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INTRODUCTION 

Mechanism design theory is associated with the concept of a planner creating 

a mechanism that can effectively solve different kinds of problems.  

Despite its complexity, lately a lot of articles dedicated to application of 

mechanism design were published. Fujishima (2011) and Sandholm (2005) study 

congestion games; Nisan (2014) analyze auction-related problems; Pathak (2011); 

Kominers et al (2010); Budish et al (2012) examine allocation problems. 

As we can see, application of mechanism design theory is widespread (mainly 

in foreign literature). Two common problems are university courses (Budish, 

Cantillon, 2012; Ghosh, 2013) and school (Abdulkadiroğlu et al, 2009; Pathak, 

2011) allocation problems. Number of seats in schools and university classes is 

limited, and that may lead to inefficient allocation of students. That problem may 

become a serious obstacle for students that need to pass certain courses in order to 

graduate. Thus, administration has to bear responsibility for using proper allocation 

mechanism. 

In this work, the application of mechanism design is aimed to create a 

mechanism that would effectively allocate students to schools. The shortcomings of 

existing mechanisms are studied and mechanism that creates a Pareto-optimal 

allocation is built. In addition, all best-known mechanisms are programmed. 

The work is organized as follows. In the first section, we consider basic 

concepts and definitions from mechanism design and game theory, describe existing 

mechanisms and properties studied in this field and give examples that will help 

reader to understand the problem. In the second section, we build an effective student 

allocation mechanism, examine its advantages and weaknesses. Appendix provides 

C++ code for generating outcomes of the mechanisms. 

The result of this work can be applied by district (city) administration to 

effectively allocate students to schools. 
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1. MECHANISM DESIGN 

In this chapter, we consider base concepts from game theory and mechanism 

design theory and describe various mechanisms that can be applied to analyzed 

problems. 

1.1. Basic concepts and definitions (mechanism design theory). 

Mechanism M = (I, {Si}i∈I, g) consists of set of players I, sets of their strategies 

Si and outcome function g: S1 x … x SN → O, that generates outcome from space of 

outcomes O, specified by the mechanism for any strategy profile. 

Mechanism M induces a following game. 

A game of mechanism design is a game G = (M, {Θi}i∈I, {ui}i∈I), where  

1) Θi is a space of possible types of agent i (for example, type may 

hold information about agent’s preferences); 

2) ui: O → R is a payoff function. 

Occasionally, there is no payoff functions, but agents have ordinal preferences 

about outcomes. I.e., for each agent and outcomes we can tell that for this agent only 

one of the following is true:  

1) oi ≻ oj 

2) oi ~ oj 

3) oj ≻ oi 

Social choice function f is a function, that generates a desirable outcome f(θ) 

for known types of players θ = (θ1, …, θN). 

f: Θ1 x … x ΘN → O 

This function is what we want from the mechanism we create. 

Therefore, in general, a mechanism design is an approach that creates 

incentives for actions of individual agents that lead towards desired objectives. 

For simplicity, the functioning of mechanism is depicted in Fig.1. 
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Fig.1 – functioning of mechanism design. 

 

Mechanism M = (S1, …, SN, g) implements a social choice function f(θ), if for 

any θ = (θ1, …, θN) ∈ Θ1 x … x ΘN: 

g(s1
*(θ1), …, sN

*(θN)) = f(θ), 

where strategy profile (s1
*, …, sN

*) is an equilibrium in a game induced by the 

mechanism M. 

By equilibrium, we can consider Nash equilibrium, Bayesian-Nash 

equilibrium, equilibrium in dominant strategies; generally, we are interested in the 

strongest one. 

It would seem that we can just ask each agent their type (such mechanisms are 

called direct) and take the function of social choice f(θ) as a function of outcomes 

g(θ). However, the problem is that the agents do not have to tell the truth. They will 

try to maximize their payoff by reporting the most profitable type in this regard. 

Let us consider few more definitions. 
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A function of social choice f(θ) is called Pareto optimal, if for every type 

profile θ = (θ1, …, θN) and every outcome O ' ≠ f(θ): 

ui (O ', θi ) > ui (f(θ), θi ) ⇒ ∃ j: uj (O ', θj ) < uj (f(θ), θj ). 

I.e., there is no outcome that is not worse-off for every agent, while is better 

for at least one agent, than an outcome that is generated by the social choice function. 

A mechanism is called Pareto optimal, if it implements a Pareto optimal social 

choice function. 

A direct mechanism M = (Θ1, …, ΘN, g) implements a social choice function 

f(θ), if for any θ = (θ1, …, θN) ∈ Θ1 x … x ΘN: 

g(θ1, …, θN) = f(θ), 

where strategy profile (θ1, …, θN) is an equilibrium in a game induced by M. 

Such a mechanism is called strategy-proof. 

A social choice function is strategy-proof implementable, if strategy profile 

(s1
*, …, sN

*), where si
*(θi) = θi, is an equilibrium in a game induced by M = (θ1, …, 

θN, f). 

1.2. Application of mechanism design to allocation problems. 

Among the problems that are solved using the mechanism design, one can 

distinguish so-called allocation problems. 

In general, these problems are specified as follows. 

There are a set of agents {1, …, N} and a set of allocation objects {1, …, M}. 

Agents have preferences regarding allocation objects and allocation objects may 

have preferences regarding agents. Each allocation object i has a volume (capacity) 

qi that is the maximum number of agents that can be allocated to this object. 

The goal of the planner is to effectively allocate allocation objects to students 

according to their declared preferences, without exceeding the volumes of 

distribution objects. 

In this section, we consider different mechanisms that are implemented to 

solve allocation problems. Two common problems in this area are allocation of 
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university students to courses and allocation of students to schools. In fact, 

theoretically, the problem of student allocation to schools is a special case of the 

problem of student allocation to courses. They are equivalent if we suppose that all 

university students should be allocated to only one course. 

1.2.1. Allocation of students to courses. 

Specially designed mechanisms of students' allocation to courses have 

become very popular in many universities. Typically, in universities and colleges 

there is a limit on the number of students per course, related to size of classes 

(number of seats). 

Thus, not all students can attend their preferred courses. This particularly 

affects popular (because of the lecturer, because of the course itself, because of the 

fact that this subject is necessary to pass for most students to graduate) classes, to 

which a great number of students is trying to sign to. That arise the problem for 

administration of the university – what is the best way to allocate those students. 

In this subsection, we consider three mechanisms that are used to allocate 

university students (Ghosh, 2013). The first one (Draft Mechanism) is implemented 

in the Harvard Business School (department of Harvard University, Boston). Other 

two are based on bidding. They are implemented in the University of Michigan (Ann 

Arbor) and Columbia University (New York) correspondingly. We provide 

examples as well. 

1.2.1.1. The HBS Draft Mechanism. 

Mechanism works as follows. In the beginning, students submit their 

preference lists of courses. Further, each student is assigned to a number by random 

draw. Firstly, students are allocated to courses in ascending order of numbers 

(according to their preference lists), and then in descending order. That is, in the first 

round, the student who receives the first number by the draw is the first to sign up 

for a class, and the student who receives the last number is the last. In the second 
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round – conversely, the last one is allocated first and the first one – last. If the number 

of places on the course ends, it is crossed out from the preference lists. 

Moreover, student cannot be allocated to a course, which schedule is 

incompatible with a course that they have already been allocated to. In the beginning 

of each semester, student have time when they can drop a course that they got and 

sign up for a course that still have seats. Exchanges between students are prohibited. 

Let us consider the example. 

Example 1. 

Suppose there are five students: 1, 2, 3, 4, 5; and six courses: Economics (E), 

Statistics (S), Management (M), Business Law (B), Accountancy (A) and Finances 

(F). 

Each course has four seats, preferences of students are following: 

1: E, S, M, B, A, F 

2: M, F, A, B, S, E 

3: M, E, B, S, F, A 

4: A, E, B, F, M, S 

5: F, A, B, S, E, M 

(i.e., student 1 prefer E to S etc.) 

For simplicity, assume that the courses’ schedule are pairwise compatible. 

In this example, there are four rounds, and each student will be assigned to 4 

classes. First and third rounds will be held in ascending order of numbers of students, 

while second and fourth – in descending order. 

Thus, we write down the results. 

Round 1: 1E, 2M, 3M, 4A, 5F 

Round 2: 5A, 4E, 3E, 2F, 1S 

Round 3: 1M, 2A, 3B, 4B, 5B 
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Round 4: 5S, 4F, 3S, 2B, 1A 

Note, that in round 4, when student 2 was assigned to course B, this course 

became full and, hence, student 1, next preference of which was course B as well, 

was allocated to the next course in their preference list – course A.  

Thereby, the final allocation: 1(E, S, M, A), 2(M, F, A, B), 3(M, E, B, S), 4(A, 

E, B, F), 5(F, A, B, S). 

This mechanism has interesting properties. As noted by Budish and Cantillon 

(2012), it is fair in terms of ex-ante and effective. On the other hand, this mechanism 

is not strategy-proof. It gives incentives to students to change their preference lists 

so that the most popular classes are at the top of their list and the least popular classes 

are at the end. 

1.2.1.2. The U of M Auction Mechanism. 

In this mechanism, students receive initial capital, which they distribute on 

the courses that they want to get during auction. All bets are processed successively, 

starting with the highest. The student who has placed the highest amount is assigned 

to the corresponding course if their schedule is not yet filled and if there still are 

places on the course. Thus, students assess the value of the courses and put an 

appropriate bets. Student can win more auctions than the allowed number of courses 

– in this case, they will not be signed to the last courses. The lowest successful bid 

is called the equilibrium price for a given course. Thus, equilibrium price of a course, 

that still has seats, is 0. 

The capitals are provided to students for one semester (it is not possible to use 

the balance in the next semester). In addition, students have beliefs about the 

equilibrium price for each course based on the data of previous years provided by 

the University. Thus, students may have incentives to bet more than their real 

courses value to win a spot on a popular course. 

Again, for clarity, we give an example. 
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Example 2. 

Suppose, there are five students and four courses. Students can be assigned to 

up to two courses, each course has three seats, and initial capitals are 1000. 

Students’ bids are displayed in table 1. 

 Course 1 Course 2 Course 3 Course 4 

Student 1 600 375 25 0 

Student 2 475 300 225 0 

Student 3 450 275 175 100 

Student 4 200 325 350 125 

Student 5 400 250 170 180 

Table 1 – students’ bids (U of M) 

Bets are processed from highest to lowest: 

600 – student 1 is assigned to course 1; 

475 – student 2 is assigned to course 1; 

450 – student 3 is assigned to course 1; course 1 is full; 

400 – student 5 is not assigned to course 1, as course 1 is full; 

375 – student 1 is assigned to course 2; schedule of student 1 is complete; 

350 – student 4 is assigned to course 3; 

325 – student 4 is assigned to course 2; schedule of student 4 is complete; 

300 – student 2 is assigned to course 2; schedule of student 2 is complete; 

course 2 is full; 

275 – student 3 is not assigned to course 2, as course 2 is full; 

250 – student 5 is not assigned to course 2, as course 2 is full; 

225 – student 2 is not assigned to course 3, as their schedule is complete; 
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200 – student 4 is not assigned to course 1, as their schedule is complete; 

180 – student 5 is assigned to course 4; 

175 – student 3 is assigned to course 3; schedule of student 3 is complete; 

170 – student 5 is assigned to course 3; schedule of student 5 is complete; 

Thus, all schedules are complete. 

If there are two or more equal bets, the order of their consideration would have 

been determined in advance by lottery; if one student placed two equal bets, then the 

one that was made earlier is processed first. 

The problem of this mechanism is the same as of the previous one. Students 

will place more than their real value on popular courses, and place less on less 

popular ones. 

1.2.1.3. The CU Auction Mechanism. 

The auction mechanism implemented at Columbia University is quite similar 

to that of the University of Michigan. The main difference is that it is held in several 

rounds. The initial capital is given to students based on their status (e.g. accumulated 

credits). It is assigned from the beginning and does not vanish. Bets can be changed 

until the end of the round. At the end of the round, bets are processed. After the first 

round, students see the remaining number of seats in the courses. Further, they can 

abandon undesirable courses and get their points back. Students can sign up for 

courses that still have space “for free”. They can also swap courses with each other. 

If course is full a waiting list is organized, sorted by bids. Priorities between equal 

bids are solved via lotteries. In the beginning, students receive 1000 points. To 

encourage students to take optional courses, additional bonus points are given. 

There are several important differences between the two mentioned auction 

mechanisms. First, in the Michigan system, an unfilled course is worth 0 points, 

while in the Colombian system – the amount of the lowest bid. Second, the round 

system at Columbia University reduces efficiency losses by allowing students to get 
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rid of undesirable courses in the last round. This allocation is more loyal to student 

preferences than the Michigan system. 

Example 3. 

Let us consider the same situation as in the previous section. 

This time, there are three rounds each semester. Students can only place bets 

on limited number of courses, suppose two. Also, assume, that, relying on the 

equilibrium prices in previous years, student 5 decided to place more on courses 1 

and 2, knowing that they are popular (suppose, they place 425 on course 1 and 350 

on course 2). All bets are presented in table 2. 

 Course 1 Course 2 Course 3 Course 4 

Student 1 600 375 - - 

Student 2 475 300 - - 

Student 3 450 275 - - 

Student 4 - 325 350 - 

Student 5 425 350 - - 

Table 2 – student’s bids (CU) 

Thus, student 1 gets courses 1 and 2; student 2 – course 1; student 3 – course 

1; student 4 – courses 2 and 3; student 5 – course 2. Other bets are returned. 

Equilibrium price of course 1 is 450, course 2 – 325 and course 3 – 350. 

After the first round and before the start of the second, students have an 

opportunity to review their courses and abandon those for which they have paid too 

much. Thus, student 5 may revise their 350 bid for course 2, and student 4 certainly 

does not want to pay 350 for course 3, since they are the only one who has placed a 

bet on this course. 

Courses 1 and 2 are full, unless anyone wants to return their bet. Thus, courses 

3 and 4 will be the only presented for auction in round 2. Suppose student 4 returns 
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their bet on course 3. Then students 2, 3, 4 and 5 are to get 1 more course. Everyone 

will be allowed to make one bet or they can wait for the end of the round to get 

course “for free”, as there surely will be free seats on at least one of the two courses. 

There is still the problem of overbidding on popular courses and underbidding 

on less popular ones, however, in this system, students have the opportunity to revise 

their courses and refuse to overpay in order to be assigned to the class. In addition, 

the equilibrium prices can be different in different rounds, which adds a deeper 

strategic element to the students ' actions. 

It would be interesting, to look at the real data of students' allocation auctions 

conducted in universities in order to evaluate their successfulness. In practice, it will 

be difficult to obtain such data. 

There is also a problem of implementing such mechanisms. This requires costs 

from the administration (constructing a mechanism and organizing its 

implementation), as well as costs from students associated with the adaptation to the 

new rules (for example, the website of Columbia University provides an opportunity 

to train, which allows students to prepare the optimal strategy in advance). 

1.2.2. Allocation of students to schools. 

In this section, we familiarize the reader with the existing mechanisms of 

allocation of students to schools, their advantages and drawbacks. 

Generally, the problem of students to schools allocation has the following 

initial data. 

1. Set of students I = {1, …, K} and their preferences about 

schools {P1, …, PK}. 

2. Set of schools S = {1, …, N} and their capacities {q1, …, qN}. 

3. Student priorities in schools {π1, …, πN}. 

Student preferences may not be complete (they do not need to include all 

schools). The lists of student priorities for each school are the preferences of schools 

regarding students. 
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Basically, student preferences are their type. Students inform planner about 

their preferences (not necessarily sincerely, they are playing the game induced by 

the mechanism created by planner with the goal to be allocated to the best school 

possible) and mechanism assigns them to schools. 

Mechanism in this problem consists of sets of student strategies (report every 

possible type) and a function that converts any input reports to allocation. 

In many cities in the US, this problem is considered as one-sided, that is, 

schools have no preferences about students. Typically, priorities are set as an 

exogenous criterion (for example, distance to school). For instance, in Boston, 

school entrants receive first priority if they live within one mile of the school (walk-

zone priority) and have siblings at the school; second – if they only have siblings at 

the school; third – if they only live close to the school; fourth priority is given to 

everyone else. The priority of students in the same group is determined by the lottery. 

In Chicago, this problem is considered as two-sided, and the preferences of 

schools regarding students are based on the results of the admission test. 

Solution of students to schools allocation problem is a mapping μ: I → S, 

where μ(i) is a school, to which student i was allocated. Mapping μ may have several 

important properties, which we will now consider. 

Mapping μ is Pareto efficient, if there is no other mapping such that all 

students weakly prefer the result of the new one, while at least one student strongly 

prefers it.  

Mapping μ is stable, if there is no such pair of student and school (i, s), such 

that: 

1) Student i prefers s to the school μ(i), they were allocated to. 

2) There is another student j that was allocated to s and have a lower 

priority order in s than i. 

Such pair is called a blocking pair. Sometimes this property is called 

elimination of justified envy. 
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Considering one-sided problem, stability embodies the concept of fairness – 

student should not be allocated to a worse school if a better school accepted a less 

preferable student. 

Mapping μ is student-optimal, if there is no other stable mapping, that Pareto-

dominates μ. 

Mechanism is Pareto efficient if it generates only Pareto efficient mappings 

for any input data. 

Mechanism is stable if it generates only stable mappings for any input data. 

Mechanism is strategy-proof, if for any input and student, reporting their true 

preferences is the dominant strategy. 

Let us consider existing mechanisms in this area (Pathak, 2011). 

1.2.2.1. GS Mechanism. 

First mechanism is based on Gale – Shapley algorithm (1962). It is called GS. 

GS works as follows. 

Step 1. Each student proposes to their first choice. Each school temporarily 

assigns students one by one according to their priority order until it is full. All 

remaining students are rejected. 

… 

Step t. Each student, which was rejected on the previous step, proposes to next 

school in their preference list. Each school consider all its proposers alongside with 

students that were tentatively allocated to it one by one according to their priority 

order. All remaining students are rejected. 

Algorithm ends when there are no more proposals. 

Gale and Shapley shows that mechanism based on this algorithm returns 

student-optimal mappings. Dubins and Freedman (1981), as well as Roth (1982) 

prove that GS is strategy-proof. However, it is not Pareto efficient. 

Consider an example. 
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Example 4. 

Suppose there are 3 students i1, i2, i3 and 3 schools s1, s2, s3. Each school has 

1 seat. Preference lists and priority orders are as follows. 

 

P: 

i1: s2  s1  s3 

i2: s1  s2  s3 

i3: s1  s2  s3 

π: 

s1: i1  i3  i2 

s2: i2  i1  i3 

s3: i3  i1  i2 

 

Step-by-step work of GS is presented in table 3. 

 

 School 1 School 2 School 3 

Step 1 i2, i3 i1  

Step 2  i1, i2  

Step 3 i1, i3   

Step 4  i2, i3  

Step 5   i3 

GS i1 i2 i3 

Table 3 – GS mechanism 

(red font – student is declined; bold font – tentatively assigned) 

 

Thus, mechanism returns the following mapping: 

 

µGS = (
𝑖1 𝑖2 𝑖3

𝑠1 𝑠2 𝑠3
) 
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Note that students was not allocated to their first choice. This mapping is not 

Pareto efficient (dominated by µ* below), yet stable. 

 

µ* = (
𝑖1 𝑖2 𝑖3

𝑠2 𝑠1 𝑠3
) 

 

1.2.2.2. TTC Mechanism. 

Another mechanism is introduced by Abdulkadiroğlu and Sönmez (2003) and 

based on top trading cycles (we will call it TTC). It works as follows. 

Imagine a bipartite graph, where independent sets are students and schools. 

Step 1. Each student points to their first choice. In this graph, we build an 

oriented edge from vertex corresponding to student to vertex corresponding to 

school that is their first choice. Each school points to the first student in their priority 

order and we now build oriented edges from schools to students. There is at least 

one cycle. Each student can be in only one cycle. We allocate every student from 

cycles to school they point to and remove these students from the graph. Also, reduce 

seat counter in these schools by one, and if it becomes zero, remove school from the 

graph. 

… 

Step t. Basically, we do the same for remaining students and schools. All 

previous edges are deleted. Each remaining student points to their favorite remaining 

school and each remaining school points to their favorite remaining student. Build 

corresponding oriented edges. There is a least one cycle and every student can be 

long to at most one of them. Assign every student from cycles to school they point 

to, remove students from the graph, reduce school seat counter by on, and if it 

becomes zero, remove school from the graph. 

Algorithm ends, when all students are allocated. 

This mechanism is strategy-proof (Abdulkadiroğlu, Sönmez, 2003; Roth, 

Postlewaite, 1977). Moreover, it is Pareto efficient, yet not stable. 
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Example 5. 

For an example we consider the same input data. 

Suppose there are 3 students i1, i2, i3 and 3 schools s1, s2, s3. Each school has 

1 seat. Preferences and priorities are as follows: 

 

P: 

i1: s2  s1  s3 

i2: s1  s2  s3 

i3: s1  s2  s3 

π: 

s1: i1  i3  i2 

s2: i2  i1  i3 

s3: i3  i1  i2 

 

TTC returns the following mapping: 

 

µTTS = (
𝑖1 𝑖2 𝑖3

𝑠2 𝑠1 𝑠3
) 

 

It is Pareto efficient and students i1 and i2 are allocated to their top choice. 

However, it is not stable as student i3 and school s1 form a blocking pair. 

1.2.2.3. Boston Mechanism. 

Third considered mechanism is Boston mechanism (BOS). It works as 

follows. 

Step 1. Each student proposes to their first choice. Each school permanently 

assigns students one by one following their priority order. All remaining students 

are rejected. 

 … 
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Step t. All remaining students propose to their next choice (t-th school in their 

preference lists). Each school that still have seats assigns its proposers one by one 

according to their priority order. All remaining students are rejected. 

Algorithm ends when there is no more proposals.  

In contrast to previous mechanisms, BOS is not strategy-proof. It is also not 

stable, yet Pareto-efficient. 

Example 6. 

Again, consider the same input data. 

Suppose there are 3 students i1, i2, i3 and 3 schools s1, s2, s3. Each school has 

1 seat. Preferences and priorities are as follows: 

 

P: 

i1: s2  s1  s3 

i2: s1  s2  s3 

i3: s1  s2  s3 

π: 

s1: i1  i3  i2 

s2: i2  i1  i3 

s3: i3  i1  i2 

 

µBOS = (
𝑖1 𝑖2 𝑖3

𝑠2 𝑠3 𝑠1
) 

 

This mapping is Pareto-efficient. Student i2 and school s2 form a blocking pair, 

thus, it is not stable. 

Moreover, if student i2 placed school s2 as their first choice, they would be 

accepted to it. It demonstrates, that this mechanism is not strategy-proof. 

1.2.2.4. Serial Dictatorship Mechanism. 

The last considered in this section mechanism is the serial dictatorship 

mechanism. We will call it SD. 
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That mechanism places all students in a queue. Students are allocated to their 

top choice from the remaining schools one by one according to queue. If queue is 

formed randomly, this mechanism is called random serial dictatorship mechanism. 

This mechanism is strategy-proof and Pareto efficient, yet not stable. 

Moreover, it does not consider priorities at all. Though it is worth mentioning, that 

it is not proven that it generates more blocking pairs than TTC mechanism. 
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2. AN EFFECTIVE MECHANISM OF STUDENTS TO 

SCHOOLS ALLOCATION. 

This chapter introduces a new mechanism of student to school allocation. We 

analyze this mechanism and prove some of its properties. 

In section 1.2.2, it can be seen, that all existing mechanisms do not have all 

desired properties at once. GS is stable and strategy-proof, yet not Pareto efficient, 

TTC – Pareto efficient and strategy-proof, yet not stable, BOS is Pareto efficient, 

yet neither stable, nor strategy-proof. 

That arises a question: can we create a mechanism that is Pareto-efficient, 

stable and strategy-proof? Unfortunately, it was proven that there is no such 

mechanism (Hamada et al., 2011). 

One of the most popular mechanisms – GS – can lead to great efficiency loss. 

Abdulkadiroğlu, Pathak and Roth (2009) demonstrate that this mechanism is not 

very effective in practice too. Basing on data from New York City school district, 

they show that its ineffectiveness is significant. 

In this work, we build a mechanism that is a modification of GS. 

2.1. Creating the mechanism. 

Let us consider an example, where we can see the nature of GS inefficiency. 

Example 7. 

Suppose there are 5 students and 5 schools, each has 1 seat. Students’ 

preferences are as follows: 

i1: s1  s4 

i2: s2  s1 

i3: s3  s2 

i4: s4  s5 

i5: s4  s3 
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Priority orders are: 

s1: i2  i1 

s2: i3  i2 

s3: i5  i3 

s4: i1  i4  i5 

s5: … 

Step-by-step work of GS: 

 School 1 School 2 School 3 School 4 School 5 

Step 1 i1 i2 i3 i4, i5  

Step 2   i3, i5   

Step 3  i2, i3    

Step 4 i1, i2     

Step 5    i1, i4  

Step 6     i4 

GS i2 i3 i5 i1 i4 

Better i1 i2 i3 i5 i4 

Table 4 – example of inefficiency of GS 

(red font – student is declined; bold font – tentatively assigned) 

 

However, it can be clearly seen, that it is better to allocate students as in row 

“Better”. That mapping Pareto dominates mapping of GS, all students are assigned 

to their first choice, except student 4, which is assigned to their second choice in 

both cases. 

Notice, that if student 4 did not list school 4 in their preference list, then result 

of GS would be the row “Better”. 

Let us introduce a definition. 

Referring to work of GS mechanism, suppose agent i was temporarily 

assigned to school s at step t1, and at step t2 was declined by this school. If there is a 

student, that was declined by this school on step t ∈ [t1; t2 -1], then we will call 

student i a violator, and pair (i, s) – a problematic pair. 
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Now we describe a mechanism. It is based on GS. 

Step 0. Run GS. 

… 

Step t. Consider GS, we ran on previous step. If there is at least one violator 

(problematic pair), we take the last of them and delete school that forms problematic 

pair with them from their preference list. After that, we run GS for updated 

preference lists. 

Algorithm stops, when there is no more problematic pairs in the last GS. 

We will call this mechanism GSM. 

It is very important that we do not deteriorate the outcome for agent-violator 

by deleting school s from their preference list (proof below), but we can improve the 

outcome to other agents. Moreover, processing another problematic pairs, we can 

improve the outcome for agent-violator too. 

It is quite obvious, that GSM is finite, as preference lists are finite. 

Let us consider the work of GSM on the same example, where we studied the 

inefficiency of GS. 

Example 8. 

Suppose there are 5 students and 5 schools, each has 1 seat. Students’ 

preference lists: 

i1: s1  s4 

i2: s2  s1 

i3: s3  s2 

i4: s4  s5 

i5: s4  s3 

Schools’ priority orders: 

s1: i2  i1 

s2: i3  i2 

s3: i5  i3 

s4: i1  i4  i5 

s5: … 
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Step-by step work of GSM: 

Run 0. 

 School 1 School 2 School 3 School 4 School 5 

Step 1 i1 i2 i3 i4, i5  

Step 2   i3, i5   

Step 3  i2, i3    

Step 4 i1, i2     

Step 5    i1, i4  

Step 6     i4 

Result i2 i3 i5 i1 i4 

Table 5 – Run 0. GSM 

 (red font – student is declined; bold font – tentatively assigned) 

Run 1. 

On run 0 the last violator is student i4. Problematic pair – (i4, s4). Remove 

school 4 from preference list of student i4 and run GS again. 

 School 1 School 2 School 3 School 4 School 5 

Step1 / Result i1 i2 i3 i5 i4 

Table 6 – Run 1. GSM 

 

There is no problematic pairs. Algorithm has finished. 

It is the row “Better” from example 7. Thus, on this example GSM works 

better. However, that does not prove anything. Let us move on to the properties of 

the mechanism. 

2.2. Properties of GSM. 

Property 1. GSM is not stable. If there is a blocking pair then it was the last 

problematic pair of some run of GSM. 

Proof.  

It may seem, that based on stable mechanism GS, GSM should be stable. 

However, it is not. Let us consider the proof by contradiction that is true for GS. 
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Suppose there are students i, j and school s, such that i was allocated to a worse 

school for them than s, while student was allocated to s, and student i has a higher 

priority in s then j. Then student i applied to schools, as it is higher in their preference 

list that the school they were allocated to. As i was eventually rejected, then there is 

a set of students that fill school s and have higher priority than i. But that means that 

j could not be assigned to s, as they could not push anyone from this set. 

Contradiction. However, school s could be removed from preference list of student 

i in GSM and in this case j could be allocated to s. Thus, all blocking pairs are 

problematic pairs of GSM. 

In the example 8, blocking pair was a pair (i4, s4), and student that was 

allocated to s4 (i5) has a lower priority in s4, than i4. 

Property 2. Mechanism GSM is Pareto efficient. Moreover, mapping, 

generated on the run t+1, is weakly preferred to mapping, generated on run t, by all 

students. 

Proof. 

We start the proof from the second part. We prove that mapping obtained at 

run t+1is at least as good for any student than mapping obtained on step t. 

Proof by contradiction. Suppose there is a student i1, that at run t+1 was 

allocated to a school, which is worse for them, than school s1, to which they were 

allocated at run t. That means, that at run t+1, they applied to s1, but were rejected at 

some step (as school s1 is higher in their preference list, then the school, they were 

allocated to, and s1 could not be removed from their preference list, as at previous 

run t it was in their preference list and as i1 was accepted to it, then (i1, s1) was not a 

problematic pair at run t). Then there is another student i2 that was accepted to s1 at 

this run. If school s2, that they were allocated to at run t, is better for them, than s1, 

then we apply analogous consideration. Thus, we have a chain of students. Suppose 

we stopped at student im, for which school, that they were allocated to at run t, sm, is 

better, then school sm-1, to which they were allocated at run t+1 (we will eventually 

stop as number of students is finite). 

Consider two cases. 
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1) Student im is not the last violator at run t. Then their preference 

list at run t+1 is the same as at the previous run t. Then they applied to sm at 

run t+1, but were eventually rejected. Then sm accepted another student (that 

has a higher priority order in sm) at run t+1, that was allocated to another 

school sm+1 at run t, and school sm is more preferable for them, than sm+1 

(otherwise student im was not the last in our chain). But then at run t that 

student should propose to school sm (as it is higher in their preference list than 

sm+1, they were allocated to, and it could not be already removed from their 

preference list, as it is in that list at the following run), and was eventually 

rejected. Then there was a set of more preferable for sm students that filled it. 

But as student im+1 has a higher priority in sm, than im, then student im should 

also be eventually rejected. Contradiction. 

2) Student im is the last violator at run t. Suppose (im, s) is a 

problematic pair. The only difference between preference lists of student im at 

run t+1 and at run t is that school s is removed. Changes in the algorithm work 

comparing to the previous run will start only when it reaches school s in the 

preference list of student im. Suppose that next school in their preference list 

is s'. Note, that they applied to s' at run t (as at some point that student was 

rejected from s (be the definition of problematic pair)). School sm is after s in 

their preference list (from s' and further). Thus, nothing prevents us to make 

a similar proof as in the previous case. 

Thus, we proved that for each student mapping obtained at run t+1 is at least 

as good as mapping obtained at run t. That proves that outcomes of GSM weakly 

dominate outcomes of GS. 

Now we prove Pareto efficiency of final mappings. 

Again by contradiction. Suppose that mapping μ, obtained as a result of GSM 

is not Pareto efficient. Then there is a mapping π, that Pareto dominates μ. Also 

suppose that our algorithm includes T runs; mapping, obtained at run t, we denote 

as μt. Thus for any t: π Pareto dominates μt. 
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To start, we prove that there is no last problematic pairs from all runs of GSM 

in mapping π (those problematic pairs that lead to change in preference lists). 

We prove it by induction. 

Basis. π does not have the last problematic pair of run 1. 

And again by contradiction. Suppose π includes this pair. Denote it as (i1, s1). 

Note that as i1 was rejected by s1 at first run of GSM, thus, s1 is full in μ1. Then there 

is a student i2, that was allocated to s1 by μ1, but was not allocated to s1 by π. As π 

Pareto dominates μ1, then i2 was allocated to a more preferable for them school s2 by 

π. As s2 is more preferable for i2, than s1, then, at first run of GSM they were rejected 

by it. Then it is full in μ1. Continue this chain, until we have a cycle – we find a 

student im that was allocated to s1 by π, which is more preferable to them, than sm-1 

(we will find such cycle as number of students is finite). 

Thus, we found a cycle of students, in which each prefer the school, to which 

next student was allocated to by μ1, and to which these students were allocated by π. 

Then consider closely the first run of GSM. From this cycle we take student, 

that was the last (or one of the last – if they were accepted at the same step) to be 

accepted by school from the cycle (to which they were allocated to by μ1). Denote 

this student as i. Student from the cycle, that prefers this school, has already been 

rejected by it (otherwise, they would still need to apply to their final school, which 

contradicts to the fact, that student i was the last to be accepted to their school). Then, 

this school is already full at the step, when i applied to it. But then, in order to accept 

student i, this school should reject some student j, which makes them a violator. 

Moreover violator j was rejected from this school later, than violator i1 (which, as a 

student of the cycle, has already been accepted (or will be accepted at this step) to 

their final school). Contradiction. 

Thus, in π the last violator of run 1 is not allocated to a school from their 

problematic pair. The basis is proven. 

Induction step. Suppose that in π there is no last problematic pairs of first t 

runs of GSM. Then in π there is no problematic pair of run t+1. 
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The proof is absolutely analogous to the proof of the basis, adding the fact, 

that all students from obtained cycle are not violators for school, they prefer. 

Thus, we proved that there is no problematic pairs in π. Let us try to use the 

same argumentation as before. 

As π Pareto dominates μ, then there is student i1, that was allocated to a better 

school by π than s1, to which they were allocated by μ. Then they applied to μ at the 

last run of GSM (as i1 is allocated to s1 by π and in π there is no last problematic 

pairs, then s1 was not removed from preferences of i1) and were rejected, thus, school 

s1 is full in μ, thus, there is student i2, that was accepted to s1 by μ and allocated to 

another school s2 by π, that should be better for them, than s1 and so on. We again 

obtain a cycle of students. And as no one is a violator for a school, they want to be 

allocated to (school from π), then they should apply to it by μ. Then again consider 

the last student i accepted by GSM; as student from the cycle has already proposed 

to it, then it is full, thus, entering this school, student i “push” some other student j, 

that becomes a violator, which contradicts to the fact, that it was the last run of GSM. 

Thus, we have a contradiction, and we proved, that GSM is Pareto efficient. 

Property 3. Mechanism GSM is not strategy-proof.  

Proof. 

To prove that GSM is not strategy-proof, it is sufficient to give an example, 

in which agent has an incentive to deviate from reporting their true preferences. 

Example 9. 

Suppose there are 3 students and 3 schools, each has 1 seat. Students’ 

preference lists are as follows: 

i1: s2  s3 

i2: s3  s1 

i3: s3  s1 

Schools’ priority orders are: 

s1: 

s2: i3  i1 

s3: i1  i2  i3 
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If all agents report their true preferences then GSM will generate the following 

mapping: 

 

 School 1 School 2 School 3 

Step 1  i1 i2, i3 

Step 2 i3   

Result i3 i1 i2 

Table 7 – agents report true preferences in GSM 

 

Now suppose, that agent 3 decided to report following preferences: 

i3: s3  s2 (instead of s3  s1) 

Then GSM works as follows: 

Run 0. 

 School 1 School 2 School 3 

Step 1  i1 i2, i3 

Step 2  i3, i1  

Step 3   i1, i2 

Step 4 i2   

Result i2 i3 i1 

Table 8 – incentives to deviate from truth-telling in GSM 

 

Run 1. 

Agent i2 is a violator, and we remove s3 from their preference list. Run GS for 

edited preferences: 

 School 1 School 2 School 3 

Step 1 i2 i1 i3 

Result i2 i1 i3 

Table 9 – incentives to deviate from truth-telling in GSM 
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Algorithm ends. Note that by misstating their preferences student 3 was 

allocated to their top choice, while when they report their true preferences they were 

allocated to their second choice. Thus, by lying, it is possible to improve outcome 

and mechanism is not strategy-proof. 

We built a Pareto efficient mechanism that dominates outcomes of GS. 

Unfortunately, we had to sacrifice two other properties – stability and strategy-

proofness. Moreover, we can say, that GSM was built on violating stability. We 

violate it in favor of efficiency. This mechanism may create one blocking pair per 

run in order to improve the outcome. Consider a blocking pair (i, s) and student j, 

that has a lower priority in school s, than i, but was allocated to it. Nevertheless, 

student i would neither be allocated to s by GS. GSM does not deteriorate result for 

each agent, but may improve it. Though GSM will not assign i to s, but i can be 

allocated to a better option than the one provided by GS (and maybe even in a better 

one than s, considering just problematic pair instead of blocking). And calling their 

envy to student j, who was eventually allocated to be the best school for i, “justified” 

(referring to the term elimination of justified envy) is not correct. This mechanism 

just improved the result for j greater than for i (from point of view of preferences of 

student i, but not necessarily from point of view of preferences of student j). 

Despite the violation of strategy-proofness, note that, without knowing the 

preferences of all other students and schools, this mechanism seems to be hard to 

manipulate (especially on large examples). By misstating their true preferences, 

students risk to lose. In given example (example 9), agent i3 knew the preferences of 

all other agents and all schools, and only that allowed them to guess which 

preferences are better to state. Without this perfect information, it would be much 

more difficult to do so. 
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CONCLUSION 

In modern world, many cities, such as New York, Boston, Chicago (mainly, 

American) implement a centralized system of student allocation. Given the rising 

popularity of such systems, the importance of the allocation method that will be 

applied is significant. 

While the use of allocation mechanisms is still prevalent in the United States, 

it is likely that eventually all cities (districts) will implement accurate and effective 

allocation systems. 

In this work a mechanism of students to schools allocation, the outcome of 

which is better or the same for each student than the outcome of the existing GS 

mechanism, is built. Mappings created by this mechanism are Pareto-efficient. 

Although this mechanism does not satisfy the other two properties considered in this 

area - stability and strategy-proofness - it should be noted that it can be very difficult 

to manipulate this mechanism, while stability is sacrificed in favor of efficiency. 

To conclude, it is worth mentioning, that the program that calculates the 

allocation, based on provided algorithm, works in polynomial time (GS works in 

polynomial time, and GSM includes linear number of GS, as each student can be 

violator for at most S times (where S is a number of schools), there are I students, 

thus,  “catching” violators works in polynomial time too). 
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APPENDIX 

С++ code below receives input data from file mech.in in the following format. 

First line: number of students N and number of schools M. Second line: school 

capacities. Then N lines: student preferences. Next M lines: school priorities. It 

returns allocation generated by mechanisms in file mech.out in the following format. 

Result of GSM (on each step of every GS), then result of SD, next, result of BOS 

and, finally, result of TTC. Results are given in the following form: row i contains 

students allocated to school i. 

 

1. #include <iostream> 

2. #include <vector> 

3. #include <ctime> 

4.   

5. using namespace std; 

6.   

7. void shake(vector<int> &m) { 

8.     for (size_t i = 0; i < m.size(); ++i) { 

9.         swap(m[i], m[rand() % m.size()]); 

10.     } 

11. } 

12.   

13. void insert_gs(int &student, int &school, 

vector<vector<int> > &school_priorities, 

vector<vector<int> > &allocation) { 

14.     int cur = allocation[school].size(); 

15.     allocation[school].push_back(student); 

16.     while (cur > 0) { 

17.         if (school_priorities[school][student] < school_prio

rities[school][allocation[school][cur - 1]]) { 

18.             allocation[school][cur] = allocation[school][cur

 - 1]; 

19.             allocation[school][cur - 1] = student; 
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20.         } 

21.         --cur; 

22.     } 

23. } 

24.   

25. void insert_bos(vector<int> &reserved, int &student, int &sc

hool, vector<vector<int> > &school_priorities, 

vector<vector<int> > &allocation){ 

26.     int cur = allocation[school].size(); 

27.     allocation[school].push_back(student); 

28.     while (cur > reserved[school]) { 

29.         if (school_priorities[school][student] < school_prio

rities[school][allocation[school][cur - 1]]) { 

30.             allocation[school][cur] = allocation[school][cur

 - 1]; 

31.             allocation[school][cur - 1] = student; 

32.         } 

33.         --cur; 

34.     } 

35. } 

36.   

37. void edit(int &school, vector<int> &preferences) { 

38.     bool flag = false; 

39.     int k; 

40.     for (size_t i = 0; i < preferences.size(); ++i) { 

41.         if (flag == false) { 

42.             if (preferences[i] == school) { 

43.                 flag = true; 

44.             } 

45.         } else { 

46.             k = preferences[i]; 

47.             preferences[i] = preferences[i - 1]; 

48.             preferences[i - 1] = k; 

49.         } 
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50.     } 

51. } 

52.   

53. void clear(vector<vector<int> > &allocation) { 

54.     for (size_t i = 0; i < allocation.size(); ++i) { 

55.         while (!allocation[i].empty()) { 

56.             allocation[i].pop_back(); 

57.         } 

58.     } 

59. } 

60.   

61. void write(vector<vector<int> > &allocation) { 

62.     for (size_t i = 0; i < allocation.size(); ++i) { 

63.         cout << i + 1 << ": "; 

64.         for (size_t j = 0; j < allocation[i].size(); ++j) { 

65.             cout << allocation[i][j] + 1 << " "; 

66.         } 

67.         cout << "\n"; 

68.     } 

69.     cout << "_______________________________________________

_______\n";             

70. } 

71.   

72. void serial_dictatorship(vector<int> &order, int &num_studen

ts, int &num_schools, vector<vector<int> > &student_preferences, 

vector<size_t>&school_capacity, vector<vector<int> > &allocation) { 

73.     cout << "\nSD\n\n"; 

74.     int k; 

75.     int cur_school; 

76.     bool flag; 

77.     for (int i = 0; i < num_students; ++i) { 

78.         k = 0; 

79.         flag = true; 

80.         while (flag) { 
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81.             cur_school = student_preferences[order[i]][k]; 

82.             if (allocation[cur_school].size() < school_capac

ity[cur_school]) { 

83.                 allocation[cur_school].push_back(order[i]); 

84.                 flag = false; 

85.             } 

86.             ++k; 

87.         } 

88.     } 

89.     write(allocation); 

90.     clear(allocation); 

91. } 

92.   

93. void boston(int &num_students, int &num_schools, 

vector<vector<int> > &student_preferences, 

vector<vector<int> > &school_priorities, 

vector<size_t> &school_capacity, vector<vector<int> > &allocation) {   

94.     cout << "\nBOS\n\n"; 

95.     int step = 0; 

96.     int overlimit; 

97.     vector<int> reserved(num_schools); 

98.     vector<bool> placed(num_students); 

99.     for (int i = 0; i < num_students; ++i) { 

100.         placed[i] = false; 

101.     } 

102.     for (int i = 0; i < num_schools; ++i) { 

103.         reserved[i] = 0; 

104.     } 

105.     bool flag = true; 

106.     while (flag) { 

107.         ++step; 

108.         flag = false; 

109.         for (int i = 0; i < num_students; ++i) { 

110.             if (!placed[i]) { 
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111.                 insert_bos(reserved, i, 

student_preferences[i][step - 1], school_priorities, allocation); 

112.                 placed[i] = true; 

113.             } 

114.         } 

115.         for (int i = 0; i < num_schools; ++i) { 

116.             overlimit = allocation[i].size() - school_capaci

ty[i]; 

117.             if (overlimit > 0) { 

118.                 flag = true; 

119.                 for (int j = 0; j < overlimit; ++j) { 

120.                     placed[allocation[i].back()] = false; 

121.                     allocation[i].pop_back();   

122.                 } 

123.             } 

124.             reserved[i] = allocation[i].size(); 

125.         } 

126. //      cout << "Step " << step << "\n" << "\n"; 

127. //      write(allocation); 

128.     } 

129.     write(allocation); 

130.     clear(allocation); 

131. } 

132.   

133. void ttc(int &num_students, int &num_schools, 

vector<vector<int> > &student_preferences, 

vector<vector<int> > &school_priorities, 

vector<size_t> &school_capacity, vector<vector<int> > &allocation) { 

134.     cout << "\nTTC\n\n"; 

135.     bool flag = true; 

136.     bool next, finish; 

137.     int start, stop, cur; 

138.     vector<bool> placed(num_students); 

139.     vector<bool> in_cycle(num_students); 
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140.     vector<bool> was_in_cycle(num_students); 

141.     vector<int> pos(num_students); 

142.     vector<int> sch_pos(num_schools); 

143.     vector<int> st_ptr(num_students); 

144.     vector<int> sch_ptr(num_schools); 

145.     vector<int> cycle; 

146.     for (int i = 0; i < num_students; ++i) { 

147.         placed[i] = false; 

148.         pos[i] = 0; 

149.     } 

150.     for (int i = 0; i < num_schools; ++i) { 

151.         sch_pos[i] = 0; 

152.     } 

153.     while (flag) { 

154.         flag = false; 

155.         for (int i = 0; i < num_students; ++i) { 

156.             in_cycle[i] = false; 

157.             was_in_cycle[i] = false; 

158.             if (!placed[i]) { 

159.                 st_ptr[i] = -1; 

160.                 while (true) { 

161.                     if (school_capacity[student_preferences[

i][pos[i]]] > allocation[student_preferences[i][pos[i]]].size()) { 

162.                         st_ptr[i] = student_preferences[i][p

os[i]]; 

163.                         break; 

164.                     } else { 

165.                         ++pos[i]; 

166.                     } 

167.                 } 

168.             } 

169.         } 

170.         for (int i = 0; i < num_schools; ++i) { 

171.             if (school_capacity[i] > allocation[i].size()) { 
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172.                 sch_ptr[i] = -1; 

173.                 while (sch_pos[i] < num_students) { 

174.                     if (!placed[school_priorities[i][sch_pos

[i]]]) { 

175.                         sch_ptr[i] = school_priorities[i][sc

h_pos[i]]; 

176.                         break; 

177.                     } else { 

178.                         ++sch_pos[i]; 

179.                     } 

180.                 } 

181.             } 

182.         } 

183.         start = 0; 

184.         while (start < num_students) { 

185.             next = false; 

186.             finish = true; 

187.             for (int i = start; i < num_students; ++i) { 

188.                 if ((!placed[i]) && (!was_in_cycle[i])) { 

189.                     start = i; 

190.                     finish = false; 

191.                     break; 

192.                 } 

193.             } 

194.             if (!finish) { 

195.                 cur = start; 

196.                 while (!in_cycle[cur]) { 

197.                     if (!was_in_cycle[cur]) { 

198.                         cycle.push_back(cur); 

199.                         in_cycle[cur] = true; 

200.                         was_in_cycle[cur] = true; 

201.                         cur = sch_ptr[st_ptr[cur]]; 

202.                     } else { 

203.                         next = true; 
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204.                         break; 

205.                     } 

206.                 } 

207.                 if (!next) { 

208.                     stop = cur; 

209.                     do { 

210.                         allocation[st_ptr[cur]].push_back(cu

r); 

211.                         placed[cur] = true; 

212.                         cur = sch_ptr[st_ptr[cur]]; 

213.                     } while (stop != cur); 

214.                 } 

215.                 while (!cycle.empty()) { 

216.                     in_cycle[cycle.back()] = false; 

217.                     cycle.pop_back(); 

218.                 } 

219.                 ++start;    

220.             } else { 

221.                 break; 

222.             }           

223.         } 

224.         for (int i = 0; i < num_students; ++i) { 

225.             if (!placed[i]) { 

226.                 flag = true; 

227.                 break; 

228.             } 

229.         } 

230. //      write(allocation); 

231.     } 

232.     write(allocation); 

233.     clear(allocation); 

234. } 

235.   
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236. void gs(bool &rep, 

vector<vector<int> > &gsm_student_preferences, int &num_students, int &n

um_schools, vector<vector<int> >&school_priorities, 

vector<size_t> &school_capacity, vector<vector<int> > &allocation) { 

237.     int step = 0; 

238.     vector<bool> placed(num_students); 

239.     vector<int> pos(num_students); 

240.     vector<int> in(num_students); 

241.     vector<vector<bool> > rejected(num_schools); 

242.     for (int i = 0; i < num_students; ++i) { 

243.         placed[i] = false; 

244.         pos[i] = 0; 

245.         in[i] = 0; 

246.     } 

247.     int overlimit; 

248.     int min_t; 

249.     int candidate; 

250.     int last_violator = -1; 

251.     int last_violator_sch; 

252.     bool flag = true; 

253.     while (flag) { 

254.         ++step; 

255.         flag = false; 

256.         for (int i = 0; i < num_students; ++i) { 

257.             if (!placed[i]) { 

258.                 insert_gs(i, 

gsm_student_preferences[i][pos[i]], school_priorities, allocation); 

259.                 ++pos[i]; 

260.                 placed[i] = true; 

261.             } 

262.         } 

263.         for (int i = 0; i < num_schools; ++i) { 

264.             overlimit = allocation[i].size() - school_capaci

ty[i]; 
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265.             min_t = 1e7; 

266.             candidate = -1; 

267.             if (overlimit > 0) { 

268.                 rejected[i].push_back(true); 

269.                 flag = true; 

270.                 for (int j = 0; j < overlimit; ++j) { 

271.                     if ((min_t > in[allocation[i].back()]) &

& (in[allocation[i].back()] != 0)) { 

272.                         min_t = in[allocation[i].back()]; 

273.                         candidate = allocation[i].back(); 

274.                     } 

275.                     in[allocation[i].back()] = 0; 

276.                     placed[allocation[i].back()] = false; 

277.                     allocation[i].pop_back();   

278.                 } 

279.             } else { 

280.                 rejected[i].push_back(false); 

281.             } 

282.             for (int t = min_t; t < step; ++t) { 

283.                 if (rejected[i][t - 1] == true) { 

284.                     last_violator = candidate; 

285.                     last_violator_sch = i; 

286.                     break; 

287.                 } 

288.             } 

289.             for (size_t j = 0; j < allocation[i].size(); ++j

) { 

290.                 if (in[allocation[i][j]] == 0) { 

291.                     in[allocation[i][j]] = step; 

292.                 }   

293.             } 

294.         } 

295.         cout << "Step " << step << "\n" << "\n"; 

296.         write(allocation); 
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297.     } 

298.     if (last_violator == -1) { 

299.         rep = false; 

300.     } else { 

301. //      cout << "ff " << last_violator + 1 << " " << 

last_violator_sch + 1 << "ff\n"; 

302.         edit(last_violator_sch, 

gsm_student_preferences[last_violator]); 

303.     } 

304.     clear(allocation); 

305. //  write(allocation); 

306. } 

307.   

308. void gsm(vector<vector<int> > &gsm_student_preferences, int 

&num_students, int &num_schools, 

vector<vector<int> > &school_priorities, 

vector<size_t> &school_capacity, vector<vector<int> > &allocation) { 

309.     bool rep = true; 

310.     int run = 0; 

311.     while (rep) { 

312.         ++run; 

313.         cout << "___________________________________________

___________\n\nRun 

" << run <<"\n______________________________________________________\n__

____________________________________________________\n"; 

314.         gs(rep, gsm_student_preferences, num_students, 

num_schools, school_priorities, school_capacity, allocation); 

315.     } 

316. } 

317.   

318. int main() { 

319.     srand(time(nullptr)); 

320.     freopen("mech.in", "r", stdin); 

321.     freopen("mech.out", "w", stdout); 
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322.     int num_students, num_schools; 

323.     cin >> num_students >> num_schools; 

324.     vector<vector<int> > student_preferences(num_students, 

vector<int>(num_schools)); 

325.     vector<vector<int> > ttc_school_priorities(num_schools, 

vector<int>(num_students)); 

326.     vector<vector<int> > gsm_student_preferences(num_student

s, vector<int>(num_schools)); 

327.     vector<vector<int> > school_priorities(num_schools, 

vector<int>(num_students)); 

328.     vector<vector<int> > allocation(num_schools); 

329.     vector<size_t> school_capacity(num_schools); 

330.     for (int i = 0; i < num_schools; ++i) { 

331.         cin >> school_capacity[i]; 

332.     } 

333.     for (int i = 0; i < num_students; ++i) { 

334.         for (int j = 0; j < num_schools; ++j) { 

335.             cin >> student_preferences[i][j]; 

336.             --student_preferences[i][j];    

337.         } 

338.     } 

339.     int k; 

340.     for (int i = 0; i < num_schools; ++i) { 

341.         for (int j = 0; j < num_students; ++j) { 

342.             cin >> k; 

343.             ttc_school_priorities[i][j] = k - 1; 

344.             school_priorities[i][k - 1] = j; 

345.         } 

346.     } 

347.     for (int i = 0; i < num_students; ++i) { 

348.         for (int j = 0; j < num_schools; ++j) { 

349.             gsm_student_preferences[i][j] = student_preferen

ces[i][j]; 

350.         } 
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351.     } 

352. //  bool rep = true; 

353. //  gs(rep, gsm_student_preferences, num_students, 

num_schools, school_priorities, school_capacity, allocation); 

354.     gsm(gsm_student_preferences, num_students, num_schools, 

school_priorities, school_capacity, allocation); 

355.     vector<int> order; 

356.     for (int i = 0; i < num_students; ++i) { 

357.         order.push_back(i); 

358.     } 

359. //  shake(order); 

360.     serial_dictatorship(order, num_students, num_schools, 

student_preferences, school_capacity, allocation); 

361.     boston(num_students, num_schools, student_preferences, 

school_priorities, school_capacity, allocation); 

362.     ttc(num_students, num_schools, student_preferences, 

ttc_school_priorities, school_capacity, allocation); 

363.     return 0; 

364. } 

 

 

 

 

 

 

 

 

 

 

 

 

 



45 

 

REFERENCES 

1. Abdulkadiroğlu, A., Pathak, P.A., Roth, A.E. Strategy-proofness 

versus efficiency in matching with indifferences: redesigning the NYC High 

School match // American Economic Review, 99, 2009, P. 1954-78. 

2. Abdulkadiroğlu, A., Sönmez, T. School choice: a mechanism 

design approach // American Economic Review, 93, 2003, P. 729-747. 

3. Budish, E., Cantillon, E. The multi-unit assignment problem: 

theory and evidence from course allocation at Harvard // American Economic 

Review, 102, 2012, P. 2237-71. 

4. Budish, E., Che, Y., Kojima, F., Milgrom P. Designing random 

allocation mechanisms: theory and applications // American Economic 

Review, 103, 2013, P. 585-623. 

5. Dubins, L. E., Freedman, D. A. Machiavelli and the Gale-

Shapley algorithm // American Mathematical Monthly, 88, 1981, P. 485-494. 

6. Fujishima, S. Evolutionary implementation and congestion 

games with heterogeneous cost functions, 2011. 

7. Fujishima, S. Evolutionary implementation of optimal number 

and size of cities, 2011. 

8. Gale, D., Shapley, L.S., College admissions and the stability of 

marriage // American Mathematical Monthly, 69, 1962, P. 9-15. 

9. Ghosh, I. Applying mechanism design theory to allocation 

problems in universities // Journal of Economics & Economic Education 

Research, 14, 2013, P. 49-64. 

10. Hamada K, Iwama K, Miyazaki S. The hospitals/residents 

problem with quota lower bounds // Algorithms – ESA 2011, P. 180-191. 

11. Han, D., Yang H., Yuan, X. A practical trial-and-error 

implementation of marginal-cost pricing on networks // Journal of Industrial 

and Management Optimization, 6, 2010, P. 299-313. 



46 

 

12. Kakutani, S. A generalization of Brouwer's fixed point theorem 

// Duke Mathematical Journal, 8, 1941, P. 457-459. 

13. Kominers, S. D., Ruberry, M., llman, J. Course allocation by 

proxy auction // Lecture Notes in Computer Science, 6484, 2010, P. 551-558. 

14. Nisan, N. Algorithmic mechanism design (through the lens of 

multi-unit auctions) // Handbook of Game Theory, IV, 2014. 

15. Pathak, P.A. The mechanism design approach to student 

assignment // Annual Review of Economics, 3, 2011, P. 513-536. 

16. Rosenthal, R. W. A class of games possessing pure-strategy Nash 

equilibria // International Journal of Game Theory, 2, 1973, P. 65–67. 

17. Roth, A. E., Postlewaite A. Weak versus strong domination in a 

market with indivisible goods // Journal of Mathematical Economics, 4, 1977, 

P. 131–139. 

18. Roth, A. E. The economics of matching: stability and incentives 

// Mathematics of Operations Research, 7, 1982, P. 617-628. 

19. Sandholm, W. H. Evolutionary implementation and congestion 

pricing // Review of Economic Studies, 69, 2002, P. 667-689. 

20. Sandholm, W. H. Negative externalities and evolutionary 

implementation // Review of Economic Studies, 72, 2005, P. 885-915. 


