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C 9 1 F3 68 < 2 8 / E / F y1, . . . , yn 5 / O / = ; 5 /3 3 J /? /E / 2 /3 3 J / M @ 6E 60 ; / E < F 7 G :O </ = 1= ; 1I 3 </ 2 / @ 63 <8 /= 0 1 L <D <0 60 1 L :3 < 974 Q4 E 7 H 1 L4 <3 62 <8 / = 0 1 L= <= ; / 2 J � �; <2 <? /E / 2 /3 3 J 2 < 2 1H 7 ; 9J ; Q0 1 1E4 <3 6; J M = 0 1E 1= ; <�M 3 6:? E I � / 3 <I M ; / 2? / E 6; 7 E J <;� ? � <D < &7 3 0 P < < ' ; <@ 5 /D <8 <3 � $E /4 ? 1D 6H 6:/; = I M8 ; 18 <=D 1? / E / 2 / 3 3 J @ y1, . . . , yn

0 13 /8 3 1 <8 ; 1? E 1P /= = < F 2 /3 / 3 <I'; <@ ? /E / 2 /3 3 J @ 5 1 5 E / 2 / 3 < 1? <= J 5 6/; = I 1 9J 0 3 15 / 3 3 J 2 <4 < & & /E / 3 :P < 6D Q3 J 2 < 7 E 65 3 /3 <I 2 <�M 0 1; 1E J / 2 1H 7 ; 9J ; QE 6FE /K /3 J 1; 3 1= <; /D Q :3 1? E 1 < F 5 14 3 J @ ? 1 5 E / 2 /3 <�

dy1
dt

= Y1(y1, . . . , yn, t),

· · ·

� T� T %

dyn
dt

= Yn(y1, . . . , yn, t).

� '; <@ 7 E 65 3 /3 <I @ Y1, . . . , Yn � < F 5 / = ; 3 J / &7 3 0 P < <? /E / 2 /3 3 J @ y1, . . . ,
yn

< 5 E / 2 /3 < tM 74 1 5D / ; 5 1E I GO < / 7 =D 1 5 <I 2 = 7 O / = ; 5 15 63 <I < /4 <3 := ; 5 /3 3 1= ; < E /K /3 <I� "=D < 5 = / &7 3 0 P < < Yk 3 / F 65 <= I ; 1; 5 E / 2 / 3 < tM; 1= <= ; / 2 63 6FJ 5 6/; = I � � ��� � �� � �M 5? E 1; < 5 3 12 =D 7 8 6/ �� �� � �� � � ��� � �� � /0 1; 1E 1/ 5? 1D 3 / 1? E /4 /D /3 3 1/4 5 <� /3 </ = <= ; / 2 J M? 14 D / � 6O / / <= :=D /4 15 63 < G3 67 = ; 1 L8 < 5 1= ; Q M 3 6FJ 5 6/; = I � �� � � �� Õ �� � Ä � �� �Ö �� � � ��� / 5 1 F 2 7 O /3 3 12 7 4 5 <� /3 < G = <= ; / 2 J 1; 5 /8 6/; 1? E /4 /D /3 3 1/ 8 6= ; 3 1/E /K /3 < /

y1 = f1(t), . . . , yn = fn(t)

�T� � %
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4 < & & / E /3 P < 6D Q3 J @ 7 E 65 3 / 3 < L �T� T % M 74 15D /; 5 1E I GO / / 3 68 6D Q3 J 2 7 =D 1 :5 <I 2�

? E < t = t0 y1 = f1(t0), . . . , yn = fn(t0).

� T� Y %

� F 2 /3 <2 3 68 6D Q3 J / 7 =D 1 5 <I � T� Y % M4 65 3 68 6D Q3 J 2 F3 68 / 3 <I 2? /E / :2 /3 3 J @ y1, . . . , yn

2 6D J /? 1 2 14 7D G? E <E 6O /3 <I ε1, . . . , εn

�

? E < t = t0 y1 = f1(t0) + ε1, . . . , yn = fn(t0) + εn.

� T� ü %

V 5 <� /3 </ = <= ; / 2 J M 1; 5 /8 6 GO / / < F 2 / 3 /3 3 J 2 3 68 6D Q3 J 2 7 =D 1 5 < :I 2 �T� ü % M 3 6 FJ 5 6/; = I � � � �� Õ �� � Ä � �� �Ö �� � � � M 6 5 /D <8 <3 J ε1, . . . ,
εn �� � � �� Õ �� �ß � ��C 9 1 F3 68 <2 F3 68 / 3 <I? / E / 2 / 3 3 J @ yj

5 5 1 F 2 7 O / 3 3 124 5 <� /3 < <8 /E / F

yj(t)M 6 5 3 / 5 1 F 2 7 O / 3 3 12 4 5 <� / 3 < <8 / E / F fj(t)

< = 1= ; 65 <2 E 6F3 1= ; <2 / �4 7 3 <2 <�

xj = yj(t) − fj(t) (j = 1, . . . , n).

�T� X %

$ /E / 2 /3 3 J / xj 3 6FJ 5 6 G; = I � �� �� � �� � ß � � <D <� � � �� à �ß � � 5 /D < :8 <3 yj� > 15 10 7? 3 1= ; Q 1; 0D 13 /3 < L x1, . . . , xn

5 ª : 2 /E 3 12 ? E 1= ; E 63 = ; 5 /? / :E / 2 / 3 3 J @ x1, . . . , xn

1? E /4 /D I / ; ; 18 0 7 M � � �� ��� Ö � á Õ� á �� � �� �� 5 1 F 2 7 O / 3 3 12 4 5 <� /3 < <? E < < F 2 /3 /3 < < 5 /D <8 <3 x1, . . . , xn

< F 1 9E 6:� 6 GO 6I ; 18 0 6 1? <= J 5 6/; ; E 6/0 ; 1E < G γ� � / 5 1 F 2 7 O /3 3 12 7 4 5 <� / 3 < G�T� � % 1; 5 /8 6/ ; 3 /? 14 5 <� 3 6I ; 18 0 6 xj = 0 �3 68 6D 10 1 1E4 <3 6;��0 68 / = ; 5 / 2 /E J 1; 0D 13 /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I 1; 3 / 5 1 F 2 7 :O / 3 3 1H 1 2 1� 3 1 5J 9E 6; Q 5 /D <8 <3 7

x2
1 + x2

2 + . . .+ x2
n =

n
∑

j=1

x2
j ,

� T� ö %

; 60 0 60 = 7 2 2 6 � T� ö % 5 / 5 0D <4 15 12? E 1= ; E 63 = ; 5 / E 65 3 60 5 64 E 6; 7 E 6= = ; 1:I 3 <I 1; < F 1 9E 6� 6 GO / L; 18 0 < â4 13 68 6D 60 1 1E4 <3 6;�> 1HD 6= 3 1 1? E /4 /D /3 < G 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I <E 65 /3 = ; 5 62 � T� ü %

< �T� X %? E < t = t0 M 974 / 2 <2 /; Q

xj = x0j = εj (j = 1, . . . , n).

$E <2 / 2 =D /4 7 GO / / 1? E /4 /D /3 </ )mI? 7 3 15 6� � � � � �� � á �� �� �� ���Ö � � � ��� � �� � � � �� ε � �� � �Ä �� � �� �� � � �Ä �� � �� Ö � � � � � � � �� � � �

ã � | x 	ä T T

�� �� Ö � � � ��� � � � � � �� δ �� �� �� �� � ß � � � � � � �� Õ �� �ß � x0j �� ��� � � �� ���ß á Õ � � � � ��� � á

∑

x2
0j 6 δ,� �� � � á �� � t 6 t0

�� � � �� Ä �� �� ß �� � ß � � �� � �� � �� �
∑

x2
j < ε,
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lim
t→∞

∑

x2
j (t) = 0,

; 13 / 5 1 F 2 7 O /3 3 1/4 5 <� / 3 </ 3 6 FJ 5 6/; = I� � � � � �� � �� �� � �� � �� �� �� Ä ��

� ; /@ =D 7 8 6I @ M 0 1H4 6 6= <2? ; 1; <8 /= 0 6I 7 = ; 1 L8 < 5 1= ; Q <2 / / ; 2 /= ; 1? E < � á �Ä � 5 1 F 2 7 O /3 <I @ �3 / 1 9I F 6; /D Q3 1 2 6D J @ % M 3 / 5 1 F 2 7 O / 3 3 1/4 5 < :� / 3 </ 3 6FJ 5 6/; = I � � �� �� �� Ä �� à � �� ���3 1H4 67 = ; 1 L8 < 5 1= ; Q <2 / /; 2 / = ; 13 /? E <D G 9J @ 5 1 F 2 7 O / 3 <I @ M 6? E <5 1 F 2 7 O / 3 <I @ M? 14 8 <3 / 3 3 J @ 3 /0 1; 1E J 2 7 =D 1 5 <I 2 5 5 <4 / E 65 /3 = ; 5 <D <3 /E 65 / 3 = ; 5 �3 6? E < 2 /E M εj > 0

%� � 60 6I 7 = ; 1 L8 < 5 1= ; Q3 6FJ 5 6/ ; = I � � ��� �� � �� VD I 5J 5 14 6 7 E 65 3 /3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I 3 6 L4 / 2 < F E 65 / 3 := ; 5 6 �T� X %? / E / 2 / 3 3 J / yj(t)�

yj(t) = fj(t) + xj(t).�3 /= / 2 '; < F3 68 / 3 <I4 D I yj(t) 54 < & & /E / 3 P < 6D Q3 J / 7 E 65 3 /3 <I4 5 <� / :3 <I = <= ; / 2 J �T� T %� $ 1D 7 8 < 2

dfj
dt

+
dxj
dt

= Yj(f1 + x1, . . . , fn + xn, t).. 6FD 1� < 2 ? E 65J / 8 6= ; < '; <@ 7 E 65 3 / 3 < L 5 E I4 J �/ LD 1E 6? 1 = ; /? / :3 I 2 xj

� *

dfj
dt

+
dxj
dt

= Yj(f1, . . . , fn, t) +

(

∂Yj
∂x1

)

0

x1 + . . .+

(

∂Yj
∂xn

)

0

xn +Xj
∗,
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H4 / Xj
∗ �= 15 10 7? 3 1= ; Q8 D /3 1 5 M F 65 <= I O <@ 1; 1; 0D 13 /3 < L xj 5 = ; /? / 3 <5J K /? /E 5 1 L�A8 ; / 2 M8 ; 1 5 3 / 5 1 F 2 7 O /3 3 124 5 <� /3 < < &7 3 0 P < < fj(t)4 1D � 3 J 74 1 :5D / ; 5 1E I ; Q7 E 65 3 /3 <I 24 5 <� / 3 <I �T� T %� � 6 '; 12 1= 3 15 63 < < 974 / 2 <2 /; Q

dxj
dt

= aj1x1 + . . .+ ajnxn +Xj
∗, (j = 1, . . . , n).
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� '; <@ 7 E 65 3 / 3 <I @ 0 1' & & <P </ 3 ; J ajk =
(

∂Yj

∂xk

)

x=0

5 1 9O / 2 =D 7 8 6/ I 5 :D I G; = I &7 3 0 P <I 2 < 5 E / 2 / 3 < tM 5 8 6= ; 3 1= ; < M 13 < 2 1H 7 ; 9J ; Q? 1= ; 1I 3 :3 J 2 <� AE 65 3 / 3 <I �T� � %3 6 FJ 5 6 G; = I �� � � � � �� à �� ��� Ä � �� �� � � �� � ß � �� � ���� Õ �� � �� � �� �Ö �� � ß � "=D < 5 ' ; <@ 7 E 65 3 / 3 <I @ 1; 9E 1= <; Q8 D / 3 J Xj
∗ M; 1? 1D 7 8 / 3 3 J /? E < '; 12 7 E 65 3 /3 <I

dxj
dt

= aj1x1 + aj2x2 + . . .+ ajnxn (j = 1, . . . , n)

3 6FJ 5 6 G; = I � �� � � �� �ß � � � � �� �� � �� � � � �Ö �� � ß �C 9 1 F3 68 < 5 5 = /8 D /3 J M = ; 1I O </ 5? E 65J @ 8 6= ; I @ 7 E 65 3 / 3 < L � T� � %= <2 :5 1D 62 < Xj M? 1D 7 8 <2 4 D I 3 / 65 ; 13 12 3 J @ 7 E 65 3 /3 < L 5 1 F 2 7 O /3 3 1H 14 5 < :� / 3 <I

dxj
dt

= Xj(x1, . . . , xn, t), (j = 1, . . . , n).
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"=D < 7 E 65 3 / 3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I 65 ; 13 12 3 J M ;� /� 3 / = 14 /E � 6;5 E / 2 I t I 5 3 1M ; 1 974 / 2 <2 /; Q

dxj
dt

= Xj(x1, . . . , xn).
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£ 1E 2 64 < & & / E /3 P < 6D Q3 J @ 7 E 65 3 / 3 < L �T� � % <D < �T� ú % 3 6 FJ 5 6/; = I� � � �� ��� � �M 64 5 <� /3 <I M 1? E /4 /D I / 2 J / '; < 2 < 7 E 65 3 /3 <I 2 <�M 3 6FJ 5 6:G; = I � �� � �� � �� �� ë � � � � ß <� � �� � �� �� ë � � � � ß = 1 1; 5 /; = ; 5 /3 3 1�
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C4 3 1E 14 3 J L; 13 0 < L= ; / E � /3 Q 2 6= = J m <4 D <3 J l= H 1E < F 13 ; 6D Q :3 1 L 1= Q G 5 E 6O /3 <I 74 /E � < 5 6/; = I 5? 1D 1� /3 < <E 65 3 15 / = <I =? <E 6D Q3 1 L? E 7 � <3 1 L �; 1E = < 13 12 % � /= ; 0 1= ; < c �= 2� E <=� T� T %� $E < 5 / E @ 3 / 2 5 /E ; < :0 6D Q3 12? 1D 1� /3 < <= ; /E � 3 I? E 7 � <3 63 / 3 6? E I � /3 6�
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$E /3 / 9E / H 6I = <D 62 < = 1? E 1; < 5D / 3 <I M? 1D 7 8 <; Q 7 E 65 3 /3 </ M 1? E /4 / :D I GO / / E 65 3 15 /= 3 J /? 1D 1� / 3 <I = ; /E � 3 I� > 1= ; 65 <; Q7 E 65 3 /3 </ 5 1 F 2 7 :O / 3 3 1H 14 5 <� /3 <I = ; / E � 3 I 10 1D 1? 1D 1� / 3 <I E 65 3 15 /= <I < 7 E 65 3 / 3 </? /E 5 1H 1? E < 9D <� / 3 <I�

� {� {� u {n�? 1D 1� / 3 < <E 65 3 1 5 / = <I = ; /E � 3 I 2 12 / 3 ; cθ,= 1 F4 65 6/ 2 J L? E 7 � < :3 1 L M4 1D � / 3 9J ; QE 65 /3 2 12 / 3 ; 7 = <D J ; I � /= ; < 1
2mgl sin θM ;� /�

cθ =
1

2
mgl sin θ.

C; = G4 6

sin θ = kθ, k =
2c

mgl
.

�T� T S %

W 60 5 <4 3 13 6E <=� T� � M? E < 2 6D J @ k 7 E 65 3 / 3 </ sin θ = kθ 2 1� / ; <2 /; Q3 /= 0 1D Q0 1E /K / 3 < L�$7 = ; Q θn � 14 <3 < F 0 1E 3 / L '; 1H 1 7 E 65 3 /3 <I� C 9 1 F3 68 < 2 < F 2 / 3 /3 </'; 1H 1 7 HD 6 5 5 1 F 2 7 O /3 3 12 4 5 <� / 3 < <8 /E / F xn� � 1=? 1D Q F 7 / 2 = I ; / 1E / :2 1 L 1 9 < F 2 / 3 /3 < < 2 12 / 3 ; 60 1D <8 /= ; 5 64 5 <� /3 <I = ; /E � 3 I 1; 3 1= <; /D Q3 13 /? 14 5 <� 3 1 L 1= < O�

1

3
ml2

d2

dt2
xn = −c (θn + xn) +

1

2
mgl sin (θn + xn) .
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A8 <; J 5 6I F3 68 /3 </ k < F �T� T S % M? 1D 7 8 6/ 2 7 E 65 3 / 3 </ 5 1 F 2 7 O / 3 3 1H 14 5 < :� / 3 <I = ; /E � 3 I

ẍn +
3g

2l
(k (θn + xn) − sin (θn + xn)) = 0.

�T� T T %

VD I? 1D 7 8 /3 <I 7 E 65 3 / 3 <I? /E 5 1H 1? E < 9D <� /3 <I E 6 FD 1� <2 5J E 6� / 3 </

sin (θn + xn) 5 E I4 ? 1= ; /? /3 I 2 xn

=D /4 7 GO < 2 1 9E 6F 12�

sin (θn + xn) = sin θn + xn cos θn + · · ·

C HE 63 <8 < 5 6I = Q? /E 5J 2 <4 5 7 2 I =D 6H 6/ 2 J 2 < ' ; 1H 1E 6 FD 1� /3 <I <? 14 := ; 65D I I <@ 5 7 E 65 3 / 3 </ �T� T T % M < 2 / / 2

ẍn +
3g

2l
(kθn + kxn − sin θn − cos θnxn) = 0.

A8 <; J 5 6I M8 ; 1 θn4 1D � 3 174 1 5D / ; 5 1E I ; Q7 =D 1 5 < G �T� T S % M? 1D 7 8 <2 7 E 65 :3 /3 </? /E 5 1H 1? E < 9D <� / 3 <I

ẍn +
3g

2l
(k − cos θn)xn = 0.

ì�íî íï í ðòñ ù

� F 5 / = ; 3 1M8 ; 1= & / E <8 / = 0 < L 2 6I ; 3 <0 �= 2� E <=� T� Y %? E <= 1 1; 5 /; = ; 5 7 :GO <@ 3 68 6D Q3 J @ 7 =D 1 5 <I @ 2 1� / ; = 1 5 /E K 6; Q0 13 <8 /= 0 1/4 5 <� /3 < / M? E <0 1; 1E 12 ϑ = ϑ0 =« ­ ª µ¨ M ψ̇ = ψ̇0 =« ­ ª µ¨�

ó � z �Þ � ØÚÙ ú T X

ôõö â ÷ â û

�J 9 <E 6I ' ; 1; = ; 6P < 13 6E 3 J LE / � <2 5 0 68 /= ; 5 / 3 / 5 1 F 2 7 O /3 3 1H 14 5 < :� / 3 <I M = 1= ; 65 <; Q 7 E 65 3 / 3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� / 3 <I�

� {� {� u {n�=? 1D Q F 7 I = & /E <8 /= 0 </ 7 HD J ϑ < ψ 5 0 68 /= ; 5 / 1 9 1 9O /3 3 J @ 0 1 1E4 < :3 6; = & /E <8 /= 0 1H 1 2 6I ; 3 <0 6M? 1= ; E 1 < 2 2 6; / 2 6; <8 /= 0 7 G 2 14 /D Q / H 14 5 < :� / 3 <I 5 & 1E 2 / 7 E 65 3 /3 < L ) 6HE 63 � 6� > 1= ; 65D I I 0 <3 /; <8 /= 0 7 G <? 1 :; /3 P < 6D Q3 7 G '3 / E H < <= & /E <8 /= 0 1H 1 2 6I ; 3 <0 6

T =
1

2
ml2

(

ϑ̇2 + ψ̇2sin2 ϑ
)

,

Π = mgl (1 − cosϑ) ,? 1D 7 8 <2 <= 0 12 J / 7 E 65 3 / 3 <I4 5 <� /3 <I�

ϑ̈ =
(

ψ̇2 cosϑ− g
l

)

sinϑ,

ψ̈ = −2ϑ̇ψ̇« ¨ » ϑ.

�T� T � %

� / 5 1 F 2 7 O /3 3 1/4 5 <� /3 </ ϑ = ϑ0 M ψ̇ = ψ̇0

4 1D � 3 1 74 15D /; 5 1E I ; Q ' ; 1 L= <= ; / 2 /� $ 14 = ; 65D I I ? 1= ; 1I 3 3 J / F3 68 / 3 <I ϑ0

< ψ̇0

5 = <= ; / 2 7 � T� T � % M
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3 6 L4 / 2 M8 ; 1 13 674 15D /; 5 1E I /; = I? E < 7 =D 1 5 < <

ψ̇2
0 cosϑ0 =

g

l
.

�T� T Y %

� 2 /3 3 1 ' ; 12 7 = 1 1; 3 1K /3 < G4 1D � 3 J 74 15D /; 5 1E I ; Q3 68 6D Q3 J / 7 =D 1:5 <I4 D I E / 6D < F 6P < <= ; 6P < 13 6E 3 1H 10 13 <8 /= 0 1H 14 5 <� / 3 <I = & /E <8 /= 0 1:H 1 2 6I ; 3 <0 6� VD I? 1D 7 8 / 3 <I 7 E 65 3 / 3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� / 3 <I? 1D 1:� <2

ϑ = ϑ0 + x, ψ̇ = ψ̇0 + ẏ,

�T� T ü %

H4 / x < ẏ � 1; 0D 13 / 3 </? /E / 2 /3 3 J @ ϑ < ψ̇0

1; <@ 3 / 5 1 F 2 7 O /3 3 J @F3 68 /3 < L M 1 97 =D 1 5D / 3 3 J / 3 /; 18 3 J 2 F 64 63 </ 2 <@ 3 68 6D Q3 J @ F3 68 /3 < L�$ 14 = ; 65D I I 5J E 6� /3 < / �T� T ü % 5 7 E 65 3 /3 <I �T� T � % <E 6FD 6H 6I <@ ? E 65J /8 6= ; < 5 E I4 J �/ LD 1E 6? 1 x < y= 7 8 / ; 12 =D 6H 6/ 2 J @ 3 / 5J K / 5 ; 1E 1H 1? 1E I4 0 6M? 1D 7 8 6/ 2 7 E 65 3 /3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� / 3 <I�

ẍ = −ψ̇2
0 sin2 ϑ0x+ ψ̇0 sin 2ϑ0ẏ−

3

4
ψ̇2

0 sin 2ϑ0x
2 + 2ψ̇0 cos 2ϑ0xẏ +

1

2
sin 2ϑ0ẏ

2

ÿ = −2ψ̇0

« ¨ » ϑ0ẋ+ 2ψ̇0
xẋ

sin2 ϑ0

− 2« ¨ » ϑ0ẋẏ

�T� T X %

û4 / = Q <=? 1D Q F 15 63 1E 6FD 1� / 3 </« ¨ » (ϑ0 + x) ≈« ¨ » ϑ0 − x
sin2 ϑ0

M 6; 60 � /7 8 ; /3 1= 1 1; 3 1K /3 < / � T� T Y %�ì�íî íï í ðòñ ü

$ 1 E 65 3 12 /E 3 1 5 E 6O 6 GO / 2 7 = I 5 10 E 7 H 5 /E ; <0 6D Q3 1 L 1= < 0 1D Q :P 7 E 64 <7 = 6 a 2 1� /; = 5 1 9 14 3 1 9/ F ; E /3 <I ? /E / 2 / O 6; Q= I 0 1D /8 0 1 M�= 2� E <=� T� ü %� AmHD 15 6I = 0 1E 1= ; QE 65 3 12 / E 3 1H 1 5 E 6O /3 <I 0 1D QP 6E 65 :3 6 ω� C? E /4 /D <; Q? 1D 1� / 3 </4 <3 62 <8 /= 0 1H 1E 65 3 1 5 /= <I 0 1D /8 0 6M = 1= ; 6:5 <; Q 7 E 65 3 /3 < / 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I 1; 3 1= <; /D Q3 1 E 65 3 15 /= 3 1H 1? 1D 1� /3 <I < 5J 4 /D <; Q 7 E 65 3 /3 < /? /E 5 1H 1? E < 9D <� /3 <I�

� {� {� u {n� 60 1D /8 0 1 M4 / L= ; 5 7 G; ; E <= <D J �T %= <D 6 5 /= 6 mg0 1D /8 0 6M 3 6? E 65D /3 3 6I 5 /E ; <0 6D Q3 1 5 3 < Fý� % P /3 ; E 1 9ó/ � 3 6I = <D 6 Fc = maω2 sin θM 3 6? E 65D / 3 3 6I H 1E < F 13 ; 6D Q :3 1ý Y %E / 60 P <I 5 E 6O 6 GO / H 1= I 0 1D QP 6M 3 6? E 65D /3 3 6I 0 / H 1P /3 ; E 7�

ó � z �Þ � ØÚÙ þ T �

ôõö â ÷ â ÿ

�? 1D 1� / 3 < <E 65 3 1 5 / = <I E 65 3 14 / L= ; 5 7 GO 6I4 5 7 @ ? /E 5J @ = <D 4 1D � :3 6 9J ; Q E 65 3 6? 1 5 /D <8 <3 / <? E 1; < 5 1? 1D 1� 3 6? 1 3 6? E 65D /3 < G= <D /E / 60 P < < M ;� /�
tan θ =

maω2 sin θ

mg
.� F '; 1H 1=D /4 7 /; M8 ; 1

cos θ =
g

aω2
.� 60 <2 1 9E 6F 12 M? 1D 1� /3 < GE 65 3 1 5 /= <I = 1 1; 5 /; = ; 5 7 G; 8 /; J E / 7 HD 6�

θ0 = ± arccos
g

aω2
, θ1 = 0, θ2 = π,

VD I E /K / 3 <I θ = θ0

4 64 <2 ? E <E 6O /3 </ x 7 HD 7 θ0� û 6; / 2 M8 ; 1 9J<= 0 D G8 <; Q3 / < F 5 / = ; 3 7 GE / 60 P < G

R 5 ; 18 0 / M M F 6? <K / 2 5 ; 1E 1 L F 60 13� Q G; 13 6 5? E 1/0 P < <3 60 6= 6; /D Q3 7 G0 0 1D QP 7 τ�

maẍ = maω2 sin (θ0 + x) cos (θ0 + x) −mg sin (θ0 + x)<D <

ẍ− ω2 sin (θ0 + x) cos (θ0 + x) +
g

a
sin (θ0 + x) = 0.

�T� T ö %

VD I? 1D 7 8 /3 <I 7 E 65 3 /3 <I? / E 5 1H 1? E < 9D <� /3 <I? 1D 1� <2

sin (θ0 + x) = sin θ0 + x cos θ0,
cos (θ0 + x) = cos θ0 − x sin θ0.
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$ 14 = ; 65D I I '; < 5J E 6� / 3 <I 5 �T� T ö % M? E <3 <2 6I 5 1 5 3 < 2 63 </ ; 1D Q0 18 D / :3 J ? /E 5 1H 1? 1E I4 0 6 2 6D 1= ; < < 7 8 <; J 5 6I M8 ; 1

−ω2 sin θ0 cos θ0 +
g

a
sin θ0 = 0,

? 1D 7 8 <2 7 E 65 3 /3 < /? /E 5 1H 1? E < 9D <� /3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I

ẍ−
(

ω2 cos 2θ0 −
g

a
cos θ0

)

x = 0

<D <�M 10 13 8 6; /D Q3 1M

ẍ+

(

ω2 − g2

a2ω2

)

x = 0.

ì�íî íï í ðòñ �

V 5 1 L3 1 L 2 6I ; 3 <0 M < F 1 9E 6� /3 3 J L3 6E <=� T� X M 74 / E � < 5 6/ ; = I 5 5 /E @ :3 / 2 5 / E ; <0 6D Q3 12 ? 1D 1� / 3 < <4 5 7 2 I =? <E 6D Q3 J 2 <? E 7 � <3 62 < � /= ; :0 1= ; < c1 < c2� � 18 /8 3 J / 2 6= = J 2 6I ; 3 <0 15 E 65 3 J m1

< m2 M 64 D <3 J3 / 5 /= 12 J @ = ; /E � 3 / L � l1 < l2= 1 1; 5 /; = ; 5 /3 3 1� � 5 /E @ 3 / 2 5 /E ; <0 6D Q3 12? 1D 1� /3 < < 2 6I ; 3 <0 15 =? <E 6D Q3 J /? E 7 � <3 J 3 /4 / & 1E 2 <E 15 63 J �

ôõö â ÷ â �

> 1= ; 65 <; Q 7 E 65 3 /3 < /? /E 5 1H 1? E < 9D <� / 3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� / :3 <I 1; 3 1= <; /D Q3 1 5 /E @ 3 / H 1 5 /E ; <0 6D Q3 1H 1? 1D 1� /3 <I� B 6= = 1 L= ; /E � :3 / L <= <D 62 <= 1? E 1; < 5D / 3 <I? E /3 / 9E /8 Q�

ó � z �Þ � ØÚÙ � T ú

� {� {� u {n�; 6= <= ; / 2 6 <2 / / ; 4 5 / = ; /? /3 <= 5 1 9 14 J � VD I = 1= ; 65D /3 <I 7 E 65 3 / 3 < L5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I 5 1=? 1D Q F 7 / 2 = I 7 E 65 3 /3 <I 2 < ) 6HE 63 � 6�
d

dt

∂T

∂ϕ̇k
− ∂T

∂ϕk
= − ∂Π

∂ϕk
(k = 1, 2) .

�T� T � %

W <3 / ; <8 / = 0 6I '3 /E H <I T = <= ; / 2 J E 65 3 6 T = 1
2m1v

2
1 + 1

2m2v
2
2

M H4 / v1< v2 �= 0 1E 1= ; < 2 6; /E < 6D Q3 J @ ; 18 /0 M1

< M2 M 6 Π �? 1; /3 P < 6D Q3 6I'3 / E H <I = <= ; / 2 J ��=? 1D Q F 7 I E <=� T� X M 3 6 L4 / 2 0 1 1E4 <3 6; J 2 6= = J m1 (x1, y1)

< 2 6= := J m2 (x2, y2)

�

x1 = l1 sinϕ1, x2 = l1 sinϕ1 + l2 sinϕ2,

y1 = l1 cosϕ1, y2 = l1 cosϕ1 + l2 cosϕ2.$ 1=D /4 < & & / E /3 P <E 1 5 63 <I? 1 5 E / 2 /3 <? 1D 7 8 6/ 2

ẋ1 = l1 cosϕ1ϕ̇1, ẋ2 = l1 cosϕ1ϕ̇1 + l2 cosϕ2ϕ̇2,

ẏ1 = −l1 sinϕ1ϕ̇1, ẏ2 = −l1 sinϕ1ϕ̇1 − l2 sinϕ2ϕ̇2,1; 0 74 6 v2
1 = l21ϕ̇

2
1

M v2
2 = l21ϕ̇

2
1 + 2l1l2 cos (ϕ2 − ϕ1) ϕ̇1ϕ̇2 + l22ϕ̇

2
2

� $ 1= 0 1D Q0 72 J < O / 2 7 E 65 3 /3 <I? / E 5 1H 1? E < 9D <� / 3 <I M ; 14 D I 2 6D J @ 7 HD 1 5 ϕ1

< ϕ2974 / 2 = 8 <; 6; Q M8 ; 1 cos (ϕ2 − ϕ1) = 1� �/? /E Q0 <3 /; <8 /= 0 7 G '3 /E H < G T2 1� 3 1 F 6? <= 6; Q 5 5 <4 /

T =
l21
2

(m1 +m2) ϕ̇
2
1 +m2l1l2ϕ̇1ϕ̇2 +

1

2
m2l

2
2ϕ̇

2
2.$ 1; / 3 P < 6D Q3 6I '3 / E H <I Π= <= ; / 2 J = 0D 64 J 5 6/ ; = I < F 7? E 7 H 1 L '3 / E :H < <? E 7 � <3 < '3 / E H < <= <D ; I � /= ; <�M ;� /�

Π = 1
2c1ϕ

2
1 + 1

2c2 (ϕ2 − ϕ1)
2 − (m1 +m2) gl1 (1 − cosϕ1)−

− m2gl2 (1 − cosϕ2) .A8 <; J 5 6I 2 6D 1= ; Q 7 HD 1 5 < H E 7? ? <E 7 I 8 D /3 J M? 1D 7 8 <2�

Π =
1

2
(c1 + c2 − (m1 +m2) gl1)ϕ

2
1 − c2ϕ1ϕ2 +

1

2
(c2 −m2gl2)ϕ

2
2.� 60 <2 1 9E 6F 12 M 7 E 65 3 /3 <I ) 6H E 63 � 6 �T� T � %? E <3 <2 6 G; 5 <4

(m1 +m2) l
2
1ϕ̈1 +m2l1l2ϕ̈2 + (c1 + c2 − (m1 +m2) gl1)ϕ1 − c2ϕ2 = 0,

m2l1l2ϕ̈1 +m2l
2
2ϕ̈2 − c2ϕ1 + (c2 −m2gl2)ϕ2 = 0.
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�; <4 5 67 E 65 3 /3 <I '0 5 < 5 6D / 3 ; 3 J 2 6; E <8 3 12 7 7 E 65 3 /3 < G

AΦ̈ + CΦ = 0,

H4 /

Φ =

(

ϕ1

ϕ2

)

, A =

(

(m1 +m2)l
2
1, m2l1l2

m2l1l2, m2l
2
2

)

,

C =

(

c1 + c2 − (m1 +m2)gl1, −c2
−c2, c2 −m2gl2

)

.

ì�íî íï í ðòñ �

� 5 /E4 1/ ; /D 1M <2 / GO / / 3 /? 14 5 <� 3 7 G; 18 0 7 M4 5 <� / ; = I? 1 <3 /E P < <�=D 7 8 6 L � LD / E 6� $7 63 = 1 %� V 10 6F 6; Q M8 ; 1; 60 1/ ; /D 1 2 1� /; 5 E 6O 6; Q= IE 65 3 12 / E 3 1 5 10 E 7 H 3 /? 14 5 <� 3 1 L 1= <�M = 15? 64 6 GO / L 5 ' ; 12 4 5 <� / 3 < <= 14 3 1 L < F HD 65 3 J @ 1= / L <3 /E P < < (x, y, z)M 3 6? E <2 /E M 1= Q G z� $E <3 I 5F 63 / 5 1 F 2 7 O /3 3 1/4 5 <� /3 </

ωx = ωy = 0, ωz = ω0 = const,

= 1= ; 65 <; Q 7 E 65 3 / 3 </ 5 1 F 2 7 O /3 3 1H 14 5 <� / 3 <I 1; 3 1= <; /D Q3 1? E 1/0 P < L7 HD 15 1 L= 0 1E 1= ; < M /=D < 2 12 /3 ; J <3 / E P < <; /D 6 1; 3 1= <; /D Q3 1 HD 65 3 J @1= / L <3 / E P < <; /D 6 xM y < zE 65 3 J AM B < C= 1 1; 5 /; = ; 5 /3 3 1� $ 1D 7 8 <; Q; 60 � /D <3 / L3 7 G 6? ? E 10 = <2 6P < G 7 E 65 3 /3 < L 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I�

� {� {� u {n� 1=? 1D Q F 7 / 2 = I4 <3 62 <8 /= 0 <2 < 7 E 65 3 /3 <I 2 < � LD /E 6�

Aω̇x + (C −B)ωyωz = Me
x,

Bω̇y + (A− C)ωzωx = Me
y ,

�T� T � %
Cω̇z + (B −A)ωxωy = Me

z ,

H4 / M = 1HD 6= 3 17 =D 1 5 <I 2 F 64 68 <�M Me
x = Me

y = Me
z = 0� A= ; 63 15 < 5K / /= I5 E 6O / 3 </ 5 10 E 7 H 1= < z M 1? E /4 /D I / 2 1/ E 65 /3 = ; 5 62 <

ωx = ωy = 0, ωz = ω0 = const

74 1 5D / ; 5 1E I /; �T� T � %? E < M ≡ 0M8 ; 14 10 6 FJ 5 6/; / H 1= 7 O /= ; 5 15 63 < /�#3 6D 1H <8 3 1/ 5 E 6O /3 </ 5 1 F 2 1� 3 1 < 5 10 E 7 H 1= / L
x < y�

ó � z �Þ � ØÚÙ � �T

$E < 5 1 F 2 7 O / 3 3 124 5 <� / 3 < < 1 9 1 F3 68 <2 1; 0D 13 / 3 <I 7 HD 15J @ = 0 1E 1:= ; / L

ωxM ωy < ωz8 /E / F x1 M x2

< x3

= 1 1; 5 / ; = ; 5 /3 3 1M ;� /�
ωx = x1, ωy = x2, ωz = ω0 + x3.

$ 14 = ; 65D I I '; < 5J E 6� /3 <I 5 7 E 65 3 /3 </ �T� T � % M? 1D 7 8 <2

Aẋ1 + (C −B)x2 (ω0 + x3) = 0,

Bẋ2 + (A− C) (ω0 + x3)x1 = 0,

Cẋ3 + (B −A)x1x2 = 0.

) <3 / 6E < F 15 63 3 6I & 1E 2 67 E 65 3 / 3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I <2 / /;5 <4

Aẋ1 + (C −B) x2ω0 = 0,

Bẋ2 + (A− C)ω0x1 = 0,

Cẋ3 = 0.

ì�íî íï í ðòñ �

� 6E <=� T� ö < F 1 9E 6� / 3 J 4 5 / 0 62 /E J M 5 0 1; 1E J @ 3 6@ 14 <; = I4 5 6 <4 / 3 :; <8 3 J @ H <E 1= 0 1? 6�

ôõö â ÷ â �

W 62 /E J = 5 I F 63 J F 7 98 6; 1 L? / E /4 68 / L; 60 M8 ; 1 13 < 2 1H 7 ; ? 1 5 1E 68 < :5 6; Q= I 3 6E 65 3 J / 7 HD J β 5 E 6 F3 J / = ; 1E 13 J � C= Q 5 E 6O / 3 <I 5 3 /K 3 / LE 62 0 <�M = 14 / E � 6O / L 5 / = Q 2 / @ 63 < F 2 M = 5 1 9 14 3 6M 63 6 1= < 5 E 6O /3 <I 14 3 1 L< F 0 62 / E 7 = ; 63 1 5D / 3 6=? <E 6D Q3 6I? E 7 � <3 6 � / = ; 0 1= ; < c�
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$E /3 / 9E / H 6I 2 6= = 62 < 5 3 /K 3 / LE 62 0 < <0 62 / E M 1? E /4 /D <; Q 7 =D 1 5 </7 = ; 63 1 5 < 5K / H 1= I 4 5 <� /3 <I M? E < 0 1; 1E 12 7 H 1D β < 7 HD 15 6I = 0 1E 1= ; Q5 E 6O / 3 <I E 62 0 < α̇ 1= ; 6 G; = I? 1= ; 1I 3 3 J 2 <� > 1= ; 65 <; Q 7 E 65 3 / 3 <I 5 1 F :2 7 O /3 3 1H 14 5 <� / 3 <I 1; 3 1= <; /D Q3 1 7 = ; 63 1 5 < 5K / H 1= I4 5 <� /3 <I�

� {� {� u {n> <= ; / 2 6= 1= ; 1 <; < F4 5 7 @ = 5 I F 63 3 J @ 2 / �4 7 = 1 9 1 L <4 /3 ; <8 3 J @ H <E 1 := 0 1? 15 M 0 6�4 J L < F 0 1; 1E J @ < 2 / /; ? 1 14 3 1 L3 /? 14 5 <� 3 1 L; 18 0 /� C 9 1:F3 68 <2 2 12 / 3 ; <3 /E P < < 1; 3 1= <; /D Q3 1 1= / L

x < y4 D I 0 6�4 1H 1 < F H <E 1 := 0 1? 15 8 /E / F AM 6 2 12 / 3 ; <3 /E P < < 1; 3 1= <; /D Q3 1 1= < z �E <=� T� � %8 /E / F

C� � 1H4 60 <3 / ; <8 / = 0 6I '3 / E H <I T= <= ; / 2 J ? E <2 / ; 5 <4 �

T =

2
∑

i=1

(

1

2
A
(

ω2
x + ω2

y

)

i
+

1

2
C
(

ω2
z

)

i

)

.

�T� T ú %

"=D < 14 <3 < F H <E 1= 0 1? 15 M 3 6? E < 2 /E D / 5J L �= 2� E <=� T� ö % M? 15 /E 3 7 ;; 60 M8 ; 1

ωx = −β̇,
ωy = α̇ cosβ,

ωz = ϕ̇1 + α̇ sinβ,; 14 D I? E 65 1H 1 H <E 1= 0 1? 6 ωx = β̇ < ωy = −α̇ cosβ� û4 /= Q ϕ̇1

�= 0 1E 1= ; Q= 1 9= ; 5 /3 3 1H 1 5 E 6O / 3 <ID / 5 1H 1 H <E 1= 0 1? 6�$ 14 = ; 65D I I 5J E 6� / 3 <I4 D I ωx M ωy < ωz 5 �T� T ú % M? 1D 7 8 6/ 2

T = Aβ̇2 +Aα̇2 cos2 β +
C

2

(

(ϕ̇1 + α̇ sinβ)
2
+ (ϕ̇2 + α̇ sinβ)

2
)

.

�T� � S %

$ 1; / 3 P < 6D Q3 6I ' 3 /E H <I Π= <= ; / 2 J M 1 97 =D 1 5D / 3 3 6I =? <E 6D Q3 1 L? E 7 :� <3 1 L M E 65 3 6

Π =
1

2
cβ2.

�T� � T %

� 60 0 60 2 J E 6= = 2 6; E < 5 6/ 2 7 = ; 63 1 5 < 5K / /= I 5 E 6O / 3 </ H <E 1= 0 1? 1 5 M? E <0 1; 1E J @ 5 E 6O 6 GO < L 2 12 /3 ; M

� � 	

ϕ

7 E 65 3 15 /K < 5 6/ ; = I 2 12 /3 ; 62 <= <D = 1? E 1; < 5D /3 <I M

� 
�

ϕ

M ; 1 7 HD J = 1 9= ; 5 / 3 3 1H 1 5 E 6O /3 <I ϕi (i = 1, 2)I 5D I G; = I P <0D <8 /= 0 <2 <0 1 1E4 <3 6; 62 <� V / L= ; 5 <; /D Q3 1M 1 9 1 9O / 3 3 6I = < :D 6 Qϕ = M

� � 	

ϕ − M

� 
�

ϕ M = 1 1; 5 /; = ; 5 7 GO 6I 0 1 1E4 <3 6; / ϕi M E 65 3 63 7D G�� 60 0 60 0 <3 /; <8 /= 0 6I '3 / E H <I � T� � S %3 / F 65 <= <; 1; 7 HD 1 5 ϕi M 7 E 65 3 /3 <I) 6H E 63 � 6 1; 3 1= <; /D Q3 1 ϕi? E <2 7 ; 5 <4 �

d

dt

∂T

∂ϕ̇i
= 0.

ó � z �Þ � ØÚÙ � �Y

ôõö â ÷ â �

C; = G4 6 ∂T
∂ϕ̇i

= Hi M H4 / Hi

� 2 12 /3 ; 0 1D <8 /= ; 5 64 5 <� / 3 <I 0 6�4 1H 1

< F H <E 1= 0 1? 15 �
Hi =« ­ ª µ¨ %��=? 1D Q F 7 I �T� � S % M? 1D 7 8 <2 M8 ; 1

C (ϕ̇i + α̇ sinβ) = Hi.

�T� � � %

�; 1; <3 ; / H E 6D 3 6 FJ 5 6/; = I P <0D <8 /= 0 <2�> 1= ; 65 < 2 ; /? /E Q 7 E 65 3 / 3 </ ) 6H E 63 � 64 D I 0 1 1E4 <3 6; J β�

d

dt

∂T

∂β̇
− ∂T

∂β
= −∂Π

∂β
.

�T� � Y %

$ 1D Q F 7 I = Q= 1 1; 3 1K / 3 <I 2 < �T� � S % < � T� �T % M 3 6 L4 / 2�

∂T

∂β̇
= 2Aβ̇,

d

dt

∂T

∂β̇
= 2Aβ̈,

∂T

∂β
= −2Aα̇2 cosβ sinβ + (H1 +H2) α̇ cosβ,

∂Π

∂β
= cβ.

$ 14 = ; 63 15 0 6 '; <@ 5J E 6� /3 < L 5 � T� �Y %? E < 5 14 <; 0 4 < & & / E /3 P < 6D Q :3 12 7 7 E 65 3 /3 < G

2Aβ̈ + 2Aα̇2 sinβ cosβ − (H1 +H2) α̇ cosβ = −cβ.

� T� � ü %
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� 7 = ; 63 15 < 5K / 2 = I4 5 <� / 3 < <

β = β0 =« ­ ª µ¨ , β̈ = 0, α̇ = ω =« ­ ª µ¨ ,< < F �T� � ü %? 1D 7 8 6/ 2 7 =D 15 </ 7 = ; 63 15 < 5K / H 1= I4 5 <� /3 <I�

Aω2 cosβ0 sinβ0 −
H1 +H2

2
ω cosβ0 +

1

2
cβ0 = 0.

�T� � X %

 ; 1 9J ? 1D 7 8 <; Q 7 E 65 3 /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I M? 1D 1� <2

β = β0 + x1, α̇ = ω + x2.

�T� � ö %

$ 14 = ; 65 <2 � T� � ö % 5 5J E 6� /3 <I4 D I 0 <3 / ; <8 / = 0 1 L <? 1; /3 P < 6D Q3 1 L'3 / E H < < � F 62 /; <2 M8 ; 1 β̇ = ẋ1

% M ; 1H4 6

T = Aẋ2
1 +A (ω + x2)

2
cos2 (β0 + x1) +

+
∑

i=1,2

C

2
(ϕ̇i + (ω + x2) sin(β0 + x1))

2
,

�T� � � %

Π =
c

2
(β0 + x1)

2
.

� <0D <8 /= 0 </ <3 ; / HE 6D J �T� � � %? E <2 7 ; 5 <4 �

C (ϕ̇i + (ω + x2) sin (β0 + x1)) = Hi.$ 1D 1� <2

H =
H1 +H2

2
.> 1= ; 65 <2 7 E 65 3 / 3 </ ) 6H E 63 � 64 D I x1

�

d

dt

∂T

∂ẋ1
− ∂T

∂x1
= − ∂Π

∂x1
.

�T� � � %

�= <D 7 � T� � X % <2 / / 2

∂T

∂ẋ1
= 2Aẋ1,

d

dt

∂T

∂ẋ
= 2Aẍ1,

∂T

∂x1
= 2H (ω + x2) cos (β0 + x1) −

�T� � ú %

−2A (ω + x2)
2
cos (β0 + x1) sin (β0 + x1) ,

∂Π

∂x1
= c (β0 + x1) .

ó � z �Þ � ØÚÙ � � X

. 6FD 1� < 2 &7 3 0 P < < cos (β0 + x1)M sin (β0 + x1)

< (ω + x2)
2 5 E I4 J �

cos (β0 + x1) = cosβ0 − x1 sinβ0 + · · · ,
sin (β0 + x1) = sinβ0 + x1 cosβ + · · · ,

�T� Y S %

(ω + x2)
2

= ω2 + 2ωx2 + · · · ,

H4 / 2 3 1H 1; 18 </ 1 F3 68 6/; 8 D /3 J 5J = K <@ ? 1E I4 0 15? 1 x1

< x2�$ 14 = ; 65D I I �T� � ú % < � T� Y S % 5 � T� �� % M? 1=D / 7? E 1O / 3 <I? 1D 7 8 6/ 2�

Aẍ1 +
(

Aω2 cos 2β0 +Hω sinβ0 + c
2

)

x1 +Aω2 cosβ0 sinβ0−
−Hω cosβ0 + 1

2β0 + (Aω sin 2β0 −H cosβ0)x2 = X1.û4 / = Q X1

�= 1 5 10 7? 3 1= ; Q8 D /3 15 M = 14 / E � 6O <@ x1

< x2

5 = ; /? / 3 I @ 5J K /? /E 5 1 L� $E <? 12 1O <7 =D 15 <I �T� � X %? 1D 7 8 < 2? / E 5 1/ 7 E 65 3 /3 < / 5 1 F 2 7 O /3 3 1:H 14 5 <� / 3 <I�

Aẍ1 +
(

Aω2 cos 2β0 +Hω sinβ0 + c
2

)

x1+

+ (Aω sin 2β0 −H cosβ0)x2 = X1.

�T� Y T %

W 1 1E4 <3 6; 6 α I 5D I / ; = I ; 60 � / P <0D <8 /= 0 1 LNM ; 60 0 60 = 1HD 6= 3 1 �T� � S %0 <3 / ; <8 / = 0 6I '3 / E H <I I 5D I /; = I &7 3 0 P </ L; 1D Q0 1= 0 1E 1= ; < α̇M 6? 1; / 3 :P < 6D Q3 6I ' 3 /E H <I 3 / F 65 <= <; 1; α� � 60 <2 1 9E 6F 12 M4 < & & / E /3 P < 6D Q :3 1/ 7 E 65 3 /3 < /4 D I 0 1 1E4 <3 6; J α <�M =D /4 15 6; /D Q3 1M4 D I x2

? E <3 <2 6/;5 <4 �
d

dt

∂T

∂α̇
=

d

dt

∂T

∂x2
= 0.

�T� Y � %

$ 1D Q F 7 I = QE 65 /3 = ; 5 12 � T� � � % M 3 6 L4 / 2�

∂T

∂x2
= 2A (ω + x2) cos2 (β0 + x1) + 2H sin (β0 + x1) .

$ 14 = ; 65D I I '; 1 5J E 6� /3 < / 5 �T� Y � % M? 1D 7 8 6/ 2�

2Aẋ2 cos2 (β0 + x1) − 4A (ω + x2) cos (β0 + x1) =

= sin (β0 + x1) ẋ1 + 2H cos (β0 + x1) ẋ1 = 0.
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$ 14 /D < 5 ' ; 1 5J E 6� / 3 </ 3 6 2 cos (β0 + x1)

< 1= ; 65D I I ; 1D Q0 18 D /3 J ? / E :5 1H 1? 1E I4 0 6? 1 ẋ1

< ẋ2 M? 1D 7 8 < 2 5 ; 1E 1/ 7 E 65 3 / 3 </ 5 1 F 2 7 O /3 3 1H 14 5 < :� / 3 <I�

(H − 2Aω sinβ0) ẋ1 +A cosβ0ẋ2 = X2.

�T� Y Y %
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$7 = ; Q 5 1 9D 6= ; <
∑

x2
j 6 µ,

� �� T %

H4 / µ �? 1= ; 1I 3 3 1/? 1D 1� <; /D Q3 1/8 <=D 1M F 64 63 63 /0 1; 1E 6I 5 / O /= ; 5 / 3 :3 6I &7 3 0 P <I V (x) = V (x1, . . . , xn)�$E /4 ? 1D 6H 6/; = I M8 ; 1 5 1 9D 6= ; < � �� T % '; < &7 3 0 P < <� �� � �� � � � Ä �� � � � ���Ä � � Ä < 1 9E 6O 6 G; = I 5 3 7D Q M 0 1H4 6 5 = / x1, . . . , xn

E 65 3 J 3 7D GM ;� /�

V (0) = 0.
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"=D < 5 1 9D 6= ; < � �� T % &7 3 0 P <I V0 E 12 / 3 7D I 2 1� /; ? E <3 <2 6; Q F3 68 / :3 <I ; 1D Q0 1 14 3 1H 1 F3 60 6M ; 1 13 6 3 6 FJ 5 6/; = I �� � � � �� � �� ß � � � ��= 1 1; 5 /; = ; 5 /3 3 1 �� �� Ö � � � ��� � � <D < � �� � à� � � ��� � � %� "=D < � / F3 6:0 1? 1= ; 1I 3 3 6I &7 3 0 P <I 1 9E 6O 6/ ; = I 5 3 7D Q �� �� � � � �� � � �� � � � � � ��� �� � � � x1, . . . , xn

�� � � Ä � � � áM ; 1 &7 3 0 P <I V 3 6FJ 5 6; = I F3 60 1 1? E / :4 /D /3 3 1 L �= 1 1; 5 /; = ; 5 / 3 3 1 � �� � � � � �� � �� � �� � à� � � ��� � � <D < � � � � � � � �� �� �� �� �� Ö � � � ��� � � %� £ 7 3 0 P < <�M? E <3 <2 6 GO < / 0 60 ? 1D 1� <; /D Q3 J / M ; 60< 1; E <P 6; /D Q3 J / F3 68 /3 <I M 3 6FJ 5 6 G; = I �� � � � � � � � � �� � Ä � � &7 3 0 P <I :2 <� � 5 /4 / 3 3 J / ; 60 <2 1 9E 6 F 12 &7 3 0 P < < V M <=? 1D Q F 7 / 2 J /4 D I <= =D /4 1:5 63 <I 7 = ; 1 L8 < 5 1= ; <4 5 <� /3 <I M 3 6FJ 5 6 G; = I �� � � à �ß � � �ß �� � �� � �"=D < F3 60 1 1? E /4 /D / 3 3 6I &7 3 0 P <I V = V (x) 3 /? E / E J 5 3 6 5 2 /= ; /= 1= 5 1 <2 <? E 1 < F 5 14 3 J 2 <�M ; 1? E < x1 = . . . = xn = 0 13 6 974 / ; <2 /; Q
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< F 1D <E 15 63 3 J L '0 = ; E / 2 7 2 <�M =D /4 1 5 6; /D Q3 1M 5 = /8 6= ; 3 J /? E 1 < F 5 14 3 J /? /E 5 1H 1? 1E I4 0 6M 5J 8 <=D /3 3 J / 5 '; 1 L; 18 0 / M 974 7 ; E 65 3 J 3 7D G�

(

∂V

∂xj

)

0

= 0 (j = 1, . . . , n).

� �� Y %

. 6FD 1� < 2 &7 3 0 P < G V 5 E I4 B 60 D 1E / 3 6? 1= ; /? /3 I 2 x1, . . . , xn

�

V = V (0) +

n
∑

j=1

(

∂V

∂xj

)

0

xj +
1

2

n
∑

k=1

n
∑

j=1

(

∂2V

∂xk∂xj

)

0

xkxj + · · · ,

H4 / ; 18 0 62 < 1 9 1 F3 68 / 3 J 8 D /3 J 5J =K / H 1? 1E I4 0 6� A8 <; J 5 6I = 1 1; 3 1K / :3 <I � �� � % < � �� Y % M? 1D 7 8 <2

V =
1

2

n
∑

k=1

n
∑

j=1

ckjxkxj + · · · .

û4 / = Q? 1= ; 1I 3 3 J /8 <=D 6 ckj = cjk

1? E /4 /D / 3 J E 65 / 3 = ; 5 62 <

ckj =

(

∂2V

∂xk∂xj

)

0

.

"=D < � � � ��� � �� � � ß �� � ��

1

2

n
∑

k=1

n
∑

j=1

ckjxkxj

� �� ü %

1? E /4 /D /3 3 1:? 1D 1� <; /D Q3 6I M ; 1? E <4 1= ; 6; 18 3 1 2 6D J @ ? 1 2 14 7D G xj&7 3 0 P <I V ; 60 � / 974 /; 1? E /4 /D /3 3 1:? 1D 1� <; /D Q3 1 L�. 6= = 2 1; E < 2 2 6; E <P 7 0 1' & & <P </3 ; 15 0 5 64 E 6; <8 3 1 L & 1E 2 J � �� ü %
C =













c11 c12 c13 � � � c1n
c21 c22 c23 � � � c2n
c31 c32 c33 � � � c3n��� ��� ��� � � � ���

cn1 cn2 cn3 � � � cnn













<= 1= ; 65 <2 < F 3 / / n HD 65 3 J @ 2 <3 1E 15

∆1 = c11, ∆2 =
c11 c12
c21 c22

, . . . , ∆n =

c11 . . . c1n��� � � � ���
cn1 . . . cnn

.
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�� �� � àÄ � � � � " � � � à ���� ��� �Ä � � �� �� Ö � � � ��� Ä � � ~ � ~

∆1 > 0, ∆2 > 0, . . . , ∆n > 0.

� 60 <2 1 9E 6F 12 M 0 E <; /E < L > <D Q 5 / = ; E 6 I 5D I /; = I 4 1= ; 6; 18 3 J 2 �3 1 3 /3 / 1 9@ 14 <2 J 2 % 7 =D 15 </ 2 1? E /4 /D /3 3 1 L? 1D 1� <; /D Q3 1= ; <= 62 1 L &7 3 0 :P < < V�B 1� 3 1? 10 6F 6; Q ¡T T ¢ M8 ; 1 /=D < &7 3 0 P <I V F3 60 1 1? E /4 /D / 3 3 6I M ; 1? 15 /E @ 3 1= ; Q V (x1, . . . , xn) = c F 62 0 3 7 ; 6�� F 5 / = ; 3 1; 60 � / M8 ; 1 5 /0 ; 1E gradV3 6? E 65D / 3 ? 13 1E 2 6D <0 ? 15 /E @ :3 1= ; < V = c 5 ; 18 0 / M 5 = ; 1E 13 7 5 1 FE 6= ; 63 <I &7 3 0 P < < V M ;� /� 5 /0 ; 1E

gradV3 6? E 65D / 3 5 1 5 3 /K 3 G G8 6= ; Q? 1 5 /E @ 3 1= ; < V = cM / =D < &7 3 0 :P <I V 1? E /4 /D /3 3 1:? 1D 1� <; /D Q3 6M < 5 3 7 ; E Q? 15 /E @ 3 1= ; < V = cM / =D <&7 3 0 P <I V 1? E /4 /D /3 3 1: 1; E <P 6; /D Q3 6�C4 3 15 E / 2 / 3 3 1 = &7 3 0 P </ L

V (x)
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V̇ =
dV

dt
=
∂V

∂x1
ẋ1 +

∂V

∂x2
ẋ2 + · · · + ∂V

∂xn
ẋn,

<D <�M 78 <; J 5 6I 7 E 65 3 / 3 <I � T� ú % M

V̇ =
∂V

∂x1
X1 +

∂V

∂x2
X2 + · · · + ∂V

∂xn
Xn,

� �� X %

<D <

V̇ = U · gradV.� 2 / G; 2 / = ; 1=D /4 7 GO </ ; / 1E / 2 J 1 9 7 = ; 1 L8 < 5 1= ; <4 5 <� / 3 <I�' {} � { yx � �þ� � } �x} |� õ z } ýù u �} õ z u ô �u 
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ó � z �Þ � úÙ Ø Y T

I 5D / 3 <I F3 60 1 1? E /4 /D /3 3 1= ; <3 / 1 9@ 14 <2 7 8 / ; 5J =K <@ 8 D /3 1 5 E 6FD 1:� / 3 <I &7 3 0 P < < V ¡T T ¢�ì�íî íï í ùñ ð

V 63 J 7 E 65 3 /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I
ẋ1 = −x3

1 + x1x2, � �� ö %

ẋ2 = −5x2 − 3x2
1.$ 1= ; E 1 <; Q &7 3 0 P < G )mI? 7 3 1 5 6 <? 10 6 F 6; Q M8 ; 13 / 5 1 F 2 7 O / 3 3 1/4 5 <� / :3 </ x1 = x2 = 07 = ; 1 L8 < 5 1 5 P /D 12 *�

� {� {� u {nA2 3 1� 6/ 2 ? /E 5 1/ 7 E 65 3 /3 </ 3 6 x1 M 6 5 ; 1E 1/ �3 6 x2

<= 0 D 64 J 5 6/ 27 E 65 3 /3 <I� $ 1D 7 8 6/ 2�
x1ẋ1 + x2ẋ2 = −

(

x4
1 + 2x2

1x2 + 5x2
2

)

<D <

1

2

d

dt

(

x2
1 + x2

2

)

= −
(

x4
1 + 2x2

1x2 + 5x2
2

)

.

£ 7 3 0 P <I V = x2
1 + x2

2

I 5D I / ; = I? 1D 1� <; /D Q3 1: 1? E /4 /D /3 3 1 L? E < 5 = / @

x1

< x2 M 6 / /? E 1 < F 5 14 3 6I? 1 5 E / 2 /3 <

V̇ = −
(

x4
1 + 2x2

1x2 + 5x2
2

)

1; E <P 6; /D Q3 1: 1? E /4 /D /3 3 6I &7 3 0 P <I? E < 5 = / @ x1

< x2�V / L= ; 5 <; /D Q3 1M &7 3 0 P <I

x4
1 + 2x2

1x2 + 5x2
274 1 5D / ; 5 1E I /; 0 E <; / E < G > <D Q 5 / = ; E 6? E < 5 = / @ x2

1

< x2 M ; 60 0 60

∆1 = 1 > 0, ∆2 =

∣

∣

∣

∣

1 1
1 5

∣

∣

∣

∣

= 4 > 0.

� 6 1= 3 1 5 63 < <; / 1E / 2 J )mI? 7 3 15 6 1 9 7 = ; 1 L8 < 5 1= ; <4 5 <� /3 <I = <= ; / :2 6 � �� ö % I 5D I /; = I 7 = ; 1 L8 < 5 1 L 5 P /D 12�

+ J 56 ) : E6 : E 8 7B 5 8 : 9 =r 4 = 9 2 q ç6 5B f 5 è :; 2f * 5 a 2;< C 2f +`_ : =;6 2 E 2r 5 ;r : 9 =r 8 =6 fbF 9 2 96 ç : =@ 6 4 = 9 2 q ç6 5B f F D6 ; é a 2f * E : 9 2;<@ 2 f 8; 2f + 5 2 7f 4 ê : E6 6 H
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V 63 J &7 3 0 P < <�M? E 1 < F 5 14 3 J / 0 1; 1E J @ ? 1 5 E / 2 /3 < 5 = <D 7 7 E 65 3 / 3 < L5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I = 1 1; 5 /; = ; 5 / 3 3 1E 65 3 J �

1. V = x6
1 + x3

2, V̇ = −x6
1 − x4

2;

2. V = 5x4
1 − 4x2

1x2 + x2
2, V̇ = −4x4

1 + 2x2
1x2 − x2

2;

3. V = x6
1 + 3x2

2, V̇ = −
(

x3
1 − x2

)2
;

4. V = x1 − x3
2, V̇ = 4x3

1.B 1� 3 1D < 5 1=? 1D Q F 15 6; Q= I ' ; <2 < &7 3 0 P <I 2 <4 D I 1? E /4 /D / 3 <I @ 6:E 60 ; /E 67 = ; 1 L8 < 5 1= ; <4 5 <� / 3 <I ,

� {� {� u {nT� £ 7 3 0 P < G V = x6
1 + x3

2

3 /D Q F I <=? 1D Q F 15 6; Q M ; 60 0 60 13 6 F3 60 1? / :E / 2 / 3 3 6 �? E < x1 = 0 < x2 > 0M V > 0M 6? E < x1 = 0 < x2 < 0M V < 0

% M6 / /? E 1 < F 5 14 3 6I V̇ = −x6
1 − x4

2

I 5D I /; = I 1; E <P 6; /D Q3 1 : 1? E /4 /D / 3 3 1 L&7 3 0 P </ L��� £ 7 3 0 P <I V = 5x4
1 − 4x2

1x2 + x2
2

? 1D 1� <; /D Q3 1 : 1? E /4 /D / 3 3 6I M ; 600 60 5J ? 1D 3 / 3 0 E <; /E < L > <D Q 5 /= ; E 6�

∆1 = 5 > 0,

∆2 =

∣

∣

∣

∣

5 −2
−2 1

∣

∣

∣

∣

= 1 > 0.

$E 1 < F 5 14 3 6I V̇ = −4x4
1 + 2x2

1x2 − x2
2

� 1; E <P 6; /D Q3 1 : 1? E /4 /D / 3 3 6I&7 3 0 P <I M ; 60 0 60 5J ? 1D 3 / 3 0 E <; /E < L > <D Q 5 /= ; E 6�

∆1 = −4 < 0,

∆2 =

∣

∣

∣

∣

−4 1
1 −1

∣

∣

∣

∣

= 3 > 0.

$E <2 / 3 I I 0 E <; /E < L > <D Q 5 /= ; E 6M F 62 / 3 I / 2 x1

3 6 x2
1

�>D /4 1 5 6; /D Q3 1M = 1HD 6= 3 1; / 1E / 2 / )mI? 7 3 15 6M = <= ; / 2 67 = ; 1 L8 < 5 6 5 P / :D 12� Y� £ 7 3 0 P <I V = x6
1 + x2

2

? 1D 1� <; /D Q3 1: 1? E /4 /D /3 3 6I M / /? E 1 < F 5 14 :3 6I V̇ = −
(

x3
1 − x2

)2 1; E <P 6; /D Q3 6� >D /4 15 6; /D Q3 1M = 1HD 6= 3 1; / 1E / 2 /)mI? 7 3 15 6M = <= ; / 2 67 = ; 1 L8 < 5 6�

ó � z �Þ � úÙ þ Y Y

ü� £ 7 3 0 P <I V = x1 − x3
2

? 1D 1� <; /D Q3 6? E < x1 > 0 < x2 < 0M 6 / /? E 1 < F 5 14 3 6I V̇ = 4x3
1 > 0? E < x1 > 0� � 60 < 2 1 9E 6F 12 M = 1HD 6= 3 1; / 1E / 2 / /; 6/ 5 6M = <= ; / 2 63 / 7 = ; 1 L8 < 5 6�ì�íî íï í ùñ ü

C? E /4 /D <; Q 7 = ; 1 L8 < 5 1= ; Q? 1D 1� /3 <I E 65 3 1 5 /= <I = <= ; / 2 J M 7 E 65 3 / :3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I 0 1; 1E 1 L <2 / G; 5 <4 �
ẋ1 = αx3

2 + βx1
3

√

x4
1 + x4

2,

ẋ2 = −αx3
1 + βx2

3

√

x4
1 + x4

2.

� {� {� u {nA2 3 1� <2? /E 5 1/ 7 E 65 3 / 3 </ 3 6 x3
1

M 5 ; 1E 1/ �3 6 x3
2

< M =D 1� < 5 <@ M? 1 :D 7 8 <2

x3
1ẋ1 + x3

2ẋ2 = β
(

x4
1 + x4

2

)
4

3

<D <

1

4

d

dt

(

x4
1 + x4

2

)

= β
(

x4
1 + x4

2

)
4

3 .

$ 1D 1� <2 x4
1 + y4

1 = r2� � F 7 = ; 1 L8 < 5 1= ; < � <D < 3 / 7 = ; 1 L8 < 5 1= ; < % r=D /4 7 /; 7 = ; 1 L8 < 5 1= ; Q � <D <3 / 7 = ; 1 L8 < 5 1= ; Q % x1

< x2

<3 6 1 9 1E 1;� � 2 / / 2

1

4

dr2

dt
= βr

8

3

<D < 1

2

dr

dt
= βr

5

3 .
� F '; 1H 1=D /4 7 /;

1

2

dr

r
5

3

= βdt

<D <�M? 1=D / <3 ; / H E <E 1 5 63 <I M

−3

2
r−

2

3 +
3

2
r
− 2

3

0 = 2β (t− t0)

<

r
2

3 =
r

2

3

0

1 − 4
3r

2

3

0 β (t− t0)
.

"=D < β < 0M ; 1 r → 0? E < t → ∞ <E /K / 3 </ 6= <2? ; 1; <8 /= 0 < 7 = ; 1 L :8 < 5 1�
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>4 E 7 H 1 L = ; 1E 13 J M /=D < β > 0M ; 1 r → ∞? E < t → t0 + 3
4β r

− 2

3

0<= <= ; / 2 63 / 7 = ; 1 L8 < 5 6�$E < β = 0= <= ; / 2 67 = ; 1 L8 < 5 6 �= 2� ? E <2 /E 5? 6E 6H E 6 & / T� � ¡T T ¢ %�ì�íî íï í ùñ �

$ 10 6� <; / M8 ; 1 7 E 65 3 /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I 1; 3 1= <; /D Q3 1? /E 2 63 / 3 ; 3 1H 1 5 E 6O /3 <I ; 5 / E4 1H 1; /D 6 �= 2� F 64 68 7 T� X % <2 / G; 4 5 6 <3 :; / H E 6D 6�

Ax2
1 + Bx2

2 + C (x3 + ω0)
2

= const,

� �� � %

A2x2
1 +B2x2

2 + C2 (x3 + ω0)
2

= const.A0 6� <; / <@ & < F <8 /= 0 < L= 2 J =D M = 1= ; 65 Q; / = 5 I F0 7 <3 ; / HE 6D 1 5 <4 1 :0 6� <; / M8 ; 1? /E 2 63 /3 ; 3 1/ 5 E 6O / 3 </ 5 10 E 7 H 9 1D QK 1 L 1= < 'D D <? = 1 <4 6<3 / E P < < �

C > A > B

% < 5 10 E 7 H / H 1 2 6D 1 L 1= < �

C < A < B

% 7 = ; 1 L8 < 5J �

� {� {� u {n$E < 5 /4 /3 3 J /4 5 6 <3 ; / HE 6D 6 2 1� 3 1? 1D 7 8 <; Q=D /4 7 GO < 2 =? 1= 1 9 12�A2 3 1� <2? /E 5 1/ 7 E 65 3 /3 </ F 64 68 < T� ö3 6 x1 M 5 ; 1E 1/ �3 6 x2

<; E / ; Q / �3 6 (x3 + ω0)M? 1D 7 8 <2�

Ax1ẋ1 = Bω0x1x2 − Cω0x1x2 +Bx1x2x3 − Cx1x2x3,

Bx2ẋ2 = Cω0x1x2 −Aω0x1x2 + Cx1x2x3 −Ax1x2x3,

C (x3 + ω0) ẋ3 = Ax1x2x3 −Bx1x2x3 +Aω0x1x2 −Bω0x1x2.>0D 64 J 5 6I '; < 7 E 65 3 / 3 <I M? E <@ 14 <2 0

Ax1ẋ1 +Bx2ẋ2 + C (x3 + ω0) ẋ3 = 0<? 1=D / <3 ; / HE <E 15 63 <I? 1D 78 6/ 2�

Ax2
1 +Bx2

2 + C (x3 + ω0)
2

=« ­ ª µ¨ , � �� � %

;� /� ? /E 5J L < F4 5 7 @ <3 ; / H E 6D 1 5� ; 1 9J ? 1D 7 8 <; Q 5 ; 1E 1 L <3 ; / HE 6D M = 3 1 5 6 5 / E 3 / 2 = I 0 ; E / 2 7 E 65 3 / 3 < :I 2 M E 6= = 2 6; E < 5 6/ 2 J 2 5 F 64 68 / T� ü� Am2 3 1� 6/ 2 ? / E 5 1/ 7 E 65 3 / 3 </3 6 A2x1 M 5 ; 1E 1/ �3 6 B2x2

<; E /; Q / �3 6 C2(x3 + ω0)� û 6; / 2 M = 0D 6:4 J 5 6I 5 = / E / F 7D Q; <E 7 GO </ 7 E 65 3 /3 <I M? E <@ 14 <2 0 14 3 12 7 7 E 65 3 /3 < G�$E 1 <3 ; / H E <E 1 5 65 / H 1M? 1D 78 6/ 2 5 ; 1E 1 L <3 ; / HE 6D �

A2x2
1 +B2x2

2 + C2(x3 + ω0)
2 =« ­ ª µ¨ . � �� ú %

C 9 1 F3 68 < 2 <3 ; / HE 6D 5 � �� � %0 60 V1 M 6 <3 ; / H E 6D 5 � �� � %0 60 V2�

ó � z �Þ � úÙ � Y X

> 1= ; 65 < 2 = 5 I F0 7 <3 ; / HE 6D 15�

V = −V2 + CV1 ±
1

ω2
0

(

V1 − Cω2
0

)2
,

H4 / 2 3 1� <; /D Q 1

ω2
0

5 5 /4 / 3 M8 ; 1 9J = 1@ E 63 <; QE 6 F 2 / E 3 1= ; Q 5 7 E 65 3 /3 < <��3 /= / 2 5 ' ; 7 = 5 I F0 7 <3 ; / H E 6D 15 F3 68 /3 <I V1

< V2� $ 1=D / 'D / 2 /3 ; 6E 3 J @? E / 1 9E 6F 1 5 63 < L? 1D 78 6/ 2�

V = A (C −A) x2
1 +B (C −B)x2

2±

± 1
ω2

0

(

Ax2
1 +Bx2

2 + Cx2
3 + 2Cω0x3

)2

<D <

V = A (C −A)x2
1 +B (C −B)x2

2 ± 4C2x2
3 + · · · ,

� �� T S %

H4 / ; 18 0 62 < 1 9 1 F3 68 /3 J 8 D /3 J M = 14 / E � 6O </ xk 5 = ; /? / 3 < 5J K / 5 ; 1E 1 L�� 1 F Q 2 / 2 = 3 68 6D 6 F3 60 R +U 5 5J E 6� / 3 < < � �� ú % M ;� /�

V = A (C −A)x2
1 +B (C −B)x2

2 + 4C2x2
3 + · · ·

"=D < C > AM C > B < |xk|4 1= ; 6; 18 3 1 2 6D J M ; 1 &7 3 0 P <I V

974 /;? 1D 1� <; /D Q3 1: 1? E /4 /D /3 3 1 LNM 6 / /? E 1 < F 5 14 3 6I? 1 5 E / 2 / 3 <E 65 3 63 7D G�� 60 <2 1 9E 6 F 12 M 3 6 1= 3 15 63 < < ; / 1E / 2 J )mI? 7 3 1 5 6 2 1� 3 1 F 60D G8 <; Q M8 ; 1? E < C > A < C > B4 5 <� / 3 </ 7 = ; 1 L8 < 5 1��/? /E QE 6= = 2 1; E <2 5 5J E 6� /3 < < � �� ú % F3 60 R −U M ;� /�

V = A (C −A)x2
1 +B (C −B)x2

2 − 4C2x2
3 + · · ·û4 /= Q? E < C < A < C < B

&7 3 0 P <I V I 5D I /; = I 1; E <P 6; /D Q3 1 :1? E /4 /D /3 3 1 L <�M = 1HD 6= 3 1; / 1E / 2 / )mI? 7 3 1 5 6M4 5 <� / 3 </ 7 = ; 1 L8 < 5 1�$E <2 /8 63 </� >4 /D 63 3 J L 5J 5 14 1 97 = ; 1 L8 < 5 1= ; <? /E 2 63 /3 ; 3 J @ 5 E 6:O / 3 < L ; 5 / E4 1H 1 ; /D 6 5 10 E 7 H 1= / L = 2 <3 < 2 6D Q3 J 2 < 2 60 = <2 6D Q3 J 22 12 / 3 ; 62 < <3 /E P < < =? E 65 /4 D < 5 ; 1D Q0 14 D I 6 9= 1D G; 3 1 ; 5 /E4 1H 1 ; / :D 6M 0 1H4 6 5 5 1 F 2 7 O /3 3 124 5 <� / 3 < <= 7 O /= ; 5 7 G; 0 60 <3 ; / H E 6D 2 12 /3 ; 6� �� � % M ; 60 < <3 ; / HE 6D '3 /E H < < � �� � %� C4 3 60 14 1? 7 O /3 </ 10 13 = /E 5 6; < 5 :3 1= ; < 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I F 68 6= ; 7 G 10 6 FJ 5 6/; = I 3 /? E 65 12 /E 3 J 2 M;� 0 � 4 6� / = 0 1D Q 7 H 14 3 1 2 6D J /4 <= = <? 6; < 5 3 J / = <D J =? 1= 1 93 J E 6 FE 7 :K <; Q R 0 13 = / E 5 6; < 5 3 7 G U 7 = ; 1 L8 < 5 1= ; Q M /=D < / L 3 / 1; 5 /8 6/; 2 <3 <2 7 2? 1D 3 1 L 2 / @ 63 <8 /= 0 1 L ' 3 /E H < <� �E 6= = 2 1; E /3 3 1 L F 64 68 / <2 /3 3 1 '; 1 1 9:= ; 1I ; /D Q= ; 5 1 <2 / /; 2 /= ; 1 5 =D 7 8 6/? / E 2 63 /3 ; 3 1H 1 5 E 6O / 3 <I ; 5 /E4 1H 1
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; /D 6 5 10 E 7 H 1= <= 2 <3 <2 6D Q3 J 2 2 12 / 3 ; 12 <3 /E P < <�M 0 1H4 6? E < 14 3 12<; 12 � / 2 14 7D / 0 <3 /; <8 /= 0 1H 1 2 12 / 3 ; 6 5 E 6O / 3 </ 5 10 E 7 H 1= < = 2 < :3 <2 6D Q3 J 2 2 12 /3 ; 12 <3 / E P < < 1 9D 64 6/; 2 60 = <2 6D Q3 1 L0 <3 / ; <8 / = 0 1 L'3 / E H < / LNM 6 5 E 6O / 3 </ 5 10 E 7 H 1= <= 3 6 < 9 1D QK <2 2 12 /3 ; 12 <3 / E P < < �2 <3 <2 6D Q3 1 L ' 3 /E H </ L� $ 1'; 12 7 5 E 6O / 3 </ 5 10 E 7 H 2 60 = < 2 6D Q3 1 L 1= <974 /; 1 9D 64 6; Q 5 /0 1 5 1 L7 = ; 1 L8 < 5 1= ; Q GM 6 5 10 E 7 H 2 <3 <2 6D Q3 1 L �D <K QR 5 E / 2 /3 3 1 L U M? E <8 / 2 '; 6R 5 E / 2 /3 3 6I U 7 = ; 1 L8 < 5 1= ; Q M 0 60 ? 10 6 F 6D ? E < :2 /E 62 /E <0 63 = 0 1H 1=? 7 ; 3 <0 6 R -/. 0 ¾ ­ ´ ³ ´ : T T U M4 D <; = I 3 / 9 1D / /? 1D 7 ; 1E 68 6= 15�
ì�íî íï í ùñ �

AE 65 3 / 3 <I4 5 <� /3 <I ; I � /D 1H 1; 5 /E4 1H 1; /D 6= 14 3 1 L3 /? 14 5 <� 3 1 L; 18 0 1 L 2 1� 3 1? E < 5 / = ; <0 5 <4 7

Aω̇x + (C −B)ωyωz = γymz − γzmy,

� �� T T %

Bω̇y + (A− C)ωzωx = γzmx − γxmz,

� �� T � %

Cω̇z + (B −A)ωxωy = γxmy − γymx,

H4 / AM B M < C � HD 65 3 J / 2 12 /3 ; J <3 /E P < <; /D 6 1; 3 1= <; /D Q3 1 1= / L

x, y, z4 D I ; 18 0 <? 14 5 / = 6M ωx M ωy < ωz �? E 1/0 P < < 5 /0 ; 1E 6 7 HD 1 5 1 L= 0 1E 1= ; <

ω3 6 1= < xM y < z M γx M γy < γz �? E 1/0 P < < /4 <3 <8 3 1H 1 5 /0 ; 1E 6

γ 3 61= < xM y < z �3 6? E 65D I GO </ 0 1= <3 7 = J % < mx M my

< mz

�= 1= ; 65D I GO </5 /0 ; 1E 6= ; 6; <8 / = 0 1H 1 2 12 /3 ; 6= <D J ; I � /= ; < m 1; 3 1= <; /D Q3 1 1= / L

xM y< z� 1; 674 / < BD 14 F / / 5 = 0 < L 3 / F 65 <= <2 14 E 7 H 1; 4 E 7 H 64 10 6F 6D <�M8 ; 1? E <3 /0 1; 1E J @ 7 =D 1 5 <I @ ; /D 1 2 1� /; ? /E 2 63 / 3 ; 3 1 5 E 6O 6; Q= I 2 5 10 E 7 H1= < γ M <= 15 10 7? 3 1= ; Q; 60 <@ 1= / L 1 9E 6 F 7 / ; 0 13 7 =� � / 5 = /? /E 2 63 /3 ; 3 J /5 E 6O / 3 <I 7 = ; 1 L8 < 5J �> 1= ; 65 <; Q <3 ; / H E 6D J 4 5 <� / 3 <I < = ? 12 1O Q G <@ = 5 I F0 <4 10 6F 6; Q7 = ; 1 L8 < 5 1= ; Q? / E 2 63 / 3 ; 3 1H 1 5 E 6O /3 <I 5 10 E 7 H 1= <�M = 1 5? 64 6 GO / L= HD 65 :3 1 L 1= Q GM 1; 3 1= <; /D Q3 10 1; 1E 1 L 2 12 /3 ; <3 / E P < <; /D 6 <2 / /; 3 6 < 9 1D Q :K / / F3 68 / 3 </�� wxv x� u {n � 2 6; E <8 3 1 L & 1E 2 / <3 ; / HE 6D J 4 5 <� /3 <I <2 / G; 5 <4 �
F1 =

1

2
ωTJω + γTm = h, F2 = γTJω = L, F3 = γγ = 1,

3æ : Df 8E : E 9 E 2 : 5 D 8ê : E6 :4 5 D 8ê : E6 : 5 2@ D4 1 F 2 = 9 2r E E 2 q 5 F D 2 = 9 D 8E = 9 5 :6 5 9 :; :2 =6 5 =4 1 ; 2 5 2 q =@ 2 D 2 = 9< é ω(t)H

ó � z �Þ � úÙ 6 Y �

H4 / h < L �0 13 = ; 63 ; J <

ω =





ωx
ωy
ωz



, J =





A 0 0
0 B 0
0 0 C



, m =





mx

my

mz



, γ =





γx
γy
γz



.

"=D <; /D 1 <2 / /; 2 60 = <2 6D Q3 J L 2 12 /3 ; <3 /E P < < 1; 3 1= <; /D Q3 1 1= < z M; 1 7 = ; 1 L8 < 5 1= ; Q3 7 � 3 1 1? E /4 /D <; Q4 D I 5 E 6O /3 <I ; /D 6 1; 3 1= <; /D Q3 1'; 1 L 1= <ý 5 '; 12 =D 7 8 6/ ωx = ωy = 0M mx = my = 0M γx = γy = 0� > 5 I F0 7<3 ; / HE 6D 15 =D /4 7 / ; 5 F I ; Q 5 & 1E 2 /
V (ω,γ) = F1 + λF2 +

1

2
µF3,

H4 / λ < µ �3 / 1? E /4 /D /3 3 J / 2 3 1� <; /D <� $ 10 6� <; / M8 ; 1 λ = −|ω|M 64 D I5J 9E 63 3 1 L 1= < <2 / / ; 2 / = ; 1= 1 1; 3 1K /3 </ µ = Cω2 −mz� �; 1? 12 1� /;4 10 6F 6; Q 7 = ; 1 L8 < 5 1= ; Q? /E 2 63 / 3 ; 3 1H 1 5 E 6O / 3 <I 5 10 E 7 H 1= < z�

� {� {� u {n�3 ; / H E 6D F1 = h � <3 ; / HE 6D '3 /E H < <�M F2 = L � <3 ; / HE 6D ? E 1/0 P < <2 12 / 3 ; 15 M 6 F3

�7 =D 1 5 </ = 5 I F <4 D I 3 6? E 65D I GO <@ 0 1= <3 7 = 15� � < 14 <3< F '; <@ <3 ; / H E 6D 15 3 / I 5D I /; = I? 1D 1� <; /D Q3 1: 1? E /4 /D /3 3 1 L &7 3 0 P </ L)mI? 7 3 15 6� $ 1'; 12 7 M 5 = 1 1; 5 /; = ; 5 < <= E /0 12 / 34 6P </ L M = 1= ; 65 <2 = 5 I F0 7<3 ; / HE 6D 15�
V (ω,γ) = F1 + λF2 +

1

2
µF3.

$ 14 = ; 65 <2 5 /D <8 <3 J F1 M F2

< F3

5 '; 7 = 5 I F0 7 < 5J 8 <=D <2 ? / E 5 7 G5 6E < 6P < G &7 3 0 P < < V�

δV = δω (Jω + λJγ) + δγ (m + λJω + µγ) .

�; 6 5 6E < 6P <I 1 9E 6O 6/ ; = I 5 3 1D Q M /=D < 1 9ó/ = 0 1 90 <E 65 3 J 3 7D G�

J (ω + λγ) = 0,
m + λJω + µγ = 0.

C; = G4 6 F 60D G8 6/ 2 M8 ; 1

λ = −|ω|, µ = ω2C −mz.
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V M 1? E /4 /D <2 / / 5 ; 1E 7 G 5 6E < 6P < G 5 10 E / = ; 3 1= ; < E 6= = 2 6; E < 5 6/ 2 1H 1? /E 2 63 / 3 ; 3 1H 1 5 E 6O / 3 <I ω, γ�

δ2V = δωJδω + 2λδγJδω + µδγδγ.û 62 / ; <2 M8 ; 1 F3 = γγ = 1 <�M =D /4 1 5 6; /D Q3 1M γδγ = 0� � F '; 1H 1? 1D 7 8 6/ 2 M8 ; 1 5 3 6K / 2 =D 7 8 6/ δγz = 0�A8 <; J 5 6I '; 1M <2 / / 2�

δ2V = Aδω2
x +Bδω2

y + Cδω2
z + 2λ (Aδγxδωx +Bδγyδωy) +

+ µ
(

δγ2
x + δγ2

y

)

.VD I? 1D 7 8 / 3 3 1 L0 5 64 E 6; <8 3 1 L & 1E 2 J 1; δγ2
x, δγ

2
y , δω

2
x, δω

2
y, δω

2
z

= 1= ; 6:5 <2 2 6; E <P 7 0 1' & & <P </3 ; 15













µ 0 λA 0 0
0 µ 0 λB 0
λA 0 A 0 0
0 λB 0 B 0
0 0 0 0 C













.

�/? /E Q M 5 1=? 1D Q F 1 5 65K <= Q0 E <; /E </ 2 > <D Q 5 /= ; E 6M? 1D 7 8 <2�

∆1 = µ > 0,

∆2 = µ2 > 0,

∆3 = µ2A− λ2µA2 = µA
(

µ− λ2A
)

> 0,

∆4 = AB
(

µ− λ2B
) (

µ− λ2A
)

> 0.A8 <; J 5 6I M8 ; 1 mz > 0 5 = <D 7 � �� T S % M 7 =D 1 5 </ ∆1 = µ > 0? E < 5 14 <; 0

ω2 >
mz

C
.� F 7 =D 15 <I ∆3 > 0=D /4 7 /;�

ω2 >
mz

C −A
.
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C −B
.

� �� T X %

$E < C > B > A 5 = / 7 =D 1 5 <I 7 = ; 1 L8 < 5 1= ; <4 D I E 6= = 2 6; E < 5 6/ 2 1H 1? /E 2 63 / 3 ; 3 1H 1 5 E 6O / 3 <I = 5 14 I ; = I 0 14 3 12 7 3 /E 65 / 3 = ; 5 7 � �� T � %�
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? 1D 1� /3 <I E 65 3 1 5 /= <I q∗
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∂qi
= 0M 6 <@
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dq2
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VD I 3 / H 1? 1; /3 P < 6D Q3 6I '3 / E H <I 5 1; 0D 13 /3 3 12 = 1= ; 1I 3 < < /= ; Q

Π(ϕ) = P (a| sinϕ| + b| cosϕ|) ,
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A AÙ > {Û | �Þ 	� | {Û? {Û �B 	 | � � x �  @ z � 	C �� 	 �� � @ �� 	Þ � {Ü 	 @ { 	 {Û �� üT
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�� � �� �� ��V / L= ; 5 <; /D Q3 1M 5 7 E 65 3 /3 < < ) 6HE 63 � 64 D I 0 1 1E4 <3 6; J ϕ

d

dt

∂T

∂ϕ̇
− ∂T

∂ϕ
= −∂Π

∂ϕ

18 / 5 <4 3 1 < 2 / / 2 ∂T
∂ϕ = 0M ∂Π

∂ϕ = 0 <�M =D /4 15 6; /D Q3 1M P <0D <8 /= 0 < L <3 ; / :HE 6D 974 / ;

∂T

∂ϕ̇
=« ­ ª µ¨ = pϕ.

$ 1= E /4 = ; 5 12 '; 1H 1 <3 ; / HE 6D 6 2 1� 3 1 <= 0 D G8 <; Q < F 7 E 65 3 / 3 < L4 5 <� / :3 <I P <0D <8 /= 0 7 G = 0 1E 1= ; Q M? 1=D / 8 / H 1 5 3 <@ 1= ; 63 7 ; = I ; 1D Q0 1? 1 F < :P < 13 3 J / 0 1 1E4 <3 6; J M 1= ; 6 GO </= I? 1= ; 1I 3 3 J 2 < 5 = ; 6P < 13 6E 3 12 4 5 < :� / 3 < <� #3 6D < F 7 = ; 1 L8 < 5 1= ; < ' ; 1 L = <= ; / 2 J = 5 14 <; = I 0 <= =D /4 15 63 < G/ / R 0 5 6 F <E 65 3 1 5 / = 3 1H 1 U = 1= ; 1I 3 <I M ;� /� 0 63 6D < F 7 3 6 '0 = ; E / 2 7 2 3 1 5 1 L? 1; /3 P < 6D Q3 1 L &7 3 0 P < < � < F 2 / 3 /3 3 1 L? 1; /3 P < 6D Q3 1 L '3 /E H < < W (q)MH4 / q �= ; 1D 9/P 1 9 1 9O / 3 3 J @ ? 1 F <P < 13 3 J @ 0 1 1E4 <3 6;� W 13 0 E / ; 3 6I? E 1 :P /4 7 E 6? 1= ; E 1/ 3 <I W (q)E 6FE 6 9 1; 63 6 . 67 = 124 D I 1 9O / H 1=D 7 8 6I M 0 1H4 65 <= @ 14 3 1 L = <= ; / 2 / = n= ; /? /3 I 2 < = 5 1 9 14 J <2 / /; = I m? 1 F <P < 13 3 J @< n−mP <0 D <8 / = 0 <@ 0 1 1E4 <3 6; M 0 1; 1E J 2 1; 5 /8 6 G; n−mP <0D <8 /= 0 <@<3 ; / HE 6D 15

∂T

∂q̇m+i
=« ­ ª µ¨ = pi, i = 1, n−m.
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C 9 1 F3 68 6I 8 /E / F Ω= ; 1D 9/ P < F n−mP <0D <8 / = 0 <@ = 0 1E 1= ; / LNM 68 /E / F p1; 5 /8 6 GO < L <2 = ; 1D 9ó/P P <0 D <8 / = 0 <@ <3 ; / HE 6D 1 5 M 1 9E 6 F 7 / 2 &7 3 0 P < G. 67 = 6

R = T − p

D

Ω
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; E / @ 6D H / 9E 6 <8 /= 0 <@ & 1E 2 R = R2 + R1 + R0,

H4 / R2

�0 5 64 E 6; <8 :3 6I & 1E 2 6 1; ? 1 F <P < 13 3 J @ = 0 1E 1= ; / LNM R1

�D <3 / L3 6I M 6 R0
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%

∂W
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∣
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∣
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dq2
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∣

∣

∣
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∣
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∣

∣
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∂2W
∂q1∂q2
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∂2W
∂q2

2

∣

∣

∣

∣

∣

∣
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,

< 7 =D 1 5 <I 7 = ; 1 L8 < 5 1= ; <= 5 /4 7 ; = I 0 3 /E 65 / 3 = ; 5 62

∣

∣

∣

∣

d2W

dq2

∣

∣

∣

∣

q∗
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d2W

dq21

∣

∣

∣
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� {� {� u {nC 9 1 F3 68 <2 5 / E ; <0 6D Q3 J / 0 1 1E4 <3 6; J ; 18 /0 C < P8 / E / F z1

< z2= 1 1; 5 /; = ; 5 / 3 3 1� � F E <=� Y� �3 6@ 14 <2

z1 =
a

2
tanϕ, z2 = l − 2a

2 cosϕ
.
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$ 1; / 3 P < 6D Q3 6I ' 3 /E H <I = <= ; / 2 J E 65 3 6

Π = −Qz1 − Pz2 = −Qa
2

tanϕ− P

(

l − a

cosϕ

)

.

�? 1D 1� / 3 < < < F 1D <E 1 5 63 3 1H 1 E 65 3 15 /= <I 0 13 = / E 5 6; < 5 3 1 L = <= ; / :2 J Π′
ϕ = 0

∂Π

∂ϕ
= −Qa

2

1

cos2 ϕ
+ Pa

sinϕ

cos2 ϕ
= − a

cos2 ϕ

(

Q

2
− P sinϕ

)

= 0.

>D /4 15 6; /D Q3 1M

sinϕ0 =
Q

2P
< 1,

�Y� Y %

; 60 8 ; 1? E < Q > 2PE 65 3 15 / = <I 3 / = 7 O /= ; 5 7 /;� "=D < Q < 2P M ; 1? 1D 1:� / 3 </ E 65 3 15 /= <I 3 6 9D G4 6/; = I? E <

ϕ0 = arcsin
Q

2P
.

�; 1? 1D 1� /3 </ 7 = ; 1 L8 < 5 1M ; 60 0 60 5 3 / 2

(

∂2Π

∂ϕ2

)

ϕ=ϕ0

=
Pa

cosϕ0
> 0.

$E < 5J 8 <=D /3 < < 5 ; 1E 1 L? E 1 < F 5 14 3 1 L7 8 ; / 3 1E 65 /3 = ; 5 1 � Y� Y %�

ó � z �Þ � þÙ ú ü X

ì�íî íï í üñ ù

� 10 i1

; /8 /; ? 1? E I 2 1D <3 / L3 12 7 5 /E ; <0 6D Q3 12 7 3 /? 14 5 <� 3 12 7 ? E 1 :5 14 3 <0 7 M ? E <; I H < 5 6 GO / 2 7 ? 6E 6D D /D Q3 J L / 2 7 ? 14 5 <� 3 J L? E 15 14 :3 <0 AB M? 10 1; 1E 12 7 ; /8 / ; ; 10 i2� �= 2� E <=� Y� Y %�

ôõö â û â û

VD <3 6 60 ; < 5 3 1H 1 78 6= ; 0 60 6�4 1H 1? E 15 14 3 <0 6E 65 3 6 l� $E 7 � <3 6� / = ; 0 1= ; < c? E <0 E /? D /3 60 ? E 15 14 3 <0 7 AB� $E < 1; = 7 ; = ; 5 < <; 10 6 5? E 1 :5 14 3 <0 / ABE 6= = ; 1I 3 </ 2 / �4 7 ? E 15 14 3 <0 62 <E 65 3 1 a� � 6 L; <? 1D 1� / :3 <I E 65 3 15 /= <I = <= ; / 2 J < <= =D /4 1 5 6; Q <@ 7 = ; 1 L8 < 5 1= ; Q�� wxv x� u {n > <D 6 5 F 6 <2 14 / L= ; 5 <I4 5 7 @ ? 6E 6D D /D Q3 J @ ? E 15 14 3 <0 15

E 65 3 6 F = β
2i1i2
d

lM H4 / β = µ0µ
4π

� û4 / = Q i1 < i2 �= <D J ; 10 6 5? E 15 14 3 < :0 6@ M d �E 6= = ; 1I 3 </ 2 / �4 7 ? E 15 14 3 <0 62 <�M l �4 D <3 6 60 ; < 5 3 1H 178 6= ; 0 60 6�4 1H 1? E 1 5 14 3 <0 6M 6 µ0, µ

= 1 1; 5 /; = ; 5 / 3 3 1 2 6H3 <; 3 6I? E 13 <P 6/ 2 1= ; Q5 60 7 7 2 6 < 2 6; / E < 6D 6�

� {� {� u {n> <D 6M4 / L= ; 5 7 GO 6I 3 6? 14 5 <� 3 J L? E 15 14 3 <0 AB M E 65 3 6

F = β
2i1i2l

d
− cx = β

2i1i2l

a− x
− cx.

� 60 0 60 ' ; 6= <D 6 F 65 <= <; ; 1D Q0 1 1; 14 3 1 L 1 9 1 9O / 3 3 1 L0 1 1E4 <3 6; J xM; 1 13 6? 1; / 3 P < 6D Q3 6M ; 1 /= ; Q F = −dΠ
dx

M H4 / Π(x) �? 1; /3 P < 6D Q3 6I
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'3 / E H <I� VD I Π; 1H4 6? 1D 7 8 6/ 2 5J E 6� /3 < /

Π(x) =
∫ x

0

(

cx− β 2i1i2l
a−x

)

dx = c
[

x2

2 + α ln(1 − x
a )
]

,

H4 / α = β 2i1i2l
c

��E 6 & <0 '; 1 L &7 3 0 P < <? 10 6F 63 3 6E <=� Y� üM 1; 0 74 6 5 <4 3 13 6D <8 </5 1 9O / 2 =D 7 8 6/ ; 18 /0 2 <3 <2 7 2 6 < 2 60 = <2 7 2 6 Π(x)�

ôõö â û â ÿ

W 1 1E4 <3 6; J x1

< x2

'; <@ ; 18 /0 =D /4 7 / ; <= 0 6; Q < F 7 =D 15 <I E 65 3 15 / := <I F = 0M = 5 14 I O / H 1= I 0 7 E 65 3 /3 < G

x2 − ax+ α = 0.

�Y� ü %

./K / 3 <I '; 1H 1 7 E 65 3 /3 <I

x1 =
a

2
−
√

a2

4
− α > 0, x2 =

a

2
+

√

a2

4
− α > 0

= 7 O / = ; 5 7 G; ? E < 7 =D 15 < < α < a2

4

M ; 1 /= ; Q0 1H4 6= <D 6 'D /0 ; E 12 6H 3 <; 3 1 :H 1 5 F 6 <2 14 / L= ; 5 <I? E 1 5 14 3 <0 1 5 3 / =D <K 0 12 5 /D <0 6�  ; 1 9J 7 9/4 <; Q= I5 3 6D <8 < < 2 <3 <2 7 2 6 < 2 60 = <2 7 2 6 Π 5 ; 18 0 6@ x1

< x2 M4 1= ; 6; 18 3 1 5J :8 <=D <; Q 5 '; <@ ; 18 0 6@ Π′′(x)�

Π′′(x) = c

[

1− α

(x − a)2

]

.

ó � z �Þ � þÙ þ ü �

�; 18 0 6@ '0 = ; E / 2 7 2 6= 1HD 6= 3 1 � Y� ü % <2 / / 2 a− xi = α
xi

M ; 60 8 ; 1
Π′′(xi) = c

[

1 − x2
i

α

]

=
c

α
[2α− axi].

� 1H4 64 D I ; 18 /0 x1

< x2

<2 / / 2

Π′′(x1) =
c

α

[

2α− a(
a

2
+

√

a2

4
− α)

]

=

=
2c

α

√

a2

4
− α

(

α

2
−
√

a2

4
− α

)

=
2c

α

√

a2

4
− αx1 > 0,

Π′′(x2) =
c

α

[

2α− a(
a

2
−
√

a2

4
− α)

]

=

=
2c

α

√

a2

4
− α

(

−α
2
−
√

a2

4
− α

)

= −2c

α

√

a2

4
− αx2 < 0.

$E < α = a2

4

'0 = ; E / 2 7 2 J =D < 5 6 G; = I M 1 9E 6F 7 I ; 18 0 7 ? /E / H < 9 6M 0 1; 1E 6I ME 6F 7 2 / /; = I M 3 / 7 = ; 1 L8 < 5 6�

ì�íî íï í üñ ü

�= =D /4 15 6; QE 65 3 15 /= < / = <= ; / 2 J M? 10 6F 63 3 1 L3 6E <=� Y� X� û4 /= Q? 1 :0 6F 63 1 9E 6O / 3 3 J L 2 6I ; 3 <0 4 D <3 1 L lM 0 6? /0 = 7 0 1; 1E 1H 1? E <D 1� /3 63 /0 1; 1E 6I R 2 /E ; 5 6I U = <D 6 P M4 / L= ; 5 7 GO 6I 54 1D Q 5 /E ; <0 6D <� �K 6E :3 <E 3 1 L 1? 1E / 2 6I ; 3 <0 6 <2 / / ; = I ; 1E = < 13 �7 HD 1 5 6I? E 7 � <3 6 % � /= ; 0 1:= ; Q G γ M = 1 F4 6 GO < L 5 1= = ; 63 65D < 5 6 GO < L 2 12 /3 ; M = −γϕ? E < 1; 0D 1:3 /3 < < 2 6I ; 3 <0 6 1; 5 / E ; <0 6D <3 67 H 1D ϕ�

� {� {� u {n> 1= ; 65 < 2? 1; /3 P < 6D Q3 7 G '3 / E H < G 2 6I ; 3 <0 6

Π(ϕ) = P l cosϕ+
1

2
γϕ2 = γ

(

cosϕ

α
+
ϕ2

2

)

.

� Y� X %

�3 6? <= 63 3 1/ 5J E 6� /3 </ 5 @ 14 I ; 4 5 60 1' & & <P </3 ; 6M < F 1; 3 1K /3 <I 0 1:; 1E J @ 2 1� 3 1? 1D 7 8 <; Q 14 <3 7? E 65D I GO < L 9/ FE 6F 2 /E 3 J L? 6E 62 /; E M



ü� × � �� � þÙ > {Û | �Þ 	� | {Û? x �� � | � � { 	ä Ü | � { � x � �Û 	� �  @ { 	 {Û ��
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3 6? E <2 /E M α = γ
P l

� � 1H4 6 <= 0 12 6I 0 E < 5 6I = 1= ; 1I 3 < LE 65 3 15 /= <I * M < F 1 9:E 6� /3 3 6I 3 6E <=� Y� ö M 1? E /4 /D <; = I 7 E 65 3 /3 </ 2

dΠ

dϕ
= γ

(

ϕ− sinϕ

α

)

= 0.

�Y� ö %

� 6? D 1= 0 1= ; < (ϕ, α) '; 60 E < 5 6I = 1= ; 1 <; < F 5 / ; 5 / L EM E EM 1? E /4 /D I / 2 J @= 1 1; 3 1K / 3 <I 2 <

ϕ = 0, −∞ < α <∞,

−∞ < α <∞, α =
sinϕ

ϕ
.

� Y� � %

� 6E <=� Y� ö 5 /; 5 Q E? E /4 = ; 65D I /; = 1 9 1 L 1= Q 1E4 <3 6; M 6 5 /; 5 Q E E3 6:? 12 <3 6/ ; F 6; 7 @ 6 GO 7 G= <3 7 = 1 <4 7� � /; 5 Q E 1? <= J 5 6/ ; 14 3 1E 65 3 1 5 /= 3 1/? 1D 1� /3 </ 2 6I ; 3 <0 6 ϕ∗ = 0� � /; 5 Q E E 1? E /4 /D I /; 0 13 ; <3 7 7 2 0 E <; <8 / := 0 <@ ; 18 /0 2 &7 3 0 P < L �Y� X %� � F E <=� Y� ö 2 1� 3 1 5 <4 /; Q M8 ; 1 <2 / / ; = I ; 18 0 6

+F D6 5 8r * F 2 5 : DG E 2 = 9< + = 2 = 9 2r E6 q D 8 5 E 2 5 : =6 r 4 = 9 8E 8 5 ;6 5 8 : 9 7 8 56 =6 f 2 = 9< F 2; 2b) : E6 r D 8 5 E 2 5 : =6 r 2 9@ 8@ 21 2b ;6 a 2 2 F D : 3 :;r éê :1 2 F 8 D 8f : 9 D 8 * F 8 D 8f : 9 D 2 5 + =6 = 9 :f B3F D6 96 ç : =@ 6 : 9 2 ç@ 6 G4 E@ è6 6 Π 4 p 9 2 ;6 a 2 9 2 ç@ 6 : : = 9 8 è6 2 E 8 D E 2 = 96 _ 5@ 2 9 2bDB G dΠ

dq
= 0_ ;6 a 2 9 2 ç@ 6 E : 8E 8;6 96 ç : =@ 21 2 * 74 a è 2 5 21 2 + p@ = 9 D :f 4 f 8 G4 E@ è6 6 Π(q)HH =;6 Π(q) 4 F 2 9 : E è6 8;< E 8r p E : D1 6 r =6 = 9 :f B _ 9 2@ D6 96 ç : =@ 6 : 9 2 ç@ 6 4 p 9 2 9 2 ç@ 6D 8 5 E 2 5 : =6 r H

ó � z �Þ � þÙ þ ü ú

ôõö â û â �

? /E /= /8 /3 <I 5 / ; 5 / L E < E E �; 18 0 6 § �

ϕ = 0M α = 1

% M I 5D I GO 6I = I �� � � � ��� �� � �� à � � �; 18 0 1 LE 6= O /? D /3 <I % I� > 2 J =D ' ; 1H 1; / E 2 <3 6= ; 63 1 5 <; = II = / 3 M / =D <? E 1=D /4 <; Q F 6? 15 /4 / 3 </ 2 = <= ; / 2 J ? E < 0 5 6F <= ; 6; <8 / = 0 125 1 FE 6= ; 63 < <= <D J P 1; F3 68 /3 < L P ≈ 0M 0 1; 1E J 2 1; 5 /8 6/ ; α → ∞M4 1F3 68 /3 < L M 1; 5 /8 6 GO <@ α = 1� � <4 3 1M8 ; 1 5 ; 18 0 / §? E <4 6D Q3 / LK / 27 2 /3 QK /3 < < α 5 1 F 2 1� / 3 ? D 65 3 J L? / E /@ 14 5 / ; 5 < E3 6 5 / ; 5 Q E E <4 6D Q3 / L :K / /? /E / 2 / O /3 </? 13 / L? E < 2 13 1; 13 3 12 < F 2 / 3 /3 < < αM = 1HD 6= 3 1 �Y� � %�� 1 F 2 1� 3 1= ; Q; 60 1 L 9 < &7 E 0 6P < < 1 97 =D 15D /3 6 & 1E 2 1 L0 E < 5 1 L ΠI (ϕ)? E <E 6F3 J @ αM F 64 65 6/ 2 1 L / / E 6FD 1� / 3 </ 2

δΠ =

(

1 − 1

α

δϕ2

2
+

1

α

δϕ2

4!
+ · · ·

)

.
� <4 3 1M8 ; 1 F 6? E /4 /D 62 < 1; E / F0 6 0 6 α 6 1 5 = / ; 18 0 < 5 /; 5 < E I 5D I G; = I; 18 0 62 < 2 <3 < 2 7 2 6 δΠ < <2 1; 5 /8 6/; 7 = ; 1 L8 < 5 1/ = 1= ; 1I 3 </ E 65 3 15 / := <I 2 6I ; 3 <0 6� �3 7 ; E < � / 1; E / F0 6 <2 / / ; 2 /= ; 1 2 60 = <2 7 2 δΠM ;� /� <21; 5 /8 6/; 3 / 7 = ; 1 L8 < 5 1= ; QE 65 3 15 /= <I� �E 63 <8 3 6I ; 18 0 6 α = 0 I 5D I /; = I= <3 H 7D I E 3 1 L M < / L 1; 5 /8 6/ ; 7 = ; 1 L8 < 5 1= ; Q? E < α → −0 < 3 / 7 = ; 1 L8 < :5 1= ; Q? E < α → +0� � 6 < 9 1D QK < L <3 ; / E /= ? E /4 = ; 65D I /; 5J E 1�4 / 3 3 6I; 18 0 6 9 < &7 E 0 6P < < α = 1M 5 0 1; 1E 1 LE 6FD 1� / 3 </ δΠ3 68 <3 6/; = I = 1=D 6:H 6/ 2 1H 18 /; 5 /E ; 1H 1? 1E I4 0 6 <0 1; 1E 6I I 5D I /; = I? 1'; 12 7 = ; E 7 0 ; 7 E 3 1 :3 / 7 = ; 1 L8 < 5 1 LNM @ 1; I 5 3 / LE 65 3 15 / = </ 2 6I ; 3 <0 6 & 1E 2 6D Q3 17 = ; 1 L8 < 5 1�

JK 2 ç@ 6 a6 G4 D@ 8 è6 6 4 9 2 ç@ 6 D 8 = ê : F; : E6 r @ D6 5 2 q = 2 = 9 2r E6 q D 8 5 E 2 5 : =6 r E 8 c6 ;6 a 2; : : 5 : 9 5 : qH
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C 9E 6O 6I = Q; /? /E Q0 5 /; 5 < E EM 1? E /4 /D I / 2 1 LE 65 / 3 = ; 5 12 � Y� � % M 3 6 L :4 / 2 3 63 / L 5J E 1�4 /3 3 J / 0 E <; <8 /= 0 </ ; 18 0 < < F 7 =D 15 <I

d2ΠII

dϕ2
= γ

(

1 − cosϕ

α

)

= 0.

�Y� � %

> 1? 1= ; 65D I I / H 1= � Y� � % M? 1D 7 8 6/ 24 D I '; <@ ; 18 /0 = 1 1; 3 1K /3 <I

α∗∗ = cosϕ∗∗, tanϕ∗∗ = ϕ∗∗.

� Y� ú %

� /; E 74 3 1 7 9/4 <; Q= I M8 ; 1 13 <? E /4 = ; 65D I G; = 1 9 1 L; 18 0 < '0 = ; E / 2 7 2 155 / ; 5 < E EM ; 60 0 60 = 1HD 6= 3 1 � Y� � %

dα

dϕ
=
ϕ cosϕ− sinϕ

ϕ2
= 0.

� 1 9O / 2 � / =D 7 8 6/4 D I 5J E 1�4 / 3 3 J @ 0 E <; <8 / = 0 <@ ; 18 /0 <2 / / 2

dα

dϕ
=

∂Q
∂ϕ

∂Q
∂α

=

∂2ΠII

∂ϕ2

∂2ΠII

∂ϕ∂α

.

L= 3 1M8 ; 1 ' ; <; 18 0 < �3 / 2 1E = 1 5 = 0 </ M < 13 <= ; E 7 0 ; 7 E 3 1:3 / 7 = ; 1 L8 < 5J ��= / 1= ; 6D Q3 J / ; 18 0 < 5 /; 5 < E E / = ; Q 2 1E = 1 5 = 0 </ ; 18 0 <�M 7 = ; 1 L8 < 5 1= ; Q <D <3 / 7 = ; 1 L8 < 5 1= ; Q 5 0 1; 1E J @ 1? E /4 /D I /; = I F3 60 12 ∂2ΠII

∂ϕ2

� > 1HD 6= 3 1 � Y� ú %

7 =D 1 5 </ 7 = ; 1 L8 < 5 1= ; < /= ; Q

α > cosϕ, α > 0;

α < cosϕ, α < 0.� 6E <=� Y� ö 7 = ; 1 L8 < 5J / 78 6= ; 0 <0 E < 5 1 L= 1= ; 1I 3 < LE 65 3 1 5 / = <I 5J 4 /D / :3 J � <E 3 1 LD <3 </ LNM 63 / 7 = ; 1 L8 < 5J / �? E /E J 5 <= ; 1 L� ; 1 9J <= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; QE 65 3 15 / = <I 5 5J E 1�4 /3 3 J @ ; 18 :0 6@ N M ½ < ;� 4 � M F 6? <K / 2 5 9D < F < 3 <@ E 6FD 1� / 3 </ Π = 7 8 /; 12 7 =D 1:O L 2 D = 2 5 =@ 8r @ D6 96 ç : =@ 8r 9 2 ç@ 8 * E 8 7 5 8E E 8r 5 ç : = 9< 8f : D6 @ 8E =@ 21 2 f 89 :f 896 b@ 8 L H L 2 D = 8_6 74 ç6 5C :1 26 G 5 -. e d1 H + 4 p 9 2 E : 5B D 2 ) 3 : E E 8r @ D6 96 ç : =@ 8r 9 2 ç@ 8_5@ 2 9 2 D 2 q dΠ

dq
= 0_ PQPRP d2

Π

dq2

PQPRP 6= 0H H =;6 ) : PQPRP d2
Π

dq2

PQPRP = 0_ 9 2@ D6 96 ç : =@ 8r 9 2 ç@ 8 E 8 7B 5 8 : 9 =r5B D 2 ) 3 : E E 2 q * E :f 2 D = 2 5 =@ 2 q + H L 2 D = 2 5 =@ 6 :@ D6 96 ç : =@ 6 : 9 2 ç@ 6 aB 5 8 é 9 9 D : G 56 3 2 549 2 ç@ 6 f6 E6 f 4 f 8_ f 8@ =6 f 4 f 86 = : 3 ; 2 5B :H

ó � z �Þ � þÙ þ XT

5 < L �Y� ö % < �Y� � %� C; 9E 6= J 5 6I 5 = <D 7 '; <@ 7 =D 1 5 < LD <3 / L3 J / <0 5 64 E 6:; <8 3 J /? 1 δϕ=D 6H 6/ 2 J /? 1D 7 8 <2

δΠ =
sinϕ∗
6α∗

δϕ3 + · · · =
1

3!

d3Π

dϕ3

∣

∣

∣

∣

∗
δϕ3,

1; 0 74 6 18 / 5 <4 3 63 / 7 = ; 1 L8 < 5 1= ; QE 65 3 1 5 / = <I 5 '; <@ ; 18 0 6@ M F 6 <= 0D G :8 /3 </ 2 ; 18 0 < § M 5 0 1; 1E 1 L ϕ∗ = 0M <E 6 FD 1� /3 < / 3 68 <3 6/; = I = 8 /; 3 1 L= ; /? /3 < δϕ�� 1;D <8 </ 1; ; 18 0 < 9 < &7 E 0 6P < < § 5 = /? E 18 </ 5J E 1�4 /3 3 J / ; 18 0 <5 / ; 5 < E E I 5D I G; = I ; 18 0 62 <0 6; 6= ; E 1 & M ; 60 0 60 ? E < 2 13 1; 13 3 12 < F 2 / :3 /3 < < 7? E 65D I GO / H 1? 6E 62 /; E 6 α 5 3 <@ ? E 1 <= @ 14 <; = 0 68 0 1 1 9E 6F3 J L? /E /@ 14 2 6I ; 3 <0 6 5 3 15 1/ = 1= ; 1I 3 </ E 65 3 1 5 / = <I � <D <4 5 <� /3 <I %� � 60? E <? E < 9D <� / 3 < <0 ; 18 0 / ½ ? 1 5 / ; 5 < E E 2 6D / LK / /? E / 5J K / 3 </ 5 /D <8 < :3 J α3 64 ? E /4 /D Q3 J 2 7 E 15 3 / 2 αC
? E < 5 14 <; 0 = E J 5 7 = <= ; / 2 J < F ; 18 0 <½� � 60 </ ; 18 0 <3 6 FJ 5 6 G; ? E /4 /D Q3 J 2 <; 18 0 62 <0 E < 5 1 L= 1= ; 1I 3 < LE 65 :3 15 /= <I S� � 6 I FJ 0 / ; / 1E < <0 6; 6= ; E 1 &E 6= = 2 1; E / 3 3 6I 0 6; 6= ; E 1 & 63 1= <;3 6F 5 63 </ 0 6; 6= ; E 1 &J = 0D 64 0 <�M ; 60 0 60 = 62 7 5 /; 5 Q E E 2 1� 3 1; E 60 ; 15 6; Q0 60 = /8 / 3 </ 3 /0 1; 1E 1 L= 0D 64 8 6; 1 L? 15 /E @ 3 1= ; <= 1= ; 1I 3 < LE 65 3 1 5 / = <I�� ; / @ =D 7 8 6I @ M 0 1H4 6 ' 3 /E H <I Π(q, α) F 65 <= <; 1; 9 1D QK / H 18 <=D 6? 6:E 62 / ; E 1 5 <D < 9 1D QK / H 18 <=D 60 1 1E4 <3 6; M = 1 1; 5 /; = ; 5 / 3 3 1 7 =D 1� 3 I / ; := I < H / 12 / ; E <I? 1 5 / E @ 3 1= ; <= 1= ; 1I 3 < LE 65 3 1 5 / = <I M 3 60 1; 1E 1 L 2 1H 7 ;? 1I 5 <; Q= I = 9 1E 0 < �? 1= ; /? /3 3 1 <= 8 / F 6 GO < / = 0D 64 0 < % M =4 5 1/3 3 J / = 9 1E :0 < < <3 J / H / 12 /; E <8 /= 0 </ & 1E 2 J M4 6 GO < / 3 6F 5 63 <I = 1 1; 5 /; = ; 5 7 GO <2; <? 62 0 6; 6= ; E 1 &�� F 60D G8 /3 < /? E 14 / 2 13 = ; E <E 7 / 2 M = 0 1D Q 3 / 1� <4 63 3 1= ; E 7 0 ; 7 E 3 6I3 / 7 = ; 1 L8 < 5 1= ; Q; 18 /0 9 < &7 E 0 6P < < 2 1� /; 5D <I ; Q3 6 & 1E 2 7 0 E < 5 1 L= 1:= ; 1I 3 < LE 65 3 1 5 / = <I <? 1D 1� / 3 </ / / 5 /; 5 / L� > ' ; 1 LP /D Q G4 1? 7 = ; < 2 M8 ; 13 /3 6? E I � / 3 3 12 7 = 1= ; 1I 3 < G; 1E = < 13 6 1; 5 /8 6/; 3 /0 1; 1E J L7 H 1D 2 6I ; 3 < :0 6 ϕ0

= 5 /E ; <0 6D Q G� � 1H4 6 5 2 / = ; 1 �Y� X %4 D I / H 1? 1; /3 P < 6D Q3 1 L ' 3 /E H < <? 1D 7 8 <24 E 7 H 1/ 5J E 6� /3 </

Π(ϕ) =
(ϕ− ϕ0)

2

2
+

cosϕ

α; 60 M8 ; 17 E 65 3 / 3 </4 D I 0 E < 5 1 L= 1= ; 1I 3 <I E 65 3 15 /= <I 974 /; �= 2� E <=� Y� � %

α =
sinϕ

ϕ− ϕ0
.

Tæ D : 3 :;< E B : 9 2 ç@ 6 @ D6 5 2 q = 2 = 9 2r E6 r D 8 5 E 2 5 : =6 r 4 9 2 ç@ 6 @ 89 8 = 9 D 2 GB _ 9 H :H 9 2 çb@ 6 =@ 8 ç@ 2 2 a D 8 7 E 21 2 F : D : G 2 3 8 =6 = 9 :f B 6 7 = 2 = 9 2r E6 r D 8 5 E 2 5 : =6 r F D6 f 8; 2f 6 7f : E :bE6 6 2 F D : 3 :;r é ê :1 2 F 8 D 8f : 9 D 8 αH
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ôõö â û â �

� <4 3 1M8 ; 10 E < 5 6I = 1= ; 1I 3 < LE 65 3 15 /= <I E 6=? 64 6/ ; = I 3 64 5 / < F 1D < :E 15 63 3 J / 5 /; 5 <�M = 1 5 = / 2 3 /? 1@ 1� </ 3 6; / 5 /; 5 < E < E EM 0 1; 1E J / & <H 7 :E <E 1 5 6D <E 63 / /� û4 / = Q 7 � / 3 / ; ; 18 /0 9 < &7 E 0 6P < < <? /E / @ 14 = 14 3 1 L5 / ; 5 <3 64 E 7 H 7 G 5 1 F 2 1� /3 ; 1D Q0 1 5 E / � <2 / 0 6; 6= ; E 1 &�

ì�íî íï í üñ �

�= =D /4 15 6; Q7 = ; 1 L8 < 5 1= ; Q 5 /E ; <0 6D Q3 1H 1? 1D 1� / 3 <I E 65 3 15 /= <I = < := ; / 2 J 1 9E 6O / 3 3 J @ 2 6I ; 3 <0 1 5 M < F 1 9E 6� /3 3 1 L3 6E <=� Y� � M H4 /? 10 6 F 63 J5 = / E 6F 2 / E J = <= ; / 2 J �B 6= = J 5 = /@ 2 6I ; 3 <0 1 5 < � /= ; 0 1= ; <? E 7 � <3 14 <3 60 15J <E 65 3 J m< c= 1 1; 5 /; = ; 5 / 3 3 1� $ 1D 6H 6/ 2 M8 ; 1 2 6= = 1 L= ; / E � 3 / L 2 1� 3 1? E / 3 / 9E /8 Q M6 2 6= = J m 2 1� 3 1E 6= = 2 6; E < 5 6; Q0 60 2 6; /E < 6D Q3 J / ; 18 0 <� $E < 5 /E ; < :0 6D Q3 12? 1D 1� /3 < < 2 6I ; 3 <0 15? E 7 � <3 J 3 / 3 6? E I � / 3 J �

� {� {� u {n> 1= ; 65 < 2 ? 1; /3 P < 6D Q3 7 G '3 /E H < G = <= ; / 2 J ? E < 2 6D J @ 7 HD 6@ ϕk�V / & 1E 2 6P < <? / E 5 1 LNM 5 ; 1E 1 L <; E /; Q / L? E 7 � <3 M 5J 8 <=D /3 3 J / = ; 18 3 1 := ; Q G4 1 2 6D J @ ? / E 5 1H 1? 1E I4 0 6M E 65 3 J 3hϕ1 M 2h (ϕ2 − ϕ1)
< h (ϕ3 − ϕ2)= 1 1; 5 /; = ; 5 / 3 3 1� $ 1'; 12 7 ? 1; /3 P < 6D Q3 6I '3 / E H <I 5 = /@ ? E 7 � <3 E 65 3 6

Π�U � = 1

2
c (3hϕ1)

2
+

1

2
c (2h (ϕ2 − ϕ1))

2
+

1

2
c (h (ϕ3 − ϕ2))

2
.

ó � z �Þ � þÙ � XY

ôõö â û â V

VD I 3 6@ 1�4 /3 <I? 1; /3 P < 6D Q3 1 L '3 /E H < <= <D J ; I � / = ; < 2 6I ; 3 <0 1 5 3 / 1 9 :@ 14 < 2 1 5J 8 <=D <; Q 5 / E ; <0 6D Q3 1/ = 2 / O /3 < / <@ 6? /0 = 15 = ; 18 3 1= ; Q G4 15 ; 1E 1H 1? 1E I4 0 6M? 1'; 12 7 ? 1; /3 P < 6D Q3 6I '3 / E H <I = <D J ; I � /= ; < p = mg? E <? 1 5 1E 1; / 2 6I ; 3 <0 64 D <3 J l3 67 H 1D ϕ

�= 2� E <=� Y� � % 974 /; E 65 3 6

Πp = −pl (1 − cosϕ) ' −plϕ
2

2
.

$ 1; / 3 P < 6D Q3 6I ' 3 /E H <I Πpk

= <D ; I � /= ; < 5 = /@ 2 6I ; 3 <0 15? E <2 /; 5 <4 �

Πpk
= −1

2
4hpϕ2

1 −
1

2
3hpϕ2

2 −
1

2
2hpϕ2

3.

$ 1D 3 6I? 1; /3 P < 6D Q3 6I '3 / E H <I = <= ; / 2 J ΠE 65 3 6 Π� U � + Πpk

M ;� /�

Π =
1

2
9ch2ϕ2

1 +
1

2
4ch2 (ϕ2 − ϕ1)

2 +
1

2
ch2 (ϕ3 − ϕ2)

2 −

− 1

2
4phϕ2

1 −
1

2
3phϕ2

2 −
1

2
2phϕ2

3.

�E 7? ? <E 7 I 8 D / 3 J M? 1D 7 8 < 2 0 5 64 E 6; <8 3 7 G & 1E 2 7

2Π = ph
[

(13γ − 4)ϕ2
1 + (5γ − 3)ϕ2

2 + (γ − 2)ϕ2
3−

8γϕ1ϕ2 − 2γϕ2ϕ3

]

,
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H4 / γ = ch
p

� VD I ; 1H 18 ; 1 9J '; 60 5 64 E 6; <8 3 6I & 1E 2 6 < 2 /D 6 2 <3 <2 7 25 ; 18 0 / ϕi = 0M 3 / 1 9@ 14 <2 1 <4 1= ; 6; 18 3 1M8 ; 1 9J 5J ? 1D 3 ID = I 0 E <; /E < L> <D Q 5 /= ; E 6� B 6; E <P 60 1' & & <P </3 ; 15 & 1E 2 J <2 / / ; 5 <4 �

ph





13γ − 4 −4γ 0
−4γ 5γ − 3 −γ

0 −γ γ − 2



,

6 / / HD 65 3 J / 7 HD 15J / 2 <3 1E J 974 7 ;

∆1 = ph (13γ − 4) > 0,

∆2 = ph

∣

∣

∣

∣

13γ − 4 −4γ
−4γ 5γ − 3

∣

∣

∣

∣

= p2h2
(

49γ2 − 59γ + 12
)

> 0,

∆3 = p3h3

∣

∣

∣

∣

∣

∣

13γ − 4 −4γ 0
−4γ 5γ − 3 −γ

0 −γ γ − 2

∣

∣

∣

∣

∣

∣

=

= p3h3
(

36γ3 − 153γ2 + 130γ − 24
)

> 0.. 6FE /K 6I '; <3 /E 65 / 3 = ; 5 6M? 1D 7 8 6/ 2 7 =D 15 <I 7 = ; 1 L8 < 5 1= ; <�

1) 13γ − 4 > 0,

2) 49γ2 − 59γ + 12 > 0,

3) 36γ3 − 153γ2 + 130γ − 24 > 0<D <

1) γ > 4
13 ,

2) γ > 92.6
98 ,

3) γ > 3.18,$ 1=D /4 3 / / 7 =D 15 </ 18 / 5 <4 3 1 I 5D I /; = I = 62 J 2 = <D Q3 J 2�C; 5 / ;� 5 / E ; <0 6D Q3 1/? 1D 1� /3 < / 7 = ; 1 L8 < 5 1? E < ch
p > 3.18�

ì�íî íï í üñ �

�= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q? D 1= 0 1H 1E 65 3 1 5 /= <I? E 65 <D Q3 1H 1K 6E :3 <E 3 1H 1 ö : 7 H 1D Q3 <0 6= 1= ; 1E 13 1 L aM 5 / E K <3 J 0 1; 1E 1H 1= ; I 3 7 ; J ö : GE 6:4 < 6D Q3 J 2 <? E 7 � <3 62 < � / = ; 0 1= ; Q G cM 3 6; I 3 7 ; J 2 <= = <D 1 L F �E <=� Y� ú %�. 6= = 2 1; E /; Q=D 7 8 6 <�

ó � z �Þ � þÙ 6 X X

6 %? E 7 � <3 J = 0 E /? D / 3 J ; 1D Q0 1? 1? 6E 3 1M 1 9E 6F 7 I Y4 < 6H 13 6D Q3 J @? E 7 � <3 J M9 %? E 7 � <3 J 5 P /3 ; E / = 0 E /? D /3 J 5 = / 5 2 /= ; /�

� {� {� u {n ; 1 9J <=? 1D Q F 15 6; Q= <2 2 /; E < G = <= ; / 2 J M 5J 9/ E / 2 = <2 2 / ; E <8 3 J /1 9 1 9O /3 3 J / 0 1 1E4 <3 6; J αM β < γ� � 1H4 6? 1; / 3 P < 6D Q3 6I '3 /E H <I = <= ; / :2 J ? E <2 /; = <2 2 /; E <8 3 7 G & 1E 2 7

Π =
1

2
A(α2 + β2 + γ2) +B(αβ + βγ + αγ),

H4 / A < B �0 13 = ; 63 ; J M F 65 <= I O </ 1; aM F < c <? 14 D / � 6O </ 1? E /4 /D / :3 < G� VD I <@ 3 6@ 1�4 /3 <I E 6= = 2 1; E <2 4 5 / = <2 2 /; E <8 3 J /4 / & 1E 2 6P < <= <= ; / 2 J �E %

α = β = γ �P /3 ; E 6D Q3 6I = <2 2 / ; E <I�

ôõö â û â W

VD I =D 7 8 6I 6 % '3 / E H <I 0 6�4 1 L? 6E J ? E 7 � <3 974 /; 14 <3 60 15 6 <E 65 :3 6

ΠI =
1

2

c∆2

2
+ F∆,
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H4 / S �4 D <3 6? E 7 � <3 J ? 1=D /4 / & 1E 2 6P < <�M ∆ = S − 2a �= 7 2 2 6E 3 1/74 D <3 /3 </4 < 6H 13 6D Q3 1 L? E 7 � <3 J M 6 c
2

� / / � / = ; 0 1= ; Q� � 2 / / 2 S =
= SAD + SDE M? E <8 / 2

SAD = a cos
(

π
3 + α

)

≈ a
(

1
2

(

1 − α2

2

)

−
√

3
2 α
)

=

a
2

(

1 − α
√

3 − α2

2

)

,

SDE = 2a sin
(π

3
+ α

)

√
3

2
≈ a

2

(

3 + α
√

3 − 3α2

2

)

,

S = a(2 − α2), ∆ = −aα2.� <4 3 1M8 ; 1 ΠI = −Faα2 M ; 1 / = ; Q 5? 1D 1� /3 < <E 65 3 1 5 / = <I α∗ ≡ 0 ΠI<2 / / ; 2 60 = <2 7 2 � / =D < F > 0

%� >D /4 1 5 6; /D Q3 1M 13 13 / 7 = ; 1 L8 < 5 1�C 9E 6; <2 = I 0 1 5 ; 1E 12 7 =D 7 8 6 G« 0 E /? D /3 <I 9 %� � ' ; 12 =D 7 8 6/ 74 D < :3 /3 <I 1;4 /D Q3 J @ ? E 7 � <3 5 0 6�4 1 L? 6E / E 6 FD <8 3 J M ; 1 /= ; Q SAO 6= SOE M; 60 8 ; 14 D I 14 3 1 L? 6E J <2 / / 2

ΠII = 1
2c∆

2
AO + F∆AO + 1

2c∆
2
OE + F∆OE =

= 1
2c
(

∆2
AO + ∆2

OE

)

+ F (∆AO + ∆OE) ,

SAO = SAD +
1

3
SDE ≈

a

2

(

1 − α
√

3 − α2

2

)

+
a

2
√

3

(

√
3 + α− α2

√
3

2

)

=

= a

(

1 − α√
3
− α2

2

)

,

SOE =
2

3
SDE ≈ a

(

1 +
α√
3
− α2

2

)

,

∆AO = −a
(

α√
3

+
α2

2

)

, ∆OE = a

(

α√
3
− α2

2

)

,

ΠII =
1

2
c
(

∆2
AO + ∆2

OE

)

+ F (∆AO + ∆OE) ≈ ca2

3
α2 − Faα2.

$ 1D 3 6I '3 / E H <I 974 / ;

Π =
(

ca2 − 3Fa
)

α2.

ó � z �Þ � þÙ 6 X �

ôõö â û â ÷X

. 6= = 2 1; E < 2 ; /? / E Q4 E 7 H 7 G4 / & 1E 2 6P < GM 1 9D 64 6 GO 7 G 1= / 5 1 L= <2 :2 /; E </ L �E <=� Y� T S %�� 2 / / 2 π

6
+ 2α+

π

3
+ γ =

π

2

M 1; 0 74 6

2α = 2β = −γ.V 6D / /D / H0 13 6@ 14 <2

SAE =

√

a2 +
(

2a sin
(π

3
+ γ
))2

≈

≈ a

√

1 +
(√

3
(

1 − γ2

2

)

+ γ
)2

≈ a
√

4 + 2γ
√

3 − 2γ2 ≈

≈ 2a

√

1 +
γ
√

3 − γ2

2
≈ 2a

(

1 +

√
3

4
γ − 11

32
γ2

)

,

∆AE = a

(√
3

2
γ − 11

16
γ2

)

,
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SCG = a+ 2a cos
(

π
3 + γ

)

≈ a
(

1 + 1 − γ2

2 − γ
√

3
)

=

= a
(

2 − γ
√

3 − γ2

2

)

,

∆CG = −a
(√

3γ +
γ2

2

)

.

$ 1D 3 6I '3 / E H <I4 / & 1E 2 6P < < 974 /;

Π =
1

2
c∆2

AE + 2F∆AE +
1

4
c∆2

CG + F∆CG =

=
1

2
c

(

a2 3

4
γ2 +

a2

2
3γ2

)

+ Fa

(

−11

8
γ2 − γ2

2

)

=

=
9

8
ca2γ2 − 15

8
Fγ2.

V 6D / / M? E <E 65 3 < 5 6I ΠI

< ΠII

<= @ 14 3 12 7 5J E 6� / 3 < G ΠM 5 0 1; 1E 12 7 8 ; / :3 J = 1 1; 3 1K /3 <I α = β = γ < α = β = − 1
2γ M = 1= ; 65D I / 2 7 E 65 3 /3 <I4 D I3 6@ 1�4 /3 <I 0 13 = ; 63 ; A < B�











3

2
Aα2 + 3Bα2 = (ca2 − 3Fa)α2,

(3A− 3B)α2 =

(

3

2
ca2 − 15

2
Fa

)

α2.

A? E 1O 6I <@ M? 1D 78 6/ 2











A

2
+B =

1

3
ca2 − Fa,

A−B =
3

2
ca2 − 5

2
Fa,

1; 0 74 6

A =
11

9
ca2 − 7

3
Fa,

B = − 5

18
ca2 +

1

6
Fa.

> 1= ; 65D I I ; /? /E Q 1? E /4 /D <; /D Q0 5 64 E 6; <8 3 1 L & 1E 2 J Π

∣

∣

∣

∣

∣

∣

A B B
B A B
B B A

∣

∣

∣

∣

∣

∣

,

ó � z �Þ � þÙ � X ú

5J ? <= J 5 6/ 2 7 =D 15 <I > <D Q 5 / = ; E 6







A > 0,
A > B,
A3 + 2B3 − 3AB2 > 0

,

0 1; 1E J /? E < 5 14 I ; = I 0 5 <4 7











F <
11

21
ca,

F < 3
5ca,

(A−B)
2
(A+ 2B) > 0.

$ 1=D /4 3 / / 7 =D 1 5 </? E <2 / ; 5 <4 F <
1

3
ca� �; 1 7 =D 15 </ < 1? E /4 /D I /;

HE 63 <P 7 1 9D 6= ; < 7 = ; 1 L8 < 5 1= ; <�C; 5 / ;� F < 1
3ca�ì�íî íï í üñ �

W 1D /8 0 1 A 2 1� /; = 0 1D Q F <; Q 9/ F ; E /3 <I? 1 HD 64 0 12 7 0 1D QP 7 E 64 <7 = 6

RM E 6=? 1D 1� / 3 3 12 7 5 5 /E ; <0 6D Q3 1 L? D 1= 0 1= ; < �= 2� E <=� Y� T T %�

ôõö â û â ÷ ÷

W 0 1D /8 0 7 A 6 9= 1D G; 3 1 H < 90 1 L M 3 / E 6= ; I � <2 1 L3 <; Q G? E < 5 I F 63 HE 7 F5 / = 12 P = m1g� V E 7 H 1 L 0 13 / P 3 <; <? /E /0 <3 7 ; 8 /E / F 3 <8 ; 1� 3 1 2 6:D J L 9D 10 B M F 60 E /? D / 3 3 J L3 60 13 P / H 1E < F 13 ; 6D Q3 1H 14 < 62 / ; E 60 1D QP 6M
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<4 /E � <; 3 6= 5 1/ 2 0 13 P / C HE 7 F 5 /= 12 Q = m2g� C? E /4 /D <; Q? 1D 1� /3 <IE 65 3 15 /= <I 0 1D /8 0 6 A < <@ 7 = ; 1 L8 < 5 1= ; Q�

� {� {� u {n� /; E 74 3 1 5 <4 / ; Q M8 ; 1? 1; /3 P < 6D Q3 6I '3 /E H <I = <= ; / 2 J ? E /4 = ; 65D I :/; = I = 7 2 2 1 L4 5 7 @ =D 6H 6/ 2 J @

Π = PR sinϕ+Ql = Π1 + Π2,

H4 / l �4 D <3 67 8 6= ; 0 6 § N3 <; <�M E 65 3 6I

l = 2R
∣

∣

∣cos
ϕ

2

∣

∣

∣ = 2R cos
ϕ

2
sign

(

cos
ϕ

2

)

.

�Y� T S %

� 6D <8 </ 2 14 7D Q3 1H 1=D 6H 6/ 2 1H 1 5 5J E 6� /3 < < � Y� T S % 1 F3 68 6/ ; M8 ; 113 1 2 1� / ; < 2 /; Q3 / ; 1D Q0 1 HD 64 0 < L M 3 1 < F 7 9P 15J L '0 = ; E / 2 7 2 5 ; 18 0 /E 6FE J 5 6? E 1 < F 5 14 3 1 L Π′(ϕ)M ; 1 /= ; Q 5 ; 18 0 / cos ϕ2 = 0M H4 / ϕ = π�� /D / = 1 1 9E 6F3 1? 1'; 12 7 E 6= = 2 1; E /; Q 5J E 6� /3 </ �Y� T S %? 1 1;4 /D Q3 1= ; <54 < 6? 6F 13 / T %

0 < ϕ < π < � %

π < ϕ < 2π� � <3 ; /E 5 6D / T % 18 / 5 <4 3 1<2 / / 2

Π1 = R
(

P sinϕ+ 2Q cos
ϕ

2

)

= RP
(

sinϕ+ 2κ cos
ϕ

2

)

, κ =
Q

P
,

<; 1H4 6 HD 64 0 < L '0 = ; E / 2 7 2 1? E /4 /D <; = I 7 =D 1 5 </ 2

Π′
1 = PR

(

cosϕ− κ sin
ϕ

2

)

= 0.

�Y� T T %

�J ? <K / 2 5J ; /0 6 GO / / < F � Y� T T % 7 E 65 3 /3 </ 0 E < 5 1 L= 1= ; 1I 3 < LE 65 3 15 / := <I

κ =
cosϕ

sin ϕ
2

=
1

sin ϕ
2

− 2 sin
ϕ

2
.

�E 6 & <8 / = 0 < 13 1? E /4 = ; 65D /3 1 5 /; 5 Q G I3 6E <=� Y� T ��� <4 3 1M8 ; 1 '0 = ; E / 2 7 2 Π1(ϕ)= 7 O /= ; 5 7 /; ; 1D Q0 1 54 < 6? 6 F 13 / 0<ϕ< π
2

M? E <8 / 2 13 I 5D I / ; = I 2 60 = <2 7 2 12 M ;� 0 � 5 '; 12 4 < 6? 6F 13 /
Π′′

1 (ϕ) = −RP
(

sinϕ+
κ

2
cos

ϕ

2

)

< 0.

L= 3 1M8 ; 1? 1D 1� /3 <I E 65 3 1 5 / = <I 0 1D /8 0 6 § 54 < 6? 6 F 13 / 0 < ϕ < π
23 / 7 = ; 1 L8 < 5J �

ó � z �Þ � þÙ � öT

ôõö â û â ÷ ø

� <3 ; /E 5 6D / � % < 2 / / 2
Π2 = RP

(

sinϕ− 2κ cos
ϕ

2

)

,

< F4 / = Q '0 = ; E / 2 7 2 Π2(ϕ)4 6/ ; = I 7 =D 15 </ 2

Π′
2(ϕ) = RP

(

cosϕ+ κ sin
ϕ

2

)

= 0,

�Y� T � %

0 1; 1E 1/ F 64 6/ ; 3 6? D 1= 0 1= ; < (ϕ, κ) 5 / ; 5 Q II �E <=� Y� T � %

κ = −cosϕ

sin ϕ
2

= 2 sin
ϕ

2
− 1

sin ϕ
2

.
� <4 3 1M8 ; 1 '; 6 5 /; 5 QD / � <; 54 < 6? 6F 13 / π < ϕ < 3

2πM 5 0 1; 1E 12

Π′′(ϕ) = RP (
κ

2
cos

ϕ

2
− sinϕ) = RP

1

2
cos

ϕ

2
(κ− 4 sin

ϕ

2
) > 0.

L= 3 1M8 ; 1 5 / ; 5 Q II 1; 5 /8 6/ ; 7 = ; 1 L8 < 5J 2? 1D 1� /3 <I 2 E 65 3 15 / = <I� C= ; 6:/; = I 5J I = 3 <; Q= ; E 7 0 ; 7 E 7 ; 18 0 < N �

ϕ = π

% M 5 0 1; 1E 1 L <2 / / ; 2 / = ; 1E 6F :E J 5 ? E 1 < F 5 14 3 1 L� > 1HD 6= 3 1 � Y� T T %? E 1 < F 5 14 3 6I =D / 5 6 / = ; Q Π′
1(B) =

= −PR(1 + κ) = −2PRM 6= 1HD 6= 3 1 � Y� T � %

Π′
1(B) = −PR(1 − κ) ≡ 0M; 60 0 60 5 ; 18 0 / N <2 / / 2 κ = 1� C; = G4 6=D /4 7 /; M8 ; 1 5 ; 18 0 / N 2 <3 < :2 7 2 Π(ϕ) < 2 / /; R? 1D 7 F 7 9P 1 5J L U @ 6E 60 ; /E M? 10 6 F 63 3 J L3 6E <=� Y� T Y M< / 2 7 1; 5 /8 6/; ; 60 3 6FJ 5 6/ 2 1/ R? 1D 7 � /= ; 0 1/ U = 1= ; 1I 3 < / 7 = ; 1 L8 < 5 1H 1E 65 3 15 /= <I�
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ôõö â û â ÷ û

�= / 2 ? E 18 <2 ; 18 0 62 5 / ; 5 < II 1; 5 /8 6/ ; R 2 I H0 1/ U = 1= ; 1I 3 < / 7 = ; 1 L :8 < 5 1H 1 E 65 3 15 / = <I� � 60 <2 1 9E 6F 12 M 3 / 7 = ; 1 L8 < 5J / E 65 3 15 /= <I 0 1D /8 :0 6 § = 7 O / = ; 5 7 G; ? E <D G 9J @ F3 68 /3 <I @ κ > 0 <D / � 6; 5 4 < 6? 6F 1 :3 / 0 < ϕ < π
2

M ; 1H4 60 60 7 = ; 1 L8 < 5J / �; 1D Q0 1? E < 0 < κ 6 1 < 13 <D / � 6; 54 < 6? 6 F 13 / π 6 ϕ < 3π
2

�

ì�íî íï í üñ Y

B 6; / E < 6D Q3 6I ; 18 0 6 M M < F 1 9E 6� / 3 3 6I 3 6E <=� Y� T üM = 5 1 9 14 3 1= 0 1D Q :F <; ? 1 HD 64 0 1 L? 15 /E @ 3 1= ; <; 1E 6M F 64 63 3 1H 1? 6E 62 /; E <8 / = 0 <2 < 7 E 65 :3 /3 <I 2 <�

x = ρ cosψ, y = ρ sinψ, z = b sinϑ,

ρ = a+ b cosϑ,

H4 / 1= Q z3 6? E 65D / 3 6 5 5 / E @��� 6 L; < 5 1 F 2 1� 3 J / = ; 6P < 13 6E 3 J /4 5 <� / 3 <I ; 18 0 <�M @ 6E 60 ; / E < F 7 G :O </ = I? 1= ; 1I 3 = ; 5 12 7 HD 6 ϑM < <= =D /4 1 5 6; Q <@ 7 = ; 1 L8 < 5 1= ; Q�

� {� {� u {nû 6? <= J 5 6I = 1HD 6= 3 17 =D 1 5 < G F 64 68 <

x = (a+ b cosϑ) cosψ,

y = (a+ b cosϑ) sinψ,

z = b sinϑ,

ó � z �Þ � þÙ Z öY

ôõö â û â ÷ ÿ

5J E 6 F <2 0 12? 13 /3 ; J 5 /0 ; 1E 6= 0 1E 1= ; <

ẋ = −bϑ̇ sinϑ cosψ − ψ̇(a+ b cosϑ) sinψ,

ẏ = −bϑ̇ sinϑ sinψ + ψ̇(a+ b cosϑ) cosψ,

ż = bϑ̇ cosϑ.C; = G4 6=D /4 7 /; 5J E 6� /3 </4 D I 0 <3 / ; <8 / = 0 1 L '3 / E H < <; 18 0 <

T =
m

2

[

b2ϑ̇2 + ψ̇2 (a+ b cosϑ)
2
]

.

�Y� T Y %

û 6? <= J 5 6I ; 60 � / <? 1; /3 P < 6D Q3 7 G '3 / E H < G

Π = mgz = mbg sinϑ,

� Y� T ü %

D / H0 1 F 62 / ; <; Q M8 ; 1 5 5J E 6� / 3 <I �Y� T Y % M � Y� T ü %3 / 5 @ 14 <; 0 1 1E4 <3 6; 6 ψM6 5 @ 14 <; D <K Q / /? E 1 < F 5 14 3 6I M8 ; 1 1 F3 68 6/ ; M8 ; 10 1 1E4 <3 6; 6 ψP <0D < :8 /= 0 6I� C; 5 /8 6 GO < L / LP <0D <8 /= 0 < L <3 ; / H E 6D

∂T

∂ψ̇
= mψ̇(a+ b cosϑ)2 = p =« ­ ª µ¨ �Y� T X %

5J E 6� 6/; M 18 / 5 <4 3 1M? 1= ; 1I 3 = ; 5 1 2 12 / 3 ; 60 1D <8 /= ; 5 64 5 <� / 3 <I ; 18 0 <1; 3 1= <; /D Q3 1P /3 ; E 6; 1E 6 O� �; 1E J 2 <3 ; / H E 6D 12 5 F 64 68 / I 5D I /; = I<3 ; / HE 6D ' 3 /E H < < T + Π =« ­ ª µ¨� C H E 63 <8 < 5 6I = Q? 1 <= 0 12 < 63 6D < F 12
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D <K Q= ; 6P < 13 6E 3 J @ 4 5 <� / 3 < L 2 6; /E < 6D Q3 1 L; 18 0 <3 6; 1E / M = 1= ; 65 <24 D I <@ 3 6@ 1�4 / 3 <I &7 3 0 P < G . 67 = 6�

R = T − ψ̇p =
m

2

[

bϑ̇2 − ψ̇2(a+ b cosϑ)2
]

= R2 +R0,

H4 / R2

� 0 5 64 E 6; <8 3 6I 8 6= ; Q �? 1 ϑ̇ % &7 3 0 P < < RM 6 R0

= 14 /E � <; ϑ̇5 3 7D / 5 1 L= ; /? / 3 <�

R0 = −m
2
ψ̇2(a+ b cosϑ)2.

>D /4 1 5 6; /D Q3 1M? 1; /3 P < 6D Q3 6I '3 / E H <I? E < 5 /4 / 3 3 1 L= <= ; / 2 J E 65 3 6

W = Π −R0 = mbg sinϑ+
1

2
mψ̇2(a+ b cosϑ)2,

<�M <= 0D G8 6I < F 3 / / ψ̇? 1= E /4 = ; 5 12 �Y� T X % M? E <@ 14 <2 0 10 13 8 6; /D Q3 12 75J E 6� / 3 < G4 D I W (ϑ)�

W (ϑ) = mgb sinϑ+
p2

2m

1

(a+ b cosϑ)2
.

V 6D Q3 / LK < L 63 6D < F = ; 6P < 13 6E 3 J @ 4 5 <� /3 < L= 5 14 <; = I 0 <= =D /4 15 6:3 < G '0 = ; E / 2 7 2 15 &7 3 0 P < < w(ϑ)� � 60 4 D I 3 6@ 1�4 /3 <I 1; 3 1= <; /D Q3 J @E 65 3 15 /= < L? 1 7 HD 7 ϑ 5J ? <= J 5 6/ 2 7 =D 15 </ w′
ϑ = 0M <2 / GO / / 5 <4

p2

m2g
sinϑ = − cosϑ(a+ b cosϑ)3

�Y� T ö %

� /; E 74 3 1 5 <4 /; Q M8 ; 10 1E 3 < '; 1H 1 7 E 65 3 /3 <I E 6=? 1D 6H 6 G; = I 54 < 6? 6:F 13 6@

−π
2
< ϑ1 < 0,

π

2
< ϑ2 < π.

$E < b
a � 1 2 1� 3 1? 1D 78 <; Q? E < 9D <� /3 3 J / 5J E 6� /3 <I4 D I '; <@ 0 1E :3 / L M? E /3 / 9E / H 6I 5 ; 1E J 2 =D 6H 6/ 2 J 2 5 = 0 1 90 /� � 1H4 6 5 2 /= ; 1 � Y� T ö %? 1 :D 7 8 <2 7 E 65 3 /3 < /

β sinϑ+ cosϑ = 0, β =
p2

m2ga3
,

0 1E 3 <0 1; 1E 1H 1 1? E /4 /D I G; = I E 65 /3 = ; 5 12

sinϑ1,2 ≈ ∓ 1
√

β2 + 1

ó � z �Þ � þÙ [ ö X

VD I 5J I 5D /3 <I 7 = ; 1 L8 < 5 1= ; < 3 6 L4 /3 3 J @ 1; 3 1= <; /D Q3 J @ E 65 3 15 / = < L1= ; 6/ ; = I <= =D /4 15 6; Q F3 60

W ′′
ϑϑ(ϑ) = −mbg sinϑ+

p2b

m

a cosϑ+ b(1 + 2 sin2 ϑ)

(a+ b cosϑ)4
.

� <4 3 1M8 ; 1E /K /3 </ ϑ = ϑ1

7 = ; 1 L8 < 5 1M ; 60 0 60 W ′′
ϑ (ϑ1) > 0M <; 1H4 6E /K /3 < / ϑ = ϑ2

3 / 7 = ; 1 L8 < 5 1 �; 60 0 60 2 <3 < 2 7 2 J < 2 60 = < 2 7 2 J 3 /? E / :E J 5 3 1 L &7 3 0 P < < W (ϑ)8 /E /4 7 G; = I %� � F 60D G8 /3 </ F 62 / ; <2 M8 ; 1E /K / :3 </ ϑ1

1; 5 /8 6/ ; = 0 1D Q � / 3 < G? 1 5 3 7 ; E /3 3 / L? 15 /E @ 3 1= ; <; 1E 6M 6 ϑ2

�? 1 5 3 /K 3 / L�
ì�íî íï í üñ \

� 1E < F 13 ; 6D Q3 6I ; E 7 90 6 AB M? 10 6F 63 3 6I 3 6E <=� Y� T X M 2 1� /; = 5 1 9 14 :3 1 5 E 6O 6; Q= I 5 10 E 7 H 5 / E ; <0 6D Q3 1 L 1= < CD�

ôõö â û â ÷ �

�3 7 ; E Q; E 7 90 <? 12 / O /3 6? E 7 � <3 6 � /= ; 0 1= ; < c� C4 <3 0 13 /P ? E 7 :� <3 J ? E <0 E /? D / 3 0 = ; / 3 0 / ; E 7 90 < 5 ; 18 0 / A� W = 5 1 9 14 3 12 7 0 13 P 7 ? E 7 :� <3 J ? E <0 E /? D /3 1; /D 1 M 2 6= = J m� W 1H4 6= <= ; / 2 63 6@ 14 <; = I 5 = 1:= ; 1I 3 < <? 10 1I M ; /D 1 M 3 6@ 14 <; = I 3 6E 6= = ; 1I 3 < < a 1; 1= < 5 E 6O /3 <I�

a > 0 <D < a < 0

%� $E <= 5 1 9 14 3 12 5 E 6O /3 < < 5 1 F 2 1� 3 1 7 = ; 63 1 5 < 5K / :/= I 4 5 <� / 3 </ M? E < 0 1; 1E 12 ; E 7 90 6 5 E 6O 6/ ; = I = ? 1= ; 1I 3 3 1 L 7 HD 1 5 1 L
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= 0 1E 1= ; Q G ω M 6; /D 1 M 3 6@ 14 <; = I 5 1; 3 1= <; /D Q3 12 ? 10 1/� >8 <; 6I ; / :D 1 M 2 6; /E < 6D Q3 1 L; 18 0 1 LNM? E /3 / 9E / H 6I = <D 62 <= 1? E 1; < 5D /3 <I < 2 6= := 1 L? E 7 � <3 J M 1? E /4 /D <; Q? 6E 62 /; E J 7 = ; 63 15 < 5K / H 1= I4 5 <� / 3 <I < / H 17 = ; 1 L8 < 5 1= ; Q M /=D < 2 12 / 3 ; <3 /E P < <; E 7 90 < 1; 3 1= <; /D Q3 1 1= < 5 E 6O /3 <I

CDE 65 /3 J�
� {� {� u {n$ 1; / 3 P < 6D Q3 6I '3 / E H <I? E 7 � <3 J E 65 3 6 Π = 1

2cx
2 M 60 <3 /; <8 /= 0 6I'3 / E H <I ; 18 /8 3 1 L 2 6= = J M <; E 7 90 < AB M 5 E 6O 6 GO / L= I = 7 HD 15 1 L= 0 1 :E 1= ; Q G α̇M <2 / /; 5 <4

T =
1

2
mẋ2 +

1

2
mα̇2(a+ x)2 +

1

2
Jα̇2.

� <4 3 1M8 ; 1 7 HD 1 5 6I 0 1 1E4 <3 6; 6 αM @ 6E 60 ; /E < F 7 GO 6I ? 1 5 1E 1; ; E 7 9 :0 < AB M I 5D I /; = I P <0D <8 / = 0 1 L �; 60 0 60 5 5J E 6� / 3 </4 D I T 5 @ 14 <; ; 1D Q :0 1 α̇ % < / L 1; 5 /8 6/; P <0 D <8 / = 0 < L <3 ; / H E 6D

∂T

∂α̇
= mα̇(a+ x)2 + Jα̇ = p =« ­ ª µ¨ , �Y� T � %

5J E 6� 6 GO < L? 1= ; 1I 3 = ; 5 1 2 12 /3 ; 6 0 1D <8 /= ; 5 64 5 <� / 3 <I = <= ; / 2 J �VD I 3 6@ 1�4 /3 <I = ; 6P < 13 6E 3 1H 1E / � <2 6 1; 3 1= <; /D Q3 1H 1E 65 3 15 /= <I 2 6= := J M? 1= ; E 1 <2 &7 3 0 P < G . 67 = 6

R = T − α̇p =
1

2
cẋ2 − α̇2

2

[

m(a+ x)2 + J
]

= R2 +R0.

û4 / = Q R2

� / / 0 5 64 E 6; <8 3 6I 8 6= ; Q �? 1 ẋ % M 6 R0

�=D 6H 6/ 2 1/ 3 7D / 5 1 L= ; /? /3 < 1; 3 1= <; /D Q3 1 ẋ� > 1= ; 65D I I4 6D / / = 1HD 6= 3 1 ¡T T ¢ < F 2 /3 / 3 3 7 G? 1 :; /3 P < 6D Q3 7 G '3 / E H < G W (x)

W = Π −R0 =
1

2
cx2 +

1

2
α̇2
[

J +m(a+ x)2
]

< <= 0D G8 6I < F 3 / / α̇? 1= E /4 = ; 5 12 � Y� T � % M? 1D 78 <2 10 13 8 6; /D Q3 1/ 5J E 6:� / 3 </4 D I W (x)�

W (x) =
1

2
cx2 +

1

2

p2

J +m(a+ x)2
.

�Y� T � %

ó � z �Þ � þÙ [ ö �

C; J = 0 63 </? 1D 1� / 3 <I 1; 3 1= <; /D Q3 1H 1E 65 3 15 /= <I 2 6= = J M = 5 14 <; = I; /? /E Q0 3 6@ 1�4 /3 < G '0 = ; E / 2 7 2 15 W (x)M ; 1 / = ; Q0 1? E /4 /D /3 < G0 1E 3 / L7 E 65 3 /3 <I

W ′(x) = cx− mp2(a+ x)

[J +m(a+ x)2]
2 = 0.

$ /E /? <= 65 / H 1 5 5 <4 /

cx
[

J +m(a+ x)2
]2

= p2m(a+ x),

5 <4 <2 M8 ; 1 13 1= 5 14 <; = I 0 7 E 65 3 /3 < G? I ; 1 L = ; /? / 3 < < 3 /4 1? 7 = 0 6/;5 1 9O / 2 =D 78 6/ 63 6D <; <8 /= 0 1H 1 E /K /3 <I� $ 1'; 12 7 5 4 63 3 1 L F 64 68 /74 1 93 1E 6= = 2 1; E / ; Q3 /? 1= E /4 = ; 5 / 3 3 1 HE 6 & <0 &7 3 0 P < < W (x)4 D I a > 0M? E /4 = ; 65D I GO < L = 1 9 1 L = 1HD 6= 3 1 � Y� T � % = 7? /E? 1 F <P < G H E 6 & <0 1 54 5 7 @? E 1= ; J @ =D 6H 6/ 2 J @ �

ôõö â û â ÷ �

) / H0 1 F 60D G8 <; Q M8 ; 1? E < J � ma2 13 < 2 / /; /4 <3 = ; 5 /3 3 J L 2 <3 < :2 7 2 5 ; 18 0 /

x3 ≈ map2

J2c−mp2
=

a
cJ2

mp2 − 1
.

$E <7 2 /3 QK /3 < < 2 12 /3 ; 6 <3 / E P < <; E 7 90 <4 1 J < Jcr

3 6 H E 6 & <0 / W (x)? 1I 5D I G; = I '0 = ; E / 2 7 2 J 5 ; 18 0 6@ x1 < 0 < x2 < 0M <? E < J → 0 5 2 / := ; 1 2 60 = <2 7 2 6 5 ; 18 0 / x2

? 1I 5D I /; = I ; 18 0 6E 6FE J 5 6� � 60 <2 1 9E 6F 12 M54 63 3 1 L= <= ; / 2 /? E < 5 = /@ F3 68 /3 <I @ J = 7 O / = ; 5 7 /; 7 = ; 1 L8 < 5 1/? 1D 1:� / 3 </ E 65 3 15 /= <I ; 18 0 < M 5 ; 18 0 / x3

<0 3 / 2 7 4 1 9 65D I G; = I 7 = ; 1 L8 < :5 1/ �

x1

% <3 / 7 = ; 1 L8 < 5 1/ �

x2

%? 1D 1� /3 <I? E < J < Jcr� � 6@ 1�4 / 3 </ � /
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F3 68 /3 <I Jcr; E / 97 / ; 4 15 1D Q3 1=D 1� 3 1H 1 63 6D < F 6 < F4 /= Q3 /? E < 5 14 <; := I�
ì�íî íï í üñ ]

VD I = <= ; / 2 J M E 6= = 2 6; E < 5 6/ 2 1 L 5 F 64 68 / T� ö M4 10 6F 6; Q M8 ; 1 7 = ; 63 1:5 < 5K / /= I4 5 <� / 3 </ 7 = ; 1 L8 < 5 1 1; 3 1= <; /D Q3 1 β M β̇ M < α̇�� wxv x� u {n $ 1; /3 P < 6D Q3 6I '3 / E H <I ? E < 5 /4 / 3 3 1 L = <= ; / 2 J W =
= Π −R0

E 65 3 6

W =
1

2
cβ2 +

(n−H sinβ)
2

4A cos2 β
,

H4 / n = 2Aα̇ cos2 β + 2H sinβ � <3 ; / H E 6D M 1; 5 /8 6 GO < L P <0D <8 /= 0 1 L0 1 1E4 <3 6; / α�
� {� {� u {n� F E /K /3 <I F 64 68 < T� ö 5 1 F Q 2 / 2 F3 68 / 3 <I 0 <3 /; <8 /= 0 1 L <? 1; /3 P < :6D Q3 1 L '3 / E H < <= <= ; / 2 J �

T = Aβ̇2 +Aα̇2 cos2 β + C(ϕ̇ + α̇ sinβ)2, �Y� T ú %

Π =
1

2
cβ2.

$ 1= 0 1D Q0 7 T < Π= 14 / E � 6; ; 1D Q0 1= 0 1E 1= ; < α̇ < ϕ̇M α < ϕ I 5D I G; = I P <0 :D <8 / = 0 < 2 <0 1 1E4 <3 6; 62 <� �; < 2 0 1 1E4 <3 6; 62 = 1 1; 5 /; = ; 5 7 G; 4 5 6P <0 :D <8 / = 0 <@ <3 ; / HE 6D 6� T ′
α̇ = n =« ­ ª µ¨ < T ′

ϕ̇ = 2H =« ­ ª µ¨�V 6D / / M < F � Y� T ú %? 1D 7 8 6/ 2

∂T

∂α̇
= 2Aα̇ cos2 β + 2H sinβ = n,

∂T

∂ϕ̇
= 2C(ϕ̇+ α̇ sinβ) = 2H.

>D /4 15 6; /D Q3 1M

α̇ =
n− 2H sinβ

2A cos2 β
, �Y� � S %

ϕ̇ =
H

C
− α̇ sinβ.

ó � z �Þ � þÙ ^ ö ú

$ 14 = ; 65D I I '; < F3 68 / 3 <I 5 5J E 6� /3 </4 D I T < 1; 9E 6= J 5 6I 3 /= 7 O / :

= ; 5 /3 3 7 G? 1= ; 1I 3 3 7 G H2

C

M? 1D 78 <2 T ∗�

T ∗ = Aβ̇2 +
(n− 2H sinβ)2

4A cos2 β
.

�Y� � T %

$ 1= ; E 1 <2 5J E 6� / 3 <I4 D I &7 3 0 P < < . 67 = 6 R�
R = T ∗ − nα̇− 2Hϕ̇.�=? 1D Q F 7 I 5J E 6� / 3 <I � Y� � S % < �Y� � T % M 3 6@ 14 <2

R = Aβ̇2 + (n−2H sinβ)2

4A cos2 β − nn−2H sinβ
2A cos2 β −

− H
(

H
C − n−H sinβ

2A cos2 β sinβ
)

.

$ 1=D / 3 /0 1; 1E J @ ? E / 1 9E 6 F 15 63 < LNM? E /3 / 9E / H 6I? 1= ; 1I 3 3 J 2 <8 D / 3 62 < M? 1D 7 8 6/ 2

R = Aβ̇2 − (n− 2H sinβ)2

4A cos2 β
= Aβ̇2 −R0, �Y� � � %

W = Π −R0 =
1

2
cβ2 +

(n− 2H sinβ)2

4A cos2 β
.

$ 1D 1� <2 M8 ; 1 7 H 1D β3 6= ; 1D Q0 1 2 6D M8 ; 1 sinβ ' β < cosβ ' 1− β2

2

�� 1H4 6= ; 18 3 1= ; Q G4 18 D / 3 15 5 ; 1E 1H 1? 1E I4 0 6 2 6D 1= ; <

1

cos2 β
' 1
(

1 − β2

2

)2 ' 1

1 − β2
= (1 − β2)−1 = 1 + β2.

�/? /E Q 5 ; 1E 1/ = 1 1; 3 1K /3 </ �Y� � � %? E <2 / ; 5 <4

W =
(2Ac+ n2 + 4H2)β2 − 4nHβ + n2

4A
.

C? I ; Q 1= ; 65D I I ; 1D Q0 18 D /3 J 4 1 5 ; 1E 1H 1? 1E I4 0 6 5 0D G8 <; /D Q3 1M? 1 :D 7 8 6/ 2�

W =
1

4A

[

(2Ac+ 4H2 + n2)β2 + n2 − 4nHβ
]

,
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1; 0 74 6

∂W

∂β
= 1

2A

[

(2Ac+ 4H2 + n2)β − 2nH
]

),

∂2W

∂β2
= 1

2A (2Ac+ 4H2 + n2) > 0.

$E <E 65 3 < 5 6I? / E 5 1/ = 1 1; 3 1K / 3 </ 3 7D GM 3 6@ 14 <2 F3 68 / 3 </ 7 HD 6 β0? E < 1; 3 1= <; /D Q3 12 E 65 3 1 5 /= < <�

β0 =
2nH

2Ac+ 4H2 + n2
.

�Y� � Y %

� F 5 ; 1E 1H 13 /E 65 / 3 = ; 5 63 6@ 14 <2 M8 ; 1 '; 1? 1D 1� / 3 </ 7 = ; 1 L8 < 5 1 1; 3 1= < :; /D Q3 1 7 HD 6 β� � F 7 = ; 1 L8 < 5 1= ; <4 5 <� /3 <I 1; 3 1= <; /D Q3 1 β < < F �Y� � S %=D /4 7 /; 7 = ; 1 L8 < 5 1= ; Q 1; 3 1= <; /D Q3 1 α̇ < ϕ̇�$E < 7 =D 15 < <�M8 ; 1E 65 / 3 = ; 5 1 �Y� �Y % 5J ? 1D 3 I / ; = I M4 5 <� /3 </ = <= ; / 2 J= 1= ; 1 <; < F? 1= ; 1I 3 3 1H 1 1; 0D 13 /3 <I 1= / L H <E 1= 0 1? 15 3 6 7 H 1D β0

<E 65 :3 12 / E 3 1H 1 5 E 6O /3 <I 5 = / L= <= ; / 2 J = 7 HD 1 5 1 L= 0 1E 1= ; Q G

α̇0 =
n− 2H sinβ0

2A cos2 β0
.

ì�íî íï í üñ ð_

� 5 /E4 1/ ; /D 1 = 5 1 9 14 3 1 0 68 6/; = I 5 10 E 7 H H 1E < F 13 ; 6D Q3 1 L 1= < NT�= 2� E <=� Y� T � %� C= Q NT 5 E 6O 6/; = I = ? 1= ; 1I 3 3 1 L 7 HD 15 1 L = 0 1E 1= ; Q G

ω 5 10 E 7 H 5 / E ; <0 6D Q3 1 L 1= < Oz� � 18 0 6 G I 5D I / ; = I P / 3 ; E 12 ; I � /= ; <; /D 6M? D 1= 0 1= ; Q NTG �? D 1= 0 1= ; Q= < 2 2 /; E < <�M 1= Q OG � HD 65 3 6I 1= Q<3 / E P < <� C= Q KL? 6E 6D D /D Q3 6 NT M 6 1= Q FDM 0 1; 1E 6I? E 1@ 14 <; 8 /E / F; 18 0 7 OM? /E? / 34 <0 7D I E 3 60 NT < OG�B 12 / 3 ; J <3 /E P < < ; /D 6 1; 3 1= <; /D Q3 1 OGM KL < FDE 65 3 J C M A< B= 1 1; 5 /; = ; 5 /3 3 1ý h �4 D <3 6 OGM M � 2 6= = 6; /D 6� � 6 L; < 5 1 F 2 1� 3 J /? 1D 1� /3 <I 1; 3 1= <; /D Q3 1H 1E 65 3 1 5 /= <I ; /D 6 < <= =D /4 15 6; Q <@ 7 = ; 1 L8 < :5 1= ; Q�
� {� {� u {n� 5 /E4 1/ ; /D 1 2 1� / ; 5 E 6O 6; Q= I 5 10 E 7 H 1= < NT �E <=� Y� T � %� V 1? 7 := ; < 2 M8 ; 1 13 1 <2 / / ; 7 HD 1 5 7 G= 0 1E 1= ; Q ϕ̇ < 54 63 3 J L 2 12 /3 ; 5 E / 2 /3 <1= Q OG= 1= ; 65D I / ; 7 H 1D ϕ= 5 /E ; <0 6D Q3 1 L 1= Q G z�

ó � z �Þ � þÙ Ø` �T

ôõö â û â ÷ �

AHD 1 5 6I = 0 1E 1= ; Q ϕ̇? E /4 = ; 65D I /; = I 5 /0 ; 1E 12 M 3 6? E 65D /3 3 J 2 54 1D Q1= < NT� $ 1=D / ; 1H 10 60 OG < OD? 15 /E 3 7D <= Q3 6 7 H 1D ϕM? E 1/0 P < <7 HD 15 1 L= 0 1E 1= ; < ωE 65 3 J

ωOG = −ω cosϕ, ωOD = ω sinϕ.B 12 / 3 ; <3 / E P < <; /D 6 1; 3 1= <; /D Q3 1 1= < NTE 65 / 3 A +Mh2� >D /4 15 6:; /D Q3 1M 0 <3 / ; <8 / = 0 6I ' 3 /E H <I ; /D 6E 65 3 6

T =
1

2

(

A+Mh2
)

ϕ̇2 +
1

2
Bω2 sin2 ϕ+

1

2
Cω2 cos2 ϕ.

$ 1; / 3 P < 6D Q3 6I '3 / E H <I = <D J ; I � / = ; < E 65 3 6 Π = Mgh (1 − cosϕ)�� F 5J E 6� /3 <I4 D I 0 <3 /; <8 /= 0 1 L ' 3 /E H < <3 6@ 14 <2

T2 =
1

2

(

A+Mh2
)

ϕ̇2, T1 = 0, T0 =
ω2

2

(

B sin2 ϕ+ C cos2 ϕ
)

.

) / H0 1? 10 6 F 6; Q M8 ; 1 5 4 63 3 12 ? E <2 /E / Tk = Rk

�? E < k = 0, 1, 2

%�� > 2� = 1 1; 3 1K / 3 <I � Y� T � % < � Y� T ü % 5 ¡T T ¢ %� $ 1; /3 P < 6D Q3 6I ' 3 /E H <I W? E < 5 /4 / 3 3 1 L= <= ; / 2 J ? E <3 <2 6/; 5 <4 �

W = Π − T0
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<D <

W = Mgh (1 − cosϕ) − 1

2
ω2
(

B sin2 ϕ+ C cos2 ϕ
)

.� 1H4 6? E <? 1= ; 1I 3 3 1 L 7 HD 1 5 1 L= 0 1E 1= ; < ω? 1D 7 8 6/ 2�

∂W

∂ϕ
= Mgh sinϕ− ω2 sinϕ cosϕ (B − C) ,

� Y� � ü %

∂2W

∂ϕ2
= Mgh cosϕ− ω2 (B − C)

(

cos2 ϕ− sin2 ϕ
)

.

C; 3 1= <; /D Q3 1/ E 65 3 15 /= </ < 2 / /; 2 / = ; 1? E < W ′
ϕ = 0� � F E 65 /3 = ; 5�Y� � ü % =D /4 7 /; M8 ; 1= 7 O / = ; 5 7 /; ; E <? 1D 1� / 3 <I 1; 3 1= <; /D Q3 1H 1E 65 3 1:

5 / = <I� ϕ = 0M ϕ = π < ϕ = arccos
Mgh

ω2 (B − C)

� . 6= = 2 1; E <2 0 6�4 1/

? 1D 1� /3 </ 1;4 /D Q3 1�T� ϕ1 = 0� � '; 12 =D 7 8 6/

∂2W

∂ϕ2

∣

∣

∣

ϕ=0
= Mgh− ω2 (B − C) .

�Y� � X %

C8 / 5 <4 3 1M8 ; 1? E < B < C 5 ; 1E 6I? E 1 < F 5 14 3 6I 1; W? 1 ϕ? 1D 1� < :; /D Q3 64 D I 5 = /@ ω� >D /4 15 6; /D Q3 1M? E < B < C 1; 3 1= <; /D Q3 1/ E 65 3 15 / := </ M = 1 1; 5 /; = ; 5 7 GO / / ϕ = 0M 7 = ; 1 L8 < 5 1? E < 5 = / @ ω�� F & 1E 2 7D J �Y� � X % 5 <4 3 1M8 ; 1 W ′′
ϕϕ > 0? E < B > C M / =D < ω2 <

<
Mgh

B − C

� � ' ; 12 =D 78 6/ E 65 3 1 5 / = </ 7 = ; 1 L8 < 5 1� $E < ω2 >
Mgh

B − C

E 65 :3 15 /= </ = ; 63 15 <; = I 3 / 7 = ; 1 L8 < 5J 2��� ϕ2 = π� � '; 12 =D 78 6/

∂2W

∂ϕ2

∣

∣

∣

ϕ=π
= −Mgh− ω2 (B − C) .

>D /4 15 6; /D Q3 1M W ′′
ϕϕ < 0? E < B > C M <E 65 3 15 /= < / 3 / 7 = ; 1 L8 < 5 1�"=D < B < C E 65 3 15 /= </ 7 = ; 1 L8 < 5 1? E < ω2 >

Mgh

C −B
< 3 / 7 = ; 1 L :

8 < 5 1? E < ω2 <
Mgh

C −B

� 5? /E 5 12 =D 78 6/ W ′′
ϕϕ > 0M 6 5 1 5 ; 1E 12 =D 7 :

8 6/ W ′′
ϕϕ < 0

%�

ó � z �Þ � þÙ Ø Ø �Y

Y� ϕ3 = arccos
Mgh

(B − C)ω2

� � ' ; 12 =D 7 8 6/ E 65 3 1 5 / = </ = 7 O /= ; 5 7 /; M

/=D < Mgh < |B − C|ω2� � 1H4 6 sinϕ 6= 0M <

cosϕ =
Mgh

ω2 (B − C)
,

cos2 ϕ =
M2g2h2

ω4 (B − C)2
,

sin2 ϕ = 1 − cos2 ϕ = 1 − M2g2h2

ω4 (B − C)
2 ,

; 60 8 ; 1

∂2W

∂ϕ2

∣

∣

∣

ϕ=ϕ3

=
M2g2h2

ω2 (B − C)
− ω2 (B − C)

(

2
M2g2h2

ω4 (B − C)
2 − 1

)

=

�Y� � ö %

= − M2g2h2

ω2 (B − C)
+ ω2 (B − C) .

� F 7 =D 15 <I Mgh < ω2|B − C| =D /4 7 / ; M2g2h2 < ω4 (B − C)2 <D <

M2g2h2

ω2 (B − C)
< ω2 (B − C)� � 1H4 6 < F � Y� � ö %? 1D 78 6/ 2? E < B > C

∂2W

∂ϕ2

∣

∣

∣

ϕ=ϕ3

> 0,

< 1; 3 1= <; /D Q3 1/ E 65 3 15 /= </ 7 = ; 1 L8 < 5 1M 6? E < B < C

∂2W

∂ϕ2

∣

∣

∣

ϕ=ϕ3

< 0,

< 1; 3 1= <; /D Q3 1/ E 65 3 15 /= </ 3 / 7 = ; 1 L8 < 5 1�

ì�íî íï í üñ ð ð

� 6E <=� Y� T � 5 /E ; <0 6D Q3 6I 1= Q AB I 5D I /; = I 1= Q G= <2 2 / ; E < <; 13 0 1H 114 3 1E 14 3 1H 10 E 7 HD 1H 14 <= 0 6 5 /= 12 P <E 64 <7 = 6 r�C= Q AB 2 1� /; = 5 1 9 14 3 1? 15 1E 68 < 5 6; Q= I 5 = & / E <8 / = 0 1 L 1? 1E / A�� ; 18 0 / B 13 6 74 / E � < 5 6/ ; = I4 5 7 2 I 5 F 6 < 2 3 1:? /E ? /34 <0 7D I E 3 J 2 < H 1:E < F 13 ; 6D Q3 1E 6=? 1D 1� /3 3 J 2 <? E 7 � <3 0 62 < BQ < BD� C 9ó/? E 7 � <3 0 <
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<2 / G; 14 <3 60 15 7 G � /= ; 0 1= ; Q c1 = c2 = c� C3 <? E <0 E /? D /3 J 0 1= <4 <= :0 63 6E 6= = ; 1I 3 < < L 1; 3 <� 3 / L 1? 1E J A� V <= 0 3 6@ 14 <; = I 5? 1D / = <D J; I � /= ; <3 6E 6= = ; 1I 3 < < l 1; 3 <� 3 / L 1? 1E J � � 6 L; <7 HD 1 5 7 G= 0 1E 1= ; Q ωM0 1; 1E 7 G3 7 � 3 1= 1 1 9O <; Q4 <= 0 7 4 D I ; 1H 1M8 ; 1 9J 5 / E ; <0 6D Q3 1/? 1D 1� / :3 </ 1= < § N 9J D 1 7 = ; 1 L8 < 5 1�

� {� {� u {n. 6= = 2 1; E < 2 3 /? 14 5 <� 3 7 G= <= ; / 2 7 0 1 1E4 <3 6; Axyz M H4 / 1= Q z3 6:? E 65D / 3 6 5 /E ; <0 6D Q3 1 5 5 / E @ M 6 1= < x < y? 6E 6D D /D Q3 1? E 7 � <3 62 BQ< BDM 0 1H4 6 1= Q AB3 6@ 14 <; = I 5 5 /E ; <0 6D Q3 12? 1D 1� / 3 < <� W E 12 / ; 1H 1M5 5 /4 / 2 = <= ; / 2 7 = 0 1D Q F I O <@ 0 1 1E4 <3 6; 4 <= 0 6 Ax′y′z′ M 0 1; 1E 7 G 5 1 F Q 2 / 2? 6E 6D D /D Q3 1 L= <= ; / 2 / Axyz M 0 1H4 6 1= Q4 <= 0 6 5 /E ; <0 6D Q3 6� C= Q z′= 1 5 :? 64 6/; = 1= Q G4 <= 0 6M 6 1= < Ax′ < Ay′ 3 6@ 14 I ; = I 5? D 1= 0 1= ; <4 <= 0 6�B 12 / 3 ; J <3 /E P < <4 <= 0 6 1; 3 1= <; /D Q3 1 1= / L

Ax′ < Ay′E 65 3 J A =
mr2

4

M

6 1; 3 1= <; /D Q3 1 1= < Az′ 2 12 /3 ; <3 / E P < <E 65 / 3 C =
mr2

2
M H4 / m =

P

g

�

2 6= = 64 <= 0 6M 6 r � / H 1E 64 <7 =� � /3 ; E 2 6= = 4 <= 0 63 6@ 14 <; = I 3 6E 6= = ; 1:

ó � z �Þ � þÙ Ø Ø � X

I 3 < < l 1; 3 /? 14 5 <� 3 1 L; 18 0 < A� � 6 L4 / 2 0 <3 /; <8 /= 0 7 G ' 3 /E H < G4 <= 0 6�C3 6= 1= ; 1 <; < F ' 3 /E H < <P / 3 ; E 6 2 6= = < ' 3 /E H < < 5 E 6O 6; /D Q3 1H 14 5 <� / :3 <I4 <= 0 6� C 9 1 F3 68 <2 8 / E / F x < y0 1 1E4 <3 6; J P /3 ; E 6 2 6= = ? E < 1; 0D 1 :3 /3 < < 1= <4 <= 0 63 67 HD J α < β �= 2� E <=� Y� T � %�� 1H4 60 <3 / ; <8 / = 0 6I ' 3 /E H <I4 <= 0 6E 65 3 6
T =

1

2
m
(

ẋ2 + ẏ2
)

+
1

2
A
(

α̇2 cos2 β + β̇2
)

+
1

2
C (ω + α̇ sinβ)

2
.

"=D <4 1? 7 = ; <; Q M8 ; 1 7 HD J α < β 2 6D J M ;� /� cosα = 1M cosβ = 1M

sinβ = β M ; 1 < F E <=� Y� T � 5 <4 3 1M8 ; 1
ẋ = lα̇, ẏ = lβ̇,

< 5 0 5 64 E 6; <8 3 12? E < 9D <� /3 < <? 1D 78 6/ 2

T =
1

2
ml2

(

α̇2 + β̇2
)

+
1

2
A
(

α̇2 + β̇2
)

+
1

2
C
(

ω2 + 2ωα̇β
)2
.

$ 14 = ; 65D I I F3 68 /3 <I 2 12 / 3 ; 1 5 <3 /E P < < A < C < 1; 9E 6= J 5 6I? 1= ; 1I 3 :3 J L8 D / 3 1
2Cω

2 M 3 6 L4 / 2

T =
1

2
m

(

l2 +
r2

4

)

(

α̇2 + β̇2
)

+
mr2

2
ωα̇β.

�Y� � � %

$E /3 / 9E / H 6I8 D /3 62 < 5J K / 5 ; 1E 1H 1? 1E I4 0 6 2 6D 1= ; <�M? 1D 7 8 <2 M8 ; 14 / & 1E 2 6P < <? E 7 � <3 E 65 3 J Lα < Lβ <? 1; / 3 P < 6D Q3 6I ' 3 /E H <I = <D J; I � /= ; < P 5 0 5 64 E 6; <8 3 12? E < 9D <� / 3 < < <2 / /; 5 <4 �

−P l (1 − cosα+ 1 − cosβ) = −1

2
P l
(

α2 + β2
)

.

� 1H4 6 1 9O 6I? 1; / 3 P < 6D Q3 6I ' 3 /E H <I E 65 3 6

Π =
1

2

(

cL2 − P l
) (

α2 + β2
)

.

�Y� � � %

$ 1D Q F 7 I = Q 5J E 6� /3 <I 2 < �Y� � � % < �Y� � � % M = 1= ; 65 < 2 7 E 65 3 /3 <I ) 6:HE 63 � 64 D I 0 1 1E4 <3 6; J α�

∂T

∂α̇
= m

(

l2 +
r2

4

)

α̇+
mr2

2
ωβ.
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$E 14 < & & / E /3 P <E 7 / 2 '; 1 5J E 6� /3 </? 1 5 E / 2 /3 < tM 6 Π? E 14 < & & /E / 3 :P <E 7 / 2 ? 1 α� � 1H4 6? 1D 78 <2 7 E 65 3 / 3 </4 5 <� /3 <I4 D I 0 1 1E4 <3 6; J α�#3 6D 1H <8 3 1? 1D 78 6/; = I 7 E 65 3 /3 < /4 5 <� /3 <I4 D I β�> <= ; / 2 67 E 65 3 /3 < L? E <3 <2 6/; 5 <4 �

m

(

l2 +
r2

4

)

α̈+
mr2

2
ωβ̇ +

(

cL2 − P l
)

α = 0, �Y� � ú %

m

(

l2 +
r2

4

)

β̈ − mr2

2
ωα̇+

(

cL2 − P l
)

β = 0.

$ 1D 1� <2 α = Deλt M β = Eeλt� $ 14 = ; 65D I I ' ; < 5J E 6� /3 <I 5 7 E 65 3 /3 <I�Y� � ú % <? 14 /D < 5 <@ 3 6 eλt M? 1D 7 8 6/ 2

(

m
(

l2 + r2

4

)

λ2 +
(

cL2 − P l
)

)

D + mr2

2 ωλE = 0,

−mr2

2 ωλD +
(

m
(

l2 + r2

4

)

λ2 +
(

cL2 − P l
)

)

E = 0.

�; 1= <= ; / 2 6 14 3 1E 14 3 J @ D <3 / L3 J @ 7 E 65 3 /3 < L 1; 3 1= <; /D Q3 1 D < E M1? E /4 /D <; /D Q0 1; 1E 1 L4 1D � / 3 1 9E 6O 6; Q= I 5 3 7D Q M ;� /�

∣

∣

∣

∣

∣

∣

m
(

l2 + r2

4

)

λ2 +
(

cL2 − P l
)

mr2

2 ωλ

−mr2

2 ωλ m
(

l2 + r2

4

)

λ2 +
(

cL2 − P l
)

∣

∣

∣

∣

∣

∣

= 0.

. 6= 0 E J 5 6I '; 1; 1? E /4 /D <; /D Q M? 1D 7 8 6/ 2 @ 6E 60 ; /E <= ; <8 /= 0 1/ 7 E 65 3 / :3 </

m2
(

l2 + r2

4

)2

λ4 +
[

2m
(

l2 + r2

4

)

(

cL2 − P l
)

+ m2r4

4 ω2
]

λ2+

+ (cL− P l)
2

= 0.

�; 1 7 E 65 3 /3 < / 2 1� 3 1E 6 FE /K <; Q 1; 3 1= <; /D Q3 1 λ2�

λ2 =
−1

2m2
(

l2 + r2

4

)

{

(

2m

(

l2 +
r2

4

)

(

cL2 − P l
)

+
m2r4

4
ω2

)

±

±m
2r4

4
ω2

√

4m

(

l2 +
r2

4

)

(cL2 − P l) +
m2r2

4
ω2

}

.
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"=D < P l < cL2 M ; 1 5 = / =D 6H 6/ 2 J /? 14 F3 60 12 √ ? 1D 1� <; /D Q3 J M6 1 9 60 1E 3 I λ2
1

< λ2
2

1; E <P 6; /D Q3 J <E 6FD <8 3 J ? E <D G 9 1 L7 HD 15 1 L= 0 1:E 1= ; < ω� �; 1 1 F3 68 6/; M8 ; 1? E < P l < cL2 5 /E ; <0 6D Q3 1/? 1D 1� /3 </ 1= <4 <= 0 67 = ; 1 L8 < 5 1 5? /E 5 12? E < 9D <� / 3 < <? E <D G 9 1 L7 HD 1 5 1 L= 0 1E 1= ; < ω�$7 = ; Q; /? /E Q P l > cL2� � '; 12 =D 7 8 6/? /E 5 1/ =D 6H 6/ 2 1/? 14 0 5 64 E 6; :3 J 2 0 1E 3 / 2 = ; 63 15 <; = I 1; E <P 6; /D Q3 J 2 M <4 D I 7 = ; 1 L8 < 5 1= ; < 7 HD 15 6I= 0 1E 1= ; Q ω4 1D � 3 674 1 5D / ; 5 1E I ; Q 7 =D 15 < G
ω >

2

r2

√

gl (4l2 + r2)

(

1− cL2

P l

)

.

"=D < ω74 15D /; 5 1E I /; ' ; 12 7 7 =D 1 5 < GM ; 1? E < cL2 < Pl? 14 F3 60 12 0 1E :3 I = ; 1 <; ? 1D 1� <; /D Q3 6I 5 /D <8 <3 6M < 1 9 60 1E 3 I λ2
1

< λ2
2

E 6 FD <8 3 J < 1; :E <P 6; /D Q3 J M8 ; 1 1? E /4 /D I / ; 7 = ; 1 L8 < 5 1= ; Q 5? /E 5 12? E < 9D <� /3 < < 5 / E :; <0 6D Q3 1H 1? 1D 1� / 3 <I 1= <4 <= 0 6� �; 6 7 = ; 1 L8 < 5 1= ; QE 6FE 7K 6/; = I? E <4 1 9 65D /3 < <= <D = 1? E 1; < 5D /3 <I �= 2� ¡T T ¢ %�

ì�íî íï í üñ ð ù

W H < 90 12 7 5 6D 7 M 7 = ; 63 1 5D / 3 3 12 7 5 5 /E ; <0 6D Q3 J @ 1? 1E 6@ M? E <0 E /? :D /3 H 1E < F 13 ; 6D Q3 1 E 6=? 1D 1� / 3 3 J L E 1; 1E 2 6= = J mM < F 1 9E 6� /3 3 J L3 6E <=� Y� T ú�

ôõö â û â ÷ W
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 /E / F ; 18 0 7 O? E 1@ 14 <; 1= Q H < 90 1H 17? E 7 H 1H 1 5 6D 6M � /= ; 0 1= ; Q0 1; 1:E 1H 13 6 < F H < 9E 65 3 6 c� . 1; 1E <2 / / ; 3 / 9 1D QK 1 L '0 = P /3 ; E <= <; /; e = OC MH4 / ; 18 0 6 C �P /3 ; E 2 6= = E 1; 1E 6� B 6= = 6E 1; 1E 6E 65 3 6 mM 6 / H 1P / 3 :; E 6D Q3 J L 2 12 /3 ; <3 /E P < < 1; 3 1= <; /D Q3 1 5 / E ; <0 6D Q3 1 L 1= <�M? E 1@ 14 I :O / L8 /E / F ; 18 0 7 OM E 65 /3 J� � 18 0 < O < C? E <3 64 D / � 6; E 1; 1E 7� � 6D? E <3 74 <; /D Q3 1 5 E 6O 6/; = I = ? 1= ; 1I 3 3 1 L 7 HD 1 5 1 L = 0 1E 1= ; Q G ω� � /? 1:4 5 <� 3 6I = <= ; / 2 60 1 1E4 <3 6; O1xy

D / � <; 5? D 1= 0 1= ; <E 1; 1E 6� $E /3 / :9E / H 6I 2 6= = 1 L 5 6D 6 <= <D 62 <= 1? E 1; < 5D / 3 <I M 1? E /4 /D <; Q= ; 6P < 13 6E 3 1/4 5 <� /3 </ E 1; 1E 6 < 7 = ; 1 L8 < 5 1= ; Q '; 1H 14 5 <� /3 <I�

� {� {� u {n$ 1= ; E 1 <2 ? 1= ; 7? 6; /D Q3 1? /E / 2 / O 6 GO 7 G= I = <= ; / 2 7 0 1 1E4 <3 6;

Ox′y′ M 1= <0 1; 1E 1 L? 6E 6D D /D Q3 J 1= I 2 3 /? 14 5 <� 3 1 L= <= ; / 2 J Oxy� AmH 1D2 / �4 7 1; E / F0 12 OC < 1= Q G x′= ; 18 3 1= ; Q G4 13 68 6D Q3 1 L & 6 FJ E 65 /3 ωt�� 5 /4 / 2? 1D I E 3 J / 0 1 1E4 <3 6; J ρ < ϕ; 18 0 < O� $E 1/0 P < <= 0 1E 1= ; < '; 1 L; 18 0 <3 6? 1D I E 3 J / 1= <0 1 1E4 <3 6; ρ0 M ϕ0

1? E /4 /D I G; = I E 65 /3 = ; 5 62 <

voρ = ρ̇, voϕ = ρϕ̇.

�Y� Y S %

� F E <=� Y� T ú 5 <4 3 1M8 ; 1? E 1/0 P < < 1; 3 1= <; /D Q3 1 L= 0 1E 1= ; < vrCP /3 ; E 62 6= = CE 65 3 J

vrCρ = −ωe sin(ωt− ϕ), vrCϕ = ωe cos(ωt− ϕ).

� Y� Y T %

W <3 /; <8 /= 0 6I '3 /E H <I E 1; 1E 6 1? E /4 /D I /; = I < F 5 /= ; 3 J 2 E 65 / 3 = ; 5 12

T =
1

2
Jω2 +m(vO · vrC) +

1

2
mv2

O .

�Y� Y � %

$ 14 = ; 65D I I E 65 / 3 = ; 5 6 �Y� Y S % < � Y� Y T % 5 �Y� Y � % < 1; 9E 6= J 5 6I? 1= ; 1I 3 3 J L8 D / 3 M 3 6 L4 / 2

T =
1

2
m
{

ρ̇2 + ρ2ϕ̇2 + 2ωe [−ρ̇ sin(ωt− ϕ) + ρϕ̇ cos(ωt− ϕ)]
}

.

$ 1; / 3 P < 6D Q3 6I ' 3 /E H <I 7? E 7 H 1H 1 5 6D 6E 65 3 6

Π =
1

2
cρ2.

û 6? <K / 2 ; /? /E Q 7 E 65 3 / 3 <I ) 6HE 63 � 64 D ID 6H E 63 � < 63 6 L = T − Π�

m
(

ρ̈− ρϕ̇2 − ω2e cos(ωt− ϕ)
)

= −cρ,
mρ
(

ρϕ̈+ 2ρ̇ϕ̇− ω2e sin(ωt− ϕ)
)

= 0.

�Y� Y Y %

ó � z �Þ � þÙ Ø ú � ú

� 7 = ; 63 1 5 < 5K / 2 = I4 5 <� / 3 < < ρ = ρ0 =« ­ ª µ¨ > 0 < ϕ̇ = ϕ̇0 =« ­ ª µ¨�� F 7 E 65 3 /3 < L �Y� Y Y %3 6@ 14 <2 = ; 6P < 13 6E 3 1/4 5 <� /3 < /T %? E < c−mω2 > 0

ϕ0 = ωtM ϕ̇0 = ωM ρ0 = eω2m
c−mω2

M� %? E < mω2 − c > 0

ϕ0 = ωt+ πM ϕ̇0 = ωM ρ0 = eω2m
mω2−c��= =D /4 7 / 2 7 = ; 1 L8 < 5 1= ; Q? / E 5 1H 1 < F E /K /3 < L� VD I ' ; 1H 1D <3 / 6E < F 7 :/ 2 7 E 65 3 /3 <I ) 6H E 63 � 6 5 10 E / = ; 3 1= ; <= ; 6P < 13 6E 3 1H 1E /K / 3 <I M? 1D 1:� < 5 ρ = ρ0 + ε1

< ϕ = ωt+ ε2� $ 1D 7 8 <2 7 E 65 3 /3 <I

mε̈1 −mω2ε1 − 2mρ0ωε2 + cε1 = 0

ρ0ε̈2 + ω2eε2 + 2ωε̇1 = 0= @ 6E 60 ; /E <= ; <8 /= 0 <2 7 E 65 3 /3 </ 2
∣

∣

∣

∣

∣

mλ2 −mω2 + c, −2mρ0ωλ

2ωλ, ρ0λ
2 + ω2e

∣

∣

∣

∣

∣

= 0.

. 6= 0 E J 5 6I 1? E /4 /D <; /D Q M? 1D 7 8 6/ 2

(mλ2 −mω2 + c)(ρ0λ
2 + ω2e) + (2mρ0ωλ)(2ωλ) = 0

<D <
(mλ2 −mω2 + c)2 + (2mωλ)2 = 0.C; = G4 6
mλ2 −mω2 + c± 2mωλi = 0,

; 1 /= ; Q

m(λ± ωi)2 + c = 0.� 60 <2 1 9E 6F 12 M? 1D 7 8 6/ 2 F3 68 /3 <I 0 1E 3 / L

λ = i

(

±ω ±
√

c

m

)

.

�= / 0 1E 3 < I 5D I G; = I? E 1= ; J 2 < < 2 3 < 2 J 2 <� >D /4 1 5 6; /D Q3 1M = ; 6P < 13 6E :3 1/4 5 <� / 3 </ 7 = ; 1 L8 < 5 1 5? / E 5 12? E < 9D <� /3 < <�#3 6D 1H <8 3 J 2 1 9E 6 F 12 <= =D /4 7 / ; = I = ; 6P < 13 6E 3 1/ 4 5 <� / 3 </ ? E <

mω2 − c > 0�
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� 6 L; <0 E <; <8 /= 0 7 G= 0 1E 1= ; Q 5 E 6O / 3 <I Ωcr

5 H 1E < F 13 ; 6D Q3 1 L? D 1= :0 1= ; < 5 / E @ 3 / LK 6E 3 <E 3 1 L 1= < 1E ; 1H 13 6D Q3 1H 14 5 1 L3 1H 1 2 6I ; 3 <0 6M? E <0 1; 1E 1 L3 6E 7K 6/ ; = I 7 = ; 1 L8 < 5 1= ; Q / H 1 5 /E ; <0 6D Q3 1H 1? 1D 1� /3 <I� C 9/K 6E 3 <E 3 J / 1= < 2 6I ; 3 <0 6 5 E 6O 6 G; = I 5 H 1E < F 13 ; 6D Q3 J @ ? D 1= 0 1= ; I @ M 97 :4 7 8 < 5 F 6 <2 3 1 1E ; 1H 13 6D Q3 J 2 <�M4 D <3 J F 5 / 3 Q / 5 2 6I ; 3 <0 6 l1 < l2 M 60 13 :P / 5J / ; 18 /8 3 J / 2 6= = J m1

< m2�
ôõö â û â øX

� {� {� u {nC 9 1 F3 68 < 5K 6E 3 <E 3 J / 7 HD J 1; 3 1= <; /D Q3 1H 1? 15 1E 1; 6 F 5 / 3 Q / 5 2 6I ; :3 <0 60 60 ϕ1

< ϕ2 M F 6? <K / 2 7 HD 1 5J / = 0 1E 1= ; <? / E 5 1H 1 < 5 ; 1E 1H 1 F 5 /3 6
ω1 = Ω + ϕ̇1, ω2 = Ω + ϕ̇1 + ϕ̇2.> 5 I F 65 = ? /E 5J 2 F 5 /3 12 9 6F <= e1 M 1E ; i1

0 1; 1E 1H 13 6? E 65D /3 ? 1 1= <? /E 5 1H 1K 6E 3 <E 6M 1E ; j1

�? 1 1= < 5 ; 1E 1H 1K 6E 3 <E 6M 6 1E ; k1

�? 1 1= <= 62 1H 1 F 5 /3 6M F 6? <K / 2 0 12? 13 / 3 ; J 5 /0 ; 1E 6 ω1

5 ' ; 12 9 6 F <= /�
ω1 = ϕ̇1i1 + Ω sinϕ1j1 + Ω cosϕ1k1.

ó � z �Þ � þÙ Ø þ � T

� 1H4 6

v1 = ω1 × l1 = l1(Ω sinϕ1i1 − ϕ̇1j1).�J 8 <=D / 3 </ v2

; 60 � / =4 /D 6/ 2 5 9 6 F <= / e1 M 7 8 ; I M8 ; 1
ω2 = ϕ̇1i1 + (Ω sinϕ1 + ϕ̇2) j1 + Ω cosϕ1k1,

l2 = l2 (sinϕ2i1 + cosϕ2k1) .�E / F 7D Q; 6; /? 1D 78 <2

v2 = v1 + ω2 × l2 = (l1Ω sinϕ1 + l2 cosϕ2(ϕ̇2 + Ω sinϕ1)) i1+

+ (−l1ϕ̇1 + l2(sinϕ2 cosϕ1Ω − ϕ̇1 cosϕ2)) j1+

+ l2 sinϕ2(ϕ̇2 + Ω sinϕ1)k1.V 6D / / 3 6@ 14 <2

v2
1 = l21(ϕ̇

2
1 + Ω2 sin2 ϕ1) ≈ l21(ϕ̇

2
1 + Ω2ϕ2

1),

v2
2 ≈ (l1Ωϕ1 + l2ϕ̇2 + l2Ωϕ1)

2 + (l2Ωϕ2 − l2ϕ̇1 − l1ϕ̇1)
2+

+ l22Ω
2ϕ2

1 = (l1 + l2)
2ϕ̇2

1 + l22ϕ̇
2
2 + 2l1l2ϕ̇1ϕ̇2−

− 2l2(l1 + l2)Ωϕ̇1ϕ2 + 2l2(l1 + l2)Ωϕ̇2ϕ1+

+ (l21 + 2l22 + 2l1l2)Ω
2ϕ2

1 + l22Ω
2ϕ2

2,? 1=D /8 / H 1 5J ? <= J 5 6/ 2 0 <3 / ; <8 / = 0 7 G ' 3 /E H < G

T =
m1v

2

1

2 +
m2v

2

2

2 =

= 1
2 ((m1l

2
1 +m2(l1 + l2)

2)ϕ̇2
1 +m2l

2
2ϕ̇

2
2 + 2m2l1l2ϕ̇1ϕ̇2+

+ 2m2(l1 + l2)l2Ω(ϕ1ϕ̇2 − ϕ̇1ϕ2)+

+
(

m1l
2
1 +m2(l

2
1 + 2l22 + 2l1l2)

)

Ω2ϕ2
1 +m2l

2
2Ω

2ϕ2
2).û 6? <= 65 5J E 6� /3 </4 D I? 1; /3 P < 6D Q3 1 L '3 /E H < <

Π = m1gz1 +m2gz2 = −g((m1 +m2)l1 cosϕ1+

+ m2l2 cosϕ1 cosϕ2) ≈ 1
2

(

(m1l1 +m2l1 +m2l2)ϕ
2
1 +m2l2ϕ

2
2

)

,? E <@ 14 <2 0 =D /4 7 GO <2 7 E 65 3 /3 <I 2 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I�































(m1l
2
1 +m2(l1 + l2)

2)ϕ̈1 +m2l1l2ϕ̈2 − 2m2(l1 + l2)l2Ωϕ̇2−
(

m1l
2
1 +m2(l

2
1 + 2l22 + 2l1l2)

)

Ω2ϕ1+

+g(m1l1 +m2l1 +m2l2)ϕ1 = 0,

m2l
2
2ϕ̈2 +m2l1l2ϕ̈1 + 2m2l2(l1 + l2)Ωϕ̇1 −m2l

2
2Ω

2ϕ2+

+gm2l2ϕ2 = 0.



� � × � �� � þÙ > {Û | �Þ 	� | {Û? x �� � | � � { 	ä Ü | � { � x � �Û 	� �  @ { 	 {Û ��

"=D < 1 9 1 F3 68 <; Q

l1
l2

= ε,
g

l2
= k2,

Ω

k
= ν,

m1

m2
= µ

<? /E / L; <0 9/ FE 6 F 2 /E 3 12 7 5 E / 2 / 3 < dτ = kdtM ; 1= <= ; / 2 6? E <2 / ; 5 <4











(µε2 + (1 + ε)2)ϕ′′
1 + εϕ′′

2 − 2ν(1 + ε)ϕ′
2+

((µ+ 1)ε+ 1 − ν2((µ+ 1)ε2 + 2(1 + ε)))ϕ1 = 0,

ϕ′′
2 + εϕ′′

1 + 2ν(1 + ε)ϕ′
1 + (1 − ν2)ϕ2 = 0.

VD I 7? E 1O / 3 <I F 64 68 <? 1D 1� <2 µ = ε = 1� � 1H4 6= <= ; / 2 6? E <2 / ; 5 <4

{

5ϕ′′
1 + ϕ′′

2 − 4νϕ′
2 + 3ϕ1(1 − 2ν2) = 0,

ϕ′′
2 + ϕ′′

1 + 4ϕ′
1ν + ϕ2(1 − ν2) = 0.

¥ 6E 60 ; /E <= ; <8 / = 0 < L 1? E /4 /D <; /D Q ' ; 1 L= <= ; / 2 J

∆(p) =

∣

∣

∣

∣

5p2 + 3(1− 2ν2), p2 − 4νp

p2 + 4νp, p2 + 1 − ν2

∣

∣

∣

∣

=

= 4p4 + p2(8 + 5ν2) + 3(1− 3ν2 + 2ν4) = 0.

A=D 15 <I 7 = ; 1 L8 < 5 1= ; < 974 7 ;�T %

2ν4 − 3ν2 + 1 > 0M� %

(8 + 5ν2)2 − 48(1− 3ν2 + 2ν4) > 0�� F? /E 5 1H 17 E 65 3 /3 <I =D /4 7 /; ν2 < 1/2M ; 1H4 60 60 5 ; 1E 1/4 6/; 2 /3 / /

� / = ; 0 1/ 1HE 63 <8 / 3 </ ν2 < 112+
√

1122+16·71
71 ≈ 3.22�C; 5 / ;� Ω <

√

g

2l2

�

ì�íî íï í üñ ð �

�= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q E 65 3 1 5 /= <I ? D 65 6 GO / H 1 9E 7 = 6? E I 2 1 :7 H 1D Q3 1H 1 = /8 /3 <I M / =D < / H 14 D <3 6 F3 68 <; /D Q3 1? E / 5J K 6/; E 6F 2 /E J? 1? /E /8 3 1H 1= /8 / 3 <I�

� {� {� u {nC HE 63 <8 < 5 6I = Q 5 = <D 7 = 0 6F 63 3 1H 1E 62 0 62 <? D 1= 0 1 L F 64 68 <�M F 60D G :8 6/ 2 M8 ; 1 9E 7 = <2 / /; Y = ; /? / 3 <= 5 1 9 14 J � = 2 / O /3 < / 5 H 1E < F 13 ; 6D Q3 12 x

ó � z �Þ � þÙ Ø � � Y

ôõö â û â ø ÷

< 5 / E ; <0 6D Q3 12 y 3 6? E 65D /3 < <�M 6; 60 � /? 1 5 1E 1; = /8 /3 <I 3 6 7 H 1D ϕ5 5 / E ; <0 6D Q3 1 L? D 1= 0 1= ; < xy� ( <4 0 1= ; Q; E 60 ; 7 /; = I 0 60 ? 1; /3 P < 6D Q :3 1/? 1D / H <4 E 1= ; 6; <8 / = 0 <@ = <D M 3 / <2 / GO / / = 5 1 <@ = ; /? /3 / L= 5 1 9 14 J �� 1H4 6 9E 7 = 974 /; <=? J ; J 5 6; Q 5 1 F4 / L= ; 5 </4 5 7 @ ? 1; / 3 P < 6D Q3 J @ ? 1D / L �HE 65 <; 6P < 13 3 1H 1 < H <4 E 1= ; 6; <8 /= 0 1H 1 � < 5 1? E 1= 1 / H 1E 65 3 15 /= 3 J @ ? 1 :D 1� / 3 <I @ < <@ 7 = ; 1 L8 < 5 1= ; Q? 1D 3 1= ; Q GE /K 6/; = I? 1= E /4 = ; 5 12 63 6D < :F 6= 7 2 2 6E 3 1 L? 1; / 3 P < 6D Q3 1 L ' 3 /E H < <= <= ; / 2 J 9E 7 = � � <4 0 1= ; Q Π(q) =
= Πb(q)+Πl(q)M H4 / q �= ; 1D 9ó/P 1 9 1 9O /3 3 J @ 0 1 1E4 <3 6; 9E 7 = 6M Πb

< Πl

�'3 / E H < <= <D 5 /= 6 9E 7 = 6 < � <4 0 1= ; <� L= 3 1M8 ; 1 H 1E < F 13 ; 6D Q3 12 7 = 2 / O / :3 < G 9E 7 = 6 1; 5 /8 6/; P <0D <8 /= 0 6I 0 1 1E4 <3 6; 6M 0 1; 1E 6I 3 / 5 1 L4 / ; 5 Π<? 1'; 12 7 5 = ; 6; <8 / = 0 1 L F 64 68 / 2 1� /; 9J ; Q 1; 9E 1K /3 6� � /E ; <0 6D Q :3 6I 0 1 1E4 <3 6; 6M E 6 F 7 2 / / ; = I M 3 / 974 /; P <0 D <8 / = 0 1 LNM 14 3 60 1 / / ; 60 � /2 1� 3 1 <= 0D G8 <; Q < F 63 6D < F 6M /=D <E 6= = 2 6; E < 5 6; Q; 1D Q0 1E 65 3 1 1 9ba / 2 :3 J / 3 60D 13 /3 <I 9E 7 = 6? 1 7 HD 7 ϕ

�;� /� ; 60 </ 3 60D 13 /3 <I M? E <0 1; 1E J @5 / E ; <0 6D Q3 J L 1 9ba / 2 � <4 0 1= ; < 1= ; 6/ ; = I? 1= ; 1I 3 3 J 2 <E 65 3 J 2 1 9a / 2 75? 1D 1� /3 < <E 65 3 1 5 /= <I 9E 7 = 6 %� �; 1; ? E </ 2 K <E 10 1 <=? 1D Q F 7 / ; = I 5 F 6:4 68 6@ = ; 6; <0 <? D 65 6 GO <@ ; /D ¡� ¢ < 13 1= 3 1 5 63 3 6; 12 & 60 ; / M8 ; 14 D I5J ? 7 0D 1H 1? D 65 6 GO / H 1; /D 6 5 = / H4 6 <2 / / ; 2 / = ; 1 7 = ; 1 L8 < 5 1= ; Q? 1 5 / E :; <0 6D Q3 1 L0 1 1E4 <3 6; /�$E < '; <@ 7 =D 15 <I @ ? 1; / 3 P < 6D Q3 6I ' 3 /E H <I 9E 7 = 6 < � <4 0 1= ; < 97 :4 /; F 65 <= /; Q; 1D Q0 1 1; 7 HD 6 ϕ� Π(ϕ) = Πb(q) + Πl(q)M H4 / Πb = Pbyb M

Πl = −Plyl M? E <8 / 2 Pb � 5 / = 9E 7 = 6M yb � 5J = 1; 6 / H 1 P /3 ; E 6 ; I � / := ; < M Pl � 5 /= 5J ; /= 3 /3 3 1 L � <4 0 1= ; < M 6 yl � 5J = 1; 6P /3 ; E 6; I � /= ; <5J ; / = 3 / 3 3 1H 1 1 9ba / 2 6 � <4 0 1= ; <�M <2 /3 7 / 2 6I P / 3 ; E 12 5 /D <8 <3 J � �? 1 :
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D 1� / 3 < <E 65 3 1 5 /= <I = 1HD 6= 3 1 F 60 13 7 #E @ < 2 /4 6 < 2 / / 2 Πb = Πl M <; 1H4 6

Π = P (yb − yl)� $ 1D 6H 6/ 2 M8 ; 1 9E 7 = 14 3 1E 14 / 3 < 1; 3 1K /3 </? D 1; 3 1= ; </ H 1 2 6; /E < 6D 60 ? D 1; 3 1= ; < � <4 0 1= ; < / = ; Q ρ� � 1H4 6= 1HD 6= 3 1E <=� Y� �T

<2 / / 2

yb = −h+ a sinϕ+ b cosϕ,

� Y� Y ü %

H4 / h �? E 12 / � 7 ; 18 3 6I? / E / 2 / 3 3 6I M 1? E /4 /D I / 2 6I <@ 7 =D 15 <I E 65 3 1:1 9ba / 2 3 1= ; <� VD I 3 6@ 1�4 /3 <I yl

= 1= ; 65 <2 7 =D 1 5 </ E 65 /3 = ; 5 6= ; 6; <8 / := 0 1H 1 2 12 / 3 ; 6? D 1O 64 <? 1H E 7 � / 3 3 1 L ; E 6? /P < < § N ½c 1; 3 1= <; /D Q3 11= < xE 6F3 1= ; <= ; 6; <8 /= 0 <@ 2 12 / 3 ; 1 5 ; E / 7 H 1D Q3 <0 15 §½ - < N ½ -� A8 < :; J 5 6I M8 ; 1? D /8 1= ; 6; <8 /= 0 1H 1 2 12 /3 ; 6; E / 7 H 1D Q3 <0 6 §½ - 1; 3 1= <; /D Q :3 1 1= < . E 65 3 1 T d Y / H 1 5J = 1; J h < 63 6D 1H <8 3 14 D I ; E / 7 H 1D Q3 <0 6 N ½c M? 1D 7 8 6/ 2

h

3
SACE − h− 2a sinϕ

3
SBCD = yc(SACE − SBCD),

�Y� Y X %

H4 / yc = −yl� �J E 6� 6I

SACE = h2

sin 2ϕ , SBCD = (h−2a sinϕ)2

sin 2ϕ ,

SABDE = SACE − SBCD = 2a(h−a sinϕ)
cosϕ ,

�Y� Y ö %

F 6? <K / 2 7 =D 15 </ E 65 3 1 1 9ba / 2 3 1= ; <

habρ = SABCD =
2a(h− a sinϕ)

cosϕ
,

1; 0 74 6

h = a sinϕ+ 2bρ cosϕ.

� Y� Y � %

$ 14 = ; 65D I I 5J E 6� / 3 <I � Y� Y ö % 5 E 65 / 3 = ; 5 1 � Y� Y X % M 3 6@ 14 <2

yc =
h3 − (h− 2a sinϕ)3

3[h2 − (h− 2a sinϕ)2]
,

1; 0 74 6? 1=D / <= 0D G8 / 3 <I h= 1HD 6= 3 1 � Y� Y � % <2 / / 2
yc =

12b2ρ2 cos2 ϕ+ a2 sin2 ϕ

12bρ cosϕ
.

ó � z �Þ � þÙ Ø � � X

�=? 1D Q F 7 I 3 6 L4 /3 3 J / 5J E 6� /3 <I4 D I yc = −yl < yb �Y� Y ü % M = 1= ; 65 <2
Π(ϕ) = P (yb + yl) = P

12b2ρ(1 − ρ) cos2 ϕ+ a2 sin2 ϕ

12bρ cosϕ
≈

≈ P
ϕ2

2

[

a2

6bρ
+ b(ρ− 1)

]

.

C; = G4 6 7 � / 3 / ; E 74 3 1 F 60 D G8 <; Q M8 ; 14 D I 7 = ; 1 L8 < 5 1= ; <? 1D 1� /3 <IE 65 3 15 /= <I 9E 7 = 6 ϕ = 0; E / 97 /; = I? 1D 1� <; /D Q3 1= ; Q 5J E 6� /3 <I 5 0 5 64 :E 6; 3 1 L= 0 1 90 / M ;� /� ; E / 97 / ; = I M8 ; 1 9J
a

b
>
√

6ρ(1 − ρ).

�; 13 /E 65 /3 = ; 5 1 1? E /4 /D I /; 1 9D 6= ; Q 7 = ; 1 L8 < 5 1= ; <�M 0 1; 1E 6I F 6; / 2 :3 /3 63 6E <=� Y� � ��

ôõö â û â ø ø

� <4 3 1M8 ; 1? E < a < b 5 9D < F < ρ = 0 < ρ = 17 = ; 1 L8 < 5 1? D 65 6/ ; 4 6� /9E 7 = M? 1= ; 65D / 3 3 J L3 6R E / 9E 1 U�
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$7 = ; Q 2 6; / 2 6; <8 / = 0 6I 2 14 /D Q 2 /@ 63 <8 / = 0 1 L = <= ; / 2 J = n = ; /? / 3 I 2 <= 5 1 9 14 J 1? <= J 5 6/; = I 7 E 65 3 / 3 </ 2

q̇ = f(q),

H4 / q � 5 /0 ; 1E 1; 0D 13 /3 < L 1 9 1 9O /3 3 J @ 0 1 1E4 <3 6; 1; <@ 3 / 5 1 F 2 7 O / 3 :3 J @ F3 68 / 3 < L q∗ ≡ 0M 6 f(q) �4 < & & /E / 3 P <E 7 / 2 6I? 1 q 5 /0 ; 1E : &7 3 0 P <I�. 6FD 6H 6I &7 3 0 P < < f(q) 5 E I4 �/ LD 1E 6 5 10 E /= ; 3 1= ; <; 18 0 < q∗ = 0 < 5J :4 /D I I 5 ' ; 12 E 6FD 1� /3 < <D <3 / L3 1/? 1 q=D 6H 6/ 2 1/ M? 1D 78 <2 = <= ; / 2 77 E 65 3 /3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I

q̇ = Aq + U(q),

� ü� T %

H4 / U � 5 /0 ; 1E 3 /D <3 / L3 J @ =D 6H 6/ 2 J @ 5 ; 1E 1H 1 < 5J =K <@ ? 1E I4 0 15? 1 qM 6

A =









∂f1
∂q1

· · · ∂f1∂qn��� � � � ���

∂fn

∂q1
· · · ∂fn

∂qn









∗� 2 6; E <P 6? E 1 < F 5 14 3 J @ 5 ; 18 0 / q∗ = 0��= =D /4 15 63 </ 7 = ; 1 L8 < 5 1= ; <? 1D 1� /3 <I q = q∗ = 03 68 <3 6/; = I 1 9J 8 :3 1= 63 6D < F 67 E 65 3 / 3 < L? /E 5 1H 1? E < 9D <� /3 <I

q̇ = Aq,

� ü� � %

ã � | x 	ä � �

? E /4 = ; 65D I GO <@ = 1 9 1 L = <= ; / 2 7 D <3 / L3 J @ 4 < & & / E /3 P < 6D Q3 J @ 7 E 65 :3 /3 < L = ? 1= ; 1I 3 3 J 2 < 0 1' & & <P </ 3 ; 62 <� W 60 ? 10 6 F 63 1 5 ¡T T ¢ M E /K / :3 </ q = q∗ = 0

974 /; 6= <2? ; 1; <8 / = 0 < 7 = ; 1 L8 < 5 1? E <D G 9 12 5J 9 1E /3 /D <3 / L3 J @ =D 6H 6/ 2 J @ U M /=D < 5 = / = 1 9= ; 5 /3 3 J /8 <=D 6 2 6; E <P J AD / :� 6; 5 1; 0 E J ; 1 LD / 5 1 L? 1D 7? D 1= 0 1= ; < h ³ (λi) < 0� $E <3 6D <8 < <@ 1; I 9J14 3 1H 1 < F = 1 9= ; 5 /3 3 J @ 8 <= /D 2 6; E <P J A 5? E 65 1 L? 1D 7? D 1= 0 1= ; <3 7 :D / 5 1/ E /K / 3 </ q∗ = 03 / 7 = ; 1 L8 < 5 1� "=D < � / =? /0 ; E 2 6; E <P J AD / � <;5 F 62 0 3 7 ; 1 LD / 5 1 L? 1D 7? D 1= 0 1= ; < <D < � / 5 / = QE 6=? 1D 1� /3 3 6 2 3 < 2 1 L1= <�M ; 14 D I = 7 �4 /3 <I 1 97 = ; 1 L8 < 5 1= ; <E /K / 3 <I q = q∗ = 03 /4 1= ; 6; 18 3 17 E 65 3 /3 < L? / E 5 1H 1? E < 9D <� /3 <I <3 / 1 9@ 14 <2 1? E 1 5 14 <; Q 63 6D < F 3 /D < :3 / L3 J @ =D 6H 6/ 2 J @ U(q)� � / F 63 <2 6I = Q F4 / = Q; 60 <2 63 6D < F 12 M 1H E 63 < :8 <2 = I? 1= ; E 1/3 < / 2 0 E <; /E <I 6= <2? ; 1; <8 /= 0 1 L7 = ; 1 L8 < 5 1= ; < �0 E <; / E <I�7 E 5 <P 6 %4 D I = <= ; / 2 J � ü� T %� VD I ' ; 1H 1 F 6? <K / 2 @ 6E 60 ; / E <= ; <8 /= 0 1/7 E 65 3 /3 < / ' ; 1 L= <= ; / 2 J
|λE −A| =

n
∑

i=0

aiλ
n−i = 0

� ü� Y %

<= 1= ; 65 <2 < F / H 10 1' & & <P </ 3 ; 15 ai 2 6; E <P 7 �7 E 5 <P 6

A =















a0 0 0 · · · 0
a2 a1 a0 · · · 0
a4 a3 a2 · · · 0��� ��� ��� � � � ���

0 0 0 · · · an















.

> & 1E 2 7D <E 7 / 2 0 E <; /E < L �7 E 5 <P 6� � �ß ��� � � �� �Ä � � � � � �� � � �� � � ��� � ß (4.3) � �Ö � � � � � �� � Ä �� � � �� � � �� �� � �� � � � � � � �� �� �� � �� �� � ���� �� �� � � � �� �� �Ä � � �� �� � � Ä �� � ��� Ä � � �� � �Ä � �� � � � � � � � �ß }� �� � à��Ä � � � �� �� � �� �� Ö � � � ��� Ä � � / ; E 74 3 1? 10 6 F 6; Q M8 ; 13 / 1 9@ 14 < 2 J 2 �3 13 /4 1= ; 6; 18 3 J 2 %7 =D 15 </ 2 E 6=? 1D 1� /3 <I 0 1E 3 / L 5D / 5 1 L? 1D 7? D 1= 0 1= ; <I 5D I / ; = I 7 =D 15 </ >; 14 1D J � � � � � � " � � � à � �� �Ä � �� � � �� �ß (4.3)

�� �Ö � Ä�Ä �� � �� �� � �� �� Ö � � � ��� Ä � C 9a /4 <3 /3 </ 7 =D 15 < L �7 E 5 <P 6 < >; 1 :4 1D J = 1= ; 65D I / ; = 14 / E � 63 </ 0 E <; /E <I ) Q /3 6E 6� 1 <? 6E 6� � �� �� � �� �Ä �� �� � �� �� � � Ä �� � ��� � � � �� � �� �� Ö �� �ß � � �� � � �� � �� �� � � �� � ß (4.3)� � �� � Ä �� � � �� � � �� �� � �� � � � � �� ß � �ß � �� ß �� �� Ö � � � ��� � � �� � � ���� � � � " � � � à � �� ��� �� �� � Ö � �� �� Ö � � � ��� � � �� �� ��� �� Ä � � � �� � � ��� � � � � � � }� �� � à� �� � � �� � ß � �� � � �� � � � �� �� � n − 1� � � � �� � � � n − 3� � �� � ~ �� �8 6= ; 3 1= ; <�M4 D I @ 6E 60 ; /E <= ; <8 /= 0 1H 1? 1D <3 12 6 5 ; 1E 1 L= ; /? / 3 <
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7 =D 1 5 <I >; 14 1D J ? 1D 3 1= ; Q GE /K 6 G; 5 1? E 1= 1 9 7 = ; 1 L8 < 5 1= ; <� C4 3 60 17 � /4 D I? 1D <3 12 6; E / ; Q / L= ; /? /3 <

3
∑

i=0

aiλ
3−i = 0

? 12 < 2 1? 1D 1� <; /D Q3 1= ; < 5 = /@ 0 1' & & <P </3 ; 15 3 / 1 9@ 14 <2 6? 1D 1� <; /D Q :3 1= ; Q < 14 3 1H 1 1? E /4 /D <; /D I �7 E 5 <P 6�

A =

∣

∣

∣

∣

∣

∣

a0 0 0
a2 a1 a0

a4 a3 a2

∣

∣

∣

∣

∣

∣

= a0(a1a2 − a0a3) > 0.

VD I? 1D <3 12 68 /; 5 /E ; 1 L= ; /? /3 <0 E <; /E < L ) Q /3 6E 6� 1 <? 6E 6 /= ; Q�

ai > 0, i = 1, 2, 3, 4, a1a2a3 − a2
1a4 − a0a

2
3 > 0.W E <; / E </ 2 E 6=? 1D 1� /3 <I =? /0 ; E 6 2 6; E <P J 5 F 62 0 3 7 ; 1 LD / 5 1 L? 1D 7 :? D 1= 0 1= ; < I 5D I /; = I 3 / 1; E <P 6; /D Q3 1= ; Q 5 = / @ HD 65 3 J @ 7 HD 1 5J @ 2 <3 1E 151? E /4 /D <; /D I �7 E 5 <P 6� � ' ; 12 =D 7 8 6/4 D I 5J I 5D /3 <I 7 = ; 1 L8 < 5 1= ; <3 / 1 9@ 14 <2 7 8 / ; 3 /D <3 / L3 J @ =D 6H 6/ 2 J @ U(q)� "=D < � / 13 < 1; = 7 ; = ; 5 7 :G; M ;� /� <= @ 14 3 6I = <= ; / 2 6 � ü� T %D <3 / L3 6M ; 1 5 1? E 1= 1 9 / / 7 = ; 1 L8 < 5 1= ; <F 65 <= <; 1; = 1 1; 3 1K /3 <I 2 / �4 7 0 E 6; 3 1= ; Q G0 E <; <8 /= 0 1H 10 1E 3 I λi �D / :� 6O / H 13 6 2 3 <2 1 L 1= < % <4 / & /0 ; 12 M ; 1 /= ; QE 6F3 1= ; Q G 2 / �4 7 ? 1E I4 :0 12 <E 63 H 12 @ 6E 60 ; / E <= ; <8 /= 0 1 L 2 6; E <P J λiE − A� � 2 / 3 3 1� � �� � ��� � ß � � � � � �� (4.2)� �� � � � � �� � �� � � � � � � �� �� �� � � � � � � � � � �� � �� � ��� �� �� � � � � � � � �� � �� �� �� � � �� � � � � � �� � � �� � ë � � �� �� � � � �� >D /4 7 /;F 62 /; <; Q M8 ; 1 / =D < A = A

D M ; 10 E 6; 3 1= ; Q= 1 9= ; 5 / 3 3 1H 18 <=D 6 2 6; E < :P J 5 = / H4 6E 65 3 64 / & /0 ; 7 = 1 1; 5 /; = ; 5 7 GO / L@ 6E 60 ; /E <= ; <8 /= 0 1 L 2 6; E < :P J M ; 60 8 ; 10 6�4 12 7 0 E <; <8 /= 0 12 7 0 1E 3 G 1; 5 /8 6/ ; 3 / 6= <2? ; 1; <8 /= 0 6I7 = ; 1 L8 < 5 1= ; Q= 1 1; 5 /; = ; 5 7 GO / H 18 6= ; 3 1H 1E /K / 3 <I�� F 60D G8 / 3 </ 1; 2 /; < 2 ; 1; 8 6= ; 3 J L =D 7 8 6 LNM 0 1H4 6@ 6E 60 ; /E <= ; < :8 /= 0 1/ 7 E 65 3 /3 </ = 14 /E � <; ; 1D Q0 18 /; 3 J / = ; /? /3 < λ� � 60 6I = <; 7 6P <I3 /E /4 0 1 5 = ; E /8 6/ ; = I 5 E / 6D Q3 J @ = <= ; / 2 6@ � $E <2 /E 12 I 5D I /; = I 9 <0 5 64 :E 6; 3 1/ <D < 9 <0 7 9 <8 /= 0 1/ 7 E 65 3 / 3 </� û 62 / 3 I I λ2 = µM? E <@ 14 <2 0 ? 1D :3 12 7 7 E 65 3 / 3 < G? 1D 15 <3 3 1 L= ; /? /3 <�M 0 1E 3 <0 1; 1E 1H 1 5 =D 7 8 6/ 7 = ; 1 L8 < :5 1= ; <4 1D � 3 J E 6=? 1D 6H 6; Q= I 3 6 1; E <P 6; /D Q3 1 L 5 / O /= ; 5 /3 3 1 L? 1D 7 1= <�� 1H4 60 1E 3 < λi = ±
√

|µi|

974 7 ; D / � 6; Q3 6 2 3 <2 1 L 1= <�M ;� /� 974 7 ; 0 E < :; <8 / = 0 < 2 <�M < 7 =D 15 < / 2 7 = ; 1 L8 < 5 1= ; < 974 7 ; = 1 1; 3 1K /3 <I 2 / �4 7 0 E 6; :3 1= ; Q G <4 / & /0 ; 12� û 6? <= J 5 6I 9 <0 5 64 E 6; 3 1/ 7 E 65 3 / 3 </4 D I λ 5 5 <4 /

ó � z �Þ � �Ù Ø � ú

0 5 64 E 6; 3 1H 14 D I µ
2
∑

i=0

a2iµ
2−i = 0,

� ü� ü %

F 60D G8 6/ 2 M8 ; 17 =D 15 < / 3 / 6= <2? ; 1; <8 /= 0 1 L7 = ; 1 L8 < 5 1= ; <= 1= ; 1 <; 5 5J :? 1D 3 / 3 < <; E / @ 3 / E 65 /3 = ; 5�

a2

a0
> 0,

a4

a0
> 0, a2

2 > 4a0a4,

? 1=D /4 3 / / < F 0 1; 1E J @ 1 F3 68 6/; ? 1D 1� <; /D Q3 1= ; Q4 <= 0 E <2 <3 63 ; 67 E 65 :3 /3 <I � ü� ü %� VD I 9 <0 7 9 <8 / = 0 1H 17 E 65 3 /3 <I 7 =D 15 </ 3 / 6= <2? ; 1; <8 / = 0 1 L7 = ; 1 L8 < 5 1= ; <= 1= ; 1 <; 5 5J ? 1D 3 / 3 < <? I ; <3 / E 65 /3 = ; 5�

a2

a0
> 0,

a4

a0
> 0,

a6

a0
> 0, a2a4 > a0a6,

a2
4(4a0a4 − a2

2) + 27a0a
3
6 + 2a2a6(2a

2
2 − 9a4a0) < 0.� HD 65 / ü? E /4 = ; 65D / 3 J F 64 68 < 1 9 <= =D /4 15 63 <I @ 7 = ; 1 L8 < 5 1= ; <? 1? /E 5 12 7 ? E < 9D <� / 3 < G0 60 4 D I =D 7 8 6/ 5 M 0 1H4 6? E <2 / 3 <2 0 E <; / E < L�7 E 5 <P 6 � ü� T � ü� ü % M ; 60 <4 D I =D 7 8 6/ 5 M 0 1H4 6 13 3 /? E <2 / 3 <2 � ü� X � ü� T S %�

ì�íî íï í �ñ ð

V 5 <� /3 </ 65 ; 12 6; <8 /= 0 1 L= <= ; / 2 J E / H 7D <E 15 63 <I 1? <= J 5 6/; = I =D / :4 7 GO <2 <4 < & & /E /3 P < 6D Q3 J 2 < 7 E 65 3 / 3 <I 2 <�

ψ̇ − Ω(γ1 + γ2) = c2γ2,
γ̇1 + γ̇2 + Ωψ = −c1γ2,

γ̇1 + Ωψ = −kγ1,

H4 / γ1 M γ2

< ψ �0 1 1E4 <3 6; J = <= ; / 2 J M c1 M c2 M k < Ω �? 1D 1� <; /D Q3 J /? 6E 62 /; E J = <= ; / 2 J � C? E /4 /D <; Q M 0 60 12 7 7 =D 15 < G4 1D � 3 J 1; 5 /8 6; Q? 6E 62 /; E J = <= ; / 2 J M8 ; 1 9J 4 5 <� / 3 </ 9J D 1 6= <2? ; 1; <8 / = 0 <7 = ; 1 L8 < 5 1�

� {� {� u {n$ /E /? <K / 2 = <= ; / 2 7 7 E 65 3 / 3 < L 5 =D /4 7 GO / 2 5 <4 /�

Ωγ1 + (Ω + c2)γ2 − ψ̇ = 0,
γ̇1 + γ̇2 + c1γ2 + Ωψ = 0,

γ̇1 + kγ1 + Ωψ = 0.
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$7 = ; Q γ1 = Aeλt M γ2 = Beλt < ψ = Ceλt� $ 14 = ; 65D I I '; < 5J E 6� /3 <I5 7 E 65 3 /3 <I M? E < 5 /4 /3 3 J / 5J K / M <= 10 E 6; < 5 <@ 3 6 eλt M? 1D 7 8 <2�

ΩA+ (Ω + c2)B − λC = 0,
λA+ (λ+ c1)B + ΩC = 0,

(λ + k)A+ ΩC = 0.

 ; 1 9J '; 6D <3 / L3 6I 14 3 1E 14 3 6I = <= ; / 2 6 6D H / 9E 6 <8 / = 0 <@ 7 E 65 3 / 3 < L 1; :3 1= <; /D Q3 1 AM B < C <2 /D 63 /3 7D / 5 1/ E /K /3 </ M / / 1? E /4 /D <; /D Q4 1D � /31 9E 6O 6; Q= I 5 3 7D Q M ;� /�

∣

∣

∣

∣

∣

∣

Ω Ω + c2 −λ
λ λ+ c1 Ω

λ+ k 0 Ω

∣

∣

∣

∣

∣

∣

= 0

<D <? 1=D / E 6FD 1� / 3 <I 1? E /4 /D <; /D I? 1= ; /? /3 I 2 λ

3
∑

i=0

aiλ
3−i = λ3 + (k + c1)λ

2 + (Ω2 + kc1)λ+ (Ω2c1 + Ω2k + Ωc2k) = 0,

H4 / 5 = /? 6E 62 / ; E J = <= ; / 2 J ΩM c1 M c2 < k? 1D 1� <; /D Q3 J � >D /4 15 6; /D Q :3 1M8 ; 1 9J = <= ; / 2 6 9J D 6 6= < 2? ; 1; <8 /= 0 <7 = ; 1 L8 < 5 6M 3 / 1 9@ 14 <2 1M8 ; 1 9J5J ? 1D 3 ID 1= Q3 / E 65 /3 = ; 5 1

∆2 = a1a2 − a0a3 > 0.

VD I E 6= = 2 6; E < 5 6/ 2 1 L F 64 68 < '; 14 6/;

∆2 = (k + c1)(Ω
2 + kc1) − (Ω2c1 + Ω2k + Ωc2k) > 0,

8 ; 1? E < 5 14 <; 0 7 =D 15 < G

kc1 + c21 > Ωc2.

ì�íî íï í �ñ ù

� 6E <=� ü� T� < F 1 9E 6� /3 6= @ / 2 6 14 3 1 1= 3 1H 1? E <P /? 6 2 6= = J m� J �? 1D I E 3 J L 2 12 / 3 ; <3 /E P < <? E <P /? 6 1; 3 1= <; /D Q3 1 5 /E ; <0 6D Q3 1 L 1= <�M? E 1@ 14 I O / L8 / E / F / H 1P / 3 ; E 2 6= = GM v �? 1= ; 1I 3 3 6I = 0 1E 1= ; Q; I H 68 6< c � � /= ; 0 1= ; Q? E 7 � <3 J �

ó � z �Þ � �Ù ú úT

ôõö â ÿâ ÷

>8 <; 6I M8 ; 10 1D /= 6? E <P /? 63 / < 2 / G; 9 10 15 1H 1? E 1= 0 6D Q FJ 5 63 <I M= 1= ; 65 <; Q 7 E 65 3 /3 <I4 5 <� / 3 <I? E <P /? 6 < 1? E /4 /D <; Q 7 =D 15 <I 7 = ; 1 L :8 < 5 1= ; < / H 14 5 <� /3 <I�

� {� {� u {n> 1= ; 65 < 2 4 < & & /E /3 P < 6D Q3 J / 7 E 65 3 /3 <I 4 5 <� /3 <I ? E <P /? 6� VD I'; 1H 1 F 6? <K / 2 7 E 65 3 /3 </ 2 12 /3 ; 1 5 1; 3 1= <; /D Q3 1 5 /E ; <0 6D Q3 1 L 1= <�M? E 1@ 14 I O / L8 /E / F P /3 ; E 2 6= = G? E <P /? 6? /E? / 34 <0 7D I E 3 1 / H 1? D 1= 0 1:= ; <�

−Jϕ̈ = −cax cosϕ+ F (b− a),< 7 E 65 3 /3 </4 5 <� / 3 <I P /3 ; E 6 2 6= = 5 3 6? E 65D /3 < < M? 6E 6D D /D Q3 12 ? / :E / 2 / O / 3 < G? E 7 � <3 J �

m
d2

dt2
(x+ a sinϕ) = −cx− F cosϕ.

$E < 2 6D J @ 7 HD 6@ ϕ ' ; < 7 E 65 3 /3 <I? E <3 <2 6 G; 5 <4 �

−Jϕ̈ = −cax+ F (b− a),
mẍ+maϕ̈ = −cx− F.
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�= 0D G8 6I F < F? E < 5 /4 / 3 3 J @ 5J K / 7 E 65 3 /3 < LNM? 1D 7 8 6/ 2�

m(b− a)ẍ+ cbx+ [ma(b− a) − J ] ϕ̈ = 0.

� ü� X %

� 60 0 60 ? E <P /? 3 / 2 1� / ; ? / E / 2 / O 6; Q= I 5 3 6? E 65D /3 < < 1= < / H 10 1D / = M; 13 6D 6H 6/; = I =D /4 7 GO / / 7 =D 15 </ 3 / H 1D 13 12 3 1 L= 5 I F <�

ẋ cosϕ+ bϕ̇+ v sinϕ = 0

<D <4 D I 2 6D J @ 7 HD 15�

ẋ+ bϕ̇+ vϕ = 0.

� ü� ö %

 ; 1 9J 1? E /4 /D <; Q 7 =D 1 5 <I 7 = ; 1 L8 < 5 1= ; < M E 6= = 2 1; E < 2 @ 6E 60 ; /E < := ; <8 /= 0 1/ 7 E 65 3 /3 </4 D I = <= ; / 2 J 4 < & & /E /3 P < 6D Q3 J @ 7 E 65 3 /3 < L � ü� X %

< � ü� ö %�

∣

∣

∣

∣

m(b− a)λ2 + cb [ma(b− a) − J ]λ2

λ bλ+ v

∣

∣

∣

∣

=

=
[

m(b− a)2 + J
]

λ3 +m(b− a)vλ2 + cb2λ+ cbv = 0.

VD I 6= < 2? ; 1; <8 /= 0 1 L 7 = ; 1 L8 < 5 1= ; < 5 = / 0 1' & & <P </3 ; J 4 1D � 3 J 9J ; Q? 1D 1� <; /D Q3 J 2 <�M ;� /�

b > a, v > 0.

� ü� � %

W E 12 / ' ; 1H 17 =D 1 5 <I M ; 60 � /4 1D � 3 1 5J ? 1D 3 I ; Q= I 7 =D 1 5 </ �7 E 5 <P 64 D I0 7 9 <8 /= 0 1H 1? 1D <3 12 6M ;� /�

∆2 = a1a2 − a0a3 = mcb2v(b− a) − cbv
(

m(b− a)2 + J
)

=

= cbv [ma(b− a) − J ] > 0.

C; = G4 6? 1D 7 8 6/ 24 1? 1D 3 <; /D Q3 1/ 7 =D 1 5 </�

J < ma(b− a).

� ü� � %

$E < 5J ? 1D 3 / 3 < < 7 =D 1 5 < L � ü� � % < � ü� � %4 5 <� / 3 </? E <P /? 6 6= <2? ; 1; <8 / := 0 < 7 = ; 1 L8 < 5 1� £ < F <8 /= 0 < L= 2 J =D ' ; <@ 7 =D 1 5 < L; 60 15� 4 1D � 3 1 5J ? 1D :3 I ; Q= I 7 =D 15 </ = ; 6; <8 /= 0 1 L 7 = ; 1 L8 < 5 1= ; < �

v > 0

% M P /3 ; E 2 6= = ? E <P / :? 64 1D � /3 3 6@ 14 <; Q= I 9D <� / 0 ; 18 0 / 0 E /? D /3 <I M8 / 2 / H 1 1= Q �
b > a

% M< E 64 <7 = <3 / E P < <? E <P /? 63 /4 1D � / 3 9J ; Q 18 /3 Q 9 1D QK <2 �7 =D 1 5 </3 6 2 12 / 3 ; <3 /E P < <? E <P /? 6 � ü� � % %�

ó � z �Þ � �Ù þ úY

ì�íî íï í �ñ ü

V 5 7 @ E 1; 1E 3 J L H <E 10 12? 6= #3 K G; P 6 *= H <4 E 65D <8 / = 0 <2 7 =? 10 1 <; / :D / 2 K <E 10 1 <=? 1D Q F 7 / ; = I 5 3 /0 1; 1E J @ = ; E 63 6@�� "=D < H <E 1= 0 1? ; 60 1H 1; <? 67 = ; 63 15D /3 3 60 1E 6 9D / M = / 5 / E 3 6I = 1= ; 65D I GO 6I? 7 ; / 5 1 L= 0 1E 1= ; <0 1; 1E 1H 1? 1= ; 1I 3 3 6M ; 14 < & & / E /3 P < 6D Q3 J / 7 E 65 3 /3 <I4 5 <� /3 <I H <E 1 := 0 1? 6 <2 / G; 5 <4 �

ẋ1 −
k2

U cosϕ
x2 −

k2

U cosϕ
(1 − ρ)x3 = X1,

� ü� ú %

ẋ2 + U cosϕx1 = X2,

� ü� T S %

ẋ3 + Fx2 + Fx3 = X3.

û4 /= Q x1 M x2

< x3

� 5 6E < 6P < < � 1; 0 D 13 / 3 <I %0 1 1E4 <3 6; 0 12? 6= 6 1; <@F3 68 /3 < L? E <4 <3 62 <8 / = 0 12 E 65 3 15 / = < <ý k �8 6= ; 1; 6= 1 9= ; 5 / 3 3 J @ 0 1:D / 9 63 < L8 7 5 = ; 5 <; /D Q3 1H 1 'D / 2 /3 ; 6 � H <E 1= & /E J %ý U �7 HD 15 6I = 0 1E 1= ; Q5 E 6O / 3 <I û / 2D <ý ϕ �K <E 1; 6M 3 60 1; 1E 1 L3 6@ 14 <; = I 0 1E 6 9D Qý F �0 1:' & & <P </3 ; ; E /3 <I � <4 0 1= ; < 5 H <4 E 65D <8 /= 0 12 7 =? 10 1 <; / :D / M ρ = 1 − c

P l
ý c < P l � 2 6I ; 3 <0 15J / 2 12 /3 ; J � <4 0 1H 1 7 =? 10 1 <; /D I

< H <E 1= & /E J = 1 1; 5 /; = ; 5 / 3 3 1ý 6 X1, X2, X3

�8 D /3 J 5J = K <@ ? 1E I4 0 15? 1 x1, x2, x3

< ẋ1, ẋ2, ẋ3�C? E /4 /D <; Q 7 =D 1 5 </ 6= <2? ; 1; <8 / = 0 1 L 7 = ; 1 L8 < 5 1= ; <�

� {� {� u {nû 6? <K / 2 7 E 65 3 / 3 <I? /E 5 1H 1? E < 9D <� / 3 <I M = 8 <; 6I X1 =X2 =X3 =0�B J ? E <@ 14 < 2 0 =D /4 7 GO / L = <= ; / 2 / D <3 / L3 J @ 4 < & & /E /3 P < 6D Q3 J @7 E 65 3 /3 < L � 5 ? /E 5 12 7 E 65 3 / 3 < <? 6E 62 /; E ρ F 62 / 3 /3 3 6 / H 1 F3 68 / :3 </ ρ = 1 − c

P l

%�

ẋ1 −
k2

U cosϕ
x2 −

k2

U cosϕ

c

P l
x3 = 0,

U cosϕx1 + ẋ2 = 0,

� ü� T T %

Fx2 + ẋ3 + Fx3 = 0.

+, ç : = 9< E :f : è@ 21 26 E ) : E : D 86 F D 2f BC ; : E E6 @ 8_@ 2 9 2 DB q6 7 2 a D : ; p 9 2 91 6 D 2@ 2fbF 8 =H
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$ 1D 1� <2 x1 = Aeλt M x2 = Beλt < x3 = Ceλt� $ 14 = ; 65D I I ' ; < 5J E 6� /3 <I5 2 / = ; 1 xk 5 7 E 65 3 /3 </ � ü� ú % <= 10 E 6; < 5 3 6 eλt M? 1D 7 8 <2�

λA− k2

U cosϕ
B − k2

U cosϕ

c

P l
C = 0,

U cosϕA+ λB = 0,

FB + (λ+ F )C = 0.

VD I = 7 O / = ; 5 15 63 <I 3 /; E < 5 < 6D Q3 1H 1 E /K /3 <I 1? E /4 /D <; /D Q = <= ; / 2 J4 1D � /3 1 9E 6O 6; Q= I 5 3 7D Q M ;� /�

∣

∣

∣

∣

∣

∣

λ − k2

U cosϕ − k2

U cosϕ
c
Pl

U cosϕ λ 0
0 F λ+ F

∣

∣

∣

∣

∣

∣

= 0

<D <

λ3 + Fλ2 + k2λ+ k2F
(

1 − c

P l

)

= 0.> 1HD 6= 3 10 E <; / E < G �7 E 5 <P 63 / 1 9@ 14 <2 1M8 ; 1 9J 5 = / 0 1' & & <P </3 ; J< ∆2 = a1a2 − a0a3

9J D <? 1D 1� <; /D Q3 J � �; 1 1 F3 68 6/ ; M8 ; 1 c < P l� $E <

'; 12 7 =D 1 5 </ ∆2 = Fk2 − Fk2
(

1 − c

P l

)

= Fk2 c

P l
> 0 5J ? 1D 3 I /; = I 65 :; 12 6; <8 / = 0 <� � 60 <2 1 9E 6 F 12 M 7 =D 1 5 </ 2 6= <2? ; 1; <8 /= 0 1 L7 = ; 1 L8 < 5 1= ; <I 5D I / ; = I c < P l�

ì�íî íï í �ñ �

� <E 1H 1E < F 13 ; 0 12? 6= � 7 = ; E 1 L= ; 5 1M 0 1; 1E 1/ <3 1H4 6 <=? 1D Q F 7 /; = I3 64 5 <� 7 O / 2 = I 0 1E 6 9D /4 D I 14 3 1 5 E / 2 /3 3 1H 1 1? E /4 /D / 3 <I H / 1H E 6 & <8 / := 0 1H 1 2 /E <4 < 63 6 < H 1E < F 13 ; 6D Q3 1 L? D 1= 0 1= ; <� � 63 /? 14 5 <� 3 12 1; 3 1= < :; /D Q3 1 û / 2D < 1= 3 1 5 63 < <4 < & & /E / 3 P < 6D Q3 J / 7 E 65 3 / 3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I H <E 1H 1E < F 13 ; 0 12? 6= 6 2 1H 7 ; 9J ; Q= 5 /4 /3 J 0 4 5 7 2 = 15 / E K / 3 :3 1 63 6D 1H <8 3 J 2 = <= ; / 2 62 7 E 65 3 / 3 < L�$ /E 5 6I = <= ; / 2 6 <2 / / ; 5 <4 �

ẍ1 + 2b1ẋ1 + (ν2 − Ω2)x1 − 2Ωẋ2 = X1,
� ü� T � %

ẍ2 + 2b2ẋ2 + (ν2 − Ω2)x2 + 2Ωẋ1 = X2.û4 / = Q x1

� 5 /D <8 <3 6M? E 1? 1E P < 13 6D Q3 6I 7 HD 7 1; 0 D 13 / 3 <I 1; ? D 1= 0 1:= ; < 2 /E <4 < 63 6ý x2

� 5 6E < 6P <I 0 13 = ; E 7 0 ; < 5 3 1H 1 7 HD 6 �= 2� ¡T S ¢ %ý b1 > 0

ó � z �Þ � �Ù � ú X

< b2 > 0 � 0 1' & & <P </3 ; J M @ 6E 60 ; /E < F 7 GO < / 4 <= = <? 6; < 5 3 J / = <D J ý
ν =

√

g/R = 0.001241/= �8 6= ; 1; 6 17D /E 6 2ý Ω = U sinϕý U = 7.29×
×10−5 1/= � 7 HD 15 6I = 0 1E 1= ; Q 5 E 6O / 3 <I û / 2D <ý ϕ �K <E 1; 6 2 /= ; 6ý6 X1

< X2

�8 D / 3 J 5J =K <@ ? 1E I4 0 1 5? 1 x1 M x2 M ẋ1

< ẋ2�� 1 5 ; 1E 1 L 63 6D 1H <8 3 1 L = <= ; / 2 / 7 E 65 3 / 3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� / :3 <I x3

< x4

1? E /4 /D I G; 7 H 1D 1; 0D 13 /3 <I 1; H 1E < F 13 ; 6D Q3 1 L? D 1= 0 1= ; << 5 6E < 6P < G4 E 7 H 1H 10 13 = ; E 7 0 ; < 5 3 1H 1 7 HD 6 �= 2� ¡T S ¢ %�� 6 L; < 7 =D 15 </ 6= < 2? ; 1; <8 /= 0 1 L 7 = ; 1 L8 < 5 1= ; <4 5 <� / 3 <I H <E 1H 1E < :F 13 ; 0 12? 6= 6�
� {� {� u {n$ 1D 1� < 5 X1 = X2 = 0M? 1D 78 <2 = <= ; / 2 7 ? /E 5 1H 1? E < 9D <� /3 <I�

ẍ1 + 2b1ẋ1 +
(

ν2 − Ω2
)

x1 − 2Ωẋ2 = 0, � ü� T Y %

2Ωẋ1 + ẍ2 + 2b2ẋ2 +
(

ν2 − Ω2
)

x2 = 0.

W 60 1 9J 8 3 1M? 1D 1� <2 x1 = Aeλt < x2 = Beλtý? 14 = ; 65 <2 '; < 5J E 6� /3 <I5 2 / = ; 1 x1

< x2

5 � ü� T S % <�M = 10 E 6; < 5 3 6 eλt M? 1D 7 8 <2�

(

λ2 + 2b1λ+
(

ν2 − Ω2
))

A− 2ΩλB = 0,

2ΩλA+
(

λ2 + 2b2λ+
(

ν2 − Ω2
))

B = 0.

VD I = 7 O / = ; 5 15 63 <I 3 /; E < 5 < 6D Q3 1H 1 E /K /3 <I 1? E /4 /D <; /D Q = <= ; / 2 J4 1D � /3 E 65 3 I ; Q= I 3 7D GM ;� /�

∣

∣

∣

∣

λ2 + 2b1λ+
(

ν2 − Ω2
)

−2Ωλ
2Ωλ λ2 + 2b2λ+

(

ν2 − Ω2
)

∣

∣

∣

∣

= 0

<D <

λ4 + 2 (b1 + b2)λ
3 + 2

((

ν2 − Ω2
)

+ 2b1b2 + 2Ω2
)

λ2 + � ü� T ü %

2 (b1 + b2)
(

ν2 − Ω2
)

λ+
(

ν2 − Ω2
)2

= 0.

VD I 6= <2? ; 1; <8 / = 0 1 L 7 = ; 1 L8 < 5 1= ; < E 6= = 2 6; E < 5 6/ 2 1 L = <= ; / 2 J � ü� T S %

3 / 1 9@ 14 <2 1 <4 1= ; 6; 18 3 1M8 ; 1 9J 5J ? 1D 3 ID = I 0 E <; /E < L �7 E 5 <P 6M 6 <2 /3 :3 1� 3 L 8@ = k4 ; : D 4 E :f : è@ 6 q4 ç : E B q_@ 2 9 2 DB q 5 -. - c1 2 34 6 = =; : 3 2 5 8; F : D6 23E : 5 2 7f 4 ê : E E B G@ 2; : a 8E6 q1 6 D 2 =@ 2 F6 ç : =@ 21 2 f 8r 9 E6 @ 8 51 6 D 2@ 2f F 8 = :H
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T� �= / 0 1' & & <P </3 ; J 7 E 65 3 /3 <I � ü� T T %4 1D � 3 J 9J ; Q? 1D 1� <; /D Q :3 J M �� ∆3 = a1a2a3 − a0a
2
3 − a2

1a4 > 0�

∆3

? 1D 7 8 6/ ; = I =D /4 7 GO <2 1 9E 6 F 12�

∆3 = 8 (b1 + b2)
2 ((

ν2 − Ω2
)

+ 2b1b2 + 2Ω2
) (

ν2 − Ω2
)

−
−4 (b1 + b2)

2 (
ν2 − Ω2

)2 − 4 (b1 + b2)
2 (
ν2 − Ω2

)2
=

= 4 (b1 + b2)
2 (
ν2 − Ω2

) (

2
(

ν2 − Ω2
)

+ 4b1b2 + 4Ω2−
−2
(

ν2 − Ω2
))

= 16 (b1 + b2)
2 (
ν2 − Ω2

) (

b1b2 + Ω2
)

."=D < ν > ΩM ; 1 ∆3

< 5 = / 0 1' & & <P </3 ; J 7 E 65 3 /3 <I � ü� T T %? 1D 1� <; /D Q3 J<0 E <; / E < L �7 E 5 <P 6 5J ? 1D 3 I / ; = I� � 60 <2 1 9E 6F 12 M = <= ; / 2 6 � ü� T S % 6= <2 :? ; 1; <8 / = 0 <7 = ; 1 L8 < 5 6M < M =D /4 1 5 6; /D Q3 1M = 1HD 6= 3 1; / 1E / 2 / )mI? 7 3 15 6 1 97 = ; 1 L8 < 5 1= ; <? 1? /E 5 12 7 ? E < 9D <� / 3 < G < <= @ 14 3 6I = <= ; / 2 6? E < X1 6= 0< X2 6= 07 = ; 1 L8 < 5 6�

ì�íî íï í �ñ �

C 9 1 F3 68 <2 2 12 /3 ; J <3 /E P < <; 5 / E4 1H 1; /D 6 1; 3 1= <; /D Q3 1 1= / L

xM y< z8 /E / F AM B < C= 1 1; 5 /; = ; 5 / 3 3 1; 60 < 2 1 9E 6 F 12 M8 ; 1D < 9 1 A < C < B MD < 9 1 A > C > B� V 10 6 F 6; Q M8 ; 1? /E 2 63 /3 ; 3 1/ 5 E 6O /3 </ ; 5 /E4 1H 1; /D 61; 3 1= <; /D Q3 1 1= < z3 / 7 = ; 1 L8 < 5 1�

� {� {� u {n� F 7 E 65 3 / 3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� / 3 <I F 64 68 < T� ü= 1= ; 65 < 2 7 E 65 3 / :3 <I? /E 5 1H 1? E < 9D <� / 3 <I�

ẋ1 =
B − C

A
ω0x2,

ẋ2 =
C −A

B
ω0x1,

ẋ3 = 0.

$ 1D 1� <2 xk = Dke
λt (k = 1, 2, 3) <? 14 = ; 65 <2 xk

5 '; < 7 E 65 3 / 3 <I�$ 1=D / = 10 E 6O /3 <I 3 6 eλt? 1D 78 <2�

D1Aλ+D2(C −B)ω0 = 0,

D2Bλ+D1(A− C)ω0 = 0,

D3Cλ = 0.

ó � z �Þ � �Ù � ú �

VD I = 7 O /= ; 5 1 5 63 <I 3 / ; E < 5 < 6D Q3 1H 1E /K / 3 <I 1? E /4 /D <; /D Q '; 1 L= < := ; / 2 J D <3 / L3 J @ 14 3 1E 14 3 J @ 7 E 65 3 /3 < L 1; 3 1= <; /D Q3 1 Dk

4 1D � /3 1 9:E 6O 6; Q= I 5 3 1D Q M ;� /�

∣

∣

∣

∣

∣

∣

Aλ (C −B)ω0 0
(A− C)ω0 Bλ 0

0 0 Cλ

∣

∣

∣

∣

∣

∣

= 0

<D <

Cλ
(

ABλ2 − (C −B)(A− C)ω2
0

)

= 0.�; 1 7 E 65 3 /3 </ <2 / /; 14 <3 0 1E /3 Q M E 65 3 J L3 7D GM <? E < A < C < B<D < A > C > B4 5 6 5 / O /= ; 5 / 3 3 J @ 0 1E 3 I�
λ = ±ω0

√

(C −B)(A− C)

AB
.

>7 O /= ; 5 1 5 63 </? 1D 1� <; /D Q3 1H 10 1E 3 I 1 F3 68 6/; M8 ; 1 5 E 6O /3 </ ; 5 / E :4 1H 1; /D 6 5 10 E 7 H 1= < z M 1; 3 1= <; /D Q3 10 1; 1E 1 L 2 12 /3 ; <3 /E P < < <2 / /;= E /4 3 / / F3 68 / 3 </ M 3 / 7 = ; 1 L8 < 5 1�

ì�íî íï í �ñ �

W 4 5 1 L3 12 7 2 6I ; 3 <0 7 M < F 1 9E 6� /3 3 12 7 3 6E <=� ü� � M? E <D 1� / 3 6=D / :4 I O 6I = <D 6 P M 3 6? E 65D /3 3 6I 54 1D Q 1= < 5 ; 1E 1H 1 F 5 / 3 6� �; 18 0 /? 14 5 / = 6< 5 ; 1E 12 K 6E 3 <E / <2 / G; = I =? <E 6D Q3 J /? E 7 � <3 J 14 <3 60 15 1 L � /= ; 0 1:= ; < c� VD <3 J 2 6I ; 3 <0 15 < <@ 2 6= = J � 2 6; /E < 6D Q3 J / ; 18 0 < % 14 <3 60 1 5J ��3 <� 3 / 2 5 /E ; <0 6D Q3 12? 1D 1� /3 < < 2 6I ; 3 <0 15? E 7 � <3 J 3 /4 / & 1E 2 < :E 15 63 J �$E /3 / 9E / H 6I 2 6= = 1 L= ; /E � 3 / L M 5J 5 /= ; <7 E 65 3 / 3 <I4 5 <� /3 <I <3 6 L :; < 7 =D 1 5 <I 7 = ; 1 L8 < 5 1= ; <? 1D 1� / 3 <I E 65 3 15 / = <I ϕ1 = ϕ2 = 0�

� {� {� u {n� '; 1 L F 64 68 / = <D 6 P 3 /0 13 = /E 5 6; < 5 3 6M? 1'; 12 7 1 9 1 9O /3 3 J / = <D J=D /4 7 /; 5J 8 <=D I ; Q? 1 & 1E 2 7D 62�

Q1 = − ∂Π

∂ϕ1
+Q1p, Q2 = − ∂Π

∂ϕ2
+Q2p,

� ü� T X %

H4 / Π �? 1; /3 P < 6D Q3 6I '3 / E H <I M = 1 F4 65 6/ 2 6I? E 7 � <3 62 < <= <D 1 L; I :� / = ; <�M 6 Q1p

< Q2p

� 1 9 1 9O /3 3 J / = <D J M = 1 F4 65 6/ 2 J / = <D 1 L P�
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$ 1; / 3 P < 6D Q3 6I '3 /E H <I = <= ; / 2 J <2 / / ; 5 <4 �

Π =
cϕ2

1

2
+
c(ϕ2 − ϕ1)

2

2
+ 2mgl(1− cosϕ1) +mgl(1− cosϕ2).

$ 1D 6H 6I M8 ; 1 7 HD J ϕ1

< ϕ2

2 6D J M <=? 1D Q F 7 / 2 =D /4 7 GO </ E 6FD 1� / 3 <I M5 0 1; 1E J @ 1= ; 65D /3 J 8 D / 3 J 3 / 5J K / 5 ; 1E 1H 1? 1E I4 0 6 2 6D 1= ; <�

1 − cosϕ1 =
ϕ2

1

2
, 1 − cosϕ2 =

ϕ2
2

2
.

� 1H4 6 5J E 6� /3 </4 D I Π? E <2 / ; 5 <4 �

Π =
1

2
cϕ2

1 +
c(ϕ2 − ϕ1)

2

2
+mglϕ2

1 +mgl
ϕ2

2

2
=

= (c+mgl)
(

ϕ2
1 +

ϕ2

2

2

)

− cϕ1ϕ2.

� ü� T ö %

 ; 1 9J 5J 8 <=D <; Q Q1p

< Q2p M E 6= = 2 1; E <2 'D / 2 /3 ; 6E 3 7 GE 6 9 1; 7 = < :D J P3 6 'D / 2 /3 ; 6E 3 12 ? /E / 2 / O /3 < <; 18 0 < / /? E <D 1� /3 <I δrM H4 / r �

ó � z �Þ � �Ù � ú ú

E 64 <7 = : 5 /0 ; 1E ; 18 0 <? E <D 1� / 3 <I = <D J P M 63 68 6D 1 ' ; 1H 1 5 /0 ; 1E 6= 1 5 :? 64 6/; = 5 / E @ 3 / L3 /? 14 5 <� 3 1 L; 18 0 1 L� � 60 <2 1 9E 6 F 12 M 2 J <2 / / 2�
r = r1 + r2,

H4 /

r1

< r2

� 5 /0 ; 1E J M <2 / GO </4 D <3 7 <3 6? E 65D /3 </ = ; / E � 3 / L� >D / :4 15 6; /D Q3 1M

δr = δr1 + δr2.� / 1 9@ 14 <2 17 8 <; J 5 6; Q M8 ; 1 δr1

< δr2

1E ; 1H 13 6D Q3 J 5 /0 ; 1E 62 r1

< r2= 1 1; 5 /; = ; 5 / 3 3 1� V 6D / / M 5 5 /4 / 2 0 1 1E4 <3 6; 3 7 G = <= ; / 2 7 5 ? D 1= 0 1= ; <= ; / E � 3 / L ; 60 <2 1 9E 6F 12 M 8 ; 1 1= Q x 3 6? E 65D / 3 6 5 / E ; <0 6D Q3 1 5 3 < F M6 1= Q y � H 1E < F 13 ; 6D Q3 1 5? E 65 1� C 9 1 F3 68 <2? E 1/0 P < < 5 /0 ; 1E 6 δr8 /E / F

δx < δyM ; 1H4 6 < F? 1=D /4 3 / H 1E 65 /3 = ; 5 6? 1D 78 <2�

δx = l (− sinϕ1δϕ1 − sinϕ2δϕ2) ,

δy = l (cosϕ1δϕ1 + cosϕ2δϕ2) .

$E 1/0 P < <= <D J P E 65 3 J −P cosϕ2

< −P sinϕ2 M 6 / / 'D / 2 / 3 ; 6E 3 6I E 6:9 1; 6E 65 3 6
δA = Pxδx+ Pyδy = −P l cosϕ2(− sinϕ1δϕ1−

sinϕ2δϕ2) − P l sinϕ2 (cosϕ1δϕ1 + cosϕ2δϕ2)<D <�M? 1=D / H E 7? ? <E 1 5 0 <8 D / 3 15 M

δA = P l (cosϕ2 sinϕ1 − sinϕ2 cosϕ1) δϕ1.C; = G4 63 6@ 14 <2�

Q1p = P l sin (ϕ1 − ϕ2) , Q2p = 0.

$ 1=D /4 3 / / E 65 /3 = ; 5 1 18 / 5 <4 3 1� > <D 6 P? / E? /3 4 <0 7D I E 3 6 5 /0 ; 1E 7'D / 2 / 3 ; 6E 3 1H 1? /E / 2 / O / 3 <I δr2 M <? 1'; 12 7 / / E 6 9 1; 63 6 '; 12 ? / E / 2 / :O / 3 < <E 65 3 63 7D G�>8 <; 6I? 1:? E / � 3 / 2 7 7 HD J ϕ1

< ϕ2

2 6D J 2 < <? 1D Q F 7 I = QE 65 / 3 = ; 5 6:2 < � ü� T � % < � ü� T Y % M 3 6 L4 / 2

Q1 = −2(c+mgl)ϕ1 + cϕ2 − P l(ϕ2 − ϕ1),

Q2 = −(c+mgl)ϕ2 + cϕ1.
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C? E /4 /D <2 ; /? /E Q0 <3 /; <8 /= 0 7 G '3 / E H < G= <= ; / 2 J �

x1 = l cosϕ1,

ẋ1 = −lϕ̇1 sinϕ1,

y1 = l sinϕ1,

ẏ1 = lϕ̇1 cosϕ1,

v2
1 = l2ϕ̇2

1,

x2 = l cosϕ1 + l cosϕ2,

ẋ2 = −l (ϕ̇1 sinϕ1 + ϕ̇2 sinϕ2) ,

y2 = l sinϕ1 + l sinϕ2,

ẏ2 = l (ϕ̇1 cosϕ1 + ϕ̇2 cosϕ2) ,

v2
2 = ẋ2

2 + ẏ2
2 = l2

(

ϕ̇2
1 + 2 cos (ϕ2 − ϕ1) ϕ̇1ϕ̇2 + ϕ̇2

2

)

.$ 1D 6H 6I M8 ; 1 7 HD J ϕ1

< ϕ2

2 6D J M ;� /� cos (ϕ2 − ϕ1) = 1M? 1D 7 8 6/ 2

v2
2 = l2

(

ϕ̇2
1 + 2ϕ̇1ϕ̇2 + ϕ̇2

2

)

.� 60 <2 1 9E 6F 12 M

T =
1

2
mv2

1 +
1

2
mv2

2 =
1

2
ml2

(

2ϕ̇2
1 + 2ϕ̇1ϕ̇2 + ϕ̇2

2

)

.

�/? /E Q 2 1� 3 1 F 6? <= 6; Q 7 E 65 3 /3 <I ) 6HE 63 � 6�

d

dt

∂T

∂ϕ̇j
− ∂T

∂ϕj
= Qj (j = 1, 2),

∂T

∂ϕ̇1
= ml2 (2ϕ̇1 + ϕ̇2) ,

d

dt

∂T

∂ϕ̇1
= ml2 (2ϕ̈1 + ϕ̈2) ,

∂T

∂ϕ1
=

∂T

∂ϕ2
= 0.

$ 1=D /? 14 = ; 63 15 0 < 5J E 6� /3 <I4 D I Q1

? /E 5 1/ 7 E 65 3 / 3 </? E <2 / ; 5 <4 �

ml2 (2ϕ̈1 + ϕ̈2) + 2(c+mgl)ϕ1 − cϕ2 + P l (ϕ2 − ϕ1) = 0.

� ü� T � %

#3 6D 1H <8 3 1= 1= ; 65 < 2 5 ; 1E 1/ 7 E 65 3 / 3 </4 D I ϕ2

�

ml2 (ϕ̈1 + ϕ̈2) + (c+mg)lϕ2 − cϕ1 = 0.
� ü� T � %

V 6D / / M? 1D 1� <2 ϕ1 = Aeλt M ϕ2 = Beλt� $ 14 = ; 65D I I '; < 5J E 6� /3 <I5 � ü� T ü % < � ü� T X % <? 14 /D < 5 E / F 7D Q; <E 7 GO </ 7 E 65 3 / 3 <I 3 6 eλt M? 1D 7 8 6/ 24 5 6D <3 / L3 J @ 14 3 1E 14 3 J @ 7 E 65 3 / 3 <I 1; 3 1= <; /D Q3 1 A < B�
(

2ml2λ2 + 2(c+mgl) − P l
)

A+
(

ml2λ2 − c+ P l
)

B = 0,
(

ml2λ2 − c
)

A+
(

ml2λ2 + c+mgl
)

B = 0.

ó � z �Þ � �Ù Z T ST

C? E /4 /D <; /D Q ' ; 1 L= <= ; / 2 J 4 1D � /3 1 9E 6O 6; Q= I 5 3 7D Q�

∣

∣

∣

∣

2ml2λ2 + 2(c+mgl) − P l ml2λ2 − c− P l

ml2λ2 − c ml2λ2 + c+mgl

∣

∣

∣

∣

= 0

<D <

λ4 + 2I0λ
2 + I = 0,

H4 /

2I0 =
2

ml2
(3c+ 2mgl− P l),

I =
1

m2l4
(c2 + 4cmgl+ 2m2g2l2 −mgl2P ).

VD I ; 1H 18 ; 1 9J E 6= = 2 6; E < 5 6/ 2 6I = <= ; / 2 6 9J D 6 7 = ; 1 L8 < 5 6 5? /E 5 12? E < 9D <� /3 < < M 3 / 1 9@ 14 <2 1 <4 1= ; 6; 18 3 1M8 ; 1 9J 1 9 60 1E 3 I? 1=D /4 3 / H 17 E 65 3 /3 <I 1; 3 1= <; /D Q3 1 λ2 9J D < 9J 5 / O /= ; 5 / 3 3 J < 1; E <P 6; /D Q3 J � �; 1974 /; ; 1D Q0 1 5 ; 12 =D 7 8 6/ M /=D <

I0 > 0, I > 0, D = I2
0 − I > 0

�

D �4 <= 0 E <2 <3 63 ; 0 5 64 E 6; 3 1H 17 E 65 3 /3 <I 1; 3 1= <; /D Q3 1 λ2

%�� F? /E 5 1H 1 I0 > 0 <; E / ; Q / H 1 D > 03 /E 65 / 3 = ; 5 3 6@ 14 <2 1H E 63 <8 /3 < /4 D I =D /4 I O / L= <D J P�

P <
1

l
(2c+mgl).

) / H0 1? 10 6 F 6; Q M8 ; 1? E < 5J ? 1D 3 /3 < < '; 1H 13 /E 65 / 3 = ; 5 6 974 / ; 74 1:5D / ; 5 1E /3 1 < 5 ; 1E 1/ 7 =D 1 5 </ M ;� /� I > 0� � 60 <2 1 9E 6 F 12 M E 6= = 2 6; :E < 5 6/ 2 6I = <= ; / 2 6 974 /; 7 = ; 1 L8 < 5 6 5 ? /E 5 12 ? E < 9D <� /3 < < 1; 3 1= < :; /D Q3 1 ϕ1 M ϕ2 M ϕ̇1 M ϕ̇2

/=D <=D /4 I O 6I = <D 6 P 74 15D /; 5 1E I /; 3 /E 65 / 3 := ; 5 7 P < 1
l (2c+mgl)�

ì�íî íï í �ñ Y

� 6 L; <0 E <; <8 /= 0 7 G= 0 1E 1= ; Q 5 E 6O / 3 <I Ωcr

K 6E 3 <E 3 1 L 1= < & < F <8 / := 0 1H 1 2 6I ; 3 <0 6 5 H 1E < F 13 ; 6D Q3 1 L? D 1= 0 1= ; <�M? E <0 1; 1E 1 L3 6E 7K 6/; = I7 = ; 1 L8 < 5 1= ; Q 5 /E ; <0 6D Q3 1H 1? 1D 1� /3 <I� VD <3 6 2 6I ; 3 <0 6 lM / H 1 2 6= := 6 mM 6 HD 65 3 J / P /3 ; E 6D Q3 J / 2 12 /3 ; J <3 / E P < <= 7 ; Q A1 M A2 M A3 M? E < :8 / 2 HD 65 3 6I 1= Q <3 / E P < < Y 3 6? E 65D / 3 6 54 1D Q 1= < = 62 1H 1 2 6I ; 3 <0 6M6 1= Q T � 54 1D Q / H 1K 6E 3 <E 3 1 L 1= <� �E <=� ü� Y %�
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� {� {� u {nW <3 /; <8 /= 0 6I '3 /E H <I 2 6I ; 3 <0 6 /= ; Q

T =
mv2

c

2
+

1

2

(

A1ω
2
1 +A2ω

2
2 +A3ω

2
3

)

,

H4 /

vc �D <3 / L3 6I = 0 1E 1= ; Q / H 1P / 3 ; E 6 2 6= = M E 65 3 6I vc = ω × lM? E < :8 / 2 ω � 5 /0 ; 1E 6 9= 1D G; 3 1 L 7 HD 15 1 L = 0 1E 1= ; <�M <2 / GO / L? E 1/0 P < <

ω1, ω2, ω3

3 6 HD 65 3 J / 1= < <3 /E P < < T M � M Y� A8 <; J 5 6I M8 ; 1 ω = Ω + ϕ̇M3 6@ 14 <2

ω1 = ϕ̇, ω2 = Ω sinϕ, ω3 = Ω cosϕ.

�J 8 <=D < 5 v2
c = l2

(

ϕ̇2 + Ω2 sin2 ϕ
)

,? 1D 78 <2

T =
1

2

(

ml2 +A1

)

ϕ̇2 +
1

2

(

ml2 +A2

)

Ω2 sin2 ϕ+
1

2
A3Ω

2 cos2 ϕ.

A8 <; J 5 6I M8 ; 1? 1; /3 P < 6D Q3 6I '3 /E H <I Π = mgl(1 − cosϕ)M? E <@ 14 < 20 =D /4 7 GO / 2 7 7 E 65 3 /3 < G4 5 <� / 3 <I�

ϕ̈
(

ml2 +A1

)

+
Ω2

2
sin 2ϕ(A3 −A2 −ml2) = −mgl sinϕ.

ó � z �Þ � �Ù [ T SY

$E 15 14 I / H 1D <3 / 6E < F 6P < G 5 10 E /= ; 3 1= ; < ϕ ≡ 0M? E <@ 14 <2 0 7 E 65 3 /3 < G

ϕ̈
(

ml2 +A1

)

+ ϕ
[

mgl + Ω2(A3 −A2 −ml2)
]

= 0,

1; 0 74 6 <=D /4 7 /; <= 0 12 1/ F3 68 /3 </ 0 E <; <8 / = 0 1 L 7 HD 1 5 1 L= 0 1E 1= ; <

Ωcr =

√

mgl

ml2 +A2 − A3
.

$E < Ω > Ωcr

5 / E ; <0 6D Q3 1/? 1D 1� /3 </ = ; 63 15 <; = I 3 / 7 = ; 1 L8 < 5J 2 < 2 6:I ; 3 <0 1; 0D 13 I /; = I� � / 7 = ; 1 L8 < 5 1= ; Q3 / 5 1 F3 <0 6/ ; ? E <D G 9J @ F3 68 / 3 < :I @ ΩM / =D < ml2 +A2 −A3 < 0�

ì�íî íï í �ñ \

�= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q 5 / E ; <0 6D Q3 1H 1? 1D 1� / 3 <I4 5 1 L3 1H 1 1E :; 1H 13 6D Q3 1H 1 2 6I ; 3 <0 6= ; 18 /8 3 J 2 < 2 6= = 62 < m1

< m2

? 14 4 / L= ; 5 </ 2? 1= ; 1I 3 3 1H 1=D /4 I O / H 1 2 12 /3 ; 6

M M4 / L= ; 5 7 GO / H 1 54 1D Q 1= < 5 ; 1E 1H 1F 5 /3 6 �= 2� E <=� ü� ü %�

ôõö â ÿâ ÿ
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� {� {� u {nC8 / 5 <4 3 1M <2 / / 2 T =
1

2
m1v

2
1 +

1

2
m2v

2
2 ,

H4 /

v̇2
1 = ϕ̇2

1l
2
1, v̇2

2 = ϕ̇2
1(l1 + l2 cosϕ2)

2 + ϕ̇2
2l

2
2,

T =
1

2
ϕ̇2

1(m1l
2
1 +m2(l1 + l2 cosϕ2)

2) +
1

2
ϕ̇2

2m2l
2
2.û4 / = Q ϕ1

< ϕ2

�7 HD J 1; 0D 13 /3 <I 5K 6E 3 <E 6@ T < �= 1 1; 5 /; = ; 5 / 3 3 1�W 5 64 E 6; <8 3 J / 6? ? E 10 = <2 6P < <? 1; / 3 P < 6D Q3 1 L <0 <3 / ; <8 / = 0 1 L '3 / E :H < < / = ; Q�

Π = −g((m1 +m2)l1 cosϕ1 +m2l2 cosϕ1 cosϕ2)
≈ g

2 (ϕ2
1(m1l1 +m2l1m2l2) + ϕ2

2m2l2)

T =
1

2
ϕ̇2

1(m1l
2
1 +m2(l1 + l2)

2)) +
1

2
ϕ̇2

2m2l
2
2.C= ; 6/; = I 5J 8 <=D <; Q 1 9 1 9O /3 3 J / = <D J M 1 97 =D 15D /3 3 J / 2 12 / 3 ; 12 M�> 1= ; 65 <2 'D / 2 / 3 ; 6E 3 7 GE 6 9 1; 7 δA '; 1H 1 2 12 /3 ; 63 6? E <E 6O /3 <I @ δϕ1< δϕ2

� � 60 0 60 M · δϕ2 ≡ 0

� 5 = <D 7 <@ 5 F 6 <2 3 1 L 1E ; 1H 13 6D Q3 1= ; < % M; 1 <2 / / 2 δA = M · δϕ1 = M sinϕ2δϕ1��E / F 7D Q; 6; / = <= ; / 2 67 E 65 3 /3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I 974 / ;

{

ϕ̈1(m1l
2
1 +m2(l1 + l2)

2)) + gϕ1(m1l1 +m2l1 +m2l2 = Mϕ2,
ϕ̈2m2l

2
2 + gϕ2m2l2 = 0.

� ü� T ú %

$ 1D 1� <2 ; /? / E Q M8 ; 1 2 / �4 7 2 6= = 62 < m1 M m2

<4 D <3 62 < F 5 /3 Q / 5 l1 < l2= 7 O / = ; 5 7 / ; = 1 1; 3 1K /3 </

m2

m1
=
l2 − l1
l2 + l1

.

� 1H4 6= <= ; / 2 6 � ü� T ö %? E <2 /; 5 <4







ϕ̈1 + k2ϕ1 =
M

m1l2
ϕ2,

ϕ̈2 + k2ϕ2 = 0,

H4 / k2 = g
l2

M 6 / / @ 6E 60 ; /E <= ; <8 / = 0 < L? 1D <3 12 974 / ;
∆(p) =

∣

∣

∣

∣

∣

∣

p2 + k2 − M

m1l22
0 p2 + k2

∣

∣

∣

∣

∣

∣

= (p2 + k2)2 = 0.

ó � z �Þ � �Ù ^ T S X

� 6D <8 </ 0 E <; <8 / = 0 <@ 0 1E 3 / L ±ik4 5 1 L3 1 L0 E 6; 3 1= ; <? E <4 / & /0 ; / @ 6:E 60 ; /E <= ; <8 /= 0 1 L 2 6; E <P J M E 65 3 12 T �? E < M 6= 0

% M H 15 1E <; 1; 12 M8 ; 1E /K /3 < / ϕ1 = ϕ2 = 03 / 7 = ; 1 L8 < 5 1�

ì�íî íï í �ñ ]

�= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q? D 1= 0 1H 14 5 <� /3 <I 0 1= 2 <8 / = 0 1H 1 6? ? 6:E 6; 6 �W # %? 10 E 7 H 15 1 L 1E 9 <; / 5 10 E 7 H? E <; I H < 5 6 GO / H 1P /3 ; E 6? E <? 1 := ; 1I 3 3 124 / L= ; 5 < <E 64 < 6D Q3 1 L= <D J ; I H <�

� {� {� u {n�? 1D I E 3 J @ 0 1 1E4 <3 6; 6@ r, ϕ7 E 65 3 /3 <I4 5 <� /3 <I W # <2 / G; 5 <4

m
(

r̈ − rϕ̇2
)

= F − µm

r2
,

m
d(r2ϕ̇)
dt = 0,

� ü� � S %

H4 / m � 2 6= = 6W # M µ � HE 65 <; 6P < 13 3 J L? 6E 62 / ; E ? E <; I H < 5 6 GO / H 1P /3 ; E 6M F �= <D 6E 64 < 6D Q3 1 L; I H <�M 5 2 / = ; 10 1; 1E 1 L 974 / 2 4 6D / / E 6= := 2 6; E < 5 6; Q 1; 5 /8 6 GO / / / L7 = 0 1E / 3 </ f = F
m

� � 1H4 6= <= ; / 2 6 � ü� T � %? E < :2 /; 5 <4
r̈ − rϕ̇2 +

µ

r2
= f,

r2ϕ̇ = L = const,

� ü� � T %

H4 / L � <3 ; / HE 6D 2 12 / 3 ; 60 1D <8 /= ; 5 64 5 <� /3 <I W # M 0 1; 1E J L 974 / 2= 8 <; 6; Q3 / < F 2 /3 3 J 2� �0 68 /= ; 5 / 3 / 5 1 F 2 7 O /3 3 1H 14 5 <� / 3 <I � � V % 5J 9ó/ :E / 2 E 65 3 12 /E 3 1/ 0 E 7 H 15 1/4 5 <� / 3 </W # M 0 1H4 6 r = r∗ M ϕ̇ = ϕ̇∗

< L = L∗�� 1H4 6 < F? /E 5 1H 17 E 65 3 / 3 <I � ü� T � %3 6@ 14 <2 7 =D 15 </ = 5 I F <

ϕ̇∗ =

√

µ

r3∗
− f

r∗
,

� ü� � � %

0 1; 1E 1/ 1? E /4 /D I /; ? E /4 /D Q3 14 1? 7 = ; < 2 1/ F3 68 / 3 </ f� ) <3 / 6E < F 7 I = < := ; / 2 7 � ü� T � % 9D < F 5J 9E 63 3 1H 1 � V M? 1D 7 8 6/ 2

δr̈ − ϕ̇2
∗δr −

2µ

r3∗
δr − 2r∗ϕ̇∗δϕ̇∗ = 0,

2r∗δrϕ̇∗ + r2∗δϕ̇∗ = 0.
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> 1= ; 65D I I @ 6E 60 ; / E <= ; <8 / = 0 < L 1? E /4 /D <; /D Q ' ; 1 L= <= ; / 2 J M? 1D 7 8 6/ 2

∣

∣

∣

∣

∣

∣

∣

p2 − ϕ̇2
∗ −

2µ

r3∗
, −2r∗ϕ̇∗p

2ϕ̇∗, r∗p

∣

∣

∣

∣

∣

∣

∣

=

= r∗

[

p3 + p

(

3ϕ̇2
∗ −

2µ

r3∗

)]

= 0.

V 5 1 L3 1 L3 7D / 5 1 L0 1E / 3 Q � 1; 3 1= <; /D Q3 1 ϕ % 1 F3 68 6/; M 18 / 5 <4 3 1M 3 / 7 = ; 1 L :8 < 5 1= ; Q? 1 7 HD 1 5 1 L0 1 1E4 <3 6; / ϕM @ 6E 60 ; /E 3 7 G4 D ID G 9J @ 1E 9 <; 6D Q :3 J @ 4 5 <� /3 < LW #� A=D 15 </ � / 7 = ; 1 L8 < 5 1= ; <? 1E 64 < 6D Q3 1 L0 1 1E4 <3 6:; / r= 5 14 <; = I = 7 8 /; 12 � ü� T ú %0 = 1 1; 3 1K /3 < G

f <
1

3

µ

r2∗
,

� ü� � Y %

1 F3 68 6 GO / 2 7 M8 ; 1 5 /D <8 <3 6E 64 < 6D Q3 1H 1 60 ; < 5 3 1H 17 = 0 1E / 3 <I 3 /4 1D � :3 6? E / 5J K 6; Q 1/3 1; 2 / = ; 3 1H 1 HE 65 <; 6P < 13 3 1H 17 = 0 1E /3 <I�û 62 / ; <2 M8 ; 1= 1 1; 5 / ; = ; 5 7 GO / / 7 E 65 3 /3 < / . 67 = 6 < 2 / /; 5 <4

r̈ +

(

3ϕ̇2
∗ −

2µ

r3∗

)

r = 0.

"mH 13 7D / 5 1/ E /K /3 < / 7 = ; 1 L8 < 5 1? E < 5J ? 1D 3 /3 < <3 / E 65 /3 = ; 5 6 � ü� � S %�

ì�íî íï í �ñ ð_

� 7 =D 1 5 <I @ F 64 68 < T� � <= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q= ; 6P < 13 6E 3 1H 1E / :K / 3 <I ϑ = ϑ0 =« ­ ª µ¨ M ψ̇ = ψ̇0 =« ­ ª µ¨�

� {� {� u {n$ 1D 7 8 /3 3 6I = <= ; / 2 6 7 E 65 3 / 3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I �T� T X % I 5 :D I /; = I 3 /D <3 / L3 1 LNM ; 60 0 60 5? E 65J @ 8 6= ; I @ = 14 / E � 6; = I 0 60 D <3 / L3 J / M; 60 <0 5 64 E 6; <8 3 J / =D 6H 6/ 2 J /� "=D < 1; 9E 1= <; Q0 5 64 E 6; <8 3 J / =D 6H 6/ :2 J / M ; 1? E <4 / 2 0 = <= ; / 2 / 7 E 65 3 /3 < L? / E 5 1H 1? E < 9D <� /3 <I�
ẍ = −ψ̇2

0 sin2 ϑ0x+ ψ̇0 sin 2ϑ0ẏ,

ÿ = −2ψ̇0

« ¨ » ϑẋ,

� ü� � ü %

ó � z �Þ � �Ù Ø` T S �

? E /4 = ; 65D I GO / L= 1 9 1 L= <= ; / 2 7 D <3 / L3 J @ 4 < & & /E / 3 P < 6D Q3 J @ 7 E 65 3 / :3 < L= ? 1= ; 1I 3 3 J 2 <0 1' & & <P < /3 ; 62 <� � / ; E 74 3 1? 1= ; E 1 <; Q@ 6E 60 ; /E < := ; <8 /= 0 < L 1? E /4 /D <; /D Q <@ 6E 60 ; /E <= ; <8 / = 0 1/ 7 E 65 3 / 3 </ '; 1 L= <= ; / 2 J

∆(p) =

∣

∣

∣

∣

p2 + ψ̇2
0 sin2 ϑ0, −pψ̇0 sin 2ϑ0

2pψ̇0

« ¨ » ϑ0, p2

∣

∣

∣

∣

= p4 + p2
(

ψ̇2
0 sin2 ϑ0 + 4ψ̇2

0 cos2 ϑ0

)

= 0.

� <4 3 1M8 ; 1@ 6E 60 ; /E <= ; <8 /= 0 1/ 7 E 65 3 /3 < / <2 / /; 4 5 1 L3 1 L3 7D / 5 1 L0 1:E /3 Q <? 6E 7 8 <= ; 1 2 3 <2 J @ 0 1E 3 / L� VD I = 7 �4 /3 <I 1 97 = ; 1 L8 < 5 1= ; <; 6:0 1H 10 E <; <8 / = 0 1H 1=D 7 8 6I 3 / 1 9@ 14 <2 1 5 1 9O / 2 =D 7 8 6/? E 15 14 <; Q=? / :P < 6D Q3 1/ <= =D /4 15 63 </ 0 60 D <3 / L3 1 L � ü� �T % M ; 60 <3 /D <3 / L3 1 L � T� T X %= < := ; / 2� C4 3 60 1 54 63 3 1 L F 64 68 / 3 / ; E 74 3 14 10 6 F 6; Q3 / 7 = ; 1 L8 < 5 1= ; Q3 / 5 1 F :2 7 O /3 3 1H 14 5 <� /3 <I ϑ = ϑ0 M ψ̇ = ψ̇0 M <= @ 14 I < F = 1 1; 3 1K /3 <I � T� T Y %�� <4 3 1M8 ; 1 /=D < 5J 9E 6; Q 2 6D J / 3 68 6D Q3 J / 5 1 F 2 7 O / 3 <I x0

< ẏ0 ; 60 M8 ; 1 9J 7 =D 1 5 </ �T� T Y %3 / 3 6E 7K <D 1= Q M ; 1 5 1 F 2 7 O /3 3 1/4 5 <� /3 < / ; 60 � /10 6� / ; = I 0 13 <8 /= 0 <2� C4 3 60 1? /E < 14 '; 1H 14 5 <� / 3 <I 974 / ; 7 � / 3 / 2π
ψ̇0

M6 2π
ψ̇0+ẏ0

� >D /4 1 5 6; /D Q3 1M 6? /0 = = & /E <8 /= 0 1H 1 2 6I ; 3 <0 6 5 5 1 F 2 7 O / 3 3 124 5 <� /3 < < 974 /; 3 / 7 0D 13 3 174 6D I ; Q= I 1; 6? /0 = 6 5 3 / 5 1 F 2 7 O /3 3 124 5 < :� / 3 < <�M 5 5 <4 7 8 / H 1? 1=D /4 3 / / =D /4 7 / ; ? E < F3 6; Q3 / 7 = ; 1 L8 < 5J 2�



ÅÇÆ ÈÉ È l

8 ÍÎ Ì � Ó Ô É Ì ÍÎ 9 Æ Ô Ï � � Ï �; È É Î Ì Ï Ì � Ï �;

Í Ô ÍÎ � �

�3 1E 2 6D Q3 1 L & 1E 2 /4 < & & / E /3 P < 6D Q3 J / 7 E 65 3 /3 <I 5 1 F 2 7 O /3 3 1H 14 5 < :� / 3 <I < 2 / G; 5 <4

ẋ1 = a11x1 + · · · + a1nxn,

· · · = · · · � X� T %

ẋn = an1x1 + · · · + annxn,

H4 / 0 1' & & <P </3 ; J akj �? 1= ; 1I 3 3 J / 5 / O / = ; 5 /3 3 J /8 <=D 6�>D 7 8 6 LNM 0 1H4 6@ 6E 60 ; / E <= ; <8 /= 0 1/ 7 E 65 3 / 3 </ = <= ; / 2 J � X� T % <2 / /;? E 1= ; J / 0 1E 3 <�M E 6= = 2 1; E /3 5 HD 65 / ü� � '; 1 L HD 65 /? E /4 = ; 65D /3 J F 64 68 <? E <D G 9 1 L= ; E 7 0 ; 7 E / 0 1E 3 / L@ 6E 60 ; /E <= ; <8 /= 0 1H 17 E 65 3 /3 <I�W 60 <? E / �4 / M /=D < 5 / O /= ; 5 /3 3 J /8 6= ; < 5 = /@ 0 1E 3 / L@ 6E 60 ; /E <= ; < :8 /= 0 1H 1 7 E 65 3 /3 <I 1; E <P 6; /D Q3 J M ; 13 / 5 1 F 2 7 O / 3 3 1/4 5 <� / 3 </ 6= <2 :? ; 1; <8 / = 0 <7 = ; 1 L8 < 5 1� "=D <= E /4 <0 1E 3 / L@ 6E 60 ; /E <= ; <8 /= 0 1H 17 E 65 3 / :3 <I < 2 / /; = I @ 1; I 9J 14 <3 M 5 / O /= ; 5 /3 3 6I8 6= ; Q0 1; 1E 1H 1? 1D 1� <; /D Q3 6M; 13 / 5 1 F 2 7 O /3 3 1/4 5 <� /3 </ 3 / 7 = ; 1 L8 < 5 1�"=D < 3 /0 1; 1E J / 0 1E 3 <@ 6E 60 ; / E <= ; <8 /= 0 1H 1 7 E 65 3 /3 <I <2 / G; 3 7 :D / 5J / 5 / O / = ; 5 /3 3 J / 8 6= ; <�M 6 1= ; 6D Q3 J / 0 1E 3 < <2 / G; 1; E <P 6; /D Q3 J /5 / O /= ; 5 / 3 3 J /8 6= ; <�M ; 1�© %� �� � � �� Õ �� � � � �� �Ö �� � � �� � � �� � �� �� �� Ä � (� �� � � � � �� ���� �� � � ) � � � � � � � �� ß � � � � � �� � �� � Õ � � �� �� � � �� � � �� á � �� �� � á � �� ��� �Ä �" � � � �� �� �� Ä � � � � � � � � � ¡T T ¢ M
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V 63 J 7 E 65 3 /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I�
ẋ1 = x1 + x2 − x3,

ẋ2 = −x1 + 3x2 − x3 − 2x4,

ẋ3 = 6x2 − 3x3 − 3x4,

ẋ4 = −3x1 + 3x2 − 3x4.C? E /4 /D <; Q0 1E 3 <@ 6E 60 ; / E <= ; <8 / = 0 1H 17 E 65 3 /3 <I < <= =D /4 1 5 6; Q7 = ; 1 L :8 < 5 1= ; Q= <= ; / 2 J �

� {� {� u {nû 6? <K / 2 2 6; E <P 7 A− λE4 D I4 63 3 1 L F 64 68 <�

A− λE =









1 − λ 1 −1 0
−1 3 − λ −1 −2
0 6 −3 − λ −3
−3 3 0 −3 − λ









.

C? E /4 /D <; /D Q '; 1 L 2 6; E <P J <2 / / ; 8 / ; J E / 0 1E 3 I� λ1 = λ2 = 0M λ3 =
= λ4 = −1��J ? 1D 3 I / 2 " � � � �� �� �� Ä � �� �� �� � Ä � � � � �� à � � ~ $E < 9 65 < 5 ; E /; < L= ; 1D 9/P 0 1 5 ; 1E 12 7 M 7 2 3 1� < 5 ; E /; < L = ; 1D 9ó/P 3 6 (1 − λ) <? E < 9 65 < 5E / F 7D Q; 6; 0 ? /E 5 12 7 = ; 1D 9P 7 M? 1D 7 8 6/ 2�

A− λE →









0 0 −1 0
−2 + λ 2 − λ −1 −2

−3 + 2λ+ λ2 3 − λ −3 − λ −3
−3 3 0 −3− λ









.

$ 12 / 3 I / 2 2 / = ; 62 <; E /; < L <? / E 5J L= ; 1D 9P J <4 12 3 1� <2? /E 5J L= ; 1D :9/ P 3 6 −1� V 6D / / M? E 14 1D � 6I 'D / 2 /3 ; 6E 3 J /? E / 1 9E 6F 15 63 <I M? 1D 7 8 <23 7D < 5 2 / = ; 1 5 = / @ 'D / 2 /3 ; 15? /E 5 1H 1= ; 1D 9P 6M F 6 <= 0D G8 /3 < / 2 ? / E 5 1H 1
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'D / 2 / 3 ; 6�









1 0 0 0
0 2 − λ −2 + λ −2
0 3 − λ −3 + 2λ+ λ2 −3
0 3 −3 −3− λ









.

û 6; / 2? E < 9 65 <2 5 ; 1E 1 L= ; 1D 9/ P 0 ; E / ; Q / 2 7�









1 0 0 0
0 2 − λ 0 −2
0 3 − λ λ (λ+ 1) −3
0 3 0 −3− λ









.

A2 3 1� 6I 5 ; 1E 1 L = ; 1D 9/P 3 6 −1 < 5J 8 <; 6I < F E / F 7D Q; 6; 68 /; 5 /E ; J L= ; 1D 9/P M? 1D 7 8 6/ 2









1 0 0 0
0 λ 0 −2
0 λ λ (λ+ 1) −3
0 λ 0 −3 − λ









.

�/? /E Q 5J 8 ; / 2 5 ; 1E 7 G= ; E 10 7 < F ; E / ; Q / L < < F8 /; 5 /E ; 1 L= ; E 10 <�









1 0 0 0
0 λ 0 −2
0 0 λ (λ+ 1) −1
0 0 0 −1 − λ









.

A2 3 1� <2 5 ; 1E 1 L= ; 1D 9ó/P 3 6 � <8 /; 5 /E ; J L3 6 λM? E < 9 65 < 2 8 / ; 5 / E ; J L= ; 1D 9/P 0 1 5 ; 1E 12 7 <? 12 /3 I / 2 F3 60 8 /; 5 /E ; 1H 1= ; 1D 9P 6�









1 0 0 0
0 0 0 2
0 −λ λ (λ+ 1) 1
0 −λ (λ+ 1) 0 1 + λ









.

$ 14 /D <2 5 ; 1E 7 G= ; E 10 7 3 6 � < 5J 8 ; / 2 / / < F ; E /; Q / L M 7 2 3 1� <2 5 ; 1E 7 G= ; E 10 7 3 6 (1 + λ) < 5J 8 ; / 2 < F8 /; 5 /E ; 1 L�









1 0 0 0
0 0 0 1
0 −λ λ (λ+ 1) 0
0 −λ (λ+ 1) 0 0









.

ó � z �Þ � 6Ù ú T T T

$ 12 / 3 I / 2 2 /= ; 62 < 5 ; 1E 1 L <8 /; 5 /E ; J L= ; 1D 9P J M 7 2 3 1� <2 ; E / ; Q G= ; E 1 :0 7 3 6 (λ+ 1) < 5J 8 ; / 2 E / F 7D Q; 6; < F8 /; 5 /E ; 1 L= ; E 10 <�








1 0 0 0
0 1 0 0
0 0 λ(λ + 1) −λ
0 0 −λ (λ+ 1)

2
0









.

$ 12 / 3 I / 2 2 /= ; 62 < ; E / ; < L <8 /; 5 /E ; J L = ; 1D 9P J < < F 2 /3 <2 <@ F3 60 ýF 6; / 24 12 3 1� < 2 ; E /; < L= ; 1D 9ó/P 3 6 (λ+1) <? E < 9 65 <2 E / F 7D Q; 6; 0 8 /; :5 / E ; 12 7 = ; 1D 9P 7�









1 0 0 0
0 1 0 0
0 0 λ 0

0 0 0 λ (λ+ 1)
2









.

� 60 <2 1 9E 6F 12 M 2 J ? 1D 7 8 <D < 2 6; E <P 7 5 3 1E 2 6D Q3 1 L4 < 6H 13 6D Q :3 1 L & 1E 2 / �0 63 13 <8 /= 0 6I & 1E 2 6 ( 1E4 63 6 %� W 1E 3 < 1? E /4 /D <; /D I E 65 :3 J λ1 = 0M λ2 = 0M λ3 = −1 < λ4 = −1� �; <2 0 1E 3 I 2 = 1 1; 5 / ; = ; 5 7 G;=D /4 7 GO </ E /K / 3 <I 5 3 1E 2 6D Q3 J @ 0 1 1E4 <3 6; 6@�

z1 = z01, z2 = z02, z3 = z03e
−t, z4 = (z04 + z03t) e

−t,

� X� � %

H4 / z01 M z02 M z03 < z04 � 3 68 6D Q3 J / F3 68 /3 <I = 1 1; 5 /; = ; 5 7 GO <@ 0 1 1E4 <3 6;�� 60 0 60 E /K / 3 </ � X� � % 7 = ; 1 L8 < 5 1 1; 3 1= <; /D Q3 13 1E 2 6D Q3 J @ 0 1 1E :4 <3 6; M ; 1 E /K /3 </ 1; 3 1= <; /D Q3 1 0 1 1E4 <3 6; x ; 60 � / 7 = ; 1 L8 < 5 1� �

e−t7 9J 5 6/; F3 68 <; /D Q3 1 9J = ; E / / M8 / 2 E 6= ; / ; ? 1D <3 12� %

ì�íî íï í �ñ ù

V 63 J 7 E 65 3 /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� / 3 <I�

ẋ1 = x1 − 2x2 + x4,

ẋ2 = −x1 + 3x2 − x3 − 2x4,

ẋ3 = 3x2 − 2x3 − 2x4,

ẋ4 = −3x1 + 6x2 − x3 − 4x4.C? E /4 /D <; Q 0 1E 3 < @ 6E 60 ; / E <= ; <8 / = 0 1H 1 7 E 65 3 / 3 <I < <= =D /4 15 6; Q7 = ; 1 L8 < 5 1= ; Q= <= ; / 2 J �
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� {� {� u {n� 6 L4 / 2 2 6; E <P 7 A−Eλ4 D I4 63 3 J @ 7 E 65 3 / 3 < L�

A− λE =









1 − λ −2 0 1
−1 3 − λ −1 −2
0 3 −2− λ −2
−3 6 −1 −4 − λ









.

A2 3 1� <2 ? 1=D /4 3 < L= ; 1D 9ó/P 3 6 −(1 − λ) <? E < 9 65 <2 / H 10 ? /E 5 12 7= ; 1D 9P 7 M F 6; / 2 7 2 3 1� <2 8 /; 5 /E ; J L = ; 1D 9/ P 3 6 � <? E < 9 65 <2 / H 10 15 ; 1E 12 7 = ; 1D 9P 7� V 6D / / M 5J ? 1D 3 I I 'D / 2 / 3 ; 6E 3 J /? E / 1 9E 6 F 1 5 63 <I M? 1 :D 7 8 <2 5 2 /= ; 1 5 = /@ 'D / 2 / 3 ; 15 58 / ; 5 / E ; 12 = ; 1D 9P / 3 7D <�M F 6 <= 0D G8 /3 < :/ 2 ? /E 5 1H 1 'D / 2 /3 ; 6�









0 0 0 1
1 − 2λ −1− λ −1 0
2 − 2λ −1 −2− λ 0

1 − 3λ− λ2 −2 − 2λ −1 0









.

V 12 3 1� <2 5 ; 1E 1 L <; E / ; < L= ; 1D 9P J 3 6 −1M? 12 / 3 I / 2 2 /= ; 62 <? /E 5J L<8 /; 5 /E ; J L= ; 1D 9P J �









1 0 0 0
0 1 + λ 1 1 − 2λ
0 1 2 + λ 2 − 2λ
0 2 + 2λ 1 1 − 3λ− λ2









.

�J 8 ; / 2 5 ; 1E 7 G= ; E 10 7 < F8 /; 5 /E ; 1 L�









1 0 0 0
0 1 + λ 1 1 − 2λ
0 1 2 + λ 2 − 2λ
0 1 + λ 0 −λ− λ2









.

�J 8 ; / 2 8 / ; 5 / E ; 7 G= ; E 10 7 < F 5 ; 1E 1 L�









1 0 0 0
0 0 1 1 − λ+ λ2

0 1 2 + λ 2 − 2λ
0 1 + λ 0 −λ− λ2









.

ó � z �Þ � 6Ù ú T T Y

$ 12 / 3 I / 2 2 /= ; 62 < 5 ; 1E 1 L <; E / ; < L= ; 1D 9P J �









1 0 0 0
0 1 0 1 − λ+ λ2

0 2 + λ 1 2 − 2λ
0 0 1 + λ −λ− λ2









.

A2 3 1� <2 5 ; 1E 1 L= ; 1D 9/ P 3 6 (1 − λ + λ2) < 5J 8 ; / 2 / H 1 < F8 / ; 5 / E ; 1H 1= ; 1D 9P 6�









1 0 0 0
0 1 0 0
0 2 + λ 1 −λ− λ2 − λ3

0 0 1 + λ −λ− λ2









.

A2 3 1� <2 5 ; 1E 7 G= ; E 10 7 3 6 −(2 + λ) <? E < 9 65 <2 / / 0 ; E /; Q / L= ; E 10 / M<4 12 3 1� <2 8 /; 5 /E ; J L= ; 1D 9ó/P 3 6 −1�









1 0 0 0
0 1 0 0
0 0 1 λ+ λ2 + λ3

0 0 1 + λ λ+ λ2









.

A2 3 1� <2 ; E /; < L= ; 1D 9ó/P 3 6 (λ + λ2 + λ3) < 5J 8 ; / 2 / H 1 < F8 / ; 5 / E ; 1H 1= ; 1D 9P 6ý4 12 3 1� <2 8 /; 5 /E ; J L= ; 1D 9ó/P 3 6 −1�









1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 + λ λ2 + 2λ3 + λ4









.
A2 3 1� <2 ; E / ; Q G= ; E 10 7 3 6 −(1+λ) <? E < 9 65 <2 / / 0 8 /; 5 /E ; 1 L= ; E 10 /�









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ2(λ+ 1)2









.

B 6; E <P 6 A−λE? E < 5 /4 /3 60 3 1E 2 6D Q3 1 L4 < 6H 13 6D Q3 1 L & 1E 2 /� û 6:2 /; < 2 M8 ; 1 <3 5 6E < 63 ; 3 J / 2 3 1� <; /D <E 65 3 J E1 = 1M E2 = 1M E3 = 1< E4 = λ2(λ+1)2� >D /4 1 5 6; /D Q3 1M 2 6; E <P 6 A−λE <2 / /; 4 5 6 'D / 2 / 3 ; 6E :3 J @ 4 /D <; /D I� λ2 < (λ+1)2 M = = 1 1; 5 /; = ; 5 7 GO <2 <0 1E 3 I 2 <� λ1 = λ2 = 0M

λ3 = λ4 = −1�
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AE 65 3 / 3 </ 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I 5 0 63 13 <8 /= 0 <@ ? /E / 2 /3 3 J @�= 2� ¡T T ¢ % = 1= ; 1 <; < F4 5 7 @ 9D 10 1 5 ( 1E4 63 6 �= 2� � 3 1E 2 6D Q3 6I & 1E 2 6( 1E4 63 6 � X� ü S % 5 ¡T T ¢ %�

ż1 = 0, ż2 = z1, ż3 = −z3, ż4 = z3 − z4.C; = G4 6D / H0 1? 1D 7 8 <; QE /K /3 </ 5 5 <4 /

z1 = z01, z2 = z01t+ z02, z3 = z03e
−t, z4 = (z04 + z03t) e

−t.

W 63 13 <8 / = 0 < /? / E / 2 / 3 3 J / 3 / 7 = ; 1 L8 < 5J M ; 60 0 60 z2 → ∞? E < t → ∞M<�M =D /4 15 6; /D Q3 1M <= @ 14 3 6I = <= ; / 2 63 / 7 = ; 1 L8 < 5 6�

ì�íî íï í �ñ ü

� / 14 3 1E 14 3 J /D <3 / L3 J /4 < & & /E / 3 P < 6D Q3 J / 7 E 65 3 / 3 <I

ẋ1 = −5x1 + 2x3 + 2t3 + 5t2 + 2t,

ẋ2 = 41x1 + 5x2 − 19x3 − 19t3 − 41t2 − 10t+ 2,

ẋ3 = 5x1 + 2x2 − 3x3 − 3t3 − 8t2 − 4t

<2 / G; 8 6= ; 3 1/ E /K / 3 </�

x̄1 = t2, x̄2 = 2t, x̄3 = −t3.

C? E /4 /D <; Q 7 = ; 1 L8 < 5 1= ; Q ' ; 1H 1E /K / 3 <I <? 1= ; E 1 <; QE /K /3 </ 7 E 65 3 / :3 < L 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I 5 0 63 13 <8 /= 0 <@ ? / E / 2 / 3 3 J @ �

� {� {� u {nA= ; 1 L8 < 5 1= ; QE /K / 3 <I

x1 = t2, x2 = 2t, x3 = −t3

� X� Y %

2 1� / ; 9J ; Q <= =D /4 15 63 6? E <? 12 1O < = 1 1; 5 /; = ; 5 7 GO <@ 14 3 1E 14 3 J @7 E 65 3 /3 < LNM ;� /� 7 E 65 3 /3 < L �= 2� ? E < 2 /E Y < F? 6E 6HE 6 & 6 T� Y 5 ¡T T ¢ %�
ẋ1 = −5x1 + 2x3,

ẋ2 = 41x1 + 5x2 − 19x3,

ẋ3 = 5x1 + 2x2 − 3x3.

ó � z �Þ � 6Ù þ T T X

B 6; E <P 6 A− λE4 D I '; 1 L= <= ; / 2 J <2 / /; 5 <4 �

A− λE =





−5− λ 0 2
41 5 − λ −19
5 2 −(3 + λ)



.

� X� ü %

. 6F4 /D <2 ; E /; < L= ; 1D 9/ P 3 6 � <? 12 /3 I / 2 2 /= ; 62 <? / E 5J L <; E /; < L= ; 1D 9P J �





1 0 −(5 + λ)
− 19

2 5 − λ 41
− 3+λ

2 2 2



.

A2 3 1� <2 ? / E 5J L= ; 1D 9/P 3 6 (5 + λ) <? E < 9 65 < 2 0 ; E /; Q / 2 7 = ; 1D 9P 7 M; E / ; < L= ; 1D 9ó/P 7 2 3 1� <2 3 6 −2� �/? / E Q M F 6 <= 0D G8 /3 </ 2 ? / E 5 1H 1M 5 = /1= ; 6D Q3 J / 'D / 2 / 3 ; J ? /E 5 1H 1= ; 1D 9P 6 �3 7D <�





1 0 0
0 5 − λ 13 + 19λ
0 2 5 + 8λ+ λ2



.

$ 14 /D <2 5 ; 1E 1 L= ; 1D 9ó/P 3 6 � M 7 2 3 1� < 2 / H 13 6 −(5+8λ+λ2) <? E < 9 65 <2E / F 7D Q; 6; 0 ; E /; Q / 2 7 = ; 1D 9P 7�





1 0 0

0 5−λ
2

(λ+1)3

2
0 1 0



.

A2 3 1� <2 ; E / ; Q G= ; E 10 7 3 6 (5 − λ) /2 < 5J 8 ; / 2 / / < F 5 ; 1E 1 L= ; E 10 <ý? 12 / 3 I / 2 2 /= ; 62 < 5 ; 1E 7 G <; E / ; Q G= ; E 10 <�





1 0 0
0 1 0
0 0 (λ+ 1)3



.

B 6; E <P 6 � X� Y %? E < 5 /4 /3 60 3 1E 2 6D Q3 1 L4 < 6H 13 6D Q3 1 L & 1E 2 / ý 13 6= 1:4 /E � <; ; E < <3 5 6E < 63 ; 3 J @ 2 3 1� <; /D I

E1 = 1, E2 = 1, E3 = (λ + 1)3.W 1E / 3 Q λ1 = λ2 = λ3 = −1 � 0 1E /3 Q0 E 6; 3 1= ; < Y 0 60 4 D I <3 5 6:E < 63 ; 3 1H 1 2 3 1� <; /D I E3 M ; 60 <4 D I 7 E 65 3 / 3 <I� >D /4 15 6; /D Q3 1M4 < & :& /E / 3 P < 6D Q3 J 2 < 7 E 65 3 / 3 <I 2 < 5 0 63 13 <8 / = 0 <@ ? /E / 2 /3 3 J @ I 5D I G; = I�= 2� � X� X � % 5 ¡T T ¢ %

ż1 = −z1, ż2 = z1 − z2, ż3 = z2 − z3.
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./K / 3 </ <2 / /; 5 <4

z1 = z01e
−t, z2 = (z02 + z01t) e

−t, z3 =

(

z03 + z02t+ z01
t2

2

)

e−t.

./K / 3 </ 7 = ; 1 L8 < 5 1M =D /4 15 6; /D Q3 1M8 6= ; 3 1/ E /K /3 </ � X� � % 6= <2? ; 1; < :8 /= 0 < 7 = ; 1 L8 < 5 1� ÅÇÆ ÈÉ È m

n Æ Ô � Ï Ô � ÍÎ � � ÐÎ � � � Í Ô Æ Ï È

� ÍÎ Ì � Ó Ô É Ì ÍÎ 9 Ò É Ô < � Ï Ô �

"=D < = 8 <; 6; Q M8 ; 1? 1D 1� / 3 </ = <= ; / 2 J 1? E /4 /D I /; = I s 1 9 1 9O /3 3 J 2 <0 1 1E4 <3 6; 62 < q1, . . . , qs M ; 14 5 <� / 3 </ / / 2 1� 3 1 1? <= 6; Q 7 E 65 3 / 3 <I 2 <) 6H E 63 � 6 � : H 1E 14 6
d

dt

∂T

∂q̇k
− ∂T

∂qk
= Qk(q, q̇) (k = 1, . . . , s) .

û4 /= Q T �0 <3 /; <8 /= 0 6I ' 3 /E H <I = <= ; / 2 J ý 1 9 1 9O /3 3 J / = <D J Qk

I 5 :D I G; = I &7 3 0 P <I 2 <0 1 1E4 <3 6; q <= 0 1E 1= ; / L

q̇�. 6= = 2 1; E < 2 = 3 68 6D 6=D 7 8 6 LNM 0 1H4 6= <D 6

QD <3 / L3 1 F 65 <= <; 1; E 64 <7 = :5 /0 ; 1E 6

q <= 0 1E 1= ; < q̇ < F 1 9E 6� 6 GO / L; 18 0 <�

Q = −C1q −B1q̇,H4 / C1

< B1

� F 64 63 3 J / 0 5 64 E 6; 3 J / 2 6; E <P J ? 1E I4 0 6 s= ? 1= ; 1I 3 3 J 2 <'D / 2 / 3 ; 62 <�B 6; E <P J C1

< B1

2 1� 3 1E 6F 9 <; Q3 6= < 2 2 /; E <8 3 J / C < B <0 1= 1 := <2 2 / ; E <8 3 J / P < G8 6= ; <�

C1 = C + P, B1 = B +G.

� 1H4 6= <D 6 Q? E <3 <2 6/; 5 <4

Q = K + R + D + Γ,
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H4 /

K = −C q , R = −P q , D = −B q̇ , Γ = −G q̇ .> <D 6

K = −Cq

= = <2 2 /; E <8 3 1 L 2 6; E <P / L

C = ||ckj ||3 6 FJ 5 6/; = I�� � �� à �� ��� � � <D < � � � � � �� � � �� � � � M 60 5 64 E 6; <8 3 6I & 1E 2 6

Π =
1

2
C q·q =

1

2

∑

k

∑

j

ckjqkqj

E 65 3 6? 1; / 3 P < 6D Q3 1 L '3 / E H < <= <= ; / 2 J �W 5 64 E 6; <8 3 6I & 1E 2 6 F M = 1= ; 65D /3 3 6I = ? 12 1O Q G = <2 2 / ; E <8 3 1 L2 6; E <P J B = ||bkj ||M

F =
1

2
B q̇·q̇ =

1

2

∑

k

∑

j

bkj q̇k q̇j ,

/=D < ' ; 6 &7 3 0 P <I 3 / 1; E <P 6; /D Q3 6M 3 6 FJ 5 6/; = I �� � � à � � � �� � � � �� � � � ß<D < �� � � � �� � �� � � � �� � � à � � � p � � �ß ý = 1 1; 5 / ; = ; 5 7 GO </ = <D J D = −B q̇3 6FJ 5 6 G; = I �� � � � �� ��� � Ä � � = <D 62 <= ? 1D 1� <; /D Q3 J 2 = 1? E 1; < 5D / 3 < :/ 2 � <D <? E 1= ; 1 �� � � � �� ��� � Ä � � = <D 62 < %� "=D <0 5 64 E 6; <8 3 6I & 1E 2 6

F 1? E /4 /D / 3 3 1 :? 1D 1� <; /D Q3 6M ; 14 <= = <? 6P <I 3 6FJ 5 6/; = I �� �� � �M /=D <13 6 F3 60 1? 1= ; 1I 3 3 6 �� � �� �� � �� "=D < &7 3 0 P <I F 2 1� / ; ? E <3 <2 6; Q1; E <P 6; /D Q3 J / F3 68 /3 <I M ; 1= E /4 <= 1= ; 65D I GO <@ = <D J D = −B q̇ <2 / :G; = I � � � � �ß á Õ � � = <D J �� � �Ä � �� � à� � � ��� �� � � � �� � � �� � �� � ß %�> <D J

Γ = −G q̇MD <3 / L3 1 F 65 <= I O < / 1; = 0 1E 1= ; / L

q̇ < <2 / GO </0 1= 1= <2 2 / ; E <8 3 7 G 2 6; E <P 7 0 1' & & <P </3 ; 15 G = ||gkj ||M 3 6 FJ 5 6 G; = I� � � � � � � � �� �� � � � ��> <D J R = −P qMD <3 / L3 1 F 65 <= I O </ 1; 0 1 1E4 <3 6; q

= 0 1= 1= <2 :2 /; E <8 3 1 L 2 6; E <P / L0 1' & & <P < /3 ; 1 5 P = ||pkj ||M 3 6 FJ 5 6 G; = I � �� � � � � ��� � � �� � Ä � � �� � � à � �� � Ä � � <D <? E 1= ; 1� �� � � � � �� � ��� � Ä � � � 6; 60 � /à � � �� �ß à � � � � Ä � � %= <D 62 <�$E < 5 /4 /3 3 6I 0D 6= = < & <0 6P <ID <3 / L3 J @ = <D ? 1 <@ 2 6; / 2 6; <8 / = 0 1 L= ; E 7 0 ; 7 E / 74 1 93 64 D I D <3 / L3 J @ = <= ; / 2� VD I 1 9O / L @ 6E 60 ; / E <= ; <0 <= <D 5 1=? 1D Q F 7 / 2 = I <@ & < F <8 /= 0 <2 <= 5 1 L= ; 5 62 <�. 6 9 1; 6? 1; /3 P < 6D Q3 1 L= <D J K(q)3 / F 65 <= <; 1; ? 7 ; <? /E / 2 / O / 3 <I; 18 0 <? E <D 1� /3 <I = <D J � VD I '; 1 L= <D J =? E 65 /4 D < 5 1E 65 / 3 = ; 5 1
K(q) = −grad Π <D < Kj = −∂Π

∂qj
(j = 1, . . . , n),

H4 / Π �? 1; / 3 P < 6D Q3 6I ' 3 /E H <I�

ã � | x 	ä T T ú

VD I ; 1H 18 ; 1 9J 3 /0 1; 1E 6I = <D 6

K(q)M F 65 <= I O 6I 1; ? 1D 1� /3 <I< F 1 9E 6� 6 GO / L; 18 0 < M M 5 14 3 1= 5 I F3 1 L 1 9D 6= ; < 9J D 6? 1; /3 P < 6D Q3 1 LNM3 / 1 9@ 14 <2 1 <4 1= ; 6; 18 3 1M8 ; 1 9J / /? E 1/0 P < < 74 1 5D / ; 5 1E ID < E 65 / 3 := ; 5 62

∂Kj

∂qk
=
∂Kk

∂qj
(k, j = 1, . . . , s).

$ 1 1? E /4 /D /3 < G � 12 = 13 6 < �/; 6= <D 6

Γ(q̇)3 6 FJ 5 6/; = I � � � � � � � � �� ��� � � �M /=D < 2 1O 3 1= ; Q �E 6 9 1; 6 % / / ; 1�4 /= ; 5 / 3 3 1E 65 3 63 7D GM ;� /�

Γ·q̇ =

s
∑

k=1

Γk q̇k ≡ 0 ,

;� /� H <E 1= 0 1? <8 / = 0 6I = <D 6? /E ? /34 <0 7D I E 3 6= 0 1E 1= ; < q̇ < F 1 9E 6� 6 GO / L; 18 0 < M�> <D 6 D(q̇)M F 65 <= I O 6I 1; = 0 1E 1= ; < q̇ < F 1 9E 6� 6 GO / L; 18 0 < M M 3 6 FJ :5 6/; = I �� � � � �� � �� � � �= <D 1 L� V <= = <? 6; < 5 3 J 2 = <D 62 ? 1D 1� <; /D Q3 1H 1= 1? E 1; < 5D / 3 <I 1; 5 /8 6/; 1; E <P 6; /D Q3 6I 2 1O 3 1= ; Q

N = D·q̇ =
s
∑

k=1

Dk q̇k 6 0 ,

6= <D 62 1; E <P 6; /D Q3 1H 1= 1? E 1; < 5D / 3 <I �? 1D 1� <; /D Q3 6I 2 1O 3 1= ; Q�"=D < 2 1O 3 1= ; Q N(q̇) I 5D I / ; = I 1? E /4 /D / 3 3 1 : 1; E <P 6; /D Q3 1 L &7 3 0 P < / L= 0 1E 1= ; < q̇k M ; 14 <= = <? 6P < G3 6 FJ 5 6 G; �� �� � �M / =D < 2 1O 3 1= ; Q N(q̇) �? E 1= ; 1 1; E <P 6; /D Q3 6I &7 3 0 P <I = 0 1E 1= ; / L

q̇k M ; 14 <= = <? 6P < G3 6 FJ 5 6 G;� � �� �� � � <D <� � � � �� � � ��!74 / 2 3 6 FJ 5 6; QD G 97 G= <D 7 R(q)M F 65 <= I O 7 G 1; 0 1 1E4 <3 6; = <= ; / :2 J qk M 3 /0 13 = /E 5 6; < 5 3 1 L? 1 F <P < 13 3 1 L= <D 1 LNM /=D < 13 6 1E ; 1H 13 6D Q3 6E 64 <7 = 7 : 5 /0 ; 1E 7 q < F 1 9E 6� 6 GO / L; 18 0 <

R·q =

s
∑

k=1

Rkqk ≡ 0 .

B 1� 3 14 10 6 F 6; Q M8 ; 1� á �� á� � � � � � Ä � � � á� � �� � � � � �� � � � � �� � � �� � �� Ä � � � � �� �� � ����ß ��� � � �� Q(q) � �� � � � ß Õ� á �� �� � � � � �� �� Ö �� �ß � � � � � �Ä � �� Ö � ��� � �� Ö � �� � � �� � �� à �� ��� � á � � �� � � � � �� � � �� � � á �� � � à � � � � � á � ��� �� � �ß á Õ � �

Q(q) = −gradΠ + R(q),� � � �� � � R � �� � �� à �� ��� � ß " � � �� �ß Π �� � � �Ö � �� � � � � � � �� � á ~
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� á �� á� � � � � �Ä � � � á� � � � � � � � �� � � � � �� � � �� � �� Ä � � � � �� �� � ����ß ��� � � �� Q(q̇) � �� � � � ß Õ� á �� �� � � � � � � � � � � � � � � � � � � �Ä � �� Ö � ��� � �� �� � � �� �� � �� � �� � � � � �

Q(q̇) = −gradF + Γ,

� � �

Γå � � � � � � � � �� �� �� ß � � �� �� Få � �� � �� �� ß � � � �ß �� � ß �� � � à �ß� � � � � � � � �

q̇k ~!74 / 2 = 8 <; 6; Q M8 ; 17 E 65 3 /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I 1; 3 1= <; /D Q :3 1 5 /D <8 <3 q < q̇? E < 5 /4 / 3 J 0 5 <4 7

d

dt

∂T

∂q̇k
− ∂T

∂qk
= − ∂Π

∂qk
+Dk + Γk +Rk, � ö� T %

dqk
dt

= q̇k (k = 1, . . . , s).

$E /4 ? 1D 6H 6/ ; = I M8 ; 1? E < q = 0 1 9E 6O 6 G; = I 5 3 7D Q? 1; /3 P < 6D Q3 J /<3 /0 13 = /E 5 6; < 5 3 J /? 1 F <P < 13 3 J / = <D J M 6? E < q̇ = 0 1 9E 6O 6 G; = I 5 3 7D Q4 <= = <? 6; < 5 3 J / < H <E 1= 0 1? <8 /= 0 </ = <D J �W E 12 / 7 E 65 3 / 3 < L 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I 5 & 1E 2 / � ö� T % 974 / 2 E 6= := 2 6; E < 5 6; Q=D 7 8 6 LNM 0 1H4 6E 6 FD 1� /3 <I 5 = /@ = <D ? 1= ; /? / 3 I 2 q < q̇= 1 :4 /E � 6; D <3 / L3 J / 8 D /3 J � VD I ; 60 <@ = <= ; / 2 7 E 65 3 /3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I? E < 5 14 I ; = I 0 5 <4 7

Aq̈ +B1q̇ + C1q = Q(2).� ' ; 12 5 /0 ; 1E 3 1: 2 6; E <8 3 12 7 E 65 3 / 3 < < A � 1? E /4 /D /3 3 1:? 1D 1� < :; /D Q3 6I = <2 2 / ; E <8 3 6I 2 6; E <P 6M B1

< C1

�3 /0 1; 1E J / 0 5 64 E 6; 3 J / 2 6; :E <P J � 'D / 2 /3 ; J 5 = /@ 2 6; E <P ? 1= ; 1I 3 3 J /8 <=D 6 %ý = 1= ; 65D I GO < / 5 /0 ; 1:E 6

Q(2)= 14 /E � 6; 0 1 1E4 <3 6; J qk

<= 0 1E 1= ; < q̇k 5 = ; /? /3 < 5J K /? / E 5 1 L��D < / =D <E 6 F 1 9 Q / 2 2 6; E <P J B1

< C1

3 6= < 2 2 /; E <8 3 J / <0 1= 1= <2 :2 /; E <8 3 J /8 6= ; < M ; 1? 1D 7 8 < 2

Aq̈ +Bq̇ + Ġq + Cq + Pq = Q(2) .

>; 65 <; = I F 64 68 6 1? E /4 /D / 3 <I @ 6E 60 ; /E 6 7 = ; 1 L8 < 5 1= ; < E 65 3 15 /= <I= <= ; / 2 J ? 1= ; E 7 0 ; 7 E /4 / L= ; 5 7 GO <@ = <D �$7 = ; Q3 6= <= ; / 2 7 4 / L= ; 5 7 G; ; 1D Q0 1? 1; /3 P < 6D Q3 J / = <D J M = 14 /E � 6:O </D <3 / L3 7 G8 6= ; Q M 6 5 = / 1= ; 6D Q3 J / = <D J 1; = 7 ; = ; 5 7 G; (D = Γ = R =

ã � | x 	ä T �T
= 0)� � 1H4 6? 1=D /? / E /@ 14 60 3 1E 2 6D Q3 J 2 0 1 1E4 <3 6; 62 q = Λz,

� H4 / Λ �2 6; E <P 6? E / 1 9E 6 F 15 63 < LNM Λ

q

AΛ = E M Λ

q

CΛ = C0,

H4 / E � /4 <3 <8 3 6I M6 C0

�4 < 6H 13 6D Q3 6I 2 6; E <P 6 %? 1D 7 8 <2

z̈ + C0z = Z

<D <

z̈k + ckzk = Zk, k = 1, . . . , s,H4 / &7 3 0 P < < Zk= 14 /E � 6; 0 1 1E4 <3 6; J zj
<= 0 1E 1= ; < żj 5 = ; /? / 3 < 5J K /? /E 5 1 L�  <=D 6 ck3 6 FJ 5 6 G; = I 0 1' & & <P </3 ; 62 <7 = ; 1 L8 < 5 1= ; <= <= ; / 2 J M 68 <= :D 1 1; E <P 6; /D Q3 J @ 8 <= /D ck � � � � � �� � á� �� � �� �� �� � � � ��� 2 / /; 2 / = ; 1? E 65 <D 1�(� � � � �� � � � � � � � �� �� �� � àÄ C �� � �� à �� ��� Ä � � � � � � � � �� Ä � � �� � �� �� � �� � � �� Õ �� � �� � �� �Ö �� �ß �� �� Ö � � � � �� � �� � � � � �� �� �� � �� �� ��� � � � � � � � � � �Ä � � �� � ß � �� � � detC < 0 � �� � � � � �� � � �� � �� �� �� � � � �� � � � � �Ä � �� � �� � ß ~� 2 13 1HE 6 & < < ¡T T ¢? E < 5 /4 / 3 E I4 ; / 1E / 2 M @ 6E 60 ; /E < F 7 GO <@ 5D <I :3 </ 3 /0 13 = /E 5 6; < 5 3 J @ ? 1 F <P < 13 3 J @ M H <E 1= 0 1? <8 /= 0 <@ <4 <= = <? 6; < 5 :3 J @ = <D 3 67 = ; 1 L8 < 5 1= ; QE 65 3 15 / = <I? 1; / 3 P < 6D Q3 1 L= <= ; / 2 J M 6; 60 � /7 = ; 1 L8 < 5 1= ; QE 65 3 15 /= <I? 14 4 / L= ; 5 </ 2 14 3 <@ H <E 1= 0 1? <8 / = 0 <@ <4 <= := <? 6; < 5 3 J @ = <D � $E < 5 /4 / 2 3 /0 1; 1E J / < F 3 <@ �' {} � { yx �n Èn r '} yõ } � xs ' {z xs � {z x { �x tn (� � � � �� � �� �� �� � � ��� �� � � � �� � � � �� � �� �� Ö �� � ß �� � � �� �� � ß � � � � � �Ä �� � � �� � � �� � �� à ��� ��� Ä � � � �� � � � � � �� �� � �� � á � � � � �� � � �� � � � � � � � � �� �� �� ß � �� ���� � �� à � ß �� � � �� �� �ß � �� � � �� Ö � � �� � � á �Ä � � � �� � � � � � � � �Ö � Õ � � � ��� � ��� � �Ä � � � � � � � �� � � � � � �� � � Ä ë � � � �� � � ~' {} � { yx �n Æn r 
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ì�íî íï í �ñ ð

� 7 =D 15 <I @ F 64 68 < Y� T � = 1= ; 65 <; Q4 < & & / E /3 P < 6D Q3 J / 7 E 65 3 /3 <I4 5 <� /3 <I <? 10 6 F 6; Q M8 ; 1 13 <= 14 / E � 6; H <E 1= 0 1? <8 /= 0 </ = <D J � C? E /4 / :D <; Q= ; /? / 3 Q3 / 7 = ; 1 L8 < 5 1= ; < 5 1; = 7 ; = ; 5 < < H <E 1= 0 1? <8 /= 0 <@ = <D <? 1 :0 6F 6; Q M8 ; 1 = <= ; / 2 6 2 1� /; 9J ; Q = ; 6 9 <D < F <E 15 63 6 H <E 1= 0 1? <8 /= 0 <2 <= <D 62 <�
� {� {� u {nT� AE 65 3 /3 <I �Y� Y Y % 5? /E / 2 /3 3 J @ x, y

�4 /0 6E ; 15J 0 1 1E4 <3 6; J ; 18 :0 < O % <2 / G; 5 <4

mẍ− 2mωẏ −mω2(x+ e) = −cx,
mÿ + 2mωẋ−mω2y = −cy.

ó � z �Þ � �Ù ú T �Y

� 1 F Q 2 / 2 =D 6H 6/ 2 J / M 0 1; 1E J / = 14 / E � 6; ? E 1 < F 5 14 3 J /? / E 5 1 L = ; /? /3 < M;� /� 2mωẏ < 2mωẋ� �; <=D 6H 6/ 2 J /? E < 5 14 I ; 0 2 6; E <P / 0 1' & & <P </3 ; 15�

(

0 −2mω
2mω 0

)

,

0 1; 1E 6I I 5D I /; = I 0 1= 1= < 2 2 /; E <8 3 1 L M8 ; 14 10 6FJ 5 6/ ; M8 ; 1 '; <8 D /3 JI 5D I G; = I H <E 1= 0 1? <8 /= 0 <2 <= <D 62 <��� $E < 1; = 7 ; = ; 5 < < H <E 1= 0 1? <8 / = 0 <@ = <D 0 1' & & <P </3 ; J 1 9 1 <@ 7 E 65 :3 /3 < L 1; E <P 6; /D Q3 J c1 = c2 = c − mω2 < 0M /=D < mω2 > c� >D /4 15 6:; /D Q3 1M = ; /? /3 Q3 / 7 = ; 1 L8 < 5 1= ; <E 65 3 6 �� � 1M8 ; 1 H <E 1= 0 1? <8 / = 0 < / = <D J= ; 6 9 <D < F <E 7 G; = <= ; / 2 7 M? 10 6F 63 1 5 E /K /3 < < F 64 68 < Y� T ��

ì�íî íï í �ñ ù

V 63 J 4 5 / 3 / 7 = ; 1 L8 < 5J /? 1; /3 P < 6D Q3 J / = <= ; / 2 J �

E

) q̈1 − q1 + 2q2 + 3q3 = 0,

E E

) q̈1 − q1 + 2q2 + 3q3 = 0,
q̈2 + 2q1 + q2 = 0, q̈2 + 2q1 + q3 = 0,
q̈3 + 3q1 + q3 = 0, q̈3 + 3q1 + q2 + q3 = 0.

$ 18 / 2 7 = <= ; / 2 J ? 1; /3 P < 6D Q3 J , $ 18 / 2 7 13 <3 / 7 = ; 1 L8 < 5J , B 1� 3 1D <= ; 6 9 <D < F <E 15 6; Q <@ H <E 1= 0 1? <8 /= 0 <2 <= <D 62 < ,

� {� {� u {nT� C 9/ = <= ; / 2 J ? 1; /3 P < 6D Q3 J M ; 60 0 60 2 6; E <P J M = 14 /E � 6O </ 0 1 1E :4 <3 6; J M = <2 2 /; E <8 3 J ��� �0 6�4 12 =D 7 8 6/4 D I <= =D /4 15 63 <I 7 = ; 1 L8 < 5 1= ; <= <= ; / 2 J 2 1� 3 1? E <2 / 3 <; Q0 E <; / E < L �7 E 5 <P 6�VD I? /E 5 1 L= <= ; / 2 J <2 / / 2�





−1 + λ2 2 3
2 1 + λ2 0
3 0 1 + λ2



.

$E < λ = 0 1? E /4 /D <; /D Q '; 1 L 2 6; E <P J E 65 / 3 −14� � 6 1= 3 1 5 63 < <0 E <; / :E <I �7 E 5 <P 6 2 1� 3 1 F 60 D G8 <; Q M8 ; 1? / E 5 6I = <= ; / 2 63 / 7 = ; 1 L8 < 5 6 <3 /2 1� / ; 9J ; Q = ; 6 9 <D < F <E 15 63 64 1 9 65D / 3 </ 2 H <E 1= 0 1? <8 /= 0 <@ = <D M ; 600 60 = ; /? / 3 Q3 / 7 = ; 1 L8 < 5 1= ; <3 /8 / ; 3 6I�
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VD I 5 ; 1E 1 L= <= ; / 2 J ? E < λ = 0? 1D 7 8 6/ 2 1? E /4 /D <; /D Q�

∣

∣

∣

∣

∣

∣

−1 2 3
2 0 1
3 1 1

∣

∣

∣

∣

∣

∣

= 9 > 0.

$E <4 E 7 H <@ λ '; 1; 1? E /4 /D <; /D QE 65 /3�

∣

∣

∣

∣

∣

∣

−1 + λ2 2 3
2 λ2 1
3 1 1 + λ2

∣

∣

∣

∣

∣

∣

=

= λ2(λ4 − 1) + 6 + 6 − 3λ2 − (λ2 − 1) − 4(1 + λ2) = λ4 − 9λ2 + 9.C; E <P 6; /D Q3 J L F3 60 ? /E /4 λ2? 10 6FJ 5 6/; M8 ; 1= <= ; / 2 63 / 7 = ; 1 L8 < 5 6M3 1 13 6 2 1� /; 9J ; Q= ; 6 9 <D < F <E 1 5 63 64 1 9 65D /3 </ 2 0 = <= ; / 2 / H <E 1= 0 1? < :8 /= 0 <@ = <D M ; 60 0 60 8 <=D 13 / 7 = ; 1 L8 < 5J @ 0 1 1E4 <3 6; E 65 3 14 5 7 2� � > 2�; 60 � / F 64 68 7 Y� T �ý? E < 1; = 7 ; = ; 5 < < H <E 1= 0 1? <8 / = 0 <@ = <D −2mωẏ < 2mωẋ<? E < c < mω2= <= ; / 2 63 / 7 = ; 1 L8 < 5 6� � 6D <8 </ H <E 1= 0 1? <8 / = 0 <@ = <D =4 / :D 6D 1= <= ; / 2 7 7 = ; 1 L8 < 5 1 L4 D I 5 = / @ c < ω� %

ì�íî íï í �ñ ü

W <3 /; <8 /= 0 6I <? 1; /3 P < 6D Q3 6I ' 3 /E H < < H <E 1= 0 1? <8 / = 0 1H 1 2 6I ; 3 <0 6E 65 3 J = 1 1; 5 / ; = ; 5 /3 3 1�

T = 1
2 Jx(cos2α β̇2 + α̇2) + 1

2 Jz(ϕ̇− β̇ sinα)2,

Π = P l cosβ cosα,

H4 / α < β �7 HD J M 1? E /4 /D I GO </? 1D 1� /3 < / 1= < H <E 1= 0 1? 6 1; 3 1= <; /D Q :3 13 /? 14 5 <� 3 1 L= <= ; / 2 J 0 1 1E4 <3 6; �

x′, y′, z′

% M ϕ � 7 H 1D = 1 9= ; 5 /3 3 1H 15 E 6O / 3 <I H <E 1= 0 1? 6M Jx = Jy

< Jz � 2 12 / 3 ; J <3 /E P < < H <E 1= 0 1? 6 5 / H 1HD 65 3 J @ 1= I @ �

x, y, z

% M P � 5 /= H <E 1= 0 1? 6M 6 l �E 6= = ; 1I 3 < / 1; / H 1P /3 ; E 6; I � /= ; <4 1; 18 0 <? 14 5 / = 6 �= 2� E <=� ö� T %��=? 1D Q F 7 I P <0D <8 /= 0 < L <3 ; / HE 6D

∂T

∂ϕ̇
= Jz(ϕ̇− β̇ sinα) = H =« ­ ª µ¨ ,

= 1= ; 65 <; Q7 E 65 3 /3 <I4 5 <� / 3 <I 1= < H <E 1= 0 1? 6 < 1? E /4 /D <; Q M? E <0 60 12F3 68 /3 < < 2 12 /3 ; 60 1D <8 / = ; 5 64 5 <� / 3 <I H 5 / E @ 3 / /? 1D 1� /3 < / 2 6I ; 3 < :0 6 974 /; = ; 6 9 <D < F <E 15 63 1 H <E 1= 0 1? <8 / = 0 <2 <= <D 62 <�

ó � z �Þ � �Ù þ T � X

ôõö â � â ÷

� {� {� u {n>8 <; 6I 7 HD J α < β 2 6D J 2 <�M F 6? <K / 2 0 <3 /; <8 /= 0 7 G <? 1; /3 P < 6D Q :3 7 G '3 / E H < G= <= ; / 2 J = ; 18 3 1= ; Q G4 18 D / 3 15 5 ; 1E 1H 1? 1E I4 0 6�

T =
1

2
Jx

(

α̇2 + β̇2
)

+
1

2
Jz

(

ϕ̇− β̇α
)2

,

Π = = −1

2
P l
(

α2 + β2
)

,

1? 7 = ; < 5 5 5J E 6� / 3 < <4 D I Π? 1= ; 1I 3 3 7 G 5 /D <8 <3 7 P l� � 1H4 67 E 65 3 /3 <I) 6H E 63 � 6 F 6? <K 7 ; = I 5 5 <4 /�

Jxα̈ − Hβ̇ − P lα = 0,

Jxβ̈ + Hα̇− P lβ = 0,

H =
∂T

∂ϕ̇
= Jz

(

ϕ̇− β̇α
)
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= @ 6E 60 ; /E <= ; <8 /= 0 <2 7 E 65 3 /3 </ 2�

∣

∣

∣

∣

Jxλ
2 − P l −Hλ
Hλ Jxλ

2 − P l

∣

∣

∣

∣

= 0

<D <

J2
xλ

4 +
(

H2 − 2JxP l
)

λ2 + P 2l2 = 0,

λ2 =
−
(

H2 − 2JxP l
)

±
√

(H2 − 2JxP l)
2 − 4J2

xP
2l2

2J2
x

=

=
−
(

H2 − 2JxP l
)

±
√
H4 − 4H2JxP l

2J2
x

.

"=D < H > 2
√
JxP lM ; 1? 14 F3 60 12 0 1E 3 I = ; 1 <; ? 1D 1� <; /D Q3 6I 5 /D <8 < :3 6 < 1 9 6 F3 68 /3 <I λ2 5 / O /= ; 5 / 3 3 J < 1; E <P 6; /D Q3 J M < M =D /4 1 5 6; /D Q3 1M5 / E @ 3 / / 5 / E ; <0 6D Q3 1/? 1D 1� /3 < / 2 6I ; 3 <0 6 974 /; 7 = ; 1 L8 < 5 1 5? /E 5 12? E < 9D <� /3 < <�

ì�íî íï í �ñ �

V < & & /E / 3 P < 6D Q3 J / 7 E 65 3 / 3 <I H <E 1= 0 1? <8 /= 0 1 L = <= ; / 2 J <2 / G;5 <4 �

Aq̈ +HG q̇ + Cq = 0.

� ö� � %

û4 / = Q AM G < C �? 1= ; 1I 3 3 J / 0 5 64 E 6; 3 J / (n × n) 2 6; E <P J M? E <8 / 2

A = A

q �? 1D 1� <; /D Q3 1 1? E /4 /D /3 3 6I = <2 2 / ; E <8 3 6I 2 6; E <P 6M = 1= ; 65 :D /3 3 6I < F <3 / E P < 13 3 J @ 0 1' & & <P < /3 ; 1 5 = <= ; / 2 J ý G = −G

q �0 1= 1:= <2 2 / ; E <8 /= 0 6I 2 6; E <P 6 H <E 1= 0 1? <8 /= 0 <@ 0 1' & & <P </ 3 ; 1 5 ý C = C

q �= <2 2 / ; E <8 3 6I 2 6; E <P 60 5 6F <7? E 7 H <@ 0 1' & & <P </ 3 ; 1 5 M 5 =? /0 ; E / 0 1; 1:E 1 L 2 1H 7 ; 9J ; Q0 60 ? 1D 1� <; /D Q3 J / M ; 60 < 1; E <P 6; /D Q3 J / = 1 9= ; 5 / 3 3 J /8 <=D 6� �; 1 1 F3 68 6/ ; M8 ; 1 = 1= ; 1I 3 </ E 65 3 1 5 /= <I q ≡ 0 � = ; 6; <8 /= 0 <3 / 7 = ; 1 L8 < 5 1�$ 10 6 F 6; Q M8 ; 1? 1= E /4 = ; 5 12 5J 9 1E 64 1= ; 6; 18 3 1 9 1D QK 1H 1 F3 68 /3 <I= 0 6D I E 3 1H 1? 6E 62 / ; E 6 H 2 1� 3 14 1 9 <; Q= I H <E 1= 0 1? <8 /= 0 1 L= ; 6 9 <D < F 6:P < <3 / 7 = ; 1 L8 < 5 1H 1E 65 3 15 / = <I�

� {� {� u {nC; J = 0 < 5 6I E /K /3 < / = <= ; / 2 J � ö� � % 5 5 <4 /

q = Qeλt,

ó � z �Þ � �Ù � T � �

H4 / Q � 2 6; E <P 6:= ; 1D 9ó/P <= 0 12 J @ 0 12? D /0 = 3 J @ 0 1' & & <P < /3 ; 1 5 M? E < :4 / 2 0 =D /4 7 GO / L 6D H / 9E 6 <8 /= 0 1 L= <= ; / 2 /�

(

Aλ2 +HGλ+ C
)

Q = 0,

� ö� Y %

7 =D 1 5 </ 2 E 6 FE /K <2 1= ; <0 1; 1E 1 L=D 7 � <; 1 9E 6O /3 </ 5 3 7D Q 1? E /4 /D < :; /D I

|Aλ2 +HGλ+ C| = 0.

� ö� ü %

� /; E 74 3 1? 10 6F 6; Q M8 ; 1? 1D 7 8 6/ 2 1/ 1; = G4 6@ 6E 60 ; /E <= ; <8 /= 0 1/ 7 E 65 :3 /3 </ = 14 /E � <; ; 1D Q0 18 /; 3 J / = ; /? / 3 <3 / < F 5 /= ; 3 1H 1? 6E 62 /; E 6 λ� VD I'; 1H 14 1= ; 6; 18 3 1 F 62 / 3 <; Q λ3 6 −λM <2 / / 2�

∆(−λ) =
∣

∣Aλ2 −HGλ+ C
∣

∣ .

� 60 0 60 ? /E / 2 /3 6 2 / = ; 62 <= ; 1D 9P 1 5 <= ; E 10 3 / < F 2 /3 <; 1? E /4 /D <; /D Q M<2 / / 2�

∆(−λ) =
∣

∣A

D

λ2 −HG

D

λ+ C

D ∣
∣ .B 6; E <P J A < C � = <2 2 /; E <8 3 J M =D /4 15 6; /D Q3 1M A D

= A < C D

=
C� B 6; E <P 6 G0 1= 1= <2 2 /; E <8 /= 0 6I M? 1' ; 12 7 G

D

= −G

�= 2� 7 E 65 3 / :3 </ � X� T ö % 5 ¡T T ¢ %� >D /4 1 5 6; /D Q3 1M

∆(−λ) =
∣

∣Aλ2 +HGλ+ C
∣

∣ = ∆(λ).

V 6D / / M 1 9 1 F3 68 < 58 /E / F Qs= 1 9= ; 5 / 3 3 J L= ; 1D 9/ P M 1; 5 /8 6 GO < L0 1E 3 G

λs M 6 Q̄s �0 12? D /0 = 3 1= 1? E I � /3 3 J L= ; 1D 9ó/P M? 10 6� / 2 M8 ; 1 9 <D <3 / L3 J /& 1E 2 J Q̄

D

s AQs = as

< Q̄ D

s CQs = cs

5 / O / = ; 5 /3 3 J M 6 & 1E 2 6 Q̄ D

s GQs =
2igs

2 3 <2 6� V / L= ; 5 <; /D Q3 1M? 1D 6H 6I q = u+ ivM q̄ = u− ivM 3 6@ 14 <24 D I? E 1 < F 5 1D Q3 1 L 2 6; E <P J B

Q̄

D

s BQ = (u− iv)

D

B(u+ iv) = ū

D

s Bu+ v̄

D

s Bv + i(ū

D

s Bv − v̄

D

s Bu),

1; 0 74 6=D /4 7 / ; M8 ; 1 5 =D 7 8 6/ B

D

= B? 1D 7 8 6/ 2 5 / O /= ; 5 / 3 3 1/ 8 <=D 1�; 60 0 60 5J E 6� /3 < / 5 = 0 1 90 / 1 9E 6O 6/ ; = I 5 3 7D Q % M 5 =D 7 8 6/ � / B =
= −B

D? 1D 7 8 6/ 2 8 <=D 1 2 3 <2 1/� � 1 F 5 E 6O 6I = Q0 7 E 65 3 /3 < G � ö� Y % M4 1 :2 3 1� <2 / H 1=D / 5 63 6 Q̄ D

s

<? 1D 7 8 <24 D I λs=D /4 7 GO / / 0 5 64 E 6; 3 1/ 7 E 65 :3 /3 </�

asλ
2
s + 2iHgsλs + cs = 0
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H4 / M 18 / 5 <4 3 1M as > 0M 6 cs 6= 0� �J E 6� 6I ; /? /E Q

λs =
iHgs ±

√

−H2g2
s − csas

asF 60D G8 6/ 2 M8 ; 1 /=D < cs> 0M ; 1 λsD / � <; 3 6 2 3 <2 1 L 1= <� C4 3 60 14 6� /<? E < cs < 0 5J 9 1E 12 4 1= ; 6; 18 3 1 9 1D QK 1H 1 F3 68 /3 <I H

�

H >
√
−csas

gs

%

; 60 � / 2 1� 3 1 5J 5 /= ; < 5 = / 2 3 1� / = ; 5 10 1E 3 / L

λ3 6 2 3 <2 7 G 1= Q�

ÅÇÆ ÈÉ È w

8 ÍÎ Ì � Ó Ô É Ì ÍÎ 9 Ï � È É Î Ì Ï Ì � Ï �; Í Ô ÍÎ � �

$7 = ; Q 5 / O /= ; 5 /3 3 J / &7 3 0 P < < V (x, t) 1? E /4 /D /3 J 4 D I 5 = / @ 5 / O /= ; 5 / 3 :3 J @ t < x1, . . . , xn

5 1 9D 6= ; <

t > t0,
∑

x2
j 6 µ,

� �� T %

H4 / t0 < µ �? 1= ; 1I 3 3 J / �

t0 > 0M µ > 0

% M? E <8 / 2 µ 2 1� / ; 9J ; Q 2 6D 1�>8 <; 6/; = I M8 ; 1 '; < &7 3 0 P < <3 /? E / E J 5 3 J < 1 9E 6O 6 G; = I 5 3 7D Q M 0 1H4 65 = / xkE 65 3 J 3 7D GM ;� /�

V (0, t) = 0.
"=D < 5 ' ; <@ 7 =D 15 <I @ 4 D I4 1= ; 6; 18 3 1 9 1D QK <@ t0

<4 1= ; 6; 18 3 1 2 6:D J @ µ

&7 3 0 P <I V > 0 <D < V 6 0M ; 1 &7 3 0 P <I V 3 6 FJ 5 6/; = I �� � � � ���� �� ß � � � �M = 1 1; 5 / ; = ; 5 /3 3 1? 1D 1� <; /D Q3 1 L <D < 1; E <P 6; /D Q3 1 L�x� � � à �ß V � �� � � � ß Õ� ß ß � � � � �� � � � �� � t �� � �Ä � � � �� ß �� � � � � � � ��� � � �� � � � � �� � � �� Õ �� �� � � � �� �� Ö � � � ��� �� � � � � � � � �� � � ß �� � �� � � � ß �Õ� ß � � t �� � � à � ß W (x) �� � � ß �� �� � � � �� � � � (7.1)

� �ß �� � �� �� � � ��� �Ä � µ � �� � �� �� � � � �� �� ë� � t0

V (x, t) > W (x)

� � �

−V (x, t) > W (x).
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$7 = ; Q V (x, t) �0 5 64 E 6; <8 3 6I & 1E 2 6

V (x, t) =
1

2

n
∑

k=1

n
∑

j=1

αkjxkxj ,

H4 / αkj � &7 3 0 P < < 5 E / 2 /3 < t <? / E / 2 / 3 3 J @ xj

�

αkj = αkj (x, t) .

"=D < 5 1 9D 6= ; < � �� T %4 D I4 1= ; 6; 18 3 1 2 6D J @ µ <4 1= ; 6; 18 3 1 9 1D Q :K <@ t0

5 = / HD 65 3 J /4 < 6H 13 6D Q3 J / 2 <3 1E J 2 6; E <P J







α11(x, t) · · · α1n(x, t)��� � � � ���

αn1(x, t) · · · αnn(x, t)







74 1 5D / ; 5 1E I G; � �� � Õ �� � � �� � � � � � � � á �� ��� �� ���y

∆1 = α11 > δ1 > 0, . . . ,∆n =

∣

∣

∣

∣

∣

∣

∣

α11 · · · α1n��� � � � ���

αn1 · · · αnn

∣

∣

∣

∣

∣

∣

∣

> δn > 0,

H4 / δ1, . . . , δn �? 1D 1� <; /D Q3 J /? 1= ; 1I 3 3 J / M ; 1 V (x, t) �� �� Ö � � � ��� ��� �� � � � � �� � � ß �VD I 1; E <P 6; /D Q3 1 : 1? E /4 /D / 3 3 1 L &7 3 0 P < < V M I 5D I GO / L= I 0 5 64 E 6:; <8 3 1 L & 1E 2 1 LNM 1 9 1 9O /3 3 J L0 E <; /E < L > <D Q 5 /= ; E 6 <2 / / ; 5 <4

∆1 6 −δ1 < 0, ∆2 > δ2 > 0, ∆3 6 −δ3 < 0, . . . ,

H4 / δ1 M δ2 M . . . �? 1D 1� <; /D Q3 J /8 <=D 6�"=D < 5 1 9D 6= ; < � �� T % F3 68 /3 <I |V |3 /? E / 5 1= @ 14 I ; 3 /0 1; 1E 1H 10 13 /8 :3 1H 1? 1D 1� <; /D Q3 1H 18 <=D 6M ; 1 &7 3 0 P <I V 3 6FJ 5 6/ ; = I �� �� � �� �� � � ��"=D < 1HE 63 <8 / 3 3 6I &7 3 0 P <I V ; 60 15 6M8 ; 14 D ID G 9 1H 1= 0 1D Q 7 H 14 3 12 6D 1H 1? 1D 1� <; /D Q3 1H 1 l= 7 O / = ; 5 7 /; ? 1D 1� <; /D Q3 1/8 <=D 1 δ; 60 1/ M8 ; 1
t > t0,

∑

x2
k 6 δ

< 5J ? 1D 3 /3 13 /E 65 / 3 = ; 5 1

|V | < l,H 1 5 1E I ; M8 ; 1 &7 3 0 P <I V <2 / /; � �� � � � �� � � �� �Ä �� � � � � � � � � � � � ��

ã � | x 	ä T Y T

$ 1D 3 6I? E 1 < F 5 14 3 6I &7 3 0 P < < V (x, t)? 1 5 E / 2 / 3 < t 5 = <D 7 7 E 65 3 / :3 < L 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I 5J 8 <=D I /; = I? 1 & 1E 2 7D /
V̇ =

∂V

∂x1
X1 + · · · + ∂V

∂xn
Xn +

∂V

∂t
.

>? E 65 /4 D < 5J =D /4 7 GO </ ; / 1E / 2 J )mI? 7 3 1 5 6�(� � � � �ß �� � � � � �� à �� ��� Ä � � �� � � �� � �� � � �� Õ �� � �� � �� �Ö �� � ß�� Ö � � � � � � � �� � � � � �� � � � � �� � � á �� � � à � á V � � � � � �� � �� � ß � � �� � � �

V̇� � � �� � �� � � �� � � �� �� �� � � � �� � �� ß � � � ß �� � � à �ß � � � ��� � �� �� Ö � �� ��� � �� � V � � � �� Ö � �� �� �� � � �� � � � � � � á � �� � �� � � �� Õ �� � � � �� �Ö ��� � �� � �� �� �� ��(� � � � �ß �� � � � � �� à �� ��� Ä � � �� � � �� � �� � � �� Õ �� � �� � �� �Ö �� � ß�� Ö � � � � � � � �� � � � � �� � � � � �� � � á �� � � à � á V � �� �� � � � á Õ� á � �� � � � �� �� � �� �Ä �� Ä � ë� � �� � � � � � �� � � �� � �� � ß � � �� � � �

V̇� � � �� � �� � � �� � �

ß � �ß � �� ß �� � � � � �� � � � � �� � � � �� � � à � � � �� � � �� � �� �� Ö � �� � �� � �� � V ��� � �� � � �� Õ �� � � � �� �Ö �� � �� � � � � �� � �� � � � �� � �� �� �� ��(� � � � �ß �� � � � � �� à �� ��� Ä � � �� � � �� � �� � � �� Õ �� � �� � �� �Ö �� � ß�� Ö � � � � � � � �� � � à � á V � �� �� � � � á Õ� á � �� � � � �� � � �� �Ä �� Ä � ë � �

�� � � � � � � � � � �� � �� � ß � � �� � � �

V̇� � � �� � �� � � �� � �ß � �ß � �� ß �� � � � � � � ��� � � �� � � � �� � � à � � � �� �� �� �� � � à �ß V� � � � �� �� � � �� � � �ß � � � � � �� �� Ä � xk = 0 � � � � � �� t > t0

�� Ö � � �� �� � �� �� �� � � �� �ß ��� � Ö ��� � �� �� �� � �� � � �� � �� � ß � �� � �� � � �� Õ �� � � � �� �Ö �� � �� �� � �� �� �� � ~z � �� � � �� {y� �� �� �y�� � � � �ß �� � � � � �� à �� ��� Ä � � �� � � �� � �� � � �� Õ �� � �� � �� �Ö �� � ß�� Ö � � � � � � � �� � � à � á V � �� �� � �� �� � � á� � � �� � � � V > 0 � �� Õ ��� �� � á Õ� á � �ß � � �� t > t0

� � � � � �� � � � �� � �� �� � � � � �� �� � � �� � � �ß� � � � � �� � Ä � xk = 0 � � � � � �� � �� � ß � � �� � � �� � � �� � �� � � �� � � �Ä �� �Ä� �� � � � � �� � �� �� �� Ö � � � ��� � � �� � � à � � �� � � �� � �� V > 0 � �� � �� � � �� �Õ �� � � � �� �Ö �� � �� �� � �� �� �� � ~�0 68 / = ; 5 /? E <2 / E 6E 6= = 2 1; E <2 7 E 65 3 /3 < /

ẍ+ α (t, x, ẋ) ẋ+ β (t, x, ẋ)x = 0,

H4 /? 1D 1� <; /D Q3 J / 5 / O / = ; 5 /3 3 J / &7 3 0 P < < α < β 5 / O /= ; 5 / 3 3 J @ ? /E / :2 /3 3 J @ tM x < ẋ 1? E /4 /D /3 J 5 1 9D 6= ; <

t > t0, x2 + ẋ2
6 µ�

t0 M µ �3 /0 1; 1E J /? 1D 1� <; /D Q3 J /? 1= ; 1I 3 3 J / % M

a 6 α (t, x, ẋ) 6 A, b 6 β (t, x, ẋ) 6 B,
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6 aM AM b < B � < F 5 /= ; 3 J /? 1D 1� <; /D Q3 J /8 <=D 6� V 1= ; 6; 18 3 J / 7 =D 1 5 <I6= <2? ; 1; <8 / = 0 1 L 7 = ; 1 L8 < 5 1= ; < 3 7D / 5 1H 1E /K /3 <I 4 63 3 1H 1 7 E 65 3 /3 <I; 60 1 5J � √
B −

√
b < 2

√

a1 (a− a1),

2
√
b >

√

a1 (A− a1) −
√

a1 (a− a1).û4 / = Q

0 < η < a1 < a = inf α,6 η �= 0 1D Q 7 H 14 3 1 2 6D 6I? 1D 1� <; /D Q3 6I? 1= ; 1I 3 3 6I�� 6� 3 J 2 0D 6= = 12 3 / 65 ; 13 12 3 J @ = <= ; / 2 I 5D I G; = ID <3 / L3 J / = <= ; / :2 J = 0 1' & & <P </ 3 ; 62 < M? /E < 14 <8 / = 0 < F 65 <= I O <2 < 1; 5 E / 2 / 3 <� �= =D / :4 7 / 2 3 67 = ; 1 L8 < 5 1= ; Q3 7D / 5 1/ E /K /3 </ 7 E 65 3 /3 <I

ẋ = P (t) x,

� �� � %

H4 / x � 5 /0 ; 1E : &7 3 0 P <I

x =







x1���

xn






,

6 P (t) �0 5 64 E 6; 3 6I 2 6; E <P 6

P (t) =







p11(t) · · · p1n(t)��� � � � ���

pn1(t) · · · pnn(t)






.

!74 / 2 = 8 <; 6; Q M8 ; 1 2 6; E <P 6 P (t) <2 / / ; ? /E < 14 T M ;� /�

P (t+ T ) = P (t).> 15 10 7? 3 1= ; Q nD <3 / L3 13 / F 65 <= <2 J @ E /K / 3 < L 7 E 65 3 /3 <I � �� � %

x1 =







x11���

xn1






, . . . ,xn =







x1n���

xnn







3 6FJ 5 6/; = I �� � �� � �� �� ��� � � � � � � � �� � E /K /3 < L ' ; 1H 1 7 E 65 3 / 3 <I M6 2 6; E <P 6

X (t) =











x11 x12 · · · x1n

x21 x22 · · · x2n��� ��� � � � ���

xn1 xn2 · · · xnn











� �� � �� � �� �� ��� � � 2 6; E <P / L�

ã � | x 	ä T Y Y

C? E /4 /D <; /D Q &7 34 62 /3 ; 6D Q3 1 L 2 6; E <P J 1 9 1 F3 68 6/; = I
∆ (t) = det X (t).

>? E 65 /4 D < 5 6; / 1E / 2 6 ) <7 5 <D D I

∆ (t) = ∆ (0) e

|

t

0
(p11+···+pnn)dt.

� / 3 6E 7K 6I 1 9O 3 1= ; <�M 2 1� 3 1= 8 <; 6; Q M8 ; 1
X (0) = E.

� �� Y %

� 1H4 6

∆ (T ) = e
|

T

0
(p11+···+pnn)dt.C 9 1 F3 68 < 2 &7 34 62 /3 ; 6D Q3 7 G 2 6; E <P 7 ? E < t = T8 /E / F A = X(T )M 6@ 6:E 60 ; /E <= ; <8 /= 0 </8 <=D 6 ' ; 1 L 2 6; E <P J M 74 15D /; 5 1E I GO </ 7 E 65 3 /3 < G

det (A− ρI) =











a11 − ρ a12 · · · a1n

a21 a22 − ρ · · · a2n��� ��� � � � ���

an1 an2 · · · ann − ρ











= 0,

8 /E / F ρk�>? E 65 /4 D < 5 6=D /4 7 GO 6I ; / 1E / 2 6�(� � �� �� � � á �� Ä � �� � � �� � ß � � �� � � �� � �� � �� � � � � � � ��� �� � �� � � �� � �� �� �ß � �� � ë � � ��� � àÄ � �� � �� � � �� Õ �� � � � �� �Ö �� � � x1 = · · ·=xn=0� � � � � �� � �� �� � � � � �� �� �� � ~(� � � � �� � � á �� � � �� � � �� � � � � �ß �Ä � �� �� � � � � � �� � � � � �� � � � � ��� � �� � � � �� � � �� � � �� �ß �� �� ë � � ��� � àÄ � �� � �� � � �� Õ �� � � � �� �Ö ��� � � x1 = · · · = xn = 0� �� � �� �� �� � ~(� � � � �� � � á �� Ä � �� � � �� � ß � � � � � � � �� � � � � �� � � � � � � ��� �� � �� �� �� � � �� � ß � �� � ë � � ��� � àÄ �� � �� � � á �� Ä � �� � � �� � ß � � �� ��� Ä � �� � �� Ä � ��� � à � � � � � " �� � � � � �� � � � � � � � �� �� Ä � � �� � �� � � �� Õ �� � � ��� �Ö �� � � x1 = · · · = xn = 0� �� � � � � �� � �� � � � �� � �� �� �� � ~û 62 / ; <2 M8 ; 14 63 3 6I ; / 1E / 2 6 5 1 2 3 1H 12 = @ 14 3 6= ; / 1E / 2 62 < )mI? 7 :3 15 6 1 9 7 = ; 1 L8 < 5 1= ; <? 1? / E 5 12 7 ? E < 9D <� /3 < G4 D I 65 ; 13 12 3 J @ = < := ; / 2� � 1 9 1 <@ =D 7 8 6I @ H E 63 <P J 1 9D 6= ; / L 7 = ; 1 L8 < 5 1= ; < 1? E /4 /D I G; = I0 E <; <8 /= 0 <2 < F3 68 / 3 <I 2 <= 1 9= ; 5 /3 3 J @ 8 <= /D 3 /0 1; 1E J @ 2 6; E <P� 5 =D 7 :8 6/ 65 ; 13 12 3 J @ = <= ; / 2 �3 7D / 5J 2 < F3 68 /3 <I 2 < 5 / O / = ; 5 /3 3 J @ 8 6= ; / L
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'; <@ 8 <= /D M 6 5 =D 7 8 6/ 3 / 65 ; 13 12 3 J @ = <= ; / 2 � 3 6 H E 63 <P / 1 9D 6= ; <7 = ; 1 L8 < 5 1= ; < 2 14 7D Q3 6 < 9 1D QK / H 1? 1 6 9= 1D G; 3 1 L 5 /D <8 <3 / @ 6E 60 ; /E < := ; <8 /= 0 1H 18 <=D 6E 65 / 3 1�$E < 9D <� / 3 3 J L 2 / ; 14 <= =D /4 15 63 <I 7 = ; 1 L8 < 5 1= ; < F 60 D G8 6/; = I5 =D /4 7 GO / 2� û 64 65 3 68 6D Q3 J / 7 =D 1 5 <I 5 <4 6 � �� Y % M8 <=D /3 3 1 1? E /4 /D I :/ 2 F3 68 /3 <ID <3 / L3 13 / F 65 <= <2 J @ E /K /3 < L 5 0 13 P /? / E < 14 6 T M ; 1 /= ; Q2 6; E <P 7 X (T ) = A� � 60 0 60 ? E 1P /4 7 E 68 <=D / 3 3 1H 1 <3 ; / HE <E 15 63 <I? E < 5 14 <; 0 3 60 6? D < 5 63 < G 1K < 90 < <�M 0 60 =D /4 = ; 5 </ M 0 ? 1; / E / = <= ; / :2 1 L E /K / 3 < LD <3 / L3 1 L 3 / F 65 <= <2 1= ; < M =D /4 7 / ; 1 9/ =? /8 <; Q4 1= ; 6; 18 :3 7 G; 18 3 1= ; QE /K / 3 <I = <= ; / 2 J M? 1=D /8 / H 1 1? E /4 /D I / 2 @ 6E 60 ; /E <= ; < :8 /= 0 </8 <=D 6 ρ1, ρ2, . . . , ρn

2 6; E <P J A� ¥ 1E 1K / L? E 15 /E 0 1 LE / F 7D Q; 6; 15I 5D I / ; = I 5J ? 1D 3 / 3 </ E 65 /3 = ; 5 6

ρ1 · · · ρn = e

|

T

0
(p11+···+pnn)dt.

"=D <= E /4 <@ 6E 60 ; /E <= ; <8 /= 0 <@ 8 <= /D / = ; Q ρ = +1M ; 1= E /4 <E /K / :3 < L 7 E 65 3 /3 <I / = ; QE /K /3 </ = ? / E < 14 12 T� "=D <= E /4 <@ 6E 60 ; /E <= ; < :8 /= 0 <@ 8 <= /D /= ; Q ρ = −1M ; 1= E /4 <E /K /3 < L 7 E 65 3 /3 <I /= ; QE /K /3 < /= ? /E < 14 12 2T�� 6� 3 J 2 ? E <2 /E 12 7 E 65 3 / 3 < L= ? /E < 14 <8 /= 0 <2 <0 1' & & <P </3 ; 62 <I 5D I / ; = I 7 E 65 3 / 3 </ B 6; Q /�

d2x

dτ2
+ (δ + ε cos τ) x = 0,

� �� ü %

H4 / 9/ FE 6 F 2 /E 3 1/ 5 E / 2 I τ 1? E /4 /D I /; = I? 1 & 1E 2 7D /

2π

T
t = τ.

VD I? 1= ; E 1/3 <I 1 9D 6= ; / L7 = ; 1 L8 < 5 1= ; < <O / 2 E /K / 3 <I? / E < 14 1 5 2π< 4π�  /; 3 J /? /E < 14 <8 / = 0 </ E /K / 3 <I? /E < 14 6 2π < O / 2 5 5 <4 /
x =

a0

2
+

∞
∑

k=1

ak cos kτ.

$ 14 = ; 65D I I ' ; 1? E /4 = ; 65D /3 </ 5 7 E 65 3 / 3 </ � �� ü % <? E <E 65 3 < 5 6I 0 1' & :& <P </ 3 ; J ? E < cos kτ 3 7D GM? 1D 7 8 <2 7 E 65 3 /3 </4 D I 1? E /4 /D /3 <I 0 1 :' & & <P </3 ; 15 ak� A=D 1 5 </ = 7 O / = ; 5 15 63 <I 3 / ; E < 5 < 6D Q3 1H 1E /K /3 <I �

ã � | x 	ä T Y X

E 65 /3 = ; 5 13 7D G 9/ = 0 13 /8 3 1H 1 1? E /4 /D <; /D I

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

δ ε 0 0 0 . . .
ε
2 δ − 1 ε

2 0 0 . . .
0 ε

2 δ − 4 ε
2 0 . . .

0 0 ε
2 δ − 9 ε

2 . . .
0 0 0 ε

2 δ − 16 . . .��� ��� ��� ��� ��� � � �

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

�; 17 E 65 3 / 3 </ 7 = ; 63 65D < 5 6/; F 65 <= <2 1= ; Q δ = δ(ε)M 0 1; 1E 6I 1? E /4 /D I / ;HE 63 <P J 1 9D 6= ; <7 = ; 1 L8 < 5 1= ; <� VD I? 1D 78 /3 <I I 5 3 1H 1 5 <4 67 0 6 F 63 3 1 LF 65 <= <2 1= ; <E 6= 0 E 1/ 2 1? E /4 /D <; /D Q? E < & <0 = <E 15 63 3 12 n� >7 5 /D <8 / :3 </ 2 n; 18 3 1= ; Q? E < 9D <� /3 3 1H 1E /K /3 <I δn = δn(ε)

5 1 FE 6= ; 6/;� #3 6:D 1H <8 3 J 2 =? 1= 1 9 12? 1D 7 8 6 G; = I ; E <4 E 7 H <@ 7 E 65 3 /3 <I�$ 1D 7 8 /3 3 J / 1 9D 6= ; < 7 = ; 1 L8 < 5 1= ; < < F 1 9E 6� /3 J 3 64 < 6H E 62 2 / # L3 := 6� >; E / ; ; 6 �= 2� E <=� �� T %� C;4 /D Q3 J / 1 9D 6= ; <3 / 7 = ; 1 L8 < 5 1= ; <= 2 J 0 6:G; = I 5 ; 18 0 6@ δ = n2/4M H4 / n �P /D 1/8 <=D 1� �; <; 18 0 <= 1 1; 5 / ; = ; 5 7 G;? 6E 62 /; E <8 / = 0 12 7 E / F 13 63 = 7 ? E < 2 6D J @ ε�

ôõö â �â ÷

$E <3 6D <8 < < 5 = <= ; / 2 /4 / 2? & <E 1 5 63 <I 7 E 65 3 / 3 </? E <2 / ; 5 <4

d2x

dτ2
+ 2h

dx

dτ
+ (δ + ε cos τ)x = 0.
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>? 12 1O Q G? 1= ; 63 15 0 < x = e−hτz 13 1? E < 5 14 <; = I 0 5 <4 7

d2z

dτ2
+
(

δ − h2 + ε cos τ
)

z = 0.

�; 17 E 65 3 /3 </ = 1 5? 64 6/ ; = 7 E 65 3 / 3 </ 2 B 6; Q / M /=D <? 1D 1� <; Q δ1 =δ−h2�� ' ; 12 =D 7 8 6/ 1 9D 6= ; <3 / 7 = ; 1 L8 < 5 1= ; <7 2 / 3 QK 6 G; = I M 1; E J 5 6I = Q 5 ; 18 :0 6@ δ = n2/4 1; 1= < 6 9= P <= =�

ì�íî íï í Yñ ð

V < & & /E / 3 P < 6D Q3 1/ 7 E 65 3 /3 </ 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I <2 / /; 5 <4 �

ẍ+ aẋ+
(

2 −
√

1 − x2 sin3 t
)

x = 0,

H4 / a = const�W 60 12 7 7 =D 15 < G4 1D � 3 1 74 15D /; 5 1E I ; Q8 <=D 1 aM8 ; 1 9J 1 9/=? /8 <; Q6= <2? ; 1; <8 / = 0 7 G 7 = ; 1 L8 < 5 1= ; Q= <= ; / 2 J 1; 3 1= <; /D Q3 1 x < ẋ ,

� {� {� u {n�0 3 <H / ¡T T ¢E 6= = 2 6; E < 5 6/ ; = I 8 6= ; 1 5 = ; E /8 6 GO / / = I 5? E <D 1� /3 <I @7 E 65 3 /3 < / � �� �Y %

ẍ+ α(t, x, ẋ)ẋ+ β(t, x, ẋ)x = 0,

5 0 1; 1E 124 63 J ; 1D Q0 1? 1= ; 1I 3 3 J /? 1D 1� <; /D Q3 J / HE 63 <P J < F 2 /3 / 3 <I5 / O /= ; 5 / 3 3 J @ &7 3 0 P < L α < β�

a 6 α(t, x, ẋ) 6 A, b 6 β(t, x, ẋ) 6 B.

�8 6= ; 3 1= ; <�M4 10 6F 63 1M8 ; 1 /=D < α = a = constM ; 1= <= ; / 2 6 974 / ;6= <2? ; 1; <8 / = 0 < 7 = ; 1 L8 < 5 6 1; 3 1= <; /D Q3 1 xM ẋ? E < 5J ? 1D 3 /3 < < 3 /E 6:5 / 3 = ; 5 6

a >
√
B −

√
b.

� F 64 68 / �� T

β = 2 −
√

1 − x2 sin3 t.

ó � z �Þ � ZÙ ú T Y �

C8 / 5 <4 3 1M8 ; 1? E < B = 3

�? E < x = 0 < t = π

% < b = 1

�? E < x = 0< t = π/2

%� � 60 <2 1 9E 6F 12 M = <= ; / 2 6 F 64 68 < 6= <2? ; 1; <8 / = 0 < 7 = ; 1 L8 < 5 6? E < a > √
3 − 1�

ì�íî íï í Yñ ù

� 1 F 2 7 O / 3 3 1/4 5 <� /3 < / 1? E /4 /D I /; = I =D /4 7 GO / L= <= ; / 2 1 L 14 3 1E 14 :3 J @ D <3 / L3 J @ 4 < & & / E /3 P < 6D Q3 J @ 7 E 65 3 / 3 < L= ? /E < 14 <8 /= 0 <2 <0 1' & :& <P </ 3 ; 62 <�

ẋ1 = −x1 + sin t · x2,

ẋ2 = cos t · x1 − x2 − sin t · x3,

ẋ3 = cos t · x2 − x3.

$E 1 <3 ; / H E <E 1 5 6; Q8 <=D /3 3 1 '; <7 E 65 3 / 3 <I 3 6 1; E / F0 / 5 E / 2 / 3 < [0, 2π]= 3 68 6D Q3 J 2 < 7 =D 1 5 <I 2 <�
xkj =

{

1, k = j,

0, k 6= 0.

$ 1D 7 8 <; Q &7 34 62 /3 ; 6D Q3 7 G 2 6; E <P 7 AM 3 6 L; <0 1E 3 <@ 6E 60 ; / E <= ; <8 / := 0 1H 1 7 E 65 3 /3 <I� >4 /D 6; Q0 13 ; E 1D Q3 7 G? E 1 5 / E 0 7 < 1? E /4 /D <; Q 7 = ; 1 L :8 < 5 1= ; Q= <= ; / 2 J �

� {� {� u {n�; 7 = <= ; / 2 7 D <3 / L3 J @ 4 < & & /E / 3 P < 6D Q3 J @ 7 E 65 3 /3 < L = ? /E < 14 < :8 /= 0 <2 < 0 1' & & <P </ 3 ; 62 < �? /E < 14 E 65 /3 2π

% =D /4 7 / ; <3 ; / H E <E 1 5 6; Q8 <=D / 3 3 1M <=? 1D Q F 7 ID G 97 G? 14 @ 14 I O 7 G? E 1H E 62 2 7 3 6? E 12 / � 7 ; 0 / <3 :; / H E <E 1 5 63 <I [0, 2π]= F 64 63 3 J 2 <3 68 6D Q3 J 2 < 7 =D 15 <I 2 <� V 6D / / 2 1� :3 1? 1D 7 8 <; Q 2 6; E <P 7 M = 1 1; 5 /; = ; 5 7 GO 7 G � �� öT % M < 7 E 65 3 /3 </ M? 14 1 9:3 1/ � �� ö ü % 5 ¡T T ¢� ./K 6I ' ; 1 7 E 65 3 / 3 </ M? 1D 7 8 6/ 2 0 1E 3 <@ 6E 60 ; /E <= ; < :8 /= 0 1H 17 E 65 3 /3 <I�

ρ1 = 2.566519 · 10−5, ρ2,3 = 0.008405± 0.013532 i.

� 60 0 60 ? 1 6 9= 1D G; 3 1 L 5 /D <8 <3 / '; <0 1E 3 < 2 /3 QK / /4 <3 <P J M ; 1= <= ; / 2 66= <2? ; 1; <8 / = 0 < 7 = ; 1 L8 < 5 6�



T Y � × � �� � ZÙ > {Û | �Þ 	� | {Û? � � �� Û | � |� �  @ { 	 {Û ��

�=? 1D Q F 7 I

ρ1ρ2ρ3 = exp

∫ 2π

0

° 0 �P %

dt = exp

∫ 2π

0

(−3)dt,

2 1� 3 1? E 15 / E <; Q; 18 3 1= ; QE / F 7D Q; 6; 15� $E 15 / E 0 64 6/ ; @ 1E 1K / / = 1 1; :5 / ; = ; 5 </�

ρ1ρ2ρ3 = 6.512428 · 10−9, exp (−6π) = 6.512412 · 10−9.

ì�íî íï í Yñ ü

AE 65 3 / 3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� / 3 <I < 2 / G; 5 <4 �

ẋ1 = −x3
1 + cos 2t · x1x

3
2,

ẋ2 =
(

1 + sin2 t
)

x2
1x

2
2 − 2x5

2.

� �� X %

�E / 97 /; = I <= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q3 / 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I x1 =
= x2 = 0�

� {� {� u {n. 6= = 2 1; E < 2 =D /4 7 GO 7 G &7 3 0 P < G )mI? 7 3 15 64 D I ' ; 1 L= <= ; / 2 J �

V =
1

2

(

x2
1 + x2

2

)

.

�; 1? 1D 1� <; /D Q3 1 1? E /4 /D /3 3 6I &7 3 0 P <I M 3 / F 65 <= I O 6I I 5 3 1 1;5 E / 2 /3 <� "/? E 1 < F 5 14 3 6I? 1 5 E / 2 /3 <E 65 3 6

V̇ = x1ẋ1 + x2ẋ2.

$ 14 = ; 65D I I ẋ1

< ẋ2

< F 7 E 65 3 /3 < L � �� ü % M? 1D 78 6/ 2�

V̇ = −x4
1 + cos 2tx2

1x
3
2 +

(

1 + sin2 t
)

x2
1x

3
2 − 2x6

2,

8 ; 1? 1=D / F 62 / 3 J cos 2t3 6 cos2 t− sin2 t4 6/;�

V̇ = −x4
1 +

(

1 + cos2 t
)

x2
1x

3
2 − 2x6

2.

� �� ö %

ó � z �Þ � ZÙ � T Y ú

$E 65 6I 8 6= ; Q '; 1H 1 E 65 /3 = ; 5 6? E /4 = ; 65D I /; = 1 9 1 L 0 5 64 E 6; <8 3 7 G&7 3 0 P < G 1; 3 1= <; /D Q3 1 x2
1

< x3
2

� V 10 6� / 2 M8 ; 1 V̇ � 1; E <P 6; /D Q3 1: 1? E / :4 /D /3 3 6I &7 3 0 P <I� VD I '; 1H 1 5 1=? 1D Q F 7 / 2 = I 0 E <; /E </ 2 > <D Q 5 / = ; E 6�B 6; E <P 60 1' & & <P </ 3 ; 154 D I? / E / 2 / 3 3 J @ x2
1

< x3
2

<2 / /; 5 <4 �
A(x, t) =

(

−1 1
2

(

1 + cos2 t
)

1
2

(

1 + cos2 t
)

−2

)

.

C; = G4 6 < 2 / / 2�

∆1 = a11 = −1, ∆2 = a11a22 − a12a21 = 2 − 1

4

(

1 + cos2 t
)2
.

� 60 <2 1 9E 6F 12 M? E < t = πnM n = 0, 1, 2, . . .

∆1 6 δ1 = −1 < 0, ∆ > δ2 = 1 > 0

�; <3 / E 65 /3 = ; 5 6? 10 6 FJ 5 6 G; M8 ; 1 5J ? 1D 3 /3 J 7 =D 15 <I � �� � % 5 ¡T T ¢ M<�M ; 60 <2 1 9E 6F 12 M V̇ � 1; E <P 6; /D Q3 1: 1? E /4 /D /3 3 6I &7 3 0 P <I 1; 3 1= < :; /D Q3 1 x2
1

< x3
2

M 6=D /4 15 6; /D Q3 1M < 1; 3 1= <; /D Q3 1 x1

< x2� £ 7 3 0 P <I V? 1 :D 1� <; /D Q3 1 1? E /4 /D / 3 3 6I M 6 / /? E 1 < F 5 14 3 6I? 1 5 E / 2 /3 < 1; E <P 6; /D Q3 1:1? E /4 /D /3 3 6I� >D /4 1 5 6; /D Q3 1M4 D I = <= ; / 2 J 7 E 65 3 /3 < L � �� T % 5J ? 1D 3 /3 J5 = / 7 =D 15 <I ; / 1E / 2 J )mI? 7 3 15 6 1 9 6= <2? ; 1; <8 / = 0 1 L 7 = ; 1 L8 < 5 1= ; <�

ì�íî íï í Yñ �

�= =D /4 15 6; Q3 6 7 = ; 1 L8 < 5 1= ; Q=D /4 7 GO </ 7 E 65 3 / 3 <I 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <I�

ẋ1 =
cos2 t

√

1 + sin2 t
x2

1 −
x1x

2
2√

1 + cos2 t
,

ẋ2 =
x2

1x2√
1 + cos2 t

− x2
2.

� {� {� u {n. 6= = 2 1; E < 2? 1D 1� <; /D Q3 1: 1? E /4 /D /3 3 7 G &7 3 0 P < G

V =
1

2

(

x2
1 + x2

2

)

.
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"/? E 1 < F 5 14 3 6I? 1 5 E / 2 /3 < 5 = <D 7 7 E 65 3 / 3 < L 5 1 F 2 7 O /3 3 1H 14 5 <� /3 <IE 65 3 6

V̇ =
cos2 t

√

1 + sin2 t
x3

1 − x3
2.

£ 7 3 0 P <I V? 1D 1� <; /D Q3 1 1? E /4 /D /3 3 6I 5 1 5 = / L? D 1= 0 1= ; < x1, x2 M6 / /? E 1 < F 5 14 3 6I? 1D 1� <; /D Q3 6 5 = 2 J =D /  /; 6/ 5 6 5 1 9D 6= ; < x1 > 0M

x2 < 0� � 60 <2 1 9E 6F 12 M? 1D 1� / 3 </ E 65 3 1 5 /= <I x1 = 0 < x2 = 03 / 7 = ; 1 L :8 < 5 1? 1; / 1E / 2 /  /; 6/ 5 6�ì�íî íï í Yñ �

AE 65 3 / 3 </ 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I <2 / / ; 5 <4 �

ẍ+
(

k − 2 cos2 0.05 t
)

x = 0.

� �� � %

C? E /4 /D <; Q M? E <0 60 <@ F3 68 / 3 <I @ k < 2 / /; 2 / = ; 1? 6E 62 /; E <8 /= 0 < LE / :F 13 63 =�
� {� {� u {n�; 1 7 E 65 3 / 3 </ 2 1� 3 1D / H0 1? E / 1 9E 6F 1 5 6; Q 5 7 E 65 3 / 3 </ B 6; Q /�VD I ' ; 1H 1 5 1=? 1D Q F 7 / 2 = I E 65 /3 = ; 5 12�

2 cos2 α = 1 + cos 2α.� 1H4 6 � �� ö %? E /4 = ; 65D I /; = I 5 5 <4 /�

d2x

dt2
+ (k − 1 − cos 0.1t)x = 0.

� �� � %

�/? /E Q 5 5 /4 / 2 9ó/ FE 6F 2 /E 3 1/ 5 E / 2 I M? 1D 1� < 5 τ = 0.1tM ; 60 8 ; 1

dτ

dt
= 0.1,

ẋ =
dx

dt
=
dx

dτ

dτ

dt
= 0.1

dx

dτ
,

ẍ = 0.01
d2x

dτ2
.

� 1H4 6 2 1� / 2 F 6? <= 6; Q 7 E 65 3 /3 < / � �� ö % 5 5 <4 /�

d2x

dτ2
+ (δ + ε cos τ) x = 0,

ó � z �Þ � ZÙ 6 T üT

H4 /

δ =
(k − 1)

0.01
; ε = −0.01.

$E < 2 6D J @ ε? 6E 62 / ; E <8 / = 0 < LE / F 13 63 = < 2 / /; 2 / = ; 1 5 ; 18 0 6@ δ =
n2

4

�

�; <; 18 0 <= 1 1; 5 / ; = ; 5 7 G; k = 1 +
n2

4
0.01 (n = 0, 1, 2, 3, . . .)�
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�0D 6= = <8 /= 0 <@ F 64 68 6@ D <3 / L3 1 L; / 1E < <7? E 7 H 1= ; <�M 0 1H4 64 1? 7 = 0 6:G; = I ; 1D Q0 1 9/= 0 13 /8 3 1 2 6D J /4 / & 1E 2 6P < < M? E /4 ? 1D 6H 6/; = I M8 ; 17 =D 1:5 <I E 65 3 15 /= <I 5J ? 1D 3 I G; = I F 6= 8 /; = <D M4 / L= ; 5 7 GO <@ 3 63 /4 / & 1E :2 <E 7 / 2 7 G 7? E 7 H 7 G= <= ; / 2 7� �; 14 1? 7 O /3 </ M 0 1; 1E 1/ = 7 O / = ; 5 /3 3 14 D I; / 1E / 2 J W <E @ H 1 & 6 ¡T öM � Y ¢ M 5 /4 / ; 0 = 7 O /= ; 5 1 5 63 < G /4 <3 = ; 5 / 3 3 1H 1E / :K / 3 <I ; 60 1 LD <3 / L3 1 L= <= ; / 2 J �+, ;6 9 : D 894 D :6 E 21 3 8 D 8 = =f 89 D6 5 8 : 9 =r 9 8@ ) : ç : 9 5 : D 9 B q@ D6 9 : D6 q_ E 8 7B 5 8 :f B q> @ D6 9 : D6 q E 8 ç 8;< E B G E : = 2 5 : DC : E = 9 5 A ]v _ -. ^ H
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$ 1D Q F 7 I = Q0 E <; / E </ 2 � LD /E 6M? 1D 7 8 <; Q0 E <; <8 /= 0 7 G3 6HE 7 F0 7 ? 1; / E <7 = ; 1 L8 < 5 1= ; <K 6E 3 <E 3 1 1? / E ; 1H 1= ; / E � 3 I? E < 1= / 5 12 = � 6; < < �E <=� �� T %�

ôõö â V â ÷

VD <3 6= ; /E � 3 I � lM 2 12 /3 ; <3 /E P < <? 1? /E /8 3 1H 1= /8 /3 <I 1; 3 1= < :; /D Q3 1P / 3 ; E 6D Q3 1 L 1= < � I M 2 14 7D Q �3 H 6 � E M 1= / 5 6I = <D 6 � P�

� {� {� u {n. 65 3 1 5 / = </ = ; / E � 3 I 1? <= J 5 6/ ; = I 7 E 65 3 /3 </ 2

EI
d4w

dx4
+ P

d2w

dx2
= 0,

��� T %

H4 / w �? 1? / E /8 3 1/ = 2 / O / 3 </ 1= <= ; /E � 3 I� �E 63 <8 3 J / 7 =D 15 <I4 D IK 6E 3 <E 3 1 1? /E ; 1H 1= ; /E � 3 I <2 / G; 5 <4 �

w (0) = 0,
d2w

dx2

∣

∣

∣

∣

x=0

= 0, w (l) = 0,
d2w

dx2

∣

∣

∣

∣

x=l

= 0.

� / 1 9@ 14 <2 1 1? E /4 /D <; Q; / F3 68 / 3 <I 5 /D <8 <3 J P M? E <0 1; 1E J @ 7 E 65 3 / :3 </4 1? 7 = 0 6/ ; 3 /; E < 5 < 6D Q3 J / E /K / 3 <I�C 9O / / E /K /3 </ 7 E 65 3 / 3 <I � �� T % <2 / /; 5 <4 �

w (x) = A sin kx+B cos kx+ Cx+D,

��� � %

� � � x � �Û 	Þ � {Ü 	 �Ü x 	Û � x 	 �� {Û | �Þ 	� | {Û 	 T ü X

H4 /

k2 =
P

EI

<D < P = EIk2.

$ 14 = ; 65D I I ��� � % 5 H E 63 <8 3 J / 7 =D 15 <I M? 1D 7 8 6/ 2�
B = C = D = 0, sin kl = 0.

� �� Y %

� 6 <2 / 3 QK / / 3 /3 7D / 5 1/ F3 68 /3 < / klM 74 1 5D / ; 5 1E I GO / / � �� Y % M E 65 3 1 π�>D /4 15 6; /D Q3 1M

Pcr =
π2EI

l2
.
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$E < <= =D /4 15 63 < < 7 = ; 1 L8 < 5 1= ; <E 65 3 15 /= <I 7? E 7 H <@ = <= ; / 2 74 1 9:3 1? 1D Q F 15 6; Q= I '3 / E H / ; <8 / = 0 < 2 0 E <; / E </ 2� C3 1= 3 15 63 3 6 ; / 1E / 2 /) 6H E 63 � 6� V <E <@D / M 0 1; 1E 6I 7 ; 5 /E �4 6/ ; M8 ; 1 /=D <4 D I 2 /@ 63 <8 / = 0 1 L= <= ; / 2 J ? 14 4 / L= ; 5 </ 2 = ; 6; <8 / = 0 <@ 0 13 = /E 5 6; < 5 3 J @ = <D = <4 / 6D Q3 J 2 <



T ü ö × � �� � [Ù > {Û | �Þ 	� | {Û? � � x� � 	 @ { 	 {Û ��

H 1D 13 12 3 J 2 <= ; 6P < 13 6E 3 J 2 < = 5 I F I 2 < 2? 1; / 3 P < 6D Q3 6I ' 3 /E H <I 5? 1 :D 1� / 3 < <E 65 3 15 /= <I4 1= ; <H 6/; = ; E 1H 1H 1 2 <3 < 2 7 2 6 �;� /� ? 1D 1� <; /D Q3 11? E /4 /D /3 6 % M ; 1 ' ; 1? 1D 1� /3 </ 7 = ; 1 L8 < 5 1� � 6? E <2 /E M8 ; 1 9J 4 10 6 F 6; Q M8 ; 1 = <= ; / 2 6 = 14 3 1 L = ; /? /3 Q G = 5 1 9 14 J < 2 / /; 7 = ; 1 L8 < 5 1/? 1D 1� / 3 </E 65 3 15 /= <I M 3 7 � 3 1 5J 8 <=D <; Q? 1; / 3 P < 6D Q3 7 G ' 3 /E H < G '; 1 L= <= ; / 2 J Π<? 10 6 F 6; Q M8 ; 1 Π′ = 0 < Π′′ > 0 5? 1D 1� /3 < <E 65 3 15 /= <I�

òó� u y {� �n Æ

�= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q < F 1H 3 7 ; 1H 1 = ; / E � 3 I M E 6= = 2 6; E < 5 6/ 2 1H 15? E <2 /E / �� T� � 60 6I & 1E 2 6 1? <= J 5 6/; F 60 E <; <8 / = 0 1/ = 1= ; 1I 3 < / = ; /E � :3 I�
� {� {� u {n"=D < 14 <3 0 13 /P = ; / E � 3 I 2 1� / ; = 2 / O 6; Q= I ; 1D Q0 1 5 1= / 5 12 3 6? E 65 :D /3 < <�M ; 1 HD 65 3 6I4 / & 1E 2 6P <I? 1=D /? 1; / E <7 = ; 1 L8 < 5 1= ; < � < F H < 9� $ 1:D 1� <2 M8 ; 1= ; /E � / 3 Q3 /E 6= ; I � <2 54 1D Q= 5 1/ L? E 14 1D Q3 1 L 1= <� � 1H4 6? /E / 2 / O /3 < / w(s)E 65 3 1

w (s) = −
∫ s

0

(1 − cos θ) ds,

H4 / s �0 1 1E4 <3 6; 6 54 1D Q 1= < �E <=� �� T % M θ =
dw

ds

�; 63 H /3 = 7 HD 63 60D 13 6

< F 1H3 7 ; 1H 1= ; / E � 3 I� � F H < 9 6 GO < L 2 12 /3 ; E 65 /3

M = EI
dθ

ds
,

; 60 8 ; 1? 1; / 3 P < 6D Q3 6I ' 3 /E H <I? E <3 < 2 6/; 5 <4 �

Π =

∫ l

0

(1

2
EI

(

dθ

ds

)2

− P (1 − cos θ)
)

ds.

VD I 2 6D J @ M 3 10 13 /8 3 J @ 4 / & 1E 2 6P < L7? E 7 H 6I 0 E < 5 6I 2 1� / ; 9J ; Q 6? :? E 10 = <2 <E 1 5 63 6? / E 5 1 L & 1E 2 1 LNM ;� /� w1 = sin
πs

l

� � 1H4 6E /K / 3 </4 D I
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Π′
c '

EI

4l

(

2c

(

1 − P

Pcr

)

+
P

4Pcr
c3
)

,

� �� ü %

Π′′
c ' EI

4l

(

2

(

1 − P

Pcr

)

+
3P

4Pcr
c2
)

.

AE 65 3 / 3 </ � �� ü % < 2 / /; 4 5 60 1E 3 I� c1 = 0M 0 1; 1E J L= 1 1; 5 /; = ; 5 7 /; 3 /4 / :

& 1E 2 <E 15 63 3 12 7 = ; / E � 3 GM < c2 = ±2
√

2

√

(P − Pcr)

P

M 0 1; 1E J L = 7 O / := ; 5 7 / ; ; 1D Q0 1? E < P > Pcr
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∣

∣

∣
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∣

∣

∣
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∣

∣
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∣
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∣
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ΛEIV

m<

d4X

dx4
+K2 d

2X

dx2
− ΛX = 0.

��� T S %

¥ 6E 60 ; / E <= ; <8 / = 0 1/ 7 E 65 3 / 3 </4 D I 7 E 65 3 /3 <I ��� T S % <2 / / ; 5 <4 �

s4 +K2s2 − Λ = 0,

/ H 10 1E 3 <E 65 3 J

s21 =

√
K4 + 4Λ−K2

2
, s22 = −s̃22 =

√
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∂2w
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∂2w

∂t2
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w(x, t) = f(x) sin(λt + ε),
� �� T Y %

H4 / λ �8 6= ; 1; 60 1D / 9 63 < L M f(x) < ε �3 / < F 5 /= ; 3 J /� $ 14 = ; 65D I I ��� T Y %

5 ��� T � % M? 1D 78 6/ 2
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.
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k3EI

ml3
1

sin kl − kl cos kl
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ml3
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sin kl − kl cos kl
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20.19EI
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dr
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d

dr
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1
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d

dr
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dr
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1

r

d

dr

(

rTr
dW

dr
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;

1

Eh
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d

dr
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1

r

d

dr
(r2Tr)

)
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(

dW

dr

)2

.
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dTr(0)

dr
= 0;

dW (0)

dr
= 0;

Tr(R) = −T0; W |r=R = 0;
dW

dr

∣

∣

∣

r=R
= 0.
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dΦ

dr
,
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D

{

r
d

dr

(

1

r

d

dr

(

r
dW

dr

))}

=
dΦ

dr

dW

dr
;

1

Eh
r
d

dr

(

1

r

d

dr

(

r
dΦ

dr

))

= −1
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(

dW

dr

)2
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ξ =
r

R
; λ2 =

R2T0

D
=

12(1− ν2)R2T0

h3E
;

q(ξ) =

(

hE

T0

)1/2
1

Rξ

dW (ξR)

dξ
; p(ξ) = 1 +

1

R2T0

1

ξ

dΦ(ξR)

dξ
.
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1

ξ3
d

dξ

(

ξ3
dq

dξ

)

+ λ2(1 − p)q = 0;
1

ξ3
d

dξ

(

ξ3
dp

dξ

)

= −1

2
q2
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dq(0)

dξ
= 0;

dp(0)

dξ
= 0; q(1) = 0; p(1) = 0.
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q0 ≡ 0; p0 ≡ 0
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ξ3
d
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(

ξ3
dq
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+ λ2q = 0; p = 0 .
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ξ
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T0cr = 14.68197
D
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q = 0M p = 0M λ1 = 3.831706
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(
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Eh3
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∑
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{
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(
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W (0, x2) =
∂2W (0, x2)

∂x2
1

= 0; W (a, x2) =
∂2W (a, x2)

∂x2
1

= 0;

W (x1, 0) =
∂2W (x1, 0)

∂x2
2

= 0; W (x1, b) =
∂2W (x1, b)

∂x2
2

= 0.
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dA,
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∫ ∫
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∑
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∣
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B J F 65 / E K 6/ 2 '; 1; ? E <2 / E 4 5 7 2 I 0 12 2 /3 ; 6E <I 2 <� � 1 :? /E 5J @ M F3 6:8 /3 </ � �� ü� % 2 1� / ; 9J ; Q 7 ; 18 3 /3 1M / =D < <=? 1D Q F 15 6; Q 9 1D QK / 8 D /3 155 E 6 FD 1� /3 < < � �� üY %� �; 1? E < 5 14 <; 0 9 1D / / =D 1� 3 J 2 = <= ; / 2 62 M8 / 2��� ü ü %� � 1 : 5 ; 1E J @ M 2 J 4 1D � 3 J 4 10 6 F 6; Q M8 ; 1 Π(Amn, λ)

<2 / / ; 2 <3 <2 7 2? E < λ = λcr� B J 1? 7 = 0 6/ 2 ' ; 1; 63 6D < F�

ì�íî íï í \ñ �

VD I? D 6= ; <3 J M? 10 6F 63 3 1 L3 6E <=� �� � MK 6E 3 <E 3 1 1? / E ; 1 L? 1 5 = / 2= ; 1E 13 62 M <=? 1D Q F 7 I ; / 1E < G? D 6= ; <3 & 13 W 6E 2 63 6M 1? E /4 /D <; Q0 E <; < :8 /= 0 7 G3 6H E 7 F0 7 q= 1HD 6= 3 10 E <; / E < G � LD /E 6�

ôõö â V â V

� {� {� u {nAE 65 3 / 3 <I E 65 3 15 /= <I? D 6= ; <3 J 4 D I 2 6D J @ 4 / & 1E 2 6P < LNM 3 6D 1� / 3 :3 J @ 3 6; E < 5 < 6D Q3 1/? 1D 1� /3 </ M? E <0 1; 1E 12 ? D 6= ; <3 6? D 1= 0 6I <3 6:
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HE 7 � /3 6? 10 E 6I 2 3 6HE 7 F0 1 L qM4 6 G;

D∇4W + q
∂2W

∂x2
1

= 0.

�E 63 <8 3 J / 7 =D 15 <I4 D I ' ; 1H 17 E 65 3 / 3 <I = 7 ; Q�

W = 0;
∂2W

∂x2
1

= 0? E < x1 = 0 < x1 = a,

W = 0;
∂2W

∂x2
2

= 0? E < x2 = 0 < x2 = b.

��� ü ú %

� O / 2 E /K /3 </ F 64 68 < 5 5 <4 /�

W = C sin
mπx1

a
sin

nπx2

b
,

��� X S %

H4 / C �? 1= ; 1I 3 3 6I M 6 m < n �P /D J /8 <=D 6� $ 14 = ; 65D I I � �� X S % 5 7 E 65 :3 /3 </ E 65 3 15 /= <I? 1D 7 8 6/ 2

q =
Dπ2

b2

(

mb

a
+
n2a

mb

)2

.

��� X T %

W E <; <8 /= 0 6I 3 6H E 7 F0 6; 1H4 6 1? E /4 /D I /; = I =D /4 7 GO <2 1 9E 6F 12�

qcr = min
m,n

(

Dπ2

b2

(

mb

a
+
n2a

mb

)2
)

.

��� X � %

$ 1D 3 J L 9 < &7 E 0 6P < 13 3 J L 63 6D < F M? 10 6FJ 5 6 GO < LNM8 ; 1 7 E 65 3 /3 <I? D 6:= ; <3 & 13 W 6E 2 63 6 <2 / G; ; 18 0 7 9 < &7 E 0 6P < <4 D I = � <2 6 GO / L3 6H E 7 F :0 < ��� X � % M? E /4 = ; 65D /3 5 ¡ � � ¢�

ì�íî íï í \ñ Y

W E <; <8 /= 0 6I 3 6HE 7 F0 6 1= / 5 1H 1= � 6; <I4 D I P <D <3 4 E <8 / = 0 1 L 1 9 1D 18 :0 <= E /4 3 / L4 D <3 J M ;� /� M? E < √h/R < L/R <
√

R/hM H4 / h �; 1D O <3 61 9 1D 18 0 <�M L �4 D <3 6 1 9 1D 18 0 < < R � / / E 64 <7 = M 2 1� /; 9J ; Q? 1D 7 8 / 3 63 6 1= 3 1 5 / 7 E 65 3 / 3 < L? 1D 1H <@ 1 9 1D 18 /0 � VD I P <D <34 E <8 / = 0 1 L 1 9 1D 18 :0 < = 3 68 6D Q3 J 2 < 3 /= 1 5 / E K / 3 = ; 5 62 < & 1E 2 J w̃ '; < 7 E 65 3 / 3 <I <2 / G;

ó � z �Þ � [Ù Z T ö X

5 <4 � ¡ � ¢ %

∆2w − ∂2Φ

∂x2
− L (w̃ + w,Φ) = 0, ��� X Y %

∆2Φ +
∂2w

∂x2
+

1

2
L (w,w) + L (w̃, w) = 0.

û4 / = Q w �3 1E 2 6D Q3 J L? E 1H < 9M Φ � &7 3 0 P <I 7 = <D < LNM

∆ =
∂2

∂x2
+

∂2

∂y2
, L (u, v) =

∂2u

∂x2

∂2v

∂y2
+
∂2v

∂x2

∂2u

∂y2
− 2

∂2u

∂x∂y

∂2v

∂x∂y
,

x < y0 1 1E4 <3 6; J 5 1= / 5 12 < 5 10 E 7 � 3 12 3 6? E 65D / 3 < <= 1 1; 5 /; = ; 5 /3 3 1�! / FE 6F 2 / E 3 J / 5 /D <8 <3 J = 5 I F 63 J = E 6F 2 /E 3 J 2 < �= 1 F3 60 12 ª %= 1 1; 3 1:K / 3 <I 2 <

w =
w∗c

h
, w̃ =

w̃∗c

h
, (x, y) =

(x∗, y∗)
√
c√

hR
, Φ =

Φ∗c2

Eh3
,

H4 / E � 2 14 7D Q �3 H 6M ν �0 1' & & <P < /3 ; $7 6= = 13 6 < c2 = 12
(

1 − ν2
)�C= / 5 1/ 7 = <D </ T M = 5 I F 63 3 1/ = ? 6E 62 / ; E 12 3 6HE 7 F0 <�M 1? E /4 /D I / ; = I & 1E :2 7D 62 <

T =
∂2Φ

∂y2
, T =

T ∗Rc

Eh2
.

T % C? E /4 /D <; Q0 E <; <8 /= 0 7 G3 6HE 7 F0 7 5 =D 7 8 6/K 6E 3 <E 3 1H 1 1? <E 6:3 <I 0 E 6/ 5 �3 /? E <3 <2 6I 5 1 5 3 < 2 63 </ HE 63 <8 3 J / 7 =D 15 <I 5 10 E 7 � 3 123 6? E 65D /3 < < %�� % VD I P <D <3 4 E <8 / = 0 1 L 1 9 1D 18 0 <= 1= / = <2 2 / ; E <8 3 J 2 <3 /= 15 / E K / 3 := ; 5 62 < & 1E 2 J w̃ = ξ cosx 1? E /4 /D <; Q; 18 0 7 9 < &7 E 0 6P < < 5 3 / 1= / = <2 :2 /; E <8 3 1/ = 1= ; 1I 3 </ = R 0 5 64 E 6; 3 J 2 < U 5 1D 3 62 < �4 D <3 J 5 1D 3 5 10 E 7 � :3 12 < 1= / 5 12 3 6? E 65D /3 <I @ E 65 3 J %�

� {� {� u {nT % $E /4 = ; 65 <2 &7 3 0 P < G7 = <D < L 5 5 <4 / Φ =
Ty2

2
+ Φa M H4 / 7 = <D </ T1? <= J 5 6/; 1= 3 15 3 1/ = 1= ; 1I 3 </ 1 9 1D 18 0 < M Φa �4 1? 1D 3 <; /D Q3 6I &7 3 0 :P <I 7 = <D < L� û 6; / 2D <3 / 6E < F 7 / 2 = <= ; / 2 7 ��� XY %? E < w̃ = 0�

∆2w − ∂2Φa
∂x2

− T
∂2w

∂x2
= 0, ∆2Φa +

∂2w

∂x2
= 0



T ö ö × � �� � [Ù > {Û | �Þ 	� | {Û? � � x� � 	 @ { 	 {Û ��

<D <

∆4w − ∆2 ∂
2Φa
∂x2

− T∆2 ∂
2w

∂x2
= 0, ∆2Φa = −∂

2w

∂x2<

∆4w − T∆2∂
2w

∂x2
+
∂4w

∂4x
= 0.

��� X ü %

$E /4 ? 1D 1� <2 = 3 68 6D 6M8 ; 1 & 1E 2 6? 1; /E < 7 = ; 1 L8 < 5 1= ; < 1 9 1D 18 0 <1= /= < 2 2 /; E <8 3 6M ; 1H4 67 E 65 3 / 3 </ ��� X ü % 7? E 1O 6/; = I�

d8w

dx8
− T

d6w

dx6
+
d4w

dx4
= 0.

��� X X %

� O / 2 E /K /3 </ '; 1H 1 7 E 65 3 /3 <I 5 5 <4 /�

w = W sin
πnx∗

L
= W sinλx, H4 / λ =

πn
√
hR

L
√
c
,

n �8 <=D 1 5 1D 3 5 1= / 5 12 3 6? E 65D /3 < < <

w (0) = w (L) =
d2w (0)

dx2
=
d2w (L)

dx2
.

$ 14 = ; 65D I I '; 1E /K / 3 </ 5 7 E 65 3 /3 < / � �� X X % M? 1D 7 8 <2�

W
(

λ8 + Tλ6 + λ4
)

= 0 <D < T = −
(

λ2 + λ−2
)

.

� 60 <2 1 9E 6F 12 M 9/ FE 6 F 2 /E 3 6I 0 E <; <8 /= 0 6I 3 6H E 7 F0 6 �min |T |

%E 65 3 6 −2? E < λ = 1� �E 6F 2 / E 3 J @ ? /E / 2 /3 3 J @

Tcr =
Eh2

√

3(1 − ν2)R
.

V 1? 7 = ; <2 ; /? /E Q M8 ; 1 & 1E 2 6? 1; / E <7 = ; 1 L8 < 5 1= ; <3 / 1= / = <2 2 / ; E <8 :3 6M ;� /� w = W sin(px + α) sin(qy + β)M H4 / α < β 2 1H 7 ; 9J ; Q E 65 3 J<D < 0M <D < π� � 1H4 6? 1=D /? 14 = ; 63 15 0 < '; 1 L & 1E 2 J 5 7 E 65 3 /3 </ ��� X ü %

? 1D 7 8 <2�

W
((

p2 + q2
)4

+ T
(

p2 + q2
)2
p2 + p4

)

= 0

ó � z �Þ � [Ù Z T ö �

<D <

−T = f (p, q) =

(

p2 + q2
)2

p2
+

p2

(p2 + q2)
2 .

� 6= <3 ; / E /= 7 / ; 3 6 <2 / 3 QK / / = 1 9= ; 5 /3 3 1/ F3 68 /3 </ M =D /4 15 6; /D Q3 1�

Tcr = −2? E < p2 + q2 = p.

��� X ö %

� 60 <2 1 9E 6F 12 M = 1HD 6= 3 10 D 6= = <8 / = 0 1 L; / 1E < < 1 9 1D 18 /0 = 7 O /= ; 5 7 /;9/ = 0 13 /8 3 1 2 3 1H 1 & 1E 2? 1; /E < 7 = ; 1 L8 < 5 1= ; < M4 D <3 J 5 1D 3 0 1; 1E J @ @ 6:E 60 ; /E < F 7 G; = I? 6E 62 /; E 62 < p < q 5 1= / 5 12 < 10 E 7 � 3 12 3 6? E 65D /3 <I @= 1 1; 5 /; = ; 5 / 3 3 1� �; <? 6E 62 / ; E J 4 1D � 3 J 74 15D /; 5 1E I ; Q= 1 1; 3 1K / 3 < G

p2 + q2 = p� � 6? E < 2 /E M? 6E 6 (p, q) «(1, 0) 1? E /4 /D I /; 1= /= <2 2 /; E <8 3 7 G& 1E 2 7 ? 1; / E < 7 = ; 1 L8 < 5 1= ; <��0 =? /E <2 /3 ; J ? 10 6FJ 5 6 G; ¡ � � ¢ M8 ; 1? E <? 1; /E / 7 = ; 1 L8 < 5 1= ; <E / 6D Q :3 J @ P <D <34 E <8 /= 0 <@ 1 9 1D 18 /0 1 9J 8 3 1 1 9E 6 F 7 /; = I 3 / 1= /= < 2 2 /; E <8 3 J L? E 1H < 9M 7 0 1; 1E 1H 14 D <3 J 5 1D 3 5 1= / 5 12 < 10 E 7 � 3 12 3 6? E 65D /3 < < 9D < F :0 <4 E 7 H4 E 7 H 7� £ 1E 2 6? 1; /E < 7 = ; 1 L8 < 5 1= ; <= R 0 5 64 E 6; 3 J 2 < U 5 1D 3 62 <

p ≈ q3 6 < 9 1D / /8 7 5 = ; 5 <; /D Q3 60 3 68 6D Q3 J 2 3 /= 15 /E K /3 = ; 5 62 � ¡T � M � ü ¢ %�� % . 6= = 2 1; E <2 ; /? /E QP <D <3 4 E <8 / = 0 7 G 1 9 1D 18 0 7 = 3 68 6D Q3 J 2 1= / := <2 2 / ; E <8 3 J 2? E 1H < 9 12 w̃ = ξ cosx� C? E /4 /D <2 3 6HE 7 F0 7 M? E <0 1; 1E 1 L974 /; ? E 1 <= @ 14 <; Q 9 < &7 E 0 6P <I 5 3 / 1= /= <2 2 /; E <8 3 1/ = 1= ; 1I 3 </ = E 65 :3 J 2 <4 D <3 62 < 5 1D 3 5 1= / 5 12 < 5 10 E 7 � 3 12 3 6? E 65D / 3 < <� � '; 12 =D 7 :8 6/4 10 E <; <8 /= 0 < L 1= /= <2 2 /; E <8 3 J L? E 1H < 9 1 9 1D 18 0 < w0

2 1� / ; 9J ; Q1? E /4 /D /3 < F 7 E 65 3 /3 <I�

d4w0

dx4
− T

d2 (w0 + w̃)

dx2
− d2Φ0

d2x2
= 0,

d4Φ0

dx4
+
d2w0

dx2
= 0

<D <

d4w0

dx4
− T

d2w0

dx2
+ w0 = −T d

2w̃

dx2
, w0 =

−Tξ
T + 2

cosx.

VD I 3 / 1= /= <2 2 /; E <8 3 J @ 0 12? 13 / 3 ; &7 3 0 P < <? E 1H < 9 6 w1

< &7 3 0 P < <7 = <D < L Φ1

< F ��� X Y %? 1D 7 8 < 2

∆2w1 −T
∂2w1

∂x2
− ∂2Φ1

∂x2
+
∂2Φ1

∂y2

(

2ξ

2 + T

)

cosx− Tξ

2 + T

∂2w1

∂y2
= 0,

��� X � %

∆2Φ1 +
∂2w1

∂x2
− ∂2w1

∂y2

(

2ξ

2 + T

)

cosx = 0.

��� X� %
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> 1HD 6= 3 1 ��� X ö % M /=D < & 1E 2 6? 1; /E <7 = ; 1 L8 < 5 1= ; < <2 / / ; E 65 3 J /4 D < :3 J 5 1D 3 5 1= / 5 12 < 5 10 E 7 � 3 12 3 6? E 65D /3 <I @ M ; 1 p = q = 1/2M < 2 J2 1� / 2 <= 0 6; Q & 1E 2 7 ? 1; / E < 7 = ; 1 L8 < 5 1= ; < 5 5 <4 / w = W1 cos x2 cos y2�� � ¡T � M � ü ¢ %? 10 6F 63 1M8 ; 13 < FK 6I 0 E <; <8 /= 0 6I 3 6HE 7 F0 6= 1 1; 5 /; = ; 5 7 /;<2 /3 3 1 '; 1 L & 1E 2 /� � F 7 E 65 3 / 3 <I � �� X� %

Φ1 = F1 cos
x

2
cos

y

2
+ F3 cos

3x

2
cos

y

2
+ · · · , F1 'W1

(

1 − ξ

2 + T

)

.

$ 14 = ; 65D I I '; 7 &7 3 0 P < G 5 7 E 65 3 /3 </ ��� X � % M? 1D 78 <2�

1

4
W1

(

1 + T + 1 − 2ξ

2 + T
+

Tξ

2 (2 + T )

)

= 0

<D <�M? E <3 < 2 6I 5 1 5 3 < 2 63 </ M8 ; 1? E < |ξ| � 1 5 /D <8 <3 6 T 9D < F0 60 F3 6:8 /3 < G0D 6= = <8 /= 0 1 L0 E <; <8 /= 0 1 L3 6HE 7 F0 < −2�

2 + T − 3ξ

2 + T
= 0, <D < T = −2 +

√

3ξ.

>D /4 1 5 6; /D Q3 1M /=D < 62? D <; 74 63 68 6D Q3 1H 1 1= /= <2 2 /; E <8 3 1H 13 /= 1:5 / E K / 3 = ; 5 6E 65 3 6 ξ M ; 1 5 /D <8 <3 60 E <; <8 /= 0 1 L3 6HE 7 F0 < 7 2 / 3 QK 6/; = I3 6 √3ξ M <D <�M 5 E 6F 2 / E 3 J @ ? /E / 2 /3 3 J @ M

Tcr =
Eh2

√

3(1 − ν2)R

(

1 − 33/4(1 − ν2)1/4ξ∗
1/2

2h1/2

)

, H4 / ξ =
ξ∗c

h
.

ÅÇÆ ÈÉ È ¬

­ È ÍÎ Ì Î Ï � � � �Î Ì Ò Ô Í Í Æ � Ò Ì É ÈÏ Ô �

� ÍÎ Ì � Ó Ô É Ì ÍÎ Ô

. 6= = 2 1; E <2D <3 / L3 7 G3 / 14 3 1E 14 3 7 G= <= ; / 2 7 4 < & & /E /3 P < 6D Q3 J @ 7 E 65 :3 /3 < L

dxα
dt

=

n
∑

j=1

aαjxj + bαu, (α = 1, . . . , n), � ú� T %

σ =
n
∑

j=1

cjxj ,

H4 / aαj M bα M cj �? 1= ; 1I 3 3 J / 0 1' & & <P </3 ; J M u � 3 /0 1; 1E 6I F 64 63 3 6I&7 3 0 P <I 5 E / 2 /3 <�!74 / 2 3 6FJ 5 6; Q &7 3 0 P < < u < σ= 1 1; 5 /; = ; 5 / 3 3 1� � � �� � <� Ä � � �� �= <= ; / 2 J �û 62 / 3 <2 5 = <= ; / 2 / � ú� T % & 1E 2 6D Q3 1 1? /E 6; 1E d/dt3 6 pM? 1D 78 <2

pxα =

n
∑

j=1

aαjxj + bαu, (α = 1, . . . , n),

σ =

n
∑

j=1

cjxj .

�= 0D G8 < 5 < F '; <@ E 65 / 3 = ; 5? /E / 2 /3 3 J / x1, . . . , xn

< 5J E 6F < 5 σ8 /E / F

uM? E <4 / 2 0 & 1E 2 7D /

σ = W (p)u,

� ú� � %
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H4 /

W (p) =
Qm(p)

Qn(p)
.

� ú� Y %

û4 / = Q Qm(p) < Qn(p) �? 1D <3 12 J 1; 3 1= <; /D Q3 1 p= ; /? /3 < m < n= 1 :1; 5 /; = ; 5 / 3 3 1� C8 / 5 <4 3 1M m < n < Qn(p) I 5D I /; = I @ 6E 60 ; /E <= ; <8 /= 0 <22 3 1H 18 D /3 12 14 3 1E 14 3 1 L= <= ; / 2 J M? 1D 7 8 6 GO / L= I < F � ú� T %? E < u = 0�V E 1 93 1:E 6P < 13 6D Q3 6I &7 3 0 P <I W (p)3 6FJ 5 6/; = I � � � � �� �� � � � � �� � � �à � � �= <= ; / 2 J � ú� T % 1; 5 @ 14 6 u0 5J @ 14 7 σ�B 1� 3 1? 10 6F 6; Q M8 ; 1? /E /4 6; 18 3 6I &7 3 0 P <I 3 / < F 2 /3 I / ; = I? E <D < :3 / L3 12 ? E / 1 9E 6F 1 5 63 < <= <= ; / 2 J �"=D < 5? / E /4 6; 18 3 7 G &7 3 0 P < G � ú� Y %? 14 = ; 65 <; Q p = iωM H4 / i =
√
−1M6 ω � 5 / O /= ; 5 / 3 3 1/ 8 <=D 1M ; 1? 1D 7 8 < 2 &7 3 0 P < G W (iω)M 3 6 FJ 5 6/ 2 7 G� � � �� �� � �� � �� � � � � � � � � � � �= <= ; / 2 J � ú� T %�W 12? D /0 = 3 6I &7 3 0 P <I W (iω) 2 1� / ; 9J ; Q? E /4 = ; 65D / 3 6 5 5 <4 /

W (iω) = u(ω) + iv(ω).

� 6? D 1= 0 1= ; < �u, v %? E < < F 2 / 3 /3 < < ω0 13 /P 5 /0 ; 1E 6 W (iω) 1? <= J 5 6:/; 0 E < 5 7 GM? E /4 = ; 65D I GO 7 G= 1 9 1 L� � ��� �� �8 6= ; 1; 3 1 L@ 6E 60 ; / E <= ; <0 <� 13 63 6FJ 5 6/; = I ; 60 � / � � � � � �� �� �� �� ��� � � � � �� � � � � � � � � � � �= <= ; / :2 J %� $ 1D 1� < 5 5 = <= ; / 2 / � ú� T %

u = −kσM H4 / k �? 1= ; 1I 3 3 6I M? 1D 7 8 <2 14 :3 1E 14 3 7 G= <= ; / 2 7

ẋα =

n
∑

j=1

aαjxj − kbα

n
∑

j=1

cjxj (α = 1, . . . , n),

� ú� ü %

0 1; 1E 7 GM 5 1;D <8 </ 1; �� �� �� � � �� �= <= ; / 2 J M 3 6FJ 5 6 G; �� �� � � �� ��C 9 6= <2? ; 1; <8 / = 0 1 L 7 = ; 1 L8 < 5 1= ; <= <= ; / 2 J � ú� ü % 2 1� 3 1= 74 <; Q? 1? 1 :5 /4 /3 < G8 6= ; 1; 3 1 L@ 6E 60 ; /E <= ; <0 <�� 6? D 1= 0 1= ; < �

u, v

%? 1= ; E 1 <2 5 /0 ; 1E RM 5J @ 14 I O < L < F ; 18 0 <
(−1/k, 0) < 10 63 8 < 5 6 GO < L= I 5 ; 18 0 / (u(ω), v(ω))MD / � 6O / L3 6 H 14 1H E 6:& /8 6= ; 1; 3 1 L@ 6E 60 ; / E <= ; <0 <� $E < < F 2 / 3 /3 < < ω7 H 1D θ 2 / �4 7 5 /0 ; 1E 12< 1= Q G 6 9= P <= = 974 / ; 2 / 3 I ; Q= I�¯ � uz {� u ý° x ý w �u õ z x 7 ; 5 /E �4 6/ ; M 8 ; 14 D I � � � � � �� � �� � � � � �

� � �� �� �� � � �� �� �� � � �� � � � � � � �Ä (9.4)� �� �� � �� �� � �� � �� �� � � � �� �� �Ä �� � �� Õ �� � � ∆θ� � �� θ �� � � � � �� �� � � ω � � ± �� +∞ �� � � ß �� � �� � � á�

T �T

�xõ z } z � ÿ { � x � x wz {� u õ z u wu x |õ } ~ �z � } ý� õ z } ýù u �} õ z u õ u Áõ z { yõ � { þ � {� ÿ �� } ý� { ~u� { ý� } õ z � �. 6= = 2 1; E < 2 = <= ; / 2 7

dxα
dt

=

n
∑

j=1

aαjxj + bαu (α = 1, . . . , n),

u = −ϕ(σ),

� ú� X %

σ =

n
∑

j=1

cjxj ,

H4 / ϕ(σ) � 3 /? E / E J 5 3 6I &7 3 0 P <I M 74 1 5D / ; 5 1E I GO 6I? E < σ 6= 07 =D 15 < G

0 <
ϕ(σ)

σ
< k 6 +∞,

� ú� ö %

6 aαj M bα M cj �? 1= ; 1I 3 3 J / 0 1' & & <P </3 ; J �C;D <8 </ = <= ; / 2 J � ú� X % 1; � ú� ü % F 60D G8 6/; = I 5 ; 12 M8 ; 1 � ú� X %? 1D 7 :8 6/ ; = I < F = <= ; / 2 J � ú� ü %? 7 ; / 2 F 62 J 0 63 <I 8 / E / F / / 3 /D <3 / L3 1/ F 5 /3 1�

u = −ϕ(σ).� 2 / G; 2 / = ; 1=D /4 7 GO </ ; / 1E / 2 J �' {} � { yx Èn r� { w� uz u ù {õ wu ýõ ~� ù x ý t�� � �� � Ä �� �� �� Ä � � � �� á Õ � �� � ��� �ßy

1)� � � �� � �� � ß �� � � à � ß ϕ(σ)� ��� � � �� � �ß � �� � ��� � á # % ~ ² &u

2)� � � �� � á� Ä W (p) � � � á �� �� � à� � � ��� Ä �� � Õ �� �� �� � Ä � � � � � �u

3) �� Õ � � �� � � � �� � � �� � Õ �� �� �� � � � � � � �� ϑ �� �� � � � � � �� ω > 0� Ä �� �� �� � � � � �� �� � �� � ��� � �

1

k
+

³µ´ [(1 + iωϑ)W (iω)] > 0.

� ú� � %

¶�� �� � � � � � �� � ú� ü %� �� � � á �� � � � �� �� �� � ~' {} � { yx Æn r w� uz u ù {õ wu ýõ ~� ù x ý} ô� } �} � � ~ { �} �} þ} ~ �õ x t� � � � �� �� Ö � � �� �� � Ä �� �� �� Ä � � � �� á Õ� � �� � ��� � � �ßy

1)� � � �� � �� � ß �� � � à � ß ϕ(σ)� ��� � � �� � �ß � �� � ��� � á � ú� ö %

;
2) � � � � �� �� � � � ß �� � � à �ß W (p) � � � � � � ��� � � � �� � � �� � á� �� � ���� ��� Ä � � � �� � á� Ä # � � � � n > 1

& � � � á � � �� � à� � � ��� Ä �� � Õ �� �� �� �� Ä � � � � � � ;
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3) ρ = lim
p→0

pW (p) > 0 � � �� Õ �� �� � � � �� � � �� � Õ �� �� �� � � � � � � �� ϑ �

� �� �� � � � �� ω > 0� Ä �� �� �� � � � � �� �� � �� � ��� � � � ú� � % ~¶�� �� � � � � � �� � ú� X %� �� � � á �� � � � �� �� �� � ~

' {} � { yx Än r w� uz u ù {õ wu ýõ ~� ù x ý ô �� � � � ~ { � ÿ� þ} ~ �õ } � t�� � �� � Ä �� �� �� Ä � � � �� á Õ� �� � ��� � ßy

1)

�� � � à � ß ϕ(σ)� ��� � � �� � �ß � �� � �� � �� � �� � # % ~ ² & �� � k = ∞ � � ��� �� � ë �� � á

∫ ±∞

0

ϕ(σ)dσ = ∞.

2) � � � � �� �� � � � ß �� � � à �ß W (p) � � � � � �� � � � � �� Ä � �� � á�� �� � ���� ��� Ä � � � �� � á� Ä # � � � � n > 2

& � � � á � � �� � à� � � ��� Ä �� � Õ �� �� �� �� Ä � � � � � �u

3)

α = lim
p→0

p2W (p) > 0,

ρ = lim
p→0

d

dp
[p2W (p)] > 0,

π(ω) = ω

·µ¸ W (iω) < 0

� �ß � � �� ω > 0,

lim
ω→∞

π(ω) < 0.

¶�� �� � � � � � �� � ú� X %� �� � � á �� � � � �� �� �� � ~

ì�íî íï í ]ñ ð

V < & & /E / 3 P < 6D Q3 J / 7 E 65 3 /3 <I M F 64 6 GO </4 5 <� /3 </ H <E 1= 0 1? <8 / := 0 1H 10 E /3 1 5J E 65 3 < 5 6; /D I M <2 / G; 5 <4 �

dϑ

dt
= −ϑ− σ,

dσ

dt
= ϑ+ σ − ϕ(σ),

H4 / ϑ � 7 H 1D 0 E / 3 6 1 9ba /0 ; 6M σ � 5 /D <8 <3 6M? E 1? 1E P < 13 6D Q3 6I 7 HD 7? 15 1E 1; 6 5 3 7 ; E /3 3 / H 10 1D QP 60 6E4 63 3 1H 1? 14 5 /= 6 H <E 1= 0 1? 6M ϕ(σ) �&7 3 0 P <I M 0 1; 1E 6I 1? <= J 5 6/ ; F 60 13 < F 2 / 3 /3 <I 0 1E E /0 ; <E 7 GO / H 1 2 1 :2 /3 ; 6M 74 15D /; 5 1E I GO 6I =D /4 7 GO <2 7 =D 15 <I 2�

ϕ(0) = 0, ϕ(σ)σ > 0 ? E < σ 6= 0,

∫ ∞

0

ϕ(σ)dσ = ∞.

ó � z �Þ � ^Ù Ø T �Y

�= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q= <= ; / 2 J �

� {� {� u {n� 6 L4 / 2? / E /4 6; 18 3 7 G &7 3 0 P < G � 1; R 5 @ 14 6 U −ϕ0 R 5J @ 14 7 U σ %�

pϑ = −ϑ− σ,
pσ = ϑ+ σ − ϕ.

�= 0D G8 <2 ϑ < F? /E 5 1H 1 7 E 65 3 / 3 <I�
(p+ 1)ϑ = −σ, ϑ = − σ

p+ 1
,

8 ; 1? 1=D /? 14 = ; 63 1 5 0 < 5 1 5 ; 1E 1/ 7 E 65 3 / 3 </4 6/ ;�

pσ = − σ

p+ 1
+ σ − ϕ

<D <

(

p2 + p
)

σ = −σ + pσ + σ − (p+ 1)ϕ.>D /4 15 6; /D Q3 1M
σ = −p+ 1

p2
ϕ, W (p) =

p+ 1

p2
.

B J <2 / / 2 0 E <; <8 / = 0 < L =D 7 8 6 L4 5 7 @ 3 7D / 5J @ ? 1D G= 15� $E <2 / :3 I I ; / 1E / 2 7 Y < F? 6E 6HE 6 & 6 ú� ü ¡T T ¢ M? 1D 7 8 6/ 2�

α = lim
p→0

p2 p+ 1

p2
= 1 > 0,

ρ = lim
p→0

d

dp

(

p2 p+ 1

p2

)

= 1 > 0.

� 1H4 6

W (iω) =
iω + 1

−ω2
,

E± W (iω) = − 1

ω<

π (ω) = ω

(

− 1

ω

)

= −1 < 0.

� 60 <2 1 9E 6F 12 M4 63 3 6I = <= ; / 2 6 6 9= 1D G; 3 17 = ; 1 L8 < 5 6�
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ì�íî íï í ]ñ ù

V 5 <� /3 </ H <E 1= 0 1? <8 / = 0 1 L= <= ; / 2 J M 0 1; 1E 6I 7? E 65D I /; 1E </ 3 ; 6P < :/ L0 1= 2 <8 /= 0 1H 10 1E 6 9D I 5? D 1= 0 1= ; <; 63 H 6� 6M 1? <= J 5 6/; = I =D /4 7 GO < :2 < 7 E 65 3 /3 <I 2 <�

au̇ + Hv = 0,

bv̇ − Hu+ εv = ϕ(σ),

σ̇ = u.û4 / = Q H � 2 12 /3 ; 0 1D <8 /= ; 5 64 5 <� / 3 <I H <E 1= 0 1? 6 1; 3 1= <; /D Q3 1 / H 11= < 5 E 6O /3 <I M σ � 7 H 1D ; 63 H 6� 6M v = β̇ M H4 / β � 7 H 1D ? E /P /= = < < H < :E 1= 0 1? 6M ε �0 1' & & <P </ 3 ; 5 I F0 1H 1; E / 3 <I M a < b � HD 65 3 J / 2 12 / 3 ; J<3 / E P < <�M ϕ(σ) �3 /D <3 / L3 6I @ 6E 60 ; / E <= ; <0 6 7? E 65D I GO / H 1 2 12 / 3 ; 6M74 1 5D / ; 5 1E I GO 6I =D /4 7 GO <2 7 =D 15 <I 2 �= 2� E <=� ú� T < � ú� T Y % < F ¡T T ¢ %�

ϕ(0) = 0, 0 <
ϕ(σ)

σ
< k 6 +∞, σ 6= 0.C? E /4 /D <; Q 7 =D 1 5 <I 6 9= 1D G; 3 1 L7 = ; 1 L8 < 5 1= ; <�

� {� {� u {n� 6 L4 / 2? / E /4 6; 18 3 7 G &7 3 0 P < G � 1; R 5 @ 14 6 U −ϕ0 R 5J @ 14 7 U σ %�

apu + Hv = 0,

bpv − Hu+ εv = ϕ,

pσ = u.�= 0D G8 <2 u < v < F? / E 5 1H 1 <; E /; Q / H 1 7 E 65 3 /3 < L�

u = pσ, v = −ap
H
u = −ap

2

H
σ,8 ; 1? 1=D /? 14 = ; 63 1 5 0 < 5 1 5 ; 1E 1/ 7 E 65 3 / 3 </4 6/ ;�

−abp
3

H
σ −Hpσ − aεp2

H
σ = ϕ<D <

σ = − H

abp3 + aεp2 +H2p
ϕ,

W (p) =
H

abp3 + aεp2 +H2p
.B J < 2 / / 2 0 E <; <8 / = 0 < L=D 7 8 6 L 14 3 1H 13 7D / 5 1H 1? 1D G= 6�

ó � z �Þ � ^Ù ú T � X

$E <2 /3 I I ; / 1E / 2 7 � < F? 6E 6H E 6 & 6 ú� ü ¡T T ¢ M? 1D 7 8 6/ 2�
ρ = lim

p→0
pW (p) =

1

H
> 0,

W (iω) =
H

−aεω2 + iω (H2 − abω2)
= H

−aεω2 + iω
(

abω2 −H2
)

a2ε2ω4 + ω2 (H2 − abω2)
2 .

�/? /E Q? E 15 /E <2 8 6= ; 1; 3 1/ 7 =D 15 < / � ú� T ü % 5 ¡T T ¢�

1

k
+

h ³ ((1 + iωϑ)W (iω)) > 0.

$E < 1
Hk = µ ' ; 1 7 =D 1 5 </? E <3 <2 6/ ; 5 <4 �

µ
(

a2ε2ω4 + ω2
(

H2 − abω2
)2
)

+h ³ ((1 + iωϑ)
(

−aεω2 + iω
(

abω2 −H2
)))

> 0

<D <

µa2ε2ω4 + µa2b2ω6 − 2µH2abω4 + µH4ω2 − aεω2 + ϑH2ω2 − ϑabω4
> 0.

$ 14 /D < 5 3 6 ω2 < 1 9 1 F3 68 < 5 ω2 = tM <2 / / 2�

µa2b2t2 +
(

µa2ε2 − 2µH2ab− ϑab
)

t+ µH4 + ϑH2 − aε > 0.

V 6D / / 3 6 L4 / 24 <= 0 E <2 <3 63 ;

D =
(

µa2ε2 − 2µH2ab− ϑab
)2 − 4µa2b2

(

µH4 + ϑH2 − aε
)

=

µ2a4ε4 + 4µ2H4a2b2 + ϑ2a2b2 − 4µ2H2a3bε2 − 2µϑa3bε2

+4µH2ϑa2b2 − 4µ2H4a2b2 − 4H2µϑa2b2 + 4µa3b2ε =

a2b2ϑ2 − 2µa3bε2ϑ+ µa3ε(µaε3 + 4b2 − 4µH2bε) < 0.

� / 1 9@ 14 < 2 13 6 L; <; 60 1/ ϑM8 ; 1 D < 0� û4 / = Q D �0 5 64 E 6; 3 J L? 1 :D <3 12 ? 1 ϑM ; 60 8 ; 1 D → ∞? E < |ϑ| → ∞� "=D < ∆ > 0M 3 6 L4 / ; = I5 / O /= ; 5 / 3 3 1/ ϑM? E <0 1; 1E 12 D < 0� �/? /E Q 5J 8 <=D I / 2

∆ = 4µ2a6b2ε4 − 4a2b2
(

µ2a4ε4 + 4µa3b2ε− 4µ2H2a3bε2
)

> 0,
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1; 0 74 6

4µ2H2a3bε2 − 4µa3b2ε > 0<D <

1

kH
H2ε > b.� 60 <2 1 9E 6F 12 M 2 J ? 1D 78 <D <=D /4 7 GO / /4 1= ; 6; 18 3 1/ 7 =D 1 5 </ 6 9= 1D G; :3 1 L 7 = ; 1 L8 < 5 1= ; <�

Hε > kb,4 D I 3 /D <3 / L3 1= ; / LNM 74 15D /; 5 1E I GO <@ 7 =D 15 < G � ú� T Y % 5 ¡T T ¢ M ;� /� 0 <

<
ϕ(σ)

σ
< k? E < σ 6= 0M ϕ(0) = 0�) / H0 1? E 1 5 / E <; Q M8 ; 1 7 =D 1 5 </

Hε > kb

� ú� � %

3 / 1 9@ 14 <2 14 D I 6 9= 1D G; 3 1 L7 = ; 1 L8 < 5 1= ; < 5 = /0 ; 1E / � ú� ö %� V / L= ; 5 <; /D Q :3 1M /=D <? 1D 1� <; Q ϕ(σ) = λσM ; 1 974 / 2 < 2 /; QD <3 / L3 7 G= <= ; / 2 7 M @ 6:E 60 ; /E <= ; <8 /= 0 < L? 1D <3 12 0 1; 1E 1 L

abp3 + aεp2 +H2p+Hλ

74 1 5D / ; 5 1E I /; 7 =D 1 5 < G �7 E 5 <P 6? E < aεH2 > abHλM ;� /� Hε > bλ�"=D < 7 =D 15 </ � ú� � %3 / 5J ? 1D 3 I /; = I M ; 1= 7 O /= ; 5 7 / ; ; 60 1/ λ ∈ (0, k)M8 ; 1

Hε < bλM <D <3 / L3 6I = <= ; / 2 63 / I 5D I /; = I 6= < 2? ; 1; <8 /= 0 < 7 = ; 1 L8 < 5 1 L�

ì�íî íï í ]ñ ü

> <= ; / 2 6E / H 7D <E 15 63 <I? 6E 15 1 L; 7 E 9 <3 J = H <4 E 65D <8 /= 0 <2 7 = <D < :; /D / 2 M 5 0 1; 1E 12 1 9E 6; 3 6I = 5 I F Q 1= 7 O /= ; 5D I /; = I = ? 12 1O Q G? 14 5 <� :3 1 L 97 0 = J ? E < 7 8 / ; / / / ; E /3 <I 13 /? 14 5 <� 3 J L0 1E? 7 = M 5 7? E 1O 6 GO <@7 =D 1 5 <I @ 1? <= J 5 6/ ; = I =D /4 7 GO <2 < 7 E 65 3 /3 <I 2 <�

ζ̇ = η2,

η = ζ + ϕ(η2),

τ1η̇1 + η1 = −η,
τ2η̇2 + η2 = η1.

�; 1E 1/ 7 E 65 3 / 3 </ 1? <= J 5 6/; E 6 9 1; 7 ? E 12 / � 7 ; 18 3 1H 17 = <D <; /D I ý ζ M

η1 M η2 < η �? /E / 2 /3 3 J /? 6E 62 / ; E J M 0 1; 1E J / 1? <= J 5 6 G; = 1= ; 1I 3 </

ó � z �Þ � ^Ù � T � �

= <= ; / 2 J ý τ1

< τ2 � 1; 3 1= <; /D Q3 J /? 1= ; 1I 3 3 J / 5 E / 2 / 3 <ý ϕ(η2) �@ 6E 60 :; /E <= ; <0 6= <D J ; E /3 <I M 0 1; 1E 6I 74 15D /; 5 1E I / ; 7 =D 15 < G�
ϕ(0) = 0, ϕ(η2)η2 > 0 ? E < η2 6= 0.C? E /4 /D <; Q 7 =D 1 5 </ 6 9= 1D G; 3 1 L 7 = ; 1 L8 < 5 1= ; <�

� {� {� u {n� 6 L4 / 2? / E /4 6; 18 3 7 G &7 3 0 P < G � 1; R 5 @ 14 6 U −ϕ0 R 5J @ 14 7 U η2 %�

pζ = η2, (τ1p+ 1) η1 = −ζ − ϕ(η2), (τ2p+ 1) η2 = η1.�= 0D G8 6I ζ < η1 M? 1D 7 8 6/ 2�

(τ1p+ 1) (τ2p+ 1) η2 = −η2
p

− ϕ

<D <

η2 = − p

τ1τ2p3 + (τ1 + τ2) p2 + p+ 1
ϕ,

1; 0 74 6

W (p) =
p

αp3 + βp2 + p+ 1
,

H4 / α = τ1τ2
< β = τ1 + τ2� �? E <2 /E / T? 6E 6HE 6 & 6 ú� X 5 ¡T T ¢? 10 6 F 63 1M8 ; 1 ' ; 6? / E /4 6; 18 3 6I &7 3 0 P <I 74 15D /; 5 1E I /; 8 6= ; 1; 3 12 7 7 =D 1 5 < G � ú� � %

τ1 + τ2 > τ1τ2�
ì�íî íï í ]ñ �

> <= ; / 2 6E / H 7D <E 15 63 <I? 6E 1 5 1 L; 7 E 9 <3 J = 4 5 7 2 I? 1=D /4 15 6; /D Q3 15 0D G8 / 3 3 J 2 < 7 = <D <; /D I 2 < <? 6E 15J 2 1 9a / 2 12? E <3 6D <8 < <3 /D <3 / L :3 1H 1; E / 3 <I 5? 1E K 3 /? E 7 � <3 3 1H 1 = /E 5 12 1; 1E 6= ? E 1; 18 3 J 2 F 1D 1; 3 < :0 12 1? <= J 5 6/ ; = I 7 E 65 3 / 3 <I 2 <�

ζ̇ = −π,
ψηη̇ = ζ − η,

ξ̇ = ϕ(σ), σ = η − ξ,

ψππ̇ + π = ξ.� '; <@ 7 E 65 3 / 3 <I @ ζ M ηM ξ < π � 1; 3 1= <; /D Q3 J / 0 1 1E4 <3 6; J 2 6K < :3 J M? E /4 5 6E <; /D Q3 1H 1 7 = <D <; /D I M = /E 5 12 1; 1E 6 <4 65D /3 <I? 6E 6= 1 1; :5 / ; = ; 5 /3 3 1M 6 ψη < ψπ � 1; 3 1= <; /D Q3 J /? 1D 1� <; /D Q3 J /? 1= ; 1I 3 3 J /
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5 E / 2 /3 <? E /4 5 6E <; /D Q3 1H 1 7 = <D <; /D I <? 6E 1 5 1H 1 1 9a / 2 6� � /D <3 / L3 1/; E / 3 </ 74 15D /; 5 1E I /; 7 =D 1 5 <I 2�

ϕ(0) = 0 ? E < σ 6= 0, ϕ(σ)σ > 0,

∫ ∞

0

ϕ(σ)dσ = +∞.

C? E /4 /D <; Q 1 9D 6= ; Q 6 9= 1D G; 3 1 L7 = ; 1 L8 < 5 1= ; <�

� {� {� u {n� 6 L4 / 2 ? / E /4 6; 18 3 7 G &7 3 0 P < G � 1; R 5 @ 14 6U −ϕ 0 R 5J @ 14 7 U σ

%�VD I ' ; 1H 1 5 = <= ; / 2 /

pζ = −π, ψηpη = ζ − η, pξ = ϕ,
(ψπp+ 1)π = ξ, σ = η − ξ

<= 0 D G8 < 2 5 = /? /E / 2 /3 3 J / M 0 E 12 / σ < ϕ�

ξ =
ϕ

p
, π =

ξ

ψπp+ 1
=

ϕ

p (ψπp+ 1)
,

η =
ζ

ψηp+ 1
= − π

p (ψηϕ+ 1)
= − ϕ

p2 (ψπp+ 1) (ψηp+ 1)
.

� 60 <2 1 9E 6F 12 M

σ = η − ξ = −
(

1

p2 (νp2 + µp+ 1)
+

1

p

)

ϕ,

H4 / ν = ψηψπ

< µ = ψη + ψπ�>D /4 1 5 6; /D Q3 1M

W (p) =
νp3 + µp2 + p+ 1

p2 (νp2 + µp+ 1)
,

< 2 J <2 / / 2 0 E <; <8 / = 0 < L=D 7 8 6 L4 5 7 @ 3 7D / 5J @ ? 1D G= 1 5� $E <2 / 3 I I ; / :1E / 2 7 ú� � M? 1D 7 8 <2�

α = lim
p→0

p2W (p) = 1 > 0,

<

ρ = lim
p→0

d

dp

(

p2W (p)
)

=
1 − µ

(1)2
= 1 − µ > 0.

ó � z �Þ � ^Ù � T � ú

�; 60 M4 1D � 3 1 5J ? 1D 3 I ; Q= I 7 =D 1 5 </

µ < 1 ( <D < ψπ + ψν < 1).

� ú� ú %

$ 1=D /4 15 6; /D Q3 1 5J 8 <=D I I

W (iω) = −1− µω2 + iω(1 − νω2)

ω2(1 − νω2 + iωµ)

<

E± W (iω) = − 1

ω2

(1 − µω2)(−µω) + ω(1 − νω2)2

(1 − νω2)2 + ω2µ2

=
1

ω

µ(1 − µω2) − (1 − νω2)2

(1 − νω2)2 + ω2µ2
,

? 1D 7 8 6/ 2

π(ω) = ω
E± W (iω) =

µ(1 − µω2) − (1 − νω2)2

(1 − νω2)2 + ω2µ2
.

A=D 15 </
π(ω) < 0

? 1=D / F 62 / 3 J ω2 = t F 6? <K /; = I 5 5 <4 /�

µ− µ2t− (1 − νt)2 < 0
<D <

ν2t2 +
(

µ2 − 2ν
)

t+ 1 − µ > 0.

� ú� T S %

� 60 0 60 µ2−2ν = (ψπ + ψη)
2−2ψπψη = ψ2

π+ψ2
η > 0M ; 1 < F 7 =D 15 <I � ú� ú %=D /4 7 /; M8 ; 1 7 =D 1 5 </ � ú� T S % 5J ? 1D 3 I /; = I4 D I 5 = / @ t > 0�� 60 � / 5 = <D 7 � ú� ú % <2 / / 2�

lim
ω→0

π(ω) =
µ− (1)2

(1)2
= µ− 1 < 0.

� 60 <2 1 9E 6F 12 M? 1; / 1E / 2 / � � ú� ú % I 5D I /; = I4 1= ; 6; 18 3 J 2 7 =D 1 5 </ 26 9= 1D G; 3 1 L 7 = ; 1 L8 < 5 1= ; <= <= ; / 2 J �
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. 6 9 1; 6 3 /0 1E E /0 ; <E 7 / 2 1H 1 H <E 1= ; 6 9 <D < F 6; 1E 6 = ? E <3 74 <; /D Q3 J 25 E 6O / 3 </ 2 0 6E4 63 3 1H 1? 14 5 /= 6 <; E /3 < / 2 5 1= <? E /P /= = < < 1? <= J 5 6/; = I=D /4 7 GO <2 < 7 E 65 3 / 3 <I 2 <�

σ̇1 = −νσ1 + µv + σ2,

σ̇2 = −σ1 − ϕ(σ2),

v̇ = σ2.û4 / = Q σ1 M σ2

< v � 1; 3 1= <; /D Q3 J / 0 1 1E4 <3 6; J H <E 1= ; 6 9 <D < F 6; 1E 6M ν< µ �? 1= ; 1I 3 3 J /? 1D 1� <; /D Q3 J /? 6E 62 /; E J M 63 /D <3 / L3 6I &7 3 0 P <I

ϕ(σ2)

74 15D /; 5 1E I /; 7 =D 1 5 <I 2�

ϕ(0) = 0 4 D I σ2 6= 0, ϕ(σ2)σ2 > 0.

C? E /4 /D <; Q M? E <0 60 <@ 7 =D 15 <I @ H <E 1= ; 6 9 <D < F 6; 1E 6 9= 1D G; 3 17 = ; 1 L :8 < 5�
� {� {� u {n� 6 L4 / 2? / E /4 6; 18 3 7 G &7 3 0 P < G � 1; R 5 @ 14 6 U −ϕ0 R 5J @ 14 7 U σ2

%�

(p+ ν)σ1 = µv + σ2,
pσ2 = −σ1 − ϕ(σ2),
pv = σ2.�= 0D G8 6/ 2 v < σ1

�

v =
σ2

p
, σ1 =

µσ2

(p+ ν)p
+

σ2

p+ ν
=

p+ µ

p(p+ ν)
σ2.

� 6@ 14 <2

pσ2 = − p+ µ

p(p+ ν)
σ2 − ϕ(σ2)

<D <

σ2 = − p(p+ ν)

p3 + p2ν + p+ µ
ϕ

<

W (p) =
p(p+ ν)

p3 + p2ν + p+ µ
.

ó �z �Þ � ^Ù 6 T � T

$7 = ; Q ν > µM ; 1H4 6 5J ? 1D 3 /3 1 7 =D 1 5 </ �7 E 5 <P 64 D I F3 62 / 3 6; /D I&7 3 0 P < < W (p) < <2 / /; 2 /= ; 13 /0 E <; <8 /= 0 < L=D 7 8 6 L� $E <2 /3 I I ; / 1E / :2 7 ú� T? E < k = ∞M ϑ = 0M? 1D 78 <2�

h ³ W (iω) =

h ³ νωi−ω2

µ−νω2+iω(1−ω2) =

= νω4−µω2+νω2(1−ω2)
(µ−νω2)2+ω2(1−ω2)2 > 0.

�; 1 7 =D 1 5 </ 5J ? 1D 3 I /; = I? E < (ν − µ)ω2 > 0M ;� /� ? E < ν > µ�� 60 <2 1 9E 6F 12 M 3 /E 65 / 3 = ; 5 1 ν > µ I 5D I / ; = I 7 =D 15 </ 2 6 9= 1D G; 3 1 L7 = ; 1 L8 < 5 1= ; <�
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¯ � ~x � { È
T� T� W 6? /0 = 7 1 9E 6O / 3 3 1H 1 2 6; / 2 6; <8 /= 0 1H 1 2 6I ; 3 <0 6 2 6= = 1 L m? E <0 E /? D /3 6? E 7 � <3 6 � / = ; 0 1= ; < cM = 1@ E 63 I GO 6I H 1E < F 13 ; 6D Q3 1/? 1 :D 1� / 3 </? E <D G 9J @ 1; 0D 13 /3 <I @ 2 6I ; 3 <0 6 �E <=� T S� T %� �= =D /4 15 6; QE 65 3 15 /= </ = <= ; / 2 J M = 8 <; 6I 7 = <D </ 5? E 7 � <3 /? E 1? 1E P < 13 6D Q3 J 2 / /74 D <3 /3 < G�C; 5 / ;� ? E <D G 9 12 P = mg = <= ; / 2 6 <2 / / ; 7 = ; 1 L8 < 5 1/? 1D 1� / 3 </E 65 3 15 /= <I ϕ = π� $ 1D 1� /3 < / ϕ = 07 = ; 1 L8 < 5 1? E < P < cl� $ 1D 1� /3 </E 65 3 15 /= <I ϕ = ± arccos Pcl

= 7 O /= ; 5 7 /; ? E < P < cl < 5 = / H4 63 / 7 = ; 1 L :8 < 5 1�
T� �� W ? 1E K 3 G 0 E < 5 1K <? 3 1:K 6; 7 3 3 1H 1 2 / @ 63 < F 2 6? E <D 1� / 3 6= < :D 6 P M 3 6? E 65D / 3 3 6I 0 1= < 5 E 6O / 3 <I 0 E < 5 1K <? 6 �= 2� E <=� T S� � %� 1 6; 7 3<2 / / ; 2 6= = 7 M <4 D <3 7 bM 0 E < 5 1K <? � 2 6= = 7 m <4 D <3 7 l�$ 1D 6H 6I M8 ; 1= 62 0 E < 5 1K <? = 5 I F 63 = 1= Q G 5 E 6O /3 <I? 1= E /4 = ; 5 12; 1E = < 13 6 � /= ; 0 1= ; < cM 3 /3 6? E I � /3 3 12 7 = 1= ; 1I 3 < G 0 1; 1E 1H 1 1; 5 /8 6:/; ϕ = 0M = 1= ; 65 <; Q 7 E 65 3 /3 </? / E 5 1H 1? E < 9D <� /3 <I�C; 5 / ;�

(M +m)l2

3
ϕ̈+

(

c− P l− P l2

b

)

ϕ = 0.

T� Y� V 5 6 6 9= 1D G; 3 1 � / = ; 0 <@ 14 3 1E 14 3 J @ = ; / E � 3 I 3 6@ 14 I ; = I 5 H 1E < :F 13 ; 6D Q3 1 L? D 1= 0 1= ; < <? 14 4 /E � < 5 6 G; = I 5? E I 2 1D <3 / L3 12? 1D 1� /3 < <4 5 7 2 I =? <E 6D Q3 J 2 <? E 7 � <3 62 < � /= ; 0 1= ; < c1 < c2 �= 2� E <=� T S� Y %�

¼ � � �� � Ø T � Y

ôõö â ÷X â ÷

VD <3 J = ; /E � 3 / L � l1 < l2 M 2 6= = J � m1

< m2� W 0 13 P 7 5 ; 1E 1H 1= ; / E � 3 I? E <D 1� /3 6 R 2 / E ; 5 6I U = <D 6 P M4 / L= ; 5 7 GO 6I 54 1D Q 5 / E ; <0 6:D <� > 1= ; 65 <; Q 7 E 65 3 / 3 <I? / E 5 1H 1? E < 9D <� /3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� / :3 <I 1; 3 1= <; /D Q3 1 5 / E ; <0 6D Q3 1H 1? 1D 1� /3 <I� � B 12 / 3 ; <3 / E P < <= ; /E � :3 I 2 6= = J m <4 D <3 J l 1; 3 1= <; /D Q3 1P / 3 ; E 6E 65 / 3 J = ml2

12

� %C; 5 / ;�
(m1

3
+m2

)

l21ϕ̈1 +
1

2
m2l1l2ϕ̈2 + (c1 + c2 − P l1)ϕ1 − c2ϕ2 = 0,

1

2
m2l1l2ϕ̈1 +

1

3
m2l

2
2ϕ̈2 − c2(ϕ1 − ϕ2) − P l2ϕ2 = 0.

T� ü� > 1@ E 63 I I 7 =D 15 <I ? E /4 J 4 7 O / L F 64 68 <�M = 1= ; 65 <; Q 7 E 65 3 /3 <I? /E 5 1H 1? E < 9D <� / 3 <I 5 1 F 2 7 O / 3 3 1H 14 5 <� /3 <I 1; 3 1= <; /D Q3 1 5 /E ; <0 6D Q :

ôõö â ÷X â ø
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3 1H 1? 1D 1� / 3 <I M /=D <? E <D 1� / 3 3 6I = <D 6 P I 5D I / ; = I R =D /4 I O / L U�= 2� E <=� T S� ü %�C; 5 / ;�

(m1

3
+m2

)

l21ϕ̈1 +
1

2
m2l1l2ϕ̈2 + (c1 + c2 − P l1)ϕ1 + (P l1 − c2)ϕ2 = 0,

1

2
m2l1l2ϕ̈1 +

1

3
m2l

2
2ϕ̈2 − c2(ϕ1 − ϕ2) = 0.¯ � ~x � { Æ

�� T� VD I F 64 68 < ü� � HD 65J ü? 1D 7 8 <; Q4 1= ; 6; 18 3 1/ 7 =D 15 </ 7 = ; 1 L :8 < 5 1= ; < 5 /E ; <0 6D Q3 1H 1? 1D 1� / 3 <I & < F <8 / = 0 1H 1 2 6I ; 3 <0 6� �0 68 /= ; 5 /&7 3 0 P < < )mI? 7 3 15 6 <=? 1D Q F 15 6; Q 1 9 1 9O / 3 3 J L <3 ; / HE 6D '3 / E H < L H =
= T2 − T0 + Π =« ­ ª µ¨�C; 5 / ;� &7 3 0 P <I )mI? 7 3 1 5 6 5 0 5 64 E 6; <8 3 12? E < 9D <� / 3 < < <2 / / ; 5 <4 �

V =
1

2

(

ml2 +A1

)

ϕ̇2 +
1

2

[

mgl− Ω2
(

ml2 +A2 −A3

)]

ϕ2.

�4 63 3 1 L F 64 68 /4 1= ; 6; 18 3 1/ 7 =D 15 </ 7 = ; 1 L8 < 5 1= ; < mgl > Ω2
(

ml2+
+A2 −A3)

= 15? 64 6/; = 7 =D 15 </ 2 7 = ; 1 L8 < 5 1= ; <? 1? / E 5 12 7 ? E < 9D <� / :3 < G �= 2� E /K / 3 </ F 64 68 < ü� � %�

¼ � � �� � ú T � X

ôõö â ÷X â ÿ

�� �� VD I F 64 68 < Y� T T HD 65J Y? 1D 78 <; Q4 1= ; 6; 18 3 1/ 7 =D 15 </ 7 = ; 1 L :8 < 5 1= ; < 5 /E ; <0 6D Q3 1H 1? 1D 1� / 3 <I 1= < § N 5 E 6O 6 GO / H 1= I4 <= 0 6� �0 6:8 /= ; 5 / &7 3 0 P < < )mI? 7 3 15 6 <=? 1D Q F 1 5 6; Q 1 9 1 9O / 3 3 J L <3 ; / H E 6D ' 3 /E H < L

H = T2 − T0 + Π =« ­ ª µ¨�C; 5 / ;� &7 3 0 P <I )mI? 7 3 1 5 6 5 0 5 64 E 6; <8 3 12 ? E < 9D <� /3 < < <2 / /;5 <4 �
V =

m

2

(

l2 +
r2

4

)

(

α̇2 + β̇2
)

+
1

2

(

cL2 − P l
) (

α2 + β2
)

.

�4 63 3 1 L F 64 68 /4 1= ; 6; 18 3 1/ 7 =D 1 5 </ 7 = ; 1 L8 < 5 1= ; < P l < cL2 3 / F 6:5 <= <; 1; = 0 1E 1= ; < 5 E 6O / 3 <I4 <= 0 6 ω <= 1 1; 5 /; = ; 5 7 /; D <K Q8 6= ; < 1 9:D 6= ; < 7 = ; 1 L8 < 5 1= ; < 5 ? E 1= ; E 63 = ; 5 /? 6E 62 / ; E 1 5 M 1? E /4 /D I / 2 1 L 7 =D 1:5 </ 2 7 = ; 1 L8 < 5 1= ; <? 1? / E 5 12 7 ? E < 9D <� /3 < G �= 2� E /K / 3 </ F 64 68 < Y� T T %�

�� Y� VD I F 64 68 < Y� T S HD 65J Y? 1D 7 8 <; Q4 1= ; 6; 18 3 J / 7 =D 15 <I 7 = ; 1 L :8 < 5 1= ; <? 1D 1� /3 < L 1; 3 1= <; /D Q3 1H 1E 65 3 15 / = <I ; /D 6� �0 68 /= ; 5 / &7 3 0 :P < < )mI? 7 3 15 6 <=? 1D Q F 15 6; Q 1 9 1 9O /3 3 J L <3 ; / HE 6D ' 3 /E H < L H = T2−
−T0 + Π =« ­ ª µ¨�C; 5 / ;� &7 3 0 P <I )mI? 7 3 1 5 6 <2 / / ; 5 <4 �

V (ϕ̇, ϕ) = (A+Mh2) ϕ̇
2

2 +

+ω2

2 (B sin2 ϕ+ C cos2 ϕ) +Mgh(1− cosϕ).
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� 10 E /= ; 3 1= ; <? 1D 1� /3 <I E 65 3 15 /= <I ϕ∗ = 0

&7 3 0 P <I )mI? 7 3 1 5 65 0 5 64 E 6; <8 3 12? E < 9D <� /3 < < 1; 3 1= <; /D Q3 1 ψ = ϕ∗ − ϕ <2 / /; 5 <4 �

V (ψ̇, ψ) =
1

2
(A+Mh2)ψ̇2 +

1

2

[

Mgh− (B − C)ω2
]

ψ2,

1; 0 74 6=D /4 7 / ; 4 1= ; 6; 18 3 1/ 7 =D 15 < / 7 = ; 1 L8 < 5 1= ; < Mgh > (B − C)ω2�� 10 E /= ; 3 1= ; <? 1D 1� / 3 <I E 65 3 1 5 / = <I ϕ∗ = π

&7 3 0 P <I )mI? 7 3 1 5 65 0 5 64 E 6; <8 3 12? E < 9D <� /3 < < 1; 3 1= <; /D Q3 1 ψ = ϕ∗ − ϕ <2 / /; 5 <4 �

V (ψ̇, ψ) =
1

2
(A+Mh2)ψ̇2 − 1

2

[

Mgh+ (B − C)ω2
]

ψ2,

1; 0 74 6=D /4 7 / ; 4 1= ; 6; 18 3 1/ 7 =D 15 < / 7 = ; 1 L8 < 5 1= ; < Mgh < (C −B)ω2�� 10 E / = ; 3 1= ; <? 1D 1� /3 <I E 65 3 15 /= <I ϕ∗ =© ´« « ­ µ Mgh
(B−C)ω2

M 0 1; 1E 1/

= 7 O / = ; 5 7 / ; ? E < 5J ? 1D 3 / 3 < <7 =D 1 5 <I ∣∣
∣

Mgh
(B−C)ω2

∣

∣

∣
6 1M &7 3 0 P <I )mI? 7 3 1 5 6

5 0 5 64 E 6; <8 3 12? E < 9D <� /3 < < 1; 3 1= <; /D Q3 1 ψ = ϕ∗ − ϕ <2 / /; 5 <4 �

V (ψ̇, ψ) =
1

2
(A+Mh2)ψ̇2 +

(

− g2h2M2

2(B − C)ω2
+
B − C

2
ω2

)

ψ2,

1; 0 74 6=D /4 7 / ; 4 1= ; 6; 18 3 1/ 7 =D 15 < / 7 = ; 1 L8 < 5 1= ; < B > C��4 63 3 1 L F 64 68 / 4 1= ; 6; 18 3 J / 7 =D 1 5 <I 7 = ; 1 L8 < 5 1= ; < = 15? 64 6 G;= 7 =D 15 <I 2 < 7 = ; 1 L8 < 5 1= ; <? 1? /E 5 12 7 ? E < 9D <� / 3 < G �= 2� E /K /3 </ F 6:4 68 < Y� T S %�
�� ü� VD I F 64 68 < Y� T Y HD 65J Y? 1D 78 <; Q4 1= ; 6; 18 3 1/ 7 =D 15 </ 7 = ; 1 L :8 < 5 1= ; < 5 /E ; <0 6D Q3 1H 1? 1D 1� /3 <I 1E ; 1H 13 6D Q3 1H 14 5 1 L3 1H 1 2 6I ; 3 <0 6? E < m1 = m2 = m < l1 = l2 = l� �0 68 / = ; 5 / &7 3 0 P < < )mI? 7 3 15 6 <=? 1D Q :F 1 5 6; Q 1 9 1 9O / 3 3 J L <3 ; / H E 6D '3 /E H < L H = T2 − T0 + Π =« ­ ª µ¨�C; 5 / ;� &7 3 0 P <I )mI? 7 3 1 5 6 5 0 5 64 E 6; <8 3 12? E < 9D <� / 3 < < <2 / / ; 5 <4 �

V = ml2

2

(

5ϕ̇2
1 + 2ϕ̇1ϕ̇2 + ϕ̇2

2

)

+

+
(

3mgl
2 − 6Ω2ml2

)

ϕ1
2 +

(

mgl
2 − Ω2ml2

)

ϕ2
2.

�4 63 3 1 L F 64 68 /4 1= ; 6; 18 3 1/ 7 =D 15 </ 7 = ; 1 L8 < 5 1= ; < 4lΩ2 < g= 1 1; 5 / ; := ; 5 7 / ; D <K Q8 6= ; < 1 9D 6= ; < 7 = ; 1 L8 < 5 1= ; < 5? E 1= ; E 63 = ; 5 /? 6E 62 / ; E 1 5 M1? E /4 /D I / 2 1 L 7 =D 1 5 </ 2 7 = ; 1 L8 < 5 1= ; <? 1? /E 5 12 7 ? E < 9D <� /3 < G �= 2�E /K /3 < / F 64 68 < Y� T Y %�

¼ � � �� � þ T � �

¯ � ~x � { Ä

Y� T� 1 6E 3 <E 3 J L4 5 7 F 5 / 3 3 <0 D / � <; 3 6 9 10 15 1 L? 1 5 / E @ 3 1= ; < HD 64 0 1:H 1 H 1E < F 13 ; 6D Q3 1H 1P <D <34 E 64 < 62 / ; E 6 D �= 2� E <=� T S� X %�

ôõö â ÷X â �

� 6 L; <? 1D 1� /3 <I E 65 3 1 5 / = <I < <= =D /4 15 6; Q <@ 7 = ; 1 L8 < 5 1= ; Q M /=D <4 D <3 60 6�4 1H 1 F 5 / 3 6E 65 3 6 l�C; 5 / ;� 5 = / H4 67 = ; 1 L8 < 5 1/? 1D 1� /3 </ E 65 3 1 5 / = <I ϕ = 0 <? 1D 1� / 3 </

l tan3 ψ∗ = D(1 + tan2 ψ∗)M 7 = ; 1 L8 < 5 1/? E < l > 2D�

Y� �� 1 6E 3 <E 3 J L4 5 7 F 5 / 3 3 <0 D / � <; 3 6 HD 64 0 1 L? E I 2 17 H 1D Q3 1 L 1? 1:E /K <E <3 1 L a �= 2� E <=� T S� ö %�� 6 L; <? 1D 1� /3 <I E 65 3 1 5 / = <I < <= =D /4 15 6; Q <@ 7 = ; 1 L8 < 5 1= ; Q M /=D <4 D <3 J F 5 /3 Q / 5 E 65 3 J l�C; 5 / ;� 5 = / H4 67 = ; 1 L8 < 5 1/? 1D 1� /3 < / E 65 3 15 / = <I α∗=β∗=arccos 3

√

a
l

�

Y� Y� �= =D /4 15 6; Q7 = ; 1 L8 < 5 1= ; Q 5 /E ; <0 6D Q3 1H 1E 65 3 15 / = <I4 5 7 @ 14 < :3 60 1 5J @ 2 6I ; 3 <0 154 D <3 J l < 2 6= = J mM = 5 I F 63 3 J @ ? E 7 � <3 1 L � /= ; 0 1:= ; < cM /=D < 14 <3 <@ 3 <@ I 5D I / ; = I 1 9E 6O / 3 3 J 2 �= 2� E <=� T S� � %� $E 7 � <3 6= 1/4 <3 I /; 2 6I ; 3 <0 <3 6 5J = 1; / a 1; 3 <� 3 / H 1K 6E 3 <E 6�C; 5 / ;� ? 1D 1� /3 < / E 65 3 1 5 / = <I 7 = ; 1 L8 < 5 1? E < 2a > l + mg
c

�

Y� ü� � 6 L; < 7 =D 1 5 <I 7 = ; 1 L8 < 5 1= ; <? 1D 1� /3 <I E 65 3 15 /= <I 14 3 1E 14 :3 1H 1? 1D 7 P <D <3 4 E 6E 64 <7 = 6 r3 63 /? 14 5 <� 3 12 ? 1D 7 P <D <34 E / E 64 <7 :
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= 6 RM = 8 <; 6I M8 ; 1 / H 1 1 90 6; J 5 63 </? E 1 <= @ 14 <; 9ó/ F? E 1= 0 6D Q FJ 5 63 <I�= 2� E <=� T S� � %�C; 5 / ;� ? 1D 1� /3 < / E 65 3 1 5 / = <I 7 = ; 1 L8 < 5 1? E < r < 4R
3π−4

�

ôõö â ÷X â �

Y� X� � 6 L; <7 =D 1 5 <I 7 = ; 1 L8 < 5 1= ; <? 1D 1� /3 <I E 65 3 1 5 /= <I 14 3 1E 14 3 1:H 1? 1D 7K 6E <I E 64 <7 = 6 r3 63 /? 14 5 <� 3 12? 1D 7K 6E < <E 64 <7 = 6 RM = 8 <; 6I M8 ; 1 1 90 6; J 5 63 </? E 1 <= @ 14 <; 9/ F? E 1= 0 6D Q FJ 5 63 <I �= 2� E <=� T S� ú %�C; 5 / ;� ? 1D 1� /3 < / E 65 3 1 5 / = <I 7 = ; 1 L8 < 5 1? E < r < 3R
5

�

¼ � � �� � þ T � ú

ôõö â ÷X â V
ôõö â ÷X â W

ôõö â ÷X â ÷X

Y� ö� VD <3 3 J L 14 3 1E 14 3 J L 9E 7 = = = <2 2 /; E <8 3 J 2 ; E / 7 H 1D Q3 J 2 = /8 / :3 </ 2 < F H 1; 15D /3 < F 2 6; /E < 6D 6= ? D 1; 3 1= ; Q G ρ < <2 / / ; 7 H 1D ? E < 5 / E :K <3 / 2α

�= 2� E <=� T S� T S %� � 6 L; < 7 =D 15 <I 7 = ; 1 L8 < 5 1= ; < / H 1 5 / E ; <0 6D Q :3 1H 1? 1D 1� / 3 <I E 65 3 15 / = <I 5 � <4 0 1= ; <= ? D 1; 3 1= ; Q G T�C; 5 / ;� ? 1D 1� /3 < / E 65 3 1 5 / = <I 7 = ; 1 L8 < 5 1? E < ρ > cos4 α�
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ü� T� �= =D /4 1 5 6; Q7 = ; 1 L8 < 5 1= ; Q3 <� 3 / H 1? 1D 1� /3 <I E 65 3 15 /= <I = & / :E <8 / = 0 1H 1 2 6I ; 3 <0 64 D <3 1 L lM 3 /= 7 O / H 1; 18 /8 3 7 G 2 6= = 7 m <3 6HE 7 � / 3 :3 1H 1? 1= ; 1I 3 3 J 2 0 E 7 ; I O <2 2 12 / 3 ; 12 M M 3 6? E 65D /3 3 J 2 54 1D Q 2 /= ; :3 1 L 5 / E ; <0 6D < �= 2� E <=� T S� T T %�
ôõö â ÷X â ÷ ÷

C; 5 / ;� ? 1D 1� /3 < / E 65 3 1 5 / = <I 3 / 7 = ; 1 L8 < 5 1? E < M 6= 0�

ôõö â ÷X â ÷ ø

ü� �� �= =D /4 1 5 6; Q7 = ; 1 L8 < 5 1= ; Q3 <� 3 / H 1? 1D 1� /3 <I E 65 3 15 /= <I4 5 1 L :3 1H 1 2 6I ; 3 <0 6M 0 5 /E K <3 / 0 1; 1E 1H 1? E <D 1� /3 6 =D /4 I O 6I = <D 6 f =

¼ � � �� � 6 T úT
= F sin(ϕ2 − ϕ1)M 3 6? E 65D / 3 3 6I ? /E? / 34 <0 7D I E 3 1 1= < 5 ; 1E 1H 1 F 5 /3 6�= 2� E <=� T S� T � %�VD <3 J F 5 /3 Q / 5 E 65 3 J lM ; 18 /8 3 J / 2 6= = J � m�C; 5 / ;� ? 1D 1� /3 < / E 65 3 1 5 / = <I 7 = ; 1 L8 < 5 1? E < F < 2mg�

ü� Y� �= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q = <2 2 /; E <8 3 1H 1? 1D 1� /3 <I E 65 3 1:5 / = <I4 1= 0 <�MD / � 6O / L3 64 5 7 @ ? E 1; < 5 1? 1D 1� 3 1 5 E 6O 6 GO <@ = I 5 6D 6@ M/=D < 2 / �4 7 4 1= 0 1 L < 5 6D 62 <4 / L= ; 5 7 G; = <D J = 7 @ 1H 1 ; E /3 <I �= 2�E <=� T S� T Y %�C; 5 / ;� E 65 3 15 / = </ 7 = ; 1 L8 < 5 1M /=D <= <D J ; E /3 <I R = � <2 6 G; U4 1= 0 7 M<3 / 7 = ; 1 L8 < 5 1M /=D < R E 6= ; I H < 5 6 G; U�

ü� ü� �= =D /4 15 6; Q 7 = ; 1 L8 < 5 1= ; Q 5 /E @ 3 / H 1? 1D 1� /3 <I E 65 3 15 / = <I 1E :; 1H 13 6D Q3 1H 1 H <E 1= 0 1? <8 / = 0 1H 1 2 6I ; 3 <0 6M /=D <4 D <3 J F 5 / 3 Q / 5 E 65 3 J lM2 6= = 64 <= 0 6 � mM / H 1? 1D I E 3 J L < '0 5 6; 1E < 6D Q3 J L 2 12 /3 ; J <3 /E P < <E 65 3 J = 1 1; 5 /; = ; 5 /3 3 1 C < AM 6= 0 1E 1= ; QE 65 3 12 / E 3 1H 1 5 E 6O /3 <I � Ω�= 2� E <=� T S� T ü %�C; 5 / ;� AΩ >
√
mgl(

√

(ml2 + C)2 +
√

4ml2 + C)�

¯ � ~x � { À

X� T� �= =D /4 1 5 6; Q7 = ; 1 L8 < 5 1= ; Q3 7D / 5 1H 1E /K /3 <I = <= ; / 2 J

Ẋ = AX,

H4 / 6 %

A =









12 −3 −2 −4
4 −1 0 −2

16 −4 −3 −5
16 −4 −3 −5









,

9 %

A =









12 −3 −2 −4
16 −4 −2 −6
16 −4 −3 −5
16 −4 −3 −5









,
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ôõö â ÷X â ÷ û

ôõö â ÷X â ÷ ÿ

5 %

A =









1 3 4 5
4 4 8 10

−13 −20 −32 −40
9 13 20 25









,

H %

A =

















1 −1 1 1 0 0
1 −1 −1 −1 0 0
0 0 −5 −1 0 0
0 0 0 0 −1 −1
0 0 0 0 −1 1
0 0 0 0 1 −1

















,

¼ � � �� � � T úY

4 %

A =









0 −1 1 0
1 0 0 1
0 0 0 1
0 0 −1 0









,

/ %

A =









0 −1 0 1
1 0 1 0
0 0 0 1
0 0 −1 0









,

� %

A =









−17 −2 −46 6
29 5 71 −8
4 0 13 −2

−8 −4 −7 −1









,

C; 5 / ;�6 %3 / 7 = ; 1 L8 < 5 1M9 %3 / 7 = ; 1 L8 < 5 1M5 %3 / 7 = ; 1 L8 < 5 1MH %3 / 7 = ; 1 L8 < 5 1M4 % 7 = ; 1 L8 < 5 1M/ %3 / 7 = ; 1 L8 < 5 1M� % 7 = ; 1 L8 < 5 1M? E <8 / 2 E /K /3 </ <2 / / ; 5 <4

x1(t) = −10C2 sin(t) − 15C3 sin(t) + 35C4 sin(t) + C1(cos(t) + 38 sin(t)),

x2(t) = C2(cos(t) − 31 sin(t)) + 111C1 sin(t) − 41C3 sin(t) + 100C4 sin(t),

x3(t) = C3(cos(t) − 34 sin(t)) + 97C1 sin(t) − 28C2 sin(t) + 85C4 sin(t),

x4(t) = 32C1 sin(t) − 10C2 sin(t) − 10C3 sin(t) + C4(cos(t) + 27 sin(t))

¯ � ~x � { �

ö� T� � F 64 68 / T� � 1? E /4 /D <; Q 5 /D <8 <3 7 0 E <; <8 /= 0 1 L3 6HE 7 F0 <�C; 5 / ;� P∗ = cb
l(l+b)

�

ö� �� � F 64 68 / T� Y 1? E /4 /D <; Q & 1E 2 7 ? 1; /E <7 = ; 1 L8 < 5 1= ; < < 5 /D <8 <3 70 E <; <8 /= 0 1 L3 6H E 7 F0 <? E < c1 = c2 = c < l1 = l2 = l�
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C; 5 / ;� P∗ = 3−
√

5
2

c
l

� $E < '; 12 = <= ; / 2 6? /E / @ 14 <; 5 3 15 1/? 1D 1� / 3 </

E 65 3 15 /= <I ϕ1 = ϕ2

√
5−1
2

�

ö� Y� � F 64 68 / T� ü 1? E /4 /D <; Q & 1E 2 7 ? 1; /E <7 = ; 1 L8 < 5 1= ; < < 5 /D <8 <3 70 E <; <8 /= 0 1 L3 6H E 7 F0 <? E < c1 = c2 = c < l1 = l2 = l�C; 5 / ;� P∗ = 2c
5l (9 −

√
7)� $E < ' ; 12 = <= ; / 2 6? /E / @ 14 <; 54 5 <� / 3 </�

ö� ü� � 6E 65 3 12 /E 3 1 5 E 6O 6 GO / L= I = 7 HD 1 5 1 L= 0 1E 1= ; Q G Ω 1= <? 14 5 / :K / 3 = 5 I F0 <2 ; E / 3 </ 2 Ff = F (Ω− ϕ̇) 2 6; / 2 6; <8 / = 0 < L 2 6I ; 3 <0 4 D <3 J l< 2 6= = J m

� 2 6I ; 3 <0 £ E 174 6 %� > <D J ; E / 3 <I M 1;D <8 3 J / 1; ; E / 3 <I 1 9 1= Q M? E 1? 1E P < 13 6D Q3 J 7 HD 1 5 1 L = 0 1E 1= ; < 2 6I ; 3 <0 6 Fr = bϕ̇� �= =D /4 15 6; Q5D <I 3 </ = <D ; E / 3 <I 3 67 = ; 1 L8 < 5 1= ; Q? 1D 1� / 3 <I E 65 3 1 5 /= <I 2 6I ; 3 <0 6�C; 5 / ;� ? 1D 1� /3 < / E 65 3 1 5 / = <I 1? E /4 /D I / ; = I E 65 / 3 = ; 5 12

mgl sinϕ0 = F (Ω).

$E < b+ F ′(Ω) < 03 <� 3 / /? 1D 1� / 3 </ E 65 3 15 /= <I 2 6I ; 3 <0 6= ; 63 15 <; = I3 / 7 = ; 1 L8 < 5J 2 �R 1; E <P 6; /D Q3 1/ ; E / 3 </ U %�

ö� X� � 60 E 6 G4 <= 0 6E 64 <7 = 6 RM E 65 3 12 / E 3 1 5 E 6O 6 GO / H 1= I = 7 HD 1 5 1 L= 0 1E 1= ; Q G Ω 5 H 1E < F 13 ; 6D Q3 1 L? D 1= 0 1= ; < M 1? /E ; 1 9E 6O / 3 3 J L= & / E <8 / := 0 < L 2 6I ; 3 <0 4 D <3 J l < 2 6= = 1 L 6? /0 = 6 m �= 2� E <=� T S� T X %�

ôõö â ÷X â ÷ �

� 6 L; <? 1D 1� /3 <I E 65 3 1 5 / = <I 2 6I ; 3 <0 6 < 1? E /4 /D <; Q = ; /? / 3 Q <@3 / 7 = ; 1 L8 < 5 1= ; <� � 1 F 2 1� 3 6D < H <E 1= 0 1? <8 / = 0 6I = ; 6 9 <D < F 6P <I 3 / 7 = ; 1 L :8 < 5J @ ? 1D 1� /3 < LE 65 3 15 /= <I ,

¼ � � �� � Z T ú X

C; 5 / ;� ? 1D 1� /3 <I E 65 3 15 /= <I 1? E /4 /D I G; = I E 65 / 3 = ; 5 12
Ψ = 0, Ω2 sinϑ∗ cosϑ∗ − Ω2ρ cosϑ∗ + k2 sinϑ∗ = 0.� 1 F 2 1� 3 J � M Y <D < ü? 1D 1� /3 <I E 65 3 1 5 /= <I� A= ; 1 L8 < 5 1M 14 3 60 1M; 1D Q0 1 14 3 1? 1D 1� /3 </ E 65 3 15 /= <I 5 1 9D 6= ; < π 6 ϑ∗ < 3π

2

� >; /? / 3 Q3 / 7 = ; 1 L8 < 5 1= ; < 1= ; 6D Q3 J @ ? 1D 1� / 3 < LE 65 3 15 /= <I 8 /; 3 6I �E 65 3 6I � % M14 3 60 1 <@ H <E 1= 0 1? <8 /= 0 6I = ; 6 9 <D < F 6P <I 3 / 5 1 F 2 1� 3 6�

¯ � ~x � { Å

�� T� � 1 F 2 7 O / 3 3 1/4 5 <� / 3 </ 1? E /4 /D I / ; = I =D /4 7 GO / L= <= ; / 2 1 L 14 :3 1E 14 3 J @ D <3 / L3 J @ 4 < & & /E / 3 P < 6D Q3 J @ 7 E 65 3 /3 < L= ? / E < 14 <8 /= 0 <2 <0 1' & & <P </3 ; 62 <�

ẋ1 = −x1 + sin t · x2,
ẋ2 = cos t · x1 − x2 − sin t · x3,
ẋ3 = cos t · x2 + ax3.$E <0 60 <@ F3 68 /3 <I @ ? 6E 62 / ; E 6 a3 7D / 5 1/ E /K /3 < / 974 /; 7 = ; 1 L8 < :5J 2� C; 5 / ;� a < −0.134�

�� �� � 1 F 2 7 O / 3 3 1/4 5 <� / 3 </ 1? E /4 /D I / ; = I =D /4 7 GO / L= <= ; / 2 1 L 14 :3 1E 14 3 J @ D <3 / L3 J @ 4 < & & /E / 3 P < 6D Q3 J @ 7 E 65 3 /3 < L= ? / E < 14 <8 /= 0 <2 <0 1' & & <P </3 ; 62 <�

ẋ1 = −x1 + sin t · x2,
ẋ2 = cos t · x1 + ax2 − sin t · x3,
ẋ3 = cos t · x2 − x3.$E <0 60 <@ F3 68 /3 <I @ ? 6E 62 / ; E 6 a3 7D / 5 1/ E /K /3 < / 974 /; 7 = ; 1 L8 < :5J 2� C; 5 / ;� a < 1/2�

�� Y� � 1 F 2 7 O / 3 3 1/4 5 <� / 3 </ 1? E /4 /D I / ; = I =D /4 7 GO / L= <= ; / 2 1 L 14 :3 1E 14 3 J @ D <3 / L3 J @ 4 < & & /E / 3 P < 6D Q3 J @ 7 E 65 3 /3 < L= ? / E < 14 <8 /= 0 <2 <0 1' & & <P </3 ; 62 <�

ẋ1 = ax1 + sin t · x2,

ẋ2 = cos t · x1 − x2 − sin t · x3,

ẋ3 = cos t · x2 − x3.
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$E <0 60 <@ F3 68 /3 <I @ ? 6E 62 / ; E 6 a3 7D / 5 1/ E /K /3 < / 974 /; 7 = ; 1 L8 < :5J 2� C; 5 / ;� a < −0.134�

�� ü� � 1 F 2 7 O / 3 3 1/4 5 <� / 3 </ 1? E /4 /D I / ; = I =D /4 7 GO / L= <= ; / 2 1 L 14 :3 1E 14 3 J @ D <3 / L3 J @ 4 < & & /E / 3 P < 6D Q3 J @ 7 E 65 3 /3 < L= ? / E < 14 <8 /= 0 <2 <0 1' & & <P </3 ; 62 <�

ẋ1 = ax1 + sin 2t · x2,

ẋ2 = cos 2t · x1 − x2 − sin t · x3,

ẋ3 = cos t · x2 − x3.$E <0 60 <@ F3 68 /3 <I @ ? 6E 62 / ; E 6 a3 7D / 5 1/ E /K /3 < / 974 /; 7 = ; 1 L8 < :5J 2� C; 5 / ;� a < −0.204�

�� X� � 1 F 2 7 O / 3 3 1/4 5 <� / 3 </ 1? E /4 /D I / ; = I =D /4 7 GO / L= <= ; / 2 1 L 14 :3 1E 14 3 J @ D <3 / L3 J @ 4 < & & /E / 3 P < 6D Q3 J @ 7 E 65 3 /3 < L= ? / E < 14 <8 /= 0 <2 <0 1' & & <P </3 ; 62 <�

ẋ1 = − 1
2x1 + sin t · x2 + ax3,

ẋ2 = −x2,

ẋ3 = ax1 + cos t · x2 − x3.$E <0 60 <@ F3 68 /3 <I @ ? 6E 62 / ; E 6 a3 7D / 5 1/ E /K /3 < / 974 /; 7 = ; 1 L8 < :5J 2� C; 5 / ;� |a| <
√

2/2�

¯ � ~x � { �

�� T� �= =D /4 15 6; Q7 = ; 1 L8 < 5 1= ; Q; 13 0 1H 10 1D QP 6M = � 6; 1H 1E 64 < 6D Q3 J :2 < 7 = <D <I 2 < q �

q �= <D 6M? E <@ 14 I O 6I = I 3 6 /4 <3 <P 7 4 D <3 J 10 E 7 � 3 1 := ; < % M? 1= ; 1I 3 3 13 6? E 65D /3 3 J 2 <? 13 1E 2 6D <0 < F 1H 3 7 ; 1 LD <3 < <0 1D QP 6�= 2� E <=� T S� T ö %�B 12 / 3 ; <3 /E P < <? 1? /E /8 3 1H 1 = /8 / 3 <I 0 1D QP 6 � J M E 64 <7 = 0 1D Q :P 6 � RM 2 14 7D Q �3 H 6 � E�C; 5 / ;� 4 < & & / E /3 P < 6D Q3 1/ 7 E 65 3 / 3 </ '; 1 L F 64 68 < <2 / /; 5 <4
EJ

d3
κ

ds3
+

(

qR+
EJ

R2

)

dκ

ds
= 0, κ =

d2w

ds2
+

w

R2
,

¼ � � �� � [ T ú �

ôõö â ÷X â ÷ �

H4 /

κ

� < F 2 / 3 /3 < / 0 E < 5 < F3 J 0 1D QP 6M w � 3 1E 2 6D Q3 J L? E 1H < 9M s �4 D <3 64 7 H <� W E <; <8 / = 0 6I 3 6HE 7 F0 6E 65 3 6 q∗ = 3EJ
R3

�

�� �� � =D 7 8 6/ M /=D <0 1D QP 13 6HE 7 � / 3 1E 64 < 6D Q3 J 2 < 7 = <D <I 2 < M = 1:F4 65 6/ 2 J 2 <? E <? 12 1O <; E 1= 15 M = 1 9E 63 3 J @ 5 P /3 ; E / 5 7 F /D M 3 6HE 7 F0 6

q 5 = / H4 63 6? E 65D / 3 60 P /3 ; E 7 0 1D QP 6 �= 2� E <=� T S� T � %�

ôõö â ÷X â ÷ �

� 6 L; <0 E <; <8 / = 0 1/ F3 68 /3 </ 3 6H E 7 F0 <0 1D QP 6 5 '; 12 =D 7 8 6/�C; 5 / ;� 4 < & & / E /3 P < 6D Q3 1/ 7 E 65 3 / 3 </ '; 1 L F 64 68 < <2 / /; 5 <4

EJ
d3

ds3

(

d2w

ds2
+

w

R2

)

+

(

qR+
EJ

R2

)

d

ds

(

d2w

ds2
+

w

R2

)

+
q

R

dw

ds
= 0.

W E <; <8 /= 0 6I 3 6H E 7 F0 6E 65 3 6 q∗ = 9EJ
2R3

�
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�� Y� �= =D /4 15 6; Q7 = ; 1 L8 < 5 1= ; Q0 1D QP / 5 1 L? D 6= ; <3 J ; 1D O <3 J h= 2 1 :4 7D / 2 �3 H 6 E <0 1' & & <P </3 ; 12 $7 6= = 13 6 ν = 0.3M / =D <? 1 / / 5 3 /K :3 / 2 7 < 5 3 7 ; E /3 3 / 2 7 0 13 ; 7 E 62 M E 64 <7 = J 0 1; 1E J @ E 65 3 J R < R/2= 1 :1; 5 /; = ; 5 / 3 3 1M4 / L= ; 5 7 G; 7 = <D <I 14 <3 60 15 1 L <3 ; / 3 = < 5 3 1= ; < � T �= 2�E <=� T S� T � %� $E /4 ? 1D 6H 6/; = I M8 ; 14 / & 1E 2 6P <I 1= / = <2 2 / ; E <8 3 6� W E 6I? D 6= ; <3 J K 6E 3 <E 3 1 F 60 E /? D /3 J �
ôõö â ÷X â ÷ V

C; 5 / ;� T = 3.752Eh
3

R2 .

�� ü� > 1@ E 63 I I 7 =D 1 5 <I ? E /4 J 4 7 O / L F 64 68 < M <= =D /4 1 5 6; Q 7 = ; 1 L8 < :5 1= ; Q? D 6= ; <3 J M /=D < 5 3 /K 3 < L0 E 6 L F 60 E /? D /3 K 6E 3 <E 3 1M 6 5 3 7 ; E /3 3 < L0 E 6 L 2 1� / ; = 2 / O 6; Q= I = 5 1 9 14 3 1 5 3 6? E 65D / 3 < < 1= <? D 6= ; <3 J M 3 1? E <'; 12 3 /? 1 5 1E 68 < 5 6/; = I �= 2� E <=� T S� T ú %� � �E 63 <8 3 J / 7 =D 1 5 <I 3 6 ' ; 120 E 6 G < 2 / G; 5 <4 dw
dr = 0M Rr = d3w

dr3 + d
dr

(

1
r
dw
dr

)

= 0� %

C; 5 / ;� T = 0.926Eh
3

R2 .

�� X� > & /E <8 /= 0 6I 1 9 1D 18 0 6E 64 <7 = 6 RM ; 1D O <3 J h= 2 14 7D / 2 �3 H 6
E <0 1' & & <P </3 ; 12 $7 6= = 13 6 ν3 6@ 14 <; = I? 14 4 / L= ; 5 < / 2 E 65 3 12 /E 3 1H 14 65D /3 <I q

�= 2� E <=� T S� � S %�� '; 12 =D 7 8 6/4 10 E <; <8 /= 0 </ 7 = <D <I 5 1 5 = / @ 3 1E 2 6D Q3 J @ = /8 /3 <I @1 9 1D 18 0 <E 65 3 J T1

«T2

«− qR
2

M E 64 < 6D Q3 1/? / E / 2 / O /3 </ w0 = qR2

2Eh (1−ν)�C? E /4 /D <; Q 5 /D <8 <3 7 0 E <; <8 /= 0 1 L3 6H E 7 F0 <�

¼ � � �� � [ T ú ú

ôõö â ÷X â ÷ W

C; 5 / ;� 4 < & & / E /3 P < 6D Q3 1/ 7 E 65 3 / 3 </ '; 1 L F 64 68 < <2 / /; 5 <4

D

h
∆3w +

qR

2h
∆2w +

E

R2
∆w = 0,

H4 / D = Eh
12(1−ν2)

� W E <; <8 /= 0 6I 3 6H E 7 F0 6E 65 3 6 q∗ = 2E√
3(1−ν2)

(

h
R

)2
.

R
q

ôõö â ÷X â øX
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2 �� �� � ~ � ) 63 Q M � S S �� � �Y ö« �¡ X ¢ � 1D Q 2 <E #� >� � � �� �� �� � � �� � � �� � � � �� � �Ä � � � � � � � ~ � B� � � 6:7 0 6M T ú ö �� � ú� ü=�¡ ö ¢ � 63 ; 2 6@ /E £� .� ¶�� � � ß �� �� � à ~ � B� � � 67 0 6M T ú� �� � X X �=�¡ � ¢ V 13 3 /D D )� �� Ä� �� � � � �� � � �� Ä � � �� �� � � � ~ � B� � � 67 0 6M T ú� �� �X ö� =�¡� ¢ �D Q H 62 15 B� #� � �� � �� � � � � � �� �� � � � � �� �� � �� � � � �� ~ �W 6 F 63 Q MT ú ú ü� � � S� =�¡ ú ¢ ) 6: > 6D D Q (� M ) / &K / P >� z� � � � ��� � � � �� � �� �� �� � � �� ��ß �Ä �� � �� �� � �ß �� � �� � ~ $ /E / 5� = 63 HD � � B� � B <E M T ú ö ü� � T ö� =�¡T S ¢ B / E 0 <3 V� .� }� � � � � � � �� � � � � � � � � � � �Ä ~ � â� � � 67 0 6M T ú � ü� �Y ü ü=�¡T T ¢ B / E 0 <3 V� .� Ã� � � �� � �� � �� � � á� � �� �� �� � � � � �� �Ö �� � ß ~ 3� �� � � ~ � â� � � 67 0 6M T ú� �� � Y S ü=�¡T � ¢ B / E 0 <3 V� .� Ã� � � �� � �� � �� � � á� � �� �� �� � � � � �� �Ö �� � ß ~ 4� �� � � ~ � â� � ) 63 Q M � S SY� � Y S ü=�¡T Y ¢ B / E 0 <3 V� .� M ! 67 ' E >� B� M > 2 <E 3 1 5 #� )� Å� �� � � �� � �� � � �� � �� �� �� � � � � ~ � â 1= 0 5 6� �m� / 5 = 0� �3 = ; <; 7 ; 0 12? Q G; / E 3 J @ <= :=D /4 15 63 < LNM � S S �� � T � � =�

� 	Û � x �Û� x � � ST
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