¨ z > 4.
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18.19. F (z) =



























0, ¥á«¨ z 6 0

7/16, ¥á«¨ 0 < z 6 1,

11/16, ¥á«¨ 1 < z 6 2,

15/16, ¥á«¨ 2 < z 6 4,

1, ¥á«¨ z > 4.

18.20. F (z) =



























































0, ¥á«¨ z 6 0

1/12, ¥á«¨ 0 < z 6 1,

1/4, ¥á«¨ 1 < z 6 2,

5/12, ¥á«¨ 2 < z 6 3,

7/12, ¥á«¨ 3 < z 6 4,

3/4, ¥á«¨ 4 < z 6 5,

11/12, ¥á«¨ 5 < z 6 6,

1, ¥á«¨ z > 6;

EZ = 3; DZ = 19/6.

18.21. 35/6; 18.22. EZ = 35/18; DZ = 665/324. 18.23. 35/12.
18.24. 1/4. 18.25. 1/8. 18.26. 0. 18.27. 0. 18.28. EY = a;
DY = σ2/n. 18.29. n

(

a2 + σ2
)

. 18.30. C = 1; EX ¡®«ìè¥.

19.1. ε. 19.2. 1/4. 19.3. 1/24. 19.4. 1/4. 19.5. 1/5. 19.6. 1/(2
√
3).

19.7. 1/5. 19.8. 1 + 3x. 19.9. EX = 0; DX = 48. 19.10. −6/5.

19.11. f(z) =



























0, ¥á«¨ z 6 0

z/10, ¥á«¨ 0 < z 6 2,

1/5, ¥á«¨ 2 < z 6 5,

(7− z)/10, ¥á«¨ 5 < z 6 7,

0, ¥á«¨ z > 7;

F (z) =



























0, ¥á«¨ z 6 0

z2/20, ¥á«¨ 0 < z 6 2,

(z − 1)/5, ¥á«¨ 2 < z 6 5,
(

14z − z2 − 29

)

/20, ¥á«¨ 5 < z 6 7,

1, ¥á«¨ z > 7;

19.12. EY = 0;

DY = 1/3. 19.13. 1− 1/
√
3.

19.14. f(z) =











0, ¥á«¨ z < 0

− ln z, ¥á«¨ 0 < z < 1,

0, ¥á«¨ z > 1;
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F (z) =











0, ¥á«¨ z 6 0

z(1− ln z), ¥á«¨ 0 < z 6 1,

1, ¥á«¨ z > 1.

19.15. 1/12. 19.16. −1.

19.17. 0. 19.18. 0. 19.19. 1. 19.20.

√
15/4. 19.21. −

√
15/4.

19.22. 3

√
510/68. 19.23. −3

√
510/68. 19.24. 2

√
6/5.

19.25. −2
√
6/5. 19.26. −(ln(1− x))/λ.

19.27. F (z) =







































0, ¥á«¨ z 6 0

z/2, ¥á«¨ 0 < z 6 1,

(z + 1)/3, ¥á«¨ 1 < z 6 2,

5/6, ¥á«¨ 2 < z 6 3,

(z + 2)/6, ¥á«¨ 3 < z 6 4,

1, ¥á«¨ z > 4.

19.28. 0.

19.29. 2 ¬¨ 30 á¥ª. 19.30. 11

3

7

á¥ª.

20.1. 2/(b− a). 20.2. (b − a)2/24. 20.3. −3/5. 20.4. 2
(√

6− 1

)

/3.

20.5. (7−2
√
6)/24. 20.6. 2

√
2/5. 20.7. −3/5. 20.8. 0. 20.9. 0,3413.

20.10. 0,4772. 20.11. 0,4987. 20.12. C ≈ 1,4648; p ≈ 0,5609.
20.13. 3x. 20.14. 0,0252. 20.15. 0,0512. 20.16. 0.

20.17. f(x) =

3

√

2π
(

σ2
X
+σ2

Y
+σ2

Z)

e−(3x−aX−aY −aZ)
2/
(

2

(

σ2
X
+σ2

Y
+σ2

Z))
.

20.18. EY = −1; DY = 16. 20.19. EY = 4; DY = 4.

20.20. 0,1587. 20.21. 1/2. 20.22. 0,3173. 20.23. −1.

20.24. f(y) =

{

0, ¥á«¨ y < 0

√

(2/π)· e−y2/2, ¥á«¨ y > 0;

EY =

√

(2/π).

20.25. 1 − e−λ
. 20.26. g(y) =

{

0, ¥á«¨ y < 0,

λ/
(

2

√
y
)

· e−λ
√
y, ¥á«¨ y > 0.

20.27. 2. 20.28. 6. 20.29. 0.

20.30. g(y) =

{

0, ¥á«¨ y < 0,

2y f
(

y2
)

, ¥á«¨ y > 0.

60



�¥ª®¬¥¤ã¥¬ ï «¨â¥à âãà 

1. �. �. �£ ¯®¢. � ¤ ç¨ª ¯® â¥®à¨¨ ¢¥à®ïâ®áâ¥©. | �., �ëáè ï èª®« :

1994.

2. �. �. �¥âæ¥«ì, �. �. �¢ç à®¢. �¥®à¨ï ¢¥à®ïâ®áâ¥©. | �., � ãª : 1973.

3. �. �. �¥âæ¥«ì, �. �. �¢ç à®¢. Ǳà¨ª« ¤ë¥ § ¤ ç¨ â¥®à¨¨ ¢¥à®ïâ®-

áâ¥©. | �., � ¤¨® ¨ á¢ï§ì: 1983.

4. �. �. �¬¥«ìï®¢, �. Ǳ. �ª¨â®¢¨ç. � ¤ ç¨ª ¯® â¥®à¨¨ ¢¥à®ïâ®áâ¥© ¨

¬ â¥¬ â¨ç¥áª®© áâ â¨áâ¨ª¥. | �., �§¤-¢® ���: 1967.

5. �. �. �îâ¨ª á. � ªã«ìâ â¨¢ë© ªãàá ¯® ¬ â¥¬ â¨ª¥: �¥®à¨ï ¢¥à®ïâ®-

áâ¥©: �ç¥¡. ¯®á®¡¨¥ ¤«ï 10{11 ª«. áà¥¤. èª. | �., Ǳà®á¢¥é¥¨¥: 1990.

6. �¡®à¨ª § ¤ ç ¯® â¥®à¨¨ ¢¥à®ïâ®áâ¥©, ¬ â¥¬ â¨ç¥áª®© áâ â¨áâ¨ª¥ ¨ â¥®à¨¨

á«ãç ©ëå äãªæ¨©/ ¯®¤ à¥¤. �. �. �¢¥è¨ª®¢ . | �., � ãª : 1970.

����������

Ǳà¥¤¨á«®¢¨¥ . . . . . . . . . . . . . . . . . . . . . . . 3

�®âà®«ìë¥ § ¤ ¨ï . . . . . . . . . . . . . . . . . . 4

�®âà®«ì®¥ § ¤ ¨¥ N

o
1 . . . . . . . . . . . . . . . . 4

�®âà®«ì®¥ § ¤ ¨¥ N

o
2 . . . . . . . . . . . . . . . . 5

�®âà®«ì®¥ § ¤ ¨¥ N

o
3 . . . . . . . . . . . . . . . . 6

�®âà®«ì®¥ § ¤ ¨¥ N

o
4 . . . . . . . . . . . . . . . . 10

�®âà®«ì®¥ § ¤ ¨¥ N

o
5 . . . . . . . . . . . . . . . . 11

�®âà®«ì®¥ § ¤ ¨¥ N

o
6 . . . . . . . . . . . . . . . . 15

�®âà®«ì®¥ § ¤ ¨¥ N

o
7 . . . . . . . . . . . . . . . . 16

�®âà®«ì®¥ § ¤ ¨¥ N

o
8 . . . . . . . . . . . . . . . . 16

�®âà®«ì®¥ § ¤ ¨¥ N

o
9 . . . . . . . . . . . . . . . . 17

�®âà®«ì®¥ § ¤ ¨¥ N

o
10 . . . . . . . . . . . . . . . 17

�®âà®«ì®¥ § ¤ ¨¥ N

o
11 . . . . . . . . . . . . . . . 18

�®âà®«ì®¥ § ¤ ¨¥ N

o
12 . . . . . . . . . . . . . . . 19

�®âà®«ì®¥ § ¤ ¨¥ N

o
13 . . . . . . . . . . . . . . . 19

�®âà®«ì®¥ § ¤ ¨¥ N

o
14 . . . . . . . . . . . . . . . 20

�®âà®«ì®¥ § ¤ ¨¥ N

o
15 . . . . . . . . . . . . . . . 21

�®âà®«ì®¥ § ¤ ¨¥ N

o
16 . . . . . . . . . . . . . . . 23

�®âà®«ì®¥ § ¤ ¨¥ N

o
17 . . . . . . . . . . . . . . . 26

�®âà®«ì®¥ § ¤ ¨¥ N

o
18 . . . . . . . . . . . . . . . 29

�®âà®«ì®¥ § ¤ ¨¥ N

o
19 . . . . . . . . . . . . . . . 32

�®âà®«ì®¥ § ¤ ¨¥ N

o
20 . . . . . . . . . . . . . . . 35

�â¢¥âë . . . . . . . . . . . . . . . . . . . . . . . . . . 38

�¥ª®¬¥¤ã¥¬ ï «¨â¥à âãà  . . . . . . . . . . . . . . . 61



� «âëª®¢  � â «ìï �¨å ©«®¢ 

� å à®¢ � ¤¨¬ �àì¥¢¨ç

�®âà®«ìë¥ § ¤ ¨ï ¯® â¥®à¨¨ ¢¥à®ïâ®áâ¥©

¤«ï ¥áâ¥áâ¢¥ëå ä ªã«ìâ¥â®¢

�¥â®¤¨ç¥áª®¥ ¯®á®¡¨¥ ¤«ï ¥áâ¥áâ¢¥ëå ä ªã«ìâ¥â®¢

�¨æ¥§¨ï �� N

o
040815 ®â 22.05.1997 £.

� «âëª®¢  �. �., � å à®¢ �. �.

C90 �®âà®«ìë¥ § ¤ ¨ï ¯® â¥®à¨¨ ¢¥à®ïâ®áâ¥© ¤«ï

¥áâ¥áâ¢¥ëå ä ªã«ìâ¥â®¢: �¥â®¤¨ç¥áª®¥ ¯®á®¡¨¥. | �Ǳ¡.:

��� �¨¬¨¨ �Ǳ¡��, 1998. | 62 á.

Ǳ®¤¯¨á ® ¢ ¯¥ç âì á ®à¨£¨ « -¬ ª¥â  30.03.98. �á«.¯¥ç.«. 3,06.

�¨à � 150 íª§. � ª § N

o
254.

�â¯¥ç â ® ¢ ®â¤¥«¥ ®¯¥à â¨¢®© ¯®«¨£à ä¨¨ ��� å¨¬¨¨ �Ǳ¡��.

198904, � ªâ-Ǳ¥â¥à¡ãà£, �â àë© Ǳ¥â¥à£®ä, �¨¢¥àá¨â¥âáª¨© ¯à. 2.


