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a b s t r a c t

The analysis of the stability and numerical simulation of Costas loop circuits for high-
frequency signals is a challenging task. The problem lies in the fact that it is necessary to
simultaneously observe very fast time scale of the input signals and slow time scale of
phase difference between the input signals. To overcome this difficult situation it is
possible, following the approach presented in the classical works of Gardner and Viterbi,
to construct a mathematical model of Costas loop, in which only slow time change of
signal's phases and frequencies is considered. Such a construction, in turn, requires the
computation of phase detector characteristic, depending on the waveforms of the
considered signals. While for the stability analysis of the loop near the locked state (local
stability) it is usually sufficient to consider the linear approximation of phase detector
characteristic near zero phase error, the global analysis (stability in the large) cannot be
accomplished using simple linear models.

The present paper is devoted to the rigorous construction of nonlinear dynamical
model of classical Costas loop, which allows one to apply numerical simulation and
analytical methods (various modifications of absolute stability criteria for systems with
cylindrical phase space) for the effective analysis of stability in the large. Here a general
approach to the analytical computation of phase detector characteristic of classical Costas
loop for periodic non-sinusoidal signal waveforms is suggested. The classical ideas of the
loop analysis in the signal's phase space are developed and rigorously justified. Effective
analytical and numerical approaches for the nonlinear analysis of the mathematical model
of classical Costas loop in the signal's phase space are discussed.
& 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/3.0/).

1. Introduction

The Costas loop [1,2] is a classical phase-locked loop
(PLL) based circuit for carrier recovery. Nowadays among
the applications of Costas loop there are Global Positioning
Systems (see, e.g., [3–7]), wireless communication (see, e.
g., [8–14] and others [15–23].

A PLL-based circuit behaves as a nonlinear control
system and its physical model in the signal space can be
described by nonlinear nonautonomous difference or
differential equations. In practice, numerical simulation is
widely used for the analysis of nonlinear PLL-based mod-
els (see, e.g., [24–28]). However the explicit numerical
simulation of the physical model of Costas loop or its
mathematical model in the signal space (e.g., full SPICE-
level simulation) is rather complicated for the high-
frequency signals. The problem lies in the fact that it is
necessary to consider simultaneously both very fast time
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