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Abstract—In this paper, for a class of linear time-invariant
systems with distributed delay, the robust stability conditions
are obtained, and the exponential estimates for the solutions are
constructed. The results are derived within the framework of the
Lyapunov–Krasovskii functionals with a given derivative. The
functional, that does not admit a quadratic lower bound and
therefore is considered to be inappropriate for the robustness
analysis, is used.

I. INTRODUCTION

The present paper focuses on two particular problems,
namely the robustness analysis and the construction of the
exponential estimates for solutions, for linear time-invariant
differential systems with distributed delay. These problems are
treated on the basis of the Lyapunov–Krasovskii functionals
approach that goes back to the works [5] and [11] and was
well developed in the last few decades, see the recent book [7].
In [4], the quadratic functionals with a given time-derivative
(chosen first as a quadratic form of the vector x(t) by analogy
to the classical Lyapunov functions) were presented. Further
the structure of the derivative was refined: it became the func-
tional, and in this way the so-called complete-type functionals
were obtained, see [6] for systems with distributed time delay.
The complete-type functionals were shown to be effective in
solving the problems we address in this paper: for systems
with concentrated delays, they were applied to obtention of
the robustness bounds (see [7]) and to construction of the
exponential estimates (see [8]). The results were generalized
to the distributed delay case in [12] and [13]. The main point,
allowing the functionals to be useful, is that they admit the
quadratic lower bounds, see [12] for the distributed delay case.

In this paper, we present a different approach to deal with
the problems in question. It uses the functionals referred in
[4]. Although there are no quadratic lower bounds for these
functionals, recently it was shown that such bounds exist
on some special set of functions (see Theorem 1) [9]. The
latter result allows to apply the functionals to the robustness
analysis. The examples show that in some cases the robustness
bounds obtained within our approach are significantly less
conservative than those obtained with the help of the complete-
type functionals. Note that methodology of [12] do not work
with the functionals we use. The paper presents an extension
of the work [10] to the distributed delay case.

Notation: Throughout the paper, we use the euclidian norm
for vectors; notation I means the identity matrix; λmin(W ) is
the minimal eigenvalue of the symmetric matrix W.

II. PRELIMINARIES

We consider a linear time-invariant system with distributed
time-delay

ẋ(t) = A0x(t) +A1x(t− h)

+

∫ 0

−h

G(θ)x(t+ θ)dθ, t > 0.
(1)

Here A0, A1 ∈ Rn×n are the constant matrices, h > 0
is the constant delay, and G(θ) is continuous matrix-valued
function. Suppose that the initial function φ(θ), θ ∈ [−h, 0],
is piecewise continuous, and define the uniform norm

∥φ∥h = sup
θ∈[−h,0]

∥φ(θ)∥

on the space of the piecewise continuous functions. Let x(t, φ)
stand for the solution of system (1) with the initial function
φ, and

xt(φ) : θ → x(t+ θ, φ), θ ∈ [−h, 0],

be the segment of solution.
Following the traditional concept (see [1] and [7]), we say

that system (1) is exponentially stable, if there exist γ > 1
and σ > 0 such that

∥x(t, φ)∥ 6 γe−σt∥φ∥h, t > 0, (2)

for every solution of system (1). As the aim of the present
paper is to analyze the robustness and to construct the ex-
ponential estimates for solutions, throughout the paper we
suppose that system (1) is exponentially stable.

In this work, we use the functional whose time-derivative
along the solutions of system (1), dv(xt)/dt, coincides with
the quadratic form −xT (t)Wx(t), where W is a given positive
definite matrix. According to [4] and [7], this functional is of
the form

v(φ) = φT (0)U(0)φ(0) + 2φT (0)

∫ 0

−h

U(−θ − h)A1φ(θ)dθ

+

∫ 0

−h

∫ 0

−h

φT (θ1)A
T
1 U(θ1 − θ2)A1φ(θ2)dθ1dθ2 (3)
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+2φT (0)

∫ 0

−h

(∫ θ

−h

U(ξ − θ)G(ξ)dξ

)
φ(θ)dθ

+2

∫ 0

−h

∫ 0

−h

φT (θ1)A
T
1

(∫ θ2

−h

U(h+ θ1 − θ2 + ξ)G(ξ)dξ

)

×φ(θ2)dθ1dθ2 +

∫ 0

−h

∫ 0

−h

φT (θ1)

(∫ θ1

−h

∫ θ2

−h

GT (ξ1)

×U(θ1 − θ2 − ξ1 + ξ2)G(ξ2)dξ1dξ2

)
φ(θ2)dθ1dθ2,

where U(τ) is the Lyapunov matrix associated with W, see
[6] or [7]. If the system is exponentially stable, the Lyapunov
matrix is continuous, hence there exists

M = max
τ∈[0,h]

∥U(τ)∥.

Moreover, as a direct consequence of the results of works [3]
and [2], it can be shown that

M = ∥U(0)∥.

The following exponential stability criterion is the basis of the
present paper.

Theorem 1. [9] Given a positive definite matrix W, system
(1) is exponentially stable, if and only if functional (3) admits
the following lower bound

v(φ) > µ∥φ(0)∥2, φ ∈ S,

where µ > 0 and S is the set of the piecewise continuous
functions such that ∥φ(θ)∥ 6 ∥φ(0)∥, θ ∈ [−h, 0].

III. ROBUSTNESS BOUNDS

Let system (1) be exponentially stable. Together with system
(1) consider the following perturbed system

ẏ(t) = (A0 +∆0)y(t) + (A1 +∆1)y(t− h) (4)

+

∫ 0

−h

(
G(θ) + ∆2(θ)

)
y(t+ θ)dθ,

where the perturbation matrices ∆0, ∆1, and ∆2(θ) are
supposed to satisfy the inequalities

∥∆0∥ 6 ρ0, ∥∆1∥ 6 ρ1, ∥∆2(θ)∥ 6 ρ2, θ ∈ [−h, 0].

The aim of this section is to estimate the values ρj , j = 0, 1, 2,
for which system (4) remains exponentially stable.

The idea of the technique is borrowed from [7] and is as
follows: to analyze the stability of system (4), we use the
functional v(φ) corresponding to the original system (1). The
calculations show that the time-derivative of functional (3)
along the solutions of the perturbed system has the form [12]

dv(yt)

dt
= −yT (t)Wy(t) + l(yt), (5)

where

l(yt) = 2

(
∆0y(t) + ∆1y(t− h) +

∫ 0

−h

∆2(ξ)y(t+ ξ)dξ

)T

×

[
U(0)y(t) +

∫ 0

−h

U(−θ − h)A1y(t+ θ)dθ

+

∫ 0

−h

(∫ θ

−h

U(ξ − θ)G(ξ)dξ

)
y(t+ θ)dθ

]
.

The functional l(yt) admits the following upper bound:

l(yt) 6 M

((
(α+ 1)ρ0 + ρ1 + hρ2

)
∥y(t)∥2

+ αρ1∥y(t− h)∥2

+
(
αρ2 + L

(
ρ0 + ρ1 + hρ2

)) ∫ 0

−h

∥y(t+ θ)∥2dθ

)
,

where

α = 1 + Lh, L = ∥A1∥+ gh, g = max
θ∈[−h,0]

∥G(θ)∥.

Hence, by direct integration, we obtain∫ t

0

l(ys)ds 6 2αM
(
ρ0 + ρ1 + hρ2

) ∫ t

0

∥y(s)∥2ds

+M
(
α
(
ρ1 + hρ2

)
+ Lh

(
ρ0 + ρ1 + hρ2

)) ∫ 0

−h

∥φ(s)∥2ds.

The second summand in the latter estimate is always bounded.
So it can be shown that, although time-derivative (5) can not
be done negative definite by the choice of ρj , the positiveness
of the expression

λmin(W )− 2αM
(
ρ0 + ρ1 + hρ2

)
is sufficient for the exponential stability of system (4):

Theorem 2. If system (1) is exponentially stable and

ρ0 + ρ1 + hρ2 <
λmin(W )

2αM
, where

α = 1 + ∥A1∥h+ gh2, g = max
θ∈[−h,0]

∥G(θ)∥, M = ∥U(0)∥,

then the perturbed system (4) remains exponentially stable.

IV. EXPONENTIAL ESTIMATES

The aim of this section is to find the estimations for the
values γ and σ from the definition of the exponential stability
on the basis of Theorems 1 and 2.

Consider system (1), and make the change of variable
according to the formula y(t) = eσtx(t) for some σ > 0,
then we obtain

ẏ(t) = (A0 + σI)y(t) + eσhA1y(t− h)

+

∫ 0

−h

e−σθG(θ)y(t+ θ)dθ.
(6)

The application of Theorem 2 to system (6) leads to the
following result.



Theorem 3. If system (1) is exponentially stable and

σ + L(eσh − 1) <
λmin(W )

2αM
, (7)

where L = ∥A1∥ + gh, and α, g, M are the same as in
Theorem 2, then system (6) is also exponentially stable.

Inequality (7) provides a lower bound for the value of σ
from the definition (2). Moreover, it can be shown that making
a few iterations we can construct a sequence of such bounds
converging to the exact value of decay rate of system (1), see
[10] for more details in case of concentrated delays.

Now we are going to provide the estimation for the γ-factor
from the inequality (2), and we will do it in two ways. In the
first one, we set some σ satisfying (7) and use functional (3)
corresponding to system (6), let us denote it by vσ(φ). In the
second one, we use functional (3) corresponding to the original
system (1).

It is known that functional (3) admits the following upper
bound [7]

v(φ) 6 η∥φ∥2h, where η = Mα2,

M and α are defined in Theorem 2. Hence, for the functional
vσ(φ) we can write

vσ(φ) 6 ησ∥φ∥2h with ησ = Mσα
2
σ,

ασ = 1 + hLeσh, Mσ = ∥Uσ(0)∥,
where Uσ(τ) is the Lyapunov matrix corresponding to system
(6). Similarly, according to Theorem 1,

v(φ) > µ∥φ(0)∥2, φ ∈ S,

where µ = λmin(W )δ/4, and δ > 0 is the solution of the
equation

αKeKδ =
1

2δ
,

here K = ∥A0∥+ ∥A1∥+ gh. Hence,

vσ(φ) > µσ∥φ(0)∥2, φ ∈ S,

where µσ = λmin(W )δσ/4, and δσ > 0 is the solution of the
equation

ασKσe
Kσδσ =

1

2δσ
, where Kσ = ∥A0 + σI∥+ eσhL.

Consider first the functional vσ(φ), and choose t∗ such that
yt∗ ∈ S. Then for the solution y(t, φ) of system (6) we can
write

∥y(t, φ)∥2 6 1

µσ
vσ(yt∗(φ)) 6

1

µσ
vσ(φ) 6

ησ
µσ

∥φ∥2h.

If we use the functional v(φ), then we obtain

∥y(t, φ)∥2 6 1

µ
v(yt∗(φ)) 6

1

µ

(
v(φ) + χσ

∫ 0

−h

∥φ(s)∥2ds
)

6 βσ

µ
∥φ∥2h, where χσ = ML

(
σh+ (α+ hL)(eσh − 1)

)
,

βσ = η + χσh = M
(
α2 + σLh2 + hL(α+ hL)(eσh − 1)

)
,

here σ is supposed to satisfy (7). For system (1), the estimates
of this kind lead to the exponential estimates of solutions:

Theorem 4. If system (1) is exponentially stable and σ
satisfies inequality (7), then for every solution of system (1)
the following estimates hold

∥x(t, φ)∥ 6 γi(σ)e
−σt∥φ∥h, t > 0, i = 1, 2, where

γ1(σ) =

√
ησ
µσ

and γ2(σ) =

√
βσ

µ
.

The examples show that in some cases our robust stability
condition (Theorem 2) and estimation of σ (Theorem 3) give
better results than the results obtained with the help of the
complete-type functionals, see [7] or [12].

V. CONCLUSION

In the paper, the robust stability condition (Theorem 2)
and the exponential estimates for solutions (Theorem 4) are
presented for a linear differential system with distributed delay.
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