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1. Introduction

Cooperative games suggest the possibility of enhankangdrticipants’ welbeing ir
situations involving strategic interactions. Variousogerative solutions havbee
presented, like the Nash (1950, 1953) bargaining soluthe Shapley (1953) val
and the stable set of Von Neumann and Morgensteddj1®n essential propel
that a cooperative scheme has to satisfy is individ@iahaity which guaranteghai
each player’s cooperative payoffs will be no less th@nnbn-cooperative payof
Moreover, conditional upon the fulfilment of indiwdl rationality a desirak
property of the scheme is Pareto efficiency. Paretxieficy ensures that t
cooperéive gains of any player cannot be enhanced witHoairéduction of gains

some other players.



For games that are played over time the derivatfoa cooperative solutit
satisfying individual rationality throughout the ammeration duration becornr
extremely strenuoudn addition to individual rationality and Paretdieency, the
sustainability of the agreagpon solution is also of concern to the participg
players Frequently, the lack of guarantee that individuaktionality durin
cooperation leads to brealps of the scheme as the game evolves. Haurie )
pointed out that the properof dynamic consistency, which is crucial in maintag
sustainability in cooperation, is absent in theclimapplication of the Nash bargair
solution in differential games. Time consistentusiohs fordifferential games una
deterministic and sto@stic dynamics can be found in Petrosyan and Zecth
(1996), Petrosyan (1997), Yeung and Petrosyan (280d Yeung and Petrosy
(2006).

In this article we present a solution formula toe payoff distribution procedure of a

cooperative differential game that would lead tovee consistent outcome.



2. Problem Formulation
Consider the cooperative differential gaimex,, T —t,) with nontransferable payof
in which the state dynamics is:
X(t) = f[t,x(t),u, (t),u,(t),---,u, ()], x(t,)=x, andtO[t,,T].
(2.1)
The payoff of playet

Ky (. T =toitl Uy,oo,U) = [ @7 X(@ U (0.0, (), U, (D)d7, (2.2)

forid{42,---,nt =N.
Let V'(t,,%,) be the Nash equilibrium payoff of playeif it exists. We sidestep th

multiple solution case and assume that there exighique Nash equilibma or ¢

certain equilibrium is chosen.



Consider the case when the players agree to cdepard bargainlhe agent
consent to use a vector of weights= (a, ,a,,---,a,), for a >0 and Z a; =1, or
j=1
their payoffs and obtain a Pareto optimal outco@umnditional upon the agreeagbor
vector of weightsa , the agents’ optimal cooperative strategiaes be generated
solving the following control problem (See Leitmafi®74),Dockner and Jorgens
(1984), Hamalainen et al (1986), and Yeung andoBg&n (2005)):

max [ n a.g'[r,x(7),u, (1),u,(7),---,u_(7)]dr (2.3)
[ 2a, (D014,

Up,Up oo Uy oo 4

subject to (2.1).



Invoking the standard dynamic programming technigmeptimal solution 1

the control problem (2.1) and (2.3) can be charactr@mefollows.A set of contrc
strategies{y ™ (r,x )for iON and rO[t,,T]} brings about an optimal solutidar
the dynamic programming problem (2.1) and (4f3)here exists a differentiak
function W (t,x):[t,, T]xR™ - R satisfying the following partial differenti:

equation:

-W @ (t,x) = max { > a,g'[t,x,u;, Uy, .U,
=1

ul’uz,...,un

+Wx(a)(t,X)f[t,X,ul,uza'”’un] }

=ia,-9"[t,x,wl‘”> (t, ), 57 (t, %), -, {7 (8, X)]
j=1

+W (1, %) F[t, %, (t, X),057 (€, %), -, (t, X)]

W (T, x) =0. (2.4)



Substituting the cooperative strategigg'” (r,x , for iON and rO[t,,T ]} into
(2.1) yields the dynamics of the cooperative state ti@jgc
X(t) = It (X)) %), €], X(to) =X, (2.5)
We use{x'” ()}, to denote the solution to (2.5).
Note that the cooperative strategieg® (r,x), for iON and rO[t,, T J}of the

dynamic programming problem generated by (& also strategies solving
optimal control problem (2.3YWe can call these cooperative strategies Pareto o
controls under cooperation.

The payoff of player under cooperation can be obtained as:
[ g XO @ @ X @) (T X (@), (X (1) dT
= [ h (@ x()dr, foi CIN .

(2.6)



At the start of the game for individual rationality hold under the optiad
state{x'”’ (7)};.,, in the cooperative gamie(x,, T —t, if)is required that

[ h @.x()dr 2V, (t5,%), for iON. (2.7)

It is obvious that there exis{ ()] such that (2.7) is satisfied at initial ting

T
T=t,

But it may happen that as the game proceeds tRke&etélt,,T] such that

f h (7, X (1))dr <V'(t,x”(t)), for som& N . (2.8)

Time-inconsistency of the individual rationalityrabtion appears if (2.8) happens.



3. Time-consistent Solution Formula
To overcome the time inconsistency problem in (2.8)fallew Petrosyar(1993 an

1997) and introduce a payoff distribution proced(PDP) with a set of functio
B (r) for r[t,,T] such that

o[ o[ )
_[,Bi (r)dr = j h (r,x(r))dr, foriON, (3.1)
which requires the satisfaction of the condition:
[ B (dr=2V' X)), for iDNandtO[t,,T]. (3.2)

If we substituteh (z,x“(r)) by B (r), individual rationality will hold in all
subgames along the cooperative trajectdfy(r for y O[t,,T]. Next we present a
formula for the functiong (r) which satisfies (3.2).



Formula 3.1.
A payoff distribution procedurg (r) with the form
[h (X9 @) -V (%)

— o _ d,,i (a) )
B (T) T-t, drv (r,x* (1)), for rO[t,,T], (3.3

would yield a time-consistent payoff which guarastendividual rationality alonthe
cooperative trajectorx” (r fr rQO[t,,T].



Pr oof:

Using (3.3) we obtain

[ 5 @adr= |

t

[h@XO@dr -Vt %) 4
{ : ——V' (1, x'(1)) }dr
T -1, dr

T

(‘E h (T,x(a)(z'))dr_\/i(to’xo)) _'[ %Vi(r’x(a) (r))dr . (3.4)

t

T -t
T-t,

We useF, to denote_l-_r—_tt(fh (r,x(r))dr -V' (to,xo)J and express (3.4) as:
—t, L4

— T-t _T i i (@)
fﬁi(f)dr—T_to F tjdrv (r,x“)(r))dr
T -t . -
=T 3 RV (X(T),T-T) =V' (t,x'”(1))]
_T_t IO _\/I (@)
Tt F—[0 =V ({t,x"(1))]
:TT_‘tt F V(XD 1) 2V (t, X9 (1)), becauser, >0.

Hence individual rationality is upheld throughaut[t,,T alpng the cooperative
trajectory. m



4. Strategic Support of Pareto Optimal Solution

Consider a new game, (xg, T -tg) Which differs from the original game(xg, T -tg)

only with payoffs of players along the Pareto-optinmajectory «a )(r) for rOftg,T]

and connected trajectories.

Let Ki%(xq.T-tg;uq,...,un) denote the payoff of playerON in the gam
Mo (xg.T-tg), and letx(r) for rOftg,T| denote the corresponding trajectory.
Then

If do not exist suchO(tg,T] that x(r) = x(a)(r) for rOftg, T].

(Here for «a )(r) is the Pareto-optimal trajectory).



Let t =sup{t1 :x(1) = x(a)(r), rD[to,tl}},t >tg. Then

to
t T
= Iﬁ| (T)dt + Ig' [T, x(z') ul(T) ..... Un(T) dr
to t

In a special case Whem(r):x(a)(r) for rO[tg,T], that is x(r) coincides with th

Pareto-optimal trajectory, we obtain

Be definition of the payoff functions in the gantg,(xg.T-tg) we obtain th
condition that along the Pareto-optimal trajectoryghgoffs inr,(xg,T-tg) and th

in (xg,T-tg) coincide.



Definition 4.1. The gamer,(xg,T -tg) is a regularization of the gangxg, T -tg) if
the PDPg; (r) is defined by formula (3.3).
Definition 4.2. Consider the dynamic system
(r)= t[r, x(r),u1(z)....,un (7))l xltg) = xo and 7 O[tg, T]. (1)

Let y=x(t) denote the point that is reached from the solutionystiesn (1) under
given n-tuple of controlsu(r)=(uy(r)....,un(r)) for rOftg,T]. The set of all possik
y=x(t) under different controls(r) for rOftg,T| is called the reachable set of sys
(1) from initial statexg at time instanttOftg,T]. We denote the reachable se
system (1) byc(xg, T -t).

Consider now the problem of strategic stabilityle# tooperation scheme. Us

(3.3) one can prove the following theorem.



Theorem 4.1. In the regularized game, (xg, T -tg) for every £ >0, there exists ¢

¢ -Nash equilibrium with Pareto-optimal payoffs

T
K,a(xo T-to;ug,..., un): J-gi [r x(r) ul(r) ..... un(r)dr
to

T
= [Ai(r)t. (*1)
to

if the following condition is satisfied:
SupposeyOcC(xg, T-t) for tO[tg, T], where yoOc(xg, T -t) is the reachable set of

dynamical system (2.1) from initial statg at momentt, and ¢ = (y1,...,¢ny) iS an

fixed n-tuple of feedback strategies infixg, T -tg). Then the payoff function
Ki(y.T-tig,....n)

is a continuous function of andt, for yOc(xg,T-t) andtd[tg,T] for any n-tuple o

feedback strategieg = (¢1,....¢n).
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