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Àííîòàöèÿ

Ðàññìàòðèâàþòñÿ âåùåñòâåííûå äâóìåðíûå îäíîðîäíûå êóáè÷åñêèå ñèñòåìû ÎÄÓ, ìíîãî-

÷ëåíû â ïðàâîé ÷àñòè êîòîðûõ èìåþò êâàäðàòè÷íûé îáùèé ìíîæèòåëü. Íà îñíîâàíèè äîëæ-

íûì îáðàçîì ââåäåííûõ ïðèíöèïîâ óïîðÿäî÷èâàíèÿ ìíîæåñòâî òàêèõ ñèñòåì ðàçáèâàåòñÿ íà

êëàññû ëèíåéíîé ýêâèâàëåíòíîñòè, â êàæäîì èç êîòîðûõ âûäåëÿåòñÿ ñòðóêòóðíî ïðîñòåéøàÿ

ñèñòåìà � íîðìàëüíàÿ ôîðìà òðåòüåãî ïîðÿäêà. Äëÿ ìàòðèöû êîýôôèöèåíòîâ åå ïðàâîé ÷à-

ñòè, íàçûâàåìîé êàíîíè÷åñêîé ôîðìîé (ÊÔ), óêàçûâàåòñÿ êàíîíè÷åñêîå ìíîæåñòâî çíà÷åíèé,

ãàðàíòèðóþùåå ïðèíàäëåæíîñòü ñèñòåìû ê âûáðàííîìó êëàññó. Êðîìå òîãî, äëÿ êàæäîé ÊÔ

ïðèâîäÿòñÿ: a) óñëîâèÿ íà êîýôôèöèåíòû èñõîäíîé ñèñòåìû, b) ëèíåéíûå çàìåíû, ñâîäÿùèå

ïðàâóþ ÷àñòü ñèñòåìû ïðè ýòèõ óñëîâèÿõ â âûáðàííóþ ÊÔ, c) ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ

êîýôôèöèåíòîâ ÊÔ.

Êëþ÷åâûå ñëîâà: îäíîðîäíàÿ êóáè÷åñêàÿ ñèñòåìà, íîðìàëüíàÿ ôîðìà, êàíîíè÷åñêàÿ

ôîðìà.

Abstract

Real two-dimensional homogeneous cubic systems of ODE, polynomials in the right-hand part

of which have a common quadratic factor are considered. On the basis of properly introduced

ordering principles, the set of these systems is divided into classes of linear equivalence, in each of

which the structurally simplest system is distinguished � the normal form of the third order. For the

coe�cient matrix of its right-hand part, called the canonical form (CF), the canonical set of values

is speci�ed, which guarantees the belonging of the system to the selected class. In addition, for each

CF are given: a) conditions on the coe�cients of the original system, b) linear substitutions that

reduce the right-hand part of the system under these conditions to the chosen CF, c) obtained

values of CF's coe�cients.

Keywords: homogeneous cubic system, normal form, canonical form.
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1. Ââåäåíèå

1.1. Ïîñòàíîâêà çàäà÷è.

Ðàññìàòðèâàåì âåùåñòâåííóþ äâóìåðíóþ îäíîðîäíóþ êóáè÷åñêóþ ñèñòåìó ÎÄÓ

ẋ = P (x), (1.1)

ãäå x =

(
x1

x2

)
, P =

(
P1(x)

P2(x)

)
=

(
a1x

3
1 + b1x

2
1x2 + c1x1x

2
2 + d1x

3
2

a2x
3
1 + b2x

2
1x2 + c2x1x

2
2 + d2x

3
2

)
, P1, P2 6≡ 0.

Ïóñòü âåùåñòâåííàÿ íåîñîáàÿ ëèíåéíàÿ çàìåíà

x = Ly (detL 6= 0) (1.2)

ïðåîáðàçóåò (1.1) â ñèñòåìó

ẏ = P̃ (y) (P̃i = ãiy
3
1 + b̃iy

2
1y2 + c̃iy1y

2
2 + d̃iy

3
2, i = 1, 2). (1.3)

Â ðàáîòå [1] ïîñòàâëåíà çàäà÷à îïðåäåëåíèÿ è êîíñòðóêòèâíîãî ïîñòðîåíèÿ êóáè-
÷åñêèõ íîðìàëüíûõ ôîðì (1.3) èç ñèñòåìû (1.1) ïîñðåäñòâîì çàìåí (1.2). Äëÿ ýòîãî
òðåáóåòñÿ îñóùåñòâèòü êëàññèôèêàöèþ ìíîæåñòâà ñèñòåì (1.1) ïóòåì ðàçáèåíèÿ âåê-
òîðíûõ ìíîãî÷ëåíîâ P (x) íà êëàññû ëèíåéíîé ýêâèâàëåíòíîñòè. Îñíîâíûå ëèíåéíûå
èíâàðèàíòû ïîëó÷åíû [1, 2.].

Â [1, 1.2-1.4] âñåñòîðîííå èçó÷åíû ïðîáëåìû, âîçíèêàþùèå ïðè íîðìàëèçàöèè âîç-
ìóùåííûõ ñèñòåì ñ ìíîãî÷ëåíàìè P â íåâîçìóùåííîé ÷àñòè, è âûÿñíåíû óñëîâèÿ, ïðè
êîòîðûõ îíè ìèíèìèçèðóþòñÿ. Íà îñíîâàíèè ïðîâåäåííûõ èññëåäîâàíèé äëÿ êàæäîãî
êëàññà ýêâèâàëåíòíîñòè â [2, 1.] ðàçðàáîòàíû ñòðóêòóðíûå è íîðìèðîâî÷íûå ïðèíöè-

ïû, ïîçâîëÿþùèå âïîëíå óïîðÿäî÷èòü ìíîãî÷ëåíû P̃ , ïîëó÷àåìûå â ðåçóëüòàòå çàìåíû
(1.2), è, òåì ñàìûì, òåîðåòè÷åñêè âûäåëèòü â êàæäîì êëàññå îáðàçóþùóþ � ñàìûé

ïðîñòîé âåêòîðíûé ìíîãî÷ëåí P̃ , íàçûâàåìûé êàíîíè÷åñêîé ôîðìîé (ÊÔ).

Îêàçàëîñü, ÷òî ëþáóþ ÊÔ ìîæíî îòîæäåñòâèòü ñ ìàòðèöåé êîýôôèöèåíòîâ ìíî-
ãî÷ëåíà P̃ , ðàñïîëîæåíèå íóëåâûõ ýëåìåíòîâ â êîòîðîé ôèêñèðîâàíî, à äëÿ íåíóëåâûõ
äîëæíû áûòü óêàçàíû êàíîíè÷åñêèå ìíîæåñòâà, îïèñûâàþùèå èõ äîïóñòèìûå çíà÷å-
íèÿ. Ñèñòåìó ñ ÊÔ â ïðàâîé ÷àñòè åñòåñòâåííî íàçûâàòü êóáè÷åñêîé íîðìàëüíîé ôîð-
ìîé.

Íàðÿäó ñ çàäà÷åé ïðàêòè÷åñêîãî íàõîæäåíèÿ âñåõ ÊÔ â [1, 1.1] áûëè ïîñòàâëåíû
òàêæå ÷åòûðå äîïîëíÿþùèå åå òåõíè÷åñêèå âû÷èñëèòåëüíûå çàäà÷è, ïîçâîëÿþùèå ýô-
ôåêòèâíî èñïîëüçîâàòü ðàçðàáîòàííóþ êëàññèôèêàöèþ íà ïðàêòèêå. Îíè çàêëþ÷àþòñÿ
â òîì, ÷òîáû äëÿ êàæäîé ÊÔ â ÿâíîì âèäå âûïèñàòü:

a) óñëîâèÿ íà êîýôôèöèåíòû âåêòîðíîãî ìíîãî÷ëåíà P (x);

b) çàìåíó (1.2), ïðåîáðàçóþùóþ P (x) ïðè óêàçàííûõ óñëîâèÿõ â âûáðàííóþ ÊÔ;

ñ) ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ ýëåìåíòîâ ÊÔ èç êàíîíè÷åñêîãî ìíîæåñòâà;

d) ìèíèìàëüíîå êàíîíè÷åñêîå ìíîæåñòâî, â êîòîðîì îòñóòñòâóþò òå çíà÷åíèÿ ýëå-
ìåíòîâ, îò êîòîðûõ ìîæíî èçáàâèòüñÿ çàìåíîé (1.2), ñîõðàíÿþùåé ñòðóêòóðó ÊÔ.

Â [2, 2.] âñå ïîñòàâëåííûå çàäà÷è ðåøåíû â ñëó÷àå, êîãäà ìíîãî÷ëåíû P1 è P2 ïðî-
ïîðöèîíàëüíû, ò. å. èìåþò îáùèé ìíîæèòåëü òðåòüåé ñòåïåíè.

Öåëü ïðåäëàãàåìîé ðàáîòû çàêëþ÷àåòñÿ â ïîëó÷åíèè àíàëîãè÷íûõ ðåçóëüòàòîâ äëÿ
ñëó÷àÿ, êîãäà P1 è P2 îáëàäàþò êâàäðàòè÷íûì îáùèì ìíîæèòåëåì.

Ñëåäóåò èìåòü â âèäó, ÷òî áîëüøîå êîëè÷åñòâî ñèìâîëüíûõ âû÷èñëåíèé, ñâÿçàí-
íûõ ñî âñåâîçìîæíûìè ëèíåéíûìè ïðåîáðàçîâàíèÿìè îäíîðîäíûõ êóáè÷åñêèõ ñèñòåì,
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èõ íîðìèðîâêîé è âûäåëåíèåì îáùåãî ìíîæèòåëÿ, à òàêæå ñ ðåøåíèåì ðàçëè÷íûõ àë-
ãåáðàè÷åñêèõ ñèñòåì è óðàâíåíèé, âûñîêèõ ñòåïåíåé ñ ïàðàìåòðàìè íåâîçìîæíî áåç
ïðèìåíåíèÿ ñèìâîëüíîé ìàòåìàòèêè. Äëÿ ýòèõ öåëåé èñïîëüçóåòñÿ àíàëèòè÷åñêèé ïà-
êåò Maple, â íåì áûë íàïèñàí íàáîð ñòàíäàðòíûõ ïðîöåäóð, èñïîëüçóÿ êîòîðûå äëÿ äî-
êàçàòåëüñòâà ïðàêòè÷åñêè êàæäîãî óòâåðæäåíèÿ áûëè ñîçäàíû ñîîòâåòñòâóþùèå ïðî-
ãðàììû. Ñ íàïèñàííûìè ïðîãðàììàìè ìîæíî îçíàêîìèòüñÿ â [3, 3.].

Â ðàáîòå [1, 1.] òàêæå ìîæíî íàéòè áîëåå ïîäðîáíóþ ïîñòàíîâêó çàäà÷è, âêëþ÷àþ-
ùóþ â ñåáÿ:

1) âûâîä ñâÿçóþùåé ñèñòåìû äëÿ âîçìóùåííûõ ñèñòåì, çàâèñÿùåé èñêëþ÷èòåëüíî
îò êîýôôèöèåíòîì ìíîãî÷ëåíà P, è âûäåëåíèå òåõ ãðóïï êîýôôèöèåíòîâ P, îáíóëåíèå
êîòîðûõ îáëåã÷àåò ðåøåíèå ñâÿçóþùåé ñèñòåìû, à çíà÷èò, ïîçâîëÿåò îñîçíàííî ñôîð-
ìóëèðîâàòü ñòðóêòóðíûå è íîðìèðîâî÷íûå ïðèíöèïû, ïîëîæåííûå â îñíîâó êëàññèôè-
êàöèè ñèñòåì (1.1), è âûäåëèòü â ëèíåéíî ýêâèâàëåíòíûõ êëàññàõ ñèñòåì ïðîñòåéøèå:
òå, ïðàâûå ÷àñòè êîòîðûõ îáðàçóþò êàíîíè÷åñêèå ôîðìû;

2) îïèñàíèå ìåòîäà ðåçîíàíñíûõ óðàâíåíèé, ïîçâîëÿþùåãî äëÿ âîçìóùåííûõ ñè-
ñòåì ñ êàêîé-ëèáî ÊÔ â íåâîçìóùåííîé ÷àñòè äàòü êîíñòðóêòèâíîå îïðåäåëåíèå îáîá-
ùåííîé íîðìàëüíîé ôîðìû ñ î÷åâèäíûì äîêàçàòåëüñòâîì åå ñóùåñòâîâàíèÿ è âûïèñàòü
â ÿâíîì âèäå âñå âîçìîæíûå ñòðóêòóðû îáîáùåííûõ íîðìàëüíûõ ôîðì, ðàçóìååòñÿ
òîëüêî äëÿ òåõ ÊÔ, äëÿ êîòîðûõ óäàåòñÿ ðåøèòü ñâÿçóþùóþ ñèñòåìó èëè õîòÿ áû âû-
ïèñàòü ðåçîíàíñíûå óðàâíåíèÿ, ãàðàíòèðóþùèå åå ñîâìåñòíîñòü;

3) îáñóæäåíèå ïðîáëåì è èìåþùèõñÿ ðåçóëüòàòîâ â áëèçêèõ ïî ïîñòàíîâêå çàäà÷àõ,
êîãäà â ñèñòåìå (1.1) ðàññìàòðèâàþòñÿ êâàçèîäíîðîäíûå âåêòîðíûå ìíîãî÷ëåíû P (x)
ñ îïðåäåëåííûìè âåñàìè ïåðåìåííûõ èëè êîãäà ñòåïåíè ìíîãî÷ëåíîâ P1 è P2 ïðèíèìàþò
âñåâîçìîæíûå çíà÷åíèÿ îò åäèíèöû äî òðåõ.

Îñòàíîâèìñÿ â çàêëþ÷åíèå íà ñòðóêòóðå ïðåäëàãàåìîé ðàáîòû.

Â ñëåäóþùèõ ðàçäåëàõ Ââåäåíèÿ ïðèâåäåíû íåîáõîäèìûå äëÿ äàëüíåéøåãî îïðå-
äåëåíèÿ è ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòàõ [1, 2.] è [2, 1.]. Ðàçóìååòñÿ, èõ áîëåå ïîäðîá-
íîå èçëîæåíèå ñ ïðèâåäåíèåì áîëüøîãî ÷èñëà ïîÿñíÿþùèõ ïðèìåðîâ ñëåäóåò ñìîòðåòü
â óêàçàííûõ ðàáîòàõ.

Îñíîâíûì â íàñòîÿùåé ðàáîòå ÿâëÿåòñÿ Ðàçäåë 2, ïîñâÿùåííûé ñëó÷àþ, êîãäà ìíî-
ãî÷ëåíû P1, P2 ñèñòåìû (1.1) èìåþò âåùåñòâåííûé îáùèé ìíîæèòåëü ñòåïåíè äâà.

Â 2.1�2.3 ïðåäëîæåíà óäîáíàÿ ôîðìà çàïèñè ñèñòåìû ïðè l = 2, ïîçâîëÿþùàÿ
ðàçáèòü âñå ìíîæåñòâî ñèñòåì íà äåâÿòü êëàññîâ ëèíåéíîé ýêâèâàëåíòíîñòè, è ïðèâåäåí
ïîëíûé ñïèñîê íîðìèðîâàííûõ ñòðóêòóðíûõ ôîðì ñ äîïóñòèìûìè ìíîæåñòâàìè.

Â 2.4�2.6 ïîñëåäîâàòåëüíî ðàññìàòðèâàþòñÿ ñëó÷àè, êîãäà äèñêðèìèíàíò D0 êâàä-
ðàòè÷íîãî îáùåãî ìíîæèòåëÿ P0 áîëüøå, ðàâåí è ìåíüøå íóëÿ. Äëÿ êàæäîãî çíàêà
ðàçëè÷íûìè ñïîñîáàìè óäàåòñÿ âûäåëèòü êàíîíè÷åñêèå ôîðìû ñ êàíîíè÷åñêèìè è ìè-
íèìàëüíûìè ìíîæåñòâàìè è äîêàçàòü òåîðåìû î ïðèâåäåíèè ê íèì èñõîäíîé ñèñòåìû.
Â 2.7 ñîáðàíû â åäèíûé ñïèñîê âñå ïîëó÷åííûå äëÿ ñëó÷àÿ l = 2 êàíîíè÷åñêèå ôîðìû.

Òàêæå â Ðàçäåëå 2 â ñîîòâåòñòâóþùèõ ìåñòàõ èìåþòñÿ ññûëêè íà ñîïóòñòâóþùèå
ïðîãðàììû èç ïðèëîæåíèÿ â ðàáîòå [3].

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì è ñîäåðæèò ðåçóëüòàò áàêàëàâðñêîé âû-
ïóñêíîé ðàáîòû, â êîòîðîé áûë ðàññìîòðåí ñëó÷àé D0 > 0.

3



1.2. Ëèíåéíàÿ ýêâèâàëåíòíîñòü îäíîðîäíûõ êóáè÷åñêèõ ñèñòåì.

Ðàññìîòðèì âåùåñòâåííóþ äâóìåðíóþ îäíîðîäíóþ êóáè÷åñêóþ ñèñòåìó

ẋ = P (x) èëè ẋ = Aq[3](x), (1.4)

â êîòîðîé P =

(
P1

P2

)
=

(
a1x

3
1 + b1x

2
1x2 + c1x1x

2
2 + d1x

3
2

a2x
3
1 + b2x

2
1x2 + c2x1x

2
2 + d2x

3
2

)
, A =

(
A1

A2

)
=

(
a1 b1 c1 d1

a2 b2 c2 d2

)
,

x = colon (x1, x2), q[3](x) = colon (x3
1, x

2
1x2, x1x

2
2, x

3
2), ïðè÷åì ñòðîêè A1, A2 6= 0.

Ñîãëàøåíèå 1.1. Â äàëüíåéøåì äëÿ êðàòêîñòè ìàòðèöó êîýôôèöèåíòîâ A áóäåì
îòîæäåñòâëÿòü ñ ñèñòåìîé (1.4) èëè ãîâîðèòü, ÷òî A ïîðîæäàåò ñèñòåìó (1.4).

Îïðåäåëåíèå 1.1. Ëþáîé îäíîðîäíûé ìíîãî÷ëåí ñ âåùåñòâåííûìè êîýôôèöèåí-
òàìè, ÿâëÿþùèéñÿ îáùèì ìíîæèòåëåì P1 è P2, áóäåì îáîçíà÷àòü P0. Îáùèé ìíî-
æèòåëü P0 ìàêñèìàëüíîé ñòåïåíè l (l = 1, 2, 3) áóäåì îáîçíà÷àòü P l

0. Ïðè îòñóò-
ñòâèè îáùåãî ìíîæèòåëÿ áóäåì ñ÷èòàòü, ÷òî l = 0.

Äëÿ âåêòîðîâ r =

(
r1

r2

)
, s =

(
s1

s2

)
ââåäåì ôóíêöèþ δrs =

∣∣∣∣∣r1 s1

r2 s2

∣∣∣∣∣ = r1s2 − r2s1.

Óñòàíîâèòü íàëè÷èå èëè îòñóòñòâèå îáùåãî ìíîæèòåëÿ ó ëþáûõ äâóõ ìíîãî÷ëåíîâ
ïîçâîëÿåò ôóíêöèÿ R = R(P1, P2), íàçûâàåìàÿ ðåçóëüòàíòîì:

R =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1 c1 d1 0 0

0 a1 b1 c1 d1 0

0 0 a1 b1 c1 d1

a2 b2 c2 d2 0 0

0 a2 b2 c2 d2 0

0 0 a2 b2 c2 d2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= δ3

ad + δ2
acδcd + δabδ

2
bd − 2δabδadδcd − δabδbcδcd − δacδadδbd.

Óòâåðæäåíèå 1.1. Ìíîãî÷ëåíû P1, P2 èìåþò âåùåñòâåííûé îáùèé ìíîæèòåëü
P0 íåíóëåâîé ñòåïåíè òîãäà è òîëüêî òîãäà, êîãäà R(P1, P2) = 0.

Äëÿ óïðîùåíèÿ ñèñòåìû (1.4) áóäåì èñïîëüçîâàòü ëèíåéíûå íåîñîáûå çàìåíû{
x1 = r1y1 + s1y2

x2 = r2y1 + s2y2

èëè x = Ly, L =

(
r1 s1

r2 s2

)
, δ = detL 6= 0. (1.5)

Ïóñòü çàìåíà (1.5) ïðåîáðàçóåò ñèñòåìó (1.4) â ñèñòåìó

ẏ = P̃ (y) èëè ẏ = Ã q[3](y), (1.6)

ãäå P̃ =

(
P̃1

P̃2

)
=

(
ã1y

3
1 + b̃1y

2
1y2 + c̃1y1y

2
2 + d̃1y

3
2

ã2y
3
1 + b̃2y

2
1y2 + c̃2y1y

2
2 + d̃2y

3
2

)
, Ã =

(
ã1 b̃1 c̃1 d̃1

ã2 b̃2 c̃2 d̃2

)
.

Äëÿ ìíîãî÷ëåíîâ P̃1, P̃2 ïî àíàëîãèè ñ R ââåäåì ðåçóëüòàíò R̃ = R(P̃1, P̃2).

Â [1, 2.2 ] äëÿ ñèñòåìû (1.6) ïîëó÷åíû ñëåäóþùèå ôîðìóëû

P̃ (y) = L−1P (Ly) = L−1Aq[3](Ly), R̃ = δ6R,

Ã = δ−1

 δP (r)s s1δ ∂P (r)
∂r1

s
+ s2δ ∂P (r)

∂r2
s

r1δ ∂P (s)
∂s1

s
+ r2δ ∂P (s)

∂s2
s

δP (s)s

−δP (r)r −s1δ ∂P (r)
∂r1

r
− s2δ ∂P (r)

∂r2
r
−r1δ ∂P (s)

∂s1
r
− r2δ ∂P (s)

∂s2
r
−δP (s)r

 .
(1.7)
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Ñðåäè çàìåí (1.5), ïðåîáðàçóþùèõ (1.4) â (1.6), âûäåëèì äâå ñïåöèàëüíûå çàìåíû:(
r1 0

0 s2

)
� íîðìèðîâêà, Ã =

(
a1r

2
1 b1r1s2 c1s

2
2 d1s

3
2/r1

a2r
3
1/s2 b2r

2
1 c2r1s2 d2s

2
2

)
; (1.8)

(
0 1

1 0

)
� ïåðåíóìåðàöèÿ, Ã =

(
d2 c2 b2 a2

d1 c1 b1 a1

)
. (1.9)

Çàìå÷àíèå 1.1. Íîðìèðîâêà (1.8) èìååò ñëåäóþùèå îñîáåííîñòè:
1) íàçîâåì a2, b1, c2, d1 ýëåìåíòàìè íå÷åòíîãî çèãçàãà, a1, b2, c1, d2 � ÷åòíîãî, òîãäà ó âñåõ
ýëåìåíòîâ íå÷åòíîãî çèãçàãà ìîæíî îäíîâðåìåííî èçìåíèòü çíàê, à ó ëþáîãî ýëåìåíòà
èç ÷åòíîãî çèãçàãà çíàê èçìåíèòü íåëüçÿ;
2) ëþáîå èç îòíîøåíèé a1/b2, b1/c2, c1/d2 íà äèàãîíàëÿõ èçìåíèòü íåëüçÿ.

Çàìå÷àíèå 1.2. Åñëè â ñèñòåìå, ïîëó÷åííîé ïîñëå çàìåíû L = (r, s), ïîòðåáóåòñÿ
ïåðåíóìåðàöèÿ, òî íóæíî â èñõîäíîé ñèñòåìå ñðàçó ñäåëàòü çàìåíó L = (s, r).

Â òî æå âðåìÿ ïåðåíóìåðàöèÿ (1.9) ïîçâîëÿåò äîãîâîðèòüñÿ î ñëåäóþùåì.

Ñîãëàøåíèå 1.2. Â äàëüíåéøåì, íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî
â ñèñòåìå (1.4) ïðè l = 1, 2, 3,

a2
1 + a2

2 6= 0, åñëè a2
1 + a2

2 + d2
1 + d2

2 6= 0. (1.10)

1.3. Ñòðóêòóðíûå ôîðìû.

Áàçîâûì ïîíÿòèåì ðàçâèâàåìîé òåîðèè ÿâëÿåòñÿ ïîíÿòèå ñòðóêòóðíîé ôîðìû.

Îïðåäåëåíèå 1.2. Âåùåñòâåííóþ ìàòðèöó A =

(
a1 b1 c1 d1

a2 b2 c2 d2

)
ñ íåíóëåâûìè

ñòðîêàìè áóäåì íàçûâàòü îáúåäèíåííîé ñòðóêòóðíîé m-ôîðìîé (m = 2, 8) è îáîçíà-
÷àòü USFm (united structural form), åñëè êàêèå-ëèáî m åå ýëåìåíòîâ îòëè÷íû îò íóëÿ,
à îñòàëüíûå ðàâíû íóëþ. Êîíå÷íîå ìíîæåñòâî, îáúåäèíÿþùåå âñå USFm, áóäåì îáî-
çíà÷àòü SUSFm (set of USFm).

Î÷åâèäíî, ÷òî îáúåäèíåííûå ñòðóêòóðíûå m-ôîðìû îòëè÷àþòñÿ îäíà îò äðóãîé
ðàçëè÷íûì ðàñïîëîæåíèåì ìåñò äëÿ íåíóëåâûõ ýëåìåíòîâ.

Â äàëüíåéøåì äëÿ êðàòêîñòè ëþáóþ USFm ìîæíî áóäåò çàïèñûâàòü ïî ñòðîêàì,

óêàçûâàÿ â êàæäîé òîëüêî íåíóëåâûå ýëåìåíòû, íàïð.,

(
a1 0 c1 0

0 0 0 d2

)
= (a1, c1; d2).

Ðàññìîòðèì âñåâîçìîæíûå ðàññòàíîâêè íåíóëåâûõ ýëåìåíòîâ â SUSFm (m = 2, 8).

Îïðåäåëåíèå 1.3. Èíäåêñîì ýëåìåíòà aij (i = 1, 2; j = 1, 2, 3, 4) ìàòðèöû A

áóäåì íàçûâàòü ÷èñëî, ñòîÿùåå íà ìåñòå (i, j) â ìàòðèöå

(
1 2 3 4

4 3 2 1

)
. Â ñâîþ î÷å-

ðåäü, èíäåêñîì k ìàòðèöû A áóäåì íàçûâàòü ñóììó èíäåêñîâ íåíóëåâûõ ýëåìåíòîâ A
è ïðè íåîáõîäèìîñòè ïèñàòü A[k]. Àíàëîãè÷íî ââîäÿòñÿ èíäåêñû ñòðîê A1 è A2.

Â [2, 1.1 ] äîëæíûì îáðàçîì ââåäåíû ñòðóêòóðíûå ïðèíöèïû (ÑÏ), ïîçâîëÿþùèå
âïîëíå óïîðÿäî÷èòü êîíå÷íîå ìíîæåñòâî SUSF =

⋃ 8
m=2 SUSF

m è, â òîì ÷èñëå, âñå
âõîäÿùèå â íåãî ïàðû USFm, ïîëó÷àåìûå äðóã èç äðóãà ïðè ïåðåíóìåðàöèè (1.9).
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Îïðåäåëåíèå 1.4. Èç äâóõ ðàçëè÷íûõ îáúåäèíåííûõ ñòðóêòóðíûõ m-ôîðì, ïîëó-
÷àåìûõ äðóã èç äðóãà ïåðåíóìåðàöèåé, ôîðìó, ÿâëÿþùóþñÿ ñîãëàñíî ÑÏ ïðåäøåñòâó-
þùåé, áóäåì íàçûâàòü ñòðóêòóðíîé m-ôîðìîé, ïðè æåëàíèè äîáàâëÿÿ îñíîâíàÿ, è
îáîçíà÷àòü SFm, à äðóãóþ � äîïîëíèòåëüíîé è îáîçíà÷àòü SFm

a (additional SF ).

Î÷åâèäíî, ÷òî èìååòñÿ òàêæå îïðåäåëåííîå êîëè÷åñòâî "ñèììåòðè÷íûõ" ñòðóêòóð-
íûõ m-ôîðì, ò. å. òàêèõ SFm, êîòîðûå íå èçìåíÿþòñÿ â õîäå ïåðåíóìåðàöèè (1.9).

Ïîñêîëüêó ëþáàÿ ïàðà, ñîñòîÿùàÿ èç îñíîâíîé è äîïîëíèòåëüíîé ñòðóêòóðíûõ
ôîðì ëèíåéíî ýêâèâàëåíòíà, òî "õóäøàÿ" ñ òî÷êè çðåíèÿ ÑÏ äîïîëíèòåëüíàÿ ôîðìà
ñàìîñòîÿòåëüíîãî èíòåðåñà íå ïðåäñòàâëÿåò, íî èñïîëüçîâàòü åå èíîãäà áóäåò óäîáíî.

Ñîãëàøåíèå 1.3. Cîãëàñíî ââåäåííîé óïîðÿäî÷åííîñòè ñîïîñòàâèì ëþáîé îñíîâ-
íîé ñòðóêòóðíîé m-ôîðìå ïîðÿäêîâûé íîìåð i è áóäåì îáîçíà÷àòü åå SFm

i , à äîïîë-
íèòåëüíóþ ê íåé ñòðóêòóðíóþ ôîðìó � SFm

a,i.

Â [2, 1.1 ] ïðèâåäåí Ñïèñîê 1.1, ñîñòîÿùèé èç 120 óïîðÿäî÷åííûõ ñòðóêòóðíûõ
ôîðì, âõîäÿùèõ â SUSF.

Îïðåäåëåíèå 1.5. Ïðåäñòàâèòåëåì ïðîèçâîëüíîé SFm
i áóäåì íàçûâàòü ëþáóþ

÷èñëîâóþ ìàòðèöó, ñòðóêòóðà íóëåé êîòîðîé ñîâïàäàåò ñî ñòðóêòóðîé SFm
i .

Èòàê, ëþáóþ SFm
i ìîæíî òðàêòîâàòü êàê ñîâîêóïíîñòü âñåõ åå ïðåäñòàâèòåëåé.

Âàæíàÿ õàðàêòåðèñòèêà SFm
i ñâÿçàíà ñ îïðåäåëåíèåì âñåõ âîçìîæíûõ çíà÷åíèé

ìàêñèìàëüíîé ñòåïåíè îáùåãî ìíîæèòåëÿ P l
0 (ñì. îïð. 1.1), êîòîðûé ìîæíî âûíîñèòü â

ïðàâîé ÷àñòè ïîðîæäåííîé ýòîé ñòðóêòóðíîé ôîðìîé ñèñòåìû (1.4) ïðè ðàçëè÷íûõ çíà-
÷åíèÿõ íåíóëåâûõ êîýôôèöèåíòîâ. Ïîýòîìó ìíîæåñòâî âåùåñòâåííûõ íåíóëåâûõ çíà÷å-
íèé ýëåìåíòîâ ëþáîé SFm

i ðàçîáüåì íà íåïóñòûå ìíîæåñòâà sm,li (0 ≤ l ≤ 3) ñëåäóþùèì
îáðàçîì: sm,li ñîäåðæèò òå è òîëüêî òå çíà÷åíèÿ ýëåìåíòîâ SFm

i , ïðè êîòîðûõ â ïðàâîé
÷àñòè ñèñòåìû (1.4), ïîðîæäåííîé ýòîé ôîðìîé, ìîæíî âûíåñòè îáùèé ìíîæèòåëü P l

0.

Îïðåäåëåíèå 1.6. Äëÿ ëþáîé SFm
i , çàäàâàåìîé ìàòðèöåé A, çàïèñü SFm,l

i îçíà-
÷àåò òó æå ìàòðèöó A, íî çíà÷åíèÿ åå íåíóëåâûõ ýëåìåíòîâ ïðèíàäëåæàò sm,li 6= ∅.

Èíûìè ñëîâàìè, SFm,l
i îáúåäèíÿåò òåõ è òîëüêî òåõ ïðåäñòàâèòåëåé SFm

i , ÷üè ýëå-
ìåíòû ïðèíàäëåæàò sm,li , èëè, ÷òî òî æå ñàìîå, SFm,l

i ïîðîæäàåò òîëüêî òàêèå ñèñòåìû,
ïðàâûå ÷àñòè êîòîðûõ èìåþò îáùèé ìíîæèòåëü ìàêñèìàëüíîé ñòåïåíè l.

Èç îïðåäåëåíèÿ (1.6) è òåîðåìû 2.3 [1, 2.6 ] âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1.2. SFm,l1
i ëèíåéíî íå ýêâèâàëåíòíà SFm,l2

i ïðè l1 6= l2, ò. å. ëþáûå
äâà ïðåäñòàâèòåëÿ SFm,l1

i è SFm,l2
i ëèíåéíî íå ýêâèâàëåíòíû.

Åñëè SFm
i èìååò òîëüêî îäíî ìíîæåñòâî sm,l0i 6= ∅, òî, î÷åâèäíî, SFm,l0

i = SFm
i .

1.4. Íîðìèðîâàííûå ñòðóêòóðíûå ôîðìû è äîïóñòèìûå ìíîæåñòâà.

Ñëåäóþùèì øàãîì íà ïóòè ê îïðåäåëåíèþ êàíîíè÷åñêîé ôîðìû ñòàíåò ââåäåíèå
ïîíÿòèÿ íîðìèðîâàííîé ñòðóêòóðíîé ôîðìû, îñíîâàííîãî íà íîðìèðîâêå ïðè ïîìîùè
çàìåíû (1.8) âñåõ ïðåäñòàâèòåëåé SFm,l

i ñ öåëüþ ïîëó÷åíèÿ íà äâóõ, êàê ïðàâèëî (ñì.
çàì. 1.1), äîëæíûì îáðàçîì âûáðàííûõ ìåñòàõ åäèíè÷íûõ ïî ìîäóëþ ýëåìåíòîâ.

Â [2, 1.2 ] ïðèâåäåíû íîðìèðîâî÷íûå ïðèíöèïû (ÍÏ) âûáîðà íîðìèðóåìûõ ýëåìåí-
òîâ ìàòðèöû A, ïîçâîëÿþùèå îñóùåñòâèòü íîðìèðîâêó ëþáîé èç 120 SFm

i , ò. å. îäíî-
çíà÷íî âûáðàòü â íåé ìåñòà äëÿ íîðìèðóåìûõ ýëåìåíòîâ è çíà÷åíèÿ, êîòîðûå äîëæíû
ïîëó÷èòü ýëåìåíòû íà ýòèõ ìåñòàõ ïîñëå íîðìèðîâêè. Ïðè ýòîì íîðìèðóþùàÿ çàìåíà
(1.8) îïðåäåëÿåòñÿ îäíîçíà÷íî äëÿ âñåõ SF, êðîìå SF 2,2

3 è SF 2,2
4 , äëÿ êîòîðûõ ýëåìåíò

s2 â çàìåíå ïðîèçâîëåí è ìîæåò áûòü âûáðàí, íàïðèìåð, åäèíèöåé (ñì. çàì. 1.1).
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Èòàê, ïðåäñòàâèòåëè ëþáîé SFm,l
i (÷èñëîâûå ìàòðèöû çàäàííîé ñòðóêòóðû ñ ýëå-

ìåíòàìè èç sm,li ) ðàçáèâàþòñÿ íà êëàññû ýêâèâàëåíòíîñòè îòíîñèòåëüíî íîðìèðóþùèõ
çàìåí (1.8), à â êà÷åñòâå îáðàçóþùèõ áåðóòñÿ íîðìèðîâàííûå ïðåäñòàâèòåëè.

Îïðåäåëåíèå 1.7. SFm,l
i áóäåì íàçûâàòü íîðìèðîâàííîé ñòðóêòóðíîé ôîðìîé è

îáîçíà÷àòü NSFm,l
i (normalized SF), åñëè îíà îáúåäèíÿåò òîëüêî ñâîèõ íîðìèðîâàííûõ

â ñîîòâåòñòâèè ñ ÍÏ ïðåäñòàâèòåëåé.

Ñîãëàøåíèå 1.4. Ëþáóþ íîðìèðîâàííóþ ñòðóêòóðíóþ ôîðìó A áóäåì çàïè-
ñûâàòü â âèäå σB, ãäå âûíåñåííûé èç ìàòðèöû A ìíîæèòåëü σ ðàâåí çíàêó ïåð-
âîãî íîðìèðîâàííîãî ýëåìåíòà. Îñòàâøèåñÿ íåíîðìèðîâàííûìè íåíóëåâûå ýëåìåíòû
ìàòðèöû B, åñëè òàêîâûå èìåþòñÿ, áóäåì äîëæíûì îáðàçîì âûðàæàòü ÷åðåç ïåðå-
ìåííûå, íàçûâàåìûå â äàëüíåéøåì ïàðàìåòðàìè NSF è ôóíêöèè îò íèõ. Òàêæå ïðè
íåîáõîäèìîñòè áóäåì çàïèñûâàòü NSF êàê ôóíêöèþ îò ñâîèõ ïàðàìåòðîâ.

Òåì ñàìûì, ïàðàìåòðû NSF, îáîçíà÷àåìûå u, v, w, . . . , âñåãäà ïðåäïîëàãàþòñÿ îò-

ëè÷íûìè îò íóëÿ. Íàïðèìåð, NSF 5,1
7 = NSF 5,1

7 (σ, u, v) = σ

(
u v v − u 0

1 0 0 1

)
, íî ïðè

ýòîì v 6= u, èíà÷å m 6= 5.

Ñîãëàøåíèå 1.4 ïîçâîëÿåò â ìàòðèöå B, èñïîëüçóåìîé â äàëüíåéøåì äëÿ íîðìàëè-
çàöèè âîçìóùåííûõ ñèñòåì, ïîëó÷èòü ìàêñèìàëüíîå êîëè÷åñòâî åäèíèö, à ìíîæèòåëü
σ, åñëè îí îêàæåòñÿ îòðèöàòåëüíûì, çàìåíîé âðåìåíè ìîæíî ñäåëàòü ðàâíûì åäèíèöå.

Òàê, SF 2,1
2 = (a1; c2) çàìåíîé (1.8) ìîæåò áûòü ñâåäåíà ê NSF 2,1

2 = σ

(
1 0 0 0

0 0 1 0

)
c σ = sign a1. Çäåñü íîðìèðóåìûå ýëåìåíòû ðàñïîëîæåíû íà ðàçíûõ çèãçàãàõ, è ñîãëàñíî
çàìå÷àíèþ 1.1 íà çíàê ýëåìåíòà èç ÷åòíîãî çèãçàãà ïîâëèÿòü íåâîçìîæíî, ïîýòîìó îí
âûíîñèòñÿ â âèäå ìíîæèòåëÿ σ. À çíàê íîðìèðóåìîãî ýëåìåíòà èç íå÷åòíîãî çèãçàãà
âñåãäà ìîæíî ñäåëàòü ðàâíûì σ, ÷òî è òðåáóåòñÿ â ÍÏ.

Îïðåäåëåíèå 1.8. Åñëè âñå íåíóëåâûå ýëåìåíòû SFm,l
i ðàñïîëîæåíû òîëüêî

íà îäíîì èç çèãçàãîâ, èç-çà ÷åãî âòîðîé íîðìèðîâàííûé ýëåìåíò â ìàòðèöå B ïðè åãî
íàëè÷èè ìîæåò ðàâíÿòüñÿ êàê åäèíèöå, òàê è ìèíóñ åäèíèöå (áóäåì îáîçíà÷àòü åãî
κ), òî ïîëó÷àåìóþ NSF áóäåì íàçûâàòü äâîéñòâåííîé è îáîçíà÷àòü NSFm,l

i,κ .

Îòìåòèì, ÷òî äëÿ NSFm,l
i ïî ñðàâíåíèþ ñ SFm,l

i ñóùåñòâåííî îáëåã÷àåòñÿ ïðàêòè-
÷åñêîå íàïèñàíèå óñëîâèé, ôèêñèðóþùèõ ìàêñèìàëüíóþ ñòåïåíü l îáùåãî ìíîæèòåëÿ.

Òàê, NSF 5
7 = σ

(
u v w 0

1 0 0 1

)
åñòü NSF 5,2

7 ïðè −v, w = u; NSF 5,1
7 ïðè w = v − u;

NSF 5,0
7 , åñëè íå âûïîëíÿþòñÿ ïåðå÷èñëåííûå âûøå îãðàíè÷åíèÿ íà ïàðàìåòðû.

Îïðåäåëåíèå 1.9. Çíà÷åíèÿ ïàðàìåòðîâ, ïðè êîòîðûõ îïðåäåëåíà ïðîèçâîëüíàÿ
NSFm,l

i , áóäåì íàçûâàòü äîïóñòèìûìè. Îáúåäèíåíèå äîïóñòèìûõ çíà÷åíèé ïàðàìåò-
ðîâ äëÿ êàæäîé èç ôîðì áóäåì íàçûâàòü äîïóñòèìûì ìíîæåñòâîì è îáîçíà÷àòü
psm,li (permissible set). Äîïóñòèìîå ìíîæåñòâî áóäåì íàçûâàòü òðèâèàëüíûì è îáî-
çíà÷àòü tpsm,li (trivial ps), åñëè âõîäÿùèå â íåãî ïàðàìåòðû îãðàíè÷åíèé íå èìåþò.

1.5. Êàíîíè÷åñêèå ìíîæåñòâà è êàíîíè÷åñêèå ôîðìû. Èòàê, ðàññìîòðèì
ïðîèçâîëüíóþ NSFm,l

i ìàòðèöó, èìåþùóþ m íåíóëåâûõ ýëåìåíòîâ ñ çàäàííûì ðàñïî-
ëîæåíèåì, ôèêñèðóþùèì i � åå ïîðÿäêîâûé íîìåð â SUSFm ñîãëàñíî ââåäåííûì ÑÏ.
Íàêîíåö, l � ýòî ñòåïåíü îáùåãî ìíîæèòåëÿ P l

0, êîòîðûé âûíîñèòñÿ èç ïðàâîé ÷àñòè
ñèñòåìû, ïîðîæäåííîé ëþáûì ïðåäñòàâèòåëåì NSFm,l

i . Ñîãëàñíî óòâåðæäåíèþ 1.2 l
èíâàðèàíòíà îòíîñèòåëüíî ëèíåéíûõ íåîñîáûõ çàìåí.
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Îòìåòèì, ÷òî ïîëó÷åíèå íîðìèðîâàííûõ ñòðóêòóðíûõ ôîðì � ýòî ôîðìàëüíàÿ ðà-
áîòà, òðåáóþùàÿ òîëüêî íîðìèðîâêè (1.8), ò. å. çàìåíû, íå çàòðàãèâàþùåé ñòðóêòóðû
ïîðîæäàþùåé ýòè ôîðìû ìàòðèöû A.

Òåïåðü æå ñòàíåì óïðîùàòü NSFm,l
i , ñâîäÿ èõ ïîñðåäñòâîì ïîäõîäÿùèõ ëèíåéíûõ

íåîñîáûõ çàìåí (1.5) ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàðàìåòðîâ èç psm,li ê ïðåäøåñòâóþ-
ùèì ñòðóêòóðíûì ôîðìàì, ò. å. ê SF n,l

j ñ n < m èëè ñ j < i ïðè n = m.

Â ñâÿçè ñ ýòèì ñëåäóåò èìåòü â âèäó ñëåäóþùèå äâà ñîîáðàæåíèÿ.

Ñ îäíîé ñòîðîíû, ïðàêòè÷åñêè êàæäàÿ NSFm,l
i ìîæåò ñâîäèòüñÿ ê ïðåäøåñòâóþ-

ùèì SF n,l
j , ò. å. èìååò "ëèøíèõ" ïðåäñòàâèòåëåé, ëèíåéíî ýêâèâàëåíòíûõ êàêèì-ëèáî

ïðåäñòàâèòåëÿì ïðåäøåñòâóþùèõ ôîðì. Çíà÷åíèÿ ïàðàìåòðîâ, äîïóñêàþùèå òàêèõ
ïðåäñòàâèòåëåé, íàäî óäàëÿòü èç psm,li .

Ñ äðóãîé ñòîðîíû, òå NSFm,l
i , êîòîðûå ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ ñâîèõ ïà-

ðàìåòðîâ ëèíåéíî ýêâèâàëåíòíû êàêèì-ëèáî ïðåäøåñòâóþùèì ôîðìàì, ñàìîñòîÿòåëü-
íîãî èíòåðåñà íå ïðåäñòàâëÿþò, ïîñêîëüêó íå ìîãóò âûñòóïàòü â ðîëè "ïðîñòåéøèõ".

Îïðåäåëåíèå 1.10. Íåïóñòîå ìíîæåñòâî, ñîäåðæàùåå òå è òîëüêî òå çíà÷åíèÿ
ïàðàìåòðîâ èç psm,li , ïðè êîòîðûõ NSFm,l

i ëèíåéíî íå ýêâèâàëåíòíà íèêàêîé ïðåäøå-
ñòâóþùåé SF, áóäåì íàçûâàòü êàíîíè÷åñêèì è îáîçíà÷àòü csm,li (canonical set).

Îïðåäåëåíèå 1.11. Ëþáóþ NSFm,l
i áóäåì íàçûâàòü êàíîíè÷åñêîé ôîðìîé è îáî-

çíà÷àòü CFm,l
i (canonical form), åñëè åå ïàðàìåòðû ïðèíàäëåæàò csm,li .

Òàêèì îáðàçîì, ìàòðèöû CFm,l
i è NSFm,l

i âûãëÿäÿò îäèíàêîâî, íî ïàðàìåòðû CFm,l
i

ïðèíàäëåæàò csm,li � ýòî psm,li , èç êîòîðîãî óäàëåíû òå çíà÷åíèÿ, ïàðàìåòðîâ ïðè êîòî-
ðûõ ïðåäñòàâèòåëè NSFm,l

i çàìåíàìè (1.5) ñâîäÿòñÿ ê ïðåäøåñòâóþùèì SF.

Óòâåðæäåíèå 1.3. Ëþáûå äâå êàíîíè÷åñêèå ôîðìû ëèíåéíî íå ýêâèâàëåíòíû.

Ýòî î÷åâèäíîå óòâåðæäåíèå îçíà÷àåò, ÷òî íèêàêèå äâà ïðåäñòàâèòåëÿ ðàçëè÷íûõ
CF èëè, ÷òî òî æå ñàìîå, íèêàêèå äâå ñèñòåìû (1.4), ïîðîæäåííûå ñîîòâåòñòâóþùèìè
÷èñëîâûìè ìàòðèöàìè, íå ìîãóò áûòü ñâÿçàíû ëèíåéíîé íåîñîáîé çàìåíîé.

Â ðÿäå ñëó÷àåâ êàíîíè÷åñêèå ìíîæåñòâà ïàðàìåòðîâ óäàåòñÿ äîïîëíèòåëüíî îãðà-
íè÷èòü ïðè ïîìîùè ëèíåéíûõ çàìåí, ïðåîáðàçóþùèõ CF â ñåáÿ.

Îïðåäåëåíèå 1.12. Êàíîíè÷åñêîå ìíîæåñòâî ëþáîé CF m,l
i áóäåì íàçûâàòü ìè-

íèìàëüíûì è îáîçíà÷àòü mcsm,li (minimal cs), åñëè íàéäåíà ëèíåéíàÿ íåîñîáàÿ çàìåíà,
ïðåîáðàçóþùàÿ CFm,l

i â ñåáÿ è ïîçâîëÿþùàÿ îãðàíè÷èòü çíà÷åíèÿ ýëåìåíòîâ csm,li , à
èìåííî, åñëè ýòî âîçìîæíî, òî õîòÿ áû îäèí èç íååäèíè÷íûõ ýëåìåíòîâ ïîëó÷åí
îãðàíè÷åííûì ñâåðõó è (èëè) ñíèçó è (èëè) çàôèêñèðîâàí çíàê ìíîæèòåëÿ σ.

Òàêèì îáðàçîì, åñëè CFm,l
i íå ñîäåðæèò ïàðàìåòðîâ èëè èõ íåâîçìîæíî îãðàíè-

÷èòü, òî àâòîìàòè÷åñêè csm,li = mcsm,li , ò. å. ÿâëÿåòñÿ ìèíèìàëüíûì.

Îïðåäåëåíèå 1.13. Ìíîæåñòâî, ñîäåðæàùåå òå çíà÷åíèÿ ïàðàìåòðîâ èç csm,li ,
îò êîòîðûõ óäàåòñÿ èçáàâèòüñÿ ïðè ïîìîùè ëèíåéíûõ íåîñîáûõ çàìåí, ïåðåâîäÿùèõ
CFm,l

i â ñåáÿ, áóäåì íàçûâàòü äîïîëíèòåëüíûì è îáîçíà÷àòü acsm,li (additional cs).

Òåì ñàìûì, mcsm,li = csm,li \acs
m,l
i .

Ñîãëàøåíèå 1.5. Â äàëüíåéøåì: 1) Çàïèñü �. . . ζ = [ ς1 ∨ υ1 ] . . . η = [ ς2 ∨ υ2 ] . . . �
áóäåò îçíà÷àòü, ÷òî èëè ζ = ς1, η = ς2, èëè ζ = υ1, η = υ2; 2) óñëîâèå, çàêëþ÷åííîå
â êðóãëûå ñêîáêè è çàïèñàííîå ïîñëå äðóãîãî óñëîâèÿ, íå ÿâëÿåòñÿ òðåáîâàíèåì, à ïðè-
âîäèòñÿ â êà÷åñòâå íàïîìèíàíèÿ äëÿ ëó÷øåãî âîñïðèÿòèÿ ïîñëåäóþùèõ ðàññóæäåíèé;
3) â ôîðìóëèðîâêàõ ðåçóëüòàòîâ îòëè÷èå îò íóëÿ âûðàæåíèé, ñòîÿùèõ â çíàìåíà-
òåëå, íå ÿâëÿåòñÿ ïðåäïîëîæåíèåì, à óñòàíàâëèâàåòñÿ â õîäå äîêàçàòåëüñòâà.
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2. Îäíîðîäíûå êóáè÷åñêèå ñèñòåìû

ñ êâàäðàòè÷íûì îáùèì ìíîæèòåëåì

2.1. Çàïèñü è ëèíåéíàÿ ýêâèâàëåíòíîñòü ñèñòåì ïðè l = 2.

Ñèñòåìà (1.4) ïðè l = 2 ñ ó÷åòîì ñîãëàøåíèÿ 1.2 îäíîçíà÷íî ïðåäñòàâèìà â âèäå

ẋ = P 2
0 (x)Hx, (2.1)

ãäå ìàòðèöà H =

(
p1 q1

p2 q2

)
è detH = δpq 6= 0, âåùåñòâåííûé îáùèé ìíîæèòåëü P 2

0 =

αx2
1 + 2βx1x2 + γx2

2 = p2
0 q

[2](x) ñî ñòðîêîé êîýôôèöèåíòîâ p2
0 = (α, 2β, γ), îí èìååò

äèñêðèìèíàíò D0 = β2 − αγ, ïðè÷åì ëèáî α = 1 (D0 = β2 − γ), ëèáî α, γ = 0, 2β = 1
(D0 = 1), òàê êàê óñëîâèå (1.10) èç ñîãëàøåíèÿ 1.2 èñêëþ÷àåò ñëó÷àé α = 0, γ 6= 0
ïîòîìó, ÷òî ïåðåíóìåðàöèÿ (1.9) ïðè íåîáõîäèìîñòè ñâîäèò p0 ê ñòðîêå (γ, 2β, α).

Äåéñòâèòåëüíî, èç ðàâåíñòâà

(
αp1 αq1 + 2βp1 2βq1 + γp1 γq1

αp2 αq2 + 2βp2 2βq2 + γp2 γq2

)
=

(
a1 b1 c1 d1

a2 b2 c2 d2

)
âûòåêàþò ôîðìóëû, îäíîçíà÷íî îïðåäåëÿþùèå p2

0 è H (ñì. ïðèë. [3, 3.2]):

1) a1 6= 0, a2 6= 0, òîãäà δab 6= 0, P
(2)
1 (θ∗) = P

(2)
2 (θ∗) = 0,

ãäå P
(2)
i (θ) = a2

i θ
3 − 2aibiθ

2 + (aici + b2
i )θ + aidi − bici (i = 1, 2), 2θ∗ = δacδ

−1
ab ,

è α = 1, 2β = θ∗, γ = θ2
∗ − (biθ∗ − ci)a−1

i , pi = ai, qi = bi − aiθ∗;
2) a1 6= 0, a2 = 0, òîãäà b2 6= 0, P

(2)
1 (θ∗) = 0, θ2

∗ − (b1θ∗ − c1)a−1
1 = d2b

−1
2 , (2.2)

ãäå θ∗ = c2b
−1
2 , è α = 1, 2β = θ∗, γ = d2b

−1
2 , p1 = a1, q1 = b1 − a1θ∗, p2 = 0, q2 = b2;

3) a1 = 0, a2 6= 0, òîãäà âñå àíàëîãè÷íî ï. 2) ñî ñìåíîé íèæíèõ èíäåêñîâ;

4) a1 = 0, a2 = 0, òîãäà d1 = 0, d2 = 0, δbc 6= 0 è α = 0, β = 1/2, γ = 0, pi = bi, qi = ci.

Çäåñü â (2.21) çíà÷åíèå θ∗ íàéäåíî èç ðàâåíñòâà ïðàâûõ ÷àñòåé ôîðìóëû äëÿ γ ïðè÷åì
δab = 0, èíà÷å δac = 0 è A1, A2 ïðîïîðöèîíàëüíû, ò. å. l = 3; à â (2.24) δbc = δpq 6= 0.

Ñîáñòâåííûå ÷èñëà H è äèñêðèìèíàíò õàðàêòåðèñòè÷åñêîãî ïîëèíîìà èìåþò âèä:

λ1,2 = (p1 + q2 ±
√
D)/2 6= 0, D = (p1 + q2)2 − 4δpq = (p1 − q2)2 + 4p2q1. (2.3)

Òåîðåìà 2.1. Ïðè l = 2 çàìåíà (1.5) x = Ly ïðåîáðàçóåò ñèñòåìó (1.4), çàïèñàí-

íóþ â âèäå (2.1) ñîãëàñíî (2.2), â ñèñòåìó (1.6) ẏ = P̃ (y) âèäà

ẏ = P̃ 2
0 (y) H̃y, (2.4)

ãäå ìàòðèöà H̃ =

(
p̃1 q̃1

p̃2 q̃2

)
è ñòðîêà êîýôôèöèåíòîâ p̃2

0 = (α̃, 2β̃, γ̃) îáùåãî ìíîæè-

òåëÿ P̃ 2
0 = α̃y2

1 + 2β̃y1y2 + γ̃y2
2 = p̃2

0 q
[2](y) âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì:

p̃2
0 = p2

0M, M =

 r2
1 2r1s1 s2

1

r1r2 δ∗ s1s2

r2
2 2r2s2 s2

2

 ,

δ∗ = r1s2+

+r2s1,

detM = δ3

èëè

α̃ = αr2
1 + 2βr1r2 + γr2

2,

β̃ = αr1s1 + βδ∗ + γr2s2,

γ̃ = αs2
1 + 2βs1s2 + γs2

2;

H̃ = L−1HL èëè H̃ = δ−1

(
r1δps + r2δqs s1δps + s2δqs
−r1δpr − r2δqr −s1δpr − s2δqr

)
(δp̃q̃ = δpq),

(2.5)
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ïðè ýòîì äèñêðèìèíàíò D̃0 = β̃2 − α̃γ̃ ñâÿçàí ñ D0 ñëåäóþùèì îáðàçîì:

D̃0 = δ2D0. (2.6)

à ñîáñòâåííûå ÷èñëà H̃ è äèñêðèìèíàíò D̃ ñîâïàäàþò ñ λ1, λ2 è D (ñì. [1, 2.4, ò.2.2]).

Ñëåäñòâèå 2.1. Ïðè l = 2 êâàäðàòè÷íûé îáùèé ìíîæèòåëü P 2
0 , âûíîñèìûé

èç ìíîãî÷ëåíîâ P1, P2 ñèñòåìû (1.4), è ïîëó÷åííûé â ðåçóëüòàòå çàìåíû (1.5) îá-

ùèé ìíîæèòåëü P̃ 2
0 , âûíîñèìûé èç ìíîãî÷ëåíîâ P̃1, P̃2 ñèñòåìû (2.4), îäíîâðåìåííî

ðàñêëàäûâàþòñÿ èëè íå ðàñêëàäûâàþòñÿ íà ëèíåéíûå ìíîæèòåëè ñ âåùåñòâåííûìè
êîýôôèöèåíòàìè è ïîëíûé êâàäðàò ó íèõ ñîõðàíÿåòñÿ.

Ñëåäñòâèå 2.2. Äëÿ ìàòðèöû Ã ñèñòåìû (1.6) âåðíà ôîðìóëà(
ã1 b̃1 c̃1 d̃1

ã2 b̃2 c̃2 d̃2

)
=

(
α̃p̃1 α̃q̃1 + 2β̃p̃1 2β̃q̃1 + γ̃p̃1 γ̃q̃1

α̃p̃2 α̃q̃2 + 2β̃p̃2 2β̃q̃2 + γ̃p̃2 γ̃q̃2

)
. (2.7)

Èç òåîðåìû2.1 òàêæå âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 2.1. Âñåõ ïðåäñòàâèòåëåé, îáðàçóþùèõ NSFm,2
i , â çàâèñèìîñòè îò

çíàêà äèñêðèìèíàíòà D0 = β2−αγ ìîæíî ðàçáèòü íà òðè íåïåðåñåêàþùèõñÿ ìíîæå-
ñòâà, îáîçíà÷àåìûõ NSFm,2,>

i , NSFm,2,=
i , NSFm,2,<

i . Â ñâîþ î÷åðåäü âñåõ ïðåäñòàâèòå-
ëåé, îáðàçóþùèõ NSFm,2,∗

i , â çàâèñèìîñòè îò çíàêà äèñêðèìèíàíòà D èç (2.3) ìîæíî
ðàçáèòü íà òðè íåïåðåñåêàþùèõñÿ ìíîæåñòâà, îáîçíà÷àåìûõ NSFm,2,∗,>

i , NSFm,2,∗,=
i ,

NSFm,2,∗,<
i . Àíàëîãè÷íûå ðàçáèåíèÿ ìîæíî îñóùåñòâèòü â psm,2i .

Ñëåäñòâèå 2.3. Ñèñòåìû, ïîðîæäåííûå ëþáûìè äâóìÿ ïðåäñòàâèòåëÿìè NSFm,2
i

ñ ðàçëè÷íûìè ïàðàìè òðåòüèõ è ÷åòâåðòûõ âåðõíèõ èíäåêñîâ, íå ìîãóò îêàçàòüñÿ
ëèíåéíî ýêâèâàëåíòíûìè.

2.2. Ñïèñîê NSFm,2
i .

Âûäåëèì ñíà÷àëà èç ìíîæåñòâà ñòðóêòóðíûõ ôîðì (ñì. [2, Ñïèñîê 1.1 ]) âñå ôîðìû
(êðîìå SF 8

1 ), èìåþùèå õîòÿ áû îäíîãî ïðåäñòàâèòåëÿ, ïîðîæäàþùåãî ñèñòåìó, èç ïðà-
âîé ÷àñòè êîòîðîé ìîæíî âûíåñòè îáùèé ìíîæèòåëü ìàêñèìàëüíîé ñòåïåíè äâà, ò. å.
âûäåëèì òå ôîðìû, äëÿ êîòîðûõ ìîæåò áûòü ðåàëèçîâàí ñëó÷àé l = 2. Çàòåì íîðìè-
ðóåì èõ, ñîãëàñíî ââåäåííûì â [2, 1.2 ] ÍÏ, ïîëó÷àÿ NSFm,2

i .

Ñïèñîê 2.1. Ñîðîê ÷åòûðå NSFm,2 (m = 2, 7) ñ óêàçàíèåì äëÿ êàæäîé p2
0 è D0

(ïîä íåé), σH, à òàêæå D è psm,2 (ïîä íèì) (σ, κ = ±1, u, v, w 6= 0).

NSF 2,2
3 = σ

(
u 0 0 0

0 1 0 0

)
[4]

,
(1, 0, 0),

0,

(
u 0

0 1

)
,
(u− 1)2,

tps2,2
3 ;

NSF 2,2
4 = σ

(
0 u 0 0

0 0 1 0

)
[4]

,
(0, 1, 0),

1/4,

(
u 0

0 1

)
,
(u− 1)2,

tps2,2
4 ;

NSF 2,2
7,κ = σ

(
0 κ 0 0

1 0 0 0

)
[6]

,
(1, 0, 0),

0,

(
0 κ

1 0

)
,

4κ,

tps2,2
7,κ;

NSF 2,2
8,κ = σ

(
0 0 κ 0

0 1 0 0

)
[6]

,
(0, 1, 0),

1/4,

(
0 κ

1 0

)
,

4κ,

tps2,2
8,κ;

NSF 3,2
7 = σ

(
u 1 0 0

0 1 0 0

)
[6]

,
(1, 0, 0),

0,

(
u 1

0 1

)
,
(u− 1)2,

tps3,2
7 ;

NSF 3,2
10 = σ

(
0 u 1 0

0 0 1 0

)
[7]

,
(0, 1, 0),

1/4,

(
u 1

0 1

)
,
(u− 1)2,

tps3,2
10 ;

10



NSF 3,2
12 = σ

(
1 u 0 0

1 0 0 0

)
[7]

,
(1, 0, 0),

0,

(
1 u

1 0

)
,
4u+ 1,

tps3,2
12 ;

NSF 3,2
a,13 = σ

(
1 0 0 0

1 u 0 0

)
[8]

,
(1, 0, 0),

0,

(
1 0

1 u

)
,
(u− 1)2,

tps3,2
13 ;

NSF 3,2
16 = σ

(
0 1 u 0

0 1 0 0

)
[8]

,
(0, 1, 0),

1/4,

(
1 u

1 0

)
,
(u− 1)2,

tps3,2
16 ;

NSF 3,2
a,18 = σ

(
0 1 0 0

u 1 0 0

)
[9]

,
(1, 0, 0),

0,

(
0 1

u 1

)
,
4u+ 1,

tps3,2
18 ;

NSF 4,2
a,7 = σ

(
1 1 0 0

0 u u 0

)
[8]

,
(1, 1, 0),

1/4,

(
1 0

0 u

)
,
(u− 1)2,

tps4,2
7 ;

NSF 4,2
8,κ = σ

(
u 0 κu 0

0 1 0 κ

)
[8]

,
(1, 0, κ),

−κ,

(
u 0

0 1

)
,
(u− 1)2,

tps4,2
8,κ;

NSF 4,2
a,12 = σ

(
1 1 0 0

−u 0 u 0

)
[9]

,
(1, 1, 0),

1/4,

(
1 0

−u u

)
,
(u− 1)2,

tps4,2
12 ;

NSF 4,2
a,14,−1 = σ

(
−1 0 1 0

0 u u 0

)
[9]

,
(1, 1, 0),

1/4,

(
−1 1

0 u

)
,
(u+ 1)2,

tps4,2
14,−1;

NSF 4,2
a,18 = σ

(
1 1 0 0

v u 0 0

)
[10]

,
(1, 0, 0),

0,

(
1 1

v u

)
,

(u− 1)2 + 4v,

ps4,2
18 = {u 6= v};

NSF 4,2
23 = σ

(
0 u v 0

0 1 1 0

)
[10]

,
(0, 1, 0),

1/4,

(
u v

1 1

)
,

(u− 1)2 + 4v,

ps4,2
23 = {u 6= v};

NSF 4,2
a,27,−1 = σ

(
−1 0 1 0

u u 0 0

)
[11]

,
(1, 1, 0),

1/4,

(
−1 1

u 0

)
,

4u+ 1,

tps4,2
27,−1;

NSF 4,2
a,29 = σ

(
0 1 1 0

−u 0 u 0

)
[11]

,
(1, 1, 0),

1/4,

(
0 1

−u u

)
,
u(u− 4),

tps4,2
29 ;

NSF 4,2
a,33 = σ

(
0 1 1 0

u u 0 0

)
[12]

,
(1, 1, 0),

1/4,

(
0 1

u 0

)
,

4u,

tps4,2
33 ;

NSF 4,2
34,+1 = σ

(
0 u 0 u

1 0 +1 0

)
[12]

,
(1, 0, 1),

−1,

(
0 u

1 0

)
,

4u,

tps4,2
34,+1;

NSF 5,2
7 = σ

(
u −u u 0

1 0 0 1

)
[11]

,
(1,−1, 1),
−3/4,

(
u 0

1 1

)
,
(u− 1)2,

tps5,2
7 ;

NSF 5,2
8 = σ

(
u v v − u 0

0 1 1 0

)
[11]

,
(1, 1, 0),

1/4,

(
u v − u
0 1

)
,

(u− 1)2,

ps5,2
8 = {u 6= v};

NSF 5,2
a,10 = σ

(
1 1 0 0

v − u v u 0

)
[12]

,
(1, 1, 0),

1/4,

(
1 0

v − u u

)
,

(u− 1)2,

ps5,2
10 = {u 6= v};

NSF 5,2
14,−1 = σ

(
u v −u± v 0

1 0 −1 0

)
[12]

,
(1,±1, 0),

1/4
,

(
u v ∓ u
1 ∓1

)
,

(u∓ 1)2 + 4v,

ps5,2
14,−1 = {u 6= ±v};

NSF 5,2
a,16,−1 = σ

(
−1 0 1 0

−u± v v u 0

)
[13]

,
(1,±1, 0),

1/4,

(
−1 ±1
−u± v ±u

)
,

(u∓ 1)2 + 4v,

ps5,2
16,−1 = {u 6= ±v};

NSF 5,2
a,20 = σ

(
v − v2 1 1 0

uv u 0 0

)
[13]

,
(1, v−1, 0),

v−2/4,

(
v − v2 v

uv 0

)
,
(v(1− v))2 + 4uv2,

ps5,2
20 = {v 6= 1};
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NSF 5,2
22 = σ

(
0 u −u u

1 0 0 1

)
[14]

,
(1,−1, 1),
−3/4,

(
0 u

1 1

)
,
4u+ 1,

tps5,2
22 ;

NSF 5,2
a,23 = σ

(
0 1 1 0

v − u v u 0

)
[14]

,
(1, 1, 0),

1/4,

(
0 1

v − u u

)
,
u2 + 4(v − u),
ps5,2

23 = {u 6= v};

NSF 6,2
1 = σ

(
u u uv 0

0 1 1 v

)
[12]

,
(1, 1, v),

(1− 4v)/4,

(
u 0

0 1

)
,
(u− 1)2,

tps6,2
1 ;

NSF 6,2
3 = σ

(
u u(1− v) 0 −uv2

0 1 1 v

)
[13]

,
(1, 1, v),

(1− 4v)/4,

(
u −uv
0 1

)
,

(u− 1)2,

ps6,2
3 = {v 6= 1};

NSF 6,2
4,+1 = σ

(
u v u v

0 1 0 +1

)
[14]

,
(1, 0, 1),

−1,

(
u v

0 1

)
,
(u− 1)2,

tps6,2
4,+1;

NSF 6,2
5 = σ

(
u 0 u(v − 1) −uv
0 1 1 v

)
[14]

,
(1, 1, v),

(1− 4v)/4,
σ

(
u −u
0 1

)
,

(u− 1)2,

ps6,2
5 = {v 6= 1};

NSF 6,2
6 = σ

(
u u(v−2 − v) 0 uv−3

1 0 v−1 − v2 1

)
[14]

,
(1,−v, v−1),

(v3 − 4)v−1/4,

(
u uv−2

1 v

)
,
(u− v)2 + 4uv−2,

ps6,2
6 = {v 6= 1};

NSF 6,2
7 = σ

(
u v −v u+ v

1 0 0 1

)
[15]

,
(1,−1, 1),
−3/4,

(
u u+ v

1 1

)
,

(u+ 1)2 + 4v,

ps6,2
7 = {u 6= −v};

NSF 6,2
a,9 = σ

(
w(1− w) 1 1 0

w(v − uw) v u 0

)
[15]

,
(1, w−1, 0),

w−2/4,

(
w − w2 w

w(v − uw) uw

)
,

(w(u− w + 1))2 + 4w2(v − u), ps6,2
9 = {w 6= 1, v 6= u, uw};

NSF 6,2
11,+1 = σ

(
u v u v

1 0 +1 0

)
[16]

,
(1, 0, 1),

−1,

(
u v

1 0

)
,
u2 + 4v,

tps6,2
11,+1;

NSF 6,2
12 = σ

(
0 −uv u −uv2

1 0 v − v−2 1

)
[16]

,
(1, v−1, v),

(1− 4v3)v−2/4,

(
0 −uv
1 v−1

)
,

v−2 − 4uv,

ps6,2
12 = {v 6= 1};

NSF 6,2
13 = σ

(
u 0 uv uv2(1 + v)

1 1 0 v(1 + v)2

)
[16]

,
(1,−v, v2 + v),

−v(3v + 4)/4,

(
u uv

1 1 + v

)
,
(u+ v + 1)2 − 4u,

ps6,2
13 = {v 6= −1};

NSF 6,2
15 = σ

(
0 u uv uv(v − 1)

1 1 0 −v(v − 1)2

)
[17]

,
(1, v, v2 − v),
−v(3v − 4)/4,

(
0 u

1 1− v

)
,

(v − 1)2 + 4u,

ps6,2
15 = {v 6= 1};

NSF 6,2
16 = σ

(
0 u u uv

1 1 v 0

)
[18]

,
(1, 1, v),

(1− 4v)/4,

(
0 u

1 0

)
,

4u,

tps6,2
16 ;

NSF 7,2
1 = σ

(
u w uv − u+ w v(w − u)
0 1 1 v

)
[16]

,
(1, 1, v),

(1− 4v)/4,

(
u w − u
0 1

)
,

(u− 1)2, ps7,2
1 = {w 6= u, u(1− v)};

NSF 7,2
2 = σ

(
u w uv−1 − v(uv + w) u+ wv−1

1 0 v−1 − v2 1

)
[17]

,
(1,−v, v−1),

(v3 − 4)v−1/4,

(
u uv + w

1 v

)
,

(u+ v)2 + 4w, ps7,2
2 = {v 6= 1, w 6= uv, −u(v − v−2)};

NSF 7,2
3 = σ

(
u u+ v v(w + 1) w(w + 1)(v − uw)
1 1 0 −w2(w + 1)

)
[18]

,
(1, w + 1, w(w + 1)),

(w + 1)(1− 3w)/4,

(
u v − uw
1 −w

)
,

(u− w)2 + 4v, ps7,2
3 = {w 6= −1, v 6= −u, uw};

NSF 7,2
4 = σ

(
u u+ v v + uw vw

1 1 w 0

)
[19]

,
(1, 1, w),

(1− 4w)/4,

(
u v

1 0

)
,

u2 + 4v,

ps7,2
4 = {v 6= −u, −uw}.
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Çàìå÷àíèå 2.1. Â ïðåäñòàâëåííîì ñïèñêå ñîäåðæàòñÿ äâå íîðìèðîâàííûå ñòðóê-
òóðíûå ôîðìû: NSF 5,2

14,−1 è NSF
5,2
16,−1, èìåþùèå ðàçäâîåíèå, íå ñâÿçàííîå ñ íîðìèðîâêîé

(ñì. îïð. 1.8). Îäíàêî, ýòîò âèä äâîéñòâåííîñòè íå ïðåäñòàâëÿåò èíòåðåñà, ïîñêîëüêó
îáå ýòè ôîðìû, êàê áóäåò ïîêàçàíî íèæå, íå ÿâëÿþòñÿ êàíîíè÷åñêèìè. Ñóùåñòâóþò
ëèíåéíûå çàìåíû, ñâîäÿùèå èõ ê ïðåäøåñòâóþùèì ñîãëàñíî ÑÏ ñòðóêòóðíûì ôîðìàì
ïðè ëþáûõ äîïóñòèìûõ çíà÷åíèÿõ ïàðàìåòðîâ.

Çàìå÷àíèå 2.2. Â ñâÿçè ñ èñïîëüçîâàíèåì â ðàçëîæåíèè ïðàâîé ÷àñòè ñèñòåìû
(2.1) íîðìèðîâêè êîýôôèöèåíòîâ îáùåãî ìíîæèòåëÿ P 2

0 îòâå÷àþùåé ñîãëàøåíèþ1.2,
ñîãëàñíî êîòîðîé α = 1 èëè α, γ = 0, 2β = 1, òàê êàê ñëó÷àé α = 0, γ 6= 0 èñêëþ÷à-
åòñÿ ïðè ïîìîùè ïåðåíóìåðàöèè (1.9), âî-ïåðâûõ, σ ÿâëÿåòñÿ ìíîæèòåëåì ìàòðèöû H,
âî-âòîðûõ, èç NSFm,2, òðåáóþùèõ ïåðåíóìåðàöèè, â ñîîòâåòñòâèè ñ îïðåäåëåíèåì 1.4
ïîëó÷àþòñÿ äîïîëíèòåëüíûå NSFm,2

a , ÷òî è îòðàæåíî â ñïèñêå 2.1.

2.3. Äåâÿòü êëàññîâ ýêâèâàëåíòíîñòè îäíîðîäíûõ êóáè÷åñêèõ ñèñòåì.

Èòàê, ïóñòü ïðîèçâîëüíàÿ ñèñòåìà (1.4) ẋ = Aq[3](x) ïðè l = 2 çàïèñàíà â âèäå (2.1)
ẋ = P 2

0 (x)Hx, ãäå P 2
0 = αx2

1 + 2βx1x2 + γx2
2, ïðè÷åì α = 1 (D0 = β2 − γ) èëè α, γ = 0,

2β = 1 (D0 = 1), è ìàòðèöà H = (p, q) � íåîñîáàÿ.

Ïî òåîðåìå 2.1 ëþáàÿ çàìåíà (1.5) x = Ly (detL 6= 0) ïðåîáðàçóåò (2.1) â ñèñòåìó

(2.4) ẏ = (α̃, 2β̃, γ̃) q[2](y) H̃y, ó êîòîðîé p̃2
0 = (α̃, 2β̃, γ̃) è ìàòðèöà H̃ ñ δp̃q̃ 6= 0 èç (2.5),

Ïðè ýòîì ñ ó÷åòîì îáîçíà÷åíèé (1.6) äëÿ ìàòðèöû Ã ñèñòåìû (2.4) âåðíà ôîðìóëà (2.7).

Ïðèâîäèòü ñèñòåìó (2.1) ê ðàçëè÷íûì êàíîíè÷åñêèì ôîðìàì áóäåì â äâà ýòàïà.

Íà ïåðâîì ýòàïå âûáåðåì çàìåíó (1.5), êîòîðàÿ ñâîäèò ìàòðèöó H ñèñòåìû (2.1)

ê æîðäàíîâîé ôîðìå H̃ â ïîëó÷àåìîé ñèñòåìå (2.4). Âèä çàìåíû áóäåò, êîíå÷íî, çàâèñåòü
îò çíàêà äèñêðèìèíàíòà D èç ôîðìóëû (2.3) (ñì. ïðèë. [3, 3.3]).

1) D > 0, òîãäà ñîãëàñíî (2.3) ìàòðèöà H èìååò âåùåñòâåííûå ðàçëè÷íûå ñîáñòâåí-
íûå ÷èñëà λ1, λ2 6= 0. Òî÷íåå ãîâîðÿ, ïóñòü

λ1 = (p1 + q2 + σ0

√
D)/2, λ2 = (p1 + q2 − σ0

√
D)/2, λ∗ = p1 − q2 + σ0

√
D 6= 0, (2.8)

ãäå σ0 = {1 ïðè p1 ≥ q2, −1 ïðè p1 < q2}, òîãäà σ0 = signλ∗ è σ0

√
D = λ1 − λ2.

Çàìåíà J2
1 =

(
λ∗ −2q1

2p2 λ∗

)
(δ = 2σ0

√
Dλ∗) ñ ó÷åòîì ôîðìóë äëÿ P̃0 èç (2.5) ñâîäèò

ñèñòåìó (2.1) ê ñèñòåìå, çàïèñàííîé â âèäå (2.7) èëè (2.4), ó êîòîðîé

Ã =

(
α̃λ1 2β̃λ1 γ̃λ1 0

0 α̃λ2 2β̃λ2 γ̃λ2

)
; H̃ =

(
λ1 0

0 λ2

)
, α̃ = αλ2

∗ + 4βp2λ∗ + 4γp2
2,

β̃ = βλ2
∗ − 2(αq1 − γp2)λ∗ − 4βp2q1, γ̃ = γλ2

∗ − 4βq1λ∗ + 4αq2
1.

(2.9)

2) D = 0, òîãäà â ôîðìóëå (2.3) λ1, λ2 = ν = (p1 + q2)/2 6= 0, èíà÷å detH = 0.

21) : a) q1 6= 0, òîãäà çàìåíà J2
2a =

(
0 2q1

2 q2 − p1

)
, b) q1 = 0, p2 6= 0 (p1, q2 = ν), òîãäà

íîðìèðîâêà J2
2b =

(
1 0

0 p2

)
, ñâîäÿò (2.1) ê ñèñòåìå (2.7) èëè (2.4), ó êîòîðîé:

Ã =

(
α̃ν 2β̃ν γ̃ν 0

α̃ α̃ν + 2β̃ 2β̃ν + γ̃ γ̃ν

)
; H̃ =

(
ν 0

1 ν

)
,

a) α̃ = 4γ, β̃ = 4βq1 − 2γ(p1 − q2), γ̃ = 4αq2
1 − 4βq1(p1 − q2) + γ(p1 − q2)2,

b) α̃ = α, β̃ = βp2, γ̃ = γp2
2 (ν = p1).

(2.10)
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22) q1, p2 = 0, òîãäà â ñèñòåìå (2.1) ìàòðèöà H � äèàãîíàëüíàÿ è p1, q2 = ν 6= 0.

3) D < 0 (δpq > 0, p2q1 < 0), òîãäà â (2.3) λ1, λ2 � êîìïëåêñíî-ñîïðÿæåííûå.

Çàìåíà J2
3 =

(√
−D p1 − q2

0 2p2

)
(δ = 2p2

√
−D) ñ ó÷åòîì ôîðìóë äëÿ P̃0 èç (2.5)

ñâîäèò (2.1) ê ñèñòåìå, çàïèñàííîé â âèäå (2.7) èëè (2.4), ó êîòîðîé

Ã =

(
α̃ν 2β̃ν − α̃µ γ̃ν − 2β̃µ −γ̃µ
α̃µ α̃ν + 2β̃µ 2β̃ν + γ̃µ γ̃ν

)
; H̃ =

(
ν −µ
µ ν

)
, α̃ = −αD,

β̃ =
√
−D(α(p1 − q2) + 2βp2), γ̃ = α(p1 − q2)2 + 4βp2(p1 − q2) + 4γp2

2,

(2.11)

ãäå ν = (p1 + q2)/2 (= Reλ1,2), µ =
√
−D/2 (= |Imλ1,2|) > 0, ïðè÷åì ν2 + µ2 = δpq.

Íà âòîðîì ýòàïå â ëèíåéíî íåýêâèâàëåíòíûõ ñèñòåìàõ (2.9), (2.10), (2.11) ñäåëàåì
ïðîèçâîëüíóþ çàìåíó (1.5), ñâîäÿùóþ êàæäóþ èç íèõ ê ñèñòåìå (2.4), âñå ñîñòàâëÿþùèå
êîòîðîé âìåñòî ñèìâîëà˜ áóäåì ñâåðõó îòìå÷àòü ñèìâîëîì .̆

Â ðåçóëüòàòå, ó÷èòûâàÿ (2.5), ïî àíàëîãèè ñ (2.7) ïîëó÷èì ñèñòåìó

Ă =

(
ă1 b̆1 c̆1 d̆1

ă2 b̆2 c̆2 d̆2

)
=

(
ᾰp̆1 ᾰq̆1 + 2β̆p̆1 2β̆q̆1 + γ̆p̆1 γ̆q̆1

ᾰp̆2 ᾰq̆2 + 2β̆p̆2 2β̆q̆2 + γ̆p̆2 γ̆q̆2

)
, (2.12)

ó êîòîðîé ᾰ = α̃r2
1 +2β̃r1r2+γ̃r2

2, β̆ = (α̃s1+β̃s2)r1+(β̃s1+γ̃s2)r2, γ̆ = α̃s2
1+2β̃s1s2+γ̃s2

2,

H̆ =

(
p̆1 q̆1

p̆2 q̆2

)
= δ−1

(
r1δps + r2δqs s1δps + s2δqs
−r1δpr − r2δqr −s1δpr − s2δqr

)
(det H̆ = δp̆q̆ = δp̃q̃ = δpq).

Îñòàåòñÿ ïîäîáðàòü êîýôôèöèåíòû çàìåíû (1.5) òàê, ÷òîáû ñèñòåìà (2.12) îêàçà-
ëàñü íàèáîëåå ïðîñòîé â ñîîòâåòñòâèè ñ ââåäåííûìè â [2, 1.1,1.2] ÑÏ è ÍÏ.

Ðåàëèçàöèÿ óêàçàííîãî ïëàíà áóäåò ïðîâîäèòüñÿ îòäåëüíî äëÿ êàæäîãî èç òðåõ
êëàññîâ ñèñòåì, íà êîòîðûå ðàçáèâàåòñÿ (2.1) â ñîîòâåòñòâèè ñî çíàêîì äèñêðèìèíàíòà
D0 îáùåãî ìíîæèòåëÿ P

2
0 , èíâàðèàíòíîãî ñîãëàñíî (2.6) îòíîñèòåëüíî çàìåí (1.5).

Òàêèì îáðàçîì ôàêòè÷åñêîå íàõîæäåíèå êàíîíè÷åñêèõ ôîðì áóäåò îñóùåñòâëÿòüñÿ
îòäåëüíî â êàæäîì èç äåâÿòè ëèíåéíî íåýêâèâàëåíòíûõ êëàññîâ, ðàçäåëÿåìûõ çíàêàìè
äèñêðèìèíàíòîâ D0 è D ñèñòåìû (2.1) (ñì. ñëåä. 2.3).

Íàáîð 2.1. Êîíñòàíòû è çàìåíû, èñïîëüçóåìûå â äàëüíåéøåì â ðàçäåëå 2:

D = (p1 − q2)2 + 4p2q1, σ0 = {1 ïðè p1 ≥ q2, −1 ïðè p1 < q2}, λ1,2 = (p1 + q2 ± σ0

√
D)/2,

λ∗ = p1 − q2 + σ0

√
D; ν = (p1 + q2)/2, µ =

√
−D/2; τ̃ = (β̃2 − α̃γ̃)1/2, φ̃ = (2τ̃)−1/2,

σα = sign α̃, σβ = {1 ïðè β̃ ≥ 0, −1 ïðè β̃ < 0}, σγ = sign γ̃, η̃ = β̃+σβ τ̃ ; ς̃ = (α̃γ̃− β̃2)1/2;

J2
1 ={r1 = λ∗, s1 = −2q1, r2 = 2p2, s2 = λ∗}, J2

2a={r1 = 0, s1 = 2q1, s2 = 2, r2 = q2 − p1},
J2

2b = {r1 = 1, s1 = 0, r2 = 0, s2 = p2}, J2
3 = {r1 =

√
−D, s1 = p1− q2, r2 = 0, s2 = 2p2}.

2.4. Ïîñòðîåíèå CFm,2 ïðè íóëåâîì äèñêðèìèíàíòå P2
0.

Ñèñòåìà (2.1), ó êîòîðîé P 2
0 (x) ÿâëÿåòñÿ ïîëíûì êâàäðàòîì, èìååò âèä

ẋ = P 2
0 (x)Hx, P 2

0 = (x1 + βx2)2 (γ = β2 ⇔ D0 = 0, detH = δpq 6= 0). (2.1=)

Âûäåëèì èç ñïèñêà 2.1 íîðìèðîâàííûå ôîðìû äî NSF 3,2
a,13 âêëþ÷èòåëüíî, îòíîñÿ-

ùèåñÿ ê ñëó÷àþ D0 = 0, òàêèõ ôîðì � 5. Îáîçíà÷åíèÿ äëÿ íèõ ñì. â óòâåðæäåíèè 2.1.

Äîêàæåì, ÷òî ïðèâåäåííûé íèæå ñïèñîê ñîäåðæèò âñå âîçìîæíûå êàíîíè÷åñêèå
ôîðìû ñèñòåìû (2.1=) ñî ñâîèìè êàíîíè÷åñêèìè ìíîæåñòâàìè èç îïðåäåëåíèÿ 1.11.
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Ñïèñîê 2.2. Ïÿòü CFm,2,=
i è èõ csm,2,=i (σ, κ = ±1, u 6= 0, p2

0 = (1, 0, 0)) :

CF 2,2,=,>
3 = σ

(
u 0 0 0

0 1 0 0

)
,
cs2,2,=,>

3 = {u 6= 1},
cs2,2,=,=

3 = {u = 1};

CF 2,2,=,≷
7,κ = σ

(
0 κ 0 0

1 0 0 0

)
,
cs2,2,=,>

7,κ = {κ = 1},
cs2,2,=,<

7,κ = {κ = −1};

CF 3,2,=,>
7 = σ

(
u 1 0 0

0 1 0 0

)
,
cs3,2,=,>

7 = {u 6= ±1},
cs3,2,=,=

7 = {u = 1};

CF 3,2,=,<
12 = σ

(
1 u 0 0

1 0 0 0

)
, cs3,2,=,<

12 = {u < −1/4};

CF 3,2,=,=
a,13 = σ

(
1 0 0 0

1 u 0 0

)
, cs3,2,=,=

13 = {u = 1}.

Óòâåðæäåíèå 2.2. Òîëüêî ñëåäóþùèå ôîðìû èç ñïèñêà 2.2 ïðè óêàçàííûõ çíà÷å-
íèÿõ ïàðàìåòðîâ ñâîäÿòñÿ ê ïðåäøåñòâóþùèì, ñîãëàñíî ÑÏ, ñòðóêòóðíûì ôîðìàì:
NSF 3,2,=,>

7 ïðè u = −1 çàìåíîé (1.5) ñ r1 = r2, s1 = 0 ñâîäèòñÿ ê SF 2,2
7 ;

NSF 3,2,=,>
12 (u > −1/4), NSF 3,2,=,=

12 (u = −1/4) çàìåíîé (1.5) ñ r1 = (1 +
√

1 + 4u)r2/2,
s1 = 0 ñâîäÿòñÿ ê SF 3,2

7 ;
NSF 3,2,=,>

13 (u 6= 1) çàìåíîé (1.5) ñ r2 = (1− u)r1, s2 = 0 ñâîäèòñÿ ê SF 2,2
3 .

Íàáîð 2.2. Êîíñòàíòû è çàìåíû, èñïîëüçóåìûå â äàëüíåéøåì â ðàçäåëå 2.4:

$1 = 2p2β + λ∗, $2 = 2q1 − λ∗β, $3 = (p1 − q2)β − 2q1,
$4 = p2β

2 + 2p1β − q1, $5 = p2β
2 + (p1 − q2)β − q1, $6 = p1 − q2 + 2p2β;

L2,2,=,>
3 = {r1 = [ 0 ∨ |$2

1λ2|−1/2 ], s1 = [ 1 ∨ 0 ], r2 = [ |$2
2λ1|−1/2 ∨ 0 ], s2 = [ 0 ∨ 1 ]};

L2,2,=,>
7,+1 = {r1,−s1 = $−1

1 $2r2, r2, s2 = |4$2
2λ2|−1/2};

L3,2,=,>
7 = {r1 = 0, s1 = −$−1

1 $2s2, r2 = |$2
2λ1|−1/2, s2 = λ1(λ1 − λ2)−1r2};

L2,2,=,=
3 = {r1 = |p1|−1/2, s1 = −β, r2 = 0, s2 = 1};

L3,2,=,=
7 = {r1 = 0, s1 = νr2, r2 = [ |$2

3ν|−1/2 ∨ |(βp2)2ν|−1/2 ],
s2 = [ 2β$−1

3 νr2 ∨ −(βp2)−1r2 ]};
L3,2,=,=

13 = {r1, s2 = 0, s1 = [ |4β2ν|−1/2 ∨ |ν|−1/2 ], r2 = ν−1s1};
L3,2,=,<

7,−1 = {r1, s2 = (−D)1/4(23/2p2$4)−1, −s1, r2 = (p1 + βp2)(−D)−1/4(
√

2p2$4)−1};
L3,2,=,<

12 = {r1 = (δpq + ν(βp2 − q2)(−D)−1/2ρ−1, s1 = δpq$6(−D)−1/2(4νρ)−1,
r2 = (βp2 − q2)(2ρ)−1, s2 = δpq(4νρ)−1}, ãäå ρ = p2$5|2ν|1/2.

Òåîðåìà 2.2. Ëþáàÿ ñèñòåìà (1.4) ñ l = 2, çàïèñàííàÿ â âèäå (2.1=) ñîãëàñíî (2.2),
ëèíåéíî ýêâèâàëåíòíà ñèñòåìå, ïîðîæäåííîé íåêèì ïðåäñòàâèòåëåì ñîîòâåòñòâó-
þùåé êàíîíè÷åñêîé ôîðìû èç ñïèñêà 2.2. Íèæå äëÿ êàæäîé CFm,2,=,∗

i ïðèâåäåíû:
a) óñëîâèÿ íà P 2

0 è H ñèñòåìû (2.1=), b) çàìåíû (1.5), ïðåîáðàçóþùèå ïðàâóþ ÷àñòü
ñèñòåìû (2.1=) ïðè óêàçàííûõ óñëîâèÿõ â âûáðàííóþ ôîðìó, ñ) ïîëó÷àåìûå ïðè ýòîì
çíà÷åíèÿ ìíîæèòåëÿ σ è ïàðàìåòðîâ èç csm,2,=,∗i :

CF 2,2,=,>
3 : a) D > 0, [$1 = 0 ∨ $2 = 0 ], b) J2

1 , L
2,2,=,>
3 , c) σ = [ signλ1 ∨ signλ2 ],

u = [λ−1
1 λ2 ∨ λ1λ

−1
2 ];

CF 2,2,=,>
7,+1 : a) D > 0, $1, $2 6= 0, λ1 = −λ2, b) J

2
1 , L

2,2,=,>
7,+1 , c) σ = signλ2;

CF 3,2,=,>
7 : a) D > 0, $1, $2 6= 0, λ1 6= −λ2, b) J

2
1 , L

3,2,=,>
7 , c) σ = signλ1, u = λ−1

1 λ2;

CF 2,2,=,=
3 : a) D = 0, q1 = 0, p2 = 0, b) L2,2,=,=

3 , c) σ = sign p1;

CF 3,2,=,=
7 : a) D = 0, [ q1 6= 0, $3 6= 0∨ q1 = 0, p2 6= 0, β 6= 0 ], b) [ J2

2a ∨ J2
2b ], L3,2,=,=

7 ,
c) σ = sign ν;

CF 3,2,=,=
13 : a) D = 0, [ q1 6= 0, β 6= 0, $3 = 0 ∨ q1 = 0, p2 6= 0, β = 0 ], b) [ J2

2a ∨ J2
2b ],
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L3,2,=,=
13 , c) σ = sign ν;

CF 2,2,=,<
7,−1 : a) D < 0, q2 = −p1, b) J

2
3 , L

3,2,=,<
7,−1 , c) σ = 1;

CF 3,2,=,<
12 : a) D < 0, ν 6= 0, b) J2

3 , L
3,2,=,<
12 , c) σ = sign ν, u = −δpq(2ν)−2.

Äîêàçàòåëüñòâî. Â çàâèñèìîñòè îò çíàêà äèñêðèìèíàíòà D èç (2.3) ñèñòåìà
(2.1=) ñ γ = β2 îäíîé èç çàìåí J2

1 , J
2
2a èëè J2

2b, J
2
3 ñâåäåíà ñîîòâåòñòâåííî ê ñèñòå-

ìå (2.9), (2.10), (2.11) ñ æîðäàíîâîé ìàòðèöåé H̃ è îáùèì ìíîæèòåëåì P̃ 2
0 . Ïðè ýòîì

α̃, γ̃ ≥ 0, α̃ + γ̃ > 0, β̃2 = α̃γ̃ â ñèëó (2.5), (2.6).

Äàëåå, â êàæäîé èç ïîëó÷åííûõ ñèñòåì ñäåëàíà ïðîèçâîëüíàÿ çàìåíà (1.5), ïðåîá-
ðàçóþùàÿ åå â ñèñòåìó (2.12), èç êîòîðîé è áóäóò âûäåëÿòüñÿ êàíîíè÷åñêèå ôîðìû.

Â ñèñòåìå (2.12) îáùèé ìíîæèòåëü P̆ 2
0 èìååò ñëåäóþùèå êîýôôèöèåíòû:

α̃ > 0 : ᾰ = α̃−1(α̃r1 + β̃r2)2, β̆ = α̃−1(α̃r1 + β̃r2)(α̃s1 + β̃s2), γ̆ = α̃−1(α̃s1 + β̃s2)2;

α̃ = 0 (β̃ = 0, γ̃ > 0) : ᾰ = γ̃r2
2, β̆ = γ̃r2s2, γ̆ = γ̃s2

2. (2.13)

Â ôîðìóëå (2.13) âñåãäà ìîæíî ñäåëàòü, íàïðèìåð, β̆ = 0, γ̆ = 0. Äëÿ ýòîãî â
çàìåíå (1.5) äîñòàòî÷íî çàôèêñèðîâàòü ñëåäóþùóþ ñâÿçü ìåæäó s1 è s2 :

α̃ 6= 0 : s1 = −α̃−1β̃s2, α̃ = 0 : s2 = 0, (2.14)

ïðè êîòîðîé â ïîëó÷àåìîé ñèñòåìå (2.12) äâà ïðàâûõ ñòîëáöà Ă áóäóò íóëåâûìè.

1) D > 0 (λ1, λ2 6= 0, λ1 − λ2 = σ0

√
D 6= 0), (ñì. ïðèë. [3, 3.4.1]). Èç ñèñòåìû (2.1=)

çàìåíîé J2
1 ïîëó÷åíà ñèñòåìà (2.9), ó êîòîðîé â P̃ 2

0 : α̃ = $2
1, β̃ = $1$2, γ̃ = $2

2.

Ïóñòü çàìåíà (1.5) ïðè óñëîâèè (2.14) ñâîäèò ñèñòåìó (2.9) ê ñèñòåìå (2.12), ó êî-
òîðîé êîýôôèöèåíòû P̆ 2

0 îïðåäåëåíû â (2.13).

11) α̃ = 0 (γ̃ > 0, s2 = 0). Òîãäà ñèñòåìà (2.12) = γ̃r2
2

(
λ2 0 0 0

(λ1 − λ2)r1s
−1
1 λ1 0 0

)
.

Ïðè r1 = 0, s1 = 1, r2 = (γ̃|λ1|)−1/2 � ýòî CF 2,2,=,>
3 ñ σ = signλ1, u = λ−1

1 λ2 6= 1.

12) α̃ > 0. Òîãäà ñèñòåìà (2.12) èìååò âèä

Ă = (r1 + α̃−1β̃r2)

(
α̃λ1r1 + β̃λ2r2 β̃(λ2 − λ1)s2 0 0

α̃(λ2 − λ1)r1r2s
−1
2 α̃λ2r1 + β̃λ1r2 0 0

)
. (2.15)

11
2) β̃ = 0 (γ̃ = 0, s1 = 0). Òîãäà ñèñòåìà (2.15) = α̃r2

1

(
λ1 0 0 0

(λ2 − λ1)r2s
−1
2 λ2 0 0

)
.

Ïðè r2 = 0, s2 = 1, r1 = (α̃|λ2|)−1/2 � ýòî CF 2,2,=,>
3 ñ σ = signλ2, u = λ1λ

−1
2 6= 1.

12
2) β̃ 6= 0.

12a
2 ) λ1 = −λ2 ⇔ p1 + q2 = 0. Òîãäà ïðè r1 = α̃−1β̃r2 ñèñòåìà (2.15) =

4γ̃r2
2λ2

(
0 r−1

2 s2 0 0

r2s
−1
2 0 0 0

)
. Ïðè r2, s2 = (4γ̃|λ2|)−1/2 � ýòî CF 2,2,=,>

7,+1 ñ σ = signλ2.

12b
2 ) λ1 6= −λ2. Òîãäà ïðè r1 = 0 ñèñòåìà (2.15) = γ̃r2

2

(
λ2 (λ2 − λ1)r−1

2 s2 0 0

0 λ1 0 0

)
.

Ïðè r2 = (γ̃|λ1|)−1/2, s2 = λ1(λ1 − λ2)−1(γ̃|λ1|)−1/2 ýòà ñèñòåìà � NSF 3,2,=,>
7 ñ σ = signλ1,

u = λ−1
1 λ2 6= ±1.
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Â ñèñòåìå (2.15) ìîæíî åùå ñäåëàòü b̆2 = 0 èëè ă1 = 0, ïîëó÷àÿ SF 3,2
12 èëè SF 3,2

a,18,

êîòîðûì CF 3,2,=,>
7 ïðåäøåñòâóåò ñîãëàñíî ÑÏ2.

2) D = (p1 − q2)2 + 4p2q1 = 0, ò. å. λ1, λ2 = ν = (p1 + q2)/2 6= 0 (ñì. ïðèë. [3, 3.4.2]).

21) Èç (2.1=) ñ γ = β2 ïðè q1 6= 0 çàìåíîé J2
2a ïîëó÷åíà ñèñòåìà (2.10) ñ α̃ = 4β2, β̃ =

−2β((p1 − q2)β − 2q1), γ̃ = ((p1 − q2)β − 2q1)2 ñîãëàñíî (2.10a), à ïðè q1 = 0, p2 6= 0
(q2, p1 = ν) çàìåíîé J2

2b � (2.10) ñ α̃ = 1, β̃ = βp2, γ̃ = (βp2)2 ñîãëàñíî (2.10b).

Ïóñòü çàìåíà (1.5) ïðè óñëîâèè (2.14) ñâîäèò ñèñòåìó (2.10) ê ñèñòåìå (2.12), ó
êîòîðîé êîýôôèöèåíòû P̆0 îïðåäåëåíû â (2.13).

21
1) α̃ = 0 (γ̃ > 0). Òîãäà ñèñòåìà (2.12) = γ̃r2

(
r1 + νr2 s1 0 0

−r2
1s
−1
1 νr2 − r1 0 0

)
. Ïðè

r1 = 0, r2 = (γ̃|ν|)−1/2, s1 = νr2 (s2 = 0) � ýòî CF 3,2,=,=
7 ñ σ = sign ν, u = 1.

Â ñèñòåìå (2.12) ïîìèìî ă2 = 0 ìîæíî ïîëó÷èòü b̆2 = 0 èëè ă1 = 0, ÷òî ïðåâðàòèò
åå â SF 3,2

12 èëè SF 3,2
a,18, êîòîðûì CF 3,2,=,=

7 ïðåäøåñòâóåò ñîãëàñíî ÑÏ2.

22
1) α̃ = [ 4β2 ∨ 1 ] > 0. Òîãäà ñèñòåìà (2.12) èìååò âèä

Ă = (r1 + α̃−1β̃r2)

(
(α̃νr1 + β̃)r1 + β̃νr2 −α̃−1β̃2s2 0 0

α̃r2
1s
−1
2 (α̃νr1 − β̃)r1 + β̃νr2 0 0

)
. (2.16)

22a
1 ) β̃ = 0 (s1 = 0) ⇔ [$3 = 0 ∨ β = 0 ]. Òîãäà (2.16) = α̃r2

1

(
ν 0 0 0

r1s
−1
2 ν 0 0

)
. Ïðè

r1 = (α̃|ν|)−1/2, r2 = 0, s2 = ν−1r1 � ýòî CF
3,2,=,=
a,13 ñ σ = sign ν. È � ïåðåíóìåðàöèÿ (1.9).

22b
1 ) β̃ 6= 0 (γ̃ > 0). Òîãäà ïðè r1 = 0 ñèñòåìà (2.16) = γ̃r2

2

(
ν −β̃−1γ̃r−1

2 s2 0 0

0 ν 0 0

)
.

Ïðè r2 = (γ̃|ν|)−1/2, s2 = −β̃γ̃−1νr2 (s1 = νr2) � ýòî CF 3,2,=,=
7 ñ σ = sign ν, u = 1.

Ñëó÷àè 21
1) è 22b

1 ) äëÿ q1 6= 0 (β = 0 è β 6= 0) îáúåäèíåíû â ôîðìóëèðîâêå òåîðåìû.
Èç (2.16) ìîæíî òàêæå ïîëó÷èòü SF 3,2

12 è SF 3,2
a,18, êîòîðûì CF 3,2,=,=

7 ïðåäøåñòâóåò.

22) q1 = 0, p2 = 0 (q2 = p1), ò. å. â ñàìîé ñèñòåìå (2.1=) H � äèàãîíàëüíàÿ ìàòðèöà.
Çàìåíà (1.5) ñ r1 = |p1|−1/2, s1 = −β, r2 = 0, s2 = 1 ñâîäèò (2.1=) ê CF 2,2,=,=

3 (u = 1)
ñ σ = sign p1.

3) D < 0 (p2q1 < 0), (ñì. ïðèë. [3, 3.4.3]). Èç ñèñòåìû (2.1=) çàìåíîé J2
3 ïîëó÷åíà

ñèñòåìà (2.11) ñ
α̃ = −D, β̃ =

√
−D$6, γ̃ = $2

6.

Ïóñòü çàìåíà (1.5) ïðè óñëîâèè (2.14) ñâîäèò ñèñòåìó (2.11) ê ñèñòåìå (2.12), ó
êîòîðîé êîýôôèöèåíòû P̆0 îïðåäåëåíû â (2.13). Òîãäà (2.12) èìååò âèä

(r1 + α̃−1β̃r2)

(
(α̃ν + β̃µ)r1 + (β̃ν − α̃µ)r2 −α̃−1(α̃2 + β̃2)µs2 0 0

µ(r2
1 + r2

2)s−1
2 (α̃ν − β̃µ)r1 + (β̃ν + α̃µ)r2 0 0

)
. (2.17)

31) ν = 0 ⇔ q2 = −p1, ïðè ýòîì α̃2 + β̃2 = −4Dp2$4 6= 0, òàê êàê äèñêðèìèíàíò $4

ðàâåí D, à D = 4(p2
1 + p2q1). Òîãäà ïðè r2 = α̃−1β̃r1 ñèñòåìà (2.17) = α̃−3(α̃2 + β̃2)2µr2

1×(
0 −r−1

1 s2 0 0

r1s
−1
2 0 0 0

)
. Ïðè r1, s2 = α̃3/2(α̃2 + β̃2)−1µ−1/2 � ýòî CF 2,2,=,<

7,−1 ñ σ = 1.

32) ν 6= 0 ⇔ p1 + q2 6= 0, ïðè ýòîì α̃2 + β̃2 6= 0. Òîãäà â ñèñòåìå (2.17) ïðè r1 =
α̃1/2(α̃µ + β̃ν)ρ, r2 = α̃1/2(β̃µ− α̃ν)ρ, s2 = α̃3/2(ν2 + µ2)(2ν)−1ρ, ãäå ρ = |2ν|−1/2µ−1(α̃2 +
β̃2)−1, ýëåìåíò b̆2 = 0 è � ýòî CF 3,2,=,<

12 ñ σ = sign ν, u = −(ν2 + µ2)(2ν)−2 < −1/4.
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Â ñèñòåìå (2.17) ìîæíî òàêæå ñäåëàòü ă1 = 0, ïîëó÷àÿ SF ñ á�îëüøèì èíäåêñîì. �

Â ðåçóëüòàòå îêàçàëàñü äîêàçàííîé ïîëíîòà ñïèñêà 2.2 CFm,2,=
i ïðè íóëåâîì äèñ-

êðèìèíàíòå îáùåãî ìíîæèòåëÿ P 2
0 è èõ ëèíåéíàÿ íåýêâèâàëåíòíîñòü äðóã äðóãó.

Ïðèâåäåì òåïåðü ëèíåéíûå íåîñîáûå çàìåíû, êîòîðûå äëÿ CF èç ñïèñêà 2.2 ïîçâî-
ëÿò âûäåëèòü ìèíèìàëüíûå êàíîíè÷åñêèå ìíîæåñòâà, ââåäåííûå â îïðåäåëåíèè 1.12.

Óòâåðæäåíèå 2.3. Òîëüêî â CF 2,2,=
7,κ è CF 3,2,=,>

7 èç ñïèñêà 2.2 óäàåòñÿ îãðàíè÷èòü

çíà÷åíèÿ ïàðàìåòðîâ csm,2,=,7 à èìåííî: â CF 2,2,=
7,κ íîðìèðîâêà (1.8) ñ r1,−s2 = 1 èçìåíÿ-

åò çíàê σ; â CF 3,2,=,>
7 ïðè σ̃ = σ, ũ = u çàìåíà ñ r1 = |ũ|−1/2, s1 = 0, r2 = (1− ũ)|ũ|−1/2,

s2 = ũ|ũ|−1/2 äàåò σ = σ̃ sign ũ, u = ũ−1.

Ñëåäñòâèå 2.4. Ñîãëàñíî îïðåäåëåíèþ 1.13 èìååì: acs2,2,=
7,κ = {σ = −1}, acs3,2,=,>

7 =
{|u| > 1}; ó îñòàëüíûõ êàíîíè÷åñêèõ ôîðì èç ñïèñêà 2.2 mcsm,2,=,∗ = csm,2,=,∗.

Çàìå÷àíèå 2.3. Â NSF 3,2,=,<
12 â îòëè÷èå îò NSF 3,2,=

12 ýëåìåíò b1 < 0, òàê êàê
u < −1/4. Ïîýòîìó ÍÏ2 âûïîëíÿåòñÿ è ìîæíî îñóùåñòâèòü ëó÷øóþ ñîãëàñíî ÍÏ3

íîðìèðîâêó, ïîëó÷àÿ NSF 3,2,=,<
12,new = σ

(
v −1 0 0

1 0 0 0

)
ñ D = v2 − 4, à çíà÷èò, ps3,2,=,<

12,new =

{|v| < 2}. Ïðè ýòîì NSF 3,2,=,<
12 íîðìèðîâêîé ñ r1 = (−u)−1/4, s2 = (−u)−3/4 ñâîäèòñÿ ê

NSF 3,2,=,<
12,new ñ v = (−u)−1/2 ∈ (0, 2).

2.5. Ïîñòðîåíèå CFm,2 ïðè ïîëîæèòåëüíîì äèñêðèìèíàíòå P2
0.

Ñèñòåìà (2.1) ñ ïîëîæèòåëüíûì äèñêðèìèíàíòîì ìíîãî÷ëåíà P 2
0 (x), èìååò âèä

ẋ = P 2
0 (x)Hx,

P 2
0 = αx2

1 + 2βx1x2 + γx2
2,

α = 1 èëè α, γ = 0, 2β = 1;
D0 = β2−αγ > 0 (detH = δpq 6= 0). (2.1>)

Âûäåëèì èç ñïèñêà 2.1 íîðìèðîâàííûå ôîðìû äî NSF 4,2
23 âêëþ÷èòåëüíî, îòíîñÿ-

ùèåñÿ ê ñëó÷àþ D0 > 0, òàêèõ ôîðì � 9.

Âûÿñíèì, êàêèå NSFm,2,> îêàçûâàþòñÿ êàíîíè÷åñêèìè ôîðìàìè, è äîêàæåì, ÷òî
ïðèâåäåííûé íèæå ñïèñîê ñîäåðæèò âñå âîçìîæíûå êàíîíè÷åñêèå ôîðìû ñèñòåìû
(2.1>) ñî ñâîèìè êàíîíè÷åñêèìè ìíîæåñòâàìè èç îïðåäåëåíèÿ 1.11.

Ñïèñîê 2.3. Ñåìü CFm,2,>
i è èõ csm,2,>i (σ, κ = ±1, u, v 6= 0) :

CF 2,2,>,>
4 = σ

(
0 u 0 0

0 0 1 0

)
,
cs2,2,>,>

4 = {u 6= 1},
cs2,2,>,=

4 = {u = 1};

CF 2,2,>,≷
8,κ = σ

(
0 0 κ 0

0 1 0 0

)
,

cs2,2,>,>
8,κ = {κ = 1},

cs2,2,>,<
8,κ = {κ = −1};

CF 3,2,>,>
10 = σ

(
0 u 1 0

0 0 1 0

)
,
cs3,2,>,>

10 = {u 6= 1},
cs3,2,>,=

10 = {u = 1};

CF 3,2,>,∗
16 = σ

(
0 1 u 0

0 1 0 0

)
,

cs3,2,>,>
16 = {u > −1/4},

cs3,2,>,=
16 = {u = −1/4},

cs3,2,>,<
16 = {u < −1/4};

CF 4,2,>,>
8,−1 = σ

(
u 0 −u 0

0 1 0 −1

)
, cs4,2,>,>

8,−1 = {u 6= ±1};

CF 4,2,>,>
a,14,−1 = σ

(
−1 0 1 0

0 u u 0

)
, cs4,2,>,>

14,−1 = {u 6= −1,−2,−3};
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CF 4,2,>,∗
23 = σ

(
0 u v 0

0 1 1 0

)
,

cs4,2,>,>
23 = {u 6= 1, v > −(1− u)2/4, v 6= u, (2u− 1)/4, u(2− u)/4},

cs4,2,>,=
23 = {u 6= −1, v = −(1− u)2/4},

cs4,2,>,<
23 = {v < −(1− u)2/4}.

Óòâåðæäåíèå 2.4. Òîëüêî NSF 4,2,>
7 = σ

(
0 u u 0

0 0 1 1

)
, NSF 4,2,>

12 = σ

(
0 u 0 −u
0 0 1 1

)
íå ÿâëÿþòñÿ CFm,2,>, ò. å. ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ ïàðàìåòðîâ çàìåíà-
ìè (1.5) ñâîäÿòñÿ ñîãëàñíî ÑÏ1 ê ïðåäøåñòâóþùèì ñòðóêòóðíûì ôîðìàì.

Äîêàçàòåëüñòâî. NSF 4,2,>
7 çàìåíîé ñ s1 = −s2, r2 = 0 ñâîäèòñÿ ê SF 3,2

10 èëè SF 2,2
4 ,

à NSF 4,2,>
12 òîé æå çàìåíîé ñâîäèòñÿ ê SF 3,2

10 èëè SF 2,2
4 . Íåïîñðåäñòâåííîé ïðîâåðêîé

óñòàíîâëåíî, ÷òî îñòàëüíûå NSFm,2,> ÿâëÿþòñÿ CFm,2,>. �

Íàáîð 2.3. Êîíñòàíòû è çàìåíû, èñïîëüçóåìûå â äàëüíåéøåì â ðàçäåëå 2.5:

ϕ1 = η̃2λ1 − α̃γ̃λ2, ϕ2 = η̃2λ2 − α̃γ̃λ1, ϕ3
± = 2τ̃ ν σβ ± γ̃, ϕ4

± = 2τ̃ ν σβ ± (α̃ + γ̃)µ;

L2,2,>,>
4 = {r1 = 1, s1, r2 = 0, s2 = (2β̃λ2)−1};

L13,2,>,>
10 = {r1 = −|γ̃|1/2D1/4(2β̃λ2)−1σ0σγ, s1 = −γ̃η̃−1s2, r2 = 0, s2 = |γ̃|−1/2D−1/4},

L23,2,>,>
10 = {r1 = 0, s1 = |α̃|−1/2D−1/4, r2 = |α̃|1/2D1/4(2β̃λ1)−1σ0σα, s2 = −α̃η̃−1s1};

L2,2,>,>
8,+1 = {r1 = |4α̃λ1|−1/2, s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1, s2 = |4γ̃λ1|−1/2};

L4,2,>,>
8 = {−r1, s1 = v1/4(1 + v1/2)−1/2, r2, s2 = v−1/4(1 + v1/2)−1/2};

L13,2,>,>
16 = {r1 = φ̃2η̃|α̃λ1|−1/2, s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1, s2 = α̃(2β̃)−1r1},

L23,2,>,>
16 = {r1 = −γ̃η̃−1r2, s1 = γ̃(2β̃)−1r2, r2 = φ̃2η̃|γ̃λ2|−1/2, s2 = −α̃η̃−1s1};

L14,2,>,>
23 = {r1 = |2α̃|−1/2D−1/4, s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1,

s2 = −|α̃|1/2D1/4(−2α̃γ̃)−1/2(2ν)−1σ0σα},
L24,2,>,>

23 = {r1 = φ̃|η̃|1/2|α̃|−1/2D−1/4, s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1,
s2 = φ̃|η̃|3/2|α̃|1/2D1/4ϕ−1

2 σ0σασβ};
L14,2,>,>

14,−1 = {r1, s1 = 1, r2 = 0, s2 = −2},
L24,2,>,>

14,−1 = {r1 = 0, s1 = (ũ− 2)s2/2, r2, s2 = 2|ũ(ũ− 2)|−1/2};
L2,2,>,=

4 = {r1 = η̃, s1 = φ̃4γ̃(p1η̃)−1, r2 = −α̃, s2 = φ̃4p−1
1 };

L3,2,>,=
10 = {r1 = −γ̃η̃−1r2, s1 = |2β̃|−1/2, r2 = ν−1s1, s2 = −α̃η̃−1s1};

L13,2,>,=
16 = {r1 = −γ̃η̃−1r2, s1 = −φ̃/2, r2 = −φ̃η̃γ̃−1 σβ, s2 = −α̃η̃−1s1},

L23,2,>,=
16 = {r1 = φ̃, s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1, s2 = φ̃η̃(2γ̃)−1 σβ};

L4,2,>,=
23 = {r1 = φ̃, s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1, s2 = φ̃η̃(ϕ−3 )−1 σβ};

L2,2,>,=
8,−1 = {r1, s2 = |η̃|1/2(α̃2 + β̃2)−1µ−1/2, s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1};

L13,2,>,<
16 = {r1 = −γ̃η̃−1r2, s1 = φ̃(γ̃2 + η̃2)1/2(α̃ + γ̃)−1(4µ)−1/2,

r2 = φ̃η̃((γ̃2 + η̃2)µ)−1/2, s2 = −α̃η̃−1s1},
L23,2,>,<

16 = {r1 = φ̃η̃((α̃2 + η̃2)µ)−1/2, s1 = −γ̃η̃−1s2,
r2 = −α̃η̃−1r1, s2 = φ̃(α̃2 + η̃2)1/2(α̃ + γ̃)−1(4µ)−1/2};
L4,2,>,<

23 = {r1 = φ̃η̃((α̃2 + η̃2)µ)−1/2, s1 =−γ̃η̃−1s2, r2 =−α̃η̃−1r1, s2 = φ̃((α̃2 + η̃2)µ)1/2/ϕ−4 }.

Óòâåðæäåíèå 2.5. Òîëüêî ñëåäóþùèå ôîðìû èç ñïèñêà 2.3 ñ óêàçàííûìè çíà÷å-
íèÿìè ïàðàìåòðîâ ñâîäÿòñÿ ê ïðåäøåñòâóþùèì ñîãëàñíî ÑÏ ñòðóêòóðíûì ôîðìàì:

1) NSF 4,2,>,>
8,−1 : a) ïðè u = −1 çàìåíîé ñ r2 = −r1 s1 = s2 ñâîäèòñÿ ê SF 2,2

8 ;

b) NSF 4,2,>,=
8,−1 (u = 1) òîé æå çàìåíîé ñâîäèòñÿ ê SF 2,2

4 ;

2) NSF 4,2,>,>
14,−1 : a) ïðè u = −3 çàìåíîé ñ r1 = 0, s1 = −2s2 ñâîäèòñÿ ê SF 4,2

8 ;

b) ïðè u = −2 çàìåíîé ñ r2 = −r1, s2 = 0 ñâîäèòñÿ ê SF 3,2
10 ;

c) NSF 4,2,>,=
14,−1 (u = −1) òîé æå çàìåíîé ñâîäèòñÿ ê SF 3,2

16 ;

3) NSF 4,2,>,>
23 (σ̃, ũ, ṽ) : a) ïðè ũ = 1 (ṽ > 0, ṽ 6= 1) çàìåíîé L4,2,>,>

8,−1 ñâîäèòñÿ ê CF 4,2,>,>
8,−1

ñ σ = −σ̃, u = (1− ṽ1/2)(1 + ṽ1/2)−1 ∈ (−1, 1) (|u| < 1);
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b) ïðè ũ 6= 1, ṽ = (2ũ − 1)/4 (ũ 6= ±1/2) çàìåíîé L14,2,>,>
14,−1 ñâîäèòñÿ ê CF 4,2,>,>

14,−1 ñ
u = −2ũ− 1 (u 6= −1,−2,−3);
c) ïðè ũ 6= 1, ṽ = ũ(2 − ũ)/4 (ũ 6= ±2) çàìåíîé L24,2,>,>

14,−1 ñâîäèòñÿ ê CF 4,2,>,>
14,−1 ñ σ =

−σ̃ sign(ũ(ũ− 2)), u = −(ũ+ 2)ũ−1 (u 6= −1,−2,−3).

Òåîðåìà 2.3. Ëþáàÿ ñèñòåìà (1.4) ñ l = 2, çàïèñàííàÿ â âèäå (2.1>) ñîãëàñíî (2.2),
ëèíåéíî ýêâèâàëåíòíà ñèñòåìå, ïîðîæäåííîé íåêèì ïðåäñòàâèòåëåì ñîîòâåòñòâó-
þùåé êàíîíè÷åñêîé ôîðìû èç ñïèñêà 2.3. Íèæå äëÿ êàæäîé CFm,2,>,∗

i ïðèâåäåíû:
a) óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû (2.1>), b) çàìåíû (1.5), ïðåîáðàçóþùèå ïðàâóþ
÷àñòü ñèñòåìû (2.1>) ïðè óêàçàííûõ óñëîâèÿõ â âûáðàííóþ ôîðìó, ñ) ïîëó÷àåìûå
ïðè ýòîì çíà÷åíèÿ ìíîæèòåëÿ σ è ïàðàìåòðîâ èç csm,2,>,∗i :

CF 2,2,>,>
4 : a) D > 0, â (2.9) α̃ = 0, γ̃ = 0, b) J2

1 , L
2,2,>,>
4 , c) σ = 1, u = λ1λ

−1
2 ;

CF 3,2,>,>
10 : a) D > 0, â (2.9) [ α̃ = 0, γ̃ 6= 0∨α̃ 6= 0, γ̃ = 0 ], b) J2

1 , [L13,2,>,>
10 ∨L23,2,>,>

10 ],
c) σ = [−σ0σγ ∨ σ0σα ], u = [λ1λ

−1
2 ∨ λ−1

1 λ2 ];

CF 2,2,>,>
8,+1 : a) D > 0, â (2.9) β̃ = 0, ν = 0, b) J2

1 , L
2,2,>,>
8,+1 , c) σ = σ0σα;

CF 4,2,>,>
8,−1 : a) D > 0, â (2.9) β̃ = 0, ν 6= 0, b) J2

1 , L14,2,>,>
23 , L4,2,>,>

8,−1 ñ v = D(2ν)−2,

c) σ = −σ0σα, u = (|2ν| −D1/2)(|2ν|+D1/2)−1;

CF 3,2,>,>
16 : a) D > 0, â (2.9) α̃, β̃, γ̃ 6= 0, 2τ̃ ν = [σ0D

1/2|β̃| ∨ −σ0D
1/2|β̃| ], b) J2

1 ,
[L13,2,>,>

16 ∨ L23,2,>,>
16 ], c) σ = [σαsignλ1 ∨ σγsignλ2 ], u = −α̃γ̃(2β̃)−2;

CF 4,2,>,>
14,−1 : a) D > 0, â (2.9) α̃, β̃, γ̃ 6= 0, 2τ̃ ν 6= ±D1/2|β̃|, 4ṽ = [ 2ũ − 1 ∨ ũ(2 − ũ) ],

ãäå ũ = ϕ1ϕ
−1
2 , ṽ = −Dα̃γ̃η̃2ϕ−2

2 , b) J2
1 , L24,2,>,>

23 , [L14,2,>,>
14,−1 ∨ L24,2,>,>

14,−1 ], c) σ = [σ0σα ∨
σ0σαsign(ũ(2− ũ)) ], u = [−(1 + 2ũ)−1 ∨ −ũ(ũ+ 2)−1 ];

CF 4,2,>,>
23 : a) D > 0, â (2.9) α̃, β̃, γ̃ 6= 0, 2τ̃ ν 6= ±D1/2|β̃|, 4ṽ 6= ũ(2− ũ), (2ũ− 1), ãäå

ũ = ϕ1ϕ
−1
2 , ṽ = −Dα̃γ̃η̃2ϕ−2

2 , b) J2
1 , L24,2,>,>

23 , c) σ = σ0σα, u = ũ, v = ṽ;

CF 2,2,>,=
4 : a) D = 0, q1, p2 = 0, b) L2,2,>,=

4 , c) σ = 1;

CF 3,2,>,=
10 : (2.1>) ïðè D = 0, [ q1 6= 0 ∨ q1 = 0, p2 6= 0 ], â [ (2.10a) ∨ (2.10b) ] γ̃ = 0

çàìåíàìè [ J2
2a ∨ J2

2b ], L3,2,>,=
10 ñâîäèòñÿ ê CF 3,2,>,=

10 ñ σ = σβ;

CF 3,2,>,=
16 : 1) a) D = 0, [ q1 6= 0∨ q1 = 0, p2 6= 0 ], â [ (2.10a)∨ (2.10b) ] γ̃ 6= 0, ϕ+

3 = 0,
b) [ J2

2a ∨ J2
2b ], L13,2,>,=

16 , c) σ = −σβ;
2) a) D = 0, [ q1 6= 0 ∨ q1 = 0, p2 6= 0 ], â [ (2.10a) ∨ (2.10b) ] γ̃ 6= 0, ϕ−3 = 0, b) [ J2

2a ∨ J2
2b ],

L23,2,>,=
16 , c) σ = σβ;

CF 4,2,>,=
23 : a) D = 0, [ q1 6= 0 ∨ q1 = 0, p2 6= 0 ], â [ (2.10a) ∨ (2.10b) ] γ̃ 6= 0, ϕ±3 6= 0,

b) [ J2
2a ∨ J2

2b ], L4,2,>,=
23 , c) σ = σβ, u = ϕ+

3 (ϕ−3 )−1, v = −γ̃2(ϕ−3 )−2;

CF 2,2,>,<
8,−1 : a) D < 0, ν = 0, â (2.11) α̃ + γ̃ = 0, b) J2

3 , L
2,2,>,<
8,−1 , c) σ = σβ;

CF 3,2,>,<
16 : a) D < 0, ν 6= 0, â (2.11) [ϕ+

4 = 0 ∨ ϕ−4 = 0 ], b) J2
3 , [L13,2,>,<

16 ∨ L23,2,>,<
16 ],

c) σ = [−σβ ∨ σβ ];

CF 4,2,>,<
23 : a) D < 0, â (2.11) ν2 + (α̃ + γ̃)2 6= 0, ϕ±4 6= 0, b) J2

3 , L
4,2,>,<
23 , c) σ = σβ,

u = ϕ+
4 (ϕ−4 )−1, v = −µ2(α̃2 + η̃2)(γ̃2 + η̃2)η̃−2(ϕ−4 )−2.

Äîêàçàòåëüñòâî. Â çàâèñèìîñòè îò çíàêà äèñêðèìèíàíòà D èç (2.3) ñèñòåìà
(2.1>) ñ β2 > αγ îäíîé èç çàìåí J2

1 , J
2
2a èëè J

2
2b, J

2
3 ñâåäåíà ñîîòâåòñòâåííî ê ñèñòåìå

(2.9), (2.10), (2.11) ñ æîðäàíîâîé ìàòðèöåé H̃ è îáùèì ìíîæèòåëåì P̃ 2
0 . Ïðè ýòîì τ̃ , |η̃| >

0 â ñèëó (2.6).

Äàëåå, â êàæäîé èç ïîëó÷åííûõ ñèñòåì äåëàåòñÿ ïðîèçâîëüíàÿ çàìåíà (1.5), ïðå-
îáðàçóþùàÿ åå â ñèñòåìó (2.12), èç êîòîðîé è áóäóò âûäåëÿòüñÿ êàíîíè÷åñêèå ôîðìû.

Ñëåäóåò èìåòü ââèäó çàìå÷àíèå 1.2 ïðè ñðàâíåíèè çàìåí èç íàáîðà 2.3 è çàìåí ïîëó-
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÷àåìûõ â õîäå äîêàçàòåëüñòâà, êîãäà â êîíöå äåëàåòñÿ ïåðåíóìåðàöèÿ. Îíà ïåðåñòàâëÿåò
ñòîëáöû çàìåíû.

Â ñèñòåìå (2.12) êîýôôèöèåíòû ᾰ, γ̆ îáùåãî ìíîæèòåëÿ P̆ 2
0 âñåãäà ìîæíî ñäåëàòü

íóëåâûìè, â ðåçóëüòàòå ÷åãî Ă èç (2.12) áóäåò èìåòü ýëåìåíòû ă1, ă2 = 0 è d̆1, d̆2 = 0.

Äëÿ ýòîãî â çàìåíå (1.5) äîñòàòî÷íî çàôèêñèðîâàòü ñëåäóþùèå äâå ñâÿçè:

s1 = −γ̃η̃−1s2, r2 = −α̃η̃−1r1 ( τ̃ = (β̃2 − α̃γ̃)1/2, η̃ = β̃ + σβ τ̃ , sign 0 = 1), (2.18)

ïðè âûïîëíåíèè êîòîðûõ δ = r1s2− r2s1 = 2τ̃ η̃−1σβr1s2, â ñèñòåìå (2.12) β̆ = 2τ̃ 2η̃−1 r1s2

è, åñëè α̃γ̃ = 0, òî τ̃ = |β̃| 6= 0, à åñëè β̃ = 0, òî τ̃ = η̃ = (−α̃γ̃)1/2 > 0.

Îäíàêî, íèêàêèìè çàìåíàìè ïðè óñëîâèè (2.18) íå ïîëó÷èòü NSF 4,2,>
8,−1 , NSF

4,2,>
a,14,−1

èç ñïèñêà 2.3. Íî ýòè ôîðìû ïðåäøåñòâóþò òîëüêî NSF 4,2,>
23 è èìåííî èç íåå áóäóò

ïîëó÷åíû ñîãëàñíî óòâ. 2.5,3) â ï.ï. 11b
2 è 12c

2 ñîîòâåòñòâåííî.

1) D > 0 (λ1, λ2 6= 0, λ1 − λ2 = σ0

√
D 6= 0), (ñì. ïðèë. [3, 3.5.1]). Èç ñèñòåìû (2.1>)

çàìåíîé J2
1 ïîëó÷åíà ñèñòåìà (2.9), êîòîðóþ ëþáàÿ çàìåíà (1.5) ïðè óñëîâèè (2.18)

ñâîäèò ê ñèñòåìå (2.12) âèäà

2τ̃ σβ

(
0 (λ1 − α̃γ̃η̃−2λ2)r1s2 −γ̃η̃−1(λ1 − λ2)s2

2 0

0 α̃η̃−1(λ1 − λ2)r2
1 (λ2 − α̃γ̃η̃−2λ1)r1s2 0

)
. (2.19)

11) α̃γ̃ = 0 (β̃ 6= 0, τ̃ = |β̃|, η̃ = 2β̃).

11
1) α̃, γ̃ = 0 (r1, s2 = 0). Òîãäà (2.19)=

(
0 2β̃λ1r1s2 0 0

0 0 2β̃λ2r1s2 0

)
. Ïðè r1 = 1,

s2 = (2β̃λ2)−1 � ýòî CF 2,2,>,>
4 ñ σ = 1, u = λ1λ

−1
2 6= 1.

12
1) α̃ = 0, γ̃ 6= 0. Òîãäà ñèñòåìà (2.19) =

(
0 2β̃λ1r1s2 −γ̃(λ1 − λ2)s2

2 0

0 0 2β̃λ2r1s2 0

)
. Ïðè

r1 = −|γ̃(λ1 − λ2)|1/2(2β̃λ2)−1σ0σγ, s2 = |γ̃(λ1 − λ2)|−1/2 � ýòî CF 3,2,>,>
10 ñ σ = −σ0 sign γ̃,

u = λ1λ
−1
2 6= 1.

13
1) γ̃ = 0, α̃ 6= 0. Òîãäà ñèñòåìà (2.19) =

(
0 2β̃λ1r1s2 0 0

0 α̃(λ1 − λ2)r2
1 2β̃λ2r1s2 0

)
. Ïðè

r1 = |α̃(λ1 − λ2)|−1/2, s2 = |α̃(λ1 − λ2)|1/2(2β̃λ1)−1σ0σα � ýòî CF 3,2,>,>
a,10 ñ u = λ−1

1 λ2 6= 1,

σ = σ0σα. Ïåðåíóìåðàöèÿ (1.9) ñâåäåò åå ê CF 3,2,>,>
10 ñ òåìè æå σ, u.

12) α̃ 6= 0, γ̃ 6= 0 (τ̃ 6= |β̃|). Òîãäà ñèñòåìå (2.19) c̆1b̆2 6= 0.

11
2) β̃ = 0, òîãäà α̃γ̃ < 0 è η̃, τ̃ = (−α̃γ̃)1/2. Ïîýòîìó ñèñòåìà (2.19) èìååò âèä(

0 2(−α̃γ̃)1/2(λ1 + λ2)r1s2 −2γ̃(λ1 − λ2)s2
2 0

0 2α̃(λ1 − λ2)r2
1 2(−α̃γ̃)1/2(λ1 + λ2)r1s2 0

)
. (2.20)

11a
2 ) λ2 = −λ1 ⇔ q2 = −p1. Òîãäà ñèñòåìà (2.20) ïðè r1 = |4α̃λ1|−1/2, s2 = |4γ̃λ1|−1/2

� ýòî CF 2,2,>,>
8,+1 ñ σ = sign(α̃λ1) (= σασ0 = σαsign p1 = −σ0σγ).

11b
2 ) λ2 6= −λ1. Òîãäà (2.20) ïðè s2 = −|α̃(λ1−λ2)|1/2(−2α̃γ̃)−1/2(λ1 +λ2)−1σ0σα, r1 =

|2α̃(λ1−λ2)|−1/2 � ýòî NSF 4,2,>,>
23 ñ σ = sign(α̃(λ1−λ2)) (= σ0σα), u = 1, v = D(λ1 +λ2)−2

(v > 0 , v 6= 1). Ïî óòâ. 2.5,3) îíà � íåêàíîíè÷åñêàÿ è ñâîäèòñÿ ê CF 4,2,>,>
8,−1 .

12
2) β̃ 6= 0. Òîãäà b̆2

1 + c̆2
2 6= 0.
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12a
2 ) c̆2 = 0 ⇔ λ2 = α̃γ̃η̃−2λ1 ⇔ τ̃(λ1 + λ2) = |β̃|(λ1 − λ2), òàê êàê α̃γ̃ = (β̃ − σβ τ̃)η̃.

Òîãäà (2.19) =

(
0 8β̃τ̃ 2η̃−2λ1r1s2 −4γ̃τ̃ 2η̃−2λ1s

2
2 0

0 4α̃τ̃ 2η̃−2λ1r
2
1 0 0

)
. Ïðè r1 = η̃(2τ̃)−1|α̃λ1|−1/2, s2 =

η̃α̃(4β̃τ̃)−1|α̃λ1|−1/2 � ýòî CF 3,2,>,>
16 ñ σ = σα signλ1, u = −α̃γ̃(2β̃)−2 > −1/4.

12b
2 ) b̆1 = 0 ⇔ λ1 = α̃γ̃η̃−2λ2 ⇔ τ̃(λ1 + λ2) = −|β̃|(λ1 − λ2). Òîãäà ñèñòåìà (2.19) =

4τ̃ 2η̃−2λ2

(
0 0 γ̃s2

2 0

0 −α̃r2
1 2β̃r1s2 0

)
. Ïðè r1 = η̃γ̃(4β̃τ̃)−1|γ̃λ2|−1/2, s2 = η̃(2τ̃)−1|γ̃λ2|−1/2 ïîëó-

÷àåì CF 3,2,>,>
a,16 ñ σ = σγ signλ2, u = −α̃γ̃(2β̃)−2. È äàëåå � ïåðåíóìåðàöèÿ (1.9).

12c
2 ) b̆1, c̆2 6= 0 ⇔ τ̃(λ1 + λ2) ± |β̃|(λ1 − λ2) 6= 0. Òîãäà ñèñòåìà (2.19) ïðè r1 =

|η̃|1/2|α̃(λ1 − λ2)|−1/2φ̃, s2 = |η̃|3/2|α̃(λ1 − λ2)|1/2φ̃ϕ−1
2 σ0σασβ � ýòî NSF 4,2,>,>

23 ñ σ = σ0σα,
u = ϕ1ϕ

−1
2 (u 6= 1), v = −α̃γ̃η̃2(λ1 − λ2)2ϕ−2

2 (v 6= u, 4v > −(1− u)2).

Òåïåðü ïðè v = (2u − 1)/4 èëè v = u(2 − u)/4 ïîëó÷åííàÿ NSF 4,2,>,>
23 íå ÿâëÿåòñÿ

êàíîíè÷åñêîé, òàê êàê ñîãëàñíî óòâåðæäåíèþ2.5,3) ñâîäèòñÿ ê CF 4,2,>,>
14,−1 .

À åñëè v 6= (2u− 1)/4, u(2− u)/4, òî NSF 4,2,>,>
23 = CF 4,2,>,>

23 .

2) D = 0 (λ1, λ2 = ν = (p1 + q2)/2 6= 0), (ñì. ïðèë. [3, 3.5.2]).

21) q1 6= 0 èëè q1 = 0, p2 6= 0 (q2 = p1 = ν). Èç (2.1>) çàìåíîé J2
2a èëè J

2
2b ïîëó÷åíà

ñèñòåìà (2.10), êîòîðóþ ëþáàÿ çàìåíà (1.5) ïðè óñëîâèè (2.18) ñâîäèò ê (2.12) âèäà

2τ̃

(
0 ϕ+

3 η̃
−1r1s2 −γ̃2η̃−2 σβs

2
2 0

0 σβr
2
1 ϕ−3 η̃

−1r1s2 0

)
(ϕ±3 = 2τ̃ ν σβ ± γ̃). (2.21)

21
1) γ̃ = 0 (τ̃ = |β̃|, η̃ = 2β̃). Òîãäà ñèñòåìà (2.21) = 2β̃

(
0 νr1s2 0 0

0 r2
1 νr1s2 0

)
. Ïðè

r1 = |2β̃|−1/2, s2 = ν−1r1 � ýòî CF
3,2,>,=
a,10 ñ σ = σβ, u = 1. È � ïåðåíóìåðàöèÿ (1.9).

22
1) γ̃ 6= 0. Òîãäà â ñèñòåìå (2.21) b̆2c̆1 6= 0, b̆2

1 + c̆2
2 6= 0.

22a
1 ) b̆1 = 0 ⇔ ϕ+

3 = 0. Òîãäà ñèñòåìà (2.21) =

(
0 0 −2τ̃ γ̃2η̃−2 σβ s

2
2 0

0 2τ̃ σβ r
2
1 −4τ̃ γ̃η̃−1r1s2 0

)
.

Ïðè r1 = −φ̃/2, s2 = −φ̃η̃γ̃−1 σβ � ýòî CF
3,2,>,=
a,16 ñ σ = −σβ, u = −1/4. È � (1.9).

22b
1 ) c̆2 = 0 ⇔ ϕ−3 = 0. Òîãäà ñèñòåìà (2.21) =

(
0 4τ̃ γ̃η̃−1r1s2 −2τ̃ γ̃2η̃−2 σβ s

2
2 0

0 2τ̃ σβ r
2
1 0 0

)
.

Ïðè r1 = φ̃, s2 = φ̃η̃(2γ̃)−1 σβ � ýòî CF
3,2,>,=
16 ñ σ = σβ, u = −1/4.

22c
1 ) b̆1c̆2 6= 0⇔ ϕ±3 6= 0.

Ïðè r1 = φ̃, s2 = φ̃η̃(ϕ−3 )−1σβ ñèñòåìà (2.21) � ýòî CF
4,2,>,=
23 ñ σ = σβ, u = ϕ+

3 (ϕ−3 )−1,
v = −γ̃2(ϕ−3 )−2 (u 6= ±1, 4v = −(1 − u)2), òàê êàê ïî óòâåðæäåíèþ 2.5 NSF 4,2,>,=

23 íå
ìîæåò áûòü ñâåäåíà ê NSF 4,2,>,=

8,−1 èëè NSF 4,2,>,=
14,−1 .

22) q1 = 0, p2 = 0, ò. å. â ñàìîé ñèñòåìå (2.1>) H � äèàãîíàëüíàÿ ìàòðèöà ñ äèàãî-
íàëüþ (p1, p1). Òîãäà çàìåíà (1.5) ñ r1 = η̃, s1 = φ̃4γ̃(p1η̃)−1, r2 = −α̃, s2 = φ̃4p−1

1 ñâîäèò
(2.1>) ê CF 2,2,>,=

4 ñ σ = 1 (u = 1).

3) D = (p1− q2)2 + 4p2q1 < 0 (p2q1 < 0), (ñì. ïðèë. [3, 3.5.3]). Èç ñèñòåìû (2.1>) ïî-
ëó÷åíà ñèñòåìà (2.11), êîòîðóþ ëþáàÿ çàìåíà (1.5) ïðè óñëîâèè (2.18) ñâîäèò ê ñèñòåìå

22



(2.12) âèäà

2τ̃σβ
η̃2
·

(
0 η̃ϕ+

4 r1s2 −(γ̃2 + η̃2)µs2
2 0

0 (α̃2 + η̃2)µr2
1 η̃ϕ−4 r1s2 0

)
(ϕ±4 = 2τ̃ νσβ + (α̃ + γ̃)µ). (2.22)

31) ν = 0 (⇔ p1 + q2 = 0), α̃ + γ̃ = 0. Òîãäà τ̃ = (α̃2 + β̃2)1/2 è (2.22) èìååò âèä(
0 0 −4τ̃ 2η̃−1µ s2

2 0

0 4τ̃ 2η̃−1µ r2
1 0 0

)
. Ïðè r1, s2 = φ̃2|η̃|1/2µ−1/2 � ýòî CF 2,2,>,<

8,−1 ñ σ = sign β̃.

32) ν2 + (α̃ + γ̃)2 6= 0, òîãäà b̆2
1 + c̆2

2 6= 0.

31
2) b̆1 = 0⇔ ϕ+

4 = 0 (ν(α̃ + γ̃) 6= 0). Òîãäà ñèñòåìà (2.22) èìååò âèä

2τ̃µσβ
η̃2

·

(
0 0 −(γ̃2 + η̃2)s2

2 0

0 (α̃2 + η̃2)r2
1 −2η̃(α̃ + γ̃)r1s2 0

)
. Ïðè r1 = φ̃(γ̃2 + η̃2)1/2(α̃ + γ̃)−1(4µ)−1/2,

s2 = φ̃η̃((γ̃2 + η̃2)µ)−1/2 � ýòî CF 3,2,>,<
a,16 ñ σ = −σβ, u = −(α̃2 + η̃2)(γ̃2 + η̃2)(2η̃(α̃+ γ̃))−2 <

−1/4. È äàëåå � ïåðåíóìåðàöèÿ (1.9).

32
2) c̆2 = 0⇔ ϕ−4 = 0 (ν(α̃ + γ̃) 6= 0). Òîãäà ñèñòåìà (2.22) èìååò âèä

2τ̃µσβ
η̃2

·

(
0 2η̃(α̃ + γ̃)r1s2 −(γ̃2 + η̃2)s2

2 0

0 (α̃2 + η̃2)r2
1 0 0

)
. Ïðè s2 = φ̃(α̃2 + η̃2)1/2(α̃ + γ̃)−1(4µ)−1/2,

r1 = φ̃η̃((α̃2 + η̃2)µ)−1/2 � ýòî CF 3,2,>,<
16 ñ σ = σβ è u èç 31

2).

33
2) b̆1c̆2 6= 0⇔ ϕ±4 6= 0.

Ïðè r1 = φ̃η̃((α̃2+η̃2)µ)−1/2, s2 = φ̃((α̃2+η̃2)µ)1/2(ϕ−4 )−1ñèñòåìà (2.22) � ýòî CF 4,2,>,<
23

ñ σ = σβ, u = ϕ+
4 (ϕ−4 )−1, v = −µ2(α̃2 + η̃2)(γ̃2 + η̃2)η̃−2(ϕ−4 )−2 (4v < −(1 − u)2), òàê êàê

ïî óòâåðæäåíèþ2.5 NSF 4,2,>,<
23 íå ìîæåò áûòü ñâåäåíà ê NSF 4,2,>,<

8,−1 èëè NSF 4,2,>,<
14,−1 . �

Ïðèâåäåì òåïåðü ëèíåéíûå íåîñîáûå çàìåíû, êîòîðûå äëÿ CF èç ñïèñêà 2.3 ïîçâî-
ëÿò âûäåëèòü êàíîíè÷åñêèå ìèíèìàëüíûå ìíîæåñòâà, ââåäåííûå â îïðåäåëåíèè 1.12.

Óòâåðæäåíèå 2.6. Òîëüêî äëÿ ñëåäóþùèõ CFm,2,> èç ñïèñêà 2.3 óäàåòñÿ îãðàíè-
÷èòü çíà÷åíèÿ ïàðàìåòðîâ â csm,2,>, à èìåííî:

1) â CF 2,2,>
4 íîðìèðîâêà (1.8) ñ r1,−s2 = 1 èçìåíÿåò çíàê σ; ïðè ũ = u, |ũ| > 1

çàìåíà ñ r1, s2 = 0, s1 = 1, r2 = ũ−1 äàåò u = ũ−1;

2) â CF 2,2,>
8,−1 ïåðåíóìåðàöèÿ (1.9), à â CF 4,2,>,>

14,−1 ïðè u = 1 çàìåíà ñ −r1, r2, s2 = 3−1/2,
s1 = 2s2 èçìåíÿþò çíàê σ;

3) â CF 4,2,>,>
8,−1 ïðè σ̃ = σ, ũ = u, |ũ| > 1 çàìåíà ñ r1, s2 = 0, s1, r2 = |ũ|−1/2 äàåò

σ = −σ̃ sign ũ, u = ũ−1;

4) â CF 4,2,>,>
23 ïðè σ̃ = σ, ũ = u, |ũ| > 1, ṽ = v çàìåíà ñ r1, s2 = 0, s1 = |ṽ|3/2(ũṽ)−1,

r2 = |ṽ|−1/2 äàåò σ = σ̃ sign v, u = ũ−1, v = ũ−2ṽ.

Ñëåäñòâèå 2.5. Ñîãëàñíî îïðåäåëåíèþ 1.13 èìååì:
acs2,2,>,>

4 = {|u| > 1, σ = −1}, acs2,2,>,=
4 = {σ = −1}, acs2,2,>,<

8,−1 = {σ = −1},
acs4,2,>,>

8,−1 = {|u| > 1}, acs4,2,>,>
14,−1 = {σ = −1 ïðè u = 1}, acs4,2,>,>

23 = {|u| > 1};
ó îñòàëüíûõ êàíîíè÷åñêèõ ôîðì èç ñïèñêà 2.3 mcsm,2,>, ∗ = csm,2,>, ∗.

2.6. Ïîñòðîåíèå CFm,2 ïðè îòðèöàòåëüíîì äèñêðèìèíàíòå P2
0.

2.6.1. Âûäåëåíèå NSFm,2,<. Ñèñòåìà (2.1) ñ îòðèöàòåëüíûì äèñêðèìèíàíòîì
ìíîãî÷ëåíà P 2

0 (x) èìååò âèä

ẋ = P 2
0 (x)Hx,

P 2
0 = x2

1 + 2βx1x2 + γx2
2,

D0 = β2 − γ < 0 (α = 1),
H =

(
p1 q1

p2 q2

)
, δpq = detH 6= 0, (2.1<)
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Âûäåëèì èç ñïèñêà 2.1 íîðìèðîâàííûå ñòðóêòóðíûå ôîðìû äî NSF 7,2
2 âêëþ÷è-

òåëüíî, îòíîñÿùèåñÿ ê ñëó÷àþ D0 < 0 (ñì. îïð. 2.1), òàêèõ ôîðì � 17.

Ñïèñîê 2.4. Ñåìíàäöàòü NSFm,2,<,∗ ñî ñâîèìè psm,2,< è D (σ =±1, u, v, w 6= 0).

I. NSF 4,2,<,>
8,+1 = σ

(
u 0 u 0

0 1 0 +1

)
,

(u− 1)2,

tps4,2,<
8,+1 ;

NSF 4,2,<,≷
34,+1 = σ

(
0 u 0 u

1 0 +1 0

)
,

4u,

tps4,2,<
34,+1;

NSF 5,2,<,>
7 = σ

(
u −u u 0

1 0 0 1

)
,

(u− 1)2,

tps5,2,<
7 ;

NSF 5,2,<,∗
22 = σ

(
0 u −u u

1 0 0 1

)
,

4u+ 1,

tps5,2,<
22 ;

NSF 6,2,<,>
1 = σ

(
u u uv 0

0 1 1 v

)
,

(u− 1)2,

ps6,2,<
1 = {v > 1/4};

NSF 6,2,<,>
3 = σ

(
u u(1− v) 0 −uv2

0 1 1 v

)
,

(u− 1)2,

ps6,2,<
3 = {v > 1/4, v 6= 1};

NSF 6,2,<,>
4,+1 = σ

(
u v u v

0 1 0 +1

)
,

(u− 1)2,

tps6,2,<
4,+1 ;

NSF 6,2,<,∗
6 = σ

(
u u(v−2 − v) 0 uv−3

1 0 v−1 − v2 1

)
,

(u− v)2 + 4uv−2,

ps6,2,<
6 = {v ∈ (0, 3

√
4), v 6= 1};

NSF 6,2,<,∗
7 = σ

(
u v −v u+ v

1 0 0 1

)
,

(u+ 1)2 + 4v,

ps6,2,<
7 = {v 6= −u};

NSF 6,2,<,∗
11,+1 = σ

(
u v u v

1 0 +1 0

)
,
u2 + 4v,

tps6,2,<
11,+1;

NSF 7,2,<,∗
2 = σ

(
u w uv−1− v(uv + w) u+ wv−1

1 0 v−1 − v2 1

)
,

(u+ v)2 + 4w, ps7,2,<
2 = {v ∈ (0, 3

√
4),

v 6= 1, w 6= −uv,−u(v − v−2)};

II. NSF 6,2,<,>
5 = σ

(
u 0 u(v − 1) −uv
0 1 1 v

)
,

(u− 1)2,

ps6,2,<
5 = {v > 1/4, v 6= 1};

NSF 6,2,<,∗
12 = σ

(
0 −uv u −uv2

1 0 v − v−2 1

)
,

v−2 − 4uv,

ps6,2,<
12 = {v > 4−1/3, v 6= 1};

NSF 6,2,<,∗
13 = σ

(
u 0 uv uv2(1 + v)

1 1 0 v(1 + v)2

)
,

(u+ v + 1)2 − 4u,

ps6,2,<
13 = {v 6∈ [−4/3, 0]};

NSF 6,2,<,∗
15 = σ

(
0 u uv uv(v − 1)

1 1 0 −v(v − 1)2

)
,

(v − 1)2 + 4u,

ps6,2,<
15 = {v 6∈ [0, 4/3]};

NSF 6,2,<,≷
16 = σ

(
0 u u uv

1 1 v 0

)
,

4u,

ps6,2,<
16 = {v > 1/4};

NSF 7,2,<,>
1 = σ

(
u w uv − u+ w v(w − u)
0 1 1 v

)
,

(u− 1)2,

ps7,2,<
1 = {v > 1/4, w 6= u, u(1− v)}.

Çàìå÷àíèå 2.4. 1. NSF 4,2,<
8,+1 = CF 4,2,<

8,+1 , ïîñêîëüêó ïðåäøåñòâóþùèå ôîðìû ñ

D0 < 0 îòñóòñòâóþò, è êàíîíè÷åñêèå ìíîæåñòâà èìåþò âèä cs4,2,<,>
8,+1 = {u 6= 1}, cs4,2,<,=

8,+1 =
{u = 1}.

2. Â ñïèñêå 2.4 òîëüêî ó CF 4,2,<
8,+1 è CF 6,2,<

1 ìàòðèöà H äèàãîíàëüíà (ñì. ñï. 2.1).

3. Áóäåò ïîêàçàíî, ÷òî âñå NSF èç ñïèñêà 2.4I � êàíîíè÷åñêèå, à èç 2.4II � íåò.

2.6.2. Ñëó÷àé D ≥ 0. Èòàê, áóäåì ïðåäïîëàãàòü ñíà÷àëà, ÷òî â ñèñòåìå (2.1<)
ìàòðèöà H èìååò âåùåñòâåííûå ñîáñòâåííûå ÷èñëà λ1, λ2.

Íàáîð 2.4. Êîíñòàíòû è çàìåíû, èñïîëüçóåìûå äàëåå â ðàçäåëå 2.6.2:

ψ1(u) = (u2 − 3u+ 3)1/2(u− 3)−1, ψ2(u) = (3u2 − 3u+ 1)(3u− 1)−2,
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ψ3(u) = (u2 + 3u+ 3)(3u2 + 3u+ 1)(3u2 + 8u+ 3)−2; ψ4 = ṽ(ṽ − (ṽ2 − 1)1/2)/2;

L4,2,<,>
8,+1 = {r1 = (α̃|λ2|)−1/2, s1, r2 = 0, s2 = (γ̃|λ2|)−1/2};

L4,2,<,>
34,+1 = {r1 = −v1/2r2, s1 = (v(4v − 1))1/4(2v1/2 + 1)−1, r2 = (v(4v − 1))−1/4, s2 = v−1/2s1};

L15,2,<,>
7 = {r1 = (ũ2 − 3ũ+ 3)1/2(1− ũ)−1, s1 = 0, r2 = (1− ũ)−1s2, s2 = ψ−1

1 (ũ)};
L25,2,<,>

7 = {r1 = ũ1/3|ũ|1/6(ũ− 1)−1, s1 = |ũ|−1/2, r2 = (3ũ− 1)ũ−1r1, s2 = 0};
L5,2,<,>

22 = {r1 = −(ũ2 + 3ũ+ 3)1/2(ũ− 1)−1|ũ+ 1|−1/2, s1 = ũ(ũ+ 1)−1r1,
r2 = −(3ũ2 + 8ũ+ 3)(ũ2 + 3ũ+ 3)−1r1, s2 = (ũ+ 1)−1r2};
L6,2,<,>

1 = {r1 = (α̃|λ2|)−1/2, s1, r2 = 0, s2 = α̃(2β̃)−1r1};
L4,2,<,=

8,+1 = {r1 = −βr2, s1 = |p1|−1/2, r2 = |p1|−1/2(γ − β2)−1/2, s2 = 0};
L5,2,<,=

7 = {r1 = 1/2, s1 = −1, r2 = ∓
√

3/2, s2 = 0};
L5,2,<,=

22 = {r1 = ±
√

14/7, s1 = ∓5
√

14/28, r2 =
√

42/14, s2 =
√

42/28};
L6,2,<,=

3 = {r1 = 1, s1 = 1/2, r2 = 0, s2 = −(ṽ + (ṽ2 − 1)1/2)/2};
L6,2,<,=

4,+1 = {r1 = 0, s1 = γ̃1/2|ν|−1/2ς̃−1, r2 = |γ̃ν|−1/2, s2 = −β̃γ̃−1s1}.

Èç ñèñòåìû (2.1<) ñ γ − β2 > 0 :
1) ïðè D > 0 (λ1, λ2 6= 0, λ1 − λ2 = σ0

√
D 6= 0) çàìåíîé J2

1 èç íàáîðà 2.1 ïîëó÷åíà
ñèñòåìà (2.9), â êîòîðîé ñîãëàñíî (2.5) è (2.6) α̃, γ̃ > 0 è ς̃ = (α̃γ̃ − β̃2)1/2 > 0;
2) ïðè D = 0 (λ1, λ2 = ν = (p1 + q2)/2 6= 0) è [q1 6= 0 ∨ q1 = 0, p2 6= 0] çàìåíîé [J2

2a ∨ J2
2b]

èç íàáîðà 2.1 ïîëó÷åíà ñèñòåìà (2.10) ñ α̃, γ̃, ς̃ > 0.
Íàêîíåö, ñèñòåìà (2.1<) ñ γ − β2 > 0 ïðè D = 0 è q1, p2 = 0 ñðàçó èìååò âèä (2.9), íî ñ
λ1, λ2 = ν, òàê êàê â ýòîì ñëó÷àå H äèàãîíàëüíà è â íåé p1, q2 = ν 6= 0.

Ëåììà 2.1.

1) (2.9) ïðè: 11) β̃ = 0 çàìåíîé L4,2,<,>
8,+1 ñâîäèòñÿ ê CF 4,2,<,>

8,+1 ñ σ = signλ2, u = λ1λ
−1
2 ;

12) β̃ 6= 0 çàìåíîé L6,2,<,>
1 ñâîäèòñÿ ê NSF 6,2,<,>

1 ñ σ = signλ2, u = λ1λ
−1
2 , v = α̃γ̃(2β̃)−2;

21) (2.10) çàìåíîé L6,2,<,=
4,+1 ñâîäèòñÿ ê NSF 6,2,<,=

4,+1 (u = 1) ñ σ = sign ν, v = γ̃(νς̃)−1;

22) (2.1<) ïðè D, q1, p2 = 0 çàìåíîé L4,2,<,=
8,+1 ñâîäèòñÿ ê CF 4,2,<,=

8,+1 (u = 1) ñ σ = sign p1.

Ñëåäñòâèå 2.6. Âñå øåñòü NSFm,2,< èç ñïèñêà 2.4II ïðè D > 0 è D = 0 êàíîíè-
÷åñêèìè ñòðóêòóðíûìè ôîðìàìè íå ÿâëÿþòñÿ.

Óòâåðæäåíèå 2.7. Òîëüêî ñëåäóþùèå NSFm,2,< èç ñïèñêà 2.4I ñ óêàçàííûìè çíà÷å-
íèÿìè ïàðàìåòðîâ ñâîäÿòñÿ ê ïðåäøåñòâóþùèì ñîãëàñíî ÑÏ ñòðóêòóðíûì ôîðìàì
(ñì. ïðèë. [3, 3.6.1, 3.6.2, 3.6.3]):

1) NSF 4,2,<,>
34,+1 ñ ps4,2,<,>

34,+1 = {u > 0} ïðè u = 1 çàìåíîé (1.5) ñ s1 = s2, r2 = −r1

ñâîäèòñÿ ê SF 4,2
8 ;

2) NSF 5,2,<,>
7 ñ ps5,2,<,>

7 = {u 6= 1} :
a) ïðè u = 3 çàìåíîé ñ r1 = 0, s1 = 2s2 ñâîäèòñÿ ê SF 4,2

8 ;
b) ïðè u = −1 çàìåíîé ñ s1 = s2(1 +

√
7)/3, r2 = −r1(1 +

√
7)/2 ñâîäèòñÿ ê SF 4,2

34 ;

3) NSF 5,2,<,>
22 ñ ps5,2,<,>

22 = {u > −1/4} :
a) ïðè u = 3/2 çàìåíîé ñ r1 = −r2(

√
7 + 1)/2, s1 = s2(

√
7− 1)/2 ñâîäèòñÿ ê SF 4,2

8 ;
b) ïðè u = [ 6 ∨ 4 ∓

√
13 ] çàìåíîé ñ r1 = [ 4r2/3 ∨ (−1 ±

√
13)r2/6 ], s2 = [−3s1 ∨ (−1 ∓√

13)s1/6 ] ñâîäèòñÿ ê SF 5,2
7 ;

4) NSF 6,2,<,>
1 (σ̃, ũ, v) ñ ps6,2,<,>

1 = {ũ 6= 1, v > 1/4} :
a) ïðè ũ = −1 çàìåíîé L4,2,<,>

34,+1 ñâîäèòñÿ ê NSF 4,2,<,>
34,+1 ñ σ = σ̃, u = (2v1/2− 1)(2v1/2+ 1)−1;

b) ïðè ũ 6= −1, [3 ∨ 1/3], v = [ψ2
1(ũ) ∨ ψ2(ũ)] çàìåíîé [L15,2,<,>

7 ∨ L25,2,<,>
7 ] ñâîäèòñÿ

ê NSF 5,2,<,>
7 ñ σ = [σ̃ ∨ σ̃ sign ũ], u = [ũ ∨ ũ−1];

c) ïðè ũ 6= −1, v = ψ3(ũ) çàìåíîé L5,2,<,>
22 ñâîäèòñÿ ê NSF 5,2,<,>

22 ñ σ = σ̃ sign(ũ + 1),
u = −ũ(ũ+ 1)−2;
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5) NSF 6,2,<,=
3 ñ ps6,2,<,=

3 = {u = 1, v > 1/4, v 6= 1} :
a) ïðè v = 1/3 çàìåíîé ñ r2 = −3r1, s2 = 0 ñâîäèòñÿ ê NSF 5,2,<,=

7 ;
b) ïðè v = (49∓7

√
46)/6 çàìåíîé ñ r1 = r2(11∓2

√
46)/6, s1 = s2(−38±5

√
46)/6 ñâîäèòñÿ

ê NSF 5,2,<,=
22 ;

6) NSF 6,2,<,=
4,+1 (σ̃, 1, ṽ) ñ ps6,2,<,=

4,+1 = {u = 1} :

a) ïðè v = ±2/
√

3 çàìåíîé L5,2,<,=
7 ñâîäèòñÿ ê CF 5,2,<,=

7 (u = 1) ñ σ = σ̃;
b) ïðè v = ∓7/

√
3 çàìåíîé L5,2,<,=

22 ñâîäèòñÿ ê CF 5,2,<,=
22 (u = −1/4) ñ σ = σ̃;

c) ïðè |ṽ| ≥ 1 çàìåíîé L6,2,<,=
3 ñâîäèòñÿ ê NSF 6,2,<,=

3 (u = 1) ñ σ = σ̃, v = ψ4(ṽ).

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò â ñëó÷àå l = 2, D0 < 0, D ≥ 0 âûïèñàòü âñå
êàíîíè÷åñêèå ôîðìû ñî ñâîèìè êàíîíè÷åñêèìè ìíîæåñòâàìè.

Ñïèñîê 2.5. Ïÿòü CFm,2,<,>
i , ïÿòü CFm,2,<,=

i è èõ csm,2,<,> (σ = ±1, u, v 6= 0).

CF 4,2,<,>
8,+1 = σ

(
u 0 u 0

0 1 0 +1

)
,
cs4,2,<,>

8,+1 = {u 6= 1},
cs4,2,<,=

8,+1 = {u = 1};

CF 4,2,<,>
34,+1 = σ

(
0 u 0 u

1 0 +1 0

)
, cs4,2,<,>

34,+1 = {u > 0, u 6= 1};

CF 5,2,<,>
7 = σ

(
u −u u 0

1 0 0 1

)
,
cs5,2,<,>

7 = {u 6= ±1, 3},
cs5,2,<,=

7 = {u = 1};

CF 5,2,<,>
22 = σ

(
0 u −u u

1 0 0 1

)
,
cs5,2,<,>

22 = {u > −1/4, u 6= 3/2, 6, 4±
√
13},

cs5,2,<,=
22 = {u = −1/4};

CF 6,2,<,>
1 = σ

(
u u uv 0

0 1 1 v

)
, cs6,2,<,>

1 = {u 6= ±1, v > 1/4, v 6= ψ2
1(u), ψ2(u), ψ3(u)};

CF 6,2,<,=
3 = σ

(
u u(1− v) 0 −uv2

0 1 1 v

)
, cs6,2,<,=

3 = {u = 1, v > 1/4, v 6= 1/3, 1, (49∓7
√
46)/6};

CF 6,2,<,=
4,+1 = σ

(
u v u v

0 1 0 +1

)
, cs6,2,<,=

4,+1 = {u = 1, |v| < 1}.

Òåîðåìà 2.4. Ëþáàÿ ñèñòåìà (1.4) ñ l = 2, çàïèñàííàÿ â âèäå (2.1<) ñîãëàñ-
íî (2.2) è èìåþùàÿ D ≥ 0, ëèíåéíî ýêâèâàëåíòíà ñèñòåìå, ïîðîæäåííîé íåêèì ïðåä-
ñòàâèòåëåì ñîîòâåòñòâóþùåé êàíîíè÷åñêîé ôîðìû èç ñïèñêà 2.5. Íèæå äëÿ êàæ-
äîé CFm,2,<,>

i è CFm,2,<,=
i ïðèâåäåíû: a) óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû (2.1<),

b) çàìåíû (1.5), ïðåîáðàçóþùèå ïðàâóþ ÷àñòü ñèñòåìû (2.1<) ïðè óêàçàííûõ óñëîâèÿõ
â âûáðàííóþ ôîðìó, ñ) ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ ìíîæèòåëÿ σ è ïàðàìåòðîâ
èç csm,2,<,>i èëè csm,2,<,=i :

CF 4,2,<,>
8,+1 : a) D > 0, â (2.9)β̃ = 0; b) J2

1 , L
4,2,<,>
8,+1 ; c) σ = signλ2, u = λ1λ

−1
2 ;

CF 4,2,<,>
34,+1 : a) D > 0, â (2.9) β̃ 6= 0, ν = 0; b) J2

1 , L
6,2,<,>
1 , L4,2,<,>

34,+1 ñ v = α̃γ̃(2β̃)−2;

c) σ = signλ2, u = (α̃γ̃ − |β̃|)(α̃γ̃ + |β̃|)−1;

CF 5,2,<,>
7 : a) D > 0, â (2.9) β̃ 6= 0, α̃γ̃(2β̃)−2 = [ψ2

1(ũ) ∨ ψ2(ũ) ], ãäå ũ = λ1λ
−1
2 6=

−1, [3∨ 1/3]; b) J2
1 , L

6,2,<,>
1 , [L15,2,<,>

7 ∨L25,2,<,>
7 ]; c) σ = [ signλ2 ∨ signλ1 ], u = [ ũ∨ ũ−1 ];

CF 5,2,<,>
22 : a) D > 0, â (2.9) β̃ 6= 0, ũ = λ1λ

−1
2 6= −1, (−5±

√
13)/6, (−5∓

√
13)/2, (−4±√

7)/3,−3/2,−2/3, α̃γ̃(2β̃)−2 = ψ3(ũ); b)J2
1 , L

6,2,<,>
1 , L5,2,<,>

22 ; c)σ = sign ν, u =−δpq(2ν)−2;

CF 6,2,<,>
1 : a) D > 0, â (2.9) β̃ 6= 0, ũ = λ1λ

−1
2 6= −1, ṽ = α̃γ̃(2β̃)−2 6= ψ2

1(ũ), ψ2(ũ),
ψ3(ũ); b) J2

1 , L
6,2,<,>
1 ; c) σ = signλ2, u = ũ, v = ṽ;

CF 4,2,<,=
8,+1 : a) D = 0, q1 = 0, p2 = 0; b) L4,2,<,=

8,+1 ; c) σ = sign p1;

CF 5,2,<,=
7 : a) D = 0, [ q1 6= 0 ∨ q1 = 0, p2 6= 0], γ̃(νς̃)−1 = ±2/

√
3, ãäå α̃, β̃, γ̃ �
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èç [(2.10a) ∨ (2.10b)]; b) [J2
2a ∨ J2

2b], L
6,2,<,=
4,+1 , L5,2,<,=

7 ; c) σ = sign ν;

CF 5,2,<,=
22 : a) D = 0, [ q1 6= 0 ∨ q1 = 0, p2 6= 0], γ̃(νς̃)−1 = ±7/

√
3, ãäå α̃, β̃, γ̃ �

èç [(2.10a) ∨ (2.10b)]; b) [J2
2a ∨ J2

2b], L
6,2,<,=
4,+1 , L5,2,<,=

22 ; c) σ = sign ν;

CF 6,2,<,=
3 : a) D = 0, [q1 6= 0 ∨ q1 = 0, p2 6= 0], |ṽ| ≥ 1, |ṽ| 6= 2/

√
3, 7/

√
3, ãäå ṽ =

γ̃(νς̃)−1, α̃, β̃, γ̃ � èç [(2.10a)∨(2.10b)]; b) [J2
2a∨J2

2b], L
6,2,<,=
4,+1 , L6,2,<,=

3 ; c) σ = sign ν, v = ψ4;

CF 6,2,<,=
4,+1 : a) D = 0, [q1 6= 0 ∨ q1 = 0, p2 6= 0], |ṽ| < 1, ãäå ṽ = γ̃(νς̃)−1, α̃, β̃, γ̃ �

èç [(2.10a) ∨ (2.10b)]; b) [J2
2a ∨ J2

2b], L
6,2,<,=
4,+1 ; c) σ = sign ν, v = ṽ.

Äîêàçàòåëüñòâî. I.D > 0 (ñì. ïðèë. [3, 3.6.2]). Ïî ëåììå 2.1, 12) ïðè β̃ 6= 0 ñèñòåìà
(2.9), ïîëó÷åííàÿ èç (2.1<) çàìåíîé J2

1 , âñåãäà ñâîäèòñÿ ê NSF
6,2,<,>
1 (σ̃, ũ, ṽ) ñ σ̃ = signλ2,

ũ = λ1λ
−1
2 , v = α̃γ̃(2β̃)−2 > 1/4. À ýòà NSF 6,2,<,>

1 ñîãëàñíî óòâåðæäåíèþ 2.7, 4) ìîæåò
áûòü ñâåäåíà ê îäíîé èç òðåõ ïðåäøåñòâóþùèõ NSFm,2,<,> èç ñïèñêà 2.5.

Îñòàåòñÿ óòî÷íèòü îãðàíè÷åíèÿ, ãàðàíòèðóþùèå ñâåäåíèå ê CFm,2,<,>.

4a) Ïðè ũ = −1 ⇔ λ2 = −λ1 ⇔ ν = 0 ïîëó÷åíà CF 4,2,<,>
34,+1 ñ σ = σ̃, u = (2v1/2 −

1)(2v1/2 + 1)−1 = (α̃γ̃ − |β̃|)(α̃γ̃ + |β̃|)−1. Ïðè ýòîì 0 < u < 1, è îãðàíè÷åíèé íåò, òàê êàê
NSF 4,2,<,>

34,+1 ñîãëàñíî óòâåðæäåíèþ2.7,1) ñâîäèòñÿ ê SF 4,2
8 òîëüêî ïðè u = 1.

4b) Ïðè ũ 6= −1, [3 ∨ 1/3], v = [ψ2
1(ũ) ∨ ψ2(ũ) ] ïîëó÷åíà CF 5,2,<,>

7 ñ σ = [σ̃ ∨ σ̃ sign ũ]
(σ̃ sign ũ = signλ1), u = [ũ ∨ ũ−1]. Ïðè ýòîì u 6= −1, 3, è îãðàíè÷åíèé íåò, òàê êàê
NSF 5,2,<,>

7 ñîãëàñíî 2.7,2) ñâîäèòñÿ ê ïðåäøåñòâóþùèì ôîðìàì òîëüêî ïðè u = −1, 3.

4c) Ïðè ũ 6= −1⇔ ν 6= 0, v = ψ3(ũ) ïîëó÷åíà NSF 5,2,<,>
22 ñ σ = σ̃ sign(ũ+ 1) = sign ν,

u = −ũ(ũ + 1)−2 = −δpq(2ν)−2. Êðîìå òîãî ũ 6= (−4 ±
√

7)/3, èíà÷å u = 3/2, ũ 6= −3/2,
−2/3, èíà÷å u = 6, ũ 6= (−5±

√
13)/6, (−5∓

√
13)/2, èíà÷å u = 4∓

√
13, òàê êàêNSF 5,2,<,>

22

ñîãëàñíî óòâåðæäåíèþ2.7,3) ñâîäèòñÿ ê ïðåäøåñòâóþùèì ôîðìàì ïðè òàêèõ u.

II. D = 0 (ñì. ïðèë. [3, 3.6.3]). Ïî ëåììå 2.1, 21) ïðè [ q1 6= 0∨ q1 = 0, p2 6= 0] ñèñòåìà
(2.10), ïîëó÷åííàÿ èç (2.1<) çàìåíîé [J2

2a ∨ J2
2b], âñåãäà ñâîäèòñÿ ê NSF 6,2,<,=

4,+1 (σ̃, 1, ṽ)

ñ σ̃ = sign ν, ṽ = γ̃(νς̃)−1. À ýòà NSF 6,2,<,=
4,+1 ñîãëàñíî óòâ. 2.7,6) ìîæåò áûòü ñâåäåíà

ê îäíîé èç òðåõ ïðåäøåñòâóþùèõ åé CFm,2,<,= èç ñïèñêà 2.5.

Â ÷àñòíîñòè, â 6c) ïðè |ṽ| ≥ 1 è, äîïîëíèòåëüíî, |ṽ| 6= 2/
√

3, 7/
√

3 ïîëó÷åíà CF 6,2,<,=
3

ñ σ = sign ν, v = ψ4(ṽ), òàê êàê ṽ = −2/
√

3 ⇔ v = 1 è v = 1/3 ïðè ṽ = 2/
√

3,
v = (49 ± 7

√
46)/6 ïðè ṽ = ∓7/

√
3, à NSF 6,2,<,=

3 ñîãëàñíî óòâåðæäåíèþ2.7,5) ñâîäèòñÿ
ê ïðåäøåñòâóþùèì ôîðìàì òîëüêî ïðè òàêèõ çíà÷åíèÿõ v.
Îñòàëüíûå ðåçóëüòàòû òåîðåìû â äîñòàòî÷íîé ñòåïåíè î÷åâèäíû. �

2.6.3. Ñëó÷àé D < 0. Áóäåì ïðåäïîëàãàòü òåïåðü, ÷òî â ñèñòåìå (2.1<) ìàòðèöà
H èìååò êîìïëåêñíî ñîïðÿæåííûå ñîáñòâåííûå ÷èñëà λ1, λ2.

Íàáîð 2.5. Êîíñòàíòû, èíòåðâàëû è çàìåíû, èñïîëüçóåìûå äàëåå â ðàçäåëå 2.6.3:

ψ5 = 4v̂6(û−1)2 +4v̂3(2û+1)+1, ψ6 = v̂3(1− û)−1+ψ
1/2
5 ; ψ±7 = (v3−2±2(1−v3)1/2)v−2;

ψ8 = γ̃ν + β̃µ, ψ9 = γ̃2ν2 + 2β̃γ̃νµ+ (9α̃γ̃ − 8β̃2)µ2, ψ10 = 2γ̃ν − β̃µ,
ψ11 = γ̃3ν3 + 3γ̃(γ̃2 + 2α̃γ̃ − 2β̃2)νµ2 + β̃(4β̃2 − 3α̃γ̃ + 3γ̃2)µ3, θ1 ∈ R1 � íóëü ψ11(ν, 1),

ψ12 = γ̃2ν2− 4β̃γ̃νµ+ (4β̃2 + 9γ̃2)µ2, ψ13 = γ̃2ν2 + 2β̃γ̃νµ− (3α̃γ̃− 4β̃2)µ2, ψ±14 = −β̃±
√

3ς̃ ,

ψ±15 = 2ς̃ ±
√

3β̃, ψ16 = 4α̃γ̃ − 3β̃2, ψ17 = ṽ2 − 3ṽ + 9, ψ18 = 4ṽ2 − 3ṽ + 9 + (4ṽ + 3)ψ
1/2
17 ,

ψ19 = −(ṽ6 + 6ṽ9/2 + 13ṽ3 + 12ṽ3/2 + 4)(ṽ6 − 5ṽ3 + 4)−1, ψ∓20 = ũ(3ũ ∓
√

3)(2 ∓
√

3ũ)−1,
ψ21 = (ṽ − 3 + (ṽ2 − 3ṽ + 9)1/2)2(3ṽ)−1; ψ22 = ṽ2w̃2 − 5ṽ4w̃ + 2ṽw̃ + 4ṽ6 + 4ṽ3 + 1,

ψ23 = 2ṽw̃ − 5ṽ3 + 2 + 2ψ
1/2
22 , ψ24 = ṽ3 − ũṽ2 + ũ2ṽ − 3, θ2(u) > 0 � íóëü ψ24(u, θ),

ψ±25 = (ṽ2 ± (12ṽ− 3ṽ4)1/2)(2ṽ)−1, ψ26 = 2ṽ3 + ũṽ2 − ũ2ṽ− 9, θ3(u) ∈ R1 −∀ íóëü ψ26(u, θ),

ψ27 = 4ṽ2w̃2 − 4ṽw̃(2ṽ3 − 3ũṽ2 − 2) + (ṽ3 − 3ũṽ2 + 2)2, ψ28 = 2ṽw̃ − 2ṽ3 + 3ũṽ2 + 2− ψ1/2
27 ,
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ψ29 = ũṽ2 − ũ2ṽ − 1, ψ30 = θ2
3(ũ)(2ũ− θ3(ũ))2ψ−1

29 (ũ, θ3(ũ))(8θ3
3(ũ)− 5ψ29(ũ, θ3(ũ))− 32)−1,

ψ31 = −ψ29(ũ, θ3(ũ))(3w̃ + 4ũ2 + 2θ3(ũ)ũ− 2θ2
3(ũ))(θ3(ũ)(2ũ− θ3(ũ))w̃)−1,

ψ32 = 3(ũ3 − 3ũ2 + 6ũ+ 1)(ũ2 − ũ+ 1)((ũ− 2)(2ũ− 1)(ũ+ 1))−1,
ψ33 = 3(ũṽ6−2ũ2ṽ5+(4ũ3−1)ṽ4−ũ(4ũ3+1)ṽ3+ũ2(ũ3−6)ṽ2+(6ũ3+2)ṽ+5ũ)(ṽ(2ũ−ṽ)ψ24)−1,
ψ34 = (ṽ4 − ũṽ3 + 3ũ2ṽ2 − ũ3ṽ − 2ṽ − 5ũ)ψ−1

29 ,
ψ35 = (2ũ− θ2(ũ))(3θ2(ũ)ũ3 − 3θ2

2(ũ)ũ2 + θ3
2(ũ)ũ− ũ+ θ4

2(ũ)− 4θ2(ũ)),
ψ36 = −(3ψ26(ũ, θ3(ũ))w̃ + 2(2ũ − θ3(ũ))(3θ3(ũ)ũ3 − 6θ2

3(ũ)ũ2 + 5(θ3
3(ũ) − 1)ũ + 2θ4

3(ũ) −
11θ3(ũ)))((8θ3

3(ũ)− 5ψ29(ũ, θ3(ũ))− 32)w̃)−1;

â∗1 = ((û2v̂6 − 2v̂3(v̂3 − 1)û + v̂6 + 10v̂3 − 2)ψ
1/2
5 + 2û3v̂9 − 6v̂6(v̂3 − 1)û2 + 6v̂3(v̂3 − 1)2û−

2(v̂3−1)3)(9v̂3ψ6)−1, b̂∗1 = ((v̂3û2− (10v̂3−4)û+ 9v̂3)ψ
1/2
5 + 2v̂6û3 + v̂3(14v̂3 + 1)û2−2(v̂3−

1)(17v̂3 − 2)û + 9v̂3(2v̂3 + 1))(6ψ6)−1, â∗2 = −((4v̂9û3 − 3v̂6(4v̂3 − 3)û2 + 6v̂6(2v̂3 + 1)û −
(4v̂3−1)(v̂3 +2)2)ψ

1/2
5 +8v̂12û4−2v̂9(16v̂3−13)û3 +3v̂6(16v̂6−6v̂3 +5)û2−2v̂3(v̂3−1)(16v̂6 +

37v̂3 − 8)û+ (2v̂3 + 1)(4v̂3 − 1)(v̂3 + 2)2)(54v̂3ψ6)−1, ĉ∗2 = ((9v̂6û2 − 2v̂3(5v̂3 − 8)û+ (v̂3 +

2)2)ψ
1/2
5 − 18v̂9û3 + v̂6(34v̂3 − 49)û2 − 2v̂3(7v̂6 − 5v̂3 + 16)û− (2v̂3 + 1)(v̂3 + 2)2)(6v̂3ψ6)−1;

ã∗1 = (ṽ3 − 4)(ũ + ṽ)((2ṽw̃ − 2ṽ3 + 3ũṽ2 + 2)ψ27 − 4ṽ2w̃2 − 4ṽ(−2ṽ3 + 3ũṽ2 + 2)w̃ − 2ṽ6 +
7ũṽ5− 7ũ2ṽ4 + 8ũṽ2− 8ũ2ṽ− 4)(2ṽ)−1ψ−2

28 , b̃
∗
1 = (ṽ3− 4)((ṽw̃− ũṽ2 + ũ2ṽ+ 1)ψ27− 2ṽ2w̃2 +

ṽ(3ṽ3 − 5ũṽ2 + 2ũ2ṽ − 4)w̃ + (ṽ3 − 3ũṽ2 + 2)(ũṽ2 − ũ2ṽ − 1))ṽ−2(2ṽ − 4ũ)−1ψ−1
28 , ã

∗
2 =

(ṽ−2ũ)(ṽ3−4)((4ṽw̃2−(7ṽ3−12ũṽ2−4)w̃+(2ṽ3+1)(ṽ−2ũ)2)ψ27−8ṽ2w̃3+2ṽ(11ṽ3−18ũṽ2−
8)w̃2−(15ṽ6−55ũṽ5+52ũ2ṽ4−8ṽ3+4ũṽ2+8ũ2ṽ+8)w̃+(2ṽ3+1)(ṽ3−3ũṽ2+2)(ṽ−2ũ)2)ψ−3

28 /2,
c̃∗2 = ψ2

28(ṽ(ṽ − 2ũ)2(4− ṽ3))−1ã∗2;

I∗ = (−1, θ∗) ∪ (1/2, 2), ãäå θ∗ ≈ −0.17 � íóëü 14θ5 − 47θ4 + 113θ3 − 103θ2 + 61θ + 14;
I+

1 = (−7 −
√

37, −2) ∪ (−7 +
√

37, 0), I−1 = (0, 7 −
√

37) ∪ (2, 7 +
√

37), I+
2 = (0, 1),

I−2 = (0, 72/313−1/3), I3 = (−13 · 7−1/3,−7−1/3), I4 = (−∞,−1) ∪ (5 · 91−1/3,+∞);

L14,2,<,<
34,+1 = {r1, s2 = 0, s1 = −γ̃(α̃γ̃)−3/2µ−1/2, r2 = (α̃γ̃)−1/2µ−1/2};

L15,2,<,<
22 = {r1 = 0, s1 = γ̃|β̃|−3/2µ−1/2, r2 = −β̃|β̃|−3/2µ−1/2, s2 = r2/2};

L16,2,<,<
6 = L17,2,<,<

2 ñ ν = θ1µ;
L16,2,<,<

7 = {r1 = 0, s1 = 33/4γ̃(2ς̃)−3/2µ−1/2, r2 = ∓31/4(2ς̃)−1/2µ−1/2,
s2 = 31/4(−

√
3β̃ ± ς̃)(2ς̃µ)−3/2µ−1/2};

L16,2,<,<
11,+1 = {r1 = 0, s1 = −γ̃ς̃−3/2µ−1/2, r2 = ς̃−1/2µ−1/2, s2 = −β̃γ̃−1s1};

L1̂6,2,<,<
11,+1 = {r1 = (2v̂3(1 + û) + 1− ψ1/2

5 )(2v̂3(1− û)− 2− ψ1/2
5 )(6v̂(4v̂3 − 1))−1r2,

s1 = (2v̂3(1− û)− 1 + ψ
1/2
5 )(2v̂)−1s2, r2 = (â∗2ĉ

∗
2)−1/4, s2 = (â∗2ĉ

∗
2)1/4/ĉ∗2};

L16,2,<,<
12 = {r1 = 0, s1 = 2γ̃(|β̃|µψ16)−1/2, r2 = −(2β̃)1/3(|β̃|µ)−1/2ψ

−1/6
16 ,

s2 = −β̃(|β̃|µψ16)−1/2};
L17,2,<,<

2 = {r1 = 0, s1 = 33/2γ̃µ(2|ψ8|ψ9)−1/2, r2 = −31/2(2|ψ8|ψ9)−1/6signψ8,
s2 = (γ̃ν − 2β̃µ)(3γ̃µ)−1s1};
L24,2,<,<

34,+1 = {r1 = (ṽ + ψ
1/2
17 )r2/3, s1 = (ṽ − ψ1/2

17 )s2/3, r2 = 3(ψ17ψ18(3− ṽ + ψ
1/2
17 ))−1/4,

s2 = ψ
−1/4
17 ψ

1/4
18 (3− ṽ + ψ

1/2
17 )−3/4};

L34,2,<,<
34,+1 = {r1 = −ṽ−1/2r2, s1 = −ṽ1/4(2− ṽ3/2 − ṽ3)1/4(2− 3ṽ3/2 + ṽ3)−3/4,

r2 = ṽ3/4(2− ṽ3/2 − ṽ3)−1/4(2− 3ṽ3/2 + ṽ3)−1/4, s2 = ṽ1/2s1};
L44,2,<,<

34,+1 = {r1 = ṽ(ṽw̃ − ṽ3 − 5− ψ1/2
22 )ψ−1

23 r2, s1 = (ṽw̃ − ṽ3 + 1− ψ1/2
22 )ṽ−2s2/3,

r2 =(ã∗2(%̃)c̃∗2(%̃))−1/4, s2 =(ã∗2(%̃)c̃∗2(%̃))1/4/c̃∗2(%̃)}, ãäå (%̃) = (−ṽ, ṽ, w̃);
L25,2,<,<

22 = {r1 = ∓ũs2, s1 = −(2ũ∓
√

3)s2, r2 = −(2∓
√

3ũ)ũ−1r1,
s2 = (ũ2 ∓

√
3ũ+ 1)−1/2(±4ũ)−1/2};

L35,2,<,<
22 = {r1 = (ũ+ 2)ũ−1r2, s1 = −r2, r2 = −ũ((ũ+ 1)(ũ2 + 2ũ+ 4))−1/2, s2 = 2ũ−1r2};

L45,2,<,<
22 = {r1 = −s2, s1 = (ũ+ 3)s2, r2 = (ũ+ 2)s2, s2 = ((−ũ− 1)(ũ2 + 5ũ+ 7))−1};

L55,2,<,<
22 = {r1 = −21/3r2, s1 = 21/3((

√
5± 1)/5)1/2, r2 = ±((

√
5∓ 1)/5)1/2,

s2 = (2(
√

5∓ 2)/5)1/2};
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L65,2,<,<
22 = {r1 = −7−1/3r2, s1 = −3r1, r2 = 71/2(−71/3ũ− 1)−1/2/3, s2 = 0};

L75,2,<,<
22 = {r1 = ũr2, s1 = (θ2(ũ)− ũ)s2, r2 = |θ2(ũ)(ũ+ θ2(ũ))−1ψ−1

29 |1/2, s2 = r2};
L85,2,<,<

22 = {r1 = ṽr2/2, s1 = ψ−25s2, r2 = −2s2, s2 = (12− 3ṽ3)−1/2};
L95,2,<,<

22 = {r1 = ψ∓25r2, s1 = ψ±25s2, r2 = (4− ṽ3)−1/2(∓(ṽ−1ψ∓25 + 1))−1/2, s2 = r2};
L26,2,<,<

6 = {r1 = −(ũ2 + 3)(2ũ)−1r2, s1 = ũs2, r2 = (2ũ)4/3(ũ2 + 9)−2/3s2,
s2 = (−ũ2 + 3)1/2(ũ2 + 1)−1|2ũ|−1/2};
L36,2,<,<

6 = {r1 = −(ũ2 − 2ũ+ 3)(2ũ− 1)−1r2, s1 = ũs2, r2 = (2ũ− 1)4/3(ũ2 − ũ+ 7)−2/3s2,
s2 = |(ũ− 2)(ũ+ 1)|1/2|2ũ− 1|−1/2(ũ2 − ũ+ 1)−1};
L46,2,<,<

6 = {r1 = −(2ũṽ2 − ũ2ṽ − 3)(ṽ(ṽ − 2ũ))−1r2, s1 = ũs2,

r2 = ṽ2/3(ṽ − 2ũ)4/3ψ
−2/3
26 s2, s2 = −ṽ1/2|ψ24|1/2ψ−1

29 |ṽ − 2ũ|−1/2};
L26,2,<,<

7 = {r1 = ψ∓25r2, s1 = ψ±25s2, r2 = 31/4ṽ1/4(4− ṽ3)−1/4(−w̃)−1/2, s2 = r2};
L36,2,<,<

7 = {r1 = ũr2, s1 =(θ2(ũ)−ũ)s2, r2 = |θ2(ũ)(2ũ−θ2(ũ))ψ−1
29 (ũ, θ2(ũ))w̃−1|1/2, s2 = r2};

L26,2,<,<
11,+1 = {r1 = (2ṽ2w̃ − ṽ4 + ũṽ3 − 2ṽ + 8ũ− ṽψ1/2

27 )(2ψ28)−1r2,

s1 =(2ṽw̃ − ṽ3 + ũṽ2 + 2− ψ1/2
27 )(2ṽ(ṽ − 2ũ))−1s2, r2 =(ã∗2c̃

∗
2)−1/4, s2 =(ã∗2c̃

∗
2)1/4/c̃∗2};

L36,2,<,<
11,+1 = {r1 = ṽr2/2, s1 = (w̃r2)−1, r2 =

√
2ṽ1/4(−w̃)−1/2(4− ṽ3)−1/4, s2 = 0};

L46,2,<,<
11,+1 = {r1 = ũr2, s1 = (2θ3(ũ)− ũ)s2/3, r2 =

√
2ψ

1/4
30 (−w̃)−1/2,

s2 = −3
√

2ψ
3/4
30 ψ29(ũ, θ3(ũ))(θ3(ũ)(2ũ− θ3(ũ)))−1(−w̃)−1/2}.

Èç ñèñòåìû (2.1<) ñ γ−β2 > 0 ïðè D < 0 (p2q1 < 0, ν2 +µ2 = δpq, µ > 0) çàìåíîé J2
3

ïîëó÷åíà ñèñòåìà (2.11), â êîòîðîé ñîãëàñíî (2.5) è (2.6) α̃, γ̃ > 0 è ς̃ = (α̃γ̃− β̃2)1/2 > 0.

Îñóùåñòâèì ðàçáèåíèå ýëåìåíòîâ α̃, β̃, γ̃, ν, µ ñèñòåìû (2.11) íà íåïåðåñåêàþùèåñÿ
ìíîæåñòâà, â êàæäîì èç êîòîðûõ (2.11) ñâîäèòñÿ ê îïðåäåëåííîé ôîðìå èç ñïèñêà 2.4.

Ëåììà 2.2. Ñèñòåìà (2.11) ñâîäèòñÿ:

11) ïðè ν = −β̃γ̃−1µ, β̃ = 0 çàìåíîé L14,2,<,<
34,+1 ê CF 4,2,<,<

34,+1 ñ σ = 1, u = γ̃2ς̃−2;

12) ïðè ν = −β̃γ̃−1µ, β̃ 6= 0 çàìåíîé L16,2,<,<
11,+1 ê NSF 6,2,<,<

11,+1 ñ σ = 1, u = −2β̃ς̃−1,

v = −(β̃2 + γ̃2)ς̃−2;
21) ïðè ν = β̃(2γ̃)−1µ, β̃ = 0 � ýòî ñëó÷àé 11);
2a2) ïðè ν = β̃(2γ̃)−1µ, β̃ 6= 0, α̃ = 7β̃2(4γ̃)−1 çàìåíîé L15,2,<,<

22 ê NSF 5,2,<,<
22 ñ σ = sign β̃,

u = −(β̃2 + 4γ̃2)(2β̃)−2;
2b2) ïðè ν = β̃(2γ̃)−1µ, β̃ 6= 0, α̃ 6= 7β̃2(4γ̃)−1 çàìåíîé L16,2,<,<

12 ê NSF 6,2,<,<
12 ñ σ = sign β̃,

u = (β̃2 + 4γ̃2)ψ−1
16 , v = ψ

1/3
16 (2β̃)−2/3;

3) ïðè ν = θ1µ çàìåíîé L16,2,<,<
6 ê NSF 6,2,<,<

6 ñ σ = signψ8(·), ãäå (·) = (θ∗µ, µ), u =

2(2ψ8(·)ψ9(·))−1/3ψ10(·), v = −(2ψ8(·)ψ10(·))1/3ψ
−1/3
12 (·);

41) ïðè ν = ψ±14γ̃
−1µ, ψ∓15 = 0 (β̃ 6= 0) � ýòî ñëó÷àé 2a2);

42) ïðè ν = ψ±14γ̃
−1µ, ψ∓15 6= 0 çàìåíîé L16,2,<,<

7 ê NSF 6,2,<,<
7 ñ σ = ±1, u = ψ∓15ς̃

−1,

v = −3(ψ±14
2

+ γ̃2)(2ς̃)−2;
5) ïðè ν 6= −β̃γ̃−1µ, θ1µ, ψ

±
14γ̃
−1µ, β̃(2γ̃)−1µ çàìåíîé L17,2,<,<

2 ê NSF 7,2,<,<
2 ñ σ = signψ8,

u = 2(2ψ8ψ9)−1/3ψ10, v = (2ψ8)2/3ψ
−1/3
9 , w = −9γ̃2(2ψ8ψ9)−2/3δpq.

Äîêàçàòåëüñòâî. Ëþáàÿ çàìåíà (1.5), â êîòîðîé

r1 = 0, s2 = (γ̃ν − 2β̃µ)(3γ̃µ)−1s1 (s1, r2 6= 0), (2.23)

ñâîäèò (2.11) ê ñèñòåìå (
â1 b̂1 ĉ1 d̂1

â2 0 ĉ2 d̂2

)
, (2.24)

ó êîòîðîé, â ÷àñòíîñòè, â2 = −γ̃µr3
1s
−1
1 6= 0, d̂2 = 2(γ̃µ)−2ψ8ψ9s

2
1/27.

29



Â d̂2 îäíîðîäíûé êâàäðàòíûé ìíîãî÷ëåí ψ9(ν, µ) = γ̃2ν2+2β̃γ̃νµ+(9α̃γ̃−8β̃2)µ2 > 0,
òàê êàê èìååò íóëè ν1,2 = (−β̃ ± 3ςi)γ̃−1µ. Ïîýòîìó d̂2 = 0⇔ ψ8 = γ̃ν + β̃µ = 0.

1) ψ8 = 0 ⇔ ν = −β̃γ̃−1µ. Ïðè s1 = −γ̃ς̃−3/2µ−1/2, r2 = ς̃−1/2µ−1/2, s2 = −β̃γ̃−1s1 �

çàìåíà L16,2,<,<
11,+1 � ñèñòåìà (2.24)=

(
−2β̃ς̃−1 −(β̃2 + γ̃2)ς̃−2 −2β̃ς̃−1 −(β̃2 + γ̃2)ς̃−2

1 0 1 0

)
.

11) β̃ = 0 ⇒ ν = 0. Ïðè s1 = −γ̃(α̃γ̃)−3/2µ−1/2, r2 = (α̃γ̃)−1/2µ−1/2 � çàìåíà L14,2,<,<
34,+1

ñ ó÷åòîì (2.23) � ïîëó÷åíà CF 4,2,<,<
34,+1 ñ σ = 1, u = −α̃−1γ̃ (= D/4 < 0).

12) β̃ 6= 0, òîãäà ïîëó÷åíà NSF 6,2,<,<
11,+1 ñ σ = 1, u = −2β̃ς̃−1, v = −(β̃2 + γ̃2)ς̃−2 < 0.

2) ψ8 = β̃µ + γ̃ν 6= 0. Ïðè s1 = 33/2γ̃µ(2|ψ8|ψ9)−1/2, r2 = −31/2(2|ψ8|ψ9)−1/6signψ8 �
çàìåíà L7,2,<,<

2 ñ ó÷åòîì (2.23) � ñèñòåìà (2.24) ïðèíèìàåò âèä

σ̂

(
2(2ψ8ψ9)−1/3ψ10 −9γ̃2(2ψ8ψ9)−2/3δpq 3(ψ8ψ9)−1ψ11 −(2ψ8)−4/3ψ

−1/3
9 ψ12

1 0 −3(2ψ8ψ9)−2/3ψ13 1

)
,

(2.25)
ãäå σ̂ = signψ8, îäíîðîäíûå ìíîãî÷ëåíû ψ10(ν, µ) = 2γ̃ν − β̃µ, ψ11(ν, µ) = γ̃3ν3 + 3γ̃(γ̃2 +
2α̃γ̃−2β̃2)νµ2 + β̃(4β̃2−3α̃γ̃+3γ̃2)µ3, ψ12(ν, µ) = γ̃2ν2−4β̃γ̃νµ+(4β̃2 +9γ̃2)µ2, ψ13(ν, µ) =
γ̃2ν2 +2β̃γ̃νµ− (3α̃γ̃−4β̃2)µ2. Ïðè ýòîì ψ′11(ν, 1) = γ̃(γ̃2(ν2 +1)+2(α̃γ̃− β̃2) > 0, ïîýòîìó
θ1 � åäèíñòâåííûé âåùåñòâåííûé íóëü ψ11(ν, 1); ψ12(ν, µ) > 0, ïîñêîëüêó èìååò íóëè
ν1,2 = (2β̃ ± 3γ̃i)γ̃−1µ; ψ13(ν, µ) èìååò íóëè ν1,2 = ψ±14γ̃

−1µ, ψ±14 = −β̃ ±
√

3ς̃ .

21) â1 = 0⇔ ψ10 = 0⇔ ν = β̃(2γ̃)−1µ.

21
1) β̃ = 0, òîãäà ψ10 = 0⇔ ψ8 = 0 (ν = 0) è ïîïàäàåì â ñëó÷àé 11).

22
1) β̃ 6= 0. Ïðè s1 = 2γ̃(|β̃|µψ16)−1/2, r2 = −(2β̃)1/3(|β̃|µ)−1/2ψ

−1/6
16 (4α̃γ̃ − 3β̃2 > 0) �

çàìåíà L16,2,<,<
12 ñ ó÷åòîì (2.23) � ñèñòåìà (2.25) ïðèíèìàåò âèä

sign β̃

(
0 −(β̃2+ 4γ̃2)(2β̃ψ16)−2/3 (β̃2+ 4γ̃2)ψ−1

16 −(β̃2+ 4γ̃2)(2β̃)−4/3ψ
−1/3
16

1 0 (4α̃γ̃−7β̃2)(2β̃ψ16)−2/3 1

)
.

22a
1 ) ĉ2 = 0 ⇔ α̃ = 7β̃2(4γ̃)−1. Ïðè s1 = γ̃|β̃|−3/2µ−1/2, r2 = −β̃|β̃|−3/2µ−1/2 � çàìåíà

L15,2,<,<
22 ñ ó÷åòîì (2.23)� ïîëó÷åíà NSF 5,2,<,<

22 ñ σ=sign β̃, u=−(β̃2+ 4γ̃2)(2β̃)−2< −1/4.

22b
1 ) 4α̃γ̃ − 7β̃2 6= 0, òîãäà ïîëó÷åíà NSF 6,2,<,<

12 ñ σ = sign β̃, u = (β̃2 + 4γ̃2)ψ−1
16 ,

v = ψ
1/3
16 (2β̃)−2/3.

22) ĉ1 = 0 ⇔ ψ11 = 0 ⇔ ν = θ1µ, ãäå θ1 ∈ R1 − ∀ íóëü ψ11(ν, 1). Òîãäà ñèñòå-
ìà (2.25) ïðè ν = θ1µ � ýòî NSF 6,2,<,<

6 ñ σ = signψ8(·), u = 2(2ψ8(·)ψ9(·))−1/3ψ10(·),
v = −(2ψ8(·)ψ10(·))1/3ψ12(·)−1/3, (·) = (θ1µ, µ), òàê êàê v 6= 1 è ψ10(·), ψ12(·) 6= 0. À ïðè-
âîäÿùàÿ ê NSF 6,2,<,<

6 çàìåíà L16,2,<,<
6 � ýòî L7,2,<,<

2 ñ ν = θ1µ.

23) ĉ2 = 0 ⇔ ψ13 = 0 ⇔ ν = ψ±14γ̃
−1µ. Ñèñòåìà (2.25) ïðè s1 = 33/4γ̃(2ς̃)−3/2µ−1/2,

r2 = ∓31/4(2ς̃µ)−1/2 � çàìåíà L16,2,<,<
7 ñ ó÷åòîì (2.23) � ïðèíèìàåò âèä

±

(
ψ∓15ς̃

−1 −3(ψ±14
2

+ γ̃2)(2ς̃)−2 3(ψ±14
2

+ γ̃2)(2ς̃)−2 −((ς̃ ∓
√

3β̃)2 + 3γ̃2)(2ς̃)−2

1 0 0 1

)
.

21
3) â1 = 0⇔ ψ∓15 = 0 (β̃ 6= 0)⇔ {sign β̃ = ±1, α̃ = 7β̃2(4γ̃)−1} ⇒ ïîïàäàåì â 22a

1 ).

22
3) ψ∓15 6= 0⇒ ïîëó÷åíà NSF 6,2,<,<

7 ñ σ = ±1, u = ψ∓15ς̃
−1, v = −3(ψ±14

2
+ γ̃2)(2ς̃)−2.

24) â1, ĉ1, ĉ2 6= 0 ⇔ ψ10, ψ11, ψ13 6= 0, òîãäà (2.25) � ýòî NSF 7,2,<,<
2 ñ σ = signψ8,

u = 2(2ψ8ψ9)−1/3ψ10, w = −9γ̃2(2ψ8ψ9)−2/3(ν2 + µ2) < 0, v = (2ψ8)2/3ψ
−1/3
9 > 0. �

Â ñïèñêå 2.4II èìåþòñÿ ÷åòûðå NSFm,2,<, ó êîòîðûõ äèñêðèìèíàíò D ìîæåò áûòü
îòðèöàòåëåí. Ïîêàæåì, ÷òî âñå îíè íå ÿâëÿþòñÿ CFm,2,<,< (ñì. îïð. 1.11).
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Óòâåðæäåíèå 2.8. NSF 6,2,<,<
12 , NSF 6,2,<,<

13 , NSF 6,2,<,<
15 ïðè âñåõ äîïóñòèìûõ çíà-

÷åíèÿõ ïàðàìåòðîâ çàìåíàìè (1.5) ñâîäÿòñÿ ê ïðåäøåñòâóþùåé ñîãëàñíî ÑÏ SF 6,2
11 ,

à NSF 6,2,<,<
16 � ê SF 4,2

34 (ñì. ïðèë. [3, 3.6.4]).

Äîêàçàòåëüñòâî. 1) Ëþáàÿ çàìåíà (1.5) ïðè r1 = (s1−2v̂2s2)(2v̂s1−s2)−1r2 ñâîäèò
NSF 6,2,<,<

12 (σ̂, û, v̂), ps6,2,<,<
12 = {v̂ > 4−1/3, v̂ 6= 1, 4û > v̂−3} ñ û = −(v̂s1 + s2)(s1 −

2v̂2s2)(v̂2(2v̂s1 − s2)s2)−1 èìåííî ê SF 6,2
11 ïðè (û, v̂) ∈ ps6,2,<,<

12 è δrs 6= 0.

Ðàâåíñòâî äëÿ û ÿâëÿåòñÿ êâàäðàòíûì óðàâíåíèåì îòíîñèòåëüíî s1 è èìååò êîðíè
s±1 = (2v̂3(1− û)−1±ψ1/2

5 )(2v̂)−1s2 ∈ R1, òàê êàê äèñêðèìèíàíò ψ5(û) = 4v̂6û2−8v̂3(v̂3−
1)û+ (2v̂3 + 1)2 îòðèöàòåëåí. Êðîìå òîãî, ψ6 = v̂3(1− û)− 1 + ψ

1/2
5 6= 0 (⇔ δrs 6= 0).

Â ðåçóëüòàòå çàìåíà, â êîòîðîé, íàïðèìåð, r1 = (2v̂3(1 + û) + 1 − ψ
1/2
5 )(2v̂3(1 −

û) − 2 − ψ1/2
5 )(6v̂(4v̂3 − 1))−1r2, s1 = (2v̂3(1 − û) − 1 + ψ

1/2
5 )(2v̂)−1s2 ñâîäèò NSF 6,2,<,<

12 ê

SF 6,2
11 =

(
â∗1r

2
2 b̂∗1r2s2 ĉ∗1s

2
2 d̂∗1r

−1
1 s3

2

â∗2r
3
2s
−1
2 0 ĉ∗2r2s2 0

)
. Òåïåðü ïðè r2 = (â∗2ĉ

∗
2)−1/4, s2 = (â∗2ĉ

∗
2)1/4/ĉ∗2

� çàìåíà L1̂6,2,<,<
11,+1 � ïîëó÷àåì NSF 6,2,<,<

11,+1 ñ σ = σ̂, u = â∗1(â∗2ĉ
∗
2)1/2, v = b̂∗1/ĉ

∗
2.

Çäåñü ñëåäóåò èìåòü â âèäó, ÷òî â ñèëó èíâàðèàíòíîñòè ñòåïåíè îáùåãî ìíîæèòåëÿ l è
çíàêîâ äèñêðèìèíàíòîâ D0, D (l = 2, D0, D < 0) äîëæíû âûïîëíÿòüñÿ òðóäíî ïðîâåðÿ-
åìûå èç-çà îáúåìà ôîðìóë ñîîòíîøåíèÿ â∗2ĉ

∗
2 > 0, ĉ∗1 = â∗1ĉ

∗
2/â
∗
2, d̂

∗
1 = b̂∗1ĉ

∗
2/â
∗
2.

2) Ëþáàÿ çàìåíà (1.5) ïðè r2 = (2s1− vs2)(s1− 2(v+ 1)s2)−1v−1r1 ñâîäèò NSF
6,2,<,<
13

ñ u = v(s1+(v+1)s2)(s1−2(v+1)s2)(s1+vs2)−1(2s1−vs2)−1 ê SF 6,2
11 ïðè (u, v) ∈ ps6,2,<,<

13 =
{v < −4/3, 4u > (u+ v + 1)2} è δrs 6= 0. Çäåñü v > 0 íå âîøëî â ps6,2,<,<

13 , òàê êàê D < 0.

Ðàâåíñòâî äëÿ u èìååò âåùåñòâåííûå êîðíè s±1 = (v(u+ v + 1)± %1/2)(2v − 4u)−1s2,
òàê êàê %(u) = 9v2u2−2v(9v2 +15v+8)u+9v2(1+v)2 > 0 â ñèëó òîãî, ÷òî äèñêðèìèíàíò
27v3 +72v2 +60v+16 ýòîãî ìíîãî÷ëåíà, èìåÿ íóëè −4/3,−2/3,−2/3, îòðèöàòåëåí. Òîãäà
çàìåíà, íàïðèìåð, ñ s1 = (v(u+ v+ 1) +%1/2)(2v− 4u)−1s2, r2 = (3uv+ v+%1/2)(8u− 3v+
9uv − 3v2 − %1/2)(2uv(3v + 4)(3v + 2)(2u− v))−1r1 ñâîäèò NSF

6,2,<,<
13 ê SF 6,2

11 .

3) Ëþáàÿ çàìåíà (1.5) ïðè r2 = (2s1 + vs2)(s1 + 2(v− 1)s2)−1v−1r1 ñâîäèò NSF
6,2,<,<
15

ñ u = −v(s1 − (v − 1)s2)(s1 + 2(v − 1)s2)s−1
2 (2s1 + vs2)−1 èìåííî ê SF 6,2

11 ïðè (u, v) ∈
ps6,2,<,<

15 = {v 6∈ [0, 4/3], 4u < −(v − 1)2} è δrs 6= 0.

Ðàâåíñòâî äëÿ u ÿâëÿåòñÿ êâàäðàòíûì óðàâíåíèåì îòíîñèòåëüíî s2 è èìååò êîðíè
s±1 = (v−v2−2u)±%1/2)(2v)−1s2 ∈ R1, òàê êàê ìíîãî÷ëåí %(u) = 4u2−4uv+9v2(v−1)2 > 0
â ñèëó òîãî, ÷òî åãî äèñêðèìèíàíò −(9v2−18v+8) < 0 ïðè v 6∈ [2/3, /4/3]. Òîãäà çàìåíà,
íàïðèìåð, ñ s1 = (v−v2−2u+%1/2)(2v)−1s2, r2 = (2u−v−%1/2)(2u+3v−3v2+%1/2)(2uv2(3v−
4))−1r1 ñâîäèò NSF

6,2,<,<
15 ê SF 6,2

11 .

4) Ëþáàÿ çàìåíà (1.5) ñ s1 = −(u+ v+ ((u+ v)2−u)1/2)s2, r1 = −(u+ v− ((u+ v)2−
u)1/2)r2 ñâîäèò NSF

6,2,<,<
16 ê SF 4,2

34 , ïîñêîëüêó ps
6,2,<,<
16 = {v > 1/4, u < 0}. �

Ðàññìîòðèì NSFm,2,<,< èç ñïèñêà 2.4I . Íåïîñðåäñòâåííîé ïðîâåðêîé óñòàíàâëèâà-
åòñÿ, ÷òî NSF 5,2,<,<

22 ÿâëÿåòñÿ CF 5,2,<,<
22 , à ó îñòàëüíûõ ôîðì psm,2,<,< 6= csm,2,<,<.

Óòâåðæäåíèå 2.9. Òîëüêî ñëåäóþùèå ôîðìû èç ñïèñêà 2.4 ñ óêàçàííûìè çíà÷å-
íèÿìè ïàðàìåòðîâ ñâîäÿòñÿ ê ïðåäøåñòâóþùèì ñîãëàñíî ÑÏ ñòðóêòóðíûì ôîðìàì
(ñì. ïðèë. [3, 3.6.5, 3.6.6]):

1) NSF 6,2,<,<
6 (σ̃, ũ, ṽ) ñ ps6,2,<,<

6 = {ṽ ∈(0, 1), ũ ∈ (ψ−7 (ṽ), ψ+
7 (ṽ)) (ψ−7 <−1, ψ+

7 ∈(−1, 0))} :
a) ïðè ũ = −ṽ çàìåíîé L34,2,<,<

34,+1 ñâîäèòñÿ ê CF 4,2,<,<
34,+1 c σ = σ̃, u = ψ19(ṽ);

b) ïðè ũ = −2−5/3(3±
√

5), ṽ = 2−2/3 çàìåíîé L55,2,<,<
22 � ê CF 5,2,<,<

22 c σ = ∓σ̃, u = −3;
2) NSF 6,2,<,<

7 (σ̃, ũ, ṽ) ñ ps6,2,<,<
7 = {ṽ 6= −ũ, 4ṽ < −(ũ+ 1)2)} :

a) ïðè ũ = −1 çàìåíîé L24,2,<,<
34,+1 ñâîäèòñÿ ê CF 4,2,<,<

34,+1 c σ = σ̃, u = ψ21(ṽ);
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b) ïðè ṽ = [−3(ũ+ 1), ũ ∈ (−1, 11)∨3(ũ+ 1)(ũ+ 2)−1, ũ ∈ (−2,−1) ] çàìåíîé [L35,2,<,<
22 ∨

L45,2,<,<
22 ] ñâîäèòñÿ ê CF 5,2,<,<

22 c σ = [σ̃ ∨ −σ̃], u = [−3(ũ+ 1)−1 ∨ 3((ũ+ 1)(ũ+ 2))−1];
c) ïðè ṽ = ψ32(ũ), ũ ∈ I∗, çàìåíîé L36,2,<,<

6 ñâîäèòñÿ ê NSF 6,2,<,<
6 c σ = σ̃ sign (1− 2ũ),

u = −(ũ3−3ũ2+6ũ+1)(ũ2−ũ+1)−1((ũ2−ũ+7)(2ũ−1))−1/3, v = (2ũ−1)2/3(ũ2−ũ+7)−1/3;

3) NSF 6,2,<,<
11,+1 (σ̃, ũ, ṽ) ñ ps6,2,<,<

11,+1 = {4ṽ < −ũ2} :

a) ïðè ṽ = ψ∓20,
√

3ũ ∈ I∓1 çàìåíîé L25,2,<,<
22 ñâîäèòñÿ ê CF 5,2,<,<

22 c σ = ±σ̃, u = ψ∓20ũ
−2;

b) ïðè ṽ = 3(ũ2 + 5)(ũ2 + 1)(2(ũ2 − 3))−1, ũ ∈ (−
√

3,
√

3) çàìåíîé L26,2,<,<
6 ñâîäèòñÿ

ê NSF 6,2,<,<
6 c σ = −σ̃ sign ũ, u = −(ũ2+5)ũ2/3(2(ũ2+1)(ũ2+9))−1/3, v =(2ũ)2/3(ũ2+9)−1/3;

4) NSF 7,2,<,<
2 (σ̃, ũ, ṽ, w̃) ñ ps7,2,<,<

2 ={ṽ∈(0, 1)∪(1, 3
√

4), w̃ 6= −ũ(ṽ− ṽ−2), 4w̃ <−(ũ+ ṽ)2} :
a) ïðè ũ = −ṽ, çàìåíîé L44,2,<,<

34,+1 � ê CF 4,2,<,<
34,+1 ñ σ = σ̃, u = b̃∗1(−ṽ, ṽ, w̃)/ c̃∗2(−ṽ, ṽ, w̃);

b1) ïðè ṽ = [7−1/3 ∨ θ2(ũ)], w̃ = [3(7−1/3ũ + 7−2/3) ∨ (ũ + θ2(ũ))(θ2(ũ) − 2ũ)], ũ ∈
[I3 ∨ I4], çàìåíîé [L65,2,<,<

22 ∨ L75,2,<,<
22 ] ñâîäèòñÿ ê CF 5,2,<,<

22 ñ σ = [−σ̃ ∨ sign (ũ + 1)],
u = [3(71/3ũ+ 1)−1 ∨ (2ũ− θ2(ũ))(ũ+ θ2(ũ))−1];
b2) ïðè ũ = [−4ṽ ∨ ψ∓25], w̃ = [3ṽ(4ṽ + ψ−25)/2 ∨ 3(ṽψ±25 − 2ṽ−1)], ṽ ∈ [(0, (2/7)2/3) ∨ I±2 ]
çàìåíîé [L85,2,<,<

22 ∨L95,2,<,<
22 ] ñâîäèòñÿ ê CF 5,2,<,<

22 ñ σ = [−σ̃∨∓σ̃], u = [(4 +ψ−25ṽ
−1)/6∨

(4− ṽ3)(ṽ2ψ±25 − 2)−1];
c) ïðè w̃ = ψ33(ũ, ṽ) çàìåíîé L46,2,<,<

6 ñâîäèòñÿ ê NSF 6,2,<,<
6 ñ σ = σ̃ sign((2ũ− ṽ)ψ24),

u = (ṽ(2ũ− ṽ)−1ψ−1
26 )1/3ψ34, v = −(ṽ(2ũ− ṽ)2ψ−1

26 )1/3;
d) ïðè [ũ = ψ∓25 ∨ ṽ = θ2(ũ) 6= 22/3] çàìåíîé [L26,2,<,<

7 ∨ L36,2,<,<
7 ] ñâîäèòñÿ ê NSF 6,2,<,<

7

ñ σ = [∓σ̃∨σ̃sign (ũ−2−1/3)], u = [−(ṽw̃−3ṽ2ψ±25+6)(ṽw̃)−1∨−(w̃+2ũ2+θ2(ũ)ũ−θ2
2(ũ))w̃−1],

v = [3(4− ṽ3)(ṽw̃)−1 ∨ −(ψ24(ũ, θ2(ũ))w̃ + ψ35)(ψ29(ũ, θ2(ũ))w̃)−1];
e1) ïðè ψ27 ≥ 0, ũ 6= ṽ/2 çàìåíîé L26,2,<,<

11,+1 ñâîäèòñÿ ê NSF 6,2,<,<
11,+1 ñ σ = σ̃, u =

ã∗1(ã∗2c̃
∗
2)−1/2, v = b̃∗1/c̃

∗
2;

e2) ïðè [ũ = ṽ/2∨ ṽ = θ3(ũ)] çàìåíîé [L36,2,<,<
11,+1 ∨L46,2,<,<

11,+1 ] ñâîäèòñÿ ê NSF 6,2,<,<
11,+1 ñ σ = σ̃,

u = [−3(4ṽ − ṽ4)1/2(4w̃)−1 ∨ −ψ1/2
30 ψ31], v = [(4− ṽ3)(4ṽw̃)−1 ∨ ψ36].

Äîêàçàòåëüñòâî. 1) NSF 6,2,<,<
6 (σ̃, ũ, ṽ) â a) çàìåíîé ñ r1 = −ṽ−1/2r2, s2 = ṽ1/2s1

ñâîäèòñÿ ê SF 4,2
34 , â b) çàìåíîé ñ r1 = −21/3r2, s1 = 2−2/3(3±

√
5)s2 ñâîäèòñÿ ê SF 5,2

22 ;

2) NSF 6,2,<,<
7 (σ̃, ũ, ṽ) â a) çàìåíîé ñ r1 = (ṽ±ψ1/2

17 )r2/3, s1 = (ṽ∓ψ1/2
17 )s2/3 ñâîäèòñÿ

ê SF 4,2
34 , â b) çàìåíîé ñ r1 = [ (ũ + 2)ũ−1r2 ∨ −(ũ + 2)−1r2 ], s1 = [−ũs2/2 ∨ (ũ + 3)s2 ]

ñâîäèòñÿ ê SF 5,2
22 , â c) çàìåíîé ñ r1 = −(ũ2 − 2ũ + 3)(2ũ − 1)−1r2, s1 = ũs2 ñâîäèòñÿ

ê SF 6,2
6 ;

3) NSF 6,2,<
11,+1(σ̃, ũ, ṽ) â a) çàìåíîé ñ s1 = −(2ũ∓

√
3)s2, r2 = −(2∓

√
3ũ)ũ−1r1 ñâîäèòñÿ

ê SF 5,2
22 , â b) çàìåíîé ñ r1 = −(ũ2 + 3)(2ũ)−1r2, s1 = ũs2 ñâîäèòñÿ ê SF 6,2

6 .

4) Ïîäðîáíåå ðàññìîòðèì ïîëó÷åíèå ïðåäøåñòâóþùèõ ôîðì èç

NSF 7,2,<,<
2 = σ̃

(
ũ w̃ ũṽ−1 − ṽ(ũṽ + w̃) ũ+ w̃ṽ−1

1 0 ṽ−1 − ṽ2 1

)
(ũ+ w̃ṽ−1 6= 0).

a) Ïðè ũ = −ṽ, w̃ = (3ṽ2s2
1 + 2(ṽ3− 1)s1s2− ṽ(ṽ3 + 2)s2

2)(ṽs2(2s1− ṽs2))−1 NSF 7,2,<,<
2

ëþáîé çàìåíîé (1.5) ñ r1 = (ṽ2s1 − 2s2)(ṽ(2s1 − ṽs2))−1r2 ñâîäèòñÿ ê SF 4,2
34 . Ðàâåíñòâî

äëÿ w̃ ÿâëÿåòñÿ êâàäðàòíûì óðàâíåíèåì îòíîñèòåëüíî s1 è èìååò âåùåñòâåííûå êîðíè
s±1 = (ṽw̃− ṽ3 + 1± ψ1/2

22 )ṽ−2s2/3, òàê êàê ψ22 = (ṽw̃ + 1)2 + ṽ3(4ṽ3 − 5ṽw̃ + 4) > 0 â ñèëó
òîãî, ÷òî w̃ < 0. Êðîìå òîãî, ψ23 6= 0⇔ 2s1 − ṽs2 6= 0.

Çàìåíà ñ r1 = ṽ(w̃ṽ − ṽ3 − 5 − ψ
1/2
22 )ψ−1

23 r2, s1 = (w̃ṽ − ṽ3 + 1 − ψ
1/2
22 )ṽ−2s2/3 ñâî-

äèò NSF 7,2,<,<
2 ê SF 4,2

34 =

(
0 b̃∗1(−ṽ, ṽ, w̃)r2s2 0 d̃∗1r

−1
1 s3

2

ã∗2(−ṽ, ṽ, w̃)r3
2s
−1
2 0 c̃∗2(−ṽ, ṽ, w̃)r2s2 0

)
.

Âûáîð íîðìèðîâêè è ñâÿçàííûå ñ íåé âîïðîñû ïðèâåäåíû â óòâåðæäåíèè 2.8, 1).
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Â b1) NSF 7,2,<,<
2 çàìåíîé ñ r1 = [−7−1/3r2∨ ũr2], [s2 = 0∨s1 = (θ2(ũ)− ũ)s2] ñâîäèòñÿ

ê SF 5,2
22 .

Â b2) NSF 7,2,<,<
2 çàìåíîé ñ r1 = [ṽr2/2∨ψ∓25r2], s1 = [ψ−25s2 ∨ψ±25s2] ñâîäèòñÿ ê SF 5,2

22 ;
ñëó÷àé ũ = −4ṽ, w̃ = 3ṽ(4ṽ + ψ+

25)/2 íåâîçìîæåí, òàê êàê â íåì D > 0.

Â c) NSF 7,2,<,<
2 çàìåíîé ñ r1 = −(2ũṽ2 − ũ2ṽ − 3)(ṽ(ṽ − 2ũ))−1r2, s1 = ũs2 ñâîäèòñÿ

ê SF 6,2
6 . Ïðè ýòîì ψ26 6= 0, òàê êàê ÿâëÿåòñÿ íîðìèðîâî÷íûì ìíîæèòåëåì.

Â d) NSF 7,2,<,<
2 çàìåíîé ñ r1 = [ψ∓25r2 ∨ ũr2], s1 = [ψ±25s2 ∨ (θ2(ũ) − ũ)s2] ñâîäèòñÿ

ê SF 6,2
7 ; åñëè 2ũ = θ2(ũ) ⇔ ũ = 2−1/3, òî δrs = 0, ïðè ýòîì sign (ũ − 2−1/3) = sign ((2ũ −

θ2(ũ))ψ−1
29 (ũ, θ2(ũ))).

e1) Ïðè w̃ = (ṽ(ṽ−2ũ)s2
1+(ṽ3−ũṽ2−2)s1s2+ṽ(ũṽ2−2)s2

2)(ṽs2(2s1−ṽs2))−1 NSF 7,2,<,<
2

ëþáîé çàìåíîé (1.5) ñ r1 = (ṽ2s1 − 2s2)(ṽ(2s1 − ṽs2))−1r2 ñâîäèòñÿ ê SF 6,2
11 . Ðàâåíñòâî

äëÿ w̃ ÿâëÿåòñÿ êâàäðàòíûì óðàâíåíèåì îòíîñèòåëüíî s1 è èìååò âåùåñòâåííûå êîðíè
s±1 = (2ṽw̃ − ṽ3 + ũṽ2 + 2 ± ψ

1/2
27 )(2ṽ(ṽ − 2ũ))−1s2 ïðè ψ27 ≥ 0 è ũ 6= ṽ/2. Êðîìå òîãî,

ψ28 6= 0⇔ 2s1 − ṽs2 6= 0. Â ðåçóëüòàòå çàìåíà, íàïðèìåð, ñ r1 = (2ṽ2w̃ − ṽ4 + ũṽ3 − 2ṽ +

8ũ− ṽψ1/2
27 )(2ψ28)−1r2, s1 = (2ṽw̃− ṽ3 + ũṽ2 + 2− ψ1/2

27 )(2ṽ(ṽ − 2ũ))−1s2 ñâîäèò NSF
7,2,<,<
2

ê SF 6,2
11 =

(
ã∗1r

2
2 b̃∗1r2s2 c̃∗1s

2
2 d̃∗1r

−1
1 s3

2

ã∗2r
3
2s
−1
2 0 c̃∗2r2s2 0

)
. È äàëåå, êàê â óòâåðæäåíèè 2.8, 1).

Â e2) NSF 7,2,<,<
2 çàìåíîé ñ r1 = [ṽr2/2∨ ũr2], [s2 = 0∨s1 = (2θ3(ũ)− ũ)s2/3] ñâîäèòñÿ

ê SF 6,2
11 . Ïðè ýòîì ψ30 > 0, òàê êàê ÿâëÿåòñÿ íîðìèðîâî÷íûì ìíîæèòåëåì.

Íàêîíåö, NSF 7,2,<,<
2 âîçìîæíî ïðè îïðåäåëåííûõ óñëîâèÿõ ñâîäèòñÿ ê ïðåäøåñòâó-

þùèì åé NSF 6,2,<,<
i (i = 12, 13, 15, 16) èç ñïèñêà 2.4, êîòîðûå, â ñâîþ î÷åðåäü, ñâîäÿòñÿ

ê SF 6,2
11 èëè SF 4,2

34 � ýòî ñäåëàíî â óòâåðæäåíèè 2.8. À âñå ïðÿìûå çàìåíû ê NSF 6,2,<,<
11,+1

è NSF 4,2,<,<
34,+1 óæå íàéäåíû âûøå. �

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò â ñëó÷àå l = 2, D0 < 0, D < 0 âûïèñàòü âñå
êàíîíè÷åñêèå ôîðìû ñî ñâîèìè êàíîíè÷åñêèìè ìíîæåñòâàìè.

Ñïèñîê 2.6. Øåñòü CFm,2,<,<
i è èõ csm,2,<,<i (σ = ±1, u, v, w 6= 0).

CF 4,2,<,<
34,+1 = σ

(
0 u 0 u

1 0 +1 0

)
, cs4,2,<,<

34,+1 = {u < 0};

CF 5,2,<,<
22 = σ

(
0 u −u u

1 0 0 1

)
, cs5,2,<,<

22 = {u < −1/4};

CF 6,2,<,<
6 = σ

(
u u(v−2 − v) 0 uv−3

1 0 v−1 − v2 1

)
,
cs6,2,<,<

6 = {v ∈ (0, 1), u ∈ (ψ−7 (v), ψ+
7 (v)),

u 6= −v, (u, v) 6= (−2−5/3(3±
√
5), 2−2/3)};

CF 6,2,<,<
7 = σ

(
u v −v u+ v

1 0 0 1

)
,
cs6,2,<,<

7 = {4v < −(u+ 1)2, u 6= −1,
v 6= −u, −3(u+ 1), 3(u+ 1)(u+ 2)−1, ψ32(u)};

CF 6,2,<,<
11,+1 = σ

(
u v u v

1 0 1 0

)
, cs6,2,<,<

11,+1 = {4v < −u2, v 6= ψ∓20(u), 3(u
2+5)(u2+1)(2(u2−3))−1};

CF 7,2,<,<
2 = σ

(
u w uv−1− v(uv + w) u+ wv−1

1 0 v−1 − v2 1

)
,

cs7,2,<,<
2 = {v ∈ (0, 3

√
4), v 6= 1,−u, 2u, θ3(u),

w 6= −uv,−u(v − v−2), ψ33(u, v),

4w <−(u+ v)2, ψ27(u, v, w) < 0,

(u,w) 6= ([−4v ∨ ψ∓25(v)], [3v(4v + ψ−25(v))/2 ∨ 3(vψ±25(v)− 2v−1)]),

(v, w) 6= ([7−1/3 ∨ θ2(u)], [3(7
−1/3u+ 7−2/3) ∨ (u+ θ2(u))(θ2(u)− 2u)])}.

Òåîðåìà 2.5. Ëþáàÿ ñèñòåìà (1.4) ñ l = 2, çàïèñàííàÿ â âèäå (2.1<) ñîãëàñíî (2.2)
è èìåþùàÿ D < 0, ëèíåéíî ýêâèâàëåíòíà ñèñòåìå, ïîðîæäåííîé íåêèì ïðåäñòà-
âèòåëåì ñîîòâåòñòâóþùåé êàíîíè÷åñêîé ôîðìû èç ñïèñêà 2.6. Íèæå äëÿ êàæäîé
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CFm,2,<,<
i ïðèâåäåíû: a) óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû (2.1<), b) çàìåíû (1.5),

ïðåîáðàçóþùèå ïðàâóþ ÷àñòü (2.1<) ïðè óêàçàííûõ óñëîâèÿõ â âûáðàííóþ ôîðìó, ñ)
ïîëó÷àåìûå ïðè ýòîì çíà÷åíèÿ ìíîæèòåëÿ σ è ïàðàìåòðîâ èç csm,2,<,<i :

A. CF 4,2,<,<
34,+1 : 1a) ν = 0, β̃ = 0, 1b) J

2
3 , L14,2,<,<

34,+1 , 1c) σ = 1, u = γ̃2ς̃−2;

2a) ν = θ1µ, ψ
2
8(·)ψ9(·)) = 2ψ2

10(·)ψ12(·), ãäå (·) = (θ1µ, µ), 2b) J
2
3 , L16,2,<,<

6 , L34,2,<,<
34,+1 ,

2c)σ = signψ8(·), u = ψ19(ṽ), ãäå ṽ = −(2ψ8(·)ψ10(·))1/3ψ
−1/3
12 (·);

3a) ν = ψ±14γ̃
−1µ, ψ∓15 = −ς̃ , 3b) J2

3 , L16,2,<,<
7 , L24,2,<,<

34,+1 , 3c) σ = ±1, u = ψ21(ṽ), ãäå

ṽ = −3(ψ±14
2

+ γ̃2)(2ς̃)−2;
4a) ν = 0, β̃, 4β̃2 − 3α̃γ̃, 4β̃2 − 3α̃γ̃ + 3γ̃2 6= 0, 4b) J

2
3 , L17,2,<,<

2 , L44,2,<,<
34,+1 , 4c) σ = sign β̃,

u = b̃∗1(−ṽ, ṽ, w̃)/c̃∗2(−ṽ, ṽ, w̃), ãäå ṽ = (2ψ8)2/3ψ
−1/3
9 , w̃ = −9γ̃2(2ψ8ψ9)−2/3(ν2 + µ2);

B. CF 5,2,<,<
22 : 1a) ν = β̃(2γ̃)−1µ, β̃ 6= 0, α̃ = 7β̃2(4γ̃)−1, 1b) J

2
3 , L15,2,<,<

22 , 1c) σ =
sign β̃, u = −(β̃2 + 4γ̃2)(2β̃)−2;
2a) ν = θ1µ, 27/3ψ10(·) = −(3 ±

√
5)(ψ8(·)ψ9(·))1/3, ψ12(·) = −8ψ8(·)ψ10(·) ((·) = (θ1µ, µ)),

2b) J
2
3 , L16,2,<,<

6 , L55,2,<,<
22 , 2c) σ = ∓signψ8(·), u = −3;

3a) ν = ψ±14γ̃
−1µ, ψ∓15ς̃

−1 = [−3(ũ + 1), ũ ∈ (−1, 11) ∨ 3(ũ + 1)(ũ + 2)−1, ũ ∈ (−2,−1) ],

ãäå ṽ = −3(ψ±14
2

+ γ̃2)(2ς̃)−2, 3b) J
2
3 , L16,2,<,<

7 , [L35,2,<,<
22 ∨ L45,2,<,<

22 ], 3c) σ = [±1 ∨ ∓1],
u = [−3(ũ+ 1)−1 ∨ 3((ũ+ 1)(ũ+ 2))−1];
4a) ν = −β̃γ̃−1µ, β̃ 6= 0, −(β̃2 + γ̃2)ς̃−2 = ψ∓20(ũ), ũ = −2β̃ς̃−1,

√
3ũ ∈ I∓1 , 4b) J

2
3 , L16,2,<,<

11,+1 ,

L25,2,<,<
22 , 4c) σ = ±1, u = −2β̃ς̃−1,

5a) ν = β̃(2γ̃)−1µ, β̃ 6= 0, α̃ 6= 7β̃2(4γ̃)−1, b̂∗1/ĉ
∗
2 = ψ∓20(ũ),

√
3ũ ∈ I∓1 , ũ = â∗1(â∗2ĉ

∗
2)1/2, û =

â∗1(â∗2ĉ
∗
2)1/2, v̂ = b̂∗1/ĉ

∗
2, 5b) J

2
3 , L16,2,<,<

12 , L1̂6,2,<,<
11,+1 , L25,2,<,<

22 , 5c) σ = ±sign β̃, u = ψ∓20(ũ)ũ−2;

6a) ν 6= −β̃γ̃−1µ, θ1µ, ψ
±
14γ̃
−1µ, β̃(2γ̃)−1µ, [7−1/3∨θ2(ũ)] = (2ψ8)2/3ψ

−1/3
9 , [3(7−1/3ũ+7−2/3)∨

(θ2(ũ) − 2ũ)(ũ + θ2(ũ))] = −9γ̃2(2ψ8ψ9)−2/3(ν2 + µ2), ũ = 2(2ψ8ψ9)−1/3ψ10 ∈ [I3 ∨ I4],
6b) J

2
3 , L17,2,<,<

2 [L65,2,<,<
22 ∨L75,2,<,<

22 ], 6c) σ = [−signψ8∨ sign ũ], u = [3(71/3ũ+ 1)−1∨ (2ũ−
θ2(ũ))(ũ+ θ2(ũ))−1];
7a) ν 6= −β̃γ̃−1µ, θ1µ, ψ

±
14γ̃
−1µ, β̃(2γ̃)−1µ, [−4ṽ ∨ψ∓25] = 2(2ψ8ψ9)−1/3ψ10, [3ṽ(4ṽ+ψ−25)/2∨

3(ṽψ±25− 2ṽ−1)] = −9γ̃2(2ψ8ψ9)−2/3(ν2 +µ2), ṽ = (2ψ8)2/3ψ
−1/3
9 ∈ [(0, (2/7)2/3)∨ I±2 ], 7b) J

2
3 ,

L17,2,<,<
2 , [L85,2,<,<

22 ∨ L95,2,<,<
22 ], 7c) σ = [−signψ8 ∨ ∓signψ8], u = [(4 + ψ−25ṽ

−1)/6 ∨ (4 −
ṽ3)(ṽ2ψ±25 − 2)−1];

C. CF 6,2,<,<
6 : 1a) ν = θ1µ, q(A2a, B2a), 1b) J

2
3 , L16,2,<,<

6 , 1c) σ = signψ8(·), u =

2(2ψ8(·)ψ9(·))−1/3ψ10(·), v = −(2ψ8(·)ψ10(·))1/3ψ
−1/3
12 (·), (·) = (θ1µ, µ);

2a) ν = ψ±14γ̃
−1µ, −3(ψ±14

2
+ γ̃2)(2ς̃)−2 = ψ32(ũ), ũ = ψ∓15ς̃

−1 ∈ I∗, q(B3a), 2b) J
2
3 , L16,2,<,<

7 ,
L36,2,<,<

6 , 2c) σ = ±sign (1−2ũ), u = −(ũ3−3ũ2+6ũ+1)(ũ2−ũ+1)−1((ũ2−ũ+7)(2ũ−1))−1/3,
v = (2ũ− 1)2/3(ũ2 − ũ+ 7)−1/3;
3a) ν = −β̃γ̃−1µ, β̃ 6= 0, −2(β̃2 + γ̃2)ς̃−2 = 3(ũ2 + 5)(ũ2 + 1)(ũ2 − 3)−1, ũ = −2β̃ς̃−1 ∈
(−
√

3,
√

3), q(B4a), 3b) J
2
3 , L16,2,<,<

11,+1 , L26,2,<,<
6 , 3c) σ = −sign ũ, 2u = −(ũ2 +5)(ũ2 +1)−1/3v,

v = (2ũ)2/3(ũ2 + 9)−1/3;
4a) ν = β̃(2γ̃)−1µ, β̃ 6= 0, α̃ 6= 7β̃2(4γ̃)−1, b̂∗1/ĉ

∗
2 = 3(ũ2 + 5)(ũ2 + 1)(2(ũ2 − 3))−1, ũ =

â∗1(â∗2ĉ
∗
2)1/2 ∈ (−

√
3,
√

3), û = (β̃2 + 4γ̃2)ψ−1
16 , v̂ = ψ

1/3
16 (2β̃)−2/3, q(B5a), 4b) J

2
3 , L16,2,<,<

12 ,
L1̂6,2,<,<

11,+1 , L26,2,<,<
6 , 4c) σ = −sign (β̃ũ), 2u = −(ũ2+ 5)(ũ2+ 1)−1/3v, v = (2ũ)2/3(ũ2+ 9)−1/3;

5a) ν 6= −β̃γ̃−1µ, θ1µ, ψ
±
14γ̃
−1µ, β̃(2γ̃)−1µ, −9γ̃2(2ψ8ψ9)−2/3(ν2 + µ2) = ψ33(ũ, ṽ), ũ =

2(2ψ8ψ9)−1/3ψ10, ṽ = (2ψ8)2/3ψ
−1/3
9 , q(A4a, B6a, B7a), 5b) J

2
3 , L17,2,<,<

2 , L46,2,<,<
6 , 5c) σ =

sign((2ũ− ṽ)ψ8ψ24), u = (ṽ(2ũ− ṽ)−1ψ−1
26 )1/3ψ34, v = −(ṽ(2ũ− ṽ)2ψ−1

26 )1/3;

D. CF 6,2,<,<
7 : 1a) ν = ψ±14γ̃

−1µ, ψ∓15 6= 0,−ς̃ , q(B3a, C2a), 1b) J
2
3 , L16,2,<,<

7 , 1c) σ = ±1,

u = ψ∓15ς̃
−1, v = −3(ψ±14

2
+ γ̃2)(2ς̃)−2;

2a) ν 6= −β̃γ̃−1µ, θ1µ, ψ
±
14γ̃
−1µ, β̃(2γ̃)−1µ, [ũ=ψ∓25 ∨ ṽ= θ2(ũ) 6= 22/3], ũ= 2(2ψ8ψ9)−1/3ψ10,
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ṽ = (2ψ8)2/3ψ
−1/3
9 , w̃ = −9γ̃2(2ψ8ψ9)−2/3(ν2 + µ2), q(A4a, B6a, B7a, C5a), 2b) J

2
3 , L17,2,<,<

2 ,
[L26,2,<,<

7 ∨L36,2,<,<
7 ], 2c) σ = [∓signψ8∨sign((ũ−2−1/3)ψ8)], u = [−(ṽw̃−3ṽ2ψ±25+6)(ṽw̃)−1∨

−(w̃ + 2ũ2 + θ2(ũ)ũ− θ2
2(ũ))w̃−1], v = [3(4− ṽ3)(ṽw̃)−1 ∨ (ψ24(ũ, θ2(ũ))w̃ + ψ35];

E. CF 6,2,<,<
11,+1 : 1a) ν = −β̃γ̃−1µ, β̃ 6= 0, q(B4a, C3a), 1b) J

2
3 , L16,2,<,<

11,+1 , 1c) σ = 1,

u = −2β̃ς̃−1, v = −(β̃2 + γ̃2)ς̃−2;
2a) ν = β̃(2γ̃)−1µ, β̃ 6= 0, α̃ 6= 7β̃2(4γ̃)−1, q(B5a, C4a), 2b) J2

3 , L16,2,<,<
12 , L1̂6,2,<,<

11,+1 ,

2c) σ = sign β̃, u = â∗1(â∗2ĉ
∗
2)1/2, v = b̂∗1/ĉ

∗
2, ãäå û = (β̃2 + 4γ̃2)ψ−1

16 , v̂ = ψ
1/3
16 (2β̃)−2/3;

3a) ν 6= −β̃γ̃−1µ, θ1µ, ψ
±
14γ̃
−1µ, β̃(2γ̃)−1µ, [ ũ 6= ṽ/2, ψ27 ≥ 0 ∨ ũ = ṽ/2 ∨ ṽ = θ3(ũ)],

ãäå ũ = 2(2ψ8ψ9)−1/3ψ10, ṽ = (2ψ8)2/3ψ
−1/3
9 , w̃ = −9γ̃2(2ψ8ψ9)−2/3(ν2 + µ2), q(A4a, B6a,

B7a, C5a, D2a), 3b) J2
3 , L17,2,<,<

2 , [L26,2,<,<
11,+1 ∨ L36,2,<,<

11,+1 ∨ L46,2,<,<
11,+1 ], 3c) σ = signψ8, u =

[ã∗1(ã∗2c̃
∗
2)−1/2 ∨ −3(4ṽ − ṽ4)1/2(4w̃)−1 ∨ −ψ1/2

30 ψ31], v = [b̃∗1/c̃
∗
2 ∨ (4− ṽ3)(4ṽw̃)−1 ∨ ψ36];

F. CF 7,2,<,<
2 : a) ν 6=−β̃γ̃−1µ, θ1µ, ψ

±
14γ̃
−1µ, β̃(2γ̃)−1µ,q(A4a, B6a, B7a, C5a, D2a, E3a),

b) J2
3 , L17,2,<,<

2 , c) σ = signψ8, u = 2(2ψ8ψ9)−1/3ψ10, v = (2ψ8)2/3ψ
−1/3
9 , w = −9γ̃2(ν2 +

µ2)(2ψ8ψ9)−2/3.
Çäåñü âåçäå çàïèñü q(. . .) îçíà÷àåò, ÷òî íå âûïîëíÿþòñÿ óêàçàííûå â ñêîáêàõ óñëîâèÿ.

Äîêàçàòåëüñòâî. Ñîñòûêóåì ðåçóëüòàòû ëåììû2.2 è óòâåðæäåíèé 2.8, 2.9, ïîëó-
÷àÿ ñîîòâåòñòâóþùèå ïóíêòû ôîðìóëèðîâêè òåîðåìû.

A1) èç 2.2,11); A2) èç 2.2,3), 2.9,1a); A3) èç 2.2,42), 2.9,2a); A4) èç 2.2,5), 2.9,4a).

Ïðè ýòîì â A4) ũ = −ṽ ⇔ 2(2ψ8ψ9)−1/3ψ10 + (2ψ8)2/3ψ
−1/3
9 = 0⇔ ψ8 + ψ10 = 0⇔ ν = 0,

ñëåäîâàòåëüíî ν 6= −β̃γ̃−1µ, θ1µ, ψ
±
14γ̃
−1µ, β̃(2γ̃)−1µ ⇔ θ1 6= 0 (ψ11(0, 1) 6= 0), ψ±14 6= 0 ⇔

4β̃2 − 3α̃γ̃ 6= 0, β̃(4β̃2 − 3α̃γ̃ + 3γ̃2) 6= 0, à ψ8 = β̃µ è signψ8 = sign β̃.

B1) èç 2.2,2a2); B2) èç 2.2,3), 2.9,1b); B3) èç 2.2,42), 2.9,2b); B4) èç 2.2,12), 2.9,3a);
B5) èç 2.2,2b2), 2.8,1), 2.9,3a); B6) èç 2.2,5), 2.9,41

b); B7) èç 2.2,5), 2.9,42
b).

C1) èç 2.2,3); C2) èç 2.2,42), 2.9,2c); C3) èç 2.2,12), 2.9,3b); C4) èç 2.2,2b2), 2.8,1),
2.9,3b); C5) èç 2.2,5), 2.9,4c).
Ïðè ýòîì â C2) ñëó÷àé A3a) óõîäà èç NSF 6,2,<,<

7 íåâîçìîæåí, òàê êàê ũ = −1 ïðè
ψ∓15 = −ς̃; â C3) è C4) ïîëó÷åíà èìåííî CF 6,2,<,<

6 , òàê êàê åå íåëüçÿ ñâåñòè ê CF 4,2,<,<
34,+1

â ñèëó òîãî, ÷òî òîãäà áû áûëà ïðÿìàÿ çàìåíà, ñâîäÿùàÿ NSF 6,2,<,<
11,+1 ê CF 4,2,<,<

34,+1 .

D1) èç 2.2,42); D2) èç 2.2,5), 2.9,4d).
E1) èç 2.2,12); E2) èç 2.2,2b2), 2.8,1); E3) èç 2.2,5), 2.9,4e). �

Çàìå÷àíèå 2.5. Â NSF 6,2,<,<
6 â îòëè÷èå îò NSF 6,2,<

6 ýëåìåíò c2 = v−1 − v2 > 0,
òàê êàê v ∈ (0, 1), ïîýòîìó ìîæíî îñóùåñòâèòü ëó÷øóþ ñîãëàñíî ÍÏ3 íîðìèðîâêó è
ïîëó÷èòü

NSF 6,2,<,<
6,new = σ

(
uv u 0 u(v2 + 1)2

1 0 1 v(v2 + 1)

)
, p2

0 = (1,−v, 1 + v2), H = σ

(
uv u(v2 + 1)

1 v

)

ñ D0 = −3v2− 4, D = v2(u+ 1)2 + 4u. Ïðè ýòîì NSF 6,2,<,<
6 (σ̃, ũ, ṽ) èç óòâåðæäåíèÿ 2.9,1)

çàìåíîé (1.8) ñ r1 = ṽ1/4(1 − ṽ3)−1/4, s2 = r3
1 ñâîäèòñÿ ê NSF 6,2,<,<

6,new ñ σ = σ̃, u = ũṽ−1,

v = ṽ3/2(1− ṽ3)−1/2 > 0 è ps6,2,<,<
6,new = {v2 + 2− 2(v2 + 1)1/2 < −uv2 < v2 + 2 + 2(v2 + 1)1/2}.

2.6.4. Âûäåëåíèå mcsm,2,<. Ïðîäåìîíñòðèðóåì òåïåðü ëèíåéíûå íåîñîáûå çà-
ìåíû, êîòîðûå äëÿ íåêîòîðûõ ïîëó÷åííûõ CFm,2,< ïîçâîëÿò âûäåëèòü êàíîíè÷åñêèå
ìèíèìàëüíûå ìíîæåñòâà, ââåäåííûå â îïðåäåëåíèè 1.12.

Óòâåðæäåíèå 2.10. Òîëüêî äëÿ ñëåäóþùèõ CFm,2,< èç ñïèñêîâ 2.5 è 2.6 óäàåòñÿ
îãðàíè÷èòü çíà÷åíèÿ ïàðàìåòðîâ â csm,2,<, à èìåííî:
1) â CF 4,2,<

8,+1 ïðè σ̃ = σ, ũ = u çàìåíà ñ r1, s2 = 0, s1, r2 = |ũ|−1/2 äàåò σ = σ̃ sign ũ,
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u = ũ−1;
2) â CF 4,2,<

34,+1 íîðìèðîâêà (1.8) ñ r1,−s2 = 1 èçìåíÿåò çíàê σ; ïðè ũ = u çàìåíà ñ s1, r2 =

|ũ|−1/2, r1, s2 = 0 äàåò u = ũ−1 áåç èçìåíåíèÿ σ;
3) â CF 6,2,<,>

1 ïðè σ̃ = σ, ũ = u çàìåíà ñ r1, s2 = 0, s1 = v1/2|ũ|−1/2, r2 = v−1/2|ũ|−1/2

äàåò σ = σ̃ sign ũ, u = ũ−1 áåç èçìåíåíèÿ v;
4) â CF 6,2,<,=

3 (u = 1) ïðè ṽ = v > 1/2 çàìåíà ñ r1 = 1, s1 = (2ṽ − 1)s2, r2 = 0,
s2 = (4ṽ − 1)−1 äàåò v = ṽ(4ṽ − 1)−1 < 1/2 (v > 1/4);
5) â CF 6,2,<,=

4,+1 (u = 1) ïðè ṽ = v < 0 íîðìèðîâêà ñ r1,−s2 = 1 äàåò v = −ṽ;

6) â CF 6,2,<,<
6 (u < 0) ïðè σ̃ = σ, ũ = u ≤ −1 çàìåíà ñ r1, s2 = 0, s1 = (−ũ)−1/2, r2 = ṽs1

äàåò σ = −σ̃, u = ũ−1v2 > −1;
7) â CF 6,2,<,<

7 (v < 0) ïðè σ̃ = σ, ũ = u, ṽ = v < −3 çàìåíà ñ r1 = −(2ṽ + 3ũ)%,
s1 = (ṽ + 3)%, r2 = −s1, s2 = −(ṽ + 3ũ− 3)%, ãäå % = (−ṽ(ṽ2 + 3ũṽ + 3(ũ2 − ũ + 1)))−1/2,
äàåò u = −(3ũ+ ṽ + 3)ṽ−1, v = 9ṽ−1 > −3 áåç èçìåíåíèÿ σ;
8) â CF 6,2,<,<

11,+1 (v < 0) ïðè σ̃ = σ, ũ = u < 0, ṽ = v íîðìèðîâêà ñ r1,−s2 = 1 äàåò σ = −σ̃,
u = −ũ > 0 áåç èçìåíåíèÿ v; ïðè σ̃ = σ, ũ = u, ṽ = v < −1 çàìåíà ñ r1, s2 = ũ%,
s1 = −r2, r2 = (ṽ+ 1)%, ãäå % = (−ṽ(ũ2 + (ṽ+ 1)2))−1/2, äàåò u = −ũṽ−1, v = ṽ−1>−1 áåç
èçìåíåíèÿ σ.

Ñëåäñòâèå 2.7. Ñîãëàñíî ñîãëàøåíèþ 1.13 èìååì:
acs4,2,<,>

8,+1 = {|u| > 1}, acs4,2,<,>
34,+1 = {σ = −1, u > 1}, acs4,2,<,<

34,+1 = {σ = −1, u < −1},
acs6,2,<,>

1 = {|u| > 1}, acs6,2,<,=
3 = {v > 1/2}, acs6,2,<,=

4,+1 = {v < 0},
acs6,2,<,<

6 = {u ≤ −1}, acs6,2,<,<
7 = {v < −3}, acs6,2,<,<

11,+1 = {u < 0, v < −1};
ó îñòàëüíûõ êàíîíè÷åñêèõ ôîðì èç ñïèñêà 2.5 mcsm,2,<, ∗ = csm,2,<, ∗.

2.7. Êàíîíè÷åñêèå ôîðìû è êàíîíè÷åñêèå ìíîæåñòâà ïðè l = 2.

Â çàêëþ÷åíèå ïðèâåäåì îáùèé ñïèñîê êàíîíè÷åñêèõ ôîðì ñèñòåìû (1.4) ïðè l = 2.

Ñïèñîê 2.7. Äâàäöàòü äâå CFm,2
i è èõ csm,2i (σ, κ = ±1, u, v, w 6= 0).

CF 2,2,=,>
3 = σ

(
u 0 0 0

0 1 0 0

)
[4]

,
cs2,2,=,>

3 = {u 6= 1},
cs2,2,=,=

3 = {u = 1};

CF 2,2,>,>
4 = σ

(
0 u 0 0

0 0 1 0

)
[4]

,
cs2,2,>,>

4 = {u 6= 1},
cs2,2,>,=

4 = {u = 1};

CF 2,2,=,≷
7,κ = σ

(
0 κ 0 0

1 0 0 0

)
[6]

,
cs2,2,=,>

7,κ = {κ = 1},
cs2,2,=,<

7,κ = {κ = −1};

CF 2,2,>,≷
8,κ = σ

(
0 0 κ 0

0 1 0 0

)
[6]

,
cs2,2,>,>

8,κ = {κ = 1},
cs2,2,>,<

8,κ = {κ = −1};

CF 3,2,=,>
7 = σ

(
u 1 0 0

0 1 0 0

)
[6]

,
cs3,2,=,>

7 = {u 6= ±1},
cs3,2,=,=

7 = {u = 1};

CF 3,2,>,>
10 = σ

(
0 u 1 0

0 0 1 0

)
[7]

,
cs3,2,>,>

10 = {u 6= 1},
cs3,2,>,=

10 = {u = 1};

CF 3,2,=,<
12 = σ

(
1 u 0 0

1 0 0 0

)
[7]

, cs3,2,=,<
12 = {u < −1/4};

CF 3,2,=,=
13 = σ

(
0 0 u 1

0 0 0 1

)
[8]

, cs3,2,=,=
13 = {u = 1};
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CF 3,2,>, ∗
16 = σ

(
0 1 u 0

0 1 0 0

)
[8]

,

cs3,2,>,>
16 = {u > −1/4},

cs3,2,>,=
16 = {u = −1/4},

cs3,2,>,<
16 = {u < −1/4};

CF 4,2,≷,>
8,κ = σ

(
u 0 κu 0

0 1 0 κ

)
[8]

,

cs4,2,>,>
8,−1 = {u 6= ±1},

cs4,2,<,>
8,+1 = {u 6= 1},

cs4,2,<,=
8,+1 = {u = 1};

CF 4,2,>,>
14,−1 = σ

(
0 u u 0

0 1 0 −1

)
[9]

, cs4,2,>,>
14,−1 = {u 6= −1,−2,−3};

CF 4,2,>, ∗
23 = σ

(
0 u v 0

0 1 1 0

)
[10]

,

cs4,2,>,>
23 ={u 6= 1, v > −(1− u)2/4, v 6= u, (2u−1)/4, u(2− u)/4},

cs4,2,>,=
23 ={u 6= −1, v = −(1− u)2/4},

cs4,2,>,<
23 ={v < −(1− u)2/4};

CF 4,2,<,≷
34,+1 = σ

(
0 u 0 u

1 0 +1 0

)
[12]

,
cs4,2,<,>

34,+1 = {u > 0, u 6= 1},
cs4,2,<,<

34,+1 = {u < 0};

CF 5,2,<,>
7 = σ

(
u −u u 0

1 0 0 1

)
[11]

,
cs5,2,<,>

7 = {u 6= ±1, 3},
cs5,2,<,=

7 = {u = 1};

CF 5,2,<, ∗
22 = σ

(
0 u −u u

1 0 0 1

)
[14]

,

cs5,2,<,>
22 = {u > −1/4, u 6= 3/2, 6, 4±

√
13},

cs5,2,<,=
22 = {u = −1/4},

cs5,2,<,<
22 = {u < −1/4};

CF 6,2,<,>
1 = σ

(
u u uv 0

0 1 1 v

)
[12]

, cs6,2,<,>
1 = {u 6= ±1, v > 1/4, v 6= ψ2

1(u), ψ2(u), ψ3(u)};

CF 6,2,<,=
3 = σ

(
u u(1− v) 0 −uv2

0 1 1 v

)
[13]

, cs6,2,<,=
3 = {u = 1, v > 1/4, v 6= 1/3, 1, (49∓7

√
46)/6};

CF 6,2,<,=
4,+1 = σ

(
u v u v

0 1 0 +1

)
[14]

, cs6,2,<,=
4,+1 = {u = 1, |v| < 1};

CF 6,2,<,<
6 = σ

(
u u(v−2 − v) 0 uv−3

1 0 v−1 − v2 1

)
[14]

,
cs6,2,<,<

6 = {v ∈ (0, 1), u ∈ (ψ−7 (v), ψ+
7 (v)),

u 6= −v, (u, v) 6= (−2−5/3(3±
√
5), 2−2/3)};

CF 6,2,<,<
7 = σ

(
u v −v u+ v

1 0 0 1

)
[15]

,
cs6,2,<,<

7 = {4v < −(u+ 1)2, u 6= −1,
v 6= −u, −3(u+ 1), 3(u+ 1)(u+ 2)−1, ψ32(u)};

CF 6,2,<,<
11,+1 = σ

(
u v u v

1 0 +1 0

)
[16]

,
cs6,2,<,<

11,+1 = {4v < −u2,

v 6= ψ∓20(u), 3(u
2 + 5)(u2 + 1)(2(u2 − 3))−1};

CF 7,2,<,<
2 = σ

(
u w uv−1− v(uv + w) u+ wv−1

1 0 v−1 − v2 1

)
[17]

,

cs7,2,<,<
2 ={v∈(0, 3

√
4), v 6= 1,−u, 2u, θ3(u),

w 6= −uv,−u(v − v−2), ψ∓33(u, v),

4w <−(u+ v)2, ψ27(u, v, w) < 0,

(u,w) 6= ([−4v ∨ ψ∓25(v)], [3v(4v + ψ−25(v))/2 ∨ 3(vψ±25(v)− 2v−1)]),

(v, w) 6= ([7−1/3 ∨ θ2(u)], [3(7
−1/3u+ 7−2/3) ∨ (u+ θ2(u))(θ2(u)− 2u)])}.

Çàìå÷àíèå 2.6. Òîëüêî CF 4,2,≷,>
8,κ èìååò êàíîíè÷åñêèå ìíîæåñòâà, ñîîòâåòñòâóþ-

ùèå ðàçíûì çíàêàì äèñêðèìèíàíòà D0 è òîëüêî â CF 3,2,>, ∗
16 , CF 4,2,>, ∗

23 , CF 5,2,<, ∗
22 ðåàëè-

çóþòñÿ âñå òðè âîçìîæíûõ çíà÷åíèÿ äèñêðèìèíàíòà D.
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3. Çàêëþ÷åíèå.

Òàêèì îáðàçîì, ïîëíîñòüþ ðåøåíû âñå ïîñòàâëåííûå â [1] çàäà÷è êëàññèôèêàöèè äëÿ
ñëó÷àÿ l = 2 : â ñïèñêå 2.7 ïðåäñòàâëåíû âñå êàíîíè÷åñêèå ôîðìû ñî ñâîèìè êàíîíè-
÷åñêèìè ìíîæåñòâàìè çíà÷åíèé ïàðàìåòðîâ; â òåîðåìàõ 2.2 � 2.5 äëÿ êàæäîé èç êàíî-
íè÷åñêèõ ôîðì äàíû óñëîâèÿ íà êîýôôèöèåíòû èñõîäíîé ñèñòåìû, çàìåíû, ñâîäÿùèå
ñèñòåìó â ñîîòâåòñòâóþùóþ ôîðìó, ïîëó÷àåìûå çíà÷åíèÿ êîýôôèöèåíòîâ ôîðìû; à â
óòâåðæäåíèÿõ 2.3, 2.6, 2.10 óêàçàíû ìèíèìàëüíûå êàíîíè÷åñêèå ìíîæåñòâà.

Â íàñòîÿùåå âðåìÿ âåäåòñÿ ðàáîòà ïî îïèñàíèþ ñëó÷àÿ l = 1 â ñòîëü æå ïîëíîì
îáúåìå. Òàê êàê ïîñëå âûíåñåíèÿ îáùåãî ìíîæèòåëÿ â ýòîì ñëó÷àå îñòàåòñÿ ìàòðèöà
êîýôôèöèåíòîâ 2x3, òðåáóþòñÿ êàê íîâûå ïîäõîäû äëÿ îñóùåñòâëåíèÿ êëàññèôèêàöèè
òàê è íîâàÿ ïðîãðàììíàÿ îñíîâà äëÿ ðàáîòû â Maple.
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