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Abstrat In this paper the problem of the supply hain expeted pro�t

maximization under the assumption of the short-term �naning neessity for

one of the supply hain parties using a oordinating ontrat is onsidered.

The solution is derived for a two-ehelon supply hain under the assump-

tion of produt demand being distributed as uniformly. A revenue-sharing

ontrat with bank �naning and a modi�ed revenue-sharing ontrat with

trade redit �naning are explored. It is stated that none of the studied on-

trats is oordinating, as they do not provide the supplier's expeted pro�t

maximum. The onditional oordination of supply hain with a modi�ed

revenue-sharing ontrat with trade redit �naning is onsidered if the sup-

ply hain and the retailer's expeted pro�t maximum are reahed and the

supplier's expeted pro�t is greater than in ase of appliation of a modi�ed

wholesale prie ontrat with trade redit �naning and a revenue-sharing

ontrat with bank �naning. It is proved that it is bene�ial for both supply

hain parties and the problem of the supply hain expeted pro�t maximiza-

tion under the assumption of the short-term �naning neessity for one of the

supply hain parties an be solved using a modi�ed revenue-sharing ontrat

with trade redit �naning.

Keywords: Supply hain, oordination, oordinating ontrat, pro�t, short-

term �naning

1. Introdution

One of the main drivers of any �rm's ation is maximization of its own pro�t,

but as a result of suh ations it an be a ase that the supply hain's pro�t does

not reah its maximum. However, it is possible to maximize the pro�ts of both the

supply hain and its parties if the ations of the parties are oordinated in this

diretion, i.e. with supply hain oordination. One of the most frequently used and

studied oordination mehanisms is ontrats, as this mehanism allows oordina-

ting the interation of parties from both operational (material �ows) and �nanial

(�nanial �ows) points of view, while remaining pratial in appliation. In reent

researh literature several main types of ontrats are distinguished, the parameters

of ontrats are the subjet of negotiations between the supply hain parties, while
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the algorithms for their optimal values derivation that ensure the supply hain

oordination are the subjet of studies onduted by researhers.

An essential omponent of ompany's ativity is the management of �nanial

resoures, inluding the deision-making proess on external borrowing. As a supply

hain oordination mehanism the ontrats are losely related to the determination

of �nanial �ows arising between the parties in operational ativities, thus, the

parameters and onditions of short-term �naning of the parties should also be

onsidered when deriving the optimal parameters of the ontrat. One of the types

of short-term �naning is a trade redit provided by a ounterparty, and the result

of onsidering this aspet of the relationship is not only a hange in ash �ows

(for example, an additional interest payment �ow), but also modi�ation of the

ontrat terms themselves by inlusion of suh additional parameter as the interest

rate of the supplier. Nowadays researhers have a great interest in the �eld of supply

hain oordination under the assumption of the parties being �nanially onstrained,

however, the majority of papers (�Trade redit for supply hain oordination�, Lee,

Rhee (2011), �Finaning the Newsvendor: Supplier vs. Bank, and the Struture

of Optimal Trade Credit Contrats�, Kouvelis, Zhao (2012),�Finaning deisions

in supply hains with a apital-onstrained manufaturer: ompetition and risk �,

Shen et al. (2019), et.) fous on the simplest type of ontrat � a wholesale-prie

ontrat.

The aim of the paper is to solve the problem of the supply hain expeted pro�t

maximization under the assumption of the short-term �naning neessity for one of

the supply hain parties using a oordinating ontrat. The study onsiders a two-

ehelon supply hain. The issue of pro�t maximization is one of the essential for

the general management of the ompany, while the problem of hoosing �nanial

soures and onditions is one of the most important for �nanial management.

The ombination of these problems and the subsequently proposed solution, whih

is based on suh ounterparties' interation oordination mehanism as ontrats,

is of onsiderable interest. Therefore, the results of this researh an be used in

deision-making proess while hoosing the ontrat parameters to maximize the

supply hain pro�t when short-term �naning of one of the supply hain parties is

neessary.

The paper is organized as follows. The �rst part is devoted to the literature

review of ontrats use as a mehanism of supply hain oordination. The seond

part ontains the study of two types of short-term �naning used by ompanies: a

trade redit and a bank redit, and provides a literature review on the impat of

the short-term �naning neessity for supply hain parties on supply hain oordi-

nation using ontrats. The third part presents the solution to the problem of the

supply hain expeted pro�t maximization under the assumption of the short-term

�naning neessity for one of the supply hain parties using a oordinating ontrat

and the produt demand being distributed as uniformly. The simulated ase is used

for examination of proposed solution. In onlusion, the results of the study are

summed up.

2. Contrat as a Mehanism of Supply Chain Coordination

Supply hain ontrats as a mehanism of oordination is used for better ma-

nagement of relationship and risk management (Arshinder et al., 2011). From the

juridial point of view, a ontrat is an agreement with spei� terms between two
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or more persons or entities in whih there is a promise to do something in return

for a valuable bene�t known as onsideration. In terms of ontratual relations,

the parties reate mutual obligations enforeable by law. To be a legally enfor-

eable a ontrat must omprise suh basi elements of the agreement like mutual

assent, expressed by a valid o�er and aeptane; adequate onsideration; apaity;

and legality. In ase of supply hain interations, the term �ontrat� omprises

suh parameters like quality, prie, quantity within whih a retailer plaes the order

and a supplier ful�lls it. Generally, supply hain ontrats an be haraterized

as �interation rules�. Tsay et al. (1999) distinguish three purposes of supply hain

ontrats: system-wide performane improvement (inrease in the total supply hain

pro�t), risk sharing among the supply hain parties, and failitation of long-term

partnerships.

A number of ontratual forms have been studied reently, but the most fre-

quently onsidered types of ontrats are the following: wholesale ontrats, with

the distribution of revenue (revenue-sharing ontrats), with buybak, sales-rebate,

with a �exible priing poliy (e.g. quantity disount ontrats), as well as ombined

and individually designed ontrats. A ommon �rule� for all studies onduted is

the determination of oordinating ontrat. Researh onduted onurs that one of

the points in de�nition of a ontrat to be oordinating if its implementation leads to

the supply hain pro�t maximization (Wong et al., 2009; Cahon, 2003; Pasternak,

1985). However, if the pro�t of the hain is maximized, it does not mean that the

pro�ts of all partiipants will attain their maximum. It means that not all supply

hain parties will have the inentives whih are strong enough to omply with the

terms of the ontrat. That means that it is not enough just to maximize supply

hain pro�t. Some researhers have noted that the pro�ts of the supply hain par-

tiipants after implementing a oordinating ontrat must be better than without

it. Suh situation is alled a ¾win-win¿ situation (Taylor, 2002; Saha, 2013). Other

researhers, using a game-theoreti approah for de�ning a oordinating ontrat,

model the situation of signing a ontrat between two hain partiipants like a two-

person game, the solution of whih is a set of suh ontrat parameters that provide

Nash equilibrium (Cahon, 2003). Following (Cahon, 2003), researhers Heydari et

al., 2017, Heydari and Asl-Naja�, 2018 believe that the ontrat is oordinating if it

allows to maximize the expeted pro�t of the supply hain and using the parameters

of the oordinating ontrat to ensure the Pareto-optimality of the obtained solu-

tion. In other words, the oordinating ontrat should provide the expeted pro�t

value to be no worse than without the ontrat appliation, and at least one of the

partiipants should be (slightly) better-o� (Heydari et al., 2017). Berezinets et al.

(2019) de�ne the ontrat to be oordinating, if the ontrat parameters allow for

the retailer's, supply hain and supplier's pro�ts maximization, in turn the ontrat

is onsidered as onditionally oordinating if the supplier performs at least as well

as without the ontrat implementation onserving two other points of de�nition.

Supply hain oordination with a wholesale prie ontrat

One of the most frequently used and one of the simplest type of ontrats whih is

onsidered to be a basi one in supply hains is a wholesale prie ontrat. Aording

to this type of ontrat, a supplier o�ers a retailer the only parameter � a wholesale

prie per produt unit ω, whih is �xed and does not depend on the order volume.

In response to the supplier's o�er, the retailer deides on the order volume q. On the
moment of market realization, the retailer sells the produt at the retail prie p per
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unit. In ase of failure of total realization of the purhased volume, the remained

produt an be sold at the salvage value ν per unit.

Cahon (2003) states that a wholesale prie ontrat fails to oordinate a supply

hain as the problem of double marginalization arises if this type of ontrat is

unilaterally implemented. However, a wholesale prie ontrat an ahieve supply

hain oordination in ombination with a returns poliy or returns disount ontrat

(Chen, 2011).

Supply hain oordination with a revenue-sharing ontrat

Under a revenue sharing mehanism, the transations between the supplier and

the retailer are governed by a share of the retailer's revenue that is reeived by the

supplier at the end of a selling season. Aording to Giannoaro and Pontrandolfo

(2004), a revenue-sharing ontrat implies that a supplier o�ers a retailer the fol-

lowing ontrat parameters: a wholesale prie per produt unit ω that is lower than

the prodution osts and a �xed share of the retailer's revenue ϕ, whih aims to

ompensate the losses from low wholesale prie. In response to the supplier's o�er,

the retailer deides on the order volume q. On the moment of market realization,

the retailer sells the produt at the retail prie p per unit. In ase of failure of

total realization of the purhased volume, the remained produt an be sold at the

salvage value ν per unit. After that, the retailer transfers the supplier the revenue

share ϕ.

This approah was one of the �rst to appear massively in supply hain on-

tratual management pratie (besides a wholesale ontrat) due to a Blokbuster

videoassette rent ase (Mortimer, 2008). Before the implementation of revenue-

sharing ontrat mehanism, Hollywood studios sold videotapes using a traditional

wholesale prie ontrat to Blokbuster and other small video retailers for $65 per

tape, with retailers olleting $3 per rental. With the revenue-sharing ontrat,

Blokbuster paid studios 40% of its rental revenue in exhange for a redution in

the unit wholesale prie from $65 to $8. The ontrat helped Blokbuster to gain

greater market share, while the studios ensured high levels of availability of their

videos to ustomers, thus e�etively aligning the interests of supply hain parties.

Cahon and Lariviere (2005) were the �rst to state that the revenue sharing

ontrat oordinates the supply hain. Moreover, it allows to divide the resulting

pro�ts for any reasonable revenue funtion arbitrarily. Further, it was shown that a

buy-bak ontrat is a speial ase of a revenue-sharing ontrat when the retail prie

is �xed. However, a revenue sharing oordinates the supply hains even with the

prie-dependent demand (Bernstein and Federgruen, 2005), whih buybaks annot

(Pasternak, 1985). The drawbak of this type of ontrats is in great amount of

limitations and some researhers (Bernstein and Federgruen, 2005) do not onsider

it oordinating one. There is the administrative burden imposed on the �rms due

to this mehanism. Under revenue sharing, the supplier must monitor the retailer's

revenues to verify that they are split appropriately. The gains from oordination

may not always over these osts. Moreover, a revenue sharing does not oordinate

a supply hain when there is a deviation from the limitations of Stakelberg model,

making it inonvenient to apply (Corbett and DeCroix, 1999).

Supply hain oordination with a buybak ontrat

In assuming of two-ehelon supply hain system, the retailer, who often faes

unertainties in demand, typially orders fewer produts than the optimal order

quantity whih negatively a�ets the supply hain performane. One of the solutions
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to inrease the quantity ordered by the retailer is for the supplier to share the

inventory risk by o�ering to buy bak the remaining obsolete inventory at a prie

whih is less or equal to the salvage value (Simhi-Levi et al., 2008).

Thus, with a buybak ontrat, a supplier o�ers a retailer a wholesale prie per

produt unit ω and the buybak prie b per unit for eah unsold item of the order.

In response the retailer makes a produt order q at the start of the season and have

an opportunity to return any quantity of remained units at the end of the season

and get a refund, or buy-bak, payment. On the moment of market realization, the

retailer sells the produt at the retail prie p per unit.

The literature on the buybak ontrats (Pasternak, 1985; Tsay, 1999; Cahon,

2003; Bernstein, 2005; Beker-Peth et al., 2013) traditionally onsiders two types of

buybak ontrats depending on the one who sells the stoked produts at the end

of the season. The �rst type implies that the retailer returns unsold goods to the

supplier for the redemption prie b per unit and then the supplier is able to realize

these remained items at the salvage value ν per unit. The seond type of buybak

ontrats implies that the retailer is being paid by the supplier a ompensation b
per unit for the unsold goods, but the unsold produts remain at the retailer and

an be sold by him at the end of the season for the salvage value ν per unit.

Considering buybak ontrats most of the researhers (Pasternak, 1985; Wang,

2002; Xiao, Yang, 2010; Xiong, Xie, 2011) state the ability of the buybak to

oordinate the supply hain. As previously indiated, buybak ontrats are able

to oordinate the �xed-prie newsvendor (Pasternak 1985) and are equivalent to

revenue-sharing ontrats under the assumption of a �xed retail prie (Cahon and

Lariviere 2005). But unlike revenue sharing, the oordinating buybak parameters

depend on the retail prie. Hene, it is not surprising that in ontrast to revenue

sharing, buybaks struggle with the prie-setting newsvendor. In this ase, buybak

ontrat annot ahieve oordination unless the supplier an impose resale prie

maintenane. In addition, Bernstein and Federgruen (2005) demonstrate that buy-

bak ontrat oordinates the prie-setting newsvendor only if the supplier earns

zero pro�t. Wei and Tang (2013) have analyzed oordination of a Stakelberg game

model based on the buybak ontrat predominated by the supplier, and obtained

the Nash equilibrium solution to this model (a situation of oordination of the sup-

ply hain following their de�nition) when wholesale prie and maximum buybak

prie are determined by the supplier and the order quantity is determined by the

retailer with respet to the stohasti market demand. The paper has set ertain

onditions and model onstraints that the supplier is in the leading role and he an

determine the proportion or relation of risks shared by supply and demand parties.

Here we get a onditional oordination. The buybak ontrat enables supply hain

oordination and inreases the supply hain pro�t with a single retailer, but it an

be less optimal in a multi-retailer environment (Wang and Zipkin, 2009). Overall,

Simhi-Levi et al. (2008) found that the buybak ontrat dereases the retailer's

and inreases the supplier's risk. However, adopting the buybak ontrat involves

(over)ompensation for the supplier's risk and results in both parties being better

o�.

Most researhes related to the buybak type of ontrats are onduted in terms

of ombined ontrats of various ombinations and modi�ations whih lead to

the ontrat to be oordinating (Xiong et al., 2011; Qin et al., 2013). The more

onstraints are made, the easier to onstrut the oordinating ontrat.
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Supply hain oordination with a sales-rebate ontrat

A sales-rebate ontrat aims to motivate the retailer (in two-ehelon system) to

sell (and, onsequently, to order) more and, as a result, allows to earn an extra rebate

for eah unit of produts sold in exess of the sales volume threshold established by

the supplier. Aording to Wong et al. (2009), the sales-rebate ontrat motivates

the retailer to sell goods at a lower prie in order to inrease sales volume. Here,

a supplier o�ers a retailer the following ontrat parameters: a wholesale prie per

produt unit ω and a rebate r for eah unit that the retailer sells above the sales

volume threshold t set by the supplier. In response to the supplier's o�er, the retailer
makes the produt order for volume q. The retailer sells the produt on the market

at the retail prie p per unit. In ase of failure of total realization of the purhased

volume, the remained produts an be realized at the salvage value ν per unit. This

type of ontrat is atively used in suh industries like hardware, software, and auto

ones (Taylor, 2002).

Taylor (2002) was one of the �rst to onsider applying a sales-rebate ontrat for

oordinating a two-ehelon supply hain system. Aording to him, a oordination

of the supply hain is understood as the situation in whih the supply hain pro�t

would be maximized. Align with the oordination, Taylor onsidered the possibility

of ahieving a �win-win� situation in whih the expeted pro�t of eah partiipant

will be better than without the oordinating ontrat appliation. He has alloated

two types of rebate: a linear rebate and a target rebate. The linear rebate is paid by

the supplier to the retailer for eah unit of produts sold, while the target rebate is

paid only for eah unit of produt exeeding the set threshold. Taylor (2002) showed

that due to the sales-rebate ontrat, a �win-win� situation and a oordination of

the supply hain are ahieved (following his de�nition of oordination), but this is

only true for a ontrat with a target rebate.

Another signi�ant paper ontributing to the study of sales-rebate ontrats as

the solution for the supply hain oordination is Cahon (2003). The author applied

a game-theoreti approah and de�ned the ontrat to be oordinating if the hosen

parameters of this ontrat provide Nash equilibrium. In ontradition to Taylor

(2002) Cahon proves that the sales-rebate ontrat does not allow oordinating

supply hain, sine the supplier will lose money for eah unit of goods sold by the

retailer in exess of the established sales threshold. The later work of Cahon and

Lariviere (2005) and Chiu et al. (2012) justi�ed the possibility of oordinating the

supply hain through a sales-rebate ontrat under ertain onditions: the retailer's

selling prie is �xed, and the volume supplied to the retailer is above the set sales

threshold.

Summing up, sine di�erent researhers apply di�erent de�nitions of oordi-

nating ontrats, there are no lear and unique onlusions for di�erent types of

ontrats whether they are oordinating or not, reating a respetive researh gap.

3. Forms of Short-Term Finaning of Supply Chain Parties and Their

Impat on the Contratual Supply Chain Coordination

The apital struture and espeially working apital management deisions have

a signi�ant impat on the osts of the ompany and, as a result, on pro�t. As

the pro�t is a key measurement used in ontratual oordination, the in�uene of

�naning deisions on the ability to oordinate the supply hain and ontrat design

is of a great interest.
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In terms of ontratual supply hain relationship, we are interested in suh area

of orporate �naning deisions like deisions of short-term �naning. It is a ommon

thing that this or that ounterparty is temporarily insu�ient in internal �naning

during operational ativity and has to use external soures. The main external

short-term �naning types are trade redit �naning and bank redit �naning.

Trade redit is a form of delayed payments for the transfer of goods and servies

in whih upstream supplier allows downstream retailer to settle the payments at the

end of the sales period. Trade redit has been referred to as one of the important

soures of short-term �naning for the �rms and ould play an important role in

�rms' growth potential, ompetitive advantage, and survival (Lin and Chou, 2015).

The most typial trade redit ontrat is that of supplier early payment disount.

It allows retailers to pay the supplier for produts purhased within a given time

window, e.g., 30, 60, or 90 days, without inurring �nanial harges. However, early

payment is enouraged through a disount on the o�ered wholesale prie. If there is

no early payment disount, the trade redit pratie is referred to as open aount

�naning (Kouvelis and Zhao, 2012).

Bank redit �naning is another way of short-term �naning ompleting with the

attration of the third party �nanial intermediary. The overall mehanism di�ers

from the trade redit �naning as it inludes new level of ontratual relationship

outside the supply hain relationship. In most ases there is no possibility for the

supply hain members to negotiate muh about the terms of the redit ontrat,

thus if the bank is not onsidered as a member of a supply hain, the terms (e.g. time

period, interest rate) are onsidered to be given and �xed (Xiao et al., 2017). The

sheme of bank loan reeiving is more ompliated than the one of a trade redit due

to existene of formal requirements and proedures like underwriting and soring,

whih make the bank redit �naning unavailable for some ompanies (espeially

SMEs). There is also a di�erene in interest rates assoiated with these two short-

term �naning types. In ase of repayment failure, the bankrupty proedures are

initiated.

The terms of short-term �naning are widely disussed in �nanial aademi

literature and orporate �nane researh papers (Giannetti et al., 2011; Fabbri and

Klapper, 2008), but studied individually for a separate ompany. On the ontrary,

we are interested in implementation of �nanial aspets into the supply hain envi-

ronment.

The majority of artiles are onentrated on the retailer being �nanially on-

strained. Most of the ��naning the newsvendor� researhes are built upon this

model by adding liquidity onstraints and exploring the e�etiveness of various �-

naning shemes to alleviate them. An early in�uential work by Li et al. (2013) (�rst

draft appeared in 1997) disusses a stylized multiperiod dynami newsvendor model

of a apital onstrained �rm optimizing its shareholders' long-term dividends. The

�rm borrows neessary bank loans when it makes inventory deisions. The optimal

myopi newsvendor deisions are funtions of bank's interest rates (i.e., inventory

deisions rely on �nanial terms), whih implies the integrated nature of operational

and �nanial deisions. Also, among the �rst to bring apital onstraints within a

simple newsvendor model (i.e., analysis of the retailer's stage and not of the overall

supply hain) is the work of Xu and Birge (2004). The authors try to understand the

impat of apital struture (ompetitively pried long-term debt versus equity) on

the retailer's operational deisions. Kouvelis and Zhao (2012) analyze the Stakel-
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berg game between the supplier and the retailer in the presene of short-term bank

redit �naning.

Several artiles took trade redit as a deision variable from the supplier's or

the supply hain's point of view. Kim et al. (1995) and Abad and Jaggi (2003)

developed a model to �nd the optimal redit period for the supplier by taking prie-

sensitive demand into onsideration. Zhou et al. (2012) determined the supplier's

redit poliy onsidering inventory-dependent demand and limited displayed-shelf

spae. However, these studies did not onsider the issue of supply hain oordination.

Most previous studies on the role of trade redit and bank redit in oordinat-

ing supply hain failed to onsider the newsvendor model whih is an important

mathematial model for unertain demand. Still there is researh onduted whih

investigated the role of the omposite mehanism based on trade redit and other

traditional oordinating ontrats in supply hain oordination for unertain de-

mand. Tsao et al. (2017) presented newsvendor models to maximize total pro�ts

while taking into aount unertain demand, trade redits, arbon emissions, and

the risk of default simultaneously. Cao and Yu (2018) investigated the �naning

and oordination of an emission-dependent supply hain by trade redit. Heydari

et al. (2017) and Tsao (2017) introdued two-level trade redits into supply hain

oordination for unertain demand.

In reent years, researhers have begun to investigate the problem of supply hain

oordination with apital onstraints implementing bank redit �naning. In terms

of �nanial onstraints of the retailer Dada and Hu (2008) proposed a nonlinear

bank loan shedule as a oordination mehanism for the newsvendor only. Lee and

Rhee (2010, 2011) adopted trade redit for oordinating a supply hain when both

the supplier and the retailer are �nanially onstrained. Kouvelis and Zhao (2016)

designed supply hain ontrats to oordinate the apital-onstrained supply hain

with bankrupty osts. The study investigates the issue and designs oordinating

ontrats when �nanial onstraints and default osts exist. The authors assumed

that the supplier as well as the retailer have aess to bank �naning and only

bank �naning as an external soure of short-term �naning is onsidered. Xiao

et al. (2017) proposed the oordination of the newsvendor within a supply hain

struture in the presene of default osts either, but assuming that only trade redit

is available for the retailer. The same is done by Lee and Rhee (2010), but without

onsidering default osts. Taking trade redit as a mehanism to oordinate a supply

hain, Jaber and Osman (2006) studied how to set order quantity and trade redit to

minimize the ost of the whole supply hain under onstant demand. The majority

of researhes are done on the basis of a wholesale prie ontrat, exept Kouvelis and

Zhao (2016) and Xiao et al. (2017), whih referred to revenue-sharing and buybak

ontrats, but the analysis was done only in �eld of one type of short-term �naning:

bank �naning and trade redit respetively.

4. Supply Chain Coordination with Revenue-Sharing Contrat with

Bank Finaning under the Assumption that Demand is Distributed

as Uniformly

Finaning issues play a ruial role in supply hain management destined for

optimization of the availability and ost of apital within a given supply hain.

That is why there is a neessity to onsider �nanial parameters while analyzing

the interations of supply hain parties.
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For further modelling a deentralized two-ehelon supply hain onsisting of

one supplier (S, she) and one retailer (R, he) is onsidered within a single period.

A retailer has insu�ient volume of ash available for payment �ow and in need

of short-term �naning. For the external short-term �naning for the retailer a

bank �naning and a trade redit �naning from the supplier are available at the

beginning of the selling period. Regardless the hosen soure of short-term �naning,

the �nanial onstrained party is imputed with the interest rate payment at the

end of the selling period. The retailer orders a single type of produts from the

supplier one prior to the sales season and additional orders or order orretions are

not allowed. The supply hain parties have ontratual relationships. A modelling

of ontrats is made using the game-theoreti approah, a ontrating proess is

seen as a two-step game. As a base model Stakelberg model is used assuming the

supplier is a leader making the deisions and hoosing her strategy �rst and the

retailer is a follower hoosing his strategy orresponding to the supplier's in terms

of stohasti demand. Here, the leader has an advantage, sine she an optimize her

target funtion onsidering the answer and the funtion of winning of the follower

known in advane.

The following assumptions are held (Table 1).

Table 1. Assumptions for modelling

A1: The supplier and retailer are risk neutral;

A2:

The supplier and retailer are rational trying to maximize their

pro�t values;

A3:

The supplier and retailer operate in terms of omplete informa-

tion and symmetry of ash available, demand distribution, bank

�naning interest rates, and ontrat (e.g. wholesale prie, trade

redit interest rate), prodution (e.g. osts) and sales (e.g. retail

prie) parameters;

A4:

The retailer is apital-onstrained and may hoose either a bank

loan or a trade redit as �naning soure, the bankrupty risk is

not onsidered assuming that the retailer is able to fully over

his loan obligations at the end of the selling season;

A5:

There are no moral hazard issues, i.e. parties have no ex-ante

intention to break the ontratual agreement;

A6:

The apital market is onsidered without taxes and transation

osts.

For the ontrat modelling the following notations are used (Table 2). As an be

seen further, due to the presene of neessity of external �naning for the retailer,

it is important to de�ne the time periods of �nanial �ows appear in the supply

hain and a disounting fator. Throughout the modeling proess a risk-free rate

rf is taken as a disounting fator and without the loss of generality it is assumed

to be equal to zero. The same assumptions are applied to a salvage value of the

produt and a goodwill loss.
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Table 2. List of notations

ω The wholesale prie per unit (.u.)

ϕ The supplier's share of the retailer's revenue

q The volume of produts vended by the supplier to the retailer (ps.)

p The retail prie per unit (.u.)

cS The supplier's prodution osts per unit (.u.)

cR The retailer's realization osts per unit (.u.)

c = cR + cS Supply hain (both deentralized and entralized) total osts (.u.)

KR The retailer's ash available (.u.)

rR
B

The retailer's bank interest rate

rR
S

The retailer's supplier interest rate

πR The retailer's pro�t per transation (.u.)

πS The supplier's pro�t per transation (.u.)

πSC = πR + πS Supply hain pro�t per transation (.u.)

E [πR] The retailer's expeted pro�t per transation (.u.)

E [πS] The supplier's expeted pro�t per transation (.u.)

E [πSC ] Deentralized supply hain expeted pro�t per transation (.u.)

The demand for the produt is assumed to be stohasti. Let ξ denote demand

and let τ denote the volume of this produt sold. ξ is a ontinuous random variable

with probability density funtion fξ (x) and stritly inreasing and di�erentiable

probability distribution funtion Fξ (x). Let τ = g (ξ), where

τ = g (ξ) =

{
ξ, 0 ≤ ξ < q

q, ξ ≥ q.

Time t = 0: based on the deision of retailer to use a bank �naning, at the �rst

step the supplier o�ers the retailer the following ontrat parameters: the whole-

sale prie per unit (ω) and a share of the retailer's revenue (ϕ) whih the retailer

must transfer to the supplier at the end of the sales season. Considering the sup-

pliers' onditions o�ered, the retailer deides on the quantity of goods (q) he should
order to maximize his pro�t based on the market demand information. After sign-

ing the ontrat, the retailer borrows the sum needed onsidering the ash available

(KR), osts for realization (cRq) and supplier's wholesale prie payment (ωq). Subse-
quently, the wholesale prie payment is transferred to the supplier and the produts

are delivered to the retailer.

Time t = 1: the retailer sells the produts in the market at the ertain market

prie per unit (p). Herein, the market prie is assumed to be outside of the nego-

tiation sope between the supplier and the retailer and �xed (i.e. it is not a deision

variable of any of the supply hain parties). As the demand is realized, the retailer

�rstly transfers the supplier her share of revenue and then repays the debt with

imputed interest payment to the bank.

Shematially the �ows whih appear as a result of the revenue-sharing ontrat

with bank �naning appliation are presented (Figure 1).
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Fig. 1. The �ows under a revenue-sharing ontrat with bank �naning appliation. Soure:

authors own.

The following onditions are assumed within the model:

0 < cR < p,

0 < ω < p,

ϕ ∈ (0; 1),

rR
B ∈ (0; 1) .

Interation within the framework of a revenue-sharing ontrat with bank �-

naning for the retailer between the retailer and the supplier an be presented as

the two-step, two-player game and looks as following: the supplier is a leader and

hooses her strategy �rst, and the retailer is a follower. The supplier's strategy is to

hoose two parameters: ω, ϕ from the available set (XS); the retailer hooses only
the volume of purhased produts (q) also from the available set (XR):

XS = {(ϕ, ω) |ϕ ∈ (0; 1) ; 0 < ω < p} ;
XR = {q (ϕ, ω) |q ≥ 0} .

Thus, the revenue-sharing ontrat with bank �naning for the retailer is de�ned

with a ombination of following three parameters: (ϕ, ω, q) and is de�ned the same

as a traditional revenue-sharing ontrat (Cahon, 2003).

The expeted pro�t for one transation is onsidered as a payo� funtion both

for the supplier (E[πS ]) and the retailer (E[πR]):

E [πS ] = E [πS ] (ϕ, ω, q) = E [πS ] (ϕ, ω (ϕ) , q (ϕ, ω (ϕ))) ,

E [πR] = E [πR] (ϕ, ω, q) = E [πR] (ϕ, ω (ϕ) , q (ϕ, ω (ϕ))) .

It is assumed that when hoosing a strategy, the players at rationally, and aim

to maximize their pro�ts, while the ase in whih one player gets the entire pro�t

is exluded.

For solving supply hain oordination problem, the de�nition of a oordinating

revenue sharing ontrat is based on one proposed by Berezinets et al. (2019). Let

E [πSC ] (q) denote the supply hain pro�t expetation, and q∗SC is the loal point

for maximum point for this funtion: that is, E [πSc] (q
∗
SC) = max

q
E [πSC ] (q). Let

de�ne a oordinating revenue-sharing ontrat.
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De�nition 1. A revenue-sharing ontrat (ϕ∗,ω∗, q∗) will oordinate the supply
hain if the following onditions are met:

(1) max
q

E[πR] (ϕ, ω, q) = E[πR] (ϕ, ω, q
∗
R (ϕ, ω)), for any (ϕ, ω) ∈ XS ;

(2) there is a funtion ω∗ (ϕ), for whih the following is orret: q∗R(ϕ, ω
∗(ϕ)) =

q∗SC = q∗, for any (ϕ, ω(ϕ)) ∈ XS ;

(3) max
(ϕ)∈D(ω∗,q∗)

E[πS ] (ϕ, ω
∗ (ϕ) , q∗) = E[πS ] (ϕ

∗, ω∗, q∗) , where ω∗ = ω∗ (ϕ∗),

D(ω∗, q∗) = {ϕ| (ϕ, ω∗ (ϕ)) ∈ XS}.

Thus, the determination of the parameters of a oordinating ontrat onsists

of the following steps:

1) Determination of the optimal order volume for the retailer (q∗R);
2) Determination of the optimal order volume for the supply hain (q∗SC);

3) Determination of the wholesale prie value ω∗
, for whih the optimal order

volume for the retailer oinides with the optimal order volume for the supply

hain (q∗R = q∗SC = q∗);
4) Determination of the parameter ϕ, for whih the expeted pro�t of the supplier

(E[πS ]) is maximized for obtained q∗and ω∗
.

The expressions for the supplier, retailer, and supply hain pro�ts are as following:

πR (ϕ, ω, q) = (1− ϕ) pτ − (ω + cR)
(
1 + rR

B
)
q +KRrR

B, (1)

πS (ϕ, ω, q) = ϕpτ + (ω − cS) q, (2)

πSC (ω, q) = pτ −
(
c+ (ω + cR) rR

B
)
q +KRrR

B. (3)

Respetively, the expeted pro�ts of the parties and the supply hain are as follow-

ing:

E [πR] (ϕ, ω, q) = (1− ϕ) pE [τ ]− (ω + cR)
(
1 + rR

B
)
q +KRrR

B =

= (1− ϕ) p

(
q −

∫ q

0

Fξ (x) dx

)
− (ω + cR)

(
1 + rR

B
)
q +KRrR

B,
(4)

E [πS ] (ϕ, ω, q) = ϕpE [τ ] + (ω − cS) q = ϕp

(
q −

∫ q

0

Fξ (x) dx

)
+ (ω − cS) q, (5)

E [πSC ] (ω, q) = pE [τ ]−
(
c+ (ω + cR) rR

B
)
q +KRrR

B =

= p

(
q −

∫ q

0

Fξ (x) dx

)
−
(
c+ (ω + cr) rR

B
)
q +KrrR

B.
(6)

It is important to admit that as the retailer is assumed to be in need of short-

term �naning, the following inequation is held: (ω + cR) q −KR > 0.

Determination of the optimal order volume for the retailer (q∗R)
The retailer hooses order volume q from the supplier being familiar with the

supplier's o�ers on the values of ϕ and ω. Aording to the de�nition 1 of a oor-

dinating ontrat, the retailer hooses the volume q that will maximize his pro�t

expetation E [πR] (ϕ, ω, q). Thus, we need to �nd the stationary point of funtion
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E [πR] (ϕ, ω, q), onsidering it as a funtion of single variable q. For that, alulation

of the �rst derivative is done, and it is equaled to zero:

∂E [πR] (ϕ, ω, q)

∂q
= (1− ϕ) p (1− Fξ (q))− (ω + cR)

(
1 + rR

B
)
= 0.

From the expression above:

Fξ (q) =
(1− ϕ) p− (ω + cR)

(
1 + rR

B
)

(1− ϕ) p
.

Aording to the assumption of Fξ (x) and, onsequently, of Fξ (q) being stritly

inreasing, it has an inverse funtion. Thus, the stationary point q0R of E [πR] (ϕ, ω, q)
an be found:

q0R = F−1
ξ

(
(1− ϕ) p− (ω + cR)

(
1 + rR

B
)

(1− ϕ) p

)
.

To examine whether the found stationary point is the loal point for maximum

point for funtion E [πR] (ϕ, ω, q) the seond derivative of this funtion is alulated.

Aording to the stated previously onditions, ϕ < 1 and density funtion fξ (x) is
positive, thus, the seond derivative is always negative at the stationary point:

∂2E [πR] (ϕ, ω, q)

∂q2
= (1− ϕ) p

(
−fξ

(
q0
))
< 0.

Therefore, the stationary point q0R is the loal point for maximum point q∗R for

funtion E [πR] (ϕ, ω, q):

q0R = q∗R = F−1
ξ

(
(1− ϕ) p− (ω + cR)

(
1 + rR

B
)

(1− ϕ) p

)
. (7)

Determination of the optimal order volume for the supply hain (q∗SC)
The next step of oordinating ontrat onstrution is to de�ne the optimal

wholesale prie ω∗
, for whih the following ondition is met:

q∗R = q∗SC ,

where q∗SC is the loal point for maximum point for the supply hain's expeted

pro�t E [πSC ] (ω, q).
The �rst derivative of funtion E [πSC ] (ω, q) and the neessary extreme ondition

of this funtion are as follows:

∂E [πSC ] (ω, q)

∂q
= p (1− Fξ (q))−

(
c+ (ω + cR) rR

B
)
= 0,

and, onsequently,

Fξ (q) =
p− c− (ω + cR) rR

B

p
.

The expression of the stationary point q0SC is derived:

q0SC = F−1
ξ

(
p− c− (ω + cR) rR

B

p

)
.
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The seond derivative of funtion E [πSC ] (ω, q) is presented. Similarly to the re-

tailer's ase it an be shown that the stationary point q0SC will be the loal point

for maximum point for funtion E [πSC ] (ω, q):

∂2E [πSC ] (ω, q)

∂q2
= p

(
−fξ

(
q0
))
< 0,

q0SC = q∗SC = F−1
ξ

(
p− c− (ω + cR) rR

B

p

)
. (8)

Determination of the wholesale prie value ω∗

From the ondition of q∗R = q∗SC , we have the following:

F−1
ξ

(
(1− ϕ) p− (ω + cR)

(
1 + rR

B
)

(1− ϕ) p

)
= F−1

ξ

(
p− c− (ω + cR) rR

B

p

)
.

Aording to the assumption of stritly inreasing funtion Fξ (x), the following

equality holds:

(1− ϕ) p− (ω + cR)
(
1 + rR

B
)

(1− ϕ) p
=
p− c− (ω + cR) rR

B

p
.

From the previous equation, the funtion of ω∗
is found whih enables us to �nd the

order volume of produt q∗ = q∗R = q∗SC , resulting in maximizing both the retailer's

and the supply hain's pro�t expetation:

ω∗ = cs − cϕ
1 + rR

B

1 + ϕrRB
. (9)

The existing onditions (ω < p, 0 < rR
B < 1, 0 < ϕ < 1) do not hange the

restritions of ϕ, meaning that for all ϕ from the available set we are able to ontinue

onstrution of oordinating ontrat. Moreover, as an be seen, optimal wholesale

prie ω∗
is less than a unit prodution ost cs. This disrepany is overed with the

share of the retailer's revenue transferred at the end of the selling season.

Determination of the parameter ϕ
Up to now the parameters q∗ and ω∗

are found, whih omply with the �rst two

onditions of de�nition 1 of a oordinating ontrat, i.e. the properties of individual

rationality for the retailer (maximization of retailer's expeted pro�t) and olletive

rationality for the supply hain (maximization of supply hain expeted pro�t) are

ful�lled. The next step will be done to �nd suh value for parameter ϕ, whih
provides the maximum of the supplier's expeted pro�t. For this aim, the obtained

values of parameters q∗ (7) and ω∗
(9) are put into the expression for the supplier's

pro�t expetation, and the �rst derivative of the funtion E [πS ] (ϕ, ω
∗, q∗), whih

under �xed values (ω∗, q∗) beomes the funtion of a single variable ϕ, is alulated.
The expression for funtion E[πs](ϕ, ω

∗, q∗) is as follows:

E [πs] (ϕ, ω
∗, q∗) = ϕp

(
q∗ −

∫ q∗

0

Fξ (x) dx

)
+ (ω∗ − cs) q

∗.

Putting the expressions for q∗ (7) and ω∗
(9) into it, we get:
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E [πs] (ϕ, ω
∗, q∗) = ϕ

[(
p− c

1 + rR
B

1 + ϕrRB

)
F−1
ξ

(
1− c

(
1 + rR

B
)

p (1 + ϕrRB)

)
−

p

∫ F−1
ξ

(
1−

c(1+rR
B)

p(1+ϕrR
B)

)

0

Fξ (x) dx


 . (10)

Here it is important to admit that as the expression F−1
ξ

(
1− c(1+rR

B)
p(1+ϕrRB)

)
stands

for the retailer's optimal order quantity q∗ and any probability distribution funtion
Fξ (x) an only take values from the interval [0;1℄, the following inequalities must

be held:

0 ≤ 1− c
(
1 + rR

B
)

p (1 + ϕrRB)
≤ 1,

whih after the transformations give us the restritions for supplier's revenue share

ϕ:

ϕ ≥c
(
1 + rR

B
)
− p

prRB
,

ϕ ≥ − 1

rRB
.

The seond restrition is true for any value of the bank's interest rate. Thus, the

restrition for the supplier's revenue share looks as follows:

ϕ ≥ c
(
1 + rR

B
)
− p

prRB
. (11)

For the stationary point obtaining the �rst derivative of the funtion E [πS ] (ϕ, ω
∗, q∗)

is alulated and the neessary extreme ondition of this funtion is presented:

∂E [πs] (ϕ, ω
∗, q∗)

∂ϕ
= F−1

ξ

(
1− c

(
1 + rR

B
)

p (1 + ϕrRB)

)[
p− c

(
1 + rR

B
)

(1 + ϕrRB)
2

]
−

− p

∫ F−1
ξ

(
1−

c(1+rR
B)

p(1+ϕrR
B)

)

0

Fξ (x) dx = 0.

The seond derivative of the funtion E [πS ] (ϕ, ω
∗, q∗) is presented:

∂2E [πs] (ϕ, ω
∗, q∗)

∂ϕ2
=
cϕrR

B
(
1 + rR

B
)

(1 + ϕrRB)
2



∂F−1

ξ

(
1− c(1+rR

B)
p(1+ϕrRB)

)

∂ϕ
+

+
2

1 + ϕrRB
F−1
ξ

(
1− c

(
1 + rR

B
)

p (1 + ϕrRB)

)]
.
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In ase of the seond derivative being negative, the stationary point obtained will

be the loal point for maximum point for funtion E[πs] (ϕ, ω
∗, q∗).

For further alulations, the information about ertain demand distribution is

needed.

Suppose that a random variable ξ is a random variable distributed as uniformly

on the interval [0;β℄. In this ase, the random variable distribution funtion of ξ has
the following form:

Fξ (x) =





0, x ≤ 0
x
β , 0 < x ≤ β

1, x > β.

(12)

Hene, Fξ (q) =
q
β , q

∗ = F−1
ξ

(
1− c(1+rR

B)
p(1+ϕrRB)

)
, then

q∗ = β

(
1− c

(
1 + rR

B
)

p (1 + ϕrRB)

)
. (13)

Subsequently:

∫ q

0

Fξ (x) dx =

∫ F−1
ξ

(
1−

c(1+rR
B)

p(1+ϕrR
B)

)

0

Fξ (x) dx =

∫ F−1
ξ

(
1−

c(1+rR
B)

p(1+ϕrR
B)

)

0

x

β
dx =

=

(
F−1
ξ

(
1− c(1+rR

B)
p(1+ϕrRB)

))2

2β
=

β

(
1− c(1+rR

B)
p(1+ϕrRB)

)2

2
.

The neessary extreme ondition of funtion E [πs] (ϕ, ω
∗, q∗) (11) with the in-

trodution of expressions of the distribution funtion is presented:

∂E [πs] (ϕ, ω
∗, q∗)

∂ϕ
= F−1

ξ

(
1− c

(
1 + rR

B
)

p (1 + ϕrRB)

)[(
p− c

(
1 + rR

B
)

(1 + ϕrRB)
2

)
−

− p

F−1
ξ

(
1− c(1+rR

B)
p(1+ϕrRB)

)

2β


 = 0.

The expression an have a zero value when one of the multipliers is equal to zero.

But the �rst multiplier F−1
ξ

(
1− c(1+rR

B)
p(1+ϕrRB)

)
whih represents the parameter q∗

should deviate from zero for the ontrat to be signed, thus, the seond multiplier

must be equal to zero:

(
p− c

(
1 + rR

B
)

(1 + ϕrRB)
2

)
− p

F−1
ξ

(
1− c(1+rR

B)
p(1+ϕrRB)

)

2β
= 0.
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Transformation done with this expression leads us to the quadrati equation whih

have the following roots:

ϕ2rR
B2
p+ ϕrR

B
(
2p+ c

(
1 + rR

B
))

+
(
p− c

(
1 + rR

B
))

= 0,

ϕ1 =
−b+

√
D

2a
=

−
(
2p+ c

(
1 + rR

B
))

+
√
c (1 + rRB) (8p+ c (1 + rRB))

2prRB
,

ϕ2 =
−b−

√
D

2a
=

−
(
2p+ c

(
1 + rR

B
))

−
√
c (1 + rRB) (8p+ c (1 + rRB))

2prRB
.

It is obvious that the seond root is negative and outside the available set. Let

us hek whether the �rst root belongs to the available set of supplier's strategies.

ϕ1 > 0 ⇒ ϕ1 =
−
(
2p+ c

(
1 + rR

B
))

+
√
c (1 + rRB) (8p+ c (1 + rRB))

2prRB
> 0;

rR
B >

p

c
− 1. (14)

ϕ1 < 1 ⇒ ϕ1 =
−
(
2p+ c

(
1 + rR

B
))

+
√
c (1 + rRB) (8p+ c (1 + rRB))

2prRB
< 1;

rR
B >

c− p

c+ p
. (15)

For the obtained ϕ to belong to available set of supplier's strategies, the pre-

sented interations between the market prie, unit ost of supply hain and bank's

interest rate must be ful�lled. As from (15)

c−p
c+p < 0, the only restrition left is (14):

rR
B > p

c − 1.
There is also another restrition posted on the supplier's revenue share ϕ earlier

(11) due to non-negativity of retailer's optimal order quantity q∗:

ϕ1 ≥ c
(
1 + rR

B
)
− p

prRB
⇒

ϕ1 =
−
(
2p+ c

(
1 + rR

B
))

+
√
c (1 + rRB) (8p+ c (1 + rRB))

2prRB
≥ c

(
1 + rR

B
)
− p

prRB
;

rR
B ≤ p

c
− 1. (16)

It is obvious that the restrition (16), whih stands for the retailer's optimal or-

der quantity q∗ to be non-negative, ontradits the restrition of positivity of the

supplier's revenue share ϕ (14) meaning that there are no suh ϕ values whih are

both maximizing the supplier's pro�t and belong to the available set of supplier's

and retailer's strategies and this fat is proved empirially on the simulated data.

Consequently, the inspeted revenue-sharing ontrat with bank �naning of the

retailer is not a oordinating one aording to the de�nition 1 of a oordinating

ontrat as the property of the individual rationality for the supplier (maximization

of supplier's expeted pro�t) is not ful�lled.

Even though the inspeted revenue-sharing ontrat with bank �naning annot

maximize the supplier's expeted pro�t and does not unonditionally oordinate the
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supply hain, it is possible that under this ontrat the supplier's pro�t expetations

are still greater than without it. If it is ahieved, then the ontrat is a onditionally

oordinating ontrat.

De�nition 2. If there is a revenue-sharing ontrat

(
ϕ0,ω0, q∗

)
that omplies with

onditions 1 and 2 of de�nition 1, and the following inequation is true,

E [πS ]
(
ϕ0, ω0, q∗

)
> E [πS ]

(
ω0, q∗

)
,

where ω0 = ω∗
(
ϕ0
)
, we an all it a onditionally oordinating ontrat.

Preisely speaking, for a onditionally oordinating revenue-sharing ontrat(
ϕ0, ω0, q∗

)
the supplier's expeted pro�t will be greater than in the ase of a

wholesale-prie ontrat with bank �naning parameters (ω0, q∗) whih are ahieved
by seletion of a parameter ϕ, whih is denoted by ϕ0

in de�nition 2 and this set

of parameters is denoted as D0 (ω∗, q∗).
For the ease of analysis, the expressions for the expeted pro�ts of the supplier,

retailer and the supply hain are presented in the Table 3.

Table 3. Expressions for expeted pro�ts of the supply hain and its parties for a produt

with demand distributed as uniformly

Supply hain Supplier Retailer

Revenue-sharing ontrat with bank �naning

E [πSC ]
rsh

E [πS]
rsh

E [πR]
rsh

p

(
q −

q2

2β

)
−

−
(
c+ (ω + cr) rR

B
)
q +KrrR

B

ϕp

(
q −

q2

2β

)
+

+(ω − cS) q

(1− ϕ) p

(
q −

q2

2β

)
−

− (ω + cR)
(
1 + rR

B
)
q +KRrR

B ,

Wholesale-prie ontrat with bank �naning

E [πSC ]
w

E [πS]
w

E [πR]
w

p

(
q −

q2

2β

)
−

−
(
c+ (ω + cr) rR

B
)
q +KrrR

B

(ω − cS) q
p

(
q −

q2

2β

)
−

− (ω + cR)
(
1 + rR

B
)
q +KRrR

B ,

As an be seen from the table, the expeted pro�t of the supplier an be written

in the following way, from whih it is obvious that the supplier's expeted pro�t

under the revenue-sharing ontrat with bank �naning will be greater if the seond

term in a sum is positive, what is atually the ase for any value of parameter ϕ
from the available set:

E [πS ]
rsh

(ϕ, ω∗, q∗) = E [πS ]
w
(ω∗, q∗) + ϕp

(
q∗ − q∗2

2β

)
. (17)

Nevertheless, it is important to stress the following issue. As it is stated above,

the optimal wholesale prie ω∗
under the revenue-sharing ontrat with bank �nan-

ing is lower than the prodution osts cS , what is inappliable for the wholesale-prie
ontrat as it leads to the losses of the supplier for any retailer's order quantity q
and suh ontrat will not be signed. On the other side, the optimal wholesale prie
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in ase of the wholesale-prie ontrat is equal to the prodution osts, and its ap-

pliation instead of the optimal wholesale prie of the revenue-sharing ontrat also

leads to the dominane by the revenue-sharing ontrat as in this ase the expeted

pro�t of the supplier deviates from zero. Based on omparison of supply hain's par-

ties expeted pro�ts we an say that the supplier is able to redistribute the supply

hain's pro�t through the parameter ϕ hoie for her bene�t.

Thus, for any ϕ0
from the set D0 (ω∗, q∗) = {ϕ0 : 0 < ϕ0 < 1} the inspeted

revenue-sharing ontrat with bank �naning

(
ϕ0, ω∗(ϕ0), q∗

)
is a onditionally o-

ordinating ontrat aording to the de�nition 2.

5. Supply Chain Coordination Based on Modi�ed Revenue Sharing

Contrat with Trade Credit Finaning under the Assumption that

Demand is Distributed as Uniformly

The assumptions made (Table 1) and notations used (Table 2) for the revenue-

sharing ontrat with bank �naning modelling are still relevant for the modi�ed

revenue-sharing ontrat with trade redit �naning.

Time t = 0: based on the deision of retailer to use a trade redit �naning, at

the �rst step the supplier o�ers the retailer the following ontrat parameters: the

wholesale prie per unit (ω), the interest rate (rR
S
) and a share of the retailer's

revenue (ϕ) whih the retailer must transfer to the supplier at the end of the sales

season. Considering the suppliers' onditions o�ered, the retailer deides on the

quantity of goods (q) he should order to maximize his pro�t based on the market

demand information. Signing the ontrat means that the retailer postpones the

wholesale prie payment (ωq) and the supplier bears the retailer's osts for realiza-

tion (cRq) for the prie rR
S
, but at this time point the partial transfer of the ash

available (KR), is possible (this is equivalent to borrowing from the supplier). After

the ontrat is signed the produts are delivered to the retailer.

Time t = 1: the retailer sells the produts in the market at the ertain market

prie per unit (p). Herein, the market prie is also assumed to be outside of the

negotiation sope between the supplier and the retailer and �xed (i.e. it is not a

deision variable of any of the supply hain parties). As the demand is realized,

the retailer transfers the supplier her share of revenue and repays the debt with

imputed interest payment.

Shematially the �ows whih appear as a result of the modi�ed revenue-sharing

ontrat with trade redit �naning appliation are presented (Figure 2).

Fig. 2. The �ows under a modi�ed revenue-sharing ontrat with trade redit �naning

appliation. Soure: authors own.

The following onditions are assumed within the model:
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0 < cR < p,

0 < ω < p,

ϕ ∈ (0; 1) ,

rR
S ∈ (0; 1) .

Interation within the framework of a modi�ed revenue-sharing ontrat with

trade redit �naning for the retailer between the retailer and the supplier an be

presented as the two-step, two-player game and looks as following: the supplier is

a leader and hooses her strategy �rst, and the retailer is a follower. The supplier's

strategy is to hoose three parameters: ω, ϕ, rR
S
from the available set (XS); the

retailer hooses only the volume of purhased produts (q) also from the available

set (XR):

XS =
{(
ϕ, ω, rR

S
)
|ϕ ∈ (0; 1) ; 0 < ω < p, rR

S ∈ (0; 1)
}
;

XR = {q (ϕ, ω) |q ≥ 0} .

Thus, the modi�ed revenue-sharing ontrat with trade redit �naning of the

retailer is de�ned with a ombination of following four parameters:

(
ϕ, ω, q, rR

S
)
.

Its de�nition deviates from the traditional revenue-sharing ontrat (Cahon, 2003)

by inlusion of parameter

rR
S
.

The expeted pro�t for one transation is onsidered as a payo� funtion both

for the supplier (E[πS ]) and the retailer (E[πR]):

E [πS ] = E [πS ]
(
ϕ, ω, rR

S , q
)
= E [πS ]

(
ϕ, ω

(
ϕ, rR

S
)
, rR

S , q
(
ϕ, ω (ϕ) , rR

S
))
,

E [πR] = E [πR]
(
ϕ, ω, rR

S , q
)
= E [πR]

(
ϕ, ω (ϕ) , rR

S , q
(
ϕ, ω (ϕ) , rR

S
))
.

It is assumed that when hoosing a strategy, the players at rationally, and aim

to maximize their pro�ts, while the ase in whih one player gets the entire pro�t

is exluded.

For solving supply hain oordination problem, the de�nition of a oordinating

modi�ed revenue sharing ontrat is also based on the one proposed by Berezinets

et al. (2019). Let E [πSC ] (q) denote the supply hain pro�t expetation, and q∗SC

is the loal point for maximum point for this funtion: that is, E [πSc] (q
∗
SC) =

max
q

E [πSC ] (q). Let us de�ne a oordinating modi�ed revenue-sharing ontrat.

De�nition 3. A modi�ed revenue-sharing ontrat

(
ϕ∗,ω∗, rR

S∗

, q∗

)
will oor-

dinate the supply hain if the following onditions are met:

(1) max
q

E[πR]
(
ϕ, rR

S , ω, q
)
= E[πR]

(
ϕ, rR

S , ω, q∗R
(
ϕ, rR

S , ω
))
, for any

(
ϕ, rR

S , ω
)
∈ XS ;

(2) there is a funtion ω∗
(
ϕ, rR

S
)
, for whih the following is orret:

q∗R(ϕ, rR
S , ω∗

(
ϕ, rR

S
)
) = q∗SC = q∗, for any

(
ϕ, rR

S , ω
(
ϕ, rR

S
))

∈ XS ;
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(3) max
(ϕ,rRS)∈D(ω∗,q∗)

E[πS ]
(
ϕ, rR

S , ω∗
(
ϕ, rR

S
)
, q∗
)

= E[πS ]
(
ϕ∗, rR

S∗
, ω∗, q∗

)
,

where ω∗ = ω∗
(
ϕ∗, rR

S∗
)
,D(ω∗, q∗) =

{
(ϕ, rR

S)|
(
ϕ, rR

S , ω∗
(
ϕ, rR

S
))

∈ XS

}
.

Thus, the determination of the parameters of a oordinating ontrat onsists of

the following steps:

1) Determination of the optimal order volume for the retailer (q∗R);
2) Determination of the optimal order volume for the supply hain (q∗SC);

3) Determination of the wholesale prie value ω∗
, for whih the optimal order

volume for the retailer oinides with the optimal order volume for the supply

hain (q∗R = q∗SC = q∗);
4) Determination of the parameters ϕ and rR

S
, for whih the expeted pro�t of

the supplier (E[πS ]) is maximized for obtained q∗and ω∗
.

The expressions for the supplier, retailer, and supply hain pro�ts are as follow-

ing:

πR
(
ϕ, rR

S , ω, q
)
= (1− ϕ) pτ − (ω + cR)

(
1 + rR

S
)
q +KRrR

S , (18)

πS
(
ϕ, rR

S , ω, q
)
= ϕpτ +

(
(ω + cR) rR

S + (ω − cs)
)
q −KRrR

S , (19)

πSC (q) = pτ − cq. (20)

Respetively, the expeted pro�ts of the parties and the supply hain are as follow-

ing:

E [πR]
(
ϕ, rR

S , ω, q
)
= (1− ϕ) pE [τ ]− (ω + cR)

(
1 + rR

S
)
q +KRrR

S =

= (1− ϕ) p

(
q −

∫ q

0

Fξ (x) dx

)
− (ω + cR)

(
1 + rR

S
)
q +KRrR

S , (21)

E [πS ]
(
ϕ, rR

S , ω, q
)
= ϕpE [τ ] +

(
(ω + cR) rR

S + (ω − cs)
)
q −KRrR

S =

= ϕp

(
q −

∫ q

0

Fξ (x) dx

)
+
(
(ω + cR) rR

S + (ω − cs)
)
q −KRrR

S , (22)

E [πSC ] (q) = pE [τ ]− cq = p

(
q −

∫ q

0

Fξ (x) dx

)
− cq. (23)

As the retailer is assumed to be in need of short-term �naning, the following

inequation is held: (ω + cR) q −KR > 0.
Determination of the optimal order volume for the retailer (q∗R)
The retailer hooses order volume q from the supplier being familiar with the

supplier's o�ers on the values of ϕ, rR
S
and ω. Aording to the de�nition 3 of

a oordinating ontrat, the retailer hooses the volume q that will maximize his

pro�t expetation E [πR] (ϕ, rR
S , ω, q). Thus, we need to �nd the stationary point

of funtion E [πR] (ϕ, rR
S , ω, q), onsidering it as a funtion of single variable q. For

that, alulation of the �rst derivative is done, and it is equaled to zero:

∂E [πR]
(
ϕ, rR

S , ω, q
)

∂q
= (1− ϕ) p (1− Fξ (q))− (ω + cR)

(
1 + rR

S
)
= 0.
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From the expression above:

Fξ (q) =
(1− ϕ) p− (ω + cR)

(
1 + rR

S
)

(1− ϕ) p
.

Aording to the assumption of Fξ (x) and, onsequently, of Fξ (q) being stritly in-
reasing, it has an inverse funtion. Thus, the stationary point q0R of E [πR] (ϕ, rR

S , ω,
q) an be found:

q0R = F−1
ξ

(
(1− ϕ) p− (ω + cR)

(
1 + rR

S
)

(1− ϕ) p

)
.

To examine whether the found stationary point is the loal point for maximum point

for funtion E [πR] (ϕ, rR
S , ω, q) the seond derivative of this funtion is alulated.

Aording to the stated previously onditions, ϕ < 1 and density funtion fξ (x) is
positive, thus, the seond derivative is always negative at the stationary point:

∂2E [πR]
(
ϕ, rR

S , ω, q
)

∂q2
= (1− ϕ) p

(
−fξ

(
q0
))
< 0.

Therefore, the stationary point q0R is the loal point for maximum point q∗R for

funtion E [πR]
(
ϕ, rR

S , ω, q
)
:

q0R = q∗R = F−1
ξ

(
(1− ϕ) p− (ω + cR)

(
1 + rR

S
)

(1− ϕ) p

)
. (24)

Determination of the optimal order volume for the supply hain (q∗SC)
The next step of oordinating ontrat onstrution is to de�ne the optimal

wholesale prie ω∗
, for whih the following ondition is met:

q∗R = q∗SC ,

where q∗SC is the loal point for maximum point for the supply hain's expeted

pro�t E [πSC ] (q).
The �rst derivative of funtion E [πSC ] (q) and the neessary extreme ondition

of this funtion are as follows:

∂E [πSC ] (q)

∂q
= p (1− Fξ (q))− c = 0,

and, onsequently,

Fξ (q) =
p− c

p
.

The expression of the stationary point q0SC is derived:

q0SC = F−1
ξ

(
p− c

p

)
.

The seond derivative of funtion E [πSC ] (q) is presented. Similarly to the retailer's

ase it an be shown that the stationary point q0SC will be the loal point for

maximum point for funtion E [πSC ] (q):

∂2E [πSC ] (q)

∂q2
= p

(
−fξ

(
q0
))
< 0,
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q0SC = q∗SC = F−1
ξ

(
p− c

p

)
. (25)

Determination of the wholesale prie value ω∗

From the ondition of q∗R = q∗SC , we have the following:

F−1
ξ

(
(1− ϕ) p− (ω + cR)

(
1 + rR

S
)

(1− ϕ) p

)
= F−1

ξ

(
p− c

p

)
.

Aording to the assumption of stritly inreasing funtion Fξ (x), the following

equality holds:

(1− ϕ) p− (ω + cR)
(
1 + rR

S
)

(1− ϕ) p
=
p− c

p
.

From the previous equation, the funtion of ω∗
is found whih enables us to �nd the

order volume of produt q∗ = q∗R = q∗SC , resulting in maximizing both the retailer's

and the supply hain's pro�t expetation:

ω∗ = cs − c
ϕ+ rR

S

1 + rRS
. (26)

The existing onditions (ω < p, 0 < rR
S < 1, 0 < ϕ < 1) do not hange

the restritions of ϕ and rR
S
, meaning that for all ϕ and for all rR

S
from the

available set we are able to ontinue oordination onstrution. Moreover, as an

be seen, optimal wholesale prie ω∗
is also less than a unit prodution ost cs. This

disrepany is overed with the share of the retailer's revenue transferred at the end

of the selling season.

Determination of the parameters ϕ and rR
S

Up to now the parameters q∗ (24) and ω∗
(26) are found, whih omply with

the �rst two onditions of de�nition 3 of a oordinating ontrat, i.e. the proper-

ties of individual rationality for the retailer (maximization of retailer's expeted

pro�t) and olletive rationality for the supply hain (maximization of supply hain

expeted pro�t) are ful�lled. The next step will be done to �nd suh values for pa-

rameters ϕ and rR
S
, whih provide the maximum of the supplier's expeted pro�t.

For this aim, the obtained values of parameters q∗ and ω∗
are put into the expres-

sion for the supplier's pro�t expetation, and the �rst derivative of the funtion

E [πS ] (ϕ, rR
S , ω∗, q∗), whih under �xed values (ω∗, q∗) beomes the funtion of a

two variables: ϕ and rR
S
, is alulated.

The expression for funtion E[πs](ϕ, rR
S , ω∗, q∗) is as follows:

E [πs]
(
ϕ, rR

S , ω∗, q∗
)
= ϕp

(
q∗ −

∫ q∗

0

Fξ (x) dx

)
+
(
(ω∗ + cR) rR

S+

+(ω∗ − cs)) q
∗ −KRrR

S .

Putting the expressions for q∗ (24) and ω∗
(26) into it, we get:

E [πs]
(
ϕ, rR

S , ω∗, q∗
)
= ϕ

[
(p− c)F−1

ξ

(
p− c

p

)
− p

∫ F−1
ξ ( p−c

p )

0

Fξ (x) dx

]
−

−KRrR
S . (27)
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For the stationary point M0

(
ϕ, rR

S
)
obtaining the �rst partial derivatives of the

funtion E [πS ]
(
ϕ, rR

S , ω∗, q∗
)
are alulated:





∂E[πs](ϕ,rR
S ,ω∗,q∗)

∂ϕ = (p− c)F−1
ξ

(
p−c
p

)
− p

∫ F−1
ξ ( p−c

p )
0 Fξ (x) dx 6= 0

∂E[πs](ϕ,rR
S ,ω∗,q∗)

∂rRS = −KR 6= 0.

The neessary extreme ondition of the funtion is not ful�lled, onsequently, we an

onlude that the maximum of funtion E [πS ]
(
ϕ, rR

S , ω∗, q∗
)
in the set D (ω∗, q∗)

does not exist. It means that it is not possible to �nd a ombination of parameters(
ϕ∗, rR

S∗
, ω∗, q∗

)
that omplies with all onditions of oordinating ontrat de�ni-

tion 3 (the property of the individual rationality for the supplier (maximization of

supplier's expeted pro�t) is not ful�lled), so the modi�ed revenue-sharing ontrat

does not oordinate the supply hain.

Even though, the modi�ed revenue-sharing ontrat annot maximize the sup-

plier's expeted pro�t and does not unonditionally oordinate the supply hain, it

is possible that under this ontrat the supplier's pro�t expetations are still greater

than without it. If it is ahieved, then the ontrat is a onditionally oordinating

ontrat.

De�nition 4. If there is a modi�ed revenue-sharing ontrat with trade redit

�naning

(
ϕ0, rR

S0

,ω0, q∗
)
that omplies with onditions 1 and 2 of de�nition 3,

and the following inequation is true,

E [πS ]
(
ϕ0, rR

S0
, ω0, q∗

)
> E [πS ]

(
rR

S0
, ω0, q∗

)
,

where ω0 = ω∗
(
ϕ0, rR

S0
)
, we an all it a onditionally oordinating ontrat.

Thus, for a onditionally oordinating modi�ed revenue-sharing ontrat(
ϕ0, rR

S0
, ω0, q∗

)
the supplier's expeted pro�t will be greater than in the ase

of a modi�ed wholesale-prie ontrat with trade redit �naning with parame-

ters (rR
S0
, ω0, q∗) whih are ahieved by seletion of parameters ϕ and rR

S
, whih

are denoted by (ϕ0, rR
S0

) in de�nition 4 and this set of parameters is denoted by

D0 (ω∗, q∗).
As here we test the modi�ed revenue-sharing ontrat against the modi�ed

wholesale-prie ontrat, i.e. we are interested in the impat of the presene of

parameter ϕ on the expeted pro�t of the supplier under the modi�ed revenue-

sharing ontrat, we assume that the parameter rR
S0

is hosen the same for both

ontrats (rR
S0mrsh

= rR
S0mw

= rR
S0
).

For the ease of analysis, the expressions for the expeted pro�ts of the supplier,

retailer and the supply hain are presented in the Table 4.

The same as in the ase of the revenue-sharing ontrat with bank �naning,

the expeted pro�t of the supplier an be written in the following way, from whih

it is obvious that the supplier's expeted pro�t under the modi�ed revenue-sharing

ontrat with trade redit �naning will be greater if the seond term in a sum is

positive, what is atually the ase for any values of parameters ϕ and rR
S
from the

available set:
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Table 4. Expressions for expeted pro�ts of the supply hain and its parties for a produt

with demand distributed as uniformly

Supply hain Supplier Retailer

Modi�ed revenue-sharing ontrat with trade redit �naning

E [πSC ]
mrsh

E [πS]
mrsh

E [πR]
mrsh

p
(
q − q2

2β

)
− cq

ϕp

(
q −

q2

2β

)
+

+(ω + cR) qrR
S+

+(ω − cs) q −KRrR
S

(1− ϕ) p

(
q −

q2

2β

)
−

− (ω + cR)
(
1 + rR

S
)
q +KRrR

S ,

Modi�ed wholesale-prie ontrat with trade redit �naning

E [πSC ]
mw

E [πS]
mw

E [πR]
mw

p
(
q − q2

2β

)
− cq

(ω + cR) qrR
S+

+(ω − cs) q −KRrR
S

p

(
q −

q2

2β

)
−

− (ω + cR)
(
1 + rR

S
)
q +KRrR

S ,

E [πS ]
mrsh (

ϕ, rR
S , ω∗, q∗

)
= E [πS ]

mw (
rR

S , ω∗, q∗
)
+ ϕp

(
q∗ − q∗2

2β

)
. (28)

The results and �ndings are like the revenue-sharing ontrat with bank �nan-

ing. The optimal wholesale prie ω∗
under the modi�ed revenue-sharing ontrat

with trade redit �naning is lower than the prodution osts cS , what is inapplia-
ble for the modi�ed wholesale-prie ontrat as it leads to the losses of the supplier

for any retailer's order quantity q and suh ontrat will not be signed. On the other
side, the optimal wholesale prie in ase of the modi�ed wholesale-prie ontrat is

equal to the prodution osts, and its appliation instead of the optimal wholesale

prie of the modi�ed revenue-sharing ontrat also leads to the dominane by the

modi�ed revenue-sharing ontrat as in this ase the expeted pro�t of the supplier

deviates from zero. Based on omparison of supply hain's parties expeted pro�ts

we an say that the supplier is able to redistribute the supply hain's pro�t through

the parameter ϕ hoie for her bene�t. Under the assumption made, the parameter

rR
S
has no impat on the pro�t distribution as it is hosen that way that it is of

the same value for both ontrats.

Thus, for any

(
ϕ0, rR

S0
)
from the set D0 (ω∗, q∗) = {(ϕ0, rR

S0
) : 0 < ϕ0 <

1, 0 < rR
S0
< 1} the inspeted modi�ed revenue-sharing ontrat with trade redit

�naning

(
ϕ0, rR

S0
, ω∗(ϕ0, rR

S0
), q∗

)
is onditionally oordinating aording to the

de�nition 4.

6. Comparison of the Modi�ed Revenue-Sharing Contrat with Trade

Credit Finaning and the Revenue-Sharing Contrat with Bank

Finaning under the Assumption that Demand is Distributed as

Uniformly

As it is derived above, both ontrats the revenue-sharing ontrat with bank

�naning and the modi�ed revenue-sharing with trade redit �naning are ondi-

tionally oordinating aording to the de�nitions 2 and 4 respetively, thus, the
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supplier performs better in ase of their appliation than in ase of appliation of

the wholesale-prie ontrat with bank �naning and the modi�ed wholesale-prie

ontrat with trade redit �naning respetively. But the results derived tell us

only about the bene�ts of inlusion of supplier's revenue share parameter ϕ and

say nothing about the hoie of supplier's interest rate parameter rR
S
. To deide

whether the modi�ed revenue-sharing ontrat with trade redit �naning is worth

applying, the omparison between the ontrats of the same type but implying dif-

ferent soures of �naning (modi�ed revenue-sharing ontrat with trade redit and

revenue-sharing ontrat with bank �naning) should be onduted.

For the ease of omparison and analysis, the expressions for the expeted pro�ts

of the supplier, retailer, and the supply hain for these two ontrats under the

assumption of the demand being distributed as uniformly are presented in Table 5.

Table 5. Expressions for expeted pro�ts of the supply hain and its parties for a produt

with demand distributed as uniformly

Supply hain Supplier Retailer

Modi�ed revenue-sharing ontrat with trade redit �naning

E [πSC ]
mrsh

E [πS ]
mrsh

E [πR]
mrsh

p
(
q − q2

2β

)
− cq

ϕp

(
q −

q2

2β

)
+

+(ω − cs) q+

+((ω + cR) q −KR) rR
S

(1− ϕ) p

(
q −

q2

2β

)
−

− (ω + cR)
(
1 + rR

S
)
q +KRrR

S,

Revenue-sharing ontrat with bank �naning

E [πSC]
rsh

E [πS ]
rsh

E [πR]
rsh

p

(
q −

q2

2β

)
− cq−

− ((ω + cr) q −Kr) rR
B

ϕp

(
q −

q2

2β

)
+

+(ω − cS) q

(1− ϕ) p

(
q −

q2

2β

)
−

− (ω + cR)
(
1 + rR

B
)
q +KRrR

B,

As an be seen, when the retailer deides to use bank �naning there is a �nan-

ial out�ow in terms of the supply hain pro�t what makes it less than in ase of

trade redit �naning. It is stated above that in both ases it is possible to ahieve

maximum of the retailer's expeted pro�t through the deision on the order quan-

tity q. But as it is seen, in ase of trade redit �naning the supplier is able to

in�uene her expeted pro�t and the expeted pro�t of the supply hain through

the implementation of a modi�ed revenue-sharing ontrat and hoosing the inte-

rest rate rR
S
. Thus, the extended de�nition of a onditionally oordinating modi�ed

revenue-sharing ontrat with trade redit �naning an be presented as follows.

De�nition 5. If there is a modi�ed revenue-sharing ontrat with trade redit

�naning

(
ϕ′, rR

S
′

,ω′, q∗
)
that omplies with onditions 1, 2 and 3 of de�nition

4, and the following inequation is true,

E [πS ]
mrsh

(
ϕ′, rR

S′

, ω′, q∗
)
> E [πS ]

rsh
(ϕ′, ω′, q∗) ,

where ω′ = ω∗
(
ϕ′, rR

S′
)
, we an all it a onditionally oordinating ontrat.
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Thus, for a onditionally oordinating modi�ed revenue-sharing ontrat(
ϕ′, rR

S′

, ω′, q∗
)
the supplier's expeted pro�t will be greater than in the ase of a

revenue-sharing ontrat with bank �naning with parameters (ϕ′, ω′, q∗) whih are

ahieved by seletion of a parameter ϕ and rR
S
, whih are denoted by (ϕ′, rR

S′

) in
de�nition 5 and this set of parameters is denoted by D′ (ω∗, q∗).

As here we test the modi�ed revenue-sharing ontrat with trade redit �naning

against the revenue-sharing ontrat with bank �naning, i.e. we are interested in

the impat of the presene of parameter rR
S
on the expeted pro�t of the supplier

under the modi�ed revenue-sharing ontrat with trade redit �naning, we assume

that the parameter ϕ′
is hosen the same for both ontrats (ϕ′mrsh = ϕ′rsh = ϕ′

).

Under the assumption of the supply hain parties ating rationally, the retailer's

order quantity deision q, whih is aimed at maximization of the retailer's pro�t, is

a�eted by the ontrat parameters and will be di�erent for the modi�ed revenue-

sharing ontrat with trade redit �naning and the revenue-sharing ontrat with

bank �naning, even if the optimal wholesale prie ω∗
used is the same.

For testing the modi�ed revenue-sharing ontrat with trade redit �naning to

be onditionally oordinating aording to the de�nition 5, the �xed wholesale prie

ωfix
, whih ful�lls the ondition 2 from de�nition 3 (q∗mrsh

R (ϕ, rR
S , ω∗

(
ϕ, rR

S
)
) =

q∗mrsh
SC ), is set to be applied to eah of the two ontrats for further omparison

of values of the supplier's expeted pro�t under eah of these ontrats. Then, the

expressions for the optimal order volume in ase of the modi�ed revenue-sharing

ontrat with trade redit �naning and the revenue-sharing ontrat with bank

�naning are as follows respetively:

q∗mrsh
R = β

(1− ϕ) p−
(
ωfix + cR

) (
1 + rR

S
)

(1− ϕ) p
= β

p− c

p
, (29)

q∗rshR = β
(1− ϕ) p−

(
ωfix + cR

) (
1 + rR

B
)

(1− ϕ) p
. (30)

Substituting ωfix
with the expression (26) for the optimal wholesale prie for the

modi�ed revenue-sharing ontrat derived previously, we get:

q∗rshR = β
p− c 1+rR

B

1+rRS

p
. (31)

Aording to the assumptions and statements made previously, the expressions for

derivation of the supplier's expeted pro�t under the modi�ed revenue-sharing on-

trat with trade redit �naning and the revenue-sharing ontrat with bank �nan-

ing an be presented as follows:

E [πS ]
mrsh

= ϕp

(
q∗mrsh
R − q∗mrsh

R

2

2β

)
+
(
ωfix − cs

)
q∗mrsh
R +

+
((
ωfix + cR

)
q∗mrsh
R −KR

)
rR

S ,

E [πS ]
rsh

= ϕp

(
q∗rshR − q∗rshR

2

2β

)
+
(
ωfix − cS

)
q∗rshR .
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For the modi�ed revenue-sharing ontrat with trade redit �naning to be a

onditionally oordinating ontrat aording to the de�nition 5, the supplier's ex-

peted pro�t under this ontrat (E [πS ]
mrsh

) must be greater than the supplier's

expeted pro�t under the revenue-sharing ontrat with bank �naning (E [πS ]
rsh

),

i.e.:

E [πS ]
mrsh − E [πS ]

rsh > 0.

After the substitution and transformation of the inequation, we get the following:

ϕp
(
q∗mrsh
R − q∗rshR

)(
1− 1

2β

(
q∗mrsh
R + q∗rshR

))
+

+
(
ωfix − cs

) (
q∗mrsh
R − q∗rshR

)
+
(
(ω + cR) q

∗mrsh
R −KR

)
rR

S > 0.

Substituting q∗mrsh
R and q∗rshR with the expressions (29) and (31) derived previously,

we obtain:

βc

p

(
rR

S − rR
B

1 + rRB

)[
ϕp

(
2p
(
1 + rR

B
)
− c

(
2 + rR

S + rR
B
)

2p (1 + rRB)

)
− c

ϕ+ rR
S

1 + rRS

]
+

+

(
βc

(1− ϕ) (p− c)

p (1 + rRS)
−KR

)
rR

S > 0. (32)

Transforming the inequation (32), we get the following:

ϕpcrR
S3

+ rR
S2

(
ϕp
(
3c− 2p

(
1 + rR

B
))

+
2pKR

(
1 + rR

B
)2

βc

)
+

+rR
S
(
2
((
1 + rR

B
) (
p
(
1 + rR

B
)
(ϕ− 1) + c

(
1 + rR

B (ϕ+ 2)
))

+

+ϕp
(
1− rR

B
) (
c− p

(
1 + rR

B
)))

− ϕpcrR
B2 − 2pKR

(
1 + rR

B
)2

βc

)
+

+rR
B
(
ϕp
(
(p− c)

(
rR

B − 2
))

− 2c
(
ϕ+ rR

B
) (

1 + rR
B
))
< 0. (33)

Solution of the inequation (33) gives us the boarders of the supplier's interest rate

values, within whih the supplier's expeted pro�t is greater under the modi�ed

revenue-sharing ontrat with trade redit �naning than under the revenue-sharing

ontrat with bank �naning under the assumption of the supplier's revenue share

ϕ to be the same for both ontrats.

Thus, for any

(
ϕ′, rR

S′
)
from the set D′ (ω∗, q∗) = {(ϕ′, rR

S′

) : 0 < ϕ′ < 1, 0 <

rR
S′

< 1, rR
S′ ∈

(
rR

S ; rRS
)
}, where rRS

and rRS
are upper and lower boarders

derived from the inequation (33), the inspeted modi�ed revenue-sharing ontrat

with trade redit �naning

(
ϕ′, rR

S′

, ω∗(ϕ′, rR
S′

), q∗
)
is a onditionally oordina-

ting aording to the de�nition 5.

Up till now the supplier's revenue share ϕ was assumed to be equal for both

observed ontrats, but unknown. The solution for the supplier's revenue share

parameter ϕ hoie problem is done the following way.
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Realling the expressions for the optimal order volume q∗ alulation for the

revenue-sharing ontrat with bank �naning (7) and the modi�ed revenue-sharing

ontrat with trade redit �naning (24), it is seen that in ase of the supplier's and

bank's interest rates being equal the supplier an in�uene the order volume through

the supplier's revenue share value ϕ and the wholesale prie value ω, whih optimal

value in turn depends on ϕ aording to the expressions derived (refer to (9) and

(26) respetively). Then, to obtain the restritions for the supplier's revenue share ϕ
for the modi�ed revenue-sharing ontrat the omparison between revenue-sharing

ontrat with bank �naning and the modi�ed revenue-sharing ontrat with trade

redit �naning in terms of supplier's expeted pro�t values is onduted. Here, in

the ontrast to the supplier's interest rate rR
S
restritions derivation the optimal

wholesale pries ω∗
are assumed to be di�erent and alulated as shown in (9) and

(26) respetively, the supplier's interest rate rR
S
is assumed to be equal to the

bank's one. Thus, we make a hoie whih type of �naning the retailer should

be hosen by the supplier orresponding to the desired revenue share without the

interest rate impat.

The expressions for the supplier's expeted pro�t values alulation in ase of

revenue-sharing ontrat with bank �naning and modi�ed revenue-sharing ontrat

with trade redit �naning are as follows respetively:

E [πS ]
rsh

= ϕrshp

(
qrsh − qrsh

2

2β

)
+
(
ωrsh − cS

)
qrsh,

E [πS ]
mrsh

= ϕmrshp

(
qmrsh − qmrsh2

2β

)
+

+
(
ωmrsh − cs

)
qmrsh +

((
ωmrsh + cR

)
qmrsh −KR

)
rR

S .

Assume rR
S = rR

B = rR, ϕ
mrsh = ϕrsh = ϕ and substitute qrsh with (30),

qmrsh
(29), ωrsh

with (9) and ωmrsh
with (26) respetively:

E [πS ]
rsh

=
βϕp

2

(
1− c

p

1 + rR
1 + ϕrR

)2

,

E [πS ]
mrsh

= βϕ
(p− c)

2

2p
−KRrR.

For the modi�ed revenue-sharing ontrat with trade redit �naning to be

preferable in omparison to the revenue-sharing ontrat with bank �naning for

the supplier his expeted pro�t value under the �rst ontrat should be greater than

under the seond one, i.e.:

E [πS ]
mrsh − E [πS ]

rsh
> 0,

or

βϕ
(p− c)

2

2p
−KRrR − βϕp

2

(
1− c

p

1 + rR
1 + ϕrR

)2

> 0.

After the transformation done, the following inequation is derived:
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ϕ3 (rR (c− 2p)) + 2ϕ2

(
p (rR − 1) + c− pKRrR

2

βc

)
+

+ ϕ

(
2 (p− c)− crR − 4pKRrR

βc

)
− 2pKR

βc
> 0. (34)

Solution of the inequation (34) gives us the restritions for the supplier's revenue

share values, within whih the supplier's expeted pro�t is greater under the mod-

i�ed revenue-sharing ontrat with trade redit �naning than under the revenue-

sharing ontrat with bank �naning and thus the trade redit �naning is more

preferable for the supplier if the supplier's interest rate oinides with the bank's

one.

7. Constrution of a Coordinating Modi�ed Revenue-Sharing Contrat

with Trade Credit Finaning

Data used for numerial example is given by Lin and He (2019).

The following information is available for a supply hain onsisting of a supplier

and a retailer: p = $4, cR = $0.11, cs = $0.89, c = $1, rR
B = 9%, demand for the

realized produt is a random variable and distributed as uniformly on the interval

[0;100℄. There is no information about the retailer's ash available, but aording to

the assumptions made its value should ful�ll the following ondition: (ω + cR) q −
KR > 0, meaning that the retailer needs a short-term �naning.

On the �rst step, the alulation of the optimal order volume value q∗mrsh
R under

the modi�ed revenue-sharing ontrat with trade redit �naning is done:

q∗mrsh
R = β

p− c

p
= 100

4− 1

4
= 75.

On the seond step, the alulation of the wholesale prie ω = ω∗
aording to (26)

is done:

ω∗ = cs − c
ϕ+ rR

S

1 + rRS
= 0.89− ϕ+ rR

S

1 + rRS
.

As it is required that KR < (ω + cR) q, then

KR < 75
1− ϕ

1 + rRS
.

To estimate approximate universal value of KR the Solver (MS Exel) is used to

alulate the maximum value of

1−ϕ
1+rRS for parameters from available set, onse-

quently, the smallest possible value of KR, whih turns out to be $1.49. For further

alulations KR = $1 is taken.

On the third step, the expeted pro�t of the supplier for both modi�ed revenue-

sharing ontrat with trade redit �naning and revenue-sharing ontrat with bank

�naning is alulated. For this purpose, the two following situations are onsidered.

1) ϕmrsh = ϕrsh = ϕ, i.e., the deision variable here is only rR
S
.

Aording to (33), the restrition for the value of rR
S
to provide the supplier's

expeted pro�t to be greater under the modi�ed revenue-sharing ontrat than

under the revenue-sharing ontrat with bank �naning looks as follows:

4ϕrR
S3

+ rR
S2

(0.1− 22.88ϕ)− rR
S (14.79ϕ+ 7.03)− 2.26ϕ− 0.02 < 0.
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The simulation is done aross di�erent values of supplier's revenue share ϕ and

the inequation is solved with the respetive values. The results show that for any

value of supplier's interest rate rR
S
from available set under the assumption of the

same values of ϕ and ω for both ontrats the supplier performs better applying

the modi�ed revenue-sharing ontrat with trade redit �naning than the revenue-

sharing ontrat with bank �naning.

Let us assume that ϕ = 15% and rR
S = rR

B = 9%. Then the wholesale prie ω∗

equals to $0.83, KR < $58.49, the supply hain, supplier's and retailer's expeted

pro�t values under the modi�ed revenue-sharing ontrat with trade redit �naning

and revenue-sharing ontrat with bank �naning are as follows respetively:

E [πSC ]
mrsh

= $112.5,E [πS ]
mrsh

= $16.79,E [πR]
mrsh

= $95.71,

E [πSC ]
rsh

= $102.51,E [πS ]
rsh

= $11.61,E [πR]
rsh

= $90.9.

As an be seen the trade redit �naning appliation is pro�table for every

supply hain party and the supply hain itself.

The graphs of the expeted pro�t of the supplier under the modi�ed revenue-

sharing ontrat with trade redit �naning and revenue-sharing ontrat with bank

�naning are onstruted under the assumption of ϕ = 15% (Figure 3), ϕ = 50%
(Figure 4) and ϕ = 80% (Figure 5), where horizontal axis stands for deviation of

the supplier's interest rate rR
S
from the bank's interest rate rR

B
.

Fig. 3. Supplier's expeted pro�t under di�erent ontrats with ϕ = 15% Soure: authors

own.

Atually, the referene point for supplier's interest rate parameter rR
S
hoie is

the bank's interest rate rR
B
. It is stated that the supplier an hoose any interest

rate value and still gain more in ase of trade redit �naning provision, but it is
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Fig. 4. Supplier's expeted pro�t under di�erent ontrats with ϕ = 50%. Soure: authors
own.

obvious that the retailer being aware of the bank's interest rate value will deline the

proposed modi�ed revenue-sharing ontrat if the supplier's interest rate is muh

greater than the bank's interest.

2) rR
S = rR

B = rR, i.e., the deision about the soure of �naning is made and

the deision variable here is ϕ.

Aording to (34), the restrition for the value of ϕ to provide the supplier's

expeted pro�t to be greater under the modi�ed revenue-sharing ontrat than

under the revenue-sharing ontrat with bank �naning looks as follows:

−0.63ϕ3 − 5.28ϕ2 + 5.9ϕ− 0.08 > 0.

The inequation is true if the supplier's revenue share ϕ belongs to the open interval

(0.014; 0.986). It means that the modi�ed revenue-sharing ontrat with trade redit

should be hosen if the desired level of supplier's revenue share value is greater than

1.4%, but less than 98.6%.

It is also empirially demonstrated that the inrease in retailer's ash available

has a dramati impat on the supplier's revenue share value restrition. If instead of

onsidering KR = $1 it is assumed to be, for example, KR = $15, what still follows
the ondition KR < (ω + cR) q, then the inequation (34) looks as follows:

−0.63ϕ3 − 5.29ϕ2 + 5.69ϕ− 1.2 > 0.

The inequation is true if the supplier's revenue share ϕ belongs to the open interval

(0.294; 0.69), thus, the modi�ed revenue-sharing ontrat with trade redit should

be hosen if the desired level of supplier's revenue share value belongs to this open

interval.
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Fig. 5. Supplier's expeted pro�t under di�erent ontrats with ϕ = 80%. Soure: authors
own.

Let us assume that KR = $15, rR
S = rR

B = 9% and ϕmrsh = ϕrsh = 0.5.
Then the wholesale prie ω∗mrsh

equals to $0.35, ω∗rsh
equals to $0.37, the supply

hain, supplier's and retailer's expeted pro�t values under the modi�ed revenue-

sharing ontrat with trade redit �naning and revenue-sharing ontrat with bank

�naning are as follows respetively:

E [πSC ]
mrsh

= $112.5,E [πS ]
mrsh

= $54.9,E [πR]
mrsh

= $57.6,

E [πSC ]
rsh = $110.64,E [πS ]

rsh = $54.65,E [πR]
rsh = $56.

As an be seen the trade redit �naning appliation is pro�table for every

supply hain party and the supply hain itself if the supplier's revenue share lays in

the restrited open interval.

Now assume that KR = $15, rR
S = rR

B = 9% and ϕmrsh = ϕrsh = 0.15.
Then the wholesale prie ω∗mrsh

equals to $0.67, ω∗rsh
equals to $0.73, the supply

hain, supplier's and retailer's expeted pro�t values under the modi�ed revenue-

sharing ontrat with trade redit �naning and revenue-sharing ontrat with bank

�naning are as follows respetively:

E [πSC ]
mrsh

= $112.5,E [πS ]
mrsh

= $15.53,E [πR]
mrsh

= $96.98,

E [πSC ]
rsh

= $108.26,E [πS ]
rsh

= $16.04,E [πR]
rsh

= $92.22.

As an be seen even though modi�ed revenue-sharing ontrat with trade redit

�naning appliation is pro�table for supply hain and the retailer, supplier gains

less than under the revenue-sharing ontrat with bank �naning.
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The graphs of the expeted pro�t of the supplier under the modi�ed revenue-

sharing ontrat with trade redit �naning and revenue-sharing ontrat with bank

�naning are onstruted under the assumption of KR = $15 (Figure 6).

Fig. 6. Supplier's expeted pro�t under di�erent ontrats withKR = $15. Soure: authors
own.
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8. Conlusion

In this paper, the supply hain oordination problem was studied. Aording to

the problem stated the supply hain is oordinated when the supply hain pro�t is

maximized, thus, the solution of the supply hain maximization problem was trans-

formed into solving the problem of supply hain oordination and the oordination

mehanism studied is ontrats.

The ontratual relationships between two risk-neutral supply hain parties: a

supplier and a retailer were examined. It is assumed that the retailer does not

have enough ash available to pay for the order immediately and needs short-term

�naning until the moment the demand is realized. In this ase, a trade redit and

a bank loan are onsidered as alternative short-term �naning soures. A modelling

of ontrats is arried out using the game-theoreti approah, a ontrating proess

is onsidered as a two-step game, where the supplier ats as a leader, i.e. takes the

�rst step in making deisions, and the retailer � as a follower, i.e. makes deisions in

response to supplier's deisions. The funtions of winning are the funtions of the

expeted pro�ts, and the strategy here is the hoie of ontrat parameters.

For the ase when the retailer uses a bank loan as short-term �naning soure, a

revenue-sharing ontrat with bank �naning is onsidered. The parameters of this

ontrat are idential to those of the traditional revenue-sharing ontrat, and the

bank's interest rate is an external fator. Aording to the de�nition of a oordi-

nating ontrat used, the parameters of the ontrat should be seleted from the

available set of values in suh a way as to ensure the maximum of the expeted pro�t

values of the supply hain and its parties. It was demonstrated that the revenue-

sharing ontrat with bank �naning does not oordinate the supply hain, beause

the maximum of supplier's expeted pro�t is not ahieved. However, it is possible

to onditionally oordinate the supply hain, i.e. provide the maximum of supply

hain and retailer's expeted pro�t, and the supplier's expeted pro�t to exeed the

supplier's expeted pro�t under a wholesale-prie ontrat with bank �naning for

any values of the parameters belonging to the available set. Thus, a revenue-sharing

ontrat with bank �naning provides the supply hain pro�t maximization and is

more pro�table for both supply hain parties.

For the ase when the retailer uses a trade redit as short-term �naning, a

modi�ed revenue-sharing ontrat with trade redit �naning is onsidered. In this

ase in addition to the parameters of a traditional revenue-sharing ontrat the

interest rate proposed by the supplier is inluded. Aording to the de�nition of a

oordinating ontrat used, the parameters of the ontrat inluding the supplier's

interest rate should be seleted from the available set of values in suh a way as to

ensure the maximum of the expeted pro�t values of the supply hain and its parties.

The same as for a revenue-sharing ontrat with bank �naning, it was demonstrated

that the modi�ed revenue-sharing ontrat with trade redit �naning does not

oordinate the supply hain, due to the maximum of supplier's expeted pro�t is not

ahieved. However, it is also possible to onditionally oordinate the supply hain,

i.e. provide the maximum of supply hain and retailer's expeted pro�t, and the

supplier's expeted pro�t to exeed the supplier's expeted pro�t under a modi�ed

wholesale-prie ontrat with trade redit �naning (whih is onstruted similarly

to a modi�ed revenue-sharing ontrat by the supplier's interest rate inlusion as a

parameter) for any values of the parameters belonging to the available set. Thus, a
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modi�ed revenue-sharing ontrat with trade redit �naning provides the supply

hain pro�t maximization and is more pro�table for both supply hain parties.

The appliation of the revenue-sharing mehanism for both types of retailer's

short-term �naning leads to an inrease in the supplier's expeted pro�t level. How-

ever, there is no information about the restritions for the supplier's interest rate as

a parameter and its impat on the supply hain, retailer's, and supplier's expeted

pro�t values. To solve this problem, a new de�nition of a onditional oordination

was introdued for the modi�ed revenue-sharing ontrat with trade redit �nan-

ing. Aording to that, the ontrat should provide the maximum of supply hain

and retailer's expeted pro�t, and the supplier's expeted pro�t to exeed the sup-

plier's expeted pro�t not only under a modi�ed wholesale-prie ontrat with trade

redit �naning, but also under a revenue-sharing ontrat with bank �naning. It

was proved that if the parameters omply with spei�ed restritions the modi�ed

revenue-sharing ontrat an onditionally oordinate the supply hain. It an be

onluded that the modi�ed revenue-sharing ontrat with trade redit �naning

provides the supply hain pro�t maximization and is more pro�table for both sup-

ply hain parties. Thus, the onstrution of a modi�ed revenue-sharing ontrat

with trade redit helps to solve the problem of supply hain pro�t maximization

under the assumption of the short-term �naning neessity for one of the supply

hain parties.

For testing the derived algorithm of oordinating ontrat onstrution, a si-

mulated ase was studied. The external parameters are taken from the artile (Lin

and He, 2019), values of the ontrat's parameters were simulated where needed. In

partiular, di�erent values of retailer's ash available were onsidered. Appliation

of the algorithm derived previously showed that in ase of �xed value of supplier's

revenue share for a modi�ed revenue-sharing ontrat with trade redit �naning

and a revenue-sharing ontrat with bank �naning the supplier performs better

applying any interest rate value from the available set under the modi�ed revenue-

sharing ontrat with trade redit �naning. In ase of having �xed value of interest

rate and retailer's ash available equal to $ 1 for a modi�ed revenue-sharing ontrat

with trade redit �naning and a revenue-sharing ontrat with bank �naning the

supplier performs better under the modi�ed revenue-sharing ontrat with trade

redit �naning if the supplier's revenue share belongs to (0.014;0.986). At the same

time if retailer's ash available equals to $ 15 the supplier performs better under

the modi�ed revenue-sharing ontrat with trade redit �naning if the supplier's

revenue share belongs to (0.294;0.69). As a result, using the simulated ase it was

shown that it is possible to ahieve onditional oordination and maximize the

supply hain expeted pro�t using the modi�ed revenue-sharing ontrat with trade

redit under the assumptions made.

As a result of this paper, the algorithm for derivation of the parameters of a

oordinating and onditionally oordinating ontrats under the assumption of the

short-term �naning neessity for one of the supply hain parties is developed. The

algorithm an be used during negotiations between the supply hain parties to selet

suh values whih are suitable for both parties and the supply hain itself. Thus,

the proposed solution for the supply hain oordination may be useful managerial

tool in deision-making proess while hoosing the ontrat parameters.
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