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Ó÷åáíî-ìåòîäè÷åñêîå ïîñîáèå ñîäåðæèò íà÷àëüíûå ñâåäåíèÿ î ñèñòåìå êîìïüþ-
òåðíîé âåðñòêè LATEX è ñèñòåìå êîìïüþòåðíîé àëãåáðû Mathematica. Ýòîò ìàòåðè-
àë ïðåäíàçíà÷åí äëÿ èçó÷åíèÿ ñòóäåíòàìè âòîðîãî êóðñà áàêàëàâðèàòà ¾Ôèçèêà¿
è ¾Ïðèêëàäíûå ìàòåìàòèêà è ôèçèêà¿ íà ïðàêòè÷åñêèõ çàíÿòèÿõ ïî êóðñó ¾Êîì-
ïüþòåðíûå ñðåäñòâà è ñèñòåìû¿.
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Ðàáîòà � 1

Îñíîâû LATEX

Íàïîìíèì, ÷òî LATEX- ýòî êîìïüþòåðíàÿ ñèñòåìà äëÿ ñîçäàíèÿ ïðîôåññèîíàëüíûõ
íàó÷íûõ äîêóìåíòîâ âûñîêîãî êà÷åñòâà. Îñíîâíûå ñâåäåíèÿ îá ýòîé ñèñòåìå ìîæ-
íî ïî÷åðïíóòü èç ðèäåðîâ ëåêöèé, ó÷åáíûõ ïîñîáèé è äîïîëíèòåëüíûõ ìàòåðèà-
ëîâ ïî äèñöèïëèíå ¾Êîìïüþòåðíûå ñðåäñòâà è ñèñòåìû¿, ðàçâåðíóòîé â ñèñòåìå
Blackboard ÑÏáÃÓ ïî àäðåñó https://bb.spbu.ru/

Äàííîå ïîñîáèå ïðåäíàçíà÷åíî äëÿ ïðîâåäåíèÿ ïðàêòè÷åñêèõ çàíÿòèé ïî äàííîé
äèñöèïëèíå. Èòàê, íà÷í¼ì ñ ñîçäàíèÿ íîâîãî äîêóìåíòà .tex, â êîòîðûé çàïèñûâà-
åòñÿ èñõîäíûé êîä LATEX. Åñëè âû èñïîëüçóåòå ðåäàêòîð WinEdt èëè TeXworks, òî
äëÿ ýòîãî íóæíî â ìåíþ File âûáðàòü ïóíêò New. Â îñòàëüíûõ ðåäàêòîðàõ äåéñòâèÿ
ïðàêòè÷åñêè àíàëîãè÷íû.

Èñõîäíûé êîä ñîäåðæèò êîìàíäû è îáû÷íûé òåêñò. Íàçâàíèÿ êîìàíä íà÷èíàþòñÿ
ñ îáðàòíîé êîñîé ÷åðòû �\�. Êîìàíäû, êàê ïðàâèëî, èìåþò àðãóìåíòû. Îáÿçàòåëü-
íûå àðãóìåíòû çàêëþ÷àþòñÿ â ôèãóðíûå ñêîáêè, íåîáÿçàòåëüíûå � â êâàäðàòíûå.
Ñòðîêà êîììåíòàðèÿ íà÷èíàåòñÿ ñ ñèìâîëà ïðîöåíòà �%�.

Íàáåðåì ñëåäóþùèé èñõîäíûé êîä:

\documentclass [ 12 pt , a4paper ] { a r t i c l e }
\usepackage [ u t f 8 ] { inputenc }
\usepackage [ eng l i sh , r u s s i an ] { babel }
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{document}
Ïðèâåò, ìèð!
\end{document}

Çäåñü ìû èñïîëüçîâàëè ñòðîêó ñ �%�, ÷òîáû îòäåëèòü ïðåàìáóëó îò íà÷àëà äîêó-
ìåíòà.

Â êîìàíäå \documentclass â êà÷åñòâå îáÿçàòåëüíîãî àðãóìåíòà óêàçûâàåòñÿ êëàññ
èëè òèï äîêóìåíòà, êîòîðûé ìû ñîçäà¼ì. Â äàííîì ñëó÷àå ýòî article èëè ñòàòüÿ.
Â êà÷åñòâå íåîáÿçàòåëüíûõ àðãóìåíòîâ ðåêîìåíäóåòñÿ óêàçûâàòü îñíîâíîé ðàçìåð
øðèôòà (äëÿ êëàññà article ìîæåò ðàâíÿòüñÿ 10, 11 èëè 12pt) è ôîðìàò ëèñòà áóìàãè
A3, A4 è ò.ä.

Êîìàíäà \usepackage çàãðóæàåò äîïîëíèòåëüíûå ïàêåòû. Â íàøåì ïðèìåðå ýòî
ïàêåòû äëÿ ïîääåðæêè ðóññêîãî ÿçûêà. Àðãóìåíò utf8 óêàçûâàåò êîäèðîâêó äî-
êóìåíòà .tex. Âàì, âîçìîæíî, ïîíàäîáèòñÿ óêàçàòü äðóãóþ êîäèðîâêó, íàïðèìåð
cp1251 èëè koi8-r � ýòî çàâèñèò îò ðåäàêòîðà, â êîòîðîì âû ñîçäàëè äîêóìåíò.
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Ãëàâà 1 Îñíîâû LATEX

Ïàêåò ïîääåðæêè ÿçûêîâ babel ãàðàíòèðóåò êîððåêòíûé ïåðåíîñ ñëîâ, äîáàâëÿåò
ñïåöèàëüíûå ñèìâîëû è ò.ï.

×àñòü äîêóìåíòà, êîòîðàÿ ðàñïîëîæåíà äî îêðóæåíèÿ
\begin{document}...\end{document}, íàçûâàåòñÿ ïðåàìáóëîé äîêóìåíòà, à ÷àñòü,
ðàñïîëîæåííàÿ âíóòðè ýòîãî îêðóæåíèÿ � òåëîì äîêóìåíòà.

Òåïåðü íóæíî êîìïèëèðîâàòü íàø êîä â äîêóìåíò .dvi èëè .pdf. Â ðåäàêòîðå
WinEdt äëÿ ñîçäàíèÿ .dvi â ìåíþ Accessories íóæíî âûáðàòü ïóíêò TeXify (èëè
íàæàòü êîìáèíàöèþ êëàâèø Shift+Ctrl+x). Êîìàíäà TeXify ÿâëÿåòñÿ ìàêðîñîì,
êîòîðûé íóæíîå ÷èñëî ðàç çàïóñêàåò ïðîãðàììû Latex, BibTeX è MakeIndex, êîòî-
ðûå ñîáñòâåííî è çàíèìàþòñÿ êîìïèëÿöèåé èñõîäíûõ êîäîâ LATEX â äîêóìåíò .dvi.
Åñëè êîìïèëÿöèÿ ïðîøëà óñïåøíî, âûáèðàåì â ìåíþ Accessories ïóíêò DVI Preview
(èëè íàæèìàåì êîìáèíàöèþ êëàâèø Shift+Ctrl+v) äëÿ ïðîñìîòðà ñîçäàííîãî äî-
êóìåíòà.

Â TeXworks íóæíî íàæàòü íà ñòðåëî÷êó â çåë¼íîì êðóæêå, ïðåäâàðèòåëüíî âû-
áðàâ ñïèñîê êîìàíä, êîòîðûé áóäåò âûïîëíåí ïðè ýòîì äåéñòâèè. Îêíî ñ ôàéëîì
.dvi ïîÿâèòñÿ àâòîìàòè÷åñêè.

Èçíà÷àëüíî LATEXñîçäàâàëñÿ èìåííî äëÿ ïîäãîòîâêè ìàòåìàòè÷åñêèõ ñòàòåé, ïî-
ýòîìó åãî âîçìîæíîñòè â äàííîé îáëàñòè ïðàêòè÷åñêè áåçãðàíè÷íû, îõâàòûâàÿ âñå
àñïåêòû ìàòåìàòè÷åñêîé íàóêè. Òàê êàê â êàæäîé îáëàñòè çíàíèé è êàæäîì íàó÷-
íîì èçäàòåëüñòâå ñâîè òðàäèöèè â îôîðìëåíèè ñòàòåé, òî íåîáõîäèìî îçíàêîìèòü-
ñÿ ñ ïðèìåðàìè ñòàòåé è îïèñàíèåì ñòèëåé äëÿ àâòîðîâ, êîòîðûå ìîæíî íàéòè íà
ñàéòàõ èçäàòåëüñòâ. Òàì æå ìîæíî íàéòè øàáëîí ñòàòüè � .tex äîêóìåíò, êîòî-
ðûé, êàê ïðàâèëî, ñîïðîâîæäàåòñÿ ôàéëîì êëàññà äîêóìåíòà .cls èëè ñòèëåâûì
ôàéëîì .sty. Îíè îïðåäåëÿþò âíåøíèé âèä ñòàòüè â ñîîòâåòñòâèè ñ òðåáîâàíèÿìè
èçäàòåëüñòâà èëè êîíêðåòíîãî æóðíàëà. Âñå ýòè ôàéëû ñëåäóåò ñêà÷àòü íà ñâîé
êîìïüþòåð è èñïîëüçîâàòü êàê çàãîòîâêó ñòàòüè, êîòîðóþ ñëåäóåò íàïîëíèòü ñî-
äåðæàíèåì. Âîò êàê ìîæåò âûãëÿäåòü øàáëîí ñòàòüè (ñîçäàéòå íîâûé äîêóìåíò
.tex, íàáåðèòå ïðèâåäåííûé íèæå êîä è ñêîìïèëèðóéòå åãî):

\documentclass [ 12 pt , a4paper ] { a r t i c l e }
\usepackage [ u t f 8 ] { inputenc }
\usepackage [ eng l i sh , r u s s i an ] { babel }
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{document}

\author{È.~Èâàíîâ \and Ï.~Ïåòðîâ\thanks{ÑÏáÃÓ}}
\ t i t l e {Êàê â Ëàòåõ \\ íàáèðàòü ñòàòüè}
\date{}

\maket i t l e

%\ beg in { t i t l e p a g e }
%Îôîðìëÿåì êàê õîòèì
%\end{ t i t l e p a g e }
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\begin{ abs t r a c t }
òåêñò òåêñò òåêñò òåêñò
\end{ abs t r a c t }

\ t ab l e o f c on t en t s {}

\ section{Ïåðâûé ðàçäåë}

òåêñò òåêñò òåêñò

\ subse c t i on {åãî ïîäðàçäåë}

òåêñò òåêñò òåêñò

\ subsubsec t ion {ïîäïîäðàçäåë}

òåêñò òåêñò òåêñò

\paragraph{Âàæíûé ïàðàãðàô}

òåêñò òåêñò òåêñò

\ section{Âòîðîé ðàçäåë}

òåêñò òåêñò òåêñò

\ section *{Çàêëþ÷åíèå}
%\ addcon t en t s l i n e { toc }{ s e c t i on }{Çàêëþ÷åíèå}

òåêñò òåêñò òåêñò

\appendix
%íà÷èíàåòñÿ ïðèëîæåíèå ê äîêóìåíòó

\ section{Íàçâàíèå ïðèëîæåíèÿ}

òåêñò òåêñò òåêñò

\end{document}

Âñþäó âìåñòî ñëîâ �òåêñò òåêñò òåêñò òåêñò òåêñò� âñòàâüòå ñâîè ñîáñòâåííûå ñëîâà.
Èõ ìîæíî ñêîïèðîâàòü, íàïðèìåð, èç Èíòåðíåòà èëè pdf ôàéëîâ íàó÷íûõ ñòàòåé èç
àðõèâà xxx.lanl.gov. Ñ ïîìîùüþ êîìàíä \author è ò.ï. â íà÷àëå òåëà äîêóìåíòà ââî-
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Ãëàâà 1 Îñíîâû LATEX

äèòñÿ èíôîðìàöèÿ äëÿ ñîçäàíèÿ çàãîëîâêà ñòàòüè, ñàì æå çàãîëîâîê âñòàâëÿåòñÿ
êîìàíäîé \maketitle. Èìåéòå ââèäó, ÷òî åñëè íå ïîäàòü êîìàíäó \date, LATEX íà-
ïå÷àòàåò äàòó íà àíãëèéñêîì ÿçûêå. Àëüòåðíàòèâíî, òèòóëüíûé ëèñò ñ çàãîëîâêîì
ìîæíî ñîçäàâàòü âðó÷íóþ, ÷òî äåëàåòñÿ ñ ïîìîùüþ îêðóæåíèÿ titlepage. Ïîñëå
çàãîëîâêà ñòàòüè, êàê ïðàâèëî, èäåò àííîòàöèÿ � îêðóæåíèå abstract, à äàëüøå
îãëàâëåíèå, êîòîðîå ñîçäàåòñÿ àâòîìàòè÷åñêè êîìàíäîé \tableofcontents. Äàëü-
øå èäåò îñíîâíîé òåêñò ñòàòüè, êîòîðûé ïðèíÿòî äåëèòü íà ðàçäåëû, ïîäðàçäåëû
è ò.ä. (êîìàíäû \section, \subsection è ò.ï.). Íàì íå íóæíî çàáîòèòüñÿ î íóìåðà-
öèè ðàçäåëîâ, LATEX äåëàåò ýòî àâòîìàòè÷åñêè. Çâ¼çäî÷êà ïîñëå êîìàíäû ñîçäàíèÿ
ðàçäåëà çàñòàâëÿåò LATEX íå íóìåðîâàòü ýòîò ðàçäåë. Îáðàòèòå âíèìàíèå íà òî, ÷òî
ðàçäåë Çàêëþ÷åíèå íå áûë âêëþ÷åí â îãëàâëåíèå � ïîáî÷íûé ýôôåêò ñòîÿùåé ïî-
ñëå êîìàíäû \section çâ¼çäî÷êè. ×òîáû èñïðàâèòü ýòî, ðàñêîììåíòèðóéòå ñòðî÷êó
ñ êîìàíäîé \addcontentsline ïîñëå êîìàíäû \section*.

×òîáû ìîæíî áûëî ñîçäàâàòü â òåêñòå ññûëêè íà ðàçäåë äîêóìåíòà, íóæíî äî-
áàâèòü ìåòêó ñ ïîìîùüþ êîìàíäû \label, íàïðèìåð

\ section{Âòîðîé ðàçäåë}
\ label { teoremy}

Òåïåðü ìîæíî ñîçäàâàòü ññûëêè íà ýòîò ðàçäåë:

Â ðàçäåëå~\ ref { teoremy} íà ñòðàíèöå~\pageref{ teoremy} ìû äîêàçàëè
òåîðåìó .

Äëÿ ñîçäàíèÿ ñíîñêè â çàãîëîâêå èñïîëüçóåòñÿ êîìàíäà \thanks, íî â îñíîâíîì
òåêñòå âìåñòî íåå íóæíî èñïîëüçîâàòü êîìàíäó

\ footnote{òåêñò ñíîñêè}

Íàáèðàéòå â îäíîì èç ðàçäåëîâ äîêóìåíòà ñëåäóþùèé êîä è êîìïèëèðóéòå åãî:

Êîãäà íóæíî èñïîëüçîâàòü ñïåöñèìâîëû:
Äåôèñ èñïîëüçóåì â êàê−òî, êîðîòêîå òèðå â äèàïàçîíå 10−−15,
à îáû÷íîå òèðå ýòî −−− "äëèííîå"òèðå .
Ìîæíî èñïîëüçîâàòü êàâû÷êè ``ëàïêè'' è <<¼ëî÷êè>>.
Ìíîãîòî÷èå \ ldots
À âîò êàê íàáðàòü Schr \" od inger equat ion .
% Ýòî íàçûâàåòñÿ äèàêðèòè÷åñêèé çíàê
\begin{ cente r }
Ïîìåñòèì ïîñåðåäèíå
\end{ cente r }
% ïîïðîáóéòå òàêæå îêðóæåíèÿ �ushleft è �ushright
Äàëüøå ïå÷àòàåì \ textit {êóðñèâîì} ,èëè
\textbf{æèðíûì øðèôòîì} ,

èëè øðèôòîì \ textsf {áåç çàñå÷åê} ( sans s e r i f ) ,
à òåêñò ïðîãðàìì øðèôòîì\ texttt{ïèøóùåé ìàøèíêè} .
% îáû÷íûé ïðÿìîé øðèôò âñòàâëÿåòñÿ êîìàíäîé \ textrm
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Ðàçìåð øðèôòà {\small ìàëåíüêèé} , {\ large áîëüøîé} ,
{\Large áîëüøå} è {\LARGE åù¼ áîëüøå} .
% íîðìàëüíûé \normals ize , åù¼ \Huge
Â È.\ ,È.~Èâàíîâ ëó÷øå ïîñòàâèòü ïðîáåë âðó÷íóþ è íåðàçðûâíûé ïðîáåë .
Ðàçðûâ \\ ñòðîêè .

Àáçàöíûé îòñòóï .
% äëÿ ñîçäàíèÿ àáçàöíîãî îòñòóïà ïðîñòî îñòàâëÿåì ïóñòóþ ñòðî÷êó
Îòñòóïû ïî \hspace {1 .5cm} ãîðèçîíòàëè è

\vspace {0 .3cm}

âåðòèêàëè .
Ðàçðûâ
\newpage
ñòðàíèöû .
Ñîçäàäèì íóìåðîâàííûé
\begin{enumerate}
\item òðè
\item äâà
\item è âëîæåííûé íå íóìåðîâàííûé ñïèñîê
\begin{ i t em i z e }

\item îäèí è òðè ÷åòâåðòè
\item îäèí ñ ïîëîâèíîé

\end{ i t em i z e }
\end{enumerate}
Áóêâàëüíîå âîñïðîèçâåäåíèå
\begin{verbatim}
some code
\end{verbatim}
%èñïîëüçóåòñÿ äëÿ ïå÷àòè êîäà ïðîãðàìì
%òåêñò ïå÷àòàåòñÿ øðèôòîì ïèøóùåé ìàøèíêè, êîìàíäû Tex âíóòðè îêðóæåíèÿ
%íå èñïîëíÿþòñÿ è ïå÷àòàþòñÿ êàê åñòü

Ïîïðîáóåì ìåíÿòü ïðåàìáóëó íàøåãî äîêóìåíòà. Èçìåíèì êëàññ äîêóìåíòà íà
scrartcl. Ïîñìîòðèòå, êàê ýòî ïîâëèÿåò íà âíåøíèé âèä äîêóìåíòà. Çàòåì âåðí¼ìñÿ
ê article, íî äîáàâèì îïöèþ twocolumn

\documentclass [ 12 pt , a4paper , twocolumn ]{ a r t i c l e }

Ïîñìîòðèòå, ê ÷åìó ýòî ïðèâåäåò. Çàìåíèì îïöèþ twocolumn íà draft. Ýòà îïöèÿ
èñïîëüçóåòñÿ ïðè îòëàäêå âíåøíåãî âèäà äîêóìåíòà. Îíà çàñòàâëÿåò LATEX îòìå÷àòü
÷åðíûì ïðÿìîóãîëüíèêîì ñëèøêîì ðàçðåæåííûå ñòðîêè è ñòðîêè ñ ïåðåïîëíåíèåì.
×òîáû óáåäèòüñÿ â ýòîì, ìîæåòå íàáðàòü ñòðîêó

Ââåäåì äëèííûé ïóòü
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Ãëàâà 1 Îñíîâû LATEX

/ usr / l o c a l /Wolfram/Mathematica /9 .0/ Documentation

Âåðí¼ìñÿ òåïåðü ê èñõîäíîé êîìàíäå

\documentclass [ 12 pt , a4paper ] { a r t i c l e }

è óñòàíîâèì ïîëÿ äîêóìåíòà âðó÷íóþ:

\textheight 24cm \textwidth 15cm \topmargin −.5 in
\oddsidemargin 0 in

Ýòè êîìàíäû çàäàþò âûñîòó, øèðèíó è ðàñïîëîæåíèå íà ñòðàíèöå ïðÿìîóãîëüíèêà
ñ òåêñòîì.

1.1 Çàäàíèå

Ñîçäàéòå ôàéë .tex è âñòàâüòå â íåãî äâå ÷àñòè òåêñòà - íà ðóññêîì è àíãëèéñêîì.
Òåêñòû ìîæíî âçÿòü èç Èíòåðíåòà.
Îòêîìïèëèðóéòå ôàéë, ïðîâåðüòå ïðàâèëüíîñòü ðàññòàíîâêè ïåðåíîñîâ. Ñäåëàéòå
òàê, ÷òîáû ðàçëè÷íûå ïðåäëîæåíèÿ áûëè íàáðàíû ðàçëè÷íûìè ñòèëÿìè. Èçìåíèòå
ïðåàìáóëó òàê, ÷òîáû òåêñò áûë íàáðàí â äâå êîëîíêè.
Òâîð÷åñêèé ïîäõîä ê çàäàíèþ áóäåò îöåí¼í äîïîëíèòåëüíî.
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Ðàáîòà � 2

Íàáîð ôîðìóë â LATEX

Ôîðìóëû â LATEX áûâàþò ñòðî÷íûå è âûêëþ÷åííûå. ×òîáû ïîíÿòü, ÷òî ýòî òàêîå,
íàáåðèòå â òåëå äîêóìåíòà ñëåäóþùèé êîä è êîìïèëèðóéòå äîêóìåíò:

Íàïèøåì ñòðî÷íóþ ôîðìóëó $ r=\sqrt{x^2+y^2+z ^2}$.
À òåïåðü âûêëþ÷åííóþ
\ [
\Gamma( z )=\int\ l imits_0^{+\ infty } \mbox{d} t \ , e^{−t } t^{z−1}.
\ ]

Ñèìâîëû �_� è �^� ñîçäàþò íèæíèå è âåðõíèå èíäåêñû. Â âûêëþ÷åííîé ôîðìóëå
ìû èñïîëüçîâàëè êîìàíäó \limits, êîòîðàÿ çàñòàâëÿåò LATEX ðèñîâàòü ïðåäåëû èí-
òåãðèðîâàíèÿ âíèçó è ââåðõó çíàêà èíòåãðàëà, êàê ïðèíÿòî â ðîññèéñêîé òðàäèöèè,
à íå ñáîêó îò íåãî. Êîìàíäà \mbox ñîçäà¼ò áîêñ ñ òåêñòîì. Â äàííîì ñëó÷àå îíà èñ-
ïîëüçóåòñÿ äëÿ òîãî, ÷òîáû íàðèñîâàòü çíàê äèôôåðåíöèàëà (ïðÿìûì) øðèôòîì
îñíîâíîãî òåêñòà. Äåëî â òîì, ÷òî â ôîðìóëå ïî óìîë÷àíèþ ëàòèíñêóþ áóêâó LATEX
ñ÷èòàåò ïåðåìåííîé è ðèñóåò êóðñèâîì. Îáðàòèòå òàêæå âíèìàíèå íà ñîçäàííûé
âðó÷íóþ (\,) ïðîáåë ïåðåä ïîäûíòåãðàëüíûì âûðàæåíèåì (îáû÷íûå ïðîáåëû ìåæ-
äó ñèìâîëàìè â ôîðìóëàõ èãíîðèðóþòñÿ). Èìåííî òàê ïðèíÿòî íàáèðàòü èíòåãðàëû
â LATEX.

Î÷åíü ÷àñòî áûâàåò íåîáõîäèìî ñîñëàòüñÿ íà êàêóþ-òî èç èìåþùèõñÿ â òåêñòå
ôîðìóë. Ïîýòîìó ÷àñòè ôîðìóë â òåêñòå ïðèñâàèâàþòñÿ íîìåðà. Íóìåðîâàííûå
ôîðìóëû ñîçäàþòñÿ ñ ïîìîùüþ îêðóæåíèÿ equation:

Âîò ïðèìåð íóìåðîâàííîé ôîðìóëû :
\begin{ equat ion }
\ lim_{n\to\ infty } (1+\ frac {1}{n})^n = e .
\end{ equat ion }

LATEX íàðèñîâàë ñëèøêîì ìàëåíüêèå êðóãëûå ñêîáêè, è ôîðìóëà âûãëÿäèò íåêðà-
ñèâî. ×òîáû ðàçìåð ñêîáîê àâòîìàòè÷åñêè ïîäãîíÿëñÿ ïîä ðàçìåð òîãî, ÷òî íàõî-
äèòñÿ ìåæäó íèìè, íóæíî ïåðåä îòêðûâàþùåé è çàêðûâàþùåé ñêîáêàìè ïîñòàâèòü
êîìàíäû \left è \right:

\ lim_{n\to\ infty } \ l e f t (1+\ frac {1}{n}\ right )^n = e .

×òîáû ìîæíî áûëî â òåêñò âñòàâèòü ññûëêó íà òîëüêî ÷òî íàáðàííóþ íàìè ôîð-
ìóëó, íóæíî åù¼ äîáàâèòü ìåòêó ñ ïîìîùüþ êîìàíäû \label:
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Ãëàâà 2 Íàáîð ôîðìóë â LATEX

\begin{ equat ion }
\ label {e−de f }

Ññûëêó ñîçäàåò êîìàíäà \ref, ïðè ýòîì ïðèíÿòî ñòàâèòü ñêîáî÷êè âîêðóã íîìåðà,
÷òî ïðèõîäèòñÿ äåëàòü âðó÷íóþ:

Îïðåäåëåíèå îñíîâàíèÿ íàòóðàëüíîãî ëîãàðèôìà~(\ ref {e−de f }) .

Íàáèðàéòå äàëüøå:

Â ôîðìóëàõ ìîæíî èñïîëüçîâàòü ðàçëè÷íûå çàìûñëîâàòûå øðèôòû
\begin{ equat ion }
\mbox{Îáû÷íûé} \ \mathrm{ text } \ \mathit{ text } \quad
\mathcal {T} \quad \mathbb{R} \quad \mathfrak{G}
\end{ equat ion }

Èìåéòå ââèäó, ÷òî èç âñåõ èñïîëüçîâàííûõ çäåñü êîìàíä êèðèëëèöó ìîæíî èñ-
ïîëüçîâàòü òîëüêî â êîìàíäå \mbox. Êîìàíäà \mathcal îòðèñóåò áóêâó, êîòîðóþ
ó íàñ ñêîðåå âñåãî íàçîâóò �T êðàñèâîå�. ×òîáû èñïîëüçîâàòü êîìàíäû \mathbb è
\mathfrak � àæóðíîå è ãîòè÷åñêîå íàïèñàíèÿ áóêâ � íóæíî çàãðóçèòü äîïîëíè-
òåëüíûé ïàêåò amssymb, äëÿ ÷åãî â ïðåàìáóëó äîêóìåíòà äîáàâëÿåì

\usepackage{amssymb}

Ïàêåòû amssymb è amsmath, êîòîðûì ìû âîñïîëüçóåìñÿ íèæå, ñîçäàííûå Àìåðè-
êàíñêèì ìàòåìàòè÷åñêèì ñîîáùåñòâîì (AMS), ðåêîìåíäóåòñÿ çàãðóæàòü â ëþáîì
äîêóìåíòå, ñîäåðæàùåì ôîðìóëû. Ïàêåò amssymb òàêæå äîáàâëÿåò íîâûå ñèìâîëû

\begin{ equat ion }
\ b l a c k t r i a n g l e \ varpropto \ geq s l an t \mbox{ñðàâíèòå ñ} \ge
\end{ equat ion }

è ìíîãèå äðóãèå. Â ðåäàêòîðå WinEdt ñïèñîê äîñòóïíûõ ñèìâîëîâ ìîæíî ïîñìîò-
ðåòü â ìåíþ, êîòîðîå âûçûâàåòñÿ íàæàòèåì íà êíîïêó ñ ñèìâîëîì ñóììû íà ïàíåëè
èíñòðóìåíòîâ è ïîçâîëÿåò âñòàâëÿòü êîìàíäû è ñèìâîëû íàæàòèåì íà ñîîòâåòñòâó-
þùèå êíîïêè.

Îêðóæåíèå array èñïîëüçóåòñÿ äëÿ íàáîðà ìàññèâîâ, â ÷àñòíîñòè ìàòðèö

Íàáåðåì ìàòðèöó
\begin{ equat ion }
A= \ l e f t (
\begin{ array }{ ccc }
1000 & −1 & 0 \\
1 & −2000 & −1 \\
0 & 1 & 3000
\end{ array }
\ right )
\end{ equat ion }
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Ðàçäåëèòåëåì ýëåìåíòîâ â ñòðîêå ñëóæèò ñèìâîë &, ñòðîêè ðàçäåëÿþòñÿ äâóìÿ
îáðàòíûìè êîñûìè ÷åðòàìè. Àðãóìåíò ccc çàäàåò êîëè÷åñòâî ñòîëáöîâ ìàòðèöû è
îäíîâðåìåííî îïðåäåëÿåò, ÷òî â êàæäîì èç ñòîëáöîâ ýëåìåíòû áóäóò âûðîâíåíû ïî
öåíòðó ñòîëáöà (l � ïî ëåâîìó êðàþ, r � ïî ïðàâîìó). Ìàññèâû òàêæå èñïîëüçóþòñÿ
äëÿ íàáîðà òàêèõ âîò îïðåäåëåíèé:

Áîëåå ñëîæíûé ìàññèâ
\begin{ equat ion }
\theta ( x )=\ l e f t \{
\begin{ array }{ l }
0\quad\mbox{ïðè}\ x<0, \\
1\quad\mbox{ïðè}\ x\ge0
\end{ array }
\ right .
\end{ equat ion }

Çäåñü ðàçìåð îòêðûâàþùåé ñêîáêè ïîäãîíÿåòñÿ ñ ïîìîùüþ êîìàíäû \left, íî ïàð-
íîé çàêðûâàþùåé ñêîáêè â ýòîé ôîðìóëå íåò. Â òàêèõ ñëó÷àÿõ ïîñëå êîìàíäû
\right ñòàâèòñÿ òî÷êà.

Êàê âû óæå ïîíÿëè, ìíîãî äîïîëíèòåëüíûõ âîçìîæíîñòåé äîáàâëÿþò â LATEX
âñåâîçìîæíûå ñïåöèàëüíûå ïàêåòû. Ðàññìîòðèì ïàêåò äëÿ ñîçäàíèÿ äèàãðàìì è
ãðàôîâ XY-pic, êîòîðûé ìû, êàê îáû÷íî, çàãðóçèì êîìàíäîé:

\usepackage [ a l l ] { xy}

Ïðèìåð ãðàôà
\ [
\xymatrix {
& & 1 \ar@/^/[ ddl ]^ f \ar@/_/[ d l ] \\
2 \ar@ { . } [ r ] \ ar [ dr ] | g & 3 & \\
4 \ar@{−−}[u ] & 5 &
}
\ ]

Äèàãðàììû è ãðàôû ñòðîÿòñÿ â âèäå ïðÿìîóãîëüíîé ìàòðèöû, êàæäûé ýëåìåíò
êîòîðîé ÿâëÿåòñÿ âåðøèíîé ãðàôà. Ñòðåëêè, èäóùèå îò äàííîé âåðøèíû, îïèñû-
âàþòñÿ ñ ïîìîùüþ êîìàíäû \ar, êîòîðàÿ ïîçâîëÿåò çàäàòü ñòèëü è íàïðàâëåíèå
ñòðåëêè, à òàêæå ñíàáäèòü ñòðåëêó òåêñòîì èëè äðóãèìè îáúåêòàìè. Íàïðèìåð, êî-
ìàíäà \ar@/^/[ddl]^f îçíà÷àåò: íàðèñîâàòü âûïóêëóþ ââåðõ îòíîñèòåëüíî íàïðàâ-
ëåíèÿ ñòðåëêè äóãîâóþ ñòðåëêó (@/^/) ïî íàïðàâëåíèþ âíèç-âíèç-âëåâî ([ddl]) è
ðàçìåñòèòü ñâåðõó îòíîñèòåëüíî íàïðàâëåíèÿ ñòðåëêè ìåòêó f (^f).

Ôîðìóëû èíîãäà áûâàþò î÷åíü äëèííûìè è íå óìåùàþòñÿ íà îäíîé ñòðî÷êå,
òàê ÷òî ïðèõîäèòñÿ äåëàòü èõ ìíîãîñòðî÷íûìè. Êëàññè÷åñêèì ñïîñîáîì íàáîðà
ìíîãîñòðî÷íîé ôîðìóëû ÿâëÿåòñÿ èñïîëüçîâàíèå îêðóæåíèÿ eqnarray:

Ìíîãîñòðî÷íàÿ ôîðìóëà
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Ãëàâà 2 Íàáîð ôîðìóë â LATEX

\begin{ eqnarray }
y (x ) & = & \mbox{î÷åíü äëèííîå âûðàæåíèå} \nonumber \\
& + & \mbox{åãî ïðîäîëæåíèå} \nonumber \\
& + & \mbox{åãî îêîí÷àíèå}
\end{ eqnarray }

Îêðóæåíèå eqnarray î÷åíü ïîõîæå íà îêðóæåíèå array. Ïîñêîëüêó îíî èñïîëüçóåòñÿ
äëÿ íàáîðà ôîðìóë, â ñòðîêàõ äîëæíî áûòü ïî òðè ýëåìåíòà. Êîìàíäà \nonumber

ïîäàâëÿåò íóìåðàöèþ êàæäîé ñòðîêè â îòäåëüíîñòè.
Îêðóæåíèå eqnarray � äàëåêî íå åäèíñòâåííàÿ âîçìîæíîñòü íàáèðàòü ìíîãî-

ñòðî÷íûå ôîðìóëû â LATEX. Íàïðèìåð, ìîæíî âîñïîëüçîâàòüñÿ îêðóæåíèåì multline,
êîòîðîå âõîäèò â óæå óïîìÿíóòûé íàìè âûøå ïàêåò amsmath. Ïîñëå çàãðóçêè ýòîãî
ïàêåòà

\usepackage{amsmath}

íàáåðèòå è ñêîìïèëèðóéòå êîä

\begin{mul t l i n e }
\ text {Íó} \\
\ text {î÷åíü}\\
\ text {äëèííàÿ}\\
\ text {ôîðìóëà}
\end{mul t l i n e }

Ïî óìîë÷àíèþ ïåðâàÿ ñòðî÷êà âûðàâíèâàåòñÿ ïî ëåâîìó êðàþ ëèñòà, ïîñëåäíÿÿ �
ïî ïðàâîìó, à îñòàëüíûå � ïî ñåðåäèíå. Ñ÷èòàåòñÿ, ÷òî èìåííî òàêèì îáðàçîì îòðè-
ñîâàííàÿ ìíîãîñòðî÷íàÿ ôîðìóëà âûãëÿäèò êðàñèâî. Îáðàòèòå âíèìàíèå, ÷òî äëÿ
îòðèñîâêè òåêñòà âíóòðè ôîðìóëû ìû èñïîëüçîâàëè çäåñü êîìàíäó \text, êîòîðàÿ
òàêæå âõîäèò â ïàêåò amsmath. Â àðãóìåíòå ýòîé êîìàíäû ìîæíî èñïîëüçîâàòü êè-
ðèëëè÷åñêèå ñèìâîëû. Èñïîëüçîâàíèå \text ïðåäïî÷òèòåëüíåå, ÷åì èñïîëüçîâàíèå
êîìàíäû \mbox.

Â LATEX ìîæíî ñîçäàâàòü è ñîáñòâåííûå êîìàíäû. Ìû íå áóäåì ïîäðîáíî îïèñû-
âàòü òåõíîëîãèþ ñîçäàíèÿ êîìàíä, ïðèâåäåì çäåñü òîëüêî ïðîñòîé ïðèìåð èñïîëüçî-
âàíèÿ êîìàíäû \newcommand{\name}[n][default]{definition}: ñîçäàíèå êîðîòêî-
ãî âàðèàíòà íàçâàíèÿ ñòàíäàðòíîé êîìàíäû (âñïîìíèòå, ÷òî èìåííî ëåíü ÿâëÿåòñÿ
äâèãàòåëåì ïðîãðåññà). Äëÿ ýòîãî â ïðåàìáóëó äîêóìåíòà íàïèøåì:

\newcommand{\bq}{\begin{ equat ion }}
\newcommand{\ eq }{\end{ equat ion }}

Ïîñëå ýòîãî íóìåðîâàííóþ ôîðìóëó ìîæíî ñîçäàòü âîò òàê:

\bq
2+2=4
\eq
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2.1 Çàäàíèå

2.1 Çàäàíèå

Íàáðàòü äåñÿòü ôîðìóë èç ñïèñêà â ôîðìàòå "ñòàòüÿ" , - íîìåðà ôîðìóë ïî óêàçà-
íèþ ïðåïîäàâàòåëÿ, íàáèðàòü áåç íîìåðà ñïåðåäè.

Íàçâàíèå ñòàòüè "Ïåðâîå çàäàíèå" , àâòîð ñòàòüè - Âàøè ÔÈÎ, áëàãîäàðíîñòü
ÑÏáÃÓ. Ýòîò ôàéë áóäåò çàòåì èñïîëüçîâàí â ïîñëåäóþùèõ çàäàíèÿõ ïî êóðñó.

1.

S =

(
p⋃
j=1

Sj

)⋃(
i=p⋃
i=1

j=p⋃
j=1

Γi
⋂

Γj

)
2.

−→
r′u(u, v) = ϕ′u(u, v)~i+ ψ′u(u, v)~j + χ′u(u, v)~k,
−→
r′v (u, v) = ϕ′v(u, v)~i+ ψ′v(u, v)~j + χ′v(u, v)~k.

3.

(a+ b)n =
n∑
k=0

Ck
n a

n−k bk

4. 
(x2 + y2)2 = a2(x2 − y2)

x2 + y2 + z2 ≤ a2

x ≥ 0, y ≥ 0, z ≥ 0

5.
lim
x→a

lim
n→∞

fn(x) = lim
n→∞

lim
x→a

fn(x)

6.
lim
n→∞

xn = inf P ({xn}), lim
n→∞

xn = supP ({xn}), lim
n→∞

xn ≤ lim
n→∞

xn

7.

A

f
��

f // B

g
��

iB
~~

B g
// C

8.

a0 = − 2

π

π∫
0

ln sin
x

2
dx = − 2

π

π/2∫
0

ln sin
x

2
dx− 2

π

π∫
π/2

ln sin
x

2
dx =

= ln 2− 2

π

π/2∫
0

ln sinx dx = ln 2− 1

π

π∫
0

ln sin
t

2
dt = ln 2 +

a0

2
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Ãëàâà 2 Íàáîð ôîðìóë â LATEX

9.

(f ϕ)(n) =
n∑
k=0

n!

k!(n− k)!
f (n−k)ϕ(k), ãäå f (0) = f

10. ∫
dx√
x2 + a2

= ln(x+
√
x2 + a2) + C (a 6= 0)

11. ∫
Ax+B

x2 + px+ q
dx =

=
A

2
ln(x2 + px+ q) +

2B − Ap

2

√
q − p2

4

arctan
x+

p

2√
q − p2

4

+ C

12. ∫∫
S

z ds =

∫∫
D

ϕ(x, y)
√

1 + ϕ′2x(x, y) + ϕ′2y(x, y) dx dy

13. ∫∫∫
G

f(x, y, z) dx dy dz =

b∫
a

dx

∫∫
Px

f(x, y, z) dy dz

14. ∫∫
S+

P dy dz +Qdz dx+Rdx dy =

∫∫∫
G

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz

15. ∫ b

a

f(x)g(x) dx = g(a)

∫ c

a

f(x) dx+ g(b)

∫ b

c

f(x) dx

16. ∫
L

f ds =

∫ β

α

(f ◦ ϕ)(u)

√√√√ n∑
k=1

(ϕ′k(u))2 du

17. ∫∫
Ω

(
∂Q

∂x
− ∂

∂y

)
dx dy =

∫
∂Ω+

P dx+Qdy

18.

A
f //

f ;g ��

B

g
��

g;h

  
C

h
//D

19.
∂f

∂xj
(a) = lim

t→aj

f(a1, . . . , aj−1, t, aj+1, . . . , an)− f(a)

t− aj
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2.1 Çàäàíèå

20.

∥∥∥∥ ∂fj∂xk
(a)

∥∥∥∥p,n
j=1,k=1

=



∂f1

∂x1

(a)
∂f1

∂x2

(a) . . .
∂f1

∂xn
(a)

∂f2

∂x1

(a)
∂f2

∂x2

(a) . . .
∂f2

∂xn
(a)

. . . . . . . . . . . .

∂fp
∂x1

(a)
∂fp
∂x2

(a) . . .
∂fp
∂xn

(a)


21.

JΦs(r, ϕ, ψ) =

∣∣∣∣∣∣
cosϕ cosψ −r sinϕ cosψ −r cosϕ sinψ
sinϕ cosψ r cosϕ cosψ −r sinϕ sinψ

sinψ 0 r cosψ

∣∣∣∣∣∣ = r2 cosψ

22.
∂sf

∂xjs ∂xjs−1 . . . ∂xj1
(a) =

∂

∂xjs

(
∂s−1f

∂xjs−1 . . . ∂xj1

)
(a)

23.
b∫

a

∞∑
n=1

fn(x) dx =
∞∑
n=1

b∫
a

fn(x) dx

24.

R = sup

{
|x| : ðÿä

∞∑
n=0

anx
nñõîäèòñÿ

}
25.

∼
I (y) =

β(y)∫
α(y)

f(x, y) dx, y ∈ [c, d]

26.

Γ(n)(α) =

+∞∫
0

xα−1e−x lnn x dx, ∀α ∈ (0,+∞), ∀n = 0, 1, 2, . . .

27. ∑m
i=n i

2

• D

cc

28.

B(α, β) =

+∞∫
0

tα−1

(1 + t)α+β
dt, α > 0, β > 0

29.
b∫

a

ϕn(x) · ϕm(x) dx =

{
0, åñëè n 6= m,

γn > 0, åñëè n = m.
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Ãëàâà 2 Íàáîð ôîðìóë â LATEX

30.

min
Qm

b∫
a

(f(x)−Qm(x))2 dx =

b∫
a

(f(x)− Sfm(x))2 dx

31.

f(x) ∼ α0

2
+
∞∑
k=1

(
αk cos

kπx

T
+ βk sin

kπx

T

)
32.

d(f · ψ)a(∆x) = dfa(∆x) · ψ(a) + f(a) · dψa(∆x)

33.

π∫
0

f(x0 + t)− f(x0 + 0)

π
Dn(t) dt =

=

π∫
0

f(x0 + t)− f(x0 + 0)

2π sin t
2

sin

(
n+

1

2

)
t dt

34. ∫
Γ+
S

P dx+Qdy +Rdz =

∫∫
S+

∣∣∣∣∣∣
dy dz dz dx dx dy
∂/∂x ∂/∂y ∂/∂z
P Q R

∣∣∣∣∣∣
35.

Γf = {(x, f(x)) ∈ X × Y : x ∈ X}

36.

−→n ±(u, v) = ±
−→
r′u ×

−→
r′v

|
−→
r′u ×

−→
r′v |

=
A(u, v)~i+B(u, v)~j + C(u, v)~k√
A2(u, v) +B2(u, v) + C2(u, v)

37. ∣∣∣∣∣∣
~i ~j ~k
ϕ′u ψ′u χ′u
ϕ′v ψ′v χ′v

∣∣∣∣∣∣ =~i

∣∣∣∣ ψ′u χ′u
ψ′v χ′v

∣∣∣∣−~j ∣∣∣∣ ϕ′u χ′u
ϕ′v χ′v

∣∣∣∣+ ~k

∣∣∣∣ ϕ′u ψ′u
ϕ′v ψ′v

∣∣∣∣ =

= A(u, v)~i+B(u, v)~j + C(u, v)~k.

(2.1)

38. ∫∫
(S,~n+)

P dy dz =

∫∫
S

P (M) cos(~n+(M),~i) ds;∫∫
(S,~n+)

Qdz dx =

∫∫
S

Q(M) cos(~n+(M),~j) ds;∫∫
(S,~n+)

Rdx dy =

∫∫
S

R(M) cos(~n+(M), ~k) ds.

(2.2)
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2.1 Çàäàíèå

39.∫
Γ+

P dx+Qdy +Rdz =∫∫
(S,~n+)

(∂R
∂y
− ∂Q

∂z

)
dy dz +

(∂P
∂z
− ∂R

∂x

)
dz dx+

(∂Q
∂x
− ∂P

∂y

)
dx dy. (2.3)

40.
A

��

��   

// G

B

��
D // E // F
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Ðàáîòà � 3

Áèáëèîãðàôèÿ, òàáëèöû, ðèñóíêè

è öâåò â LATEX

Ñïèñîê ëèòåðàòóðû ñîçäà¼òñÿ ñ ïîìîùüþ îêðóæåíèÿ thebibliography

\begin{ theb ib l i og raphy }{99}

\bibitem{humberston}
Charlton M, Humberston J W 2001 \ textit {Pos i t ron Phys ics }
(Cambridge : Cambridge Un ive r s i ty Press )

\bibitem{ d i r a c 30}
Dirac P A M 1930 \ textit {Proc . Roy . Soc . Lond . A}
\textbf {126} 360

\end{ theb ib l i og raphy }

Îáÿçàòåëüíûé àðãóìåíò îêðóæåíèÿ thebibliography îïðåäåëÿåò íîìåð ýëåìåíòà ñïèñ-
êà ëèòåðàòóðû, êîòîðûé çàéìåò áîëüøå âñåãî ìåñòà ïðè îòðèñîâêå. ×àùå âñåãî
÷èñëî ýëåìåíòîâ ñïèñêà îïðåäåëÿåòñÿ äâóçíà÷íûì ÷èñëîì, òîãäà òðàäèöèîííî â êà-
÷åñòâå àðãóìåíòà èñïîëüçóþò 99. Òåïåðü â îñíîâíîì òåêñòå ìû ìîæåì ñîñëàòüñÿ íà
ëèòåðàòóðíûå èñòî÷íèêè ñ ïîìîùüþ êîìàíäû \cite

Ñóùåñòâîâàíèå ïîçèòðîíà áûëî ïðåäñêàçàíî
òåîðåòè÷åñêè~\cite {humberston , d i r a c 30} .

Â êàæäîì óâàæàþùåì ñåáÿ æóðíàëå åñòü ñâîé îïðåäåë¼ííûé ñòèëü îôîðìëåíèÿ
ýëåìåíòîâ ñïèñêà ëèòåðàòóðû. Íàïðèìåð, òîëüêî ÷òî ñîçäàííûé íàìè ñïèñîê ëèòå-
ðàòóðû ñîîòâåòñòâóåò òðåáîâàíèÿì æóðíàëà Journal of Physics A. Èç-çà ýòîãî îäíè
è òå æå ëèòåðàòóðíûå èñòî÷íèêè â ðàçíûõ ïóáëèêàöèÿõ ïðèõîäèòñÿ îôîðìëÿòü
ïî-ðàçíîìó. Çàíÿòèå ýòî î÷åíü òðóäîåìêîå è ìàëîïðèâëåêàòåëüíîå. Ïîýòîìó áûëà
ñîçäàíà ïðîãðàììà BibTeX, êîòîðàÿ óìååò ôîðìèðîâàòü îêðóæåíèå thebibliography
ïî çàïèñÿì â ñïåöèàëüíîì ôàéëå ñ ðàñøèðåíèåì .bib. Ñîçäàéòå â òåêñòîâîì ðåäàê-
òîðå ôàéë References.bib ñëåäóþùåãî ñîäåðæàíèÿ:

@BOOK{humberston ,
author = "M. Charlton and J . W. Humberston " ,
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Ãëàâà 3 Áèáëèîãðàôèÿ, òàáëèöû, ðèñóíêè è öâåò â LATEX

t i t l e = "Pos i t ron Phys ics " ,
pub l i s h e r = "Cambridge Un ive r s i ty Press " ,
adre s s = "Cambridge " ,
year = "2001"

}

@ARTICLE{ d i r a c 30 ,
author = "P. A. M. Dirac " ,
year = "1930" ,
j ou rna l = "Proc . Roy . Soc . Lond . A" ,
volume = "126" ,
pages = "360" ,

}

Òåïåðü äëÿ ñîçäàíèÿ ñïèñêà ëèòåðàòóðû â òåëå îñíîâíîãî äîêóìåíòà âìåñòî îêðó-
æåíèÿ thebibliography äîñòàòî÷íî íàïèñàòü êîìàíäó

\bibliography{Re fe rence s }

à â ïðåàìáóëó äîáàâèòü êîìàíäó

\bibliographystyle{ p l a i n }

Ñïèñîê ëèòåðàòóðû áóäåò ñîçäàí àâòîìàòè÷åñêè è áóäåò ñîäåðæàòü òå èñòî÷íèêè,
êîòîðûå ìû óêàçàëè â îñíîâíîì òåêñòå ñ ïîìîùüþ êîìàíäû \cite. Îñòàëüíûå çà-
ïèñè â ôàéëå .bib â ñïèñîê ëèòåðàòóðû âêëþ÷àòüñÿ íå áóäóò. Àðãóìåíò êîìàíäû
\bibliographystyle îïðåäåëÿåò ñòèëü îôîðìëåíèÿ ýëåìåíòîâ ñïèñêà ëèòåðàòóðû
� â ñîîòâåòñòâèè ñ òðåáîâàíèÿìè òîãî èëè èíîãî æóðíàëà. Ïîïðîáóéòå ïîìåíÿòü
ñòèëü plain íà siam, çàòåì íà alpha.

Òåïåðü ñîçäàäèì òàáëèöó. Ýòî äåëàåòñÿ ñ ïîìîùüþ äâóõ îêðóæåíèé: table è
tabular. Ñàìà òàáëèöà ñîçäà¼òñÿ ñ ïîìîùüþ îêðóæåíèÿ tabular. Îêðóæåíèå table
ïîçâîëÿåò äåëàòü òàáëèöó ïëàâàþùèì îáúåêòîì. Ýòî îçíà÷àåò, ÷òî ðàçìåùåíèå å¼
â êîíêðåòíîì ìåñòå êîíêðåòíîé ñòðàíèöû áóäåò îïðåäåëÿòüñÿ ñîñåäíèìè ñ íåé òåê-
ñòîì è äðóãèìè îáúåêòàìè. Ïîâëèÿòü íà ðàçìåùåíèå ïîëüçîâàòåëü ìîæåò ÷åðåç
êëþ÷è ðàçìåùåíèÿ. Íàïðèìåð, êëþ÷è t!hp îçíà÷àþò: íàñòîÿòåëüíî ïðîøó ðàçìå-
ñòèòü òàáëèöó íàâåðõó ñòðàíèöû (t � top, ! óñèëèâàåò ïîæåëàíèå), åñëè íå ïîëó-
÷èòñÿ, òî çäåñü æå â òåêñòå (h � here), åñëè è òàê íå ïîëó÷èòñÿ, òî íà îòäåëüíîé
ñòðàíèöå ñ ïëàâàþùèìè îáúåêòàìè (p � page). Îêðóæåíèå table òàêæå ïîçâîëÿ-
åò äîáàâèòü ïîäïèñü ê òàáëèöå ñ ïîìîùüþ êîìàíäû \caption è ñîçäàòü ìåòêó ñ
ïîìîùüþ êîìàíäû \label.

\begin{ tab l e } [ t ! hp ]
\centering
\begin{ tabu la r }{ | c | c | c | c | c | }
\hline
& òî÷êà ïåðåãèáà & íåò òî÷êè ïåðåãèáà \\
\hline
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$ f ' ' ( x ) $ & $+−$ & $−+$ & $−−$ & $++$ \\
\hline
& âîãí. âûï. & âûï. âîãí. & âûïóêë. & âîãí. \\
\hline
\end{ tabu la r }
\caption{Ïðàâèëî íàõîæäåíèÿ òî÷åê ïåðåãèáà êðèâîé}
\ label { p r av i l o }
\end{ tab l e }

Îêðóæåíèå tabular ïîõîæå íà îêðóæåíèå array, òàê êàê òàáëèöà ïî ñóòè ÿâëÿåòñÿ
ìàññèâîì ÿ÷ååê. ß÷åéêè â ñòðîêå ðàçäåëÿþòñÿ ñèìâîëîì &, ñòðîêè ðàçäåëÿþòñÿ
äâóìÿ îáðàòíûìè êîñûìè ÷åðòàìè. Àðãóìåíò |c|c|c|c|c| çàäàåò êîëè÷åñòâî ñòîëáöîâ,
âûðàâíèâàíèå äàííûõ â ñòîëáöàõ ïî öåíòðó ÿ÷ååê, à òàêæå ðàçäåëèòåëüíûå ëèíèè
ìåæäó ñòîëáöàìè. Ãîðèçîíòàëüíûå ðàçäåëèòåëüíûå ëèíèè ñîçäàþòñÿ ñ ïîìîùüþ
êîìàíäû \hline.

Ïîêà ÷òî íà ïå÷àòè ìû ïîëó÷èëè íå ñîâñåì òî, ÷òî íàäî: çàãîëîâêè â ïåðâîé
ñòðîêå äîëæíû îòíîñèòüñÿ ê ñòîëáöàì 2 è 3, 4 è 5 ñîîòâåòñòâåííî. ×òîáû ýòîãî
äîáèòüñÿ, íóæíî îáúåäèíèòü ñîîòâåòñòâóþùèå ÿ÷åéêè â ñòðîêå çàãîëîâêîâ. Ýòî
äåëàåòñÿ ñ ïîìîùüþ êîìàíäû \multicolumn. Èçìåíèì ïåðâóþ ñòðîêó òàáëèöû:

& \multicolumn{2}{ | c | }{òî÷êà
ïåðåãèáà} & \multicolumn{2}{ | c | }{íåò

òî÷êè ïåðåãèáà} \\

Õîòåëîñü áû åùå îáúåäèíèòü äâå âåðõíèå ÿ÷åéêè â ïåðâîì ñòîëáöå. Äëÿ ýòîãî âìåñòî
êîìàíäû \hline, êîòîðàÿ ðèñóåò ãîðèçîíòàëüíóþ ëèíèþ ìåæäó ïåðâîé è âòîðîé
ñòðîêàìè, íàïèøåì êîìàíäó

\ cl ine{2−5}

Ñîçäàäèì åùå îäíó òàáëèöó, â êîòîðîé â êà÷åñòâå ðàçäåëèòåëåé ñòîëáöîâ èñ-
ïîëüçóåì òî÷êó, ÷òîáû âûðîâíÿòü ÷èñëà â ñòîëáöå ïî äåñÿòè÷íîìó ðàçäåëèòåëþ.
Èñïîëüçóåì èíñòðóêöèþ @{}, êîòîðàÿ âñòàâëÿåò ìåæäó ñòîëáöàìè ëþáîé ñèìâîë,
óêàçàííûé â êà÷åñòâå åå àðãóìåíòà.

\begin{ tab l e } [ t ! hp ]
\centering
\begin{ tabu la r }{cr@ { .} l }
\hline
$n$ & $n$−é ÷ëåí ðÿäà Òåéëîðà \\
\hline
0 & 1 & 000000 \\
1 & −15 & 00000 \\
2 & 112 & 5000 \\
3 & −562 & 5000 \\
\hline
\end{ tabu la r }
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\caption{Âû÷èñëåíèå çíà÷åíèé ýêñïîíåíòû ñ ïîìîùüþ ðÿäà Òåéëîðà}
\ label {exp−Taylor }
\end{ tab l e }

×òîáû âûðîâíÿòü çàãîëîâîê âòîðîãî ñòîëáöà òàáëèöû, âíîâü âîñïîëüçóåìñÿ êîìàí-
äîé \multicolumn:

$n$ & \multicolumn{2}{ c }{$n$−é ÷ëåí ðÿäà Òåéëîðà} \\

Ðèñóíêè â äîêóìåíòû LATEX âñòàâëÿþòñÿ ñ ïîìîùüþ ïàêåòà graphicx. Ïðè çàãðóç-
êå ýòîãî ïàêåòà íóæíî óêàçàòü äðàéâåð, êîòîðûé áóäåò èñïîëüçîâàòüñÿ äëÿ îòðè-
ñîâêè äîêóìåíòà. Ïîñêîëüêó ìû áóäåì èñïîëüçîâàòü ñòàíäàðòíûé LATEX-êîíâåéåð
dvi�PostScript, ìû óêàæåì äðàéâåð dvips:

\usepackage [ dv ips ] { graphicx }

Ïðè òàêîì âûáîðå äðàéâåðà ìîæíî èñïîëüçîâàòü òîëüêî ãðàôè÷åñêèå ôàéëû ñ ðàñ-
øèðåíèåì .eps. Âñòàâèì â äîêóìåíò òðè ãðàôè÷åñêèõ ôàéëà e_singl.eps, e_tripl.eps,
p.eps. Èõ ìîæíî ñêîïèðîâàòü ó ïðåïîäàâàòåëÿ, èëè èñïîëüçîâàòü âìåñòî íèõ ëþ-
áûå äðóãèå ôàéëû .eps. Ýòè ôàéëû óäîáíî õðàíèòü â îòäåëüíîé ïàïêå, êîòîðóþ
íàçîâåì img è ïîìåñòèì â òó æå ïàïêó, â êîòîðîé íàõîäèòñÿ è äîêóìåíò .tex. Ïóòü
ê ýòîé ïàïêå (îòíîñèòåëüíî ïàïêè ñ äîêóìåíòîì .tex) óêàçûâàåòñÿ â ïðåàìáóëå
äîêóìåíòà ñ ïîìîùüþ êîìàíäû

\ graphicspath {{img/}}

Ðèñóíîê âñòàâëÿåòñÿ â äîêóìåíò ñ ïîìîùüþ îêðóæåíèÿ �gure è êîìàíäû
\includegraphics. Îêðóæåíèå �gure ïðåäíàçíà÷åíî äëÿ ðàáîòû ñ ðèñóíêàìè êàê
ñ ïëàâàþùèìè îáúåêòàìè, è âî âñåì ïîõîæå íà îêðóæåíèå table. Âñòàâèì ðèñóíîê
e_singl.eps:

\begin{ f i g u r e } [ t ]

\center{\ i n c l udeg r aph i c s [ width=1\textwidth ] { e_s i n g l }}

\caption{Ôàçîâûå ñäâèãè ðàññåÿíèÿ ýëåêòðîíà è ïîçèòðîíà íà âîäîðîäå}
\ label {phsh}

\end{ f i g u r e }

Ðàçìåð ðèñóíêà â äîêóìåíòå çàäà¼òñÿ óêàçàíèåì åãî øèðèíû, ïðè ýòîì ñîõðàíÿþòñÿ
ïðîïîðöèè èñõîäíîãî ðèñóíêà. Ìû ðàñòÿíóëè ðèñóíîê ïî øèðèíå ñòðîêè òåêñòà
(ïåðåìåííàÿ \textwidth ñîäåðæèò øèðèíó òåêñòà).

Ðèñóíêè óäîáíî ðàçìåùàòü ãðóïïàìè, äëÿ ýòîãî èñïîëüçóåòñÿ îêðóæåíèå minipage,
êîòîðîå ïðîñòî ñîçäà¼ò ìèíè ñòðàíèöó (áîêñ) óêàçàííîé øèðèíû. Âìåñòî ñòðîêè,
ñîäåðæàùåé êîìàíäó \includegraphics â ïðåäûäóùåì ïðèìåðå, íàïèøåì òàêîé
êîä:

24



\begin{minipage } [ h ] { 0 . 4 9\ textwidth}
\center{\ i n c l udeg r aph i c s [ width=1\textwidth ] { e_s i n g l }} \\ (à)
\end{minipage}
\ h f i l l
\begin{minipage } [ h ] { 0 . 4 9\ textwidth}
\center{\ i n c l udeg r aph i c s [ width=1\textwidth ] { e_t r i p l }} \\ (á)
\end{minipage}
\ h f i l l
\begin{minipage } [ h ] { 0 . 4 9\ textwidth}
\center{\ i n c l udeg r aph i c s [ width=1\textwidth ] { p}} \\ (â)
\end{minipage}

Óêàçûâàÿ øèðèíó ìèíè ñòðàíèöû ÷óòü ìåíüøå ïîëîâèíû øèðèíû òåêñòà, ìû ðàç-
ìåùàåì äâå ìèíè ñòðàíèöû â îäíîé �ñòðîêå�. Îáðàòèòå âíèìàíèå, ÷òî øèðèíà ðè-
ñóíêà ïî-ïðåæíåìó ðàâíÿåòñÿ øèðèíå ñòðîêè òåêñòà, íî òåïåðü ýòî ñòðîêà òåêñòà
íà ìèíè ñòðàíèöå è åå øèðèíà ðàâíÿåòñÿ ïðèìåðíî ïîëîâèíå øèðèíû ñòðîêè ñòðà-
íèöû äîêóìåíòà. Êîìàíäà \hfill, êîòîðàÿ ñîçäà¼ò áåñêîíå÷íûé ãîðèçîíòàëüíûé
ïðîìåæóòîê, èñïîëüçóåòñÿ çäåñü äëÿ òîãî, ÷òîáû ðàçäâèíóòü ðèñóíêè ïî êðàÿì
ñòðàíèöû.

Ðàññìîòðèì ðàáîòó ñ öâåòîì íà ïðèìåðå ïàêåòà color, êîòîðûé çàãðóçèì êîìàíäîé

\usepackage [ dv ips ] { c o l o r }

Òåïåðü íàáåðåì

Âîñïîëüçóåìñÿ \ t e x t c o l o r {magenta}{öâåòîâîé ìîäåëüþ named} ,
à òåïåðü \ t e x t c o l o r [RGB]{0 ,100 ,255}{ìîäåëüþ RGB} ,
äàëåå \ t e x t c o l o r [ gray ] { 0 . 5 }{ìîäåëü gray − îòòåíêè ñåðîãî} ,

Ïàêåò color ïîçâîëÿåò çàäàâàòü ñîáñòâåííûå öâåòà. Íàïðèìåð, îïðåäåëèì â ïðåàì-
áóëå äîêóìåíòà öâåò seawave

\ d e f i n e c o l o r { seawave }{RGB}{51 ,204 ,255}

è âîñïîëüçóåìñÿ èì

à åùå \ t e x t c o l o r { seawave }{ñâîèì öâåòîì} .

Öâåòíîé áîêñ ñîçäàåòñÿ êîìàíäîé \colorbox

\ co lorbox { ye l low }{
\ t e x t c o l o r { red }{Êðàñíûì ïî æåëòîìó . }

}

Êîìàíäà \fcolorbox äîïîëíèòåëüíî îáâîäèò ýòîò áîêñ öâåòíîé ðàìêîé, ïðè÷åì
òîëùèíà ðàìêè çàäàåòñÿ ïåðåìåííîé \fboxrule

\ s e t l e ng th {\ fboxrule }{4 pt}
\ f c o l o rbox { red }{ ye l low }{Â êðàñíîé ðàìî÷êå . }
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Ãëàâà 3 Áèáëèîãðàôèÿ, òàáëèöû, ðèñóíêè è öâåò â LATEX

3.1 Çàäàíèå

Íàáðàííûå ðàíåå ôîðìóëû îôîðìèòå â âèäå ñòàòüè ñî ññûëêàìè. Íàïðèìåð

"Â êíèãå Ëàíäàó, Ëèôùèöà [1] â 1963 ãîäó â ðàìêàõ êâàçèêëàññè÷åñêîãî ïðèáëè-
æåíèÿ áûëà ïîëó÷åíà ñëåäóþùàÿ ôîðìóëà

Âàøà ôîðìóëà 1
çàòåì â ñòàòüå Íüþòîíà [2] äëÿ äàííîé çàäà÷è áûëî ïîëó÷åíî äîïîëíèòåëüíîå ñî-
îòíîøåíèå

Âàøà ôîðìóëà 2
èñïîëüçóÿ ýòè âûðàæåíèÿ, ïîñëå ðÿäà êðîïîòëèâûõ âû÷èñëåíèé, ìû ìîæåì ïîëó-
÷èòü

Âàøà ôîðìóëà 3
è.ò.ä."

Âñåãî äîëæíî áûòü íå ìåíåå 4 ðåàëüíûõ ññûëîê - íà ìîíîãðàôèþ, íà 2 ñòàòüè è
íà äîêëàä íà êîíôåðåíöèè. Äàííûå íàéòè â Èíòåðíåòå.
Èñïîëüçóéòå öâåò è âêëþ÷èòå â Âàøó ñòàòüþ òàáëèöó è ðèñóíîê ñ ïîäïèñüþ. Ðè-
ñóíîê è ïðèìåð òàáëèöû ïðåïîäàâàòåëü ìîæåò âçÿòü èç èíòåðíåòà. Íàïðèìåð,

2×2 = 4

2×4 = 8

4×8 = 32

8×32 = 256

32×256 = 8 192

256×8192 = 2 097 152

t 0 π
4

π
2

3π
4

π 5π
4

3π
2

7π
4

2π

cos t 1
√

2
2

0 −
√

2
2
−1 −

√
2

2
0

√
2

2
1

sin t 0
√

2
2

1
√

2
2

0 −
√

2
2
−1 −

√
2

2
0

← ← ← ← ←
↓ ← ← ← ↑
↓ ↓ ← ↑ ↑
↓ → → ↑ ↑
→ → → → ↑
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Ðàáîòà � 4

Ñîçäàíèå ïðåçåíòàöèé â ïàêåòå

Beamer

Â ýòîé ðàáîòå ìû ñîçäàäèì íåáîëüøóþ ïðåçåíòàöèþ ñ ïîìîùüþ ïàêåòà Beamer. Âîò
êàê âûãëÿäèò äîêóìåíò êëàññà beamer, â êîòîðûé ïîêà ÷òî íå äîáàâëåíû ñëàéäû:

\documentclass [ s e r i f , p r o f e s s i o n a l f o n t s ] { beamer}

\usepackage [T1 ]{ fontenc }
\usepackage{concmath}

\usepackage [ u t f 8 ] { inputenc }
\usepackage [ eng l i sh , r u s s i an ] { babel }

\usetheme{Boad i l l a }

\begin{document}

\end{document}

Ïàêåòû fontenc è concmath çàäàþò øðèôòû îñíîâíîãî òåêñòà è ôîðìóë. Êîìàíäà
\usetheme çàäàåò òåìó ïðåçåíòàöèè, êîòîðàÿ îïðåäåëÿåò åå âíåøíèé âèä (öâåòî-
âàÿ ãàììà, ðàñïîëîæåíèå ýëåìåíòîâ íà ñëàéäàõ, âèä è ðàñïîëîæåíèå êîëîíòèòóëîâ
ñëàéäîâ è äð.).

Ñîçäàäèì òèòóëüíûé ñëàéä. Ïîìåñòèòå â ïàïêó /img ãðàôè÷åñêèé ôàéë logo.png
ñ ýìáëåìîé Óíèâåðñèòåòà, êîòîðûé ìîæíî íàéòè â Èíòåðíåòå. Íå çàáóäüòå â ïðå-
àìáóëå óêàçàòü ïóòü ê ïàïêå ñ ãðàôè÷åñêèìè ôàéëàìè

\ graphicspath {{img/}}

Â òåëî äîêóìåíòà ïèøåì:

\ t i t l e [ Ïðåçåíòàöèÿ â Beamer ] {Ñîçäàíèå ïðåçåíòàöèè â ïàêåòå Beamer}
\author [ Èâàíîâ ] {È.È. Èâàíîâ}
\ i n s t i t u t e [ÑÏáÃÓ]{Ñàíêò-Ïåòåðáóðãñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò,

Ôèçè÷åñêèé ôàêóëüòåò}
\date [ 14 ìàðòà 2014 ] {Ñåìèíàð ïî ÊÑÑ \\ 14 ìàðòà 2014 }

27



Ãëàâà 4 Ñîçäàíèå ïðåçåíòàöèé â ïàêåòå Beamer

\ t i t l e g r a p h i c {\ i n c l udeg r aph i c s [ width=1.5cm]{ logo . png}}

\maket i t l e

Â êîìàíäàõ â êà÷åñòâå íåîáÿçàòåëüíîãî àðãóìåíòà ìû óêàçûâàåì ñîêðàùåííûå âà-
ðèàíòû âûíîñèìîé íà òèòóëüíûé ñëàéä èíôîðìàöèè. Ýòè ñîêðàùåííûå âàðèàíòû
LATEX ïîìåñòèò íà êîëîíòèòóëû (åñëè, êîíå÷íî, îíè ïðåäóñìîòðåíû òåìîé äîêóìåí-
òà).

Îáû÷íûé ñëàéä ñîçäàåòñÿ ñ ïîìîùüþ îêðóæåíèÿ frame. Ñòðîãî ãîâîðÿ, ýòî îêðó-
æåíèå ñîçäàåò íåêîòîðûé îáúåêò, êîòîðûé â òåðìèíîëîãèè ñîçäàòåëåé Beamer êàê
ðàç è íàçûâàåòñÿ ôðåéì. Ôðåéì ìîæåò ñîäåðæàòü íåñêîëüêî ñëàéäîâ, ÷òî èñïîëü-
çóåòñÿ äëÿ ñîçäàíèÿ àíèìàöèè. Îäíàêî ïîêà íàøè ôðåéìû áóäóò ñîäåðæàòü òîëüêî
îäèí ñëàéä, ìîæíî ñ÷èòàòü, ÷òî ýòî îäíî è òî æå.

\begin{ frame}
\ f r ame t i t l e {Ââåäåíèå}

Çäåñü íóæíî îïèñàòü ïîäõîä, öåëü ðàáîòû è êàêèå ðåøàëèñü çàäà÷è.

\vspace{1cm}

À â êîíöå ïðåçåíòàöèè äîëæåí áûòü ñëàéä ñ ðåçóëüòàòàìè!

\end{ frame}

Íà ñëàéä ïîìåùåíî íå î÷åíü ìíîãî èíôîðìàöèè, è îí êàçàëñÿ áû ïóñòûì, åñëè áû
ìû íå ñîçäàëè âåðòèêàëüíûé ïðîìåæóòîê íóæíîãî ðàçìåðà ñ ïîìîùüþ êîìàíäû
\vspace.

Ñëåäóþùèé ñëàéä:

\begin{ frame}
\ f r ame t i t l e {Êàê âûäåëÿòü ïåðåìåííûå, ñëîâà è ìûñëè}

\ t e x t c o l o r {cyan}{Óìíóþ ìûñëü ñëåäóåò âûäåëèòü îñîáî}

\begin{ block }{Ýíåðãèÿ ñèñòåìû}
Ýíåðãèÿ åñòü ñóììà êèíåòè÷åñêîé ýíåðãèè è ïîòåíöèàëüíîé ýíåðãèè
\ [
E = \ t e x t c o l o r { red }{T} +\t e x t c o l o r { blue }{U}
\ ]
\end{ block }

\vspace {0 .7cm}

Ìîæíî âàæíóþ ôîðìóëó íàðèñîâàòü â ðàìî÷êå :
\ [
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\boxed{T = \ frac {mV^2}{2}}
\ ]
% èñïîëüçóåòñÿ êîìàíäà \boxed èç ïàêåòà amsmath

\end{ frame}

Òàêîå âûäåëåíèå ÷àñòè ñîäåðæèìîãî ïðåçåíòàöèè � õîðîøèé ñïîñîá ïðèâëå÷åíèÿ
âíèìàíèÿ ñëóøàòåëåé ê ñîäåðæèìîìó Âàøåãî äîêëàäà (ïðåçåíòàöèè).

Äðóãèì õîðîøèì ñïîñîáîì äîáèòüñÿ òîé æå öåëè ÿâëÿåòñÿ èñïîëüçîâàíèå íåáîëü-
øîãî (!!!) êîëè÷åñòâà àíèìàöèè íà ñëàéäàõ. Äîáàâèì â íàøó ïðåçåíòàöèþ ýôôåêò
ïåðåõîäà ìåæäó ñëàéäàìè. Äëÿ ýòîãî ñðàçó æå ïîñëå êîìàíäû \frametitle âñòàâèì
îäíó èç êîìàíä ïåðåõîäà:

\begin{ frame}
\ f r ame t i t l eÂâåäåíèå{}
\ transbox in [ durat ion =0.1]
%\ transwipe [ d i r e c t i o n =90]
%\ t r a n s d i s s o l v e [ dura t ion =0.2]
%\ t r a n s g l i t t e r [ d i r e c t i o n =315]

Ïîïðîáóéòå êàæäóþ èç ïðèâåäåííûõ çäåñü êîìàíä ïåðåõîäà â äåéñòâèè.
Ñëåäóþùèé ñëàéä áóäåò ñîäåðæàòü ðèñóíêè basis.png, ex1.png, ex2.png (ïîëó÷èòå

ó ïðåïîäàâàòåëÿ èëè èñïîëüçóéòå ëþáûå äðóãèå .png ôàéëû), êîòîðûå ïîìåñòèì â
ïàïêó img â ïàïêå, êîòîðàÿ ñîäåðæèò ôàéë .tex. Â ïðåàìáóëå óêàæåì, ãäå èñêàòü
ãðàôè÷åñêèå ôàéëû:

\ graphicspath {{img/}}

Òåêñò è ðèñóíêè íà ñëàéäàõ óäîáíî ðàçìåùàòü â íåñêîëüêèõ êîëîíêàõ. Äëÿ ñîçäàíèÿ
êîëîíîê íà ñëàéäå â êëàññå beamer îïðåäåëåíî ñïåöèàëüíîå îêðóæåíèå columns.
Ñîäåðæèìîå êàæäîé èç êîëîíîê çàêëþ÷àåòñÿ â îêðóæåíèå column.

\begin{ frame}
\ f r ame t i t l e {Íåìíîãî êàðòèíîê è àíèìàöèè}

\begin{columns}

\begin{column }{0.65\ textwidth}
\begin{ i t em i z e }
\item 4 áàçèñíûõ ýðìèòîâûõ ñïëàéíà
\item Åäèíè÷íûå çíà÷åíèÿ èëè ïðîèçâîäíûå â 0 èëè 1
\end{ i t em i z e }
Êóáè÷åñêèé ýðìèòîâ ñïëàéí � ëèíåéíàÿ êîìáèíàöèÿ áàçèñíûõ ñïëàéíîâ.
\end{column}

\begin{column }{0.35\ textwidth}
\begin{ f i g u r e }
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Ãëàâà 4 Ñîçäàíèå ïðåçåíòàöèé â ïàêåòå Beamer

\ i n c l udeg r aph i c s [ width=4cm]{ ba s i s . png}
\end{ f i g u r e }
\end{column}

\end{columns}

Êóáè÷åñêèé ýðìèòîâ ñïëàéí èñïîëüçóåòñÿ äëÿ èíòåðïîëÿöèè ôóíêöèé.

\end{ frame}

Äîáàâèì àíèìàöèþ íà ïðåäûäóùèé ôðåéì. Äëÿ ýòîãî â Beamer ôðåéì ðàçáèâàåò-
ñÿ íà íåñêîëüêî ñëàéäîâ, êîòîðûå íàçûâàþòñÿ îâåðëåè. Ïîëüçîâàòåëþ íåîáõîäèìî
óêàçàòü, íà êàêèõ îâåðëåÿõ áóäåò ïðèñóòñòâîâàòü òîò èëè èíîé îáúåêò ôðåéìà.
Ýòî äåëàåòñÿ ñ ïîìîùüþ ñïåöèôèêàöèé îâåðëååâ. Íàïðèìåð, ïîìåíÿåì ñîäåðæèìîå
ïåðâîé êîëîíêè íàøåãî ôðåéìà íà ñëåäóþùåå:

\begin{column }{0.65\ textwidth}
\begin{ i t em i z e }
\item<1−> 4 áàçèñíûõ ýðìèòîâûõ ñïëàéíà
\item<2−> Åäèíè÷íûå çíà÷åíèÿ èëè ïðîèçâîäíûå â 0 èëè 1
\end{ i t em i z e }
\uncover<3−>{Êóáè÷åñêèé ýðìèòîâ ñïëàéí � ëèíåéíàÿ êîìáèíàöèÿ
áàçèñíûõ ñïëàéíîâ.}
\end{column}

Ñïåöèôèêàöèè îâåðëååâ óêàçûâàþòñÿ â óãëîâûõ ñêîáêàõ. Íàïðèìåð, <2-> â íàøåì
ïðèìåðå îçíà÷àåò, ÷òî âòîðîé ýëåìåíò ñïèñêà áóäåò âèäåí íà âòîðîì è âñåõ ïîñëå-
äóþùèõ îâåðëåÿõ. Ñïåöèôèêàöèè îâåðëååâ ìîæíî ïðèìåíÿòü ê íåêîòîðûì ñòàí-
äàðòíûì êîìàíäàì LATEX, íàïðèìåð \item, à òàêæå ê ñïåöèàëüíî îïðåäåëåííûì â
êëàññå beamer êîìàíäàì, òàêèì êàê \uncover. Ýòà êîìàíäà îòîáðàæàåò ñâîé àðãó-
ìåíò òîëüêî íà òåõ îâåðëåÿõ, êîòîðûå çàäàíû ñïåöèôèêàöèåé îâåðëååâ. Íà äðóãèõ
îâåðëåÿõ ôðåéìà àðãóìåíò íåâèäèì, íî çàíèìàåò ìåñòî íà ôðåéìå.

Òåïåðü ñäåëàåì òàê, ÷òîáû ïîñëåäíåå ïðåäëîæåíèå íàøåãî ôðåéìà ñìåíÿëîñü
ðèñóíêàìè ñ ïðèìåðàìè. Äëÿ ðàçìåùåíèÿ ãðóïïû ðèñóíêîâ íà ñëàéäå íà ýòîò ðàç
âîñïîëüçóåìñÿ íå îêðóæåíèåì minipage, à ïàêåòîì sub�gure, êîòîðûé ïîäêëþ÷èì â
ïðåàìáóëå

\usepackage{ sub f i gu r e }

Äëÿ ñïåöèôèêàöèè îâåðëååâ â äàííîì ñëó÷àå èñïîëüçóåì ñïåöèàëüíî îïðåäåëåííóþ
â beamer êîìàíäó \only.

\ only<4>{
Êóáè÷åñêèé ýðìèòîâ ñïëàéí èñïîëüçóåòñÿ äëÿ èíòåðïîëÿöèè ôóíêöèé.
}
\only<5>{
\begin{ f i g u r e }
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4.1 Çàäàíèå

\ sub f i gu r e {
\ i n c l udeg r aph i c s [ width=0.3\textwidth ] { ex 1 . png}
}
\hspace {1 .0cm}
\ sub f i gu r e {
\ i n c l udeg r aph i c s [ width=0.3\textwidth ] { ex 2 . png}
}
\caption{Ïðèìåðû ýðìèòîâîé èíòåðïîëÿöèè}

\end{ f i g u r e }
}
\ t r an sd i s s o l v e <4−5>[durat ion =0.2 ]

Îòëè÷èå \only îò \uncover ñîñòîèò â òîì, ÷òî íà âñåõ îâåðëåÿõ, êðîìå çàäàííûõ
ñïåöèôèêàöèåé îâåðëååâ, åå àðãóìåíò áóäåò âûáðîøåí è ò.î. íå áóäåò çàíèìàòü ìåñòî
íà ôðåéìå. Êîìàíäà \transdissolve ñî ñïåöèôèêàöèåé îâåðëååâ çàäàåò ýôôåêò
ïåðåõîäà ê óêàçàííûì îâåðëåÿì. ×òîáû êîìàíäà \only íå ïðèâîäèëà ê ñäâèãàì
ñîäåðæèìîãî ñëàéäà ïî âåðòèêàëè, îïöèåé [t] âûðàâíèâàåì ñîäåðæèìîå ïî âåðõíåìó
êðàþ ñëàéäà:

\begin{ frame } [ t ]

Âåðíåìñÿ ê âíåøíåìó âèäó íàøåé ïðåçåíòàöèè. Ïîïðîáóéòå èñïîëüçîâàòü äðó-
ãèå òåìû ïðåçåíòàöèè, íàïðèìåð, CambridgeUS è PaloAlto. Âåðíåìñÿ ê èñõîäíîé
òåìå è çàéìåìñÿ íàñòðîéêîé îòäåëüíûõ òåì è ýëåìåíòîâ ïðåçåíòàöèè, êîòîðûå â
ñîâîêóïíîñòè è îïðåäåëÿþò ãëàâíóþ òåìó ïðåçåíòàöèè. Â ïðåàìáóëó äîáàâèì

\ useco lortheme [RGB={150 ,150 ,0}]{ s t r u c tu r e }
%öâåò ïðåçåíòàöèè
\useoutertheme{shadow}
%âíåøíåå îáðàìëåíèå
\ setbeamertemplate { items } [ squares ]
\ setbeamertemplate { b locks } [ rounded ] [ shadow=true ]
%íàñòðîéêà êîíêðåòíûõ ýëåìåíòîâ

Íàêîíåö, äîáàâèì ëîãîòèï óíèâåðñèòåòà íà ñëàéäû, äëÿ ÷åãî â ïðåàìáóëó äîáàâèì
êîìàíäó

\ logo {\ i n c l udeg r aph i c s [ width=1cm]{ logo . png}}

4.1 Çàäàíèå

Îôîðìèòå íàáðàííóþ Âàìè ðàíåå ñòàòüþ â âèäå ïðåçåíòàöèè c ïîìîùüþ ïàêåòà
Beamer. Ñòèëü ëèáî ïî âûáîðó ïðåïîäàâàòåëÿ, ëèáî ïî Âàøåìó âûáîðó.

Èñïîëüçîâàíèå ãåðáà ÑÏáÃÓ íà ïåðâîé ñòàíèöå ïðåçåíòàöèè îáÿçàòåëüíî!
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Ãëàâà 4 Ñîçäàíèå ïðåçåíòàöèé â ïàêåòå Beamer

Ïåðåä òåì êàê èñïîëüçîâàòü èçîáðàæåíèå ãåðáà, ïî÷èòàéòå èíñòðóêöèþ ïî ïðè-
ìåíåíèþ ãåðáà
http://pr.spbu.ru/index.php/simvolika/gerb
òàì æå ìîæíî ñêà÷àòü è ôàéë ñ èçîáðàæåíèåì â ðàçíûõ ôîðìàòàõ.

Ïðåçåíòàöèÿ äîëæíà ñîäåðæàòü ìàòåìàòè÷åñêèå ôîðìóëû, �âûïàäàþùèå� ïóíê-
òû, âûäåëåíèå ÷àñòè òåêñòà èëè ôîðìóë öâåòîì, áîêñû, ðèñóíîê è äðóãèå äèíàìè-
÷åñêèå ýôôåêòû ïî Âàøåìó æåëàíèþ.
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Ðàáîòà � 5

Curriculum Vitae

Â çàïàäíûõ ñòðàíàõ âìåñòî ïðèâû÷íîãî íàì ñëîâà �råsumå� èñïîëüçóþò àááðåâè-
àòóðó CV. CV ðàñøèôðîâûâàåòñÿ êàê Curriculum Vitae, ÷òî â ïåðåâîäå ñ ëàòûíè
îáîçíà÷àåò �õîä æèçíè�. Â Èíòåðíåòå ìîæíî íàéòè îãðîìíîå êîëè÷åñòâî ðåñóðñîâ,
ïîñâÿù¼ííûõ òîìó, êàê �ïðàâèëüíî� íàïèñàòü ðåçþìå. Åñëè Âû ïîäà¼òå CV â êàêîé-
ëèáî êîíêðåòíûé Óíèâåðñèòåò, òî íà åãî ñàéòå êàê ïðàâèëî ìîæíî íàéòè ïðèìåðû
è ïðàâèëà íàïèñàíèÿ CV - íàïðèìåð, ìîæíî ïîñìîòðåòü ñàéò Stanford University
https://studentaffairs.stanford.edu/cdc/resumes .

Ðàáîòîäàòåëü îáû÷íî íå çàòðà÷èâàåò ìíîãî âðåìåíè íà ïðî÷òåíèå Âàøåãî ðåçþ-
ìå. Ïîýòîìó îíî äîëæíî áûòü ÷¼òêèì, ïðîôåññèîíàëüíî îôîðìëåííûì è íå ïðåâû-
øàòü îäíîé - äâóõ ñòðàíèö. Îäíàêî íå ïûòàéòåñü ìàêñèìàëüíî íàïîëíèòü ýòè äâå
ñòðàíèöû èíôîðìàöèåé. Â ðåçþìå âàæíî ñóìåòü ïîêàçàòü, ÷òî Âû óìååòå âûäåëÿòü
ñàìîå ãëàâíîå. Ëó÷øå ðàçìåùàòü èíôîðìàöèþ â ïîðÿäêå óáûâàíèÿ å¼ âàæíîñòè.

Ñóùåñòâóåò îïðåäåë¼ííàÿ ñèñòåìà ïîñòðîåíèÿ ðåçþìå:
1. Ëè÷íàÿ èíôîðìàöèÿ
Â ïåðâóþ î÷åðåäü íåîáõîäèìî óêàçàòü ÔÈÎ, àäðåñ, òåëåôîí, äàòó ðîæäåíèÿ. Ìîæ-
íî íàïèñàòü î ñåìåéíîì ïîëîæåíèè è íàöèîíàëüíîñòè. Õîòü òàêàÿ èíôîðìàöèÿ è
íå îáÿçàòåëüíà, ïîðîé îíà âàæíà äëÿ íåêîòîðûõ äîëæíîñòåé. Ê ïðèìåðó, åñëè Âû
õîòèòå ðàáîòàòü â ìåæäóíàðîäíîé êîìïàíèè, ãäå òðåáóåòñÿ çíàíèå ÿçûêà, ÿâëÿþ-
ùåãîñÿ äëÿ Âàñ ðîäíûì, ëó÷øå òîãäà óêàçàòü â ðåçþìå Âàøó íàöèîíàëüíîñòü.
2. Îáðàçîâàíèå
Ýòà ÷àñòü ðåçþìå îäíà èç ñàìûõ âàæíûõ. Âåäü èìåííî èç ýòîãî ðàçäåëà ó ðàáî-
òîäàòåëÿ ñêëàäûâàåòñÿ ïåðâîå âïå÷àòëåíèå î Âàñ. Ñàìîå ñëîæíîå � ïðàâèëüíî ïî-
äîáðàòü âûðàæåíèÿ íà àíãëèéñêîì ÿçûêå äëÿ îïèñàíèÿ Âàøåé ñïåöèàëèçàöèè. Ýòà
ñëîæíîñòü îáóñëîâëåíà ðàçíèöåé â îáðàçîâàòåëüíûõ ñèñòåìàõ ìèðà. Ëó÷øå âñåãî
íàïèñàòü Âàøó ñïåöèàëèçàöèþ ëàòèíèöåé, à çàòåì â ñêîáêàõ äàòü ýêâèâàëåíò íà àí-
ãëèéñêîì ÿçûêå. Óêàçûâàòü îöåíêè òàêæå íå ñòîèò, ò.ê. îöåíî÷íûå ñèñòåìû ðàçíûõ
ñòðàí ðàçëè÷àþòñÿ.
3. Îïûò ðàáîòû
Ýòîò ðàçäåë ìîæåò áûòü ðàçäåëåí íà íåñêîëüêî ïîäðàçäåëîâ, îñîáåííî åñëè ó Âàñ
áîãàòûé îïûò ðàáîòû. Íå áîéòåñü óêàçûâàòü âñå îáÿçàííîñòè, êîòîðûå Âû âûïîë-
íÿëè íà âñåõ ðàáîòàõ, îñîáåííî åñëè îíè èìåþò îòíîøåíèå ê òîé äîëæíîñòè, íà
êîòîðóþ Âû ïðåòåíäóåòå.
4. Ïðîôåññèîíàëüíûå íàâûêè
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Ãëàâà 5 Curriculum Vitae

Çäåñü Âû ìîæåòå óêàçàòü òå íàâûêè è ïðåèìóùåñòâà, êîòîðûå, ïî âàøåìó ìíå-
íèþ, ïðèãîäÿòñÿ â ðàáîòå, íàïðèìåð: íàëè÷èå âîäèòåëüñêîãî óäîñòîâåðåíèÿ, çíàíèå
èíîñòðàííûõ ÿçûêîâ, à òàêæå êîìïüþòåðíàÿ ãðàìîòíîñòü.
5. Èíòåðåñû
Êîíå÷íî, ðàáîòîäàòåëü íå âîçüì¼ò Âàñ íà ðàáîòó òîëüêî ïîòîìó, ÷òî è Âû è îí
ëþáèòå çàíèìàòüñÿ ñïîðòîì. Íî èç ýòîãî ðàçäåëà îí ñìîæåò ëó÷øå ïîíÿòü, ÷òî Âû
çà ÷åëîâåê. Íî íå ïåðåóñåðäñòâóéòå. Óêàæèòå òîëüêî ñàìîå ãëàâíîå.
6. Ðåêîìåíäàöèè
Âñåãäà õîðîøî èìåòü â ðåçþìå èìåíà íåñêîëüêèõ ÷åëîâåê, ãîòîâûõ äàòü Âàì ðåêî-
ìåíäàöèþ. Â èäåàëå îäèí äîëæåí áûòü Âàøèì ïðåïîäàâàòåëåì èç óíèâåðñèòåòà, à
äðóãîé - ñ ïðåæíåé ðàáîòû. Âñåãäà óêàçûâàéòå ïîëíîå èìÿ è äîëæíîñòü òîãî, êòî
ãîòîâ äàòü ðåêîìåíäàöèþ.

Ñòàíäàðòíîå Curriculum Vitae ñîäåðæèò:

� Ôîòîãðàôèÿ

� Ëè÷íûå äàííûå (ÔÈÎ, âîçðàñò, ïîë, íàöèîíàëüíîñòü, äàòà è ìåñòî ðîæäåíèÿ,
ñåìåéíîå ïîëîæåíèå)

� Àäðåñ, íîìåð êîíòàêòíîãî òåëåôîíà è e-mail

� Ñâåäåíèÿ î ïîëó÷åííîì îáðàçîâàíèè (øêîëà, êîëëåäæ, âûñøåå/íåîêîí÷åííîå
âûñøåå)

� Çàðóáåæíûå ñòàæèðîâêè

� Íàçâàíèå äèïëîìíîé ðàáîòû è èìÿ íàó÷íîãî ðóêîâîäèòåëÿ

� Ãðàìîòû, íàãðàäû (âêëþ÷àÿ ïîëó÷åííûå ãðàíòû è ñòèïåíäèè)

� Îïûò íàó÷íîé äåÿòåëüíîñòè

� Îïûò ðàáîòû

� Ïðîôåññèîíàëüíûå íàâûêè

� Ïóáëèêàöèè èëè ïðåçåíòàöèè

� Èññëåäîâàòåëüñêèå ðàáîòû/äèññåðòàöèè (ñ êðàòêèì îïèñàíèåì)

� Ñåðòèôèêàòû

� Çíàíèå èíîñòðàííûõ ÿçûêîâ

� ×ëåíñòâî â ïðîôåññèîíàëüíûõ îðãàíèçàöèÿõ

� Îáùåñòâåííàÿ ðàáîòà, ÷ëåíñòâî â îáùåñòâåííûõ îðãàíèçàöèÿõ
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5.1 Ñòàíäàðòíûå ñîâåòû ïî íàïèñàíèþ CV.

� Èíòåðåñû (íå çàáóäüòå óïîìÿíóòü î ïóòåøåñòâèÿõ, åñëè îíè áûëè îñóùåñòâ-
ëåíû â ñòðàíó ðàáîòîäàòåëÿ)

� Ðåêîìåíäàöèè

5.1 Ñòàíäàðòíûå ñîâåòû ïî íàïèñàíèþ CV.

A curriculum vitae (singular), meaning "course of one's life, is a document that gives
much more detail than does a resume about your academic and professional accomplishments.
Curricula vitae (plural) are most often used for academic or research positions, whereas
resumes are the preferred documents in business and industry. Note about plural /
singular forms: "Curricula vitae"(vee-tie) is the plural form; "curriculum vitae"is singular.
The informal shortened form, "vita"standing alone, meaning a brief autobiographical
sketch (Webster's), is singular, while "vitae,"is plural. The abbreviation is often used:
CV or CVs.

Curricula vitae are commonly used in applying for the following:

� Admission to graduate school or as part of an application packet for a graduate
assistantship or scholarship.

� Grant proposals.

� Teaching, research, and upper-level administrative positions in higher education.

� Academic departmental and tenure reviews.

� College or university service appointments.

� Professional association leadership positions.

� Speaking engagements.

� Publishing and editorial review boards.

� Research and consulting positions in a variety of settings.

� School administration positions at the superintendent, principal, or department
head level.

While your resume - even for most graduate students - should be kept to one page, vitae
are usually two pages at the shortest, and can be many pages in length. Common lengths
for curricula vitae are one to three pages for bachelor's and master's degree candidates;
two to �ve pages for doctoral candidates; and �ve or more pages for an experienced
academician or researcher. Even though it's a longer document, write it concisely and
give it a clean, easy-to-read layout.
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Ãëàâà 5 Curriculum Vitae

� Students completing a bachelor's degree rarely need a resume longer than one page.
An exception might be for those who have extensive professional experience prior
to completing the bachelor's degree.

� Graduate students may choose a curriculum vitae format, particularly doctoral
students seeking positions in academia. Vitae typically extend to several pages, but
are still written concisely. Common lengths for curriculum vitae are one to three
pages for master's degree candidates; one to �ve pages for doctoral candidates;
and �ve or more pages for an experienced academician or researcher. However,
graduate students who are pursuing industry employment should do a concise
one-page resume for that purpose.

� If your background justi�es a two-page resume, keep in mind that the most important
information should be contained on the �rst page, and that the second page should
include your name and page number, in case the pages become separated once they
are out of your hands.

A curriculum vitae includes information about professional publications, presentations,
committee work, grants received, and other details based on each person's experience.
You can include:

� Education

� Master's thesis or project

� Dissertation title or topic

� Course highlights or areas of concentration in graduate study

� Teaching experience and interests

� Research experience and interests

� Consulting experience

� Internships or graduate practice

� Fieldwork

� Publications

� Professional papers and presentations

� Grants received

� Professional association and committee leadership positions and activities

� Certi�cates and licensure

� Special training
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5.2 Çàäàíèå

� Academic awards, scholarships, and fellowships

� Foreign study and travel abroad

� Language competencies

� Technical and computer skills

Although curricula vitae are often similar to resumes, the preferred style, format, and
content varies from discipline to discipline. Before writing a CV, you should become
familiar with the requirements of your academic �eld by asking faculty members in
your department and consulting professional associations for additional guidelines and
examples. Career Services advisors can review your curriculum vitae and make suggestions.

5.2 Çàäàíèå

Èñïîëüçóÿ ïðèìåðû c ñàéòà CTAN � ôàéëû RaphaelPinson.tex, Template_en.tex,
CVCTAN.tex, CV.tex íàïèñàòü CV íà àíãëèéñêîì ÿçûêå.
Íà ðóññêîì ÿçûêå íàïèñàòü ðåçþìå ëèáî â ôîðìàòå LATEX, ëèáî â ïàêåòå Word -
âêëþ÷èâ ëèáî ñâîþ ôîòîãðàôèþ, ëèáî ïðîèçâîëüíîå èçîáðàæåíèå èç Èíòåðíåòà,
ïîäõîäÿùåãî ðàçìåðà.
Îò÷¼òû ïðèíèìàþòñÿ â pdf ôîðìàòå.
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Ðàáîòà � 6

Îñíîâû Mathematica

Ïðåäïîëàãàåòñÿ, ÷òî ìû áóäåì ðàáîòàòü ñ âåðñèåé ñèñòåìû Mathematica íå íèæå
9. Ïîñëå çàïóñêà ïðîãðàììû â ãëàâíîì îêíå âûáåðåì â ìåíþ Help ïóíêò Function
Navigator. Îòêðîþòñÿ ñòðàíèöû ñïðàâêè ïî ôóíêöèÿì ñèñòåìû. Ñàìîñòîÿòåëüíî
èçó÷èòå, êàê îíè óñòðîåíû.

� Ïðè ðàáîòå ñ ñèñòåìîé Mathematica ìû áóäåì èìåòü äåëî ñ àëãåáðàè÷åñêèìè
âûðàæåíèÿìè, êîòîðûå ñîñòîÿò èç ÷èñåë, ïåðåìåííûõ è ñòàíäàðòíûõ îïåðàöèé
+, -, *, /, ^(âîçâåäåíèå â ñòåïåíü), ! (ôàêòîðèàë).

� ßçûê ïðîãðàììèðîâàíèÿ ñèñòåìû Mathematica ÿâëÿåòñÿ èíòåðïðåòèðóåìûì.
Ýòî îçíà÷àåò, ÷òî â îñíîâíîì ðàáîòà ñ ñèñòåìîé ïðîèçâîäèòñÿ ñëåäóþùèì
îáðàçîì: ïîëüçîâàòåëü ââîäèò êîìàíäó â îáëàñòü Input, ñèñòåìà åå èíòåð-
ïðåòèðóåò, ïðîèçâîäèò íåîáõîäèìûå âû÷èñëåíèÿ, âûäàåò ðåçóëüòàò â îáëàñòè
Output è æäåò ââîäà ñëåäóþùåé êîìàíäû â ñëåäóþùèé Input.

� Ïðè íàáîðå íîâîé êîìàíäû ÷àñòî ïðèõîäèòñÿ ïîëüçîâàòüñÿ ðåçóëüòàòîì ðà-
íåå âûïîëíåííîé êîìàíäû, è ÷òîáû íå ïåðåïå÷àòûâàòü åãî âðó÷íóþ, ìîæ-
íî íàïå÷àòàòü íóæíîå ÷èñëî ñèìâîëîâ %. Íàïðèìåð, % îçíà÷àåò ðåçóëüòàò
ïðåäûäóùåé âûïîëíåííîé êîìàíäû, %%% � 3 ñ êîíöà êîìàíäû è ò.ä. Îäíà-
êî íå ñòîèò ñëèøêîì óâëåêàòüñÿ èñïîëüçîâàíèåì ñèìâîëîâ % ïðè ñîçäàíèè
ïîñëåäîâàòåëüíîñòåé êîìàíä, ýòî ìîæåò ïðèâåñòè ê îøèáêàì ïðè èçìåíåíèè
ïîðÿäêà èõ ñëåäîâàíèÿ èëè äîáàâëåíèè íîâûõ êîìàíä. Íàäåæíåå ñîõðàíÿòü
ðåçóëüòàòû âûïîëíåíèÿ êîìàíä â îòäåëüíûõ ïåðåìåííûõ.

� Ñèñòåìà Mathematica ðàáîòàåò ñ öåëûìè ÷èñëàìè, ïîýòîìó è â ðåçóëüòàòû
âûïîëíåíèÿ êîìàíä âõîäÿò òîëüêî öåëûå ÷èñëà. ×òîáû Mathematica âûäàëà
îòâåò â âèäå ïðèáëèæåííîãî äåñÿòè÷íîãî ÷èñëà, åå îá ýòîì íàäî ïîïðîñèòü. Â
÷àñòíîñòè, ôóíêöèÿ N[. . . ] âûäàåò äåñÿòè÷íóþ çàïèñü ÷èñëà, ÿâëÿþùåãîñÿ åå
àðãóìåíòîì, ñ êîëè÷åñòâîì çíà÷àùèõ öèôð ïî óìîë÷àíèþ. Ôóíêöèÿ N[. . . ,n]
âûäàåò n çíà÷àùèõ öèôð.

� Êîíñòàíòû π, e èìåþò îáîçíà÷åíèÿ Pi, E. Ìíèìàÿ åäèíèöà îáîçíà÷àåòñÿ I.
Âîîáùå â Mathematica íàçâàíèÿ âñòðîåííûõ ïåðåìåííûõ è ôóíêöèé íà÷èíà-
þòñÿ ñ áîëüøîé áóêâû. Ïîýòîìó íàçâàíèÿ ïîëüçîâàòåëüñêèõ ïåðåìåííûõ è
ôóíêöèé äîëæíû íà÷èíàòüñÿ ñ ìàëåíüêîé áóêâû.
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� Ãðå÷åñêèå áóêâû íàáèðàþòñÿ êîìáèíàöèÿìè êëàâèø òèïà Esc �a �Esc, Esc
�b �Esc è ò.ä.

� Äëÿ òîãî, ÷òîáû íàáðàííàÿ êîìàíäà âûïîëíèëàñü, ñëåäóåò íàæàòü êîìáèíà-
öèþ êëàâèø Shift+Enter (Enter � âñåãî ëèøü ïåðåõîä íà íîâóþ ñòðî÷êó).

� Íàêîíåö, îòìåòèì ÷ðåçâû÷àéíî ïîëåçíóþ êîìáèíàöèþ êëàâèø Ctrl+L � îíà
âñòàâëÿåò ïðåäûäóùóþ âûïîëíåííóþ êîìàíäó â íîâûé Input.

Òåïåðü ìîæíî ïåðåéòè íåïîñðåäñòâåííî ê ðàáîòå ñ ñèñòåìîé Mathematica. Ñî-
çäàéòå íîâûé ðàáî÷èé äîêóìåíò (notebook).

1. Âû÷èñëèòå 5
√

112 è ðåçóëüòàò ïðåäñòàâüòå â âèäå äåñÿòè÷íîãî ÷èñëà ñ òî÷íî-
ñòüþ 20 çíà÷àùèõ öèôð.

2. Ðàçäåëèòå 156 íà 24. Âû ïîëó÷èòå îòâåò â âèäå íåñîêðàòèìîé äðîáè.

3. Ïðåäñòàâüòå ïðåäûäóùèé ðåçóëüòàò â âèäå äåñÿòè÷íîãî ÷èñëà (èñïîëüçóéòå
%).

4. Âûïîëíèòå êîìàíäû

Head [ 3 / 4 ]
Rationalize [ 3 . 1 4 ]

Ôóíêöèÿ Head, ïðèìåíåííàÿ ê ÷èñëó, âûäàåò òèï ýòîãî ÷èñëà. Ôóíêöèÿ
Rationalize ïðåäñòàâëÿåò ñâîé àðãóìåíò â âèäå íåñîêðàòèìîé äðîáè. Ïîïðî-
áóéòå çàðàíåå ïðåäïîëîæèòü, êàêîé áóäåò ðåçóëüòàò âûïîëíåíèÿ êîìàíäû

Head [Rationalize [ 1 . 0 ] ]

Òà æå ñàìàÿ êîìàíäà ìîæåò áûòü çàïèñàíà â âèäå

Rationalize [ 1 . 0 ] / /Head

Ïîñòôèêñíàÿ ôîðìà çàïèñè âûðàæåíèé (îïåðàòîð �//�) óäîáíà â ñèòóàöèÿõ,
êîãäà ñòîÿùóþ ñïðàâà ôóíêöèþ íóæíî ïðèìåíèòü êî âñåìó ñòîÿùåìó ñëåâà
âûðàæåíèþ.

5. Ïðèñâîéòå ïåðåìåííîé v1 çíà÷åíèå -3, èñïîëüçóÿ çíàê ðàâíî.

6. Ïðèñâîéòå ïåðåìåííîé v2 çíà÷åíèå v1+5, çàòåì v1 çíà÷åíèå 15.

7. Ïîñìîòðèòå, èçìåíèëîñü ëè çíà÷åíèå v2: ïðîñòî íàáåðèòå v2 è íàæìèòå
Shift+Enter.

8. Êàê âèäèòå, çíà÷åíèå v2 îñòàëîñü ïðåæíèì, õîòÿ v1 óæå íå ðàâíî ñâîåìó ïðåæ-
íåìó çíà÷åíèþ. Ïðîèçîøëî òàê ïîòîìó, ÷òî ïðè îïðåäåëåíèè v2 ìû èñïîëü-
çîâàëè òàê íàçûâàåìîå ìãíîâåííîå ïðèñâàèâàíèå (ïðè òàêîì ïðèñâàèâàíèè
Mathematica íå çàïîìèíàåò, ÷òî v2 ðàâíî v1+5).
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9. Î÷èñòèòå çíà÷åíèå ïåðåìåííîé v2:

Clear [ v2 ]

10. ×òîáû çàñòàâèòü ñèñòåìó çàïîìíèòü îïðåäåëåíèå ïåðåìåííîé, íóæíî èñïîëü-
çîâàòü îòëîæåííîå ïðèñâàèâàíèå (:=)

v2:=v1+5

11. Ïîñìîòðèòå, ÷åìó ðàâíî v2.

12. Ïðèñâîéòå v1 çíà÷åíèå x è âû÷èñëèòå v2. Ïîñëå ýòîãî, çàñòàâüòå ñèñòåìó çà-
áûòü îïðåäåëåíèÿ âñåõ ïåðåìåííûõ:

ClearAll [ "Global`*" ]

13. Âàæíóþ ðîëü â ñèñòåìå Mathematica èãðàþò ñïèñêè. Ââåäèòå ñïèñîê {1,2,3,4,5}
è ïðèñâîéòå åãî ïåðåìåííîé numbers.

14. Ââåäèòå ñïèñîê {2,3,5} è ïðèñâîéòå åãî ïåðåìåííîé primes.

15. Èçâëå÷åì òðåòèé ýëåìåíò primes

primes [ [ 3 ] ]

16. Îáúåäèíèì ñïèñêè ôóíêöèåé

Join [ primes , numbers ]

17. Äîáàâèì ýëåìåíò 7 â primes

primes=Append [ primes , 7 ]

18. Èññëåäóéòå ôóíêöèè Prepend, Insert, Delete è Length, èñïîëüçóÿ ñïðàâêó â
ðåæèìå êîìàíäíîé ñòðîêè, íàïðèìåð

?Prepend

Ïðè íàæàòèè íà ãèïåðññûëêó �¿� îòêðûâàåòñÿ ïîëíîöåííàÿ ñïðàâêà ñ ïðèìå-
ðàìè.

19. Ñ ïîìîùüþ ôóíêöèè Insert èç ñïèñêà primes ñîçäàéòå ñïèñîê {2,3,11,5,7}.

20. Èññëåäóéòå ôóíêöèþ Table. Ñãåíåðèðóéòå ñïèñîê êóáîâ íàòóðàëüíûõ ÷èñåë
îò 2 äî 10:

Table [ i ^3 ,{ i , 2 , 1 0 } ]
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21. Èñïîëüçóéòå Table, ÷òîáû ñãåíåðèðîâàòü ñïèñîê ñòåïåíåé x îò 0 äî 10.

22. Âåêòîðû è ìàòðèöû â Mathematica ÿâëÿþòñÿ ñïèñêàìè è ñïèñêàìè ñïèñêîâ.
Ìíîæåñòâà òîæå çàäàþòñÿ â âèäå ñïèñêîâ. Âîò íåêîòîðûå ôóíêöèè äëÿ ðàáîòû
ñî ñïèñêàìè, ïðåäñòàâëÿþùèìè èç ñåáÿ ìíîæåñòâà:

Union [ numbers , primes ]
Intersection [ numbers , primes ]

Óïîìÿíåì åùå îäíó ïîëåçíóþ ôóíêöèþ Flatten, êîòîðàÿ ïîçâîëÿåò ðàñêðû-
âàòü âëîæåííûå ñïèñêè:

Flatten [ { {1 , 2 , 3} , {4 , 5}} ]

23. Òåïåðü îïðåäåëèì ôóíêöèþ. Ïðàâèëüíîå îïðåäåëåíèå ôóíêöèè èìååò âèä

f [x_] :=x^2+3

Çäåñü x_� òàê íàçûâàåìûé øàáëîí, êîòîðûé çäåñü îáîçíà÷àåò ôîðìàëüíûé
àðãóìåíò ôóíêöèè, âìåñòî êîòîðîãî áóäåò ïîäñòàâëåíî êàêîå-òî âûðàæåíèå
ïðè âûçîâå ýòîé ôóíêöèè.

24. Âû÷èñëèòå f[4].

25. Ïåðåîïðåäåëèòå ôóíêöèþ â òî÷êå 4:

f [4 ]=100

26. Âû÷èñëèòå ôóíêöèþ â òî÷êàõ 4 è 5. Ïîñìîòðèòå îïðåäåëåíèå ôóíêöèè

? f

27. Îïðåäåëèòå ôóíêöèþ äâóõ ïåðåìåííûõ

z [x_,y_] :=Sin [ x ]Cos [ y ]

28. Âû÷èñëèòå çíà÷åíèå ôóíêöèè z â òî÷êå 5, 3.

29. Â ÿçûêå ïðîãðàììèðîâàíèÿ ñèñòåìû Mathematica íåò òèïîâ, âñå îáúåêòû ÿâ-
ëÿþòñÿ ôóíêöèÿìè âèäà f[x,y,. . . ]. ×òîáû óáåäèòüñÿ â ýòîì, âûïîëíèòå ïîñëå-
äîâàòåëüíîñòü êîìàíä

expr=x*y+y
FullForm [ expr ]
TreeForm [ expr ]
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Ôóíêöèÿ FullForm ïîêàçûâàåò âíóòðåííåå ïðåäñòàâëåíèå îáúåêòà â ñèñòåìå
Mathematica (â äàííîì ñëó÷àå àëãåáðàè÷åñêîãî âûðàæåíèÿ expr), â êîòîðîì
îí íà ñàìîì äåëå õðàíèòñÿ â ñèñòåìå. Ôóíêöèÿ TreeForm ðèñóåò ýòî ïðåäñòàâ-
ëåíèå â óäîáíîé äëÿ âîñïðèÿòèÿ ïîëüçîâàòåëåì ôîðìå äåðåâà.

30. Èññëåäóéòå ïðåäñòàâëåíèå ñïèñêà numbers

FullForm [ numbers ]

31. Ïðåäñòàâëåíèå îáúåêòà â Mathematica èìååò èåðàðõè÷åñêóþ ñòðóêòóðó, ÷òî
âèäíî íà ïðèìåðå ïðåäñòàâëåíèÿ expr â âèäå äåðåâà. Ôóíêöèÿ Head âûäàåò
ôóíêöèþ, êîòîðàÿ íàõîäèòñÿ íà âåðøèíå ýòîé èåðàðõèè (head îáúåêòà). Äî-
ñòóï æå ê îáúåêòàì, êîòîðûå íàõîäÿòñÿ íà ðàçíûõ óðîâíÿõ ýòîé èåðàðõèè,
îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ôóíêöèè [[. . . ]], ãäå â ñêîáî÷êàõ ÷åðåç çàïÿòóþ
óêàçûâàåòñÿ ïóòü ïî âåðøèíàì äåðåâà ê òîìó èëè èíîìó îáúåêòó. Ïðèìåð:

Head [ expr ]
expr [ [ 1 ] ]
expr [ [ 2 ] ]
expr [ [ 2 , 1 ] ]

32. Ôóíêöèÿ Map îáîçíà÷àåòñÿ /@ è ïðèìåíÿåò ôóíêöèþ, íàïèñàííóþ ñëåâà, ê
êàæäîìó îáúåêòó ïåðâîãî óðîâíÿ îáúåêòà, ñòîÿùåãî ñïðàâà. Ïðèìåð:

f /@numbers

33. Íå âñåãäà õî÷åòñÿ ñîçäàâàòü îòäåëüíóþ ôóíêöèþ, ÷òîáû èñïîëüçîâàòü åå â
ôóíêöèè Map. Âìåñòî ýòîãî ìîæíî èñïîëüçîâàòü àíîíèìíóþ ôóíêöèþ. Àð-
ãóìåíò àíîíèìíîé ôóíêöèè îáîçíà÷àåòñÿ ñèìâîëîì #, åñëè îí îäèí, â ñëó÷àå
æå íåñêîëüêèõ àðãóìåíòîâ îíè îáîçíà÷àþòñÿ #1, #2 è ò.ä. (## � âñå àð-
ãóìåíòû). Çàïèñü àíîíèìíîé ôóíêöèè çàâåðøàåòñÿ ñèìâîëîì &. Âîò ïðèìåð
òîãî, êàê òó æå ñàìóþ ôóíêöèþ x2 +3 ìîæíî ïðèìåíèòü ê êàæäîìó ýëåìåíòó
ñïèñêà numbers, èñïîëüçóÿ àíîíèìíóþ ôóíêöèþ:

#^2+3 &/@numbers

34. Òåïåðü ñ ïîìîùüþ àíîíèìíîé ôóíêöèè è ôóíêöèè Map ïîëó÷èòå âûðàæåíèå,
êîòîðîå ñîäåðæèò ñóììó ñèíóñîâ îò ñëàãàåìûõ âûðàæåíèÿ expr.

35. Ôóíêöèÿ Thread ïðèìåíÿåò ôóíêöèþ ê óêàçàííûì â âèäå ñïèñêîâ íàáîðàì
àðãóìåíòîâ. Ïðèìåð:

Thread[#1−#2+#3^2 &[{a , b} ,{x , y } , { 4 , 5 } ] ]

36. Ðàññìîòðèì ïðèìåð ðàáîòû ñ îáúåêòàìè â ñèñòåìå Mathematica:
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sq=Table [ x [ i ] , { i , 1 0 } ]
TreeForm [ sq ]
sq2=Select [ sq ,#[ [1 ] ] <9 &]

Ïåðâûì àðãóìåíòîì êîìàíäû Select ìîæåò áûòü òîëüêî ñïèñîê. Íà âûõîäå îíà
âûäàåò ñïèñîê, ñîñòîÿùèé èç òåõ ýëåìåíòîâ èñõîäíîãî ñïèñêà, äëÿ êîòîðûõ
çíà÷åíèåì ëîãè÷åñêîé ôóíêöèè � åå âòîðîãî àðãóìåíòà, ÿâëÿåòñÿ ÈÑÒÈÍÀ.

sq3=#^#[[1]] &/@sq2
Plus@@sq3

Ôóíêöèÿ Apply, êîòîðàÿ îáîçíà÷àåòñÿ @@, çàìåíÿåò head îáúåòà, êîòîðûé ñòî-
èò ñïðàâà, ôóíêöèåé, êîòîðàÿ ñòîèò ñëåâà. Â äàííîì ñëó÷àå ìû çàìåíèëè head
ñïèñêà sq3, ò.å. List, íà Plus, â ðåçóëüòàòå âìåñòî ñïèñêà ýëåìåíòîâ ïîëó÷èëè
ñóììó ýòèõ ýëåìåíòîâ.

6.1 Çàäàíèÿ

Ïðèìåð âûïîëíåíèÿ çàäàíèÿ: Íàïèøèòå ôóíêöèþ fourierCosFromList[l], êîòî-
ðàÿ ïî äàííîìó ñïèñêó êîýôôèöèåíòîâ Ôóðüå {c0, c1, . . . , ck} ñòðîèò òðèãîíîìåòðè-
÷åñêèé ðÿä Ôóðüå äëÿ ÷åòíûõ ôóíêöèé

∑k
n=0 cn cosnx.

f our ie rCosFromList [ l_ ] :=
Plus@@Table [ l [ [ i ] ]Cos [ ( i −1)x ] , { i , 1 ,Length [ l ] } ] ]

1. Ñ ïîìîùüþ êîìàíäû RandomInteger[10000000,1000000] ñãåíåðèðóéòå ñïèñîê èç
ìèëëèîíà ïñåâäîñëó÷àéíûõ öåëûõ ÷èñåë â äèàïàçîíå [0,10000000]. Âûÿñíèòå,
èìåþòñÿ ëè ñðåäè íèõ áèíîìèàëüíûå êîýôôèöèåíòû Ck

20?

2. Èçó÷èòå ôóíêöèþ MapThread è ñ åå ïîìîùüþ íàïèøèòå ôóíêöèþ
replaceColumn[m,v,n], êîòîðàÿ çàìåíÿåò â êâàäðàòíîé ìàòðèöå m n-é ñòîëáåö
âåêòîðîì v.

3. Ñîçäàéòå ôóíêöèþ toepl[n], êîòîðàÿ ñòðîèò ò¼ïëèöåâó ìàòðèöó ðàçìåðà n×n:

x[0] x[−1] x[−2] . . . . . . x[−n+ 1]

x[1] x[0] x[−1]
. . .

...

x[2] x[1]
. . . . . . . . .

...
...

. . . . . . . . . x[−1] x[−2]
...

. . . x[1] x[0] x[−1]
x[n− 1] . . . . . . x[2] x[1] x[0]


(6.1)

Âû÷èñëèòå toepl[10].
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4. Èçó÷èòå ôóíêöèþ Tuples è ñ åå ïîìîùüþ ñîçäàéòå ôóíêöèþ
orbitalProjTriples[m,l1,l2,l3], ãäå m � öåëîå è lj � öåëûå íåîòðèöàòåëüíûå ÷èñ-
ëà. Ôóíêöèÿ äîëæíà âîçâðàùàòü ñïèñîê èç âñåõ ïîñëåäîâàòåëüíîñòåé
{m1,m2,m3} òàêèõ, ÷òî m1 +m2 +m3 = m, ãäå öåëûå ÷èñëà mj ∈ [−lj, lj]. Äëÿ
ïðîâåðêè âûðàæåíèé íà ðàâåíñòâî èñïîëüçóéòå îïåðàòîð ==. Âû÷èñëèòå
orbitalProjTriples[-3,5,2,3].

5. Âû÷èñëèòå ñ òî÷íîñòüþ 10 çíà÷àùèõ öèôð
∏

i

(
cos (iπ/6) + 4/3

)
, ãäå óìíîæå-

íèå âåäåòñÿ ïî òåì èíäåêñàì i èç äèàïàçîíà [0,100], äëÿ êîòîðûõ âûïîëíÿåòñÿ
sin(iπ/10) > 1/2.
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Ðàáîòà � 7

Ïîëèíîìû, ðàöèîíàëüíûå

ôóíêöèè è óïðîùåíèå âûðàæåíèé

â ñèñòåìå Mathematica

Ñîçäàäèì íîâûé ðàáî÷èé äîêóìåíò, â êîòîðîì âíà÷àëå áóäåì ðàáîòàòü ñ ïîëèíîìà-
ìè.

1. Ââåäèòå ïîëèíîì îäíîé ïåðåìåííîé

(y^3−3y^2+5y−7) (2y^4−7y^3+16y^2−35y+30)

è íàæìèòå Shift+Enter. Îáðàòèòå âíèìàíèå, ÷òî ïðè íàáîðå âûðàæåíèé íå
íóæíî èñïîëüçîâàòü ñèìâîë óìíîæåíèÿ *, åñëè ýòî íå ïðèâîäèò ê íåäîðàçó-
ìåíèÿì.

2. Åñëè âû îæèäàëè, ÷òî Mathematica ðàñêðîåò ñêîáêè â ââåäåííîì ïîëèíîìå,
òî âû îøèáëèñü: íè÷åãî íå ïðîèçîøëî. ×òîáû ñèñòåìà ðàñêðûëà ñêîáêè, åå îá
ýòîì íóæíî ïîïðîñèòü, äëÿ ÷åãî ñóùåñòâóåò ñïåöèàëüíàÿ ôóíêöèÿ Expand:

Expand[%]

Çàìåòèì, ÷òî Mathematica âûâîäèò ñòåïåíè â ïîðÿäêå èõ âîçðàñòàíèÿ ñëåâà
íàïðàâî, òî åñòü ðîâíî íàîáîðîò ïî ñðàâíåíèþ ñî ñïîñîáîì çàïèñè, ê êîòîðîìó
âñå ïðèâûêëè åùå â øêîëå.

3. Òåïåðü ïîïðîñèì Mathematica ðàçëîæèòü ðåçóëüòàò ïðåäûäóùåãî âû÷èñëåíèÿ
íà ìíîæèòåëè, äëÿ ÷åãî îïÿòü æå ñóùåñòâóåò ñïåöèàëüíàÿ ôóíêöèÿ Factor:

Factor [%]

Ïî÷åìó æå äâå ïîñëåäíèå ñêîáêè íå áûëè ðàçëîæåíû íà ëèíåéíûå ìíîæèòå-
ëè? Äåëî â òîì, ÷òî ôóíêöèÿ Factor ïî óìîë÷àíèþ îñóùåñòâëÿåò ðàçëîæåíèå
ïîëèíîìîâ íà ìíîæèòåëè íàä ïîëåì öåëûõ ÷èñåë. Íî êîðíè ïîëèíîìîâ (àëãåá-
ðàè÷åñêèå ÷èñëà), êàê èçâåñòíî, äàëåêî íå èñ÷åðïûâàþòñÿ öåëûìè ÷èñëàìè.
Íàïðèìåð, âåùåñòâåííûé êîðåíü ïîëèíîìà â ïîñëåäíåé ñêîáêå ñîäåðæèò ðà-
äèêàëû.
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4. Â ôóíêöèè Factor ïðåäóñìîòðåíà âîçìîæíîñòü ðàñøèðåíèÿ ïîëÿ ÷èñåë, íàä
êîòîðûì ïðîèçâîäèòñÿ ðàçëîæåíèå ïîëèíîìà íà ìíîæèòåëè. Ïðèìåð:

Factor [ x^2−8,Extension−>Sqrt [ 2 ] ]

5. Òåïåðü ïîñìîòðèì, êàêèå â Mathematica ñóùåñòâóþò âîçìîæíîñòè ðàáîòû ñ
ïîëèíîìàìè íåñêîëüêèõ ïåðåìåííûõ. Ââåäåì ïîëèíîì íåñêîëüêèõ ïåðåìåí-
íûõ è íàçîâåì åãî p

p=(x+y+z ) ^3(x^2−3y ) ( z+x)

6. Ôóíêöèÿ Exponent ïîçâîëÿåò îïðåäåëèòü ñòåïåíü ïîëèíîìà ïî îäíîé èç ïåðå-
ìåííûõ

Exponent [ p , x ]

7. Ôóíêöèÿ Coe�cientRules âûäàåò ñïèñîê ìîíîìîâ, êîòîðûå ñîäåðæèò ïîëèíîì,
â âèäå {5,1,0}�3. Òàêàÿ çàïèñü îáîçíà÷àåò ìîíîì . . .+ 3x5y + . . .

Coe f f i c i e n tRu l e s [ p , { x , y , z } ]
Expand [ p ]

8. Åùå îäíà ôóíêöèÿ äëÿ ïðåîáðàçîâàíèÿ çàïèñè ïîëèíîìà íàçûâàåòñÿ Collect

Collect [% ,{ z , y , x } ]

Â äàííîì ïðèìåðå ôóíêöèÿ Collect ïåðåïèñûâàåò ïîëèíîì â âèäå ïîëèíîìà
ïî z, êîýôôèöèåíòàìè êîòîðîãî ÿâëÿþòñÿ ïîëèíîìû ïî y è x, ïðè÷åì ýòè êî-
ýôôèöèåíòû â ñâîþ î÷åðåäü çàïèñàíû êàê ïîëèíîìû ïî y ñ êîýôôèöèåíòàìè,
êîòîðûå ÿâëÿþòñÿ ïîëèíîìàìè ïî x.

9. Ïåðåéäåì ê ðàáîòå ñ ðàöèîíàëüíûìè ôóíêöèÿìè (îòíîøåíèÿ äâóõ ïîëèíî-
ìîâ). Ââåäèòå ôóíêöèþ (x3 − 1)/(x2 − 1).

10. Íè÷åãî íå ïðîèçîøëî, õîòÿ óïðîùåíèå íàïðàøèâàåòñÿ ñàìî ñîáîé. ×òîáû çà-
ñòàâèòü Mathematica óïðîñòèòü ýòó äðîáü, íóæíî èñïîëüçîâàòü ñïåöèàëüíî
äëÿ ýòîãî ïðåäíàçíà÷åííóþ ôóíêöèþ Cancel

Cancel [%]

11. Ïîïðîáóåì óïðîñòèòü äðîáü

f=Cancel [ ( x^3+4x^2−11x+3)/(x^2−9) ]

12. Íèêàêèõ ñîêðàùåíèé íå ïðîèçîøëî. Äåéñòâèòåëüíî, â �áîëüøèíñòâå� ðàöèî-
íàëüíûõ ôóíêöèé ÷èñëèòåëü è çíàìåíàòåëü âñå-òàêè íå ñîäåðæàò îáùèõ ìíî-
æèòåëåé (íó ðàçâå òîëüêî â øêîëüíîì ó÷åáíèêå ïî ìàòåìàòèêå). Ðàçäåëèì
÷èñëèòåëü íà çíàìåíàòåëü äðîáè ñ îñòàòêîì è ïðîâåðèì îòâåò:
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p=Numerator [ f ]
q=Denominator [ f ]
qr=PolynomialQuotientRemainder [ p , q , x ]
qr [ [ 1 ] ] * q+qr [ [ 2 ] ]
Expand[%]

13. Ââåäèòå 8/(x2 + 3x− 10)− x/(x2 − 4).

14. Âíîâü ñ ââåäåííûì âûðàæåíèåì íè÷åãî íå ïðîèçîøëî. Èñïîëüçóåì ñïåöèàëü-
íóþ ôóíêöèþ äëÿ ïðèâåäåíèÿ äðîáåé ê îáùåìó çíàìåíàòåëþ:

Together [%]

15. Õîòåëîñü áû â ïîëó÷åííîì ðåçóëüòàòå ðàñêðûòü ñêîáêè â çíàìåíàòåëå. È äëÿ
ýòîãî ïðåäóñìîòðåíà ñïåöèàëüíàÿ ôóíêöèÿ

ExpandDenominator [%]

16. À ïî÷åìó äëÿ ðàñêðûòèÿ ñêîáîê â çíàìåíàòåëå ìû íå âîñïîëüçîâàëèñü óæå
çíàêîìîé íàì ôóíêöèåé Expand? Äàâàéòå ïîïðîáóåì:

Expand[%%]

Êàê âèäèòå, ýòî ïðèâåëî âîâñå íå ê òîìó ðåçóëüòàòó, êîòîðûé ìû îæèäàëè.
Ôóíêöèÿ Expand â ýòîé ñèòóàöèè ïðîñòî ðàñêëàäûâàåò ÷èñëèòåëü íà ñëàãà-
åìûå è ïðåäñòàâëÿåò âûðàæåíèå â âèäå ñóììû äðîáåé (òàêîå òîæå èíîãäà
íóæíî). Íàäååìñÿ, ýòîò ïðèìåð óáåäèò âàñ â òîì, êàê âàæíî ïðè ðàáîòå ñ
ñèñòåìîé ñèìâîëüíûõ âû÷èñëåíèé ïðåäñòàâëÿòü, ÷òî ñ êîíêðåòíûì îáúåêòîì
äåëàåò êîíêðåòíàÿ ôóíêöèÿ.

17. Íàêîíåö, ôóíêöèÿ Apart îñóùåñòâëÿåò ðàçëîæåíèå äðîáè íà ïðîñòåéøèå (÷òî
áûâàåò î÷åíü ïîëåçíî, íàïðèìåð, ïðè èíòåãðèðîâàíèè ðàöèîíàëüíûõ äðîáåé).
Â îïðåäåëåííîì ñìûñëå ýòî ôóíêöèÿ, îáðàòíàÿ ê ôóíêöèè Together. Ïðèìå-
íèòå åå ê äðîáè (x− 3)/(x2 + 4x+ 4).

18. Äëÿ ðàáîòû ñ òðèãîíîìåòðè÷åñêèìè âûðàæåíèÿìè ïðåäóñìîòðåíû ñïåöèàëü-
íûå ôóíêöèè. Ïîïðîáóåì âíà÷àëå ðàçëîæèòü òðèãîíîìåòðè÷åñêîå âûðàæåíèå
íà ñëàãàåìûå ñ ïîìîùüþ õîðîøî çíàêîìîé íàì ôóíêöèè Expand:

e=Sin [ x+y ]
Expand [ e ]

Êàê âèäèòå, ýòî íè ê ÷åìó íå ïðèâåëî. Expand óìååò òîëüêî ðàñêðûâàòü ñêî-
áî÷êè â âûðàæåíèÿõ, ïåðåìíîæàÿ âõîäÿùèå â íèõ ñëàãàåìûå. Âìåñòî íåå â
äàííîì ñëó÷àå íóæíî âîñïîëüçîâàòüñÿ ñïåöèàëüíîé ôóíêöèåé TrigExpand, à
òàêæå îáðàòíîé ê íåé ôóíêöèåé TrigFactor:
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TrigExpand [ e ]
TrigFactor [%]

Èçó÷èòå ñàìîñòîÿòåëüíî âàæíûå êîìàíäû TrigToExp è TrigReduce.

19. Íàêîíåö, ñóùåñòâóþò ôóíêöèè, ïðåäíàçíà÷åííûå äëÿ ðàáîòû ñ íåêîòîðûìè
äðóãèìè ýëåìåíòàðíûìè è ñïåöèàëüíûìè ôóíêöèÿìè, òàêèå êàê FunctionExpand:

l=Log [ x y ]
FunctionExpand [ l ]
FunctionExpand [ l , x>0 && y>0]

Îáðàòèòå âíèìàíèå íà ïðîáåë ìåæäó x è y â àðãóìåíòå ëîãàðèôìà � áåç íåãî
Mathematica âîñïðèíÿëà áû ýòîò àðãóìåíò êàê îäíó ïåðåìåííóþ xy, à íå êàê
ïðîèçâåäåíèå äâóõ ïåðåìåííûõ.

20. Òåïåðü íàó÷èìñÿ äåëàòü ïîäñòàíîâêè â âûðàæåíèÿõ. Îïðåäåëèì:

p=x^2+y^3

21. ×òîáû ñäåëàòü ïîäñòàíîâêó, âûïîëíèì êîìàíäó

p / . y−>3

Ôóíêöèÿ /. (�slash dot�) èñïîëüçóåò ïðàâèëî ïîäñòàíîâêè, êîòîðîå ñòîèò ñïðà-
âà, â âûðàæåíèè, êîòîðîå ñòîèò ñëåâà.

22. Ïðîâåðüòå, ÷åìó òåïåðü ðàâíû p è y.

23. Ïåðåä òåì, êàê âûïîëíèòü ñëåäóþùèå ïîäñòàíîâêè, ïîïðîáóéòå ïðåäïîëî-
æèòü, êàêîâ áóäåò ðåçóëüòàò â ïåðâîì è âòîðîì ñëó÷àÿõ:

p / .{ x−>y , y−>x}
p / . x−>y / . y−>x

24. Òåïåðü ðàññìîòðèì ïðèìåð òîãî, êàê ìîæíî èñïîëüçîâàòü ïîäñòàíîâêè äëÿ
óïðîùåíèÿ âûðàæåíèé. Âûïîëíèòå êîìàíäû:

p=(x+y)^2+1/(x+y)^2
Together [ p ]

Êàê âèäèòå, ïîñëå ïðèâåäåíèÿ äðîáåé ê îáùåìó çíàìåíàòåëþ ìû ïîëó÷èëè áî-
ëåå ñëîæíîå âûðàæåíèå, ÷åì ìîæíî áûëî îæèäàòü. Çíà÷èòåëüíî ýôôåêòèâíåå
çäåñü äåéñòâîâàòü ñëåäóþùèì îáðàçîì:

ps=p/ . x+y−>z
Together [ ps ]
%/.z−>x+y
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25. Äî ñèõ ïîð ïðè óïðîùåíèè âûðàæåíèé ìû ïîëüçîâàëèñü ôóíêöèÿìè �òî÷å÷-
íîãî� äåéñòâèÿ, êîòîðûå äåëàþò êîíêðåòíîå äåéñòâèå ñ êîíêðåòíûì îáúåêòîì
(íàïðèìåð, ðàñêëàäûâàþò äðîáü íà ïðîñòåéøèå). Ñóùåñòâóåò, îäíàêî, óíè-
âåðñàëüíàÿ ôóíêöèÿ Simplify, êîòîðàÿ �ïðîñòî óïðîùàåò âûðàæåíèå�, ïðè÷åì
âûðàæåíèå ìîæåò áûòü òðèãîíîìåòðè÷åñêèì, ñîäåðæàùèì ëîãàðèôìû è äðó-
ãèå ýëåìåíòàðíûå ôóíêöèè. Îäíàêî ýòà óíèâåðñàëüíîñòü, ê ñîæàëåíèþ, âåäåò
ê ïîòåðå ïðåäñêàçóåìîñòè ðåçóëüòàòà. Âàæíî ïîíèìàòü, êàê ðàáîòàåò ôóíê-
öèÿ Simplify. À ðàáîòàåò îíà î÷åíü �ïðîñòî�: ïåðåáèðàåò âñåâîçìîæíûå ïðåîá-
ðàçîâàíèÿ âûðàæåíèÿ, ïðèìåíÿÿ èçâåñòíûå ñèñòåìå ïðàâèëà ïðåîáðàçîâàíèÿ
âûðàæåíèé äàííîãî òèïà (íàïðèìåð, òðèãîíîìåòðè÷åñêèå òîæäåñòâà), è âû-
áèðàåò ñàìûé êîðîòêèé (ïî êîëè÷åñòâó ñèìâîëîâ) âàðèàíò. Âàæíûì àñïåêòîì
èñïîëüçîâàíèÿ ôóíêöèè Simplify ÿâëÿåòñÿ èñïîëüçîâàíèå ïðåäïîëîæåíèé. Âû-
ïîëíèòå êîìàíäû:

s=Sqrt [ x^2]
Simplify [ s ]

Simplify íå ïðîèçâåëî íèêàêèõ óïðîùåíèé, ïîñêîëüêó ïî óìîë÷àíèþ àðãóìåíò
x ñ÷èòàåòñÿ êîìïëåêñíûì, è â çàâèñèìîñòè îò ïîëîæåíèÿ òî÷êè x íà êîì-
ïëåêñíîé ïëîñêîñòè s ìîæåò ðàâíÿòüñÿ êàê x, òàê è -x, ÷òî ñâÿçàíî ñ ìíîãî-
çíà÷íîñòüþ ôóíêöèè êâàäðàòíûé êîðåíü. Îäíàêî, îãðàíè÷èâ îáëàñòü èçìåíå-
íèÿ àðãóìåíòà x âåùåñòâåííîé îñüþ ñ ïîìîùüþ ïðåäïîëîæåíèÿ, ìû äîáüåìñÿ
óïðîùåíèÿ:

Simplify [ s , x>0]

èëè

Simplify [ s , x∈Reals ]

ãäå ñèìâîë ∈ íàáèðàåòñÿ êàê Esc �el �Esc.

26. Êàê óæå áûëî îòìå÷åíî âûøå, ôóíêöèÿ Simplify èñïîëüçóåò òðèãîíîìåòðè-
÷åñêèå òîæäåñòâà äëÿ ïðåîáðàçîâàíèÿ òðèãîíîìåòðè÷åñêèõ âûðàæåíèé. Ïðè-
ìåð:

Simplify [ 2Tan [ x ]/(1+Tan [ x ]^2) ]

7.1 Çàäàíèÿ

Ïðèìåð âûïîëíåíèÿ çàäàíèÿ: Äîêàæèòå òðèãîíîìåòðè÷åñêîå òîæäåñòâî

1 + 2 cosx+ 2 cos 2x+ 2 cos 3x+ . . .+ 2 cosnx =
sin(n+ 1

2
)x

sin x
2

.

ïðè n = 10.
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n=10
Plus@@Table [Cos [ 2 i x ] , { i , n } ]
(1+2*%)Sin [ x ]
r e s1=TrigExpand [%]
r e s2=TrigExpand [ Sin [ ( 2 n+1)x ] ]
res2−r e s1

1. Íàïèøèòå ôóíêöèþ remLeadingCoe�[n,p,x,y,z], êîòîðàÿ âûêèäûâàåò èç äàí-
íîãî ïîëèíîìà p òðåõ ïåðåìåííûõ x,y,z âñå ìîíîìû, ñòåïåíü êîòîðûõ áîëüøå
èëè ðàâíà n (íàïðèìåð, ñòåïåíü ìîíîìà 7x2yz2 ðàâíÿåòñÿ 5). Âàì ïîíàäîáèò-
ñÿ ôóíêöèÿ FromCoe�cientRules. Ñ ïîìîùüþ remLeadingCoe� âûêèíüòå èç
ïîëèíîìà (x+ y + z2)3(x2 − 3y)(z + x3) âñå ìîíîìû ñòåïåíè áîëüøå 5.

2. Íàïèøèòå ôóíêöèþ dividedDi�Pol[p,k], êîòîðàÿ äëÿ äàííîãî ïîëèíîìà p ñòå-
ïåíè n âû÷èñëÿåò ðàçäåëåííóþ ðàçíîñòü k-ãî ïîðÿäêà

p(x0; . . . ;xk) =
k∑
j=0

p(xj)∏
i 6=j

(xj − xi)

â òî÷êàõ x[0], x[1], . . . , x[k]. Äîáåéòåñü òîãî, ÷òîáû ïðè k>n ôóíêöèÿ
dividedDi�Pol âûäàâàëà 0, à ïðè k=n � ñòàðøèé êîýôôèöèåíò ïîëèíîìà p.
Äëÿ ïðîâåðêè èñïîëüçóéòå ïîëèíîì ax4 − x3 + bx− 17.

3. Ñ ïîìîùüþ êîìàíä Mathematica ïðåîáðàçóéòå âûðàæåíèå

x2 + 2x+ 1 +
1

x2 + 2x+ 1
â âûðàæåíèå

(x+ 1)4 + 1

(x+ 1)2

è íàîáîðîò. Èñïîëüçóéòå ïîäñòàíîâêè è âñòðîåííûå ôóíêöèè, ïðèñâàèâàíèÿ
èñïîëüçîâàòü íåëüçÿ!

4. Ïðåîáðàçóéòå âûðàæåíèå
1− (x−b)2

(x−a)2

1− (x−c)3/2
(x−a)3/2

ê íàèáîëåå ïðîñòîìó âèäó. Ïðèñâàèâàíèÿ èñïîëüçîâàòü íåëüçÿ, òîëüêî ïîäñòà-
íîâêè è âñòðîåííûå ôóíêöèè Mathematica.

5. Ñ ïîìîùüþ êîìàíä Mathematica ïîêàæèòå, ÷òî

2 ln

(√
i sin(x/2 + π/4)

sin(π/4− x/2)

)
= arcch (−i tg(x))− arcsh (tg(x))

ïðè π/2 < x < π. Äëÿ ýòîãî âàì ïîíàäîáÿòñÿ ôóíêöèè äëÿ ðàáîòû ñ òðèãîíî-
ìåòðè÷åñêèìè âûðàæåíèÿìè, òàêèå êàê TrigExpand è TrigToExp.
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Ðàáîòà � 8

Ãðàôèêà è ðåøåíèå óðàâíåíèé â

ñèñòåìå Mathematica

1. Èçó÷èòå ôóíêöèþ Plot, êîòîðàÿ ïðåäíàçíà÷åíà äëÿ ïîñòðîåíèÿ äâóìåðíûõ
ãðàôèêîâ, è åå îïöèè:

?Plot
Options [Plot ]
?AxesLabel

2. Ïîñòðîèì ãðàôèê ôóíêöèè x8 sinx íà èíòåðâàëå [0,4]:

Plot [ x^8Sin [ x ] , { x , 0 , 4 } ,AxesLabel−>{"x" , "y" } ]

Îáðàòèòå âíèìàíèå, ÷òî åñëè íàïèñàòü íàçâàíèÿ îñåé áåç êàâû÷åê, Mathematica
âìåñòî íóæíûõ íàì áóêâ ïîäñòàâèò çíà÷åíèÿ ñîîòâåòñòâóþùèõ ïåðåìåííûõ.
Ïî÷åìó æå Mathematica íå ïîñòðîèëà ãðàôèê íà âñåì èíòåðâàëå [0,4], õîòÿ
ìû ÿñíî åå îá ýòîì ïîïðîñèëè? Ñèñòåìà àâòîìàòè÷åñêè ïîäáèðàåò îòîáðàæà-
åìûé èíòåðâàë çíà÷åíèé, èíà÷å ìû íå ðàçëè÷èëè áû ýêñòðåìóì (ìàêñèìóì)
ôóíêöèè, ò.ê. ïðè ñòðåìëåíèè àðãóìåíòà ê çíà÷åíèþ 4 çíà÷åíèÿ ôóíêöèè ñòà-
íîâÿòñÿ î÷åíü áîëüøèìè îòðèöàòåëüíûìè. ×òîáû âñå-òàêè çàñòàâèòü ñèñòåìó
îòîáðàçèòü âåñü èíòåðâàë çíà÷åíèé, íóæíî â ïðåäûäóùåé êîìàíäå â ôóíêöèè
Plot ÷åðåç çàïÿòóþ äîáàâèòü îïöèþ PlotRange->All.

3. Òåïåðü èçó÷èì îïöèþ PlotStyle, êîòîðàÿ çàäàåò öâåò è òèï ëèíèè íà ãðàôèêå

?PlotStyle

Äëÿ çàäàíèÿ öâåòà íà ãðàôèêàõ ìîæíî èñïîëüçîâàòü ðàçëè÷íûå öâåòîâûå ìî-
äåëè. Èññëåäóéòå êîìàíäû:

?RGBColor
?Hue

Hue � êîìàíäà, îïðåäåëÿþùàÿ öâåò ãðàôèêà ñ ïîìîùüþ öâåòîâîãî òîíà, êî-
òîðûé çàäàåòñÿ ÷èñëàìè îò 0 äî 1, ïðè ýòîì ñîîòâåòñòâóþùèå öâåòà ïðîáåãàþò
ïî ñïåêòðó êðàñíûé�îðàíæåâûé�æåëòûé�. . . �ôèîëåòîâûé�êðàñíûé. Ïðèìåð:
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Ãëàâà 8 Ãðàôèêà è ðåøåíèå óðàâíåíèé â ñèñòåìå Mathematica

c o l o r s=Table [Hue [ i ] , { i , 0 , 1 , . 1 } ]
s l=Table [ Sin [ i * t ] , { i , 0 , 1 0 } ]
Plot [ s l , { t ,−Pi/4 ,Pi/4} ,PlotStyle−>co l o r s ]

4. Ôóíêöèÿ Animate èñïîëüçóåòñÿ äëÿ ñîçäàíèÿ àíèìàöèè:

Animate [Plot [E^(−x^2)Sin [ k*Pi*x ] , { x,−Pi ,Pi } ] , { k , 1 , 20} ,
AnimationRunning−>False ]

5. Â ñëó÷àå çàâèñèìîñòè ìåæäó x è y, çàäàííîé â ïàðàìåòðè÷åñêîì âèäå x(t) è
y(t), äëÿ ïîñòðîåíèÿ ãðàôèêà èñïîëüçóåòñÿ ôóíêöèÿ ParametricPlot

ParametricPlot [ {4Cos [ t ]−Cos [ 4 t ] , 4 Sin [ t ]−Sin [ 4 t ] } , { t ,−Pi ,Pi } ]

Ïîëó÷èâøàÿñÿ êðèâàÿ ÿâëÿåòñÿ ýïèöèêëîèäîé. Ýòî òðàåêòîðèÿ, êîòîðóþ îïè-
ñûâàåò òî÷êà íà ïîâåðõíîñòè øàðà ðàäèóñà 1, êîòîðûé êàòèòñÿ ïî øàðó ðà-
äèóñà 3.

6. Äëÿ ïîñòðîåíèÿ ãðàôèêîâ çàâèñèìîñòåé, çàäàííûõ â ïîëÿðíûõ êîîðäèíàòàõ
â âèäå r(θ), èñïîëüçóåòñÿ ôóíêöèÿ PolarPlot

PolarPlot [Cos [ 5 t ] , { t , 0 , 2Pi } ]

Ïîïðîáóéòå ìåíÿòü ÷èñëîâîé êîýôôèöèåíò â àðãóìåíòå êîñèíóñà, è âû óáå-
äèòåñü, ÷òî èìåííî îí îïðåäåëÿåò êîëè÷åñòâî ëåïåñòêîâ ïîëó÷èâøåãîñÿ �öâå-
òî÷êà�.

7. Äëÿ ïîñòðîåíèÿ ãðàôèêîâ íåÿâíî çàäàííûõ çàâèñèìîñòåé y îò x ìîæíî èñ-
ïîëüçîâàòü ôóíêöèþ ContourPlot

ContourPlot [ x^3+y^3−5x y==0,{x ,−3 ,3} ,{y ,−3 ,3}]

Ìû ïîëó÷èëè ñàìîïåðåñåêàþùóþñÿ êðèâóþ, êîòîðàÿ íàçûâàåòñÿ ëèñò Äåêàð-
òà. Íà÷àëî êîîðäèíàò ÿâëÿåòñÿ îñîáîé òî÷êîé ýòîé êðèâîé, â íåé ÷àñòíûå ïðî-
èçâîäíûå ïî x è y ðàâíû íóëþ. Îáðàòèòå âíèìàíèå, ÷òî â ôóíêöèè ContourPlot
äëÿ çàäàíèÿ óðàâíåíèÿ êðèâîé ìû èñïîëüçîâàëè íå îáû÷íîå, à äâîéíîå ðàâíî
(==). Ýòî ëîãè÷åñêèé îïåðàòîð. Ïðèìåð:

15==4

8. Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé äâóõ ïåðåìåííûõ èñïîëüçóåòñÿ ôóíêöèÿ
Plot3D:

Plot3D [ x^2+y^4 ,{x ,−2 ,2} ,{y ,−2 ,2}]

9. Ïîñìîòðèòå, êàêèå ó ýòîé ôóíêöèè èìåþòñÿ îïöèè:
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Options [Plot3D ]

Äîáàâüòå îïöèþ BoxRatios->{1,1,1}, êîòîðàÿ îïðåäåëÿåò îòíîøåíèå ñòîðîí
ïàðàëëåëåïèïåäà, â êîòîðîì ñîäåðæèòñÿ òðåõìåðíûé ãðàôèê. Ïî óìîë÷àíèþ
èñïîëüçóþòñÿ çíà÷åíèÿ {1,1,0.4}, è ãðàôèê âûãëÿäèò ñïëþñíóòûì ïî z. Îò-
ìåòèì åùå îïöèþ PlotPoints, êîòîðàÿ ïîçâîëÿåò çàäàâàòü êîëè÷åñòâî òî÷åê
ñåòêè, ïî êîòîðîé ñòðîèòñÿ ãðàôèê, ïî êàæäîé èç ïåðåìåííûõ (óâåëè÷åíèå
êîëè÷åñòâà òî÷åê óëó÷øàåò ãëàäêîñòü ãðàôèêà, íî óâåëè÷èâàåò âðåìÿ åãî ïî-
ñòðîåíèÿ).

10. Ãðàôèê íåÿâíî çàäàííîé çàâèñèìîñòè z îò x è y ñòðîèòñÿ ñ ïîìîùüþ ôóíêöèè
ContourPlot3D

ContourPlot3D [ x^2−z*y^2==0,{x ,−1 ,1} ,{y ,−1 ,1} ,{ z ,−1 ,1}]

Ýòà ñàìîïåðåñåêàþùàÿñÿ ïî îñè z ïîâåðõíîñòü íàçûâàåòñÿ çîíòèêîì Óèòíè.
Îíà òàêæå âêëþ÷àåò îòðèöàòåëüíóþ ÷àñòü îñè z (ðó÷êà çîíòèêà), íî ïîñëåä-
íÿÿ íà ãðàôèêå íå îòîáðàçèëàñü.

11. Äëÿ ðåøåíèÿ óðàâíåíèé â ñèñòåìå Mathematica èñïîëüçóåòñÿ ôóíêöèÿ Solve:

?Solve
Solve [ x^2+3(a+3)x−8a^2==23,x ]

Êàê âèäèòå, Solve âûäàåò îòâåò â âèäå ïðàâèëà ïîäñòàíîâêè.

12. Íåóäèâèòåëüíî, ÷òî ñèñòåìå óäàëîñü íàéòè êîðíè ïîëèíîìà âòîðîãî ïîðÿäêà.
À êàê íàñ÷åò ïîëèíîìà ÷åòâåðòîãî ïîðÿäêà?

Solve [ 5 x^4−7x^3+x^2+2x−13==0]

Ñêîðåå âñåãî, ðåçóëüòàò ïðåâçîøåë âñå âàøè îæèäàíèÿ. Íà ñàìîì äåëå ìû
ïîëó÷èëè ïàðó êîìïëåêñíî ñîïðÿæåííûõ êîðíåé è äâà âåùåñòâåííûõ êîðíÿ,
â ÷åì ìîæíî óáåäèòüñÿ, âû÷èñëèâ èõ ïðèáëèæåííûå çíà÷åíèÿ:

N[%]

13. Òåïåðü ïðèìåíèòå ôóíêöèþ Solve äëÿ íàõîæäåíèÿ êîðíåé ïîëèíîìà ïÿòîãî
ïîðÿäêà 3x5−x4 + 11x3− 8x2 + 10x− 11. Êàê âèäèòå, Mathematica íà ýòîò ðàç
íå óäàëîñü âûðàçèòü êîðíè ïîëèíîìà â ðàäèêàëàõ. Ïîïðîáóéòå òåïåðü âìåñòî
Solve èñïîëüçîâàòü ôóíêöèþ NSolve, êîòîðàÿ ïðåäíàçíà÷åíà äëÿ íàõîæäåíèÿ
ïðèáëèæåííûõ ðåøåíèé óðàâíåíèé. Çàìå÷àíèå: âìåñòî NSolve, â ïðèíöèïå,
ìîæíî áûëî ïðèìåíèòü ôóíêöèþ N ê âûâîäó ôóíêöèè Solve. Òàê óäîáíåå
óïðàâëÿòü òî÷íîñòüþ ïðèáëèæåíèé.
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14. Íî è ôóíêöèÿ NSolve, ê ñîæàëåíèþ, íå âñåãäà ñðàáîòàåò. Ïîïðîáóéòå ïðè-
ìåíèòü åå ê óðàâíåíèþ x tg x − 1 = 0, è óâèäèòå, ÷òî Mathematica íå ìîæåò
íàéòè âñå êîðíè ýòîãî óðàâíåíèÿ. Ýòî, îäíàêî, íå îçíà÷àåò, ÷òî Mathematica íå
â ñîñòîÿíèè íàéòè íèêàêîé ïðèáëèæåííûé êîðåíü ýòîãî óðàâíåíèÿ. Èçó÷èòå
ôóíêöèþ

?FindRoot

Êàê âèäèòå, ôóíêöèÿ FindRoot óñòðîåíà òàê, ÷òî åé íóæíî óêàçàòü íà÷àëüíîå
ïðèáëèæåíèå äëÿ ïîèñêà êîðíÿ óðàâíåíèÿ. Ïîñòðîéòå ãðàôèê íàøåé ôóíê-
öèè â èíòåðâàëå x ∈ [−6, 6], ïî ãðàôèêó îïðåäåëèòå íà÷àëüíîå ïðèáëèæåíèå,
áëèçêîå ê îäíîìó èç êîðíåé, è óòî÷íèòå ýòî ïðèáëèæåíèå ñ ïîìîùüþ ôóíêöèè
FindRoot. Ïðèìåð:

FindRoot [ x Tan [ x ]−1 ,{x , 1 } ]

15. Äîïóñòèì, ìû õîòèì íàéòè ïåðåñå÷åíèÿ äâóõ êðèâûõ

p1=x^2+x^3−y^2
p2=(x−1)^2+y^3−1
ContourPlot [ { p1==0,p2==0},{x ,−3 ,3} ,{y ,−3 ,3}]

Äëÿ ýòîãî íóæíî ðåøèòü ñèñòåìó äâóõ óðàâíåíèé âûñîêèõ ïîðÿäêîâ. Ýòî äå-
ëàåòñÿ ñ ïîìîùüþ áàçèñà Ãðåáíåðà, íàõîæäåíèå êîòîðîãî â Mathematica îñó-
ùåñòâëÿåòñÿ ñ ïîìîùüþ ôóíêöèè GroebnerBasis. Íà âûõîäå ýòîé ôóíêöèè ìû
ïîëó÷àåì íîâóþ ñèñòåìó óðàâíåíèé, êîòîðàÿ èìååò òå æå êîðíè, ÷òî è èñõîä-
íàÿ ñèñòåìà. Ïðè ýòîì â ïåðâîå óðàâíåíèå íîâîé ñèñòåìû âõîäèò òîëüêî îäíà
ïåðåìåííàÿ, âî âòîðîå óðàâíåíèå � òà æå ïåðåìåííàÿ è åùå îäíà ïåðåìåííàÿ
è ò.ä., òàê ÷òî íîâàÿ ñèñòåìà ÿâëÿåòñÿ â îïðåäåëåííîì ñìûñëå �òðåóãîëüíîé�

g=GroebnerBasis [ { p1 , p2 } ,{x , y } ]

Òåïåðü îñòàåòñÿ ïîñëåäîâàòåëüíî íàéòè êîðíè óðàâíåíèé èç íîâîé ñèñòåìû

xv=Solve [ g [ [ 2 ] ]==0 , x ]
Solve [ g [ [ 1 ] ]==0 ]
yv=NSolve [ g [ [ 1 ] ]==0 ]
xv / . yv

Äëÿ äàííîé ñèñòåìû êîðíè ìîæíî áûëî íàéòè è ñ ïîìîùüþ êîìàíä Solve è
NSolve:

Solve [ { p1==0,p2==0}]
NSolve [ { p1==0,p2==0}]
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8.1 Çàäàíèÿ

8.1 Çàäàíèÿ

Ïðèìåð âûïîëíåíèÿ çàäàíèÿ: Èçó÷èòå ôóíêöèþ Eliminate, ïðåäíàçíà÷åííóþ
äëÿ èñêëþ÷åíèÿ ïåðåìåííûõ â ñèñòåìå óðàâíåíèé. Ïóñòü äàí ïîëèíîì x4 + c3x

3 +
c2x

2 +c1x+c0 ñ êîðíÿìè x1, x2, x3, x4. Âûðàçèòå êîýôôèöèåíòû ïîëèíîìà ñ êîðíÿìè
x2

1, x
2
2, x

2
3, x

2
4 ÷åðåç êîýôôèöèåíòû èñõîäíîãî ïîëèíîìà.

?Eliminate
p=Times@@Table [ x−x [ i ] , { i , 4 } ]
p2=Times@@Table [ x−x [ i ]^2 ,{ i , 4 } ]
c l=CoefficientList [ p , x ]
c l=Delete [ c l , 5 ]
c l 2=CoefficientList [ p2 , x ]
c l 2=Delete [ c l2 , 5 ]
eqs=Join [Thread [ c l==Table [ c [ i ] , { i , 0 , 3 } ] ] ,

Thread [ c l 2==Table [ d [ i ] , { i , 0 , 3 } ] ] ]
eqs=Append [ eqs , x^4+Plus@@Table [ d [ i ] x^i , { i ,0 ,3} ]==0]
Eliminate [ eqs , Join [Table [ x [ i ] , { i , 4 } ] ,Table [ d [ i ] , { i , 0 , 3 } ] ] ]
Collect [% [ [ 2 ] ] −%[ [ 1 ] ] , x ]

1. Ïîñòðîéòå íà îäíîì ãðàôèêå â êîîðäèíàòàõ P�V äåñÿòü èçîòåðì îäíîãî ìîëÿ
ðåàëüíîãî ãàçà, êîòîðûé îïèñûâàåòñÿ óðàâíåíèåì Âàí-äåð-Âààëüñà(

P +
a

V 2

)
(V − b) = RT.

Èçîòåðìà, ñîîòâåòñòâóþùàÿ áîëåå âûñîêîé òåìïåðàòóðå, äîëæíà áûòü îêðà-
øåíà â áîëåå �òåïëûé� öâåò. Èñïîëüçóéòå çíà÷åíèÿ äëÿ àðãîíà a = 0, 132Ïà·ì

2

ìîëü2
,

b = 32 · 10−6 ì3

ìîëü
; äèàïàçîí îáúåìîâ 33�1000 ìë/ìîëü è òåìïåðàòóð 100�300 Ê.

R = 8, 31 Äæ

ìîëü·Ê .

2. Ñîçäàéòå 3D àíèìàöèþ äâèæåíèÿ ïëàíåòû ðàäèóñà 1 ïî ýëëèïòè÷åñêîé îðáèòå
ñ äëèíàìè áîëüøîé è ìàëîé ïîëóîñåé 10 è 5.

3. Ñ ïîìîùüþ Mathematica ïåðåïèøèòå óðàâíåíèå êàðäèîèäû

(x2 + y2 + 2x)2 − 4(x2 + y2) = 0

â âèäå çàâèñèìîñòè r(θ) â ïîëÿðíûõ êîîðäèíàòàõ. Ïîëó÷åííóþ çàâèñèìîñòü
èñïîëüçóéòå äëÿ ïîñòðîåíèÿ ãðàôèêà êàðäèîèäû.

4. Ýíåðãèÿ îäíîìåðíîãî àíãàðìîíè÷åñêîãî îñöèëëÿòîðà âûðàæàåòñÿ ôîðìóëîé

E =
mx′(t)2

2
+
mw2

0

2
x(t)2 +

mα

3
x(t)3 +

mβ

4
x(t)4.

Èññëåäóéòå ñ ïîìîùüþ ãðàôèêà çàâèñèìîñòü ìàêñèìàëüíîãî îòêëîíåíèÿ îò
òî÷êè x = 0 îò ïàðàìåòðà w0 ïðè çíà÷åíèÿõ m = 1, E = 1, α = 1, β = 1.

57



Ãëàâà 8 Ãðàôèêà è ðåøåíèå óðàâíåíèé â ñèñòåìå Mathematica

5. Â òåîðèè ýëëèïòè÷åñêèõ ôóíêöèé è òåòà-ôóíêöèé âàæíóþ ðîëü èãðàåò ñïåöè-
àëüíàÿ ôóíêöèÿ q(m), êîòîðàÿ íàçûâàåòñÿ ïàðàìåòð òåòà-ôóíêöèè, â ñèñòåìå
Mathematica EllipticNomeQ[m]. Ýòà ôóíêöèÿ è åå ïðîèçâîäíûå âûðàæàþò-
ñÿ ÷åðåç ïîëíûå ýëëèïòè÷åñêèå èíòåãðàëû ïåðâîãî è âòîðîãî ðîäà K(m) è
E(m) (è Mathematica óìååò ýòî äåëàòü), â ñèñòåìå Mathematica EllipticK[m]
è EllipticE[m]. Ïðîèçâîäíàÿ ôóíêöèè â Mathematica âû÷èñëÿåòñÿ ñ ïîìî-
ùüþ ôóíêöèè D, íàïðèìåð, D[EllipticNomeQ[m], m, m] � âòîðàÿ ïðîèçâîäíàÿ.
Ñîñòàâüòå äèôôåðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà, êîòîðîìó óäîâëå-
òâîðÿåò ôóíêöèÿ q(m). Îòâåòîì ñ÷èòàåòñÿ âûðàæåíèå, ñîäåðæàùåå ïîëüçîâà-
òåëüñêóþ ôóíêöèþ q[m] è åå ïðîèçâîäíûå äî ïîðÿäêà 3 (íî íå ñîäåðæàùåå
K(m) è E(m)!), òàêîå, ÷òî �âûðàæåíèå = 0� � èñêîìîå óðàâíåíèå.
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Ðàáîòà � 9

Äèôôåðåíöèðîâàíèå,

èíòåãðèðîâàíèå è

äèôôåðåíöèàëüíûå óðàâíåíèÿ â

ñèñòåìå Mathematica

1. Äëÿ äèôôåðåíöèðîâàíèÿ ôóíêöèé â ñèñòåìå Mathematica ïðåäóñìîòðåíû äâå
ôóíêöèè. Ôóíêöèÿ D ïðåäíàçíà÷åíà äëÿ âû÷èñëåíèÿ îáûêíîâåííûõ è ÷àñò-
íûõ ïðîèçâîäíûõ ïðîèçâîëüíîãî ïîðÿäêà:

expr=Exp [Cos [ x ^2 ] ]
D[ expr , x ]
D[ expr , { x , 3 } ]
D[ x*y*z , x , y ]

Çäåñü ïîñëåäîâàòåëüíî áûëè âû÷èñëåíû ïðîèçâîäíûå d
dx ,

d3

dx3 ,
∂
∂x

∂
∂y
. Ðåçóëüòà-

òîì íà âûõîäå ôóíêöèè D ÿâëÿåòñÿ âûðàæåíèå.

2. Ôóíêöèÿ Derivative îáîçíà÷àåòñÿ ñèìâîëîì ' è ïîçâîëÿåò äèôôåðåíöèðîâàòü
ôóíêöèþ îäíîé ïåðåìåííîé ïðîèçâîëüíîå ÷èñëî ðàç.

f [x_] :=Evaluate [ expr ]
f ' ' '

Çäåñü ìû âíà÷àëå èñïîëüçîâàëè ôóíêöèþ Evaluate äëÿ ïðåîáðàçîâàíèÿ âûðà-
æåíèÿ expr â ôóíêöèþ f. Ðåçóëüòàòîì íà âûõîäå ôóíêöèè Derivative ÿâëÿåòñÿ
ôóíêöèÿ, òàê ÷òî ìîæíî âû÷èñëèòü åå çíà÷åíèå â êàêîé-íèáóäü òî÷êå:

f ' ' ' [ 1 ]

3. Äëÿ èíòåãðèðîâàíèÿ ôóíêöèé, êàê íåîïðåäåëåííîãî, òàê è îïðåäåëåííîãî, â
ñèñòåìå Mathematica ïðåäíàçíà÷åíà ôóíêöèÿ Integrate

i n t e g r=(x^2+1)/(x^5−1)
Integrate [ i n t eg r , x ]
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Ãëàâà 9 Èíòåãðèðîâàíèå è äèôôåðåíöèàëüíûå óðàâíåíèÿ â Mathematica

Ïðîâåðèì, ÷òî ôóíêöèÿ, êîòîðóþ ìû ïîëó÷èëè, äåéñòâèòåëüíî ÿâëÿåòñÿ ïåð-
âîîáðàçíîé èñõîäíîé ôóíêöèè:

r e s=D[% ,x ]

×òî-òî íå î÷åíü ïîõîæå íà èñõîäíîå âûðàæåíèå! Îäíàêî íå ñòîèò ñïåøèòü ñ
âûâîäàìè. Çäåñü ìû ñòîëêíóëèñü ñ îáùåé áåäîé ñîâðåìåííûõ ñèñòåì ñèìâîëü-
íûõ âû÷èñëåíèé � �ðàçäóâàíèåì� âûðàæåíèé. Íà ñàìîì äåëå, integr è res �
îäíî è òî æå âûðàæåíèå, â ÷åì ìû ñåé÷àñ óáåäèìñÿ, óïðîñòèâ ïîñëåäíåå èç
íèõ. Îäíàêî ïðåæäå, ÷åì ïûòàòüñÿ ñâåñòè îäíî âûðàæåíèå ê äðóãîìó, ðàçóì-
íî ñäåëàòü ïðîñòîé òåñò íà èõ ðàâåíñòâî. Ñðàâíèì çíà÷åíèÿ ýòèõ âûðàæåíèé
ïðè êàêîì-òî ñëó÷àéíî âûáðàííîì çíà÷åíèè ïåðåìåííîé x:

r=RandomReal [ ]
i n t e g r / . x−>r
r e s / . x−>r

Òåïåðü èìååò ñìûñë çàíèìàòüñÿ óïðîùåíèåì res:

Simplify [ r e s ]

4. Òåïåðü èñïîëüçóåì Integrate äëÿ âûïîëíåíèÿ îïðåäåëåííîãî èíòåãðèðîâàíèÿ

Integrate [ 1/ t ^3 ,{ t , 1 , z } ]

Mathematica âûäàëà îòâåò â âèäå óñëîâíîãî âûðàæåíèÿ, ïîñêîëüêó ýòîò îòâåò
âåðåí íå ïðè âñåõ êîìïëåêñíûõ z. Íàïðèìåð, ïðè îòðèöàòåëüíûõ z èíòåãðàë
íå ñóùåñòâóåò èç-çà ðàñõîäèìîñòè â òî÷êå t=0. Óñëîâíîãî âûðàæåíèÿ ìîæíî
èçáåæàòü, èñïîëüçóÿ ïðåäïîëîæåíèå:

Integrate [ 1/ t ^3 ,{ t , 1 , z } ,Assumptions−>z>1]

5. Êîíå÷íî, ñóùåñòâóþò òàêèå ôóíêöèè, îò êîòîðûõ Mathematica íå ñìîæåò âû-
÷èñëèòü íè íåîïðåäåëåííûé, íè îïðåäåëåííûé èíòåãðàëû:

Integrate [ x^x , x ]
Integrate [ x^x , { x , 1 , 2 } ]

Îäíàêî ñèñòåìà âñåãäà ñìîæåò ïîñ÷èòàòü ïðèáëèæåííîå çíà÷åíèå îïðåäåëåí-
íîãî èíòåãðàëà:

N[%]

6. Ñ ïîìîùüþ ôóíêöèè Integrate ìîæíî âû÷èñëÿòü ìíîãîìåðíûå èíòåãðàëû, ñâå-
äåííûå ê ïîâòîðíûì. Íàïðèìåð, âû÷èñëèì ïëîùàäü åäèíè÷íîãî êðóãà:

Integrate [ 1 , { y ,−1 ,1} ,{x,−Sqrt [1−y^2] ,Sqrt [1−y ^2 ] } ]
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7. Ñóììèðîâàíèå ðÿäîâ îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ôóíêöèè Sum. Íàïðèìåð,∑n
i=m i:

Sum[ i , { i ,m, n } ]

8. Äëÿ ðàçëîæåíèÿ ôóíêöèé â ðÿäû Òåéëîðà ñóùåñòâóåò ôóíêöèÿ Series. Íàïðè-
ìåð, ðàçëîæèì ôóíêöèþ

q=z/(1−h [ z ]−a*z^2)

ãäå h[z] � êàêàÿ-òî íåèçâåñòíàÿ ôóíêöèÿ, a � ïàðàìåòð, â ðÿä Òåéëîðà â
îêðåñòíîñòè òî÷êè z=0, äî 4-ãî ïîðÿäêà âêëþ÷èòåëüíî:

t s=Series [ q , { z , 0 , 4 } ]

Ôóíêöèÿ SeriesCoe�cient âûäàåò íà âûõîäå çàäàííûé êîýôôèöèåíò ðàçëîæå-
íèÿ â ðÿä Òåéëîðà. Íàïðèìåð, âû÷èñëèì êîýôôèöèåíò ïðè z10 ðàçëîæåíèÿ q
â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè z=0:

SeriesCoefficient [ q , { z , 0 , 1 0 } ]

Ìîæåòå ñåáå ïðåäñòàâèòü, ñêîëüêî âðåìåíè è óñèëèé ïîòðåáîâàëîñü áû äëÿ âû-
÷èñëåíèÿ ýòîãî êîýôôèöèåíòà íà áóìàãå, Mathematica æå âûäàåò îòâåò ìãíî-
âåííî.

9. Íà âûõîäå ôóíêöèè Series ìû ïîëó÷àåì ñïåöèàëüíûé îáúåêò SeriesData (ðÿä):

Head [ t s ]

Ðÿäû ìîæíî ñêëàäûâàòü è ïåðåìíîæàòü:

t s ^2(1+ t s )

Ïðè îñóùåñòâëåíèè îïåðàöèé ñ ðÿäàìè óäåðæèâàþòñÿ òîëüêî ÷ëåíû òåõ ïî-
ðÿäêîâ, çíàíèå êîòîðûõ îáåñïå÷èâàåòñÿ òî÷íîñòüþ èñõîäíîãî ðÿäà. Îáû÷íûé
ïîëèíîì èç ðÿäà ìîæíî ïîëó÷èòü ñ ïîìîùüþ ôóíêöèè Normal

Normal [ t s ]

10. Äëÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåäíàçíà÷åíà ôóíêöèÿ DSolve.
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì óðàâíåíèå êîëåáàíèé ìàòåìàòè÷åñêîãî ìàÿò-
íèêà, êîòîðîå áóäåì õðàíèòü â ïåðåìåííîé pend:

pend=l θ ' ' [ t ]+g Sin [ θ [ t ]]==0

Ïîïðîáóåì íàéòè ëèíåéíî íåçàâèñèìûå ðåøåíèÿ ýòîãî óðàâíåíèÿ:

DSolve [ pend , θ [ t ] , t ]
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Ãëàâà 9 Èíòåãðèðîâàíèå è äèôôåðåíöèàëüíûå óðàâíåíèÿ â Mathematica

Ýòè ðåøåíèÿ íå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè, à ÿâëÿþòñÿ íåêî-
òîðûìè ñïåöèàëüíûìè ôóíêöèÿìè. Äîïîëíèì òåïåðü óðàâíåíèå íà÷àëüíûìè
óñëîâèÿìè (íà÷àëüíûìè îòêëîíåíèåì è óãëîâîé ñêîðîñòüþ ìàÿòíèêà)

i n i t s={θ [0]==Pi/6 ,θ ' [0]==0}
ivp=Prepend [ i n i t s , pend ]

è ïîïðîáóåì èñïîëüçîâàòü DSolve äëÿ ðåøåíèÿ çàäà÷è Êîøè:

DSolve [ ivp , θ [ t ] , t ]

Íå óäàëîñü! Íè÷åãî íå îñòàåòñÿ, êðîìå êàê ïîïðîñèòü Mathematica ðåøèòü
óðàâíåíèå ïðèáëèæåííî. ×òîáû ïîëó÷èòü ÷èñëåííîå ðåøåíèå çàäà÷è, íóæíî,
êîíå÷íî, ïðèñâîèòü ïàðàìåòðàì l è g îïðåäåëåííûå çíà÷åíèÿ:

ivp1=ivp / .{ l−>1,g−>10}

Äëÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è Êîøè íà èíòåðâàëå [0, 2π] ïðèìåíèì
ôóíêöèþ NDSolve

s=NDSolve [ ivp1 , θ ,{ t , 0 , 2Pi } ]

Mathematica âûäàåò îòâåò â âèäå ïðàâèëà ïîäñòàíîâêè, â êîòîðîì ôèãóðèðóåò
InterpolatingFunction (ôóíêöèÿ, çíà÷åíèÿ êîòîðîé íàõîäÿòñÿ èíòåðïîëÿöèîí-
íîé ïðîöåäóðîé). Ýòî ïðàâèëî ïîäñòàíîâêè ìîæíî èñïîëüçîâàòü äëÿ âû÷èñ-
ëåíèÿ çíà÷åíèÿ ðåøåíèÿ â òî÷êå èëè äëÿ ïîñòðîåíèÿ ãðàôèêà:

θ [ 1 ] / . s
Plot [ θ [ x ] / . s , { x , 0 , 2Pi } ]

9.1 Çàäàíèÿ

Ïðèìåð âûïîëíåíèÿ çàäàíèÿ: Íàéäèòå ðåøåíèÿ ðàäèàëüíîãî óðàâíåíèÿ Øðå-
äèíãåðà ñ êóëîíîâñêèì ïîòåíöèàëîì

− d2

dr2
f(r)− 1

r
f(r) = Ef(r)

ñ íà÷àëüíûìè óñëîâèÿìè f(0) = 0, f ′(0) = 1 ïðè çíà÷åíèÿõ ýíåðãèè E = −1/4,
E = −1/2 è E = −1. Ïîñòðîéòå ãðàôèêè ðåøåíèé íà èíòåðâàëå r ∈ [0, 8].

s e=−f ' ' [ r ]−(1/ r ) f [ r ]==e f [ r ]
bc={f [0]==0 , f ' [0 ]==1}
bvp=Prepend [ bc , se ]
DSolve [ bvp / . e−>−1, f [ r ] , r ]
DSolve [ bvp / . e−>−1/2, f [ r ] , r ]
DSolve [ bvp / . e−>−1/4, f [ r ] , r ]
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9.1 Çàäàíèÿ

rwf ={%[ [1 ] ] ,%%[ [1 ] ] ,%%%[[1 ] ]}
Plot [ f [ r ] / . rwf , { r , 0 , 8 } ]

1. Ïðîâåðüòå ñïðàâåäëèâîñòü óíèâåðñàëüíîãî ñîîòíîøåíèÿ(
∂P (V, T )

∂V

)
T

(
∂V (P, T )

∂T

)
P

(
∂T (P, V )

∂P

)
V

= −1

äëÿ óðàâíåíèÿ Âàí-äåð-Âààëüñà ñîñòîÿíèÿ ðåàëüíîãî ãàçà(
P +

a

V 2

)
(V − b) = RT.

2. Âû÷èñëèòå îáúåì, îãðàíè÷åííûé ïîâåðõíîñòÿìè z = 1
x2+y4+1

, x2+y2 = 1, z = 0.
Îòâåò ñ òî÷íîñòüþ 10 çíà÷àùèõ öèôð.

3. Íà èíòåðâàëå [0, 7] ïîñòðîèòü ãðàôèê ïåðâûõ 10 ïðèáëèæåíèé ôóíêöèè 1
x2+25

îòðåçêîì ðÿäà Òåéëîðà â òî÷êå 0.

4. Ôóíêöèÿ t(x) íà èíòåðâàëå x ∈ [−1, 1] îïðåäåëåíà äèôôåðåíöèàëüíûì óðàâ-
íåíèåì

(1− x2)t′′(x)− xt′(x) + 252t(x) = 0

è íà÷àëüíûìè óñëîâèÿìè t(0) = 0, t′(0) = π. Óáåäèòåñü, ÷òî ýòî ïîëèíîì
(×åáûøåâà).

5. Íàéòè â ÿâíîì âèäå ïðèáëèæåííîå ðåøåíèå çàäà÷è Êîøè

x′′(t) + x(t) + εx3(t) = 0, x(0) = 0, x′(0) = 1

(îñöèëëÿòîð Äóôôèíãà) â âèäå ðàçëîæåíèÿ â ðÿä x(t) =
∑2

i=0 ε
ixi(t) ïî ìà-

ëîìó ïàðàìåòðó ε. Âîçüìèòå x′0(0) = 1. Ñðàâíèòå ïîëó÷åííîå ïðèáëèæåíèå ñ
÷èñëåííûì ðåøåíèåì ïðè ε = 1/10.
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Ðàáîòà � 10

Îñíîâû ïðîãðàììèðîâàíèÿ â

ñèñòåìå Mathematica

Ãëàâíàÿ îñîáåííîñòü ïðîãðàììèðîâàíèÿ â Mathematica ñîñòîèò â òîì, ÷òî â ÿçûêå
ïðîãðàììèðîâàíèÿ ýòîé ñèñòåìû íåò ïîäïðîãðàìì-ïðîöåäóð, âñå ïîäïðîãðàììû è
óïðàâëÿþùèå êîíñòðóêöèè (öèêëû, óñëîâíûå îïåðàòîðû è ò.ä.) ÿâëÿþòñÿ ôóíêöè-
ÿìè.

1. Ñîçäàäèì ðåêóððåíòíóþ ôóíêöèþ äëÿ âû÷èñëåíèÿ ÷èñåë Ôèáîíà÷÷è. Äëÿ
ýòîãî âûïîëíèì êîìàíäó

f i b [n_] := f i b [ n−1]+ f i b [ n−2]
f i b [1 ]= f i b [2 ]=1

Âòîðàÿ ñòðîêà êîìàíäû ñîäåðæèò íà÷àëüíûå çíà÷åíèÿ äëÿ âû÷èñëåíèÿ ïî-
ñëåäîâàòåëüíîñòè. Ïîïðîáóåì âû÷èñëèòü 7-å è 30-å ÷èñëà Ôèáîíà÷÷è:

f i b [ 7 ]
f i b [ 3 0 ]

Íàâåðíîå, âû çàìåòèëè, ÷òî äëÿ âû÷èñëåíèÿ 30-ãî ÷èñëà Ôèáîíà÷÷è êîìïüþ-
òåðó ïðèøëîñü íåìíîãî çàäóìàòüñÿ. Ñêîëüêî æå âðåìåíè ïîíàäîáèòñÿ êîì-
ïüþòåðó äëÿ âû÷èñëåíèÿ 35-ãî ÷èñëà Ôèáîíà÷÷è? ×òîáû òî÷íî îòâåòèòü íà
ýòîò âîïðîñ, âîñïîëüçóåìñÿ ôóíêöèåé Timing, êîòîðàÿ ïîìèìî ðåçóëüòàòà âû-
÷èñëåíèÿ ñâîåãî àðãóìåíòà âûäàåò òàêæå âðåìÿ, çà êîòîðîå ýòî âû÷èñëåíèå
ïðîèçîøëî:

f i b [ 3 5 ] / /Timing

Âî âðåìåíà íàïèñàíèÿ ýòîãî ìåòîäè÷åñêîãî ïîñîáèÿ âïîëíå ñðåäíåñòàòèñòè-
÷åñêîìó êîìïüþòåðó äëÿ âûïîëíåíèÿ êîìàíäû �b[35] ïîíàäîáèëîñü îêîëî 14
ñåêóíä. Ñêîëüêî æå ïîíàäîáèòñÿ âðåìåíè äëÿ âû÷èñëåíèÿ 100-ãî ÷èñëà ñ ïî-
ìîùüþ ôóíêöèè �b? Î÷åíü ìíîãî, è äàæå íå ïûòàéòåñü îòâåòèòü íà ýòîò
âîïðîñ ñ ïîìîùüþ êîìïüþòåðíîãî ýêñïåðèìåíòà. Â ÷åì æå äåëî? Âåäü ïðè
îïðåäåëåííîì óñåðäèè 100-å ÷èñëî Ôèáîíà÷÷è ìîæíî âû÷èñëèòü è íà áóìàãå!
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Ãëàâà 10 Îñíîâû ïðîãðàììèðîâàíèÿ â ñèñòåìå Mathematica

Èç ãðàôà âûçîâîâ ôóíêöèè �b

�b[35]

**tt
�b[34]

$$zz

�b[33]

$$zz

�b[33] �b[32] �b[32] �b[31]

âèäíî, ÷òî êîëè÷åñòâî àðèôìåòè÷åñêèõ îïåðàöèé, êîòîðûå âûïîëíÿåò ôóíê-
öèÿ �b ñ äàííûì àðãóìåíòîì, ðàñòåò ñòåïåííûì îáðàçîì ñ óâåëè÷åíèåì àð-
ãóìåíòà. Ñóòü ïðîáëåìû çàêëþ÷àåòñÿ â òîì, ÷òî ôóíêöèÿ �b íå óìååò çàïî-
ìèíàòü óæå âû÷èñëåííûå åþ çíà÷åíèÿ, â ÷åì ìîæíî óáåäèòüñÿ, ïîñìîòðåâ åå
îïðåäåëåíèå:

? f i b

Ñîçäàäèì äðóãóþ ôóíêöèþ new�b, êîòîðàÿ çàïîìèíàåò âû÷èñëåííûå åþ çíà-
÷åíèÿ, êîìàíäîé

newfib [n_] := newfib [ n]=newfib [ n−1]+newfib [ n−2]
newfib [1 ]= newfib [2 ]=1

Âû÷èñëèì 7-å ÷èñëî Ôèáîíà÷÷è è ïîñëå ýòîãî ïðîâåðèì îïðåäåëåíèå ôóíêöèè

newfib [ 7 ]
? newfib

Ôóíêöèÿ çàïîìíèëà âñå ÷èñëà Ôèáîíà÷÷è âïëîòü äî 7-ãî. Òåïåðü ìîæíî ñìåëî
âû÷èñëÿòü ÷èñëà Ôèáîíà÷÷è ñ áîëüøèìè íîìåðàìè

newfib [ 3 5 ] / /Timing
newfib [ 1 0 0 ]

2. Ñîçäàäèì ôóíêöèþ, èçâåñòíóþ êàê ñòóïåíüêà: îíà ðàâíà åäèíèöå íà èíòåðâà-
ëå [0,1] è íóëþ âíå ýòîãî èíòåðâàëà. Ýòî ìîæíî ñäåëàòü ñ ïîìîùüþ ôóíêöèè
If:

hat [x_] := I f [ x<0 ,0 , I f [ x>1 ,0 ,1 ] ]

Ïîñòðîèì åå ãðàôèê è âû÷èñëèì ïðîèçâîäíóþ

Plot [ hat [ x ] , { x ,−1 ,3}]
D[ hat [ x ] , x ]

Ê ñîæàëåíèþ, ïðîèçâîäíàÿ âû÷èñëåíà íåïðàâèëüíî. Äðóãèì ñïîñîáîì íàïèñà-
íèÿ ñòóïåíüêè ÿâëÿåòñÿ èñïîëüçîâàíèå âñòðîåííîé ôóíêöèè Piecewise, ïðåä-
íàçíà÷åííîé äëÿ ñîçäàíèÿ êóñî÷íî íåïðåðûâíûõ ôóíêöèé:
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newhat [x_] :=Piecewise [ { {0 , x<0} ,{0 ,x>1}} ,1]
Plot [ newhat [ x ] , { x ,−1 ,3}]
D[ newhat [ x ] , x ]

Ïîñëåäíèì àðãóìåíòîì Piecewise ÿâëÿåòñÿ çíà÷åíèå ïî óìîë÷àíèþ. Íà ýòîò
ðàç ôóíêöèÿ D îïðåäåëèëà, ÷òî â íà÷àëå êîîðäèíàò çíà÷åíèå ïðîèçâîäíîé íå
îïðåäåëåíî.

3. Àðãóìåíòîì è çíà÷åíèåì ôóíêöèè òàêæå ìîãóò ÿâëÿòüñÿ ôóíêöèè. Íàïè-
øåì ôóíêöèþ newton, êîòîðàÿ ñâîåìó àðãóìåíòó (ôóíêöèè f(x)) ñîïîñòàâ-
ëÿåò ôóíêöèþ x− f(x)/f ′(x), êîòîðàÿ èñïîëüçóåòñÿ â èòåðàöèîííîì ïðîöåññå
xn+1 = xn − f(xn)/f ′(xn) ìåòîäà Íüþòîíà íàõîæäåíèÿ êîðíåé íåëèíåéíûõ
óðàâíåíèé

newton [ f_]:=#− f [#]/ f ' [# ] &

Ìû èñïîëüçîâàëè àíîíèìíóþ ôóíêöèþ. Òåïåðü ìîæíî çàäàííîé ôóíêöèè
áûñòðî ñîïîñòàâèòü ôóíêöèþ äëÿ èòåðèðîâàíèÿ ïî ìåòîäó Íüþòîíà:

g [x_] :=Cos [ x]−1/2
gstep :=newton [ g ]
gstep [ x ]

Âîçüìåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ê êîðíþ óðàâíåíèÿ cosx−1/2 =
0 çíà÷åíèå 0.4 è ïðîèçâåäåì íóæíîå êîëè÷åñòâî èòåðàöèé

gstep [ 0 . 4 ]
gstep [%]
gstep [%]
gstep [%]

4. Íàïèøåì ôóíêöèþ, êîòîðàÿ äèôôåðåíöèðóåò ïîëèíîì ïðîèçâîëüíîãî ïîðÿä-
êà. Ïîäðàçóìåâàåòñÿ, ÷òî ïîëèíîì ìîæåò áûòü çàïèñàí â ïðîèçâîëüíîé ôîðìå,
íàïðèìåð, (3x2 + (x3 + 1)3)2(1 − x)2, à òàêæå ñîäåðæàòü ðàçíûå ïåðåìåííûå.
Ñíà÷àëà âîñïîëüçóåìñÿ áîëåå ïðèâû÷íîé ïàðàäèãìîé ñòðóêòóðíîãî ïðîãðàì-
ìèðîâàíèÿ. Èçó÷èòå, êàê óñòðîåíà ôóíêöèÿ Which:

?Which

Èñïîëüçóÿ Which, ñîçäàäèì èíòåðåñóþùóþ íàñ ôóíêöèþ, êîòîðàÿ äèôôåðåí-
öèðóåò ïîäàííîå íà âõîä (ïðåäïîëîæèòåëüíî) ïîëèíîìèàëüíîå âûðàæåíèå p
ïî ïåðåìåííîé x. Îáðàòèòå âíèìàíèå, ÷òî àðãóìåíòû ôóíêöèé îòäåëÿþòñÿ
äðóã îò äðóãà çàïÿòîé, ïðè ýòîì àðãóìåíò ìîæåò áûòü ïîñëåäîâàòåëüíîñòüþ
êîìàíä, êîòîðûå îòäåëÿþòñÿ òî÷êîé ñ çàïÿòîé:
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Ãëàâà 10 Îñíîâû ïðîãðàììèðîâàíèÿ â ñèñòåìå Mathematica

df [p_,x_] :=Module [ { u , v} ,
Which [NumberQ[ p ] , 0 ,
Head [ p]===Symbol , I f [ p===x , 1 , 0 ] ,
Head [ p]===Plus , d f [# ,x ] &/@p,
Head [ p]===Times , u=p [ [ 1 ] ] ; v=p/u ; df [ u , x ]* v+df [ v , x ]*u ,
MatchQ [ p , Power [_, _Integer ] ] , u=p [ [ 1 ] ] ; v=p [ [ 2 ] ] ;

v*df [ u , x ]*u^(v−1) ,
True , d f : : nopol="Vyrazhenie  `1 `  ne polinom . " ;

Message [ d f : : nopol , p ] ]
]

Â ôóíêöèè df âûðàæåíèå p ïîñëåäîâàòåëüíî ïðîâåðÿåòñÿ íà ñîîòâåòñòâèå ðàç-
íûì øàáëîíàì. Ôóíêöèÿ Module èñïîëüçóåòñÿ ïðîñòî äëÿ îáúÿâëåíèÿ ïåðå-
ìåííûõ u,v ëîêàëüíûìè ïåðåìåííûìè ôóíêöèè df. Âî âòîðîé ñòðîêå ìû ïîëü-
çóåìñÿ ñïðàâî÷íîé ôóíêöèåé NumberQ, êîòîðàÿ âûäàåò çíà÷åíèå èñòèíà, åñ-
ëè åå àðãóìåíò èìååò head Complex, Integer, Rational èëè Real, ò.å. ÿâëÿåòñÿ
÷èñëîì. Åñëè p � ÷èñëî, òî ïðîèçâîäíàÿ ðàâíà 0, åñëè íåò, èäåì äàëüøå. Â
òðåòüåé ñòðîêå ïðîâåðÿåòñÿ, ÿâëÿåòñÿ ëè p ïåðåìåííîé. Åñëè p � ïåðåìåí-
íàÿ x, ïðîèçâîäíàÿ ïî x ðàâíà 1, åñëè äðóãàÿ ïåðåìåííàÿ � ïðîèçâîäíàÿ 0,
èíà÷å èäåì äàëüøå. Çäåñü ìû âîñïîëüçîâàëèñü ôóíêöèåé ===, ïðåäíàçíà-
÷åííîé äëÿ ïðîâåðêè íà òî÷íîå ñîîòâåòñòâèå (à íå ìàòåìàòè÷åñêîå ðàâåíñòâî,
êàê ==) ëåâîé è ïðàâîé ÷àñòåé. Ýòà ôóíêöèÿ âñåãäà âûäàåò True èëè False
(ôóíêöèÿ == ìîæåò îñòàòüñÿ íå âû÷èñëåííîé). Â ÷åòâåðòîé ñòðîêå ïðîâåðÿ-
åòñÿ, ÿâëÿåòñÿ ëè p ñóììîé íåñêîëüêèõ ñëàãàåìûõ. Åñëè ÿâëÿåòñÿ, ôóíêöèÿ df
âîçâðàùàåò ñóììó ïðîèçâîäíûõ ýòèõ ñëàãàåìûõ, äëÿ ÷åãî ôóíêöèÿ df ðåêóð-
ñèâíî ïðèìåíÿåòñÿ ê êàæäîìó èç ñëàãàåìûõ ñ ïîìîùüþ ôóíêöèè Map (/@). Â
ïÿòîé ñòðîêå âûÿñíÿåì, ÿâëÿåòñÿ ëè p ïðîèçâåäåíèåì äâóõ èëè áîëåå ñîìíî-
æèòåëåé. Åñëè ÿâëÿåòñÿ, íàõîäèì ïåðâûé ñîìíîæèòåëü è ïðèìåíÿåì ê íåìó
è ïðîèçâåäåíèþ îñòàâøèõñÿ ñîìíîæèòåëåé ïðàâèëî äèôôåðåíöèðîâàíèÿ ïðî-
èçâåäåíèÿ (uv)′ = u′v + uv′, îïÿòü èñïîëüçóÿ ðåêóðñèþ. Â øåñòîé ñòðîêå ñ
ïîìîùüþ øàáëîíîâ, î êîòîðûõ ïîéäåò ðå÷ü ÷óòü íèæå, ïðîâåðÿåì, ÿâëÿåò-
ñÿ ëè p âûðàæåíèåì âèäà uv ñ öåëûì v. Åñëè ýòî òàê, ïðèìåíÿåì ïðàâèëî
äèôôåðåíöèðîâàíèÿ ñòåïåíè (uv)′ = (v − 1)u′uv−1. Íàêîíåö, åñëè íèêàêàÿ èç
ïðîâåðîê íå äàëà True, îñòàåòñÿ ñòàíäàðòíûì îáðàçîì âûâåñòè ñîîáùåíèå îá
îøèáêå df::nopol � âûðàæåíèå p íå ÿâëÿåòñÿ ïîëèíîìîì.

5. Òó æå ñàìóþ ôóíêöèþ â Mathematica áîëåå åñòåñòâåííî íàïèñàòü, èñïîëüçóÿ
ïàðàäèãìó ôóíêöèîíàëüíîãî ïðîãðàììèðîâàíèÿ. Íî äëÿ ýòîãî íàì ïîíàäîáèò-
ñÿ áîëåå ïîäðîáíî èçó÷èòü èñïîëüçîâàíèå øàáëîíîâ â Mathematica. Øàáëîí
� ýòî îáîçíà÷åíèå äëÿ âûðàæåíèé îïðåäåëåííîãî òèïà. Â îáîçíà÷åíèè ñàìèõ
øàáëîíîâ ïðèìåíÿåòñÿ ñèìâîë íèæíåãî ïîä÷åðêèâàíèÿ _, êîòîðûé îçíà÷àåò
�êàêîå óãîäíî âûðàæåíèå�. Åñëè íóæíî â äàëüíåéøåì èñïîëüçîâàòü âûðàæå-
íèå, êîòîðîå çàìåíÿåò ñîáîé ñèìâîë íèæíåãî ïîä÷åðêèâàíèÿ, ñëåâà îò ýòîãî
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ñèìâîëà ïèøåòñÿ íàçâàíèå ýòîãî âûðàæåíèÿ. Ïðèìåð èñïîëüçîâàíèÿ øàáëîíà
äëÿ çàìåíû â ñïèñêå âñåõ ýëåìåíòîâ âèäà �x â ñòåïåíè âûðàæåíèå� íà äðóãîå
âûðàæåíèå:

l ={1,x , x^2 ,a/x , x^(a+b) , x^x}
l / . x^n_−>r [ n ]

Îáðàòèòå âíèìàíèå íà òî, ÷òî ïðè ñðàâíåíèè ñ øàáëîíîì x^n_ èìååò çíà÷åíèå
âíóòðåííåå ïðåäñòàâëåíèå îáúåêòà � òî, êîòîðîå âûäàåò ôóíêöèÿ FullForm. Â
ïðåäûäóùåì ïðèìåðå òðåòèé ýëåìåíò ñïèñêà a/x áûë ïðåîáðàçîâàí, ïîñêîëüêó
èìååò âíóòðåííå ïðåäñòàâëåíèå Times[a,Power[x,-1]]. À âîò âòîðîé ýëåìåíò x íå
ïîäïàë ïîä øàáëîí, ïîñêîëüêó èìååò âíóòðåííåå ïðåäñòàâëåíèå Symbol["x"].
Åñëè ïîñëå ñèìâîëà íèæíåãî ïîä÷åðêèâàíèÿ íàïèñàí head îáúåêòà, ýòî îçíà-
÷àåò, ÷òî âûðàæåíèå, êîòîðîå çàìåíÿåò ñîáîé íèæíåå ïîä÷åðêèâàíèå, äîëæíî
èìåòü èìåííî ýòîò head. Â êà÷åñòâå ïðèìåðà, èñïîëüçóÿ ôóíêöèþ Cases, êîòî-
ðàÿ îòáèðàåò ýëåìåíòû ñïèñêà, ïîäïàäàþùèå ïîä óêàçàííûé øàáëîí, îòáåðåì
ýëåìåíòû ñïèñêà l, êîòîðûå èìåþò âèä �÷òî-òî â ñòåïåíè öåëîå ÷èñëî�

Cases [ l ,_^_Integer ]

À òåïåðü ýëåìåíòû l âèäà �÷òî-òî â ñòåïåíè öåëîå ÷èñëî èëè ñóììà íåñêîëüêèõ
ñëàãàåìûõ�

Cases [ l ,_^(_Integer | _Plus ) ]

À åùå �÷òî-òî â ñòåïåíè îíî æå ñàìî�

Cases [ l , x_^x_]

Èìåéòå ââèäó, ÷òî ïî óìîë÷àíèþ ôóíêöèÿ Cases èùåò ñîîòâåòñòâèå øàáëîíó
íà ïåðâîì óðîâíå âíóòðåííåãî ïðåäñòàâëåíèÿ ýëåìåíòîâ ñïèñêà. Îïåðàòîð /;
èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ øàáëîíîâ ñ óñëîâèåì:

f a c [n_/ ; n>0]:=n !
f a c [5 ]+ fa c [−1]

Äâîåòî÷èå â øàáëîíå ïîçâîëÿåò çàäàâàòü çíà÷åíèå ïî óìîë÷àíèþ:

f [ x_,y_: 1 ] := x+y
f [ z ]

Â íåêîòîðûõ âñòðîåííûõ ôóíêöèÿõ àðãóìåíòû èìåþò çíà÷åíèÿ ïî óìîë÷à-
íèþ. Äëÿ óêàçàíèÿ òîãî, ÷òî àðãóìåíò âñòðîåííîé ôóíêöèè ìîæåò èìåòü çíà-
÷åíèå ïî óìîë÷àíèþ, ïîñëå ñèìâîëà íèæíåãî ïîä÷åðêèâàíèÿ ñòàâèòñÿ òî÷-
êà. Íàïðèìåð, â ôóíêöèè x_+y_. çíà÷åíèå ïî óìîë÷àíèþ y=0, â ôóíêöèÿõ
x_y_. è x_^y_. çíà÷åíèÿ ïî óìîë÷àíèþ y=1. Âåðíåìñÿ ê ïðèìåðó, â êîòîðîì
ìû çàìåíÿëè â ñïèñêå l ýëåìåíòû âèäà �x â ñòåïåíè âûðàæåíèå�, íî òåïåðü
óêàæåì âîçìîæíîñòü çíà÷åíèÿ ïî óìîë÷àíèþ ïîêàçàòåëÿ ñòåïåíè:
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Ãëàâà 10 Îñíîâû ïðîãðàììèðîâàíèÿ â ñèñòåìå Mathematica

l / . x^n_.−>r [ n ]

Òåïåðü âòîðîé ýëåìåíò ñïèñêà òàêæå ïîäïàäàåò ïîä øàáëîí.

6. Òåïåðü ìû ìîæåì ñîçäàòü ôóíêöèþ d äëÿ äèôôåðåíöèðîâàíèÿ ïîëèíîìîâ,
èñïîëüçóÿ ïàðàäèãìó ôóíêöèîíàëüíîãî ïðîãðàììèðîâàíèÿ. Çàäàäèì ïðàâèëî
äèôôåðåíöèðîâàíèÿ ñóììû:

d [y_+z_ ,x_] :=d [ y , x]+d [ z , x ]

Íàó÷èì íàøó ôóíêöèþ äèôôåðåíöèðîâàòü ïðîèçâåäåíèÿ:

d [y_ z_ ,x_] := z d [ y , x]+y d [ z , x ]

Äèôôåðåíöèðîâàíèå êîíñòàíòû:

d [ c_ ,x_] :=0/ ;FreeQ [ c , x ]

Ñïðàâî÷íàÿ ôóíêöèÿ FreeQ ïðîâåðÿåò âõîæäåíèå x â âûðàæåíèå c. Îñòàåòñÿ
íàó÷èòü ôóíêöèþ d äèôôåðåíöèðîâàòü ñòåïåíü, à òàêæå ñàìî x:

d [x_,x_] :=1
d [y_^n_,x_] :=n y^(n−1) d [ y , x ]

Ïðîâåðèì îïðåäåëåíèå d

?d

Ñðàâíèì ðåçóëüòàòû, êîòîðûå âûäàþò íàïèñàííûå íàìè ôóíêöèè:

d [ ( 3 x^2+(x^3+1)^3)^2(1−x ) ^2 ,x ]
df [ ( 3 x^2+(x^3+1)^3)^2(1−x ) ^2 ,x ]

10.1 Çàäàíèÿ

Ïðèìåð âûïîëíåíèÿ çàäàíèÿ: Ïóñòü ôóíêöèè s(x) è c(x) ñâÿçàíû ñîîòíîøåíèåì
s2(x) + c2(x) = 1. Íàïèøèòå ôóíêöèþ replaceC[expr], êîòîðàÿ â äàííîì âûðàæåíèè
expr âèäà

∑
k

(
± c(x)k

)
çàìåíÿåò ôóíêöèþ c íà ôóíêöèþ s.

replaceC [a_+b_] := replaceC [ a]+ replaceC [ b ]
replaceC [Times[−1 ,a_]]:=− replaceC [ a ]
rep laceC [ m_Integer ] :=m
replaceC [ c [x_]^n_ . / ; IntegerQ [ n ] ] :=(1− s [ x ]^2) ^(n/2)
expr=−1−c [ x]+c [ x]^4−c [ x ]^5
replaceC [ expr ]
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10.1 Çàäàíèÿ

1. Ïîëèíîìû ×åáûøåâà îïðåäåëÿþòñÿ ñëåäóþùèìè ðåêóððåíòíûìè ñîîòíîøå-
íèÿìè:

Tn+1(x) = 2xTn(x)− Tn−1(x), T0(x) = 1, T1(x) = x.

Âû÷èñëèòå T100(1/3).

2. Íàïèøèòå ôóíêöèþ hermiteSplineInterp[f,xl], çíà÷åíèåì êîòîðîé ÿâëÿåòñÿ ôóíê-
öèÿ � êóáè÷åñêèé ýðìèòîâ ñïëàéí, èíòåðïîëèðóþùèé çíà÷åíèÿ è ïðîèçâîä-
íûå ôóíêöèè f â íàáîðå òî÷åê xk, çàäàííîì ñïèñêîì xl. Íà èíòåðâàëå (xk, xk+1)
ýòîò ñïëàéí ÿâëÿåòñÿ êóáè÷åñêèì ïîëèíîìîì âèäà

h00(t)f(xk) + h10(t)(xk+1 − xk)f ′(xk) + h01(t)f(xk+1) + h11(t)(xk+1 − xk)f ′(xk+1),

ãäå t = (x− xk)/(xk+1 − xk) è áàçèñíûå ñïëàéíû

h00(x) = 2x3−3x2+1, h10(x) = x3−2x2+x, h01(x) = −2x3+3x2, h11(x) = x3−x2.

Íà îäíîì ãðàôèêå ïîñòðîéòå ãðàôèêè ôóíêöèè e−x cosx è èíòåðïîëèðóþùåãî
åå íà îòðåçêå [0, 2π] ïî ÷åòûðåì òî÷êàì ýðìèòîâà êóáè÷åñêîãî ñïëàéíà.

3. Íàïèøèòå ôóíêöèþ delIn�nitesimal[e,x,n], êîòîðàÿ â äàííîì âûðàæåíèè e îò-
áðàñûâàåò âñå ñëàãàåìûå, ÿâëÿþùèåñÿ â îêðåñòíîñòè íà÷àëà êîîðäèíàò o(xn)
ñ öåëûì n ≥ 0 (òî åñòü óáûâàþùèå áûñòðåå, ÷åì xn). Ïðåäïîëàãàåòñÿ, ÷òî âñå
ñëàãàåìûå äîïóñêàþò ðàçëîæåíèå â ðÿä Òåéëîðà â îêðåñòíîñòè x = 0. Âàì,
âîçìîæíî, ïîíàäîáèòñÿ ôóíêöèÿ While. Óäàëèòå èç âûðàæåíèÿ tg x sinx/(x2 +
25) + x+ 1/(x− 1) + x(ex − 1) âñå ñëàãàåìûå ïîðÿäêà o(x).

4. Íàïèøèòå ôóíêöèþ fourierODE[ode,x], êîòîðàÿ â äàííîì îäíîðîäíîì îáûê-
íîâåííîì äèôôåðåíöèàëüíîì óðàâíåíèè ïî ïåðåìåííîé x ode ñ êîýôôèöèåí-
òàìè âèäà ñòåïåíè x çàìåíÿåò âñå ïðîèçâîäíûå íà ñòåïåíè, à ñòåïåíè íà ïðî-
èçâîäíûå ïî ïðàâèëó xkdn/dxn → xndk/dxk. Íàïðèìåð, óðàâíåíèå a2g′′′′(t) −
5t3g′′(t)+t4g′(t)−tg(t) = 0 äîëæíî ïåðåéòè â a2t4g(t)−5t2g′′′(t)+tg′′′′(t)−g′(t) =
0.

5. Èñïîëüçóÿ óäîáíóþ âàì ïàðàäèãìó ïðîãðàììèðîâàíèÿ � ñòðóêòóðíîå èëè
ôóíêöèîíàëüíîå ïðîãðàììèðîâàíèå, íàïèøèòå ôóíêöèþ integrate, êîòîðàÿ
óìååò èíòåãðèðîâàòü ëèíåéíóþ êîìáèíàöèþ ñòåïåíåé ax + b, íàïðèìåð, òà-
êóþ ôóíêöèþ:

2x2 − 1 + (8x− 1)2 − 1

1 + 5x
+ 2(3(c+ e)x+ d)3 + 3y(x− 1).
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Ðàáîòà � 11

Ïîëÿ íàïðàâëåíèé è ôàçîâûå

ïîðòðåòû ÎÄÓ â Mathematica

Îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå (ÎÄÓ) îïðåäåëÿåò ïîëå íàïðàâëåíèé.
Ýòî òàêîå âåêòîðíîå ïîëå, êîòîðîå çàäàåò êàñàòåëüíûå ê èíòåãðàëüíûì êðèâûì
ÎÄÓ â êàæäîé òî÷êå. Ïîëåì íàïðàâëåíèé ÎÄÓ ïåðâîãî ïîðÿäêà ñ íåèçâåñòíîé
ôóíêöèåé y(x) ÿâëÿåòñÿ ïîëå âåêòîðîâ ñ êîîðäèíàòàìè (1, y′). Â Mathematica âåê-
òîðíûå ïîëÿ ñòðîÿòñÿ ñ ïîìîùüþ ôóíêöèè VectorPlot. Íàïðèìåð, ïîëå íàïðàâëåíèé
óðàâíåíèÿ y′ = x/(2 + sin y) ìîæíî ïîñòðîèòü êîìàíäîé

VectorPlot [ { 1 , x/(2+Sin [ y ] ) } ,{x ,−10 ,10} ,{y ,−10 ,10}]

Äîáàâëåíèå îïöèé ïîçâîëÿåò ïîëó÷èòü áîëåå íàãëÿäíûé ãðàôèê:

s l o p eF i e l d=VectorPlot [ { 1 , x/(2+Sin [ y ] ) } ,{x ,−10 ,10} ,{y ,−10 ,10} ,
Axes−>True , VectorScale−>{Automatic ,Automatic ,None} ]

Îïöèÿ VectorScale çàñòàâëÿåò Mathematica ðèñîâàòü âñå âåêòîðû îäèíàêîâîé äëèíû
(âñå ðàâíî íàñ èíòåðåñóþò òîëüêî èõ íàïðàâëåíèÿ). Ïîñòðîèì íåñêîëüêî èíòåãðàëü-
íûõ êðèâûõ, çàäàâàÿ äèàïàçîí íà÷àëüíûõ óñëîâèé îò y(0) = −8 äî
y(0) = 8:

ySo lu t i on s=Table [ y [ x ] / .NDSolve [
{y ' [ x]==x/(2+Sin [ y [ x ] ] ) , y[0]==y0 } , y [ x ] , { x ,−10 ,10}] ,

{y0 ,−8 ,8 ,2} ]
p l o t So l u t i o n s=Plot [ ySo lut ions , { x ,−10 ,10} ,PlotStyle−>Red ]

À òåïåðü ïîìåñòèì ïîëå íàïðàâëåíèé è èíòåãðàëüíûå êðèâûå íà îäèí ãðàôèê:

Show [ s l opeF i e ld , p l o t S o l u t i o n s ]

Ðàññìîòðèì ñèñòåìû ÎÄÓ. Ñèñòåìû óðàâíåíèé â Mathematica óäîáíî çàäàâàòü ñ
ïîìîùüþ âåêòîðîâ è ìàòðèö. Êàê Âû ïîìíèòå, â Mathematica ýòî ïðîñòî ñïèñêè è
ñïèñêè ñïèñêîâ:

{{1 ,2 ,3} ,{3 ,5 ,2} ,{7 ,2 ,0}}//MatrixForm

Ôóíêöèÿ MatrixForm âûâîäèò çàäàííóþ ñïèñêàìè ìàòðèöó â ïðèâû÷íîé íàì ôîð-
ìå ïðÿìîóãîëüíîé òàáëè÷êè. Ââîäèòü ìàòðèöû òàêæå óäîáíåå â âèäå òàáëè÷åê. Äëÿ
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ýòîãî íóæíî âûçâàòü êîíòåêñòíîå ìåíþ íàæàòèåì íà ïðàâóþ êíîïêó ìûøè è âû-
áðàòü ïóíêò Insert Table/Matrix, à çàòåì çàäàòü êîëè÷åñòâî ñòðîê è ñòîëáöîâ.
Ïðîèçâåäåíèå ìàòðèöû íà âåêòîð çàïèñûâàåòñÿ ñ ïîìîùüþ îïåðàòîðà . (�dot�):

A=

(
2 4
6 8

)
;B=

(
−3 4
−5 2

)
A.B//MatrixForm

Çàäàäèì è ðåøèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

mA=

(
1 −2
2 1

)
; vX [ t_]={x [ t ] , y [ t ] }

system=Thread [ vX ' [ t]==mA.vX[ t ] ]
vSo lut ion [ t_]=vX[ t ] / .DSolve [ system ,{ x , y} , t ]

Ïîñòðîèì ïîëå íàïðàâëåíèé íàøåé ñèñòåìû

d i r e c t i o nF i e l d=VectorPlot [mA.{ x , y} ,{x ,−10 ,10} ,{y ,−10 ,10} ,
Axes−>True , VectorScale−>{Automatic ,Automatic ,None} ]

Ìû ïîëó÷èëè ãðàôèê íà ïëîñêîñòè xy. Äëÿ ïîñòðîåíèÿ íà ýòîé ïëîñêîñòè èíòå-
ãðàëüíûõ êðèâûõ (òðàåêòîðèé) âîñïîëüçóåìñÿ ïàðàìåòðè÷åñêîé çàâèñèìîñòüþ x(t)
è y(t). Íàïðèìåð, ïîñòðîèì òðàåêòîðèþ, ïðîõîäÿùóþ ÷åðåç òî÷êó (2,-1):

vSo lut ion [ t_]=vX[ t ] / .DSolve [ { system ,Thread [ vX[0]=={x0 , y0 } ] } ,
{x , y} , t ] //Flatten

x0=2;y0=−1
ParametricPlot [ vSo lut ion [ t ] , { t , 0 , 2Pi } ]

Ôóíêöèÿ Flatten óáèðàåò âñå âíóòðåííèå ñêîáî÷êè âî âëîæåííûõ ñïèñêàõ. Òåïåðü
ïîñòðîèì íàáîð èíòåãðàëüíûõ êðèâûõ è ïîìåñòèì èõ âìåñòå ñ ïîëåì íàïðàâëåíèé
íà îäèí ãðàôèê:

y0=1;Clear [ x0 ]
so lu t i onCurves=Table [ vSo lut ion [ t ] , { x0 ,−5 ,5 ,1} ]
s o l u t i onP l o t=ParametricPlot [ so lut ionCurves , { t ,−2Pi , 2Pi} ,

PlotStyle−>Red ]
Show [ d i r e c t i o nF i e l d , s o l u t i onP l o t ]

Â äîïîëíåíèå ê òðàåêòîðèè (ãðàôèêó â êîîðäèíàòàõ xy), èíòåðåñíî òàêæå ïîñòðî-
èòü ãðàôèêè çàâèñèìîñòåé x(t) è y(t), êîòîðûå ïîêàçûâàþò ðàçâèòèå ñèñòåìû âî
âðåìåíè:

x0=2;y0=−1
ParametricPlot [ vSo lut ion [ t ] , { t , 0 , 5 } ]
xTimePlot=Plot [ vSo lut ion [ t ] [ [ 1 ] ] , { t , 0 , 5 } ,PlotStyle−>Red ]
yTimePlot=Plot [ vSo lut ion [ t ] [ [ 2 ] ] , { t , 0 , 5 } ,PlotStyle−>Green ]
Show [ xTimePlot , yTimePlot ]
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Ðàññìîòðåííàÿ âûøå ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿëàñü àâòîíîì-
íîé (ïðàâûå ÷àñòè íå çàâèñåëè ÿâíî îò íåçàâèñèìîé ïåðåìåííîé t). Ðàññìîòðèì
òåïåðü ñèñòåìó

Clear [mA,vX, x , y , t , x0 , y0 , vSolut ion , vC ]

mA=

(
1 −2
2 1

)
; vX [ t_]={x [ t ] , y [ t ] } ; vC={t , t ^2};

system=Thread [ vX ' [ t]==mA.vX[ t ]+vC ]

Ïðè ïîâòîðíîì èñïîëüçîâàíèè ïåðåìåííûõ âñåãäà ëó÷øå çàñòàâèòü Mathematica
çàáûòü èõ ïðåæíèå çíà÷åíèÿ ñ ïîìîùüþ êîìàíäû Clear. Ïîëå íàïðàâëåíèé íîâîé
ñèñòåìû çàâèñèò îò t, òî åñòü ìåíÿåòñÿ ñ òå÷åíèåì âðåìåíè. Ïîñìîòðèì íà ýòó
çàâèñèìîñòü, ïîñòðîèâ íàáîð ãðàôèêîâ ïîëÿ íàïðàâëåíèé â ìîìåíòû âðåìåíè
t = 0, 1, . . . , 10

Table [ VectorPlot [Evaluate [mA.{ x , y}+vC] , { x ,−10 ,10} ,{y ,−10 ,10} ,
Axes−>True , VectorScale−>{Automatic ,Automatic ,None} ] , { t , 0 , 1 0 , 1 } ]

Ýòè ãðàôèêè ìàëî ïîëåçíû: ïî íèì íåâîçìîæíî ïðåäñòàâèòü ñåáå âèä òðàåêòîðèè
(ïî ìåðå ïðîäâèæåíèÿ ðàäèóñ-âåêòîðà ïî òðàåêòîðèè ïîëå íàïðàâëåíèé ïîñòîÿííî
ìåíÿåòñÿ). Îäíàêî ïîñòðîåíèå òðàåêòîðèè ñ ïîìîùüþ ïàðàìåòðè÷åñêîé çàâèñèìî-
ñòè x(t) è y(t) âñå òàê æå ïðîñòî:

vSo lut ion [ t_]=vX[ t ] / .DSolve [ { system ,Thread [ vX[0]=={x0 , y0 } ] } ,
{x , y} , t ] //Flatten

x0=2;y0=−1;
ParametricPlot [ vSo lut ion [ t ] , { t , 0 , 2Pi } ]

Äî ñèõ ïîð ìû ðàññìàòðèâàëè òîëüêî ëèíåéíûå ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ðàññìîòðèì òåïåðü íåëèíåéíóþ àâòîíîìíóþ ñèñòåìó x′ = f(x, y),
y′ = g(x, y) ñ

f [ x_,y_] :=x^2+2y^2−2;g [ x_,y_]:=−4x^2+3y^2

Îñîáûìè òî÷êàìè ýòîé ñèñòåìû ÎÄÓ íàçûâàþòñÿ òàêèå òî÷êè, â êîòîðûõ îäíîâðå-
ìåííî f(x, y) = 0 è g(x, y) = 0. Íàéäåì èõ:

c r i tP t s=Solve [ { f [ x , y]==0,g [ x , y ]==0}]//N

Äëÿ èññëåäîâàíèÿ õàðàêòåðà ïîâåäåíèÿ èíòåãðàëüíûõ êðèâûõ â îêðåñòíîñòè îñî-
áûõ òî÷åê äèôôåðåíöèàëüíûå óðàâíåíèÿ ëèíåàðèçóþò, òî åñòü ïðèáëèæàþò ëè-
íåéíûìè óðàâíåíèÿìè. Ìàòðèöà ëèíåàðèçîâàííîãî óðàâíåíèÿ èìååò âèä ìàòðèöû
ïåðâûõ ïðîèçâîäíûõ ïðàâûõ ÷àñòåé ñèñòåìû, âû÷èñëåííûõ â îñîáîé òî÷êå. Â ñëó-
÷àå ïåðâîé îñîáîé òî÷êè èìååì

jacob [ f_ ,g_] :=

(
D[f, x] D[f, y]
D[g, x] D[g, y]

)
jacob [ f [ x , y ] , g [ x , y ] ]
jacob [ f [ x , y ] , g [ x , y ] ] / . c r i tP t s [ [ 1 ] ] / /MatrixForm
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Õàðàêòåð æå ïîâåäåíèÿ èíòåãðàëüíûõ êðèâûõ ëèíåéíîãî óðàâíåíèÿ â îêðåñòíîñòè
îñîáîé òî÷êè îïðåäåëÿåòñÿ ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû ïðàâîé ÷àñòè:

Eigenvalues [ jacob [ f [ x , y ] , g [ x , y ] ] ] / . c r i tP t s [ [ 1 ] ]

Îïðåäåëèì ñîáñòâåííûå çíà÷åíèÿ âî âñåõ îñîáûõ òî÷êàõ:

Eigenvalues [ jacob [ f [ x , y ] , g [ x , y ] ] ] / . c r i tP t s //TableForm

Îòñþäà ñëåäóåò, ÷òî â ïåðâîì è ÷åòâåðòîì ñëó÷àÿõ îñîáûå òî÷êè ÿâëÿþòñÿ ôî-
êóñàìè, à òðàåêòîðèè � ñïèðàëÿìè, à âî âòîðîì è òðåòüåì ñëó÷àÿõ îñîáûå òî÷êè
íàçûâàþòñÿ ñåäëî, à òðàåêòîðèè ÿâëÿþòñÿ ñåìåéñòâîì ãèïåðáîë. ×òîáû óáåäèòüñÿ â
ñïðàâåäëèâîñòè ýòèõ óòâåðæäåíèé, îòîáðàçèì íà îäíîì ãðàôèêå ïîëå íàïðàâëåíèé,
êðèòè÷åñêèå òî÷êè è èçîêëèíû, ñîîòâåòñòâóþùèå âåðòèêàëüíîìó è ãîðèçîíòàëüíî-
ìó óêëîíó ïîëÿ íàïðàâëåíèé

vFie ld=VectorPlot [ { f [ x , y ] , g [ x , y ] } , { x ,−2 ,2} ,{y ,−2 ,2} ,Axes−>True ,
VectorSty le−>Green , VectorScale−>{Automatic ,Automatic ,None} ]

c r i tP t sP l o t=ListPlot [ { x , y }/ . c r i tP t s ,
PlotStyle−>{Red,PointSize [ 0 . 0 2 ] } ]

nu l lC l i n e s={f [ x , y]==0,g [ x , y]==0}
nu l lC l i n eP l o t=ContourPlot [Evaluate [ n u l lC l i n e s ] ,

{x ,−2 ,2} ,{y ,−2 ,2}]
Show [ vFie ld , nu l lC l ineP lo t , c r i tP t sP l o t ]

Îñòàåòñÿ äîáàâèòü íà ãðàôèê òðàåêòîðèè. Ýòî áûëî áû ñîâñåì íåñëîæíî ñäåëàòü,
åñëè áû êàê â ïðåäûäóùèõ ïðèìåðàõ Mathematica íàøëà àíàëèòè÷åñêîå ðåøåíèå
ñèñòåìû. Íî â äàííîì ñëó÷àå åé ýòî íå óäàåòñÿ:

DSolve [ { x ' [ t ]==f [ x [ t ] , y [ t ] ] , y ' [ t ]==g [ x [ t ] , y [ t ] ] , x[0]==x0 ,
y[0]==y0 } ,{x , y} , t ]

Ïîýòîìó ïðèäåòñÿ äîâîëüñòâîâàòüñÿ ÷èñëåííûì ðåøåíèåì. Ïîñòðîèì òðàåêòîðèþ,
ïðîõîäÿùóþ ÷åðåç òî÷êó (1,0)

ParametricPlot [Evaluate [ { x [ t ] , y [ t ] } / .
First [NDSolve [ { x ' [ t ]==f [ x [ t ] , y [ t ] ] , y ' [ t ]==g [ x [ t ] , y [ t ] ] , x [0]==1 ,

y [0]==0} ,{x , y} ,{ t , 0 , 2 } ] ] ] , { t , 0 , 2 } ]

À òåïåðü ÷åðåç òî÷êó (1,-1)

ParametricPlot [Evaluate [ { x [ t ] , y [ t ] } / .
First [NDSolve [ { x ' [ t ]==f [ x [ t ] , y [ t ] ] , y ' [ t ]==g [ x [ t ] , y [ t ] ] , x [0]==1 ,

y[0]==−1} ,{x , y} ,{ t , 0 , 2 } ] ] ] , { t , 0 , 2 } ]

Mathematica ñîîáùàåò íàì, ÷òî ïðè âû÷èñëåíèè ðåøåíèÿ ïðàâåå òî÷êè t ≈ 0, 54
âîçíèêëè ïðîáëåìû. ×èñëà íà îñÿõ àáñöèññ è îðäèíàò ãðàôèêà äîïîëíèòåëüíî ñî-
îáùàþò íàì, ÷òî ïðîáëåìû ýòè ñåðüåçíûå. Ïðîñòûì âûõîäîì èç ñèòóàöèè ìîæåò
áûòü óìåíüøåíèå èíòåðâàëà ïî t:
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ParametricPlot [Evaluate [ { x [ t ] , y [ t ] } / .
First [NDSolve [ { x ' [ t ]==f [ x [ t ] , y [ t ] ] , y ' [ t ]==g [ x [ t ] , y [ t ] ] , x [0]==1 ,

y[0]==−1} ,{x , y} ,{ t , 0 , 0 . 5 } ] ] ] , { t , 0 , 0 . 5 } ]

Àâòîìàòèçèðóåì ïðîöåññ ïîäáîðà ïðèåìëåìûõ èíòåðâàëîâ ïî t è ïîñòðîåíèÿ ãðà-
ôèêîâ äëÿ ñïèñêà íà÷àëüíûõ òî÷åê ñ ïîìîùüþ ôóíêöèþ TrajectoryPlot (óæ î÷åíü
óòîìèòåëüíî äåëàòü ýòî äëÿ êàæäîé òî÷êè âðó÷íóþ!)

Tra j ec to ryP lo t [ system_ , in i t i a lP t s_ , { time_ , tMin_ , tMax_} ,
{xVar_ , xMin_ ,xMax_} ,{yVar_ , yMin_ ,yMax_}] :=Module [ { } ,
Off [NDSolve : : ndsz ] ;
Off [ InterpolatingFunction : : dmval ] ;

g e tSo lu t i on [k_] :=First [
NDSolve [ Join [ system ,{ x[0]== i n i t i a l P t s [ [ k , 1 ] ] ,

y[0]== i n i t i a l P t s [ [ k , 2 ] ] } ] , { x , y} ,{ t , tMin , tMax } ] ] ;

getEstDomain [ funct_ ] :=
{t , Flatten [ funct [ [ 1 ] ] ] [ [ 1 ] ] + 0 . 2 , Flatten [ funct [ [ 1 ] ] ] [ [ 2 ] ] − 0 . 2 } ;

Block [ { $DisplayFunction=Identity } ,
s o l u t i o nL i s t=
Table [ParametricPlot [Evaluate [ { x [ t ] , y [ t ] } / . g e tSo lu t i on [ k ] ] ,

Evaluate [ getEstDomain [ x / . g e tSo lu t i on [ k ] ] ] ,
PlotRange−>{{xMin , xMax} ,{yMin , yMax}} ,AspectRatio−>Automatic ,

PlotPoints−>100] ,{k , 1 ,Length [ i n i t i a l P t s ] } ] ; ] ;
On[NDSolve : : ndsz ] ;
On[ InterpolatingFunction : : dmval ] ;

Show [ s o l u t i o nL i s t ]
]

Òåïåðü ìîæíî çàäàòü íàáîð òî÷åê, ïîñòðîèòü òðàåêòîðèè, ïðîõîäÿùèå ÷åðåç ýòè
òî÷êè ñ ïîìîùüþ ôóíêöèè TrajectoryPlot, è ïîìåñòèòü èõ íà ãðàôèê ñ ïîëåì íà-
ïðàâëåíèé

po in t s ={{1 ,1} ,{1 ,−1} ,{−1 ,1} ,{−1 ,−1}}
so lCurves=Tra j ec to ryP lo t [ { x ' [ t ]==f [ x [ t ] , y [ t ] ] ,

y ' [ t ]==g [ x [ t ] , y [ t ] ] } , po ints , { t ,−100 ,100} ,{x ,−2 ,2} ,{y ,−2 ,2}]
Show [ vFie ld , nu l lC l ineP lo t , c r i tP t sP lo t , so lCurves ,

PlotRange−>{{−2 ,2} ,{−2 ,2}}]

Äîáàâèì åùå òî÷êè

po in t s ={{1 ,1} ,{1 ,−1} ,{−1 ,1} ,{−1 ,−1} ,{0 ,.25} ,{−1 ,−2} ,{0 ,−2} ,
{0 , . 8} ,{ −1 ,1 .5} ,{1 .5 ,1 .5} ,{ − . 5 ,1} ,{ .5 , −2} ,{ −1 ,1 .2} ,{0 .5 ,0}} ;
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so lCurves=Tra j ec to ryP lo t [ { x ' [ t ]==f [ x [ t ] , y [ t ] ] ,
y ' [ t ]==g [ x [ t ] , y [ t ] ] } , po ints , { t ,−100 ,100} ,{x ,−2 ,2} ,{y ,−2 ,2}]

Show [ vFie ld , c r i tP t sP l o t , so lCurves ,
PlotRange−>{{−2 ,2} ,{−2 ,2}}]

Íàêîíåö, ñãåíåðèðóåì áîëüøîé íàáîð íà÷àëüíûõ òî÷åê

po in t s=Flatten [Table [ { x , y} ,{x ,−2 ,2 ,0 .5} ,{y , −2 , 2 , 0 . 5 } ] , 1 ]
so lCurves=Tra j ec to ryP lo t [ { x ' [ t ]==f [ x [ t ] , y [ t ] ] ,

y ' [ t ]==g [ x [ t ] , y [ t ] ] } , po ints , { t ,−100 ,100} ,{x ,−2 ,2} ,{y ,−2 ,2}]
Show [ vFie ld , c r i tP t sP l o t , so lCurves ,

PlotRange−>{{−2 ,2} ,{−2 ,2}}]
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Ðàáîòà � 12

Ìåòîä ÂÊÁ äëÿ îäíîìåðíîãî

óðàâíåíèÿ Øðåäèíãåðà â

Mathematica

Ðàññìîòðèì ðåàëèçàöèþ ìåòîäà ÂÊÁ äëÿ ðåøåíèÿ îäíîìåðíîãî óðàâíåíèÿ Øðå-
äèíãåðà ñ ïîìîùüþ ñèñòåìû Mathematica. Ñîñòîÿíèå êâàíòîâîé ÷àñòèöû ìàññû m
â ïîëå ïîòåíöèàëà V (x) îïèñûâàåòñÿ âîëíîâîé ôóíêöèåé ψ(x), ÿâëÿþùåéñÿ ðåøå-
íèåì óðàâíåíèÿ Øðåäèíãåðà

h̄2

2m
ψ′′(x) +

(
E − V (x)

)
ψ(x) = 0. (12.1)

Çäåñü h̄ � ïîñòîÿííàÿ Ïëàíêà, óíèâåðñàëüíàÿ ôèçè÷åñêàÿ êîíñòàíòà. Ïóñòü äëÿ
óäîáñòâà 2m = 1, ÷òî ñîîòâåòñòâóåò âûáîðó ñèñòåìû åäèíèö. Äëÿ íàõîæäåíèÿ
òàê íàçûâàåìûõ ñâÿçàííûõ ñîñòîÿíèé ÷àñòèöû ðåøàþò çàäà÷ó Øòóðìà-Ëèóâèëëÿ:
èùóò ðåøåíèÿ óðàâíåíèÿ (12.1), äîïîëíåííîãî íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè
íà áåñêîíå÷íîñòè, è íàáîð äîïóñòèìûõ çíà÷åíèé ïàðàìåòðà E (ýíåðãèÿ ÷àñòèöû),
ïðè êîòîðûõ ýòè ðåøåíèÿ ñóùåñòâóþò.

Ìåòîä ÂÊÁ � ìåòîä ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèÿ (12.1), îñíîâàííûé íà
íàëè÷èè â íåì ìàëîãî ïàðàìåòðà � ïîñòîÿííîé Ïëàíêà h̄. Àíçàö (ïîäñòàíîâêà)

ψ(x) =
1√
S ′(x)

eS(x)/h̄

ïðèâîäèò ê óðàâíåíèþ íà ôóíêöèþ S(x)

S ′2(x) +
(
E − V (x)

)
− 1

2
h̄2

{
S ′′′(x)

S ′(x)
− 3

2

(
S ′′(x)

S ′(x)

)2
}

= 0. (12.2)

Ðåøåíèÿ ýòîãî óðàâíåíèÿ èùóòñÿ â âèäå ðÿäà ïî ÷åòíûì ñòåïåíÿì h̄

S(x) =
∞∑
m=0

Sm(x)h̄2m. (12.3)

Ïðîèçâîäíûå S ′m(x) íàõîäÿòñÿ ïîäñòàíîâêîé ðÿäà (12.3) â óðàâíåíèå (12.2) è ïðè-
ðàâíèâàíèåì íóëþ êîýôôèöèåíòîâ ïðè ñòåïåíÿõ h̄2m ñ m = 0, 1, 2, . . .. Â ñëó÷àå
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m = 0 ýòî äàåò S ′0(x) =
√
V (x)− E. Ïðè m > 0 ïîëó÷èì ñîîòíîøåíèÿ, êîòîðûå

âûðàæàþò ïðîèçâîäíûå S ′m(x) ÷åðåç ïðîèçâîäíûå ñ ìåíüøèìè èíäåêñàìè; ïî íèì
ôóíêöèè S ′m(x) íàõîäÿòñÿ ðåêóððåíòíî. Ìîæíî ïîêàçàòü [1], ÷òî äëÿ òîãî, ÷òîáû
âîëíîâàÿ ôóíêöèÿ ψ(x) ÿâëÿëàñü ðåøåíèåì çàäà÷è Øòóðìà-Ëèóâèëëÿ, ôóíêöèè
S ′m(x) äîëæíû óäîâëåòâîðÿòü óñëîâèþ (êâàíòîâàíèÿ)

1

h̄i

∞∑
m=0

h̄2m

x2∫
x1

dxS ′m(x) = π(n+ 1/2), (12.4)

ãäå n � ïîëîæèòåëüíîå öåëîå ÷èñëî, x1 è x2 � òî÷êè ïîâîðîòà, òî åñòü ðåøåíèÿ
óðàâíåíèÿ V (x) = E. Èç ýòîãî óñëîâèÿ íàõîäÿòñÿ ïîäõîäÿùèå çíà÷åíèÿ ýíåðãèè E.

Ñ ïîìîùüþ Mathematica ïîëó÷èì âûðàæåíèÿ äëÿ ôóíêöèé S ′m(x). Ïîäñòàíîâêîé
â óðàâíåíèå

S ′4(x) +
(
E − V (x)

)
S ′2(x)− 1

2
h̄2S ′′′(x)S ′(x) +

3

4
h̄2S ′′2(x) = 0,

êîòîðîå ïîëó÷àåòñÿ äîìíîæåíèåì îáåèõ ÷àñòåé ðàâåíñòâà (12.2) íà S ′2(x), ðÿäà (12.3)
è îáíóëåíèåì êîýôôèöèåíòà ïðè h̄2m ïðèõîäèì ê ôîðìóëå

S ′m(x) =
1

2S ′0(x)
(

2S ′20(x)−
(
V (x)− E

))
(
−

m−1∑
i,j,k,l=0

i+j+k+l=m

S ′i(x)S ′j(x)S ′k(x)S ′l(x)+

+
(
V (x)− E

) m−1∑
i,j=0

i+j=m

S ′i(x)S ′j(x) +
1

2

m−1∑
i,j=0

i+j=m−1

S ′′′i (x)S ′j(x)− 3

4

m−1∑
i,j=0

i+j=m−1

S ′′i (x)S ′′j (x)

)
.

Ðåàëèçóåì ýòó ôîðìóëó â âèäå ðåêóðñèâíîé ôóíêöèè äëÿ âû÷èñëåíèÿ ôóíêöèé
S ′m(x):

s [0 ]=Sqrt [ ( v [ x]−e ) ]
s [ n_Integer / ; n>0]:= s [ n]=Expand [
((−Sum[ s [ n−l−k−j ] s [ j ] s [ k ] s [ l ] , { l , 0 , n−1} ,{k , 0 ,Min [ n−l , n−1]} ,

{ j , I f [ l+k==0 ,1 ,0] ,Min [ n−l−k , n−1]}]+
(v [ x]−e ) I f [EvenQ [ n ] , 2Sum[ s [ n−j ] s [ j ] , { j , 1 , n/2}]− s [ n/2 ]^2 ,

2Sum[ s [ n−j ] s [ j ] , { j , 1 , ( n−1)/2}] ]+
(1/2)Sum[D[ s [ n−1−j ] , { x , 2 } ] s [ j ] , { j , 0 , n−1}]−(3/4) I f [EvenQ [ n−1] ,

2Sum[D[ s [ n−1−j ] , x ]D[ s [ j ] , x ] , { j , 0 , ( n−1)/2}]−D[ s [ ( n−1) /2 ] , x ]^2 ,
2Sum[D[ s [ n−1−j ] , x ]D[ s [ j ] , x ] , { j , 0 , ( n−2) / 2 } ] ] ) /

( s [ 0 ] ( 4 s [0]^2−2(v [ x]−e ) ) ) ) / . { ( v [ x]−e )−>q}
] / . { q−>(v [ x]−e ) } ;
s [ 2 ]

Âû÷èñëåíèå äâîéíûõ ñóìì îïòèìèçèðîâàíî çà ñ÷åò ñèììåòðèè ñëàãàåìûõ.
Åñëè ïîäñòàâèòü ïîëó÷åííûå âûðàæåíèÿ äëÿ S ′m(x) â óñëîâèå êâàíòîâàíèÿ (12.4),

ïîëó÷èì èíòåãðàëû îò âõîäÿùèõ â íèõ ñëàãàåìûõ. Ýòè èíòåãðàëû áóäóò ðàñõîäÿ-
ùèìèñÿ èç-çà ñëèøêîì ñèëüíûõ îñîáåííîñòåé â òî÷êàõ x1 è x2. Íà ñàìîì äåëå,
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â ôîðìóëå (12.4) ñòîÿò ðåãóëÿðèçîâàííûå âåðñèè ýòèõ èíòåãðàëîâ. Ìû íå áóäåì
çäåñü îáñóæäàòü, ÷òî òàêîå ðåãóëÿðèçàöèÿ, à ëèøü îïèøåì íåêîòîðûé êîíêðåò-
íûé àëãîðèòì [4] ïðåîáðàçîâàíèÿ ýòèõ èíòåãðàëîâ ê ñõîäÿùèìñÿ. Íà ïåðâîì ýòàïå,
âõîäÿùèå â âûðàæåíèÿ äëÿ S ′m(x) ñëàãàåìûå èíòåãðèðóþòñÿ ïî ÷àñòÿì. Ñîãëàñíî
ïðîöåäóðå ðåãóëÿðèçàöèè, âíåèíòåãðàëüíûå ÷ëåíû ïðè ýòîì ìîæíî îòáðàñûâàòü.
Âíà÷àëå ïðîèíòåãðèðóåì ïî ÷àñòÿì òå ñëàãàåìûå, êîòîðûå ñîäåðæàò ïðîèçâîäíûå
îò ïîòåíöèàëà V ′(x), âíîñÿ ïîä çíàê äèôôåðåíöèàëà ìíîæèòåëü (V (x) − E)∧(. . .).
Ïðè êàæäîì òàêîì èíòåãðèðîâàíèè ñòåïåíü çíàìåíàòåëÿ áóäåò ïîíèæàòüñÿ íà åäè-
íèöó. Ê ñîæàëåíèþ, ñòàíäàðòíàÿ ôóíêöèÿ Integrate â äàííîì ñëó÷àå íå ñðàáîòàåò:

Integrate [ v ' [ x ] v ' ' ' [ x ] / ( v [ x]−e ) ^(7/2) , x ]

Ïîýòîìó íàì ïðèäåòñÿ íàïèñàòü ñîáñòâåííóþ ôóíêöèþ

(*Èíòåãðèðîâàíèå ïî ÷àñòÿì ñëàãàåìîãî ñ V ′(x)*)
Integrat ionOverV [a_. v ' [ x ]^n_. ( v [ x]−e )^p_/ ; p<−1]:=

Expand[−D[ a v ' [ x ]^ (n−1) , x ] ( v [ x]−e ) ^(p+1)/(p+1) ]

(*Ïðèìåíåíèå ê îòäåëüíûì ñëàãàåìûì*)
Integrat ionOverV [ x_Plus ] := Integrat ionOverV/@x

(*Ñëàãàåìîå áåç V ′(x) íå ìåíÿåì*)
Integrat ionOverV [x_/ ;FreeQ [Numerator [ x ] , v ' [ x ] ] ] : = x

Integrat ionOverV [ v ' [ x ] v ' ' ' [ x ] / ( v [ x]−e ) ^(7/2) ]

Äàëåå, ìîæíî ïðîèíòåãðèðîâàòü ïî ÷àñòÿì òå ñëàãàåìûå, â êîòîðûõ ÷èñëèòåëè
ÿâëÿþòñÿ ïîëíûìè äèôôåðåíöèàëàìè. Îäíàêî ïðè êàæäîì òàêîì èíòåãðèðîâàíèè
ïî ÷àñòÿì ñòåïåíü çíàìåíàòåëÿ áóäåò óâåëè÷èâàòüñÿ íà åäèíèöó. Ïîýòîìó ýòó îïå-
ðàöèþ ìû áóäåì ïðèìåíÿòü òîëüêî ê òåì ñëàãàåìûì â âûðàæåíèè äëÿ S ′m(x), â
êîòîðûõ ñòåïåíü çíàìåíàòåëÿ íå ÿâëÿåòñÿ ìàêñèìàëüíîé ñðåäè âñåõ âõîäÿùèõ â
âûðàæåíèå äëÿ äàííîãî S ′m(x) çíàìåíàòåëåé. Òàêèì îáðàçîì ìàêñèìàëüíàÿ ñòå-
ïåíü çíàìåíàòåëåé óâåëè÷èâàòüñÿ íå áóäåò. Íàïèøåì âñïîìîãàòåëüíóþ ôóíêöèþ
IntegrationByParts, êîòîðàÿ ñîâåðøàåò èíòåãðèðîâàíèå ïî ÷àñòÿì ñëàãàåìûõ âíå
çàâèñèìîñòè îò ñòåïåíåé èõ çíàìåíàòåëåé:

Integrat ionByParts [ x_Plus ] := Integrat ionByParts /@x

Integrat ionByParts [ a_ . (v [ x]−e )^p_] :=Module [ { i n t } ,
i n t=Integrate [ a , x ] ;

(*Èíòåãðèðóåì ïî ÷àñòÿì òîëüêî åñëè ÷èñëèòåëü � ïîëíûé äèôôåðåíöèàë*)
I f [FreeQ [ int , Integrate ] , Expand[− i n t p (v [ x]−e ) ^(p−1)v ' [ x ] ] ,

a ( v [ x]−e )^p ]
]

Integrat ionByParts [ s [ 2 ] ]
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Òåïåðü ñîçäàäèì ôóíêöèþ IntegrationByPartsTogether, êîòîðàÿ ïðèìåíÿåò ôóíê-
öèþ IntegrationByParts òîëüêî ê ñëàãàåìûì ñ ìåíüøåé, ÷åì ìàêñèìàëüíàÿ, ñòåïå-
íüþ çíàìåíàòåëÿ

Integrat ionByPartsTogether [ y_Plus ] :=Module [ { y1 ,max , t o I n t e g r a t e } ,
(*ñïèñîê ñòåïåíåé çíàìåíàòåëåé*)
y1=(Denominator/@(List@@y ) ) / .{_. _^m_−>m} ;
max=Max[ y1 ] ;
(*ñïèñîê ñëàãàåìûõ ñî ñòåïåíüþ, ìåíüøåé ìàêñèìàëüíîé*)
t o I n t e g r a t e=Cases [ y ,_. ( v [ x]−e )^p_/ ; p>−max ] ;
(*ïðèìåíÿåì IntegrationByParts òîëüêî ê ýòèì ñëàãàåìûì*)
(y−(Plus@@toIntegrate ) )+

Plus@@( Integrat ionByParts /@toIntegrate )
]

(*Îáðàáîòêà ñëó÷àÿ åäèíñòâåííîãî ñëàãàåìîãî*)
Integrat ionByPartsTogether [x_] :=x

Integrat ionByPartsTogether [ s [ 2 ] ]

Äëÿ ïðèâåäåíèÿ ê îáùåìó çíàìåíàòåëþ ñëàãàåìûõ, ñîäåðæàùèõ îäèíàêîâûå ñòåïå-
íè V (x)− E â çíàìåíàòåëÿõ, íàïèøåì âñïîìîãàòåëüíóþ ôóíêöèþ

myTogether [ x_Plus ] :=
Plus@@( (ExpandNumerator [

(*ïðèìåíÿåì Together òîëüêî ê ñëàãàåìûì ñ îäèíàêîâûìè ñòåïåíÿìè
V (x)− E *)

Together [ Plus@@(Cases [ x ,_. #^−1]/.{a_. # −̂1−>a}) ] #^−1])&/@
(*ôîðìèðóåì ñïèñîê (V (x)− E)∧(. . .) ñ ðàçíûìè ñòåïåíÿìè*)
Union [ Flatten [Cases [# ,_^_,{0 , Inf inity }]&/@

(Denominator/@List@@x) ] ] )

(*Îáðàáîòêà ñëó÷àÿ åäèíñòâåííîãî ñëàãàåìîãî*)
myTogether [ x_Times ] :=x

myTogether [ Integrat ionByPartsTogether [ s [ 2 ] ] ]

Íà âòîðîì ýòàïå ïðåîáðàçîâàíèÿ èíòåãðàëîâ ñòåïåíè çíàìåíàòåëåé ïîäûíòåãðàëü-
íûõ âûðàæåíèé ïîíèæàþòñÿ çà ñ÷åò ïðåäñòàâëåíèÿ ýòèõ âûðàæåíèé â âèäå ïðîèç-
âîäíûõ ïî ýíåðãèè E. Ïðîèçâîäíûå â íóæíîì êîëè÷åñòâå âûíîñÿòñÿ çà çíàê èíòå-
ãðàëà, ïîñëå ÷åãî èíòåãðàëû ñòàíîâÿòñÿ ñõîäÿùèìèñÿ. Íàïèøåì âñïîìîãàòåëüíóþ
ôóíêöèþ:

(*äëÿ äàííîãî ñëàãàåìîãî âîçâðàùàåò ñïèñîê, ñîäåðæàùèé ñòåïåíü ïðîèçâîäíîé
è âûðàæåíèå ïîä çíàêîì ïðîèçâîäíîé*)

finalFormAux [a_ . (v [ x]−e )^p_] :=
{−(p+1/2) , a*
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(*÷èñëîâîé êîýôôèöèåíò èç-çà ïðîèçâîäíûõ ïî E *)
Product[−1/ i , { i , p+1 ,−1/2}](v [ x]−e ) ^(−1/2)}

finalFormAux [ v ' [ x ] v ' ' ' [ x ] / ( v [ x]−e ) ^(5/2) ]

Òåïåðü íàïèøåì ôóíêöèþ �nalForm, êîòîðàÿ ôîðìèðóåò îêîí÷àòåëüíîå âûðàæåíèå
äëÿ èíòåãðàëà îò S ′m(x) ñ ñóììîé ïðîèçâîäíûõ ïî E îò ñõîäÿùèõñÿ èíòåãðàëîâ.
Äëÿ íàãëÿäíîñòè èçáàâëÿåìñÿ îò ÷èñëîâûõ êîýôôèöèåíòîâ â çíàìåíàòåëÿõ, âûíîñÿ
îáùèé ìíîæèòåëü çà ñêîáêó:

f inalForm [y_] :=Module [ { pre , lcm } ,
(*ïðèìåíÿåì �nalFormAux ê êàæäîìó ñëàãàåìîìó*)
I f [Head [ y]===Plus ,

pre=finalFormAux/@List@@y ,
pre={finalFormAux [ y ] } ]

(*ÍÎÊ ÷èñëîâûõ êîýôôèöèåíòîâ çíàìåíàòåëåé*)
lcm=LCM@@((Denominator [ # [ [ 2 ] ] ] / . { n_. (v [ x]−e )^_−>n})&/@pre ) ;
(*ôîðìèðóåì îêîí÷àòåëüíîå âûðàæåíèå*)
1/ lcm Plus@@Table [HoldForm [

D[ Integrate [ expr , { x , x1 , x2 } ] , { e , u } ] ] / .
(*ïîäñòàâëÿåì âûâîä �nalFormAux äëÿ i-ãî ñëàãàåìîãî*)
{expr−>lcm

pre [ [ i , 2 ] ] , u−>pre [ [ i , 1 ] ] } , { i ,Length [ pre ] } ]
]

f inalForm [0 ] :=0

f inalForm [ myTogether [ Integrat ionByPartsTogether [ s [ 2 ] ] ] ]
f inalForm [5 v ' [ x ] v ' ' ' [ x ] / ( 8 ( v [ x]−e ) ^(5/2) ) ]

Èñïîëüçîâàííàÿ çäåñü ôóíêöèÿ HoldForm îñòàâëÿåò ñâîé àðãóìåíò íåâû÷èñëåííûì
(áåç íåå Mathematica âû÷èñëÿëà áû ïðîèçâîäíûå ïî E).

Îáúåäèíèì âñå ýòàïû ïðåîáðàçîâàíèÿ èíòåãðàëîâ îò S ′m(x) â ôóíêöèè

WKBCorrection [ ord_Integer / ; ord >0]:= f inalForm [ myTogether
[FixedPoint [ Integrat ionByPartsTogether ,

FixedPoint [ IntegrationOverV , s [ ord ] ] ] ] ]
WKBCorrection [ 1 ]
WKBCorrection [ 2 ]
WKBCorrection [ 3 ]
WKBCorrection [ 4 ]
WKBCorrection [ 5 ]

Ôóíêöèÿ FixedPoint, ñòàðòóÿ ñ âûðàæåíèÿ, óêàçàííîãî âòîðûì àðãóìåíòîì, ïðèìå-
íÿåò ôóíêöèþ � ñâîé ïåðâûé àðãóìåíò äî òåõ ïîð, ïîêà ðåçóëüòàò íå ïåðåñòàíåò
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ìåíÿòüñÿ. Òàêèì îáðàçîì, ôóíêöèÿ WKBCorrection ïðèìåíÿåò ôóíêöèè
IntegrationOverV è IntegrationByPartsTogether ìàêñèìàëüíî âîçìîæíîå ÷èñëî ðàç.

Îïðåäåëèì ïðèáëèæåííîå çíà÷åíèå ýíåðãèè E â ñëó÷àå ïîòåíöèàëà V (x) = x4.
Òî÷êàìè ïîâîðîòà ÿâëÿþòñÿ òî÷êè x1,2 = ±E 1

4 . Ïîäñòàâèì ýòè âûðàæåíèÿ â ïîëó-
÷åííûå âûøå èíòåãðàëû è âû÷èñëèì èõ:

tab=Table [Expand [DeleteCases [ WKBCorrection [ i ] / . { x1−>−e ^(1/4) ,
x2−>e^(1/4) ,Derivative [n_ ] [ v ] [ x ]: >D[ x^4 ,{x , n } ] , v [ x]−>x^4}/.
Integrate [ f_ , range_ ]: > Integrate [ f , range ,

Assumptions−>e>0&&e^(1/4) >0] ,
HoldForm , Infinity ,Heads−>True ] ] , { i , 5 } ]

i n t0=Integrate [ s [ 0 ] / . v [ x]−>x^4 ,{x,−e ^(1/4) , e ^(1/4) } ,
Assumptions−>e>0&&e^(1/4) >0]

Â ñëó÷àå èñïîëüçîâàíèÿ îïåðàòîðà :> âìåñòî îïåðàòîðà ->, ñòîÿùèé ñïðàâà îò íåãî
àðãóìåíò âû÷èñëÿåòñÿ òîëüêî ïîñëå ñîâåðøåíèÿ ïîäñòàíîâêè. Ôóíêöèÿ DeleteCases
çäåñü óáèðàåò èç âíóòðåííåãî ïðåäñòàâëåíèÿ âûðàæåíèé ôóíêöèþ HoldForm äëÿ
òîãî, ÷òîáû âû÷èñëèëèñü èíòåãðàëû è ïðîèçâîäíûå. Òåïåðü ñîçäàäèì ôóíêöèþ,
êîòîðàÿ ïðîâåðÿåò âûïîëíåíèå óñëîâèÿ êâàíòîâàíèÿ (12.4) ñ òî÷íîñòüþ m ñëàãàå-
ìûõ:

quant i za t i onCond i t i on [n_,h_,m_] :=
(1/ I ) i n t0+(1/ I )Sum[ h^(2k ) tab [ [ k ] ] , { k , 1 ,m}]−Pi (n+1/2)h

Âîçüìåì n = 3, h̄ = 1/100 è îïðåäåëèì ãðàôè÷åñêè çíà÷åíèå ýíåðãèè E, ïðè êîòî-
ðîì óñëîâèå êâàíòîâàíèÿ (12.4) âûïîëíÿåòñÿ, ñëåäÿ çà ñõîäèìîñòüþ ïî êîëè÷åñòâó
ñëàãàåìûõ:

Plot [Evaluate [Table [ quant i za t i onCond i t i on [3 , 1/100 ,m] , {m, 5 } ] ] ,
{e , 0 , 0 . 0 3 } ,PlotRange−>{−3/10,+3/10},

PlotStyle−>Table [Hue [ i / 6 ] , { i , 5 } ] ]

Èç ãðàôèêà âèäíî, ÷òî èñêîìîå çíà÷åíèå ýíåðãèè ïðèáëèæåííî ðàâíÿåòñÿ 0,025.
Áîëåå òî÷íîå çíà÷åíèå îïðåäåëÿåòñÿ õîðîøî èçâåñòíûìè ìåòîäàìè ïðèáëèæåííîãî
ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé. Ýòî ìîæåò áûòü ñäåëàíî ÷èòàòåëåì â êà÷åñòâå
óïðàæíåíèÿ.
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