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Abstract—In this paper, the model of mathematical pendulum
is formulated as a non-linear dynamic system. The equilibrium
positions of the dynamic system are obtained as a solution of cor-
responding problem of multiprogram stabilization. This solution
is eventually formalized in a form of Hermit’s polynomial.

I. INTRODUCTION

Numerous applications (for example, [1], [2], [3]) require
realization of a given set of motions. In such a case the
problem of synthesis of multiprogram stable controls could be
formulated [1], [3], [5]. In the present paper, this problem is
solved for the quasi-linear time-invariant controlled system [3],
[4]:

ẋ = Ax+Bu+ µG(x,u, µ), (1)

where x – n-dimensional state vector; u – r-dimensional
control vector; A = {aij}, B = {bik}, i = 1, n, j =
1, n, k = 1, r, – constant matrices, G(x,u, µ) – real con-
tinuously differentiable by x and u; µ ≥ 0 – small parameter.

Suppose that a set of controls u1(t), . . . ,uN (t) and a set
of program motions x1(t), . . . ,xN (t) are constructed for the
system (1). Note, that each program control uj(t) and each
program motion xj(t), j = 1, N are designed as the decision
of certain boundary problem.

The problem 1 of multiprogram stabilization for the sys-
tem (1) consists of a controls u = u(x, t), that realize the
program motions x1(t), . . . ,xN (t) and guarantee the asymp-
totic stability.

II. CONTROL SYNTHESIS

Consider the multiprogram control

u(x, t) =

N∑
j=1

(
uj+C(x−xj)−2uj

N∑
i=1,i6=j

(xj − xi)(x− xj)

(xj − xi)2

)
pj(x),

(2)
where

pj(x) =

N∏
i=1,i6=j

(x− xi)
2

(xj − xi)2
. (3)

Here the expressions (xj − xi)(x − xj), e (xj − xi)
2 are

the scalar multiplication of corresponding vectors. Note that
the function (2) is the Hermit’s interpolating polynomial. The

nodal location of the polynomial is a control motion xj(t) and
polynomial value is a program control uj(t), t = 1, N . Ac-
tually, for the function (3) it is true, that u(xj(t), t) ≡ uj(t).
Consider the following theorem.

Theorem 1. Let the following conditions hold

1) the homogeneous system ẋ = Ax +Bu under control
u = Cx has the major stability margin;

2) inf
t≥0
‖ xi(t)− xj(t) ‖> 0, i 6= j;

3) µ‖G(x,u,µ)‖
‖x‖ → 0 with ‖x‖ → 0 uniformly by t.

Then the control (2), (3) exists and realize the given set of
program motions x1(t), . . . ,xN (t).

Notice. The function uk(x, t) such as

lim
k→+∞

uk(x, t) = u(x, t)

could be used as a k-approximation of the control (2), (3),
while selected regime xkj (t) (‖xs(t)− xks(t)‖ ≤ εs) could be
used as a k-approximation of xj(t) [3].

III. MODEL OF MATHEMATICAL PENDULUM

Consider the problem of multiprogram stabilization of
some equilibrium positions for a model of the mathematical
pendulum:

ẍ+ γẋ+ sinx = u,

where x is a deviation angle at vertical axis; u is a scalar
control; γ > 0 is a friction coefficient.

Let

x =

(
x1
x2

)
=

(
x
ẋ

)
, A =

(
0 1
−1 −γ

)
,

b =

(
0
1

)
, g(x) =

(
0

x1 − sinx1

)
.

Then the equation of pendulum can be presented as

ẋ = Ax+ bu+ g(x). (4)

Consider two defined constant vectors (N = 2):

x1 =

(
x10
0

)
, x2 =

(
x20
0

)
.



To find an equilibrium positions of the system (4), it is
necessary to find a control action from the equation:

Axj + bupj + g(xj) = 0, j = 1, 2. (5)

From (9) we obtain up1 = sinx10, up2 = sinx20.

Then, the equation of the multiprogram control (2), (3) is

u(x) = ((up1 + c1(x− x1)−

−2up1
(x1 − x2)(x− x1)

(x1 − x2)2
))l1(x) + ((up2+

+c2(x− x2)− 2up2(
x2 − x1)(x− x2)

(x2 − x1)2
))l2(x), (6)

l1(x) =
(x− x2)

2

(x1 − x2)2
=

(x1 − x20)
2 + x2

2

(x10 − x20)2
,

l2(x) =
(x− x1)

2

(x2 − x1)2
=

(x1 − x10)
2 + x2

2

(x20 − x10)2
.

According to the Theorem 1, the closed loop system (4),
(6) has the equilibrium positions x1, x2.

In the paper [4], there is an example of implementation of
the multiprogram control function (6). Moreover, the process
of stabilization for different deviation positions are investi-
gated. Eventually, Matlab-code is given.

IV. CONCLUSION

The main result of the paper is a conceptual development
of the multiprogram controls synthesis approach. For a further
implementation of this technique, the more detailed algorith-
mic investigation and a code optimization should be reached.
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