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Abstract

We study approximation properties of sequences of centered random elements Xy, d € N,
with values in separable Hilbert spaces. We focus on sequences of tensor product-type and, in
particular, degree-type random elements, which have covariance operators of corresponding ten-
sor form. The average case approximation complexity n*4(¢) is defined as the minimal number
of continuous linear functionals that is needed to approximate X, with relative 2-average error
not exceeding a given threshold € € (0, 1). In the paper we investigate nX4(¢) for arbitrary fixed
e € (0,1) and d — oo. Namely, we find criteria of (un)boundedness for nX¢(e) on d and of
tending nXd(¢) — oo, d — oo, for any fixed € € (0,1). In the latter case we obtain necessary
and sufficient conditions for the following logarithmic asymptotics

lnnXd(E) =aq+ q(e)bg + o(byg), d— o0,

at continuity points of a non-decreasing function ¢: (0,1) — R. Here (aq)4en is a sequence and
(ba)den is a positive sequence such that by — oo, d — co. Under rather weak assumptions, we
show that for tensor product-type random elements only special quantiles of self-decomposable
or, in particular, stable (for tensor degrees) probability distributions appear as functions ¢ in
the asymptotics.

We apply our results to the tensor products of the Euler integrated processes with a given
variation of smoothness parameters and to the tensor degrees of random elements with regularly
varying eigenvalues of covariance operator.

1 Introduction

Let X be a centered random element of some normed space (Q, || - ||g). Let us approximate X
by the finite rank sums XM = > ry (X)) g, where ¢y, are deterministic elements of @ and [ are
continuous linear functionals from the dual space Q*. It is of theoretical and practical interest to
make the relative average approximation error (E || X — X®™|2/E | X|2)"? smaller than a given
error threshold £ by choosing appropriate n € N and optimal v, and [,. Here we deal with linear
approximation problem in average case setting (see [31]). We call the minimal suitable value of such
n, denoted by n¥(e), the average case approximation complexity of the random element X (see
[35]-[38]).

Now we consider a sequence of centered random elements X,, d € N, with values in normed
spaces (Qa, || - llo,), d € N, respectively. When X, d € N, are somehow related, it is of interest to
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look at the behaviour of the quantity n*4(e), as d varies. In particular, for important linear tensor
product approzimation problems (see [27]-[29]) we have Qg = ®Y_,Q1; in appropriate sense, where
Q1;, 7 € N, are some normed spaces. Here the covariances operators K~ of X,, d € N, also have
the appropriate tensor product form KX¢ = ®?:1K X157 d € N, where K*1i is a covariance operator
of given @)y j-valued centered random element X, ;, j € N. Such X, is called the tensor product of
X110, X1g If all Q1 in Qg are the same and all KX'v in K¥4 are equal, then such X, is said
to be the tensor degree of X; ;. A classical example of such objects is the well known d-parametric
Brownian sheet (or the Wiener—Chentsov random field, see [1] and [15]). It, being considered as a
random element of the space Ly ([0, 1]%), is a tensor degree of the Weiner process as a random element
of Ly([0, 1]).

The described multivariate approximation problems find many applications in simulation meth-
ods, statistics, physics, and computational finance (see [26]). In this connection, tractability questions
becomes rather actual now. A sequence of approximation problems for Xy, d € N is weakly tractable
if n%d(g) is not exponential in d or/and 7. Otherwise, the sequence of the problems is intractable.
Special subclasses of weakly tractable problems are distinguished depending on the types of ma-
jorants for the quantity n*¥¢(e) for all d € N and € € (0,1). There exist some results concerning
the tractability of the described linear (tensor product) approximation problems, in which @, are
separable Hilbert spaces (see [16], [17] and [27]-[29]). We will consider these problems within other
less explored setting, namely, when ¢ is arbitrarily close to zero but fized and d goes to infinity. As
noted in the book [27] (see p. 6 and 289), such setting, being more appropriate for some models in
computational finance, is also important. But the author is aware, in fact, of only one article [18] by
M. A. Lifshits and E. V. Tulyakova on this subject. Our purpose is to complement their results.

The paper is organized as follows. In Section 2 we provide a formal problem setting. In Section
3 we consider sequences of random elements X4, d € N, of separable Hilbert spaces. In particular,
we find necessary and sufficient conditions that for almost all ¢ € (0,1) the quantity n¢(e) has a
special form of logarithmic asymptotics as d — oco. In Sections 4 and 5 the same problem is solved
for the sequences of tensor product-type and degree-type random elements, respectively. We show
that, under rather weak assumption, n*¢(g) depends on e according to some self-decomposable or,
in particular, stable probability distribution. We apply the obtained criteria to tensor products of the
Euler integrated processes with a given variation of the smothness parameters and to tensor degrees
of random elements with a given regular variation of eigenvalues of covariance operator. In Appendix
we provide necessary facts from probability theory about self-decomposable and stable distributions
and also about related limit theorems, which are the main tools of our work.

Throughout the article, we use the following notation. We write a,, ~ b, iff a, /b, — 1, n — oc.
We denote by N and R the sets of positive integer and real numbers, respectively. We set In, x :=
max{1,Inz} for all x > 0. The quantity 1(A) equals one for the true logic propositions A and zero
for the false ones. We always use || - || g for the norm, which some space B is equipped with. For any
function f we will denote by C(f) the set of all its continuity points and by f~! the generalized inverse
function f~1(y) := inf{x eER: f(x) > y}, where y is from the range of f. By distribution function
I we mean the non-decreasing function F' on R that is right-continuous on R, IEIPOO F(z) =0, and

lim F(z) = 1. Following [21], the boundaries of growth points of distribution function F' will be

T—00

denoted by
lext F':=inf{z € R: F(z) > 0} > —o0, rext [ :=sup{z € R: F(z) < 1} < o0.

A distribution function F' is called degenerate if F/(z) = 1(z > a) for any x and some constant a.

2 Basic definitions and problem setting

We consider a sequence of random elements Xy, d € N, with values in separable Hilbert spaces
Hy, d € N, respectively. Assume that every X, has zero mean and E || X4||3;, < oo, d € N. We
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will investigate the average case approzimation complezity (simply the approzimation complexity for

short) of Xy, d € N:
n*i(e) ;= min{n € N: e¥(n) <ee**(0)}, (1)
where ¢ € (0,1) is a given error threshold, and

1/2

e¥1(n) = inf{ (B]|Xq - X7 5,)": X € A}
is the smallest 2-average error among all linear approximations of X4, d € N, having rank n € N.
The corresponding classes of linear algorithms are denoted by

AXa = {zn: L (Xa) U 2 b € Hy, 1y € H;;}, deN, neN.
m=1

We work with relative errors, thus taking into account the following “size” of Xj:

1/2

eXd(()) = (E HXdH%Id) ’

which is the approximation error of Xy by zero element of Hy. The approximation complexity n*d(¢)
is considered as a function depending on two variables d and . The general goal is to understand
the character of this dependence for the given sequence (Xg)gen-

The linear tensor product approximation problems are of our particular interest. We will study
these only within the following construction. We suppose that every H, is defined by the Hilbertian
tensor product Hy := ®?:1H1,j, where every H;; is a given separable Hilbert space, 7 € N. We
also suppose that for every d the random element X, is a tensor product of some zero-mean H, ;-
valued random elements X;;, 7 = 1,...,d, i.e. X; has zero mean and the covariance operator
KX = ®?:1KX1J, where K*1i is a covariance operator of X, ; for every j € N. Following [14]
and [19], for such X; we will write X; = ®?:1X1,j for short. In particular, if H;; are the same
and KX11 = | = KX14 then the element X, is called the tensor degree of X1, and we will write
X4 = X{{ in this case.

We now turn to tractability of approximation problems. Let us give basic definitions related to
the tractability in context of our setting (1). Let APP denote a sequence of linear approximation
problems for Xy, d € N. We say that

o APP is weakly tractable iff

In, n¥a
i )

= 0; 2
dtelsoo d+e! ’ @)

e APP is quasi-polynomially tractable iff there are numbers C' > 0 and s > 0 such that
n*i(e) < Cexp{s(l+Ine")In,d} forall deN, € (0,1); (3)

o APP is polynomially tractable iff there are numbers C' > 0, s > 0, and p > 0 such that

n¥i(e) < Ce*d? forall deN, ec(0,1); (4)

e APP is strong polynomially tractable iff there are numbers C' > 0 and s > 0 such that

n*i(e) < Ce™® forall deN, eec(0,1). (5)



If APP is not weakly tractable, then it is called intractable. In particular, if nX(g) increases at least
exponentially in d, then we say that APP has a curse of dimensionality.

Let us give a short review of some results concerning the tractability in our setting. For the
linear approximation problems there exist criteria of each type of tractability in terms of eigenvalues
of the operators K*4, d € N. These results can be found in [27] (see p. 245, 256). The described
linear tensor product approximation problems were investigated in the recent paper [16], where the
necessary and sufficient conditions for all types of tractability were given in terms of eigenvalues of
the covariance operators KX, j € N. Also the tensor product-type Korobov kernels were studied
there. In [17] the authors obtained results concerning tractability of tensor products of the Euler and
Wiener integrated processes with varying smoothness parameters.

In the paper we investigate the approximation complexity n(g) of general and tensor product-
type random elements for arbitrary fixed ¢ € (0,1) and d — oco. Namely, we search necessary and
sufficient conditions that nX¢(¢) has the following logarithmic asymptotics

Inn*4(e) = aq + q(e)bg + o(by), d— oo, forall e C(q), (6)

where (aq)q4en is a sequence, (bg)qen is a positive sequence such that by — 0o, d — 0o, and the function
q: (0,1) — R is non-increasing. To consider the asymptotics of the form (6) is quite natural and,
moreover, as we will see below, it is inherent in the linear tensor product approximation problems.
The author is not aware of any results, which could provide the full solution in such setting. But there
exist three papers [18]-[20] concerning asymptotic analysis of n¥4(g) for fixed e and d — oo, where
only the first one deals with objects of our interest. In [18] the authors considered only the tensor
degree-type random elements under some assumptions. We will discuss the corresponding theorem
in Section 5.

As in case of tractability, eigenvalues of covariance operators of X4, d € N or X ;, j € N, play
a crucial role in asymptotic analisys of the quantity n*d(¢) as d — oo. For convenience, throughout
the paper we will use the following unified notation for the correlation characteristics. For a given
Hilbertian random element Z we will denote by KZ its covariance operator. The sequences (A7 )ren
and (7 )ren will denote the non-increasing sequence of eigenvalues and the corresponding sequence of
eigenvectors of KZ | respectively, i.e. KZ¢Z = M\4f, k € N. If Z is a random element of p-dimensional
space, then we formally set AZ := 0, and 7 := 0 for k > p. The trace of KZ will be denoted by
A% thus AZ =37 A2, We will also use the notation AZ := M2 /A? k€N, (i.e. Y oo AZ =1) and
m?(z) =72, 1(A = z) for any = > 0.

3 Approximation of general random elements

Here we consider a general sequence of random elements Xy, d € N, of abstract separable Hilbert
spaces Hy, d € N, respectively, without any assumptions on the spectral structure of the corre-
sponding covariance operators K*¢ d € N. Let Hy be equipped with inner product (-, -)g,. We
always assume that every X, has zero mean and satisfies || X4||7;, < oo, d € N. Then self-adjoint
non-negative definite operators KX, d € N, have the finite traces:

A% =S N = B Xyll}, = e¥(0)? < 00, dEN, (7)

k=1

To omit the pathological cases, we always assume that )\f 4> 0 for all d € N.
It is well known (see [40]) that for any n € N the following random element

n

XP =3 (Xa ) i € A 8)
k=1



minimizes the 2-average case error. Hence formula (1) is reduced to
7%%@:nm{nEN:EHme%mmhgaﬁwXﬂi}

From (7) and (8) we infer the following representation of the approximation complexity

ni(e) = min{n eN: Z At < g2 Axd}.

k=n-+1
In terms of XkXd, k € N, it takes the form
n~i(g) = min{n eN: Z PYRIES 62} 9)
k=n+1
= min{nEN:Zj\fd 21—52}. (10)
k=1

3.1 Boundedness of the approximation complexity

Before proceeding to the asymptotic analysis of the quantity n*d(e), we find criteria of its bound-
edness and unboundedness on d for any fixed ¢ € (0,1). The next simple proposition provides the
conditions for n¥¢(g) — 0o as d — oo in terms of the first normed eigenvalues A, d € N.

Proposition 1 The following conditions are equivalent:

(i)  lim n¥i(e) =00 forall €€ (0,1);

d—o0

(i1) Jg&dezo.
Proof of Proposition 1. (i) = (ii). Suppose that, contrary to our claim, there exists a subse-
quence (d;);en such that ¢ := zliglo /_\fd’ > 0. Choose ¢ € (0,1) to satisfy 1 — e < c¢. Then, according
to (10), we have n () = 1 for all sufficiently large I € N. This contradicts our assumption (i).

(i) < (ii). For all € € (0,1) the statement n*¢(¢) — oo, d — oo, follows from the formula (10)
and the inequality:

n i) AXa 1 g2

X k

n*i(e) = Z /_\f(d > /_\{(d . O (11)
k=1

As a consequence of the previous proposition, we obtain the following criterion of unboundedness
of n*4(g) on d € N for any fixed € € (0,1).

Proposition 2 The following conditions are equivalent:

(i) supn®i(e) =00 forall €€ (0,1);
deN

(i7) ££de:0.

Let us formulate the criterion of boundedness of the approximation complexity n¢(g) on d € N
for any fixed ¢ € (0, 1).

Proposition 3 The following conditions are equivalent:
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(i) supn¥i(e) <oco forall €€ (0,1);
deN

(79)  lim sup Z )\Xd]l()\Xd <t)=0.
t=0 geN k=

Before proving this proposition, we introduce the following auxiliary quantity

M (g) = AX;éd() deN, £€(0,1), (12)
which admits the following representation
M) = sup{x eR: Z ML < 7)< 52}. (13)
k=1

Obtain useful inequalities connecting A\¥¢(e) and n*4(g). First, from the definitions of these quantities
we conclude that

n*i(e) < MX(e)™! forall deN, ee€(0,1). (14)
Next, for any 1 € (0,1), &5 € (¢1,1), and d € N we have

nXd(e1)

X
e Ztie) M) H12 Y s
k=nXd(e3)+1 2
where
nXd(er) - nxd(€1)7 nXd(€2)7
SRR S T o
k=nXd(e3)+1 k=1 k=1

> (L—el) = ((1—e) + A" (e2))
= 5 —e2 — Mi(gy).

Finally, we get
€3 —
At (e2)

n¥d(e) > forall deN, g € (0,1), &3 € (e1,1). (15)

Proof of Proposition 3. First, we show that the condition (i) is equivalent to

inf \*(¢) >0 forall €€ (0,1). (16)
deN

Indeed, from (14) we conclude the implication (16) = (i). Next, let us fix any € € (0,1) and ¢ € (0, 1).
Using inequality (15) with €1 = ce and g9 = ¢, we obtain

- 1 —c?)e?
Mi(e) > A=) fal deN
() Sup %7 (c2) or a €
deN

From this we get the implication (i) = (16).
It only remains to verify (i) < (16). But it follows from the assertion that for any € € (0,1) and
some t. € (0,1) we have infgey AX4(e) > t. iff supgey S ooy Mg 11(/\Xd <t.) < 0



3.2 Logarithmic asymptotics of the approximation complexity

Here we start asymptotic analysis of the approximation complexity n*¢(g). Our next theorem
establishes a connection between the asymptotics of the form (6), for given (aq)4en and (by)g4en, and
the convergence of the following distribution functions

o0

Gty (x) =Y ALz e ™) zeR, deN, (17)

aq,bq
k=1

Theorem 1 Let (ag)q4en be a sequence, (by)gen be a positive sequence such that by — oo, d — oo.
Let a non-increasing function q: (0,1) — R and a distribution function G satisfy the equation q(e) =
G7Y1 —¢&?) for all e € C(q). For the asymptotics

Inn¥(e) = aq + q(e)bg + o(by), d— oo, forall ¢ € C(q), (18)

. . X .
it is necessary and sufficient to have the weak convergence! Gl = G asd— oo, ie.

. X
lim G ¢,
d—o0 d>7d

() = G(x) forall z e C(QG). (19)

Proof of Theorem 1. It is well known that condition (19) is equivalent to the convergence
lim (ijbd)_l(?/) = G~ !(y) for all continuity points y of G (see [39], p. 305). By theorem of

d—o0

continuity of composite functions, we have e € C(q) < 1—¢* € C(G™!). Therefore (19) is equivalent
to the following condition

lim (GXd

d—00 ad;ba

)_1(1 —¢e?) =¢q(e) forall £e C(g).

According to (12) and (13), we note that

InA¥(e)| = inf{y eR: 25\?‘1 ]l(jxi(d >eV)>1— 82} (20)

k=1
= inf{y eR: Gii‘fbd((y —aq)/ba) =1 — 52}
= aq+bg- inf{z ceR: Gijbd(z) >1— 82}
-1
= aq+ba- (GJ,,) (1—2%).
Thus (19) is equivalent to the following condition

IIn A¥4(e)| = aq+ q(e)by + o(ba), d— oo, forall &€ C(q). (21)

Let us prove the implication (21) = (18) . Fix ¢ € C(¢) and arbitrarily small A > 0. From (21)
and (14) we have the inequality Inn*?(g) < aq + q(£)bg + hbg for all large enough d € N. Since the
function ¢ is non-increasing, the set C(q) is dense in the interval (0,1). There exists 71 € (1,1/¢)
such that 7e € C(q) and ¢(me) — q(¢) = —h. By the inequality (15), we have

Inn¥(e) > [In A% (me)| + In((rie)? — €7).
According to (21), for all large enough d € N we obtain

Inn®(e) > aq+ q(rie)bg — hbg + In((ri)* — £°)
> ag+q(e)bg — 2hby + In((r1€)* — €7).

'We follow the definition from [30], p. 16. Equivalent definitions can be found in [6], p. 248-251.
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Since by — 0o as d — oo, it follows that Inn¥4(e) > aq + q(e)bg — 3hby for all large enough d € N.
Thus the asymptotics (18) follows from the obtained estimates for n¥4(e).

Prove (18) = (21). Fix ¢ € C(q) and arbitrarily small A > 0. From (18) and (14) we obtain
the inequality ’ln PR (e)’ > aq + q(e)bg — hbg for all large enough d € N. Find 7, € (0, 1) such that
e € C(q) and ¢(m2e) — ¢(e) < h. The inequality (15) yields

IIn A*4(e)| < Inn¥(me) — In(e® — (ne)?).
On account of the asymptotics (18), for all large enough d € N we obtain

aq + q(126)ba + hbg — 111(82 — (7'25)2)
aq + q(€)bg + 2hby — ln(€2 — (7’25)2),

[InA¥(e)] <
<

Since by — o0 as d — 0o, we have ‘ln \Xd (5)‘ < ag + q(g)bg + 3hb, for all large enough d € N. The
obtained estimates yield the required asymptotics (21). O

Let us mention some elementary facts for the functions G and ¢ from Theorem 1.

Remark 1 If for any given ¢ € (0,1) the distribution function G strongly increases on the right
(left) meighbourhood of q(e), then q is left-(right-) continuous at .

Indeed, suppose that G strongly increases on the right neighbourhood of ¢(¢) (the left case is
similar). Then for any § > 0 we have G(q(¢) +6) > 1 —&? and, consequently, there exists 75 > 0 such
that G(q(e) +d) > 1— (e —7)? for all 7 € (0,75). Applying G™! to the previous inequality, we obtain
q(e — 1) — q(e) < 0, which gives left-continuity of ¢ at ¢ by monotony of q.

As a consequence of this remark, we provide the following useful note.

Remark 2 If the distribution function G is degenerate or strongly increases on the non-empty in-
terval (lext G, rext G), then q is continuous on (0,1).

4 Approximation of tensor product-type random elements

In this section we consider sequences of tensor product-type random elements. Suppose that we
have a sequence of zero-mean random elements X ;, j € N, of separable Hilbert spaces H; ;, j € N,
respectively. Assume that every X, ; satisfies ||| X1 ;]|%, . < o0, j € N. Let Xy = @_, X1, d € N.
It is well known that eigenvalues and eigenvectors of covariance operator K*X¢ have the following
multiplicative form:

d d
[T Qv kike,... k€N (22)
j=1 j=1

Hence for traces AX¢ of KX¢, d € N, we have the formula

d

d d oo
AMao= N T =11 =A% (23)

k1,k2,...kq€N j=1 Jj=11i=1 J=1

Throughout this section we assume that A} > 0 for all j € N. Since the first (the maximal) eigen-
value /\{(d of KX equals H?Zl /\fl’j, this convention is equivalent to the assumption from Section 3,
namely \\* >0, d € N, .



4.1 Boundedness of the approximation complexity

By analogy with Section 3, we first consider the boundedness conditions of the approximation
complexity n*¢(g) on d for any fixed ¢ € (0,1). For described tensor product-type random elements
X4, d € N, the following propositions show that for any fixed e € (0, 1) either the quantity n*?(¢)
tends to infinity as d — oo or it is a bounded function on d € N.

Proposition 4 The following conditions are equivalent:

(7) dlim nXi(e) =00 forall e¢€(0,1);
—00

Proof of Proposition 4. By Proposition 1, the relation (i) is equivalent to the convergence
dlim (AXd /X)) = 0o, where, as it is easily seen:
—00

AXd d AXl y 00 X1 g
el Ve 11 1+ZAX1J (24)
1 j=1

The last product goes to infinity as d — oo iff the relation (i7) holds. O

Proposition 5 The following conditions are equivalent:

(i) supn®i(e) <oo forall e¢€(0,1);

deN
00 Xl]
(17) ZZ le < 00.
J=1k=2 \]

Proof of Proposition 5. First, we note that (i7) is equivalent to

C = sup(A¥ /A7) < 0.
deN
Under the condition (i), the last directly follows from Proposition 2. It only remains to check
that the assumption C' < oo implies (7). Let )\f‘x’, k € N be renumbered sequence of numbers

| b ( A b /)\X”), where k; € N and lim k; = 1. According to the multiplicative structure of

J=1 j—00

(x\fd)keN (see (22)), we have

SupZ)\Xd 1O <t) < Supz AL /AT) TS /A < )

deN 1 dGN

ISH

o Y TOR AR 1 (H (5 /2 <Ct>

deN

keNd j=1 =

< YA <),

k=1

Since, by representation (24), C'=> 77, 5\2("" < 00, we obtain the equality

hmsupz/\Xd]l (A <t) = hmZAXoo 1\~ < Ct) =0,

t—0 dEN t—0

which is sufficient for (i) by Proposition 3. O



4.2 Logarithmic asymptotics of the approximation complexity

Here we will obtain criteria for the asymptotics (6) under the following assumption

o0

lim max 5\2(” ]l()\X” <e ™) =0 forall T>0, (25)
d—00 j=1,....d

which is rather weak, because of the next assertion.

Remark 3 The condition lim S\fl’j = 1 is sufficient for (25) for any sequence (bg)qen Such that

]-}OO
bg — 00, d — 0.

Indeed, let us fix 7 > 0 and choose js € N such that
A = Z)\X” § forall j > js. (26)
For all sufficiently large d we get

max. Z/\X“]l M < e 6. (27)

Jj=1..,
k:l

Also for all d such that e~ < 1 — § we have

max Z)\X“]l (W <e™) < max Z)\X“]l A < e (1 - 5))

J=J85es J=J85-es

< max Z)\X”]l X“/)\X”<1)

J=J85-

X
< maxg)\”

J=J85-

Hence the condition (25) follows from (26) and (27).
Our next theorem gives the description of all possible functions ¢, which may appear in (6) under
the assumption (25). Necessary notions and facts from probability theory can be found in Appendix.

Theorem 2 Let (aq)qen be a sequence, (bg)aen be a positive sequence such that by — oo, d — 0.
Let a non-increasing function q: (0,1) — R and a distribution function G satisfy the equation q(e) =
GH(1 — &%) for all e € C(q). Suppose that under the condition (25), the following asymptotics holds

Inn¥(e) = aq + q(e)bg + o(by), d— oo, forall ¢€ C(q). (28)

Then G is self-decomposable with zero Lévy spectral function on (—o0,0). If G is non-degenerate,
then bgy1/bg — 1 as d — oc.

For proving this and next theorems we will introduce auxiliary random variables U;, j € N, with
the following distributions

P(U; = [In A [) = m¥0s (A9 . 3, (29)

where 7 € N and k € N such that A?l’j > 0.
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Lemma 1 Let U;, j € N, be independent random variables with distributions (29). Then we have
o B d
SN 2 e ) = IP(Z U; < x) forall deN, zeR. (30)
_ j=1

Proof of Lemma 1. Let us fix d € N and x € R. If x < 0 then, by kad < 1 and non-negativity
of all Uj, j € N, both sides of (30) equal zero and hence it holds. Let > 0. According to the
multiplicative structure of /\kXd, k € N, we can write

0o d
YA > ) = ZH/\X”]I(HA
k=1

keNd j=1

_ angjl’j]l(ilmx“ )

keNd j=1

\
N

X1, .

where VX5 = {)\
have

: k € N} is the range of the sequence (Xi(l’j)keN for every j € N. By (29), we

o0

d
SN e ) = Z HPU_MHMJ )1 (Y[ < 2)
j=1

k=1 =1, d] 1

d})ﬂ(i‘lnuj‘ < :13)

The described probabilistic construction was proposed by M. A. Lifshits and E. V. Tulyako-
va in the paper [18] in the context of approximation of tensor degrees of random elements, which
have covariance operators with eigenvalues of unit multiplicity. We extend this approach to general
tensor product-type random elements without any assumptions on marginal eigenvalue multiplicities.

Proof of Theorem 2. According to Theorem 1, the condition (28) is equivalent to the convergence

() = G(z) forall xe C(G), (31)

where the functions G2X%, , d € N, are defined by (17) for given aq, by, and Xy, d € N. Using Lemma 1,

ag,bq’
we can write
d
- U:, —a
X ():P<M<x>, deN, zeR, (32)

agq,bq

ba

where the independent random variables U;, j € N, are distributed according to (29) with the tails

o0
U>:c Z 1’]l X”<ex), x = 0.
k=1

11



From (25) and non-negativity of Uj, j € N, we have

lim maXdIP(|Uj| >7by) =0 forall 7>0. (33)

d—oo j=1,...,

By Theorem 10 (see Appendix), the weak limit of (Gfd‘fbd)deN, the function G, is necessarily self-
decomposable. Let L denote the Lévy spectral function of G. From (As) of Theorem 11 and from
non-negativity of U;, j € N, we get L(z) = 0, x < 0. The assertion about (bs)4en follows directly
from Theorem 10. O

The next theorem provides a criterion for the asymptotics (28), where ¢ is a quantile of self-
decomposable law.

Theorem 3 Let (aq)qen be a sequence, (bg)aen be a positive sequence such that by — oo, d — 0.
Let a distribution function G is self-decomposable with triplet (v,0%, L), where L(z) =0, x < 0. Let
a non-increasing function q: (0,1) — R satisfy the equation q(e) = G=*(1 — &2) for all € € (0,1).
Under the condition (25), for the asymptotics

Inn¥(e) = aq + q(e)bg + o(by), d— oo, forall =€ (0,1), (34)

the following ensemble of conditions is necessary and sufficient:

d N
(A) lim Z Xfl‘j]l(j\?l’j <e ™) =—L(z) forall z>0;
d—o00 o
d T o0
.1 X1, 23 dL(z) x dL(x)
(B) (}L%ob_d(;MLNJ(de)_ad> :’y—i—/ T .2 —/ [T 2 for all 7> 0;
- 0 T
;A
. T L X1, . X1,j 2 . 1 — g2
@ty T o ;<M27N (7ha) — (M7 (vba)) ) lim lim .. =o?

where

N
M;(;V’(:I;) = Z‘ln Xf”‘p Xfl’j 1(5\?14 > e_z), x>0, pe{l,2},
k=1

and N 1is oo or any natural number such that

i i Xf“’ < 00. (35)

j=1 k=N+1

Proof of Theorem 3. We first show that C(q) = (0,1). If G is degenerate, then ¢ is constant
on (0,1) and, consequently, continuous. For non-degenerate case the assertion follows from Remarks
2 and 8 (see Appendix). Thus, by Theorem 1, the condition (34) is equivalent to the convergence
(31), where GX¢, | d € N, are defined by (17) for given ag, by, and Xy, d € N. According to (32),

aq;bq’
Gii”fbd, d € N, are distribution functions of centered and normalized sums of non-negative independent
random variables U;, j € N, satisfying (33). Consequenly, for the convergence (31) the conditions
(A1), (B), and (C) of Theorem 11 (see Appendix) are necessary and sufficient (we set Y; := Uj,
j € N, and Ay := agq, By := by, d € N in Theorem 11). For the case N = oo it directly yields the

conditions (A), (B), and (C) of the theorem. Indeed, it is easily seen that
B|071(U) <o) = MY, =20, pe{12)

12



Hence for any = > 0

Var[Uj]l(lUj|<33)] = E[}Q_(E[DZ
= My (x) — (M2 (a))™.

2,00 1,00

Suppose that there exists a natural number N = N’ that satisfies (35). Now we show that the
conditions (A), (B), and (C) for N = oo are respectively equivalent to the same ones for N = N'.

For arbitrary small § > 0 we can find js € N that yields >_ i D kot A X” < 0. Thus for any
x > 0 we have

d
S RVIES <o) < 30 ST AN < o)+ 30 3 A

7=1 k>N’ J<js k>N’ j>js k>N’

< Js- max g )\leﬂ /\X“<e_xbd)—|—5
Jj=1,..,
* k=1

By (25), the last expression can be made arbitrary small by the choice of sufficiently small § and
large d. This proves the equivalence of (A) for N = oo and (A) for N = N’ under the condition (35)
with NV = N'.

To continue the proof, we need the following relation

lim 1 max Z‘ln 5\2{”‘ 5\2{1“ ]l(S\le’j >e ™) =0 foral 7>0, (36)
k=1

d—oo bd Jj=1,...,

which follows from (25) and the inequalities

1 N X X 1 <Xy _ 1 N Xy s X g X _
o s S AT 5 ) < i me (S A 1T > )

+ 3 A R 1 (3 e e, e—hbd))}

k=1

< h+7 max Z/\X”]l )\X” <e’hbd)

j 77777 kil

where h < 7 is arbitrary small positive number.
Next, for any 7 > 0 we estimate the following sums

—ZZU MUY L = e ) < —ZZM NS 300 (319 5 o)

=1 k>N’ j<]5 k>N’

+ ZZ\lnAX”\AXU]l( A= e

j>]§ k>N’
‘Z(S max Z‘ln)\xlj‘ /\X” ]l()\X“ > _de)
YA
7>j3s k>N’

j > — o= . - . —r
B S A LR 5 e

N
|

VAN

13



Here the last expression can be made arbitrary small by the choice of sufficiently small § and large
d in view of (36). Thus we have the equivalence of (B) for N = oo and (B) for N = N’ under the
condition (35) with N = N'.

To obtain the equivalence (C) for N = oo and (C) for N = N’, it is sufficient to show that

hm—ZZp MUY IO = e ™) =0 forall 7> 0.

d—oo b
j 1 k>N’

This follows from the estimate

Z “ )\XU’ )\le ]I(AXIJ > —rbd) < l Z |1Il X?l,jl 5\2(1,]' ]1(5\2(1,3' > B_de)
b k>N' 4 >N/

and the previous conclusions. O

4.3 Applications to tensor products of Euler integrated processes

Let us consider Gaussian random process F,.(t), t € [0, 1], with zero mean and the following
correlation function

KE(t,s) := / min{¢, x1} min{zy, 22} ... min{z,, s} dz; ... dz,,

[0,1]"

where ¢, s € [0,1] and r is a non-negative integer. Such process is called the Fuler integrated process.
It is connected with the standard Wiener process W (t), t € [0, 1], by the following integration scheme:

tr—1 to t1

t
Er(t) = a1+ +ar/ / //W dS dtl dtr 1, te [0, 1],

Qr Gr—1

where aor_1 := 1, ag, := 0, k € N. The Euler integrated process is well known object: related
boundary value problems were considered in [3], small ball probabilities were investigated in the
papers [7] and [25].

Let us consider the sequence of the Euler integrated processes E, (t), t € [0,1], j € N, with
correlation functions K, j € N, respectively. By (rj)jen we will always mean a non-decreasing
sequence of non-negative mtegers Consider a sequence of zero-mean random fields Eq(t), t € [0, 1],
d € N, with the following correlation functions

KCEa(t, s) HICE’" (tj,s;), t,s€l0, 1], deN.

We consider every process E, (t), t € [0,1], as a random element E, of the space Ly([0,1]). The
covariance operator K of E,; is the integration operator with kernel KCFri . The eigenpairs of K
are exactly known (see [3] and [7]):
E,. 1 E,. .
A= sras U () = \/581n(7r(k: —1/2)t), keN, telo,1].
(m(k—1/2))™

It is easily seen that every field Ey(t), t € [0,1]¢, as a random element E; of Ly([0,1]¢), has a
covariance operator of the form K% = ®?:1KE7'J', with eigenpairs (22) (we set X4 = Eq, X1; = E,,).
Therefore, by definition from Section 2, Eq is a tensor product of E, , i.e. Eg = ®?:1Erj.

Let us consider the sequence APP of approximation problems for E4, d € N. The criteria of all
types of tractability for APP were obtained in the paper [17]. We recall a part of this result here.

14



Theorem 4 APP is weakly tractable iff

lim r; = oo; (37)
j—o0
APP is quasi-polynomially tractable iff
su ri+1)37%72 < oo; 38
deg ln+ d Z Al 38)

APP is polynomaially tractable iff it is strongly polynomially tractable iff

Z 3770 < o0 for some T € (0,1). (39)
=1

In fact, depending on the type of tractability, the previous theorem provides a majorant (see (2)—(5))
for the approximation complexity n®i () for all ¢ € (0,1) and d € N.

We will investigate n®(e) for arbitrarily fixed ¢ € (0,1) and d — oco. In order to compare our
results with tractability bounds, we restrict ourselves only to quasi-polinomially tractable sequences
APP with the following behaviour of (r;);en:

Cop B .
3 2r;—2 ~ 40
e 1T (40)

where >0 and p > 1

Remark 4 Under the assumption (40) for some 5 >0 and p € R, APP is weakly tractable, but not
strongly polynomaially tractable. APP s quasi-polynomaially tractable iff p > 1.

Indeed, weak tractability immediately follows from (37). It is easy to check that (39) does not hold.
Consider the behaviour of sums from (38) as d — oo

d d .
s (Inj)'
1 2rj— ~
11[1+ Z tri)3 (211(13)11[1%21 i
d
) o,
(2In3)Ind t

I(p #2)+ (Inlnd)1(p = 2)>

B (Ind)t-» Inlnd
( S A2+ 4 ]l(p=2))-

From this we conclude the second assertion of the remark.
Proposition 6 Suppose that (40) holds for some >0 and p > 1. If p > 1 then

supn®i(e) < oo for all €€ (0,1).
deN

If p=1 then

lim n™(¢) =00 for all €€ (0,1).

d—oo
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Proof of Proposition 6. Consider the following sum

J=1

Er,

j d

d oo
ZZ (2k —1) 2rj+2 - ZC<T?)34W_27

=1 k=2 j=1

where ¢(r;) == 14 > 72, ((2k — 1)/3) “i72 Under the assumption (40) for some 8 > 0 and p > 1,
c(rj) =1, j — 0o, and the series 7, 3752 converges for p > 1 and it diverges for p = 1. Applying
Proposition 5, we obtain the required assertions. O

From this proposition we can see that for the cases with p > 1 the bound (3) for n*d(g) can
be rather crude under the setting “c is fixed, d — o0”, because it depends on d, whereas nXd(¢g) is
bounded on d.

For the case p = 1 we can find logarithmic asymptotics of the approximation complexity. Here
the convolution powers of the Dickman distribution appear (see Appendix).

Proposition 7 Under the assumption (40) with p =1 and § > 0, we have

Inn®(e) = Dgl(l — e Ind+ o(Ind), d— oo, forall €€ (0,1), (41)
where Dg is the distribution function of B-convolution power of the Dickman distribution.
Proof of Proposition 7. Let us write the expression for traces of K in the following form:

. ET fe’e) P 1 92 2r;+2

k= 1 J

where w,, :== (357, (2k — 1)*2”*2)71, J € N. According to the notation, we have

N CUT] .

N . o
We see that \| / = w,, — 1 as j — oo. Hence, by Remark 3, the condition (25) holds for any
sequence (bg)gen such that by — 0o, d — oo. Next, consider the sums

where we set Cy := 14> 77, (5/(2k — 1))2 < 00. Under our assumptions on (7;);en, we get

In5

5_2Tj_2 ~ 5 s ] — OO
jIny ’ ’

which gives the convergence of the series » > > 7 S\kETj . Thus, in order to obtain the asymptotics
(41), it is sufficient to check conditions (A)—(C) of Theorem 3 with Xy = Eq, X1; = E,;, G = Dp,
¢ =0,b; =1In,d, and N = 2. Here Dy has the following triplet v := f7/4, 02 := 0, L(x) :=
BInz1(z € (0,1]) (see Appendix).
Let us check the condition (A) of Theorem 3:

d 2
im YOS ALY < e ™) = —Bluxl(r € (0,1]) forall z>0. (42)
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<Er; . . . <Er;
Since A\; 7 — 1 as j — oo, for any & > 0 and sufficiently large d we have minjeny A; 7 > e "¢ and,
consequently,

d 2 d
SRR <o) = YRR <o),
j=1

The right-hand side of this equation tends to —FInx 1 (:U € (0, 1]) as d — oo for any x > 0, iff the
sums Z;.lzl 372721 (3%2 > ¢*4) tend to the same limit as d — oo for any = > 0. This follows

s Er . . .. ..
from the equality A\, ' = wrj3*2”f*2 with w,, — 1, 7 — 00, and from the continuity of the limit
function. Thus (42) is equivalent to

d
lim » 37277 21(3%*%% > ") = —BInz1(x € (0,1]) forall z > 0. (43)

d—o0 7

]:
For x > 1 we have 32772 > e#Ind 5 =1 . d, for all sufficiently large d. Therefore (43) obviously

holds in this case. For z € (0,1) we set jg, := min{j € N: 3?72 > ¢*Ind} Using Lemmas 5 and 6
from Appendix, we have

2~ Bd*(In)*(Bd”) ~ d : 44
e~ B )50 ~ D oo (44)
Under our assumptions on (r;),en, we have
d
—2r;—2 2r;+2 xlnd 2r;=2

23 1(3%7%2 > e 23 Zjlnj, d — oo.

J=1 J=Jd,x J=Jda
Using (44) and the asymptotics (see [23], 2.13, p. 21)

—~ 1
Z =Inlnn+c+o(l), n— oo, (45)

klnk
=1

with some constant ¢, we obtain

d
Z ﬁ = ﬁ(lnlnd—lnlnjdvx)%—o(l)

J=Jdx Jn

= B(lnlnd—lnlndx)—l—o(l)
= —flnz+o(1),

as d — oo. Thus we have the convergence (43).
Next, we check the condition (B) of Theorem 3:

min{7,1} 1

d 2

1 E.. ~E..  ,~Ey. o nd B Bx? dx Bdx

B g SN I s e =S [ [
g=1 k=1 0 min{7,1}

for all 7 > 0. Here the right-hand side exactly equals to S min{r, 1}. In the left-hand side we estimate




where we set Cy := 14> 77, (3/(2k — 1))2 < oo. Next, by (45), we see that

Co N~y a Cox~ B CoBlnlnd

= ~ d — o00.
Ind 4 nd 2~ jInj nd ! >
7j=1 7j=1
Hence we only need to prove the convergence
—7lnd\ __ .
dh_}ralo F Z‘ln)\ ()\2 >e ) = Bmin{r,1} forall 7> 0. (46)
<Er; . . .. . . .
Since Ay’ = w,,37%77% with w,, — 1, j = oo, and the limit function 7 — Bmin{r, 1} is
continuous at any 7 > 0, (46) is equivalent to
dlirgom Z In(3*9%%) 37572 = Bmin{r,1} forall 7> 0.
J<J7;z”;

But this follows from (44) and the following equivalences

Z 1n(32”+2) 37472 Z é ~ Blnmin{d, js,} ~ fmin{7, 1}Ind, d— oo.
. . J

~Er. (2
j=1 k=1
But this follows from (46) and the next bound
- i 2 \lni\f"j 2 —E.. ,~E,.. —rlnd T‘ln)\ —E.. ,~E,.. Cnd
B2 0 e T ZeT) < JEEOJZZI g LA e
= [rmin{7, 1}.

Thus we have checked the conditions (A)—(C) of Theorem 3. Hence, by this theorem we have the
required asymptotics. O

5 Approximation of tensor degree-type random elements

In this section we consider sequences of tensor degree-type random elements. Here we deal with
an important particular case of the linear tensor approximation problems, which were considered in
Section 4. Let X be a zero-mean random element of a separable Hilbert space H and assume that
E || X% < oo. Let X; = X®? for every d € N. From (22) we see that eigenvalues and eigenvectors of
KX are respectively the following:

d d
H)\ii7 ®¢1§§> k17k27;kd€N
j=1 7=1

By formula (23), for traces of KX¢ we have AX¢ = (A%)? d € N. As in Section 4, we always assume
that A\{ > 0.
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Let us proceed with some elementary remarks following from the definitions. If A¥ = AX then by
formula (9) we have nXd(¢) =1 for all € € (0,1) and d € N. In more interesting case, when A\ < AX,
from the equality A\ = (AX)? and lower bound (11) we obtain the inequality

n*i(e) > (1 —&?) (AX/)\f()d forall € (0,1), deN. (47)

Therefore n¢(e) — oo as d — oo at least exponentially for all fixed ¢ € (0,1) i.e. here we always
have the curse of dimensionality.
In general, bound (47) can not be improved. Indeed, consider the case when

FJI*eN A =XN1k<IY), keN (48)

Under this condition, we have I¥ = AX/AY and \J* = A\“L(k < (I%)9), k € N. By the formula
(10), for all € € (0,1) and d € N it is easy to obtain the following inequalities

nXd(e)—1 nXd(g)
YNt < =AY N
k=1 k=1

which are reduced to the required bounds
n¥i(e) —1 < (1— 52)(AX/)\{()d <n¥i(e) forall £€(0,1), d €N,

ie.n¥i(e) =[(1- 52)(AX/)\{()dL where | -] is a ceiling function.

5.1 Logarithmic asymptotics of the approximation complexity

For tensor degree-type random elements stable distributions (see Appendix) play a crucial role
in approximation problems, as the following theorem shows.

Theorem 5 Let (aq)aen be a sequence, (bg)aen be a positive sequence such that by — oo, d — 0.
Let a non-increasing function q: (0,1) — R and a distribution function G satisfy the equation q(e) =
G711 — &%) for all e € C(q). Suppose that we have

Inn~4(e) = aq + q(e)bg + o(by), d— o0, forall & C(q). (49)

Then G is a stable distribution function. If G is non-degenerate, then byyq/bg — 00, d — co. If G is
non-degenerate and non-normal, then G = S, ,1,, for some a € (0,2), p >0, p € R.

Proof of Theorem 5. By Theorem 1, the condition (49) is equivalent to the convergence (31),
where the functions G- ., d € N, are defined by (17) for given ag4, bs, and Xy, d € N. According
to Lemma 1, Gfdfbd( ) admits the representation (32), where the independent random variables Uj,

7 € N, have the common distribution:
P(U; = [ ]) = m¥ () - 3. jeN, (50

where k € N is such that A\{ > 0. By Theorem 12 (see Appendix), the weak limit of Giidbd( ) is
necessarily stable.

It is easy to check that the condition (25) is satisfied for tensor degree-type random elements (set
X;,; = X) for any positive sequence (by)qen such that by — oo, d — co. Then Theorem 2 gives the
required assertion for (by)gen-

Assume that G = S, , 5, for some a € (0,2), p > 0, 8 € [-1,1], and u € R. Let L denote its
Lévy spectral function. From Theorem 2 we have L(z) = 0 for all x < 0. In view of formula (72), we
conclude that g =1. O
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According to the previous theorem, we can consider only functions g such that ¢(¢) = G™1(1—¢?)
for all € € C(q), where G is a stable distribution function. Without loss of generality, we will restrict
ourselves to the cases, where G is non-degenerate and it also has the standard form (see (71) and

(72)).
Before formulating the criteria for (49), we consider conditions that appear there. The wide class
of cases corresponds to the assumption:

Z |ln5\f}25\? < 00. (51)
kEN: A >0
We also consider marginal random elements X with the following regular variation of A\, k € N:
Z Ay ]l(j\i( < e‘”’”) =z “p(x), (52)
k=1

where a > 0 and ¢ is some slowly varying function at infinity (SVF for short, see Appendix). Under
the assumption (52) with some o > 2, the condition (51) always holds. If either (51) or (52) with
a > 1 hold, then the entropy of A, k € N, is well defined:

EX = ) mAS A (53)
keN: AX >0
Under the assumption (51), the following deviation characteristic is also important:
9 1/2
X ( > (may| - BY) xg) | (54)
kEN: XX >0

The next theorem provides a criterion of the asymptotics (49), where ¢ is a quantile of the
distribution function ® of the standard normal law.

Theorem 6 Let (ag)q4en be a sequence, (by)gen be a positive sequence such that by — oo, d — oo.
For the asymptotics

Inn*i(e) = ag + ® (1 — )by + o(bg), d— oo, forall € (0,1), (55)
it 1s mecessary and sufficient to have:

(i) the condition (51) with o > 0 or the condition (52) with o = 2 and some SVF ¢;
(ZZ) aqg = EXd + O(bd), d— o0,

(i)t % (M (bs) — M (b)?) = 1,

d—o0 b¢21
where
MY () =) A ALY =e), >0, pe{l2}.
k=1

If (51) holds with o > 0 then (i) is equivalent to by ~ oXd"/?, d — oco. If (52) holds with o = 2
and SVF o but (51) fails, then (iii) is equivalent to by ~ d*/*ps(d), d — oo, with SVF ¢y, which is
defined by py(d) == /2 (1/\/5)#(d1/2), d € N, where (-)# is the de Bruijn conjugation * and SVF
© is defined by

T

H(z) = /@dt, v 0. (56)

t
0

2see Appendix.
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Proof of Theorem 6. The function ® is absolutely continuous and strictly increasing on R. Hence,
by Theorem 1, the condition (55) is equivalent to the convergence

() = P(z) forall zeR, (57)

where the functions Gi;ﬁbd, d € N, are defined by (17) for given aq4, by, and X4, d € N. By (32),
Gifbd( ), d € N, are distribution functions of centered and normalized sums of independent random
variables U;, j € N, with the common distribution (50).

Let us show the sufficiency of the assumptions (i)—(i7i) for the convergence (57). In probabilistic
interpretation the assumption (51) means ]EU]-2 < 00. Also we can rewrite the condition (52) for
a = 2 as follows: P(U; > z) = 2 %p(x). Since U; > 0, we have P(U; < —z) = 0 for all 2 > 0.

Then the conditions (i) and (ii7) are sufficient for the convergence hm G4 b, () = ®(z), z € R, by

Theorem 13. Therefore, using the assumption (i7) of the theorem and the assertion (ii) of Lemma 3
we obtain (57).
Let us show the necessity of () (797). Under the convergence (57), the condition (i) holds by

Theorem 13. Also we have dhm GEgl(db*( x) = ®(z) for any x € R and some sequence (b})4en that

satisfies (iii). According to the assertion (i) of Lemma 3, we obtain b} ~ by and aq = EXd + o(b}),
d — o0, that directly yields (i7). The condition (i) for (bd)deN follows from the slow variation of the
function z — M;*(z) — M;*(z)?, = > 0 (which is justified the next notes).

Under the condition (51), we have M;*(x) — M;¥(x)* — 0¥, x — oo, i.e. (iii) is equivalent to
by ~ 0Xd'/? d — oco. In the remainder of this proof we assume (52) with o = 2 and some SVF ¢
but (51) fails. Here we have Ms<(x) — 0o, x — 00, and, by the remark (2.6.14) from [13] (see p. 80),
Mi{¥(z)? = o(M5*(z)), x — co. Hence (iii) is equivalent to b3 ~ dM*(ba), d — oo. Using integral
representation for M;X(x) and integrating it by parts, we get

xT

M (x / (Z A1 )) - /tzd(l —t72%(t) = —p(x) + 2¢(z), T >0,

0 0

where ¢ is defined by (56). By Lemma 7 (see Appendix), ¢ is a SVF and also ¢(x) = o(¢(x)) as
x — oo. Hence (i4i) is equivalent to b3 ~ 2d $(by), d — oo. Rewriting this in the equivalent form

d~ (ba/V2)* - (1/v/ )" (ba/V2), d— oo,

and using Lemma 5 from Appendix, we obtain the required relation for b;, d € N. O

Using tools of regular variation theory (see [2]), it is possible to find simpler asymptotic versions
of the function s from Theorem 6 under special assumptions (see Lemma 6 and examples in the
next subsection).

The previous theorem has the following important corollary concerning wide class of tensor degree-
type random elements.

Theorem 7 Under the assumption (51) with o > 0, we have
Inn*i(e) = EXd+ @1 (1 — %)o*d"? + o(d"/?), d— oo, foral e€(0,1).

In fact, this theorem was obtained by M. A. Lifshits and E. V. Tulyakova in the paper [18]. However,
strictly speaking, the proof from [18] was done only for sequences (A )reny with unit multiplicity of
every element, i.e. m¥(\¥) = 1, k € N (it is hidden in the last formula on p. 106 in [18]).

Next remarks follow directly from the definitions of EX and o*.

Remark 5 The condition (48) holds iff o™ =
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Remark 6 The equality \;¥ = AX (i.e. (48) with X = 1) holds iff EX = 0.

These remarks show that there is no loss of generality for us in assuming o* > 0 in Theorems 6 and 7.
Also we can now conclude that under the assumption (i) of the previous theorem, the complexty
nXd(g) grows mainly ezponentially with the constant EX > 0 as d — oo.

The next theorem provides a criterion of the asymptotics (49) with G = S,.1, a € (0, 2).

Theorem 8 Let (aq)qen be a sequence, (bg)aen be a positive sequence such that by — oo, d — 0.
For the asymptotics

Inn¥i(e) = ag + 5’;&(1 — &by +o(by), d— o0, forall €€ (0,1). (58)
It is necessary and sufficient to have:

(1) the condition (52) with given o and some SVF ;

(17) aq = a’y + o(bg), d — 00;

d—o0

(@) lim d Y AYL(AY <eba) =1.
k=1
Here a}y := 0 for a € (0,1), a :== dE* for a € (1,2) and

ay = dz I A [ AS LAY > e7™) + (1 —6)by, for a=1,
k=1

where € is the Euler constant. Under the assumption (i) with some o € (0,2), the condition (iii) is
equivalent to by ~ d"/*¢,(d), d — oo, with SVF ¢4, defined by ¢q(d) := ((1/(,0)1/(1)#(d1/°‘), d e N,

where (-)# is the de Bruijn conjugation.

Proof of Theorem 8. Since S, is self-decomposable (see Appendix), the distribution function
S, is absolutly continuous on R and strictly increasing on (lext S, 1, rext S, 1) in view of Remark 8.
Hence, by Theorem 1, the condition (58) is equivalent to the convergence

lim G4, (2) = Sax(z) forall z€R, (59)

d—o0

where the functions Gfd‘fbd, d € N, are defined by (17) for given aq, by, and Xy, d € N. By probabilistic

representation (32), Gade,bd (x), d € N, are distribution functions of centered and normalized sums of
independent random variables U;, j € N, with the common distribution (50).

Let us show the sufficiency of the assumptions (i)—(ii7) for the convergence (59). In probabilistic
interpretation the assumption (52) can be written as follows: P(U; > x) = 27 %p(z), = > 0. Since
U; > 0, we have P(U; < —z) = 0 for all z > 0. By Theorem 14, the conditions (i) and (iii) are

sufficient for the convergence dlim Gigdbd (x) = Sai(x), € R. Therefore, using the assumption (i7)
—00 ’

of the theorem and the assertion (i) of Lemma 3 we obtain (59).

Let us show the necessity of (i)—(i7i). Under the convergence (59), the condition (i) holds by
Theorem 14. Also we have dlim Gé%db; () = Saa(x) for any = € R and some sequence (b})gen that

—00 ’
satisfies (i77). According to the assertion (i) of Lemma 3, we obtain b ~ by and ag = a’ + o(b}),
d — oo, that yields (¢i). The condition (iiz) for (bs)sen follows from the regular variation of the
function z — Y AF LAY <e ™), z > 0.
k=1

Under the condition (52) with some a € (0,2) and some SVF ¢, (i7i) can be rewritten as
d ~ (bg)* (1/¢)Y*(bg)®, d — oco. Using Lemma 5 from Appendix, we obtain the required relation for
bg, d e N. O

Simpler asymptotic versions of b; can be obtained using Lemma 6 from Appendix.
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Remark 7 Under the assumption (52) with o =1, (i), and (iii), we have by = o(aq), d — 0.

Indeed, using integral representation for a4 and the condition (iii), we obtain as d — oo

b

d
aqg = d/td

_ d/td(l — (1)) + (1 — B + oba)
= —(c)lgp(bd) + dp(bg) + (1 — €)bg + o(by)
d(ﬁ(bd) — cgbd + O(bd)

ba(¢(ba)/¢(ba)) — €bg + o(ba).

By Lemma 7 (see Appendix), we have ¢(x) = o(¢(z)) as x — oo, which completes the verification.

Let us analyze the behaviour of n¥¢(g) as d — oco. Under the assumption (i) with a € (1,2), the
approximation complexity grows exponentially due to ag with subexponential term containing b,. In
the boundary case o = 1 the main term a4 can yield more than exponential growth (see example in
the next subsection). Under the cases a € (0, 1), factor d'/® (of by) gives the superezponential growth
of the quantity n*¢(e).

Consider the unexplored pathological case when the assumption (52) is satisfied for « = 0 and
some SVF ¢ that ¢(z) — 0 as  — oo. Here it is impossible to find (ag)4en and (bg)aen for obtaining
the asymptotics (49) with non-degenerate distribution function G (see comments in Subsection 6.3
in Appendix). Nevertheless, we obtain the following result.

(Z M1 > e*t)> 4 (1= B)bg + o(by)

00
k=1

Theorem 9 If (52) holds with o = 0 and some SVF ¢, then
dli_)rrolodgp(lnnXd(e)) = —In(l —¢?) forall £€(0,1). (60)
Proof of Theorem 9. At first we will prove that
dlgl; [dgp(}ln S\Xd(E)D] =—In(1 —¢?) forall £€(0,1), (61)

where AX¢(e) is defined by (12). Let U;, j € N, be independent random variables with common
distribution (50). Then we have

P(U; >z) = Zj\f 1A <e™) =p(x), z=0.
k=1
Introduce the function ¢:

o(x):=1—Eexp{-U,/z} =1—- Z(;\f)lﬂ/x, x> 0.
k=1

By remarks to Theorem 15 (see Appendix), the function ¢ is continuous and strictly decreasing on
(0,00). Also it satisfies:

o(z) ~ p(x), x— 0. (62)

Let us set



According to Lemma 1, F¥¢ d € N, have the following representations:

FXa(g) = ]P(—d&(i Uj) < x) z €R.

By Theorem 15, for x < 0 we get:

d

FXa(g) =1 —]P(dgz(ZUJ) < —x) e d— oo

J=1

From this we infer the convergence (F*4)~1(r) — Inr, d — oo, for any r € (0,1). In particular, we
have

lim (F¥)™ (1 — &%) =In(1 — %) forall € (0,1).

d—o0

It is true that (FX¢)7(1 — &%) = —d @(|In A¥4(e)]|) for any € € (0,1) and d € N. Indeed, by (20), we
have

aF(InX@))) = dp(inf{e e R: YA A(IMAY] <o) > 1)
k=1

_ d&(inf{x ER: iﬁdn(d@(ylnxgd‘) > dgg@)) > 1 —52})
k=1

= —inf{yeR: FYi(y) > 1-¢*}
= —(F)7H(1-¢%).

Hence for any ¢ € (0,1) we obtain Jim d@(|InA¥a(e)|) = —In(1 — £%). By the strict decay of @, for
—00

any € € (0,1) [InA¥¢(g)| — oo as d — co. The convergence (61) follows from (62).
Next, we prove (60). From (14) and strict decay of ¢ it follows that

lim d@(Inn*(e)) > lim d([InA*(e)]) = —In(1 — &%).

d—o0 d—00
Fix arbitrary h > 0 and ¢, € (1,1/¢) such that In(1 — ¢;?)/In(1 — €?) < e”. Using (15) with &, = ¢
and &5 = ¢pe, |In A¥4(g)| — 00, d — oo, and slow variation of @, we obtain:

lim d@(Inn¥(e)) < lim d@(|ln A (e)| + In((c; — 1)e/2))

d—o0 d—o0

= lim d@(|lnA¥(e)))

d—o0
= —In(1—cie?)

< —1In(1 — &%)l

Hence dlim d@(Inn¥i(e)) = —In(1 — &%) for any £ € (0,1). The equivalence (62) yields (60). O
—00

Corollary 1 For any e € (0,1) (ln nXd(g)) s rapidly varying sequence, 1. e.

deN

X|ed
lim Inn*led (g)

dﬁmm:oo forall ¢>1,

where |-| is a floor function.
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Thus here growth of n¥4(e) is extremely fast as d — oo (it can be double exponential, exp{exp{ - }},
see an example in the next subsection).

To prove this corollary we suppose, contrary to our claim that for some ¢ > 1 there exists a
subsequence (dj)ren such that

lim —————~ = p > 0. (63)

On the one hand, by Theorem 9, we obtain
lim ([cdk | o (tn X 1e (g)))) = —In(1 - £?).
k—oo
On the other hand, from slow variation of ¢ and (63) it follows
lim [edy,| o(Inn™letl (e))) = lim |edi] p(Inn¥ () = —cIn(1 — £°).
k—o0 k—o0

This leads to a contradiction.

5.2 Applications

Let us consider a sequence of tensor degrees Xy = X®? d € N. Suppose that eigenvalues of KX
has the following asymptotics:

i B

A_X ~ W’ k — o0, (64)

where 8 > 0 and numbers p and r must satisfy > -, Ak <oco,ie.p>1,reRorp=1,7>0.
The following assertion is a direct corollary of Theorem 7.
Proposition 8 Under the assumption (64) with B >0,p>1,r €R, orp=1, r > 2, we have
Inn¥i(e) = EXd+ & 11 — e2)o¥Xd"? 4 o(dV?), d— oo, forall ¢€(0,1),
where EX and o are defined by (53) and (54), respectively.
In order to consider the remaining cases we need the following auxiliar lemma.

Lemma 2 Under the assumption (64) with p =1, r > 0, we have

;5\?1(5\2{ < e_x) ~ g-a:_T, T — 00.

Proof of Lemma 2. First, we get

[e.e]

— 5 = B pdt B -
ZA?NZWN/W:;-(IHTL) , N — 0. (65)
k=n k=n

n

Set k, 1= min{k eN: M < e*x}. Using Lemmas 5 and 6 (see Appendix), we find

ke~ e () /8 () ~ D8 w00, (66)

and, in particular, Ink, ~ x, x — oo. From this and (65) we obtain the required asymptotics. O
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Proposition 9 Under the assumption (64) with >0, p=1, and r =2, for all ¢ € (0,1) we have
Inn¥i(e) = EXd+ 711 — %) (3/2)V*(dInd)"? + o((dInd)*/?), d — oo,
where EX is defined by (53) .

Proof of Proposition 9. On account of Lemma 2 for r = 2, the required asymptotics is obtained
by Theorem 6 with p(z) ~ 3/2, z — oo, and aq = EXd, by = dl/Q\/ﬁ(l/\/@)#(dl/z), where ¢ is
defined by (56). We only need to find asymptotics of the sequence (by)4en. It easily seen that

@(x):/@dtw/ﬁdtwﬂnx, T — 00.
t 2t 2
1

0

Hence, from Lemma 6 (see Appendix) we have

(1//@)F(d72) ~ p(dV?)V? ~ ((B/4) Ind)?,  d — 0.
This yields by ~ (8/2)Y%(dInd)*/?, d — co. O
Proposition 10 Under the assumption (64) with f >0, p=1, and r € (0,2), we have
Inn¥i(e) = aq + S, (1 — &) (B/r)VrdY" 4 0(dV), d— oo, forall €€ (0,1),
where al; := 0 forr € (0,1), a, := dEX forr € (1,2), and

agq = dz I A [ AR L (A > e_’Bd) +(1—=%)pd, for r=1. (67)

k=1
Here € is the Euler constant and E* is defined by (53). In the case r =1 ag ~ BdInlnd, d — oo.

Proof of Proposition 10. According to Lemma 2 with given r € (0,2), we can use Theorem 6
with o = r and p(z) ~ §/r, x — oo. Since, by Lemma 6, we have

dl/r((l/(p)l/r)#(dl/'r) -~ dl/'r(p(dl/r)l/'r ~ (ﬁ/r)m«dl/r7 d — o0,

on account of Lemma 3, numbers by can be choosen as follows by = (8/r)"/"d"/", d € N. The
expressions for ag are directly obtained from Theorem 6. In particular, for the case r = 1 we have the
formula (67). On account of (66), we get kgq := min{k € N: A\ < e P} ~ e?/(8d?). Accordingly,
using assumptions on 5\? , k € N, it follows that

oo kga
;unm NAOE > e o % % ~Inlnkgg ~ Blnlnd, d— oo.
This gives ag ~ fdInlnd, d — oo, for the case r =1. O
In order to have full expansion of a4 (up to o(d)) in Proposition 10 for the case r = 1, we need
know more information about asymptotic behaviour of A\, k¥ € N. We omit these detailes, which
reduce to routine calculations.
Now we consider an example of applying Theorem 9.

Proposition 11 Suppose that

M b
A k(Ink)(Inlnk)t+s’

k — oo,

with >0 and s > 0. Then

Bd 1/s
hlhlnXd(E) ~ (m) s d— o0, fOT’ all ¢ € (0, 1)
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Proof of Proposition 11. First, we get

o0

< - s / pdt 5} _
A~ ~ == (Inl s :
; k ;k(lnk)(lnlnk)m il 5 (ninn) T n oo

n

Set k, := min{k eN: M < e‘x}. Using Lemma 5 (see Appendix) and Lemma 6, we find

b~ () () 8) (%) ~ 2%

—(lnx)1+5’ T — 00,

that gives Inlnk, ~ Inx, x — oo. From this we have
25\2{ LAY <e™) = Z A~ g ‘(Inz)™%, z — oo.

The required asymptotics conclude from Theorem 9. O

6 Appendix

Here we recall the definitions and basic properties of self-decomposable and stable probability
distributions. Also we provide known limit theorems of weak convergence to these distributions. The
facts and notions are used in the previous sections. For more detailed study see [9], [13], and [30].

6.1 Self-decomposable distributions

Definition 1 A distribution function F' is called self-decomposable if for any o > 1 there exists a
distribution function F, such that F(z) = [, Fo(x —y)dF(ay) for all x € R.

Self-decomposable distribution functions are also called distributions functions of class L (or L
functions for short). Every self-decomposable distribution function F is infinitely divisible and thus
its characteristic function f(t) = [ €"* dF(x), t € R, uniquely admits Lévy canonical representation:

f(t)—exp{m—¥+ / (em—l i )dL(x)}, teR, (68)

1+ a2

|z|>0

where v € R, 0% > 0, Lévy spectral function L: R\ {0} — R is non-decreasing on the intervals
(—00,0) and (0,00) and it satisfies the conditions

lim L(z)= lim L(z) =0,

T—r—00 T—r00
/ v*dL(z) < oo forall 7 >0.
0<|z|<T

Only for L functions its Lévy spectral functions L are continuous and have one-sided derivatives on
R/{0}, where the functions x +— xL'(x) are non-increasing on the intervals (—oo, 0) and (0, o) (here
L'(x) is a left or right derivative of L at x).

It is known fact that any L function is unimodal (see [44] and also [42]). Any non-degenerate L
function is absolutely continuous (see [33], [43] and [45]).

Remark 8 If F' is a non-degenerate L function, then it strictly increases on (lext F,rext F').

27



This fact follows from theorem of W. N. Hudson and H. G. Tucker (see [12]), which states that a
set of zeroes for density of arbitrary absolutely continuous infinitely divisible distribution function
either has Lebesgue measure zero or almost surely coincides with some infinite interval.

For example, a distribution function Dg with the following characteristic function

1
itoc_l
fDB(t):eXp{ﬂ/e T d%}, B>O7 tGR,
0

is self-decomposable. It has canonical Lévy representation with the triplet

1
d
7:/1ﬁ+i2 = /B:Tﬂ-? 0'2:0, L(.T):ﬂ(lnx)]l(xe (O’ 1])
0

Density pg of the distribution function Dg equals zero on (—oo,0] and it satisfies the following
equation (see [11], [42], and [43])

wpy() = (8 — Dpsla) — Bpsla — 1), @ >0,

with the initial condition

(@) = St
pplz) = ", O0<ax <1,
T) N
where € is the Euler constant.

The function p, defined by the equation p(z) = €“pi(z), * € R, is called Dickman function.
It occupies an important place in number theory (see [34]). According to this, the distribution
corresponding to D, is called the Dickman distribution and the distributions corresponding to Dg,
B > 0, are called convolution powers of the Dickman distribution (see [11]).

Self-decomposable distributions are of interest because of the following theorem (see [30], p. 101).

Theorem 10 Let (A, )nen be a sequence and (By,)nen be a positive sequence. Let (Y;) en be a sequence
of independent random variables satisfying the following condition

lim max P(|Y;| > xB,)=0 forall z>0. (69)

n—oo j=1,...,n
If the ditribution functions of the following sums

Z?:l Y3 — Ay

B , neN, (70)

weakly converge to a non-degenerate distribution function F', then ' € L and B,, — 00, Bpy1/B, — 1
as n — 0.

Let us formulate necessary and sufficient conditions for convergence of distribution functions of
(70) to a given L function (see [9], p. 124).

Theorem 11 Let (A, )nen be a sequence and (By,)nen be a positive sequence. Let (Y;) en be a sequence

of independent random variables satisfying (69). Let F be an L function with triplet (v, 02, L) in Lévy
canonical representation (68). For the distribution functions of the sums (70) to converge weakly to
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F, it is necessary and sufficient to satisfy

(Ay) lim Z]P(Yj >xB,)=—L(z) forall x> 0;

n—00 4

i < — .
(A) nh—{{oloZIP(Y; <zB,) = L(z) forall x<O0;

(B) 71113;0—<ZE[Y11 V| < )}—An):
=7+ / —I3dL(I)—/LL(x) for all 7> 0;

14 22 14 a2
0<|z|<T lz|>T
— f— — pu— 2
(©)  lim lim — ZVar[Y]l(|Y| )} lim Tim — ZVar[Y]l(|Y| B = o2

n%oo n =

The convergence of (70) still holds if we replace (B,,)nen Wwith any equivalent sequence. It follows
from the next general lemma (see [30] p. 21).

Lemma 3 Let (¢,)nen be a sequence, v = (r,)nen be a positive sequence. Suppose that distribu-
tion functions F, weakly converge to a non-degenerate distribution function F. Then the following
assertions hold:

(i) If Fo(rnz + c,) weakly converge to non-degenerate distribution function H, then H(x) =
F(rz+ ¢), where c = lim ¢, and r = lim r,.
n—oo n—oo

(17) If c= lim ¢, and r = lim r,, then F,(r,x + ¢,) weakly converge to F(rx + c).

n—o0 n—oo

6.2 Stable distributions

Definition 2 A distribution function F is called stable if for any ay > 0 and ay > 0 there exist a > 0
and b such that F(ax 4+ b) = [; F(ai(z — y)) dF(agy) for all x € R.

It is well known that every stable distribution function is self-decomposable and thus infinitely
divisible. The class of stable distributions consists degenerate distributions, normal distributions and
non-normal a-stable distributions, a € (0, 2).

The characteristic function of normal distribution function ®,, ;2> (with mean p € R and variance
0? > () has representation (68) with the triplet (1, 02,0), where Lévy spectral function is identically
equals zero. Standard normal distribution function ®g; is denoted by @, i.e.

D(r) = By (4 + 00). (71)

We will denote by S, 3, the stable distribution functions, which are non-degenerate and non-
normal. The parametrization is choosen according to so called A-form of representation of their
characteristic functions (see [4] p. 10):

P (®) i= exp{int = pralt]* (1 = iBsign(t) w(t, o)) }.
where o € (0,2), p >0, f € [-1,1], p € R, and

- INOES o;)_cocsy(ﬂoz/Z), 0e(0.2) atl,

/2, a=1;
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ot a) e tan(ma/2), a€(0,2), a#1,
(tha): {—(2/7r) In |¢], a=1.

We will call Sop = Sa180, @ € (0,2), 8 € [—1,1], the standard a-stable distribution functions,
which can be obtained by the formula

Sa,6() = Sapsulpn + p" ),

where py == p+ (Bplnp) L(a =1).
The characteristic function of S, , 3, has representation (68) with the triplet (7,0, L). Here

_p(d -5 p(1+7)
L(I‘) = WI(I<O)—W]1(JI>O), $€R\{O}, (72)
and v = pu+ affpl,, where
r 1 sin @ 1
Ia:/(w“(l—i—m?) 3 ]l(ozzl)—m—a]l(1<oz<2))da:.
0

This integral can be explicitly computed. By formula 3.781 1. in [8], we find

T 1 sinx
Il_/(x(1+$2)_ x2>dx_%_1’
0

where ¢ ~ 0,5772 is the Euler constant. By formula 3.241 2. in [8], we have

[e.9]

xP dx T
= e (—1,1).
/1—|—x2 2cos(mp/2)’ pe(=L1
0

Hence we obtain

r~%dz T

I, :/ = for «a€(0,1),
0

1+22  2cos(ma/2)

and also

(1 1 [a2ed
Ia:/ S dx:—/udx:+ for o€ (1,2).
z*(1+22) a° 1+ 22 2 cos(ra/2)
0 0

The analytic properties of stable distributions was in detail described in the monograph [46], the
related limit theorems — in [4]. The general reviews can be found in classic monographs [6], [9], [13],
[22], and [32] but it should be take into account the paper [10].

The fundamental role of stable distributions is explained by the following theorem.

Theorem 12 The set of distribution functions that are weak limits of the distribution functions of
centered and normalized sums (70) with independent and identically distributed random variables Yj,
J € N, coincides with the set of stable distribution functions.

The criterion of convergence to standard normal distribution function has the following form (see
Theorem 2.6.2 in [13], but there is a typos in the formulation: “if” should be changed to “iff”).
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Theorem 13 Let (Y;)jen be a sequence of non-degenerate independent and identically distributed
random variables. There exist a sequence (A,)nen and a strictly positive sequence (By,)nen such that
the distribution functions of (70) weakly convergence as n — oo to ® iff the following conditions
hold:

(i) VarY) < oo,
(i) P(Y1] > z) = 27%p(x),

where ¢ is a SVF 3. For A,, n € N, it can be set A, = nEY], the B,, n € N, can be taken from
n Var (Y1]1(|Y1| < Bn)) ~ B% n — co. In case (i) we can set B, = y/nVarY].

The criterion of convergence to standard a-stable distribution functions has the following form
(see [32] p. 50, [41] p. 114).

Theorem 14 Let (Y;)jen be a sequence of non-degenerate independent and identically distributed
random variables. There exist a sequence (A,)nen and a strictly positive sequence (By,)nen such that
the distribution functions of (70) weakly convergence as n — oo to S, g, a € (0,2), 5 € [—1,1], iff
both

1) P(i] > 2) = 27%¢(x),

. PYi>z) 145
2) 1 =
S e
where ¢ is a SVF. The B, n € N, can be taken from lim nP(|Y;] > B,) = 1. The A,, n € N, can
n—o0
be chosen as follows: A, =0 for a € (1,2), A, =nEY) fora € (1,2), and

A, =nE (V11(Y; < B,)) +B(1—=€)B, for a=1.

For the case a = 1 the expression of the A,,, n € N, is often omitted in the literature or has often
a difficult form. Let us explain the possibility of the choice of A,, n € N, in Theorem 14. Indeed, by
the condition (B) of Theorem 11 for 7 = 1 and on account of above expressions of v and L for y = 0,
p =1, and a = 1, the constants A,, n € N, must be satisfy

1 00
' 1 n r dz dx
J= 1

0

The last integrals are equal, therefore, we have the required formula for A,, n € N.

6.3 The Darling theorem

Suppose that common distribution function of independent and identically distributed random
variables has a slowly varying summary tail, i.e. P(|Y1] > x) = ¢(z), where ¢ is some SVF that
o(x) — 0 as © — oo. In this case the distribution functions of the sums

2?21 Yy — Ay

N
Bk, ) 6 Y

can not have non-degenerate weak limit for any (Ag)gen, (Bk)ren, and (ng)ren (see [6] p. 320).
However, here the Darling theorem holds (see [5]). We formulate it in the form, which was obtained
by S. V. Nagaev and V. I. Vakhtel in the paper [24]. Also we restrict ourselves to the case of non-
negative random variables.

3slowly varing function on infinity, see Subsection 6.4
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Theorem 15 Let (Y;)jen be a sequence of non-degenerate independent and identically distributed
non-negative random variables such that P(Y; > x) = ¢(x) with some SVF ¢. Then we have

. ~ Y\ I—-
T}LHQO]P(H(’D<Z;E>\x) 1—e forall x>0,

where $(y) :=1—Ee /Y, 4 > 0.

In this theorem the function @ is continuous and strictly decreasing on (0,00). Also, according to
tauberian theorem (see [6], p. 447, formula (5.22)), we have ¢(z) ~ ¢(x), z — 0.

6.4 Some facts from theory of regular variation

Let ¢ be a positive measurable function, defined on some [T, 00) and satisfying ¢(cx)/¢(x) — 1,
x — oo for any ¢ > 0. Then ¢ is said to be a slowly varying at infinity (SVF for short). Here we
provide some useful lemmas concerning asymptotic inversion and conjugation of such functions.

Lemma 4 Suppose that p is a SVE. Then there exists a SVF ©*, unique up to asymptotic equiva-
lence, that satisfies

1. lim p(2)p™ (vp(r)) = 1,

T—00

2. lim % (2)p(vp?(2)) = 1,

T—00

3. o (z) ~ p(x), T — 0.

The SVF ¢# is called de Bruijn conjugation of ¢. The importance of p# is explained by the
following lemma (see [2] p. 28-29).

Lemma 5 Let f(z) ~ 27p(z)", © — oo with 7 > 0, ¢ is a SVF. There exists the function g that
flg(x)) ~ g(f(x)) ~ 2 and g(z) ~ 2/7p#(2'/7), 2 — oo, where ¢* is the de Bruijn conjugation
for . Here g is determined uniquely up to asymptotic equivalence, and one version of g is f~(x) =

inf{y e R: f(y) > z}.
For many cases p# may be asymptotically expressed in terms of ¢ itself ([2] p. 78-79).

Lemma 6 Let ¢ be a SVF with the de Bruijn conjugation o*. If o(z) ~ o(z/e(z)),  — oo, then
we have ¥ (x) ~ 1/p(z), x — o0o.

Let us mention one more useful assertion (see [2] p. 26-27).

Lemma 7 Let ¢ be a SVF that locally integrable on [T, 00) for some T € R. Let function ¢ define
by ¢(x) == [, (p(t)/t)dt. Then ¢ is a SVF and $(x)/¢(x) — 0o, & — o0.
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